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GENERALIZED ALTERNATING PROJECTIONS ON
MANIFOLDS AND CONVEX SETS

Mattias Falt: Pontus Giselsson™

Abstract  In this paper, we extend the previous convergence results for the generalized
alternating projection method applied to subspaces in [23] to hold also for smooth manifolds.
We show that the algorithm locally behaves similarly in the subspace and manifold settings
and that the same rates are obtained. We also present convergence rate results for when
the algorithm is applied to non-empty, closed, and convex sets. The results are based on a
finite identification property that implies that the algorithm after an initial identification
phase solves a smooth manifold feasibility problem. Therefore, the rates in this paper hold
asymptotically for problems in which this identification property is satisfied. We present a
few examples where this is the case and also a counter example for when this is not.

1 INTRODUCTION

The problem of finding a point in the intersection of sets has a long history with many proposed
algorithms. They generally rely on successive projections onto the respective sets. The method of
alternating projections (MAP, or AP) was famously studied by von Neumann [39] for the case of
two subspaces and has a wide range of applications [18]. Many variants have been suggested and
shown to converge in the case of convex sets, for example using relaxed projections [1, 37, 13, 25]
or inexact projections [30], Dykstra’s algorithm [12], Douglas—Rachford splitting [20, 35], and its
dual algorithm ADMM (24, 11].

Many results on the linear convergence rates of these algorithms have been shown and are gen-
erally stated as a function of a regularity constant such as the smallest angle between the sets,
which in the case of affine sets is known as the Friedrichs angle 0. In the case of two subspaces,
the method of alternating projections was shown to converge with the linear rate cos®(6r) [19],
and the Douglas-Rachford method with the rate cos(6F) [6]. In [7], the authors studied a few
methods with relaxed projections and the optimal rates with respect to the relaxation parame-
ters were found. The generalized alternating projection (GAP)—which generalizes most of the
algorithms above by allowing several relaxation parameters—was studied in [23, 16, 17]. It was
shown in [23] that the faster rate 1;:2((2 ; is achievable with the right parameters. It was also
shown that, under general assumptions, this is the best possible rate for this generalization.

When it comes to general convex sets, local linear convergence of these algorithms is not guar-
anteed. Several different assumptions on the intersection between the sets have been proposed
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and shown to be sufficient. Some of these assumptions include linear regularity or bounded lin-
ear regularity, see for example [31, 4]. An overview of set regularities can be found in [28] and
a survey on their relation can be found in [29]. Under subtransversality assumptions of two
convex sets, the R-linear rate presented in [36] translates to a cos(6r/2) contraction rate for the
Douglas—-Rachford algorithm, when translated to the subspace setting,.

For general non-convex sets, convergence to a feasible point cannot be guaranteed, and local
convergence is instead studied. For the alternating projections method, different types of regu-
larity have been shown to be sufficient for local linear convergence [31, 9, 8, 38]. For the alter-
nating projections algorithm, the results in [31] for possibly non-convex super-regular sets with
linearly regular intersection translates to the known optimal rate of cos?(0r) when applied to
sub-spaces. In [21], the authors showed that a transversality property can be used to guarantee
local linear convergence. However, both the assumptions and rates presented in this paper are
quite conservative. For example, in the case of two subspaces, the rate presented in [21] trans-
lates to cos?(0F/2) which is considerably worse than the known contraction rate cos(0r) and
the local linear rate cos?(6r). Among the few known results for alternating relaxed projections,
local linear convergence was shown for the MARP algorithm in [10] under different regularity
assumptions. However, this paper assumes that the projections are under-relaxed, which was
shown in [23] to result in sub-optimal local rates.

One approach to show local convergence rates for general convex sets is by showing that the
algorithms eventually project onto subsets that have nicer properties, i.e., that the algorithm iden-
tifies these subsets in finite time. This can be done by partitioning the boundary of sets into a
collection of smooth manifolds, and then studying the algorithm on these manifolds. There has
been a lot of research into these identification properties for various algorithms, see for exam-
ple [27, 33, 34]. However, as far as the authors know, none of these results apply to projection
methods on feasibility problems. The fundamental problem seems to be that gradients are vanish-
ing at any feasible point when a feasibility problem is reformulated as an optimization problem,
so the regularity assumptions are therefore not satisfied. However, for specific problems it can
sometimes be known that the algorithm will identify such surfaces, for example when the en-
tire boundary is a smooth manifold, or when the algorithm is known to converge to the relative
interior of one of the manifolds.

In this paper, we study generalized alternating projections in the setting of two smooth man-
ifolds. The special case of alternating projections is studied in [32]. There, it is shown that the
smooth manifolds locally can be approximated by affine sets and that the convergence rates
known from affine sets translate to local linear rates in this setting under a transversality con-
dition. A similar result is found in [2] under slightly relaxed assumptions. We show that the
weaker assumption in [2] is sufficient to show local linear convergence also of the generalized
alternating projections method on smooth manifolds. Moreover, we show that the optimal rates
and parameters for linear subspaces found in [23] translate to the smooth manifold setting.

We combine our rate results for generalized alternating projections on smooth manifolds with
a finite identification property. This gives convergence rate results for the algorithm when ap-
plied to convex sets for which the algorithm enjoys this identification property. We provide some
classes of convex sets for which this property holds, implying that the convergence rate result
for manifolds and subspaces is valid also for these sets. We also provide one counter-example
where we illustrate that even in the setting of polyhedral sets and the presence of regularity, the
finite identification property does not hold. As a consequence, the problem can in that case not
be locally reduced to that of affine sets, as is the case for alternating projections.
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2 NOTATION

We let N denote the set of non-negative integers, R be the real line, R" be the set of n-dimensional
real vectors, and R™™ be the set of n X m real matrices. We denote the identity operator by I
and the operator norm by || - ||. For a matrix A € R™" we let A(A) be the set of eigenvalues and
p(A) = maxjen(a) |4] the spectral radius. If the limit limy_, AF exists, we denote it by A® and
define o(A) = ||A — A*®||. For a vector v € R" we also denote the vector norm by ||o|| := +/{v, 0).
The Jacobian of a function F : R™ — R" at a point x € R" is denoted by Jr(x). We denote the
closed ball around a point x € R” and with radius § > 0,1ie, {y € R" | ||x — y|| < 8}, by Bs(x)
and the open ball {y € R | [|lx — y[| < 8} by B3 (x).

3 PRELIMINARIES

Definition 3.1 (projection). The projection of an element x € R” onto a closed, non-empty subset
C c R" is defined by

Me(x) = argmin [|x - y|
yeC

when the argmin is unique.

Definition 3.2 (relaxed projection). The relaxed projection of an element x € R" onto a closed,
non-empty subset C ¢ R" with relaxation parameter a # 0 is defined as

I (x) = (1—a)x + allc(x)

when the argmin is unique.

3.1 SUBSPACES

In this section, we introduce some basic properties of subspaces that will be useful in the study
of the local properties of manifolds.

Definition 3.3. The principal angles 6 € [0,7/2], k = 1,..., p between two subspaces U,V C
R", where p = min(dim U, dim V), are recursively defined by

cosbp = max (U, 0g)
ukE'u, UkErV
st lugll = llokll =1,

{ug, v;) = {uj,oy =0,Vi=1,...,k— 1.

Fact 3.1. [7, Def. 3.1, Prop. 3.3] The principal angles are unique and satisfy 0 < 0, < 0, < ...0, <
/2. The angle 0 = 0.1, where s = dim(U N V), is the Friedrichs angle and it is the smallest
non-zero principal angle.

The cosine of the Friedrichs angle occurs naturally in many convergence rate results and is
denoted as in the following definition.

Definition 3.4. The cosine of the Friedrichs angle 0 between two subspaces U,V c R”" is
denoted as

c(U,V) = cos(OF).

We see that ; = 0 if and only if i < s, where s = dim(U N V), so O is well defined whenever
min(dim U, dim V) = p > s = dim(U N V), i.e., when no subspace is contained in the other.
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Definition 3.5. A € R™" is linearly convergent to A* € R™" with linear convergence rate ji €
[0, 1) if there exist M, N > 0 such that

HAk —A°°H < Mg* Vk>N, keN.

Definition 3.6. [7, Fact 2.3] For A € R™" we say that A € A(A) is semisimple if ker(A — AI) =
ker(A — A2

Fact 3.2. [7, Fact 2.4] For A € R™", the limit A% := limy_,o, A exists if and only if

« p(A) <lor

+ p(A) =1and A = 1is semisimple and the only eigenvalue on the unit circle.
Definition 3.7. [7, Def. 2.10] Let A € R™" be a matrix with p(A) < 1and define
y(A) = max {|A] | 1€ {0} UA(A) \ {1}}.

Then A € A(A) is a subdominant eigenvalue if |A| = y(A).
Fact 3.3. [7, Thm. 2.12] If A € R™" is convergent to A® € R™" then

+ Ais linearly convergent with any rate y € (y(A),1)

« If A is linearly convergent with rate 1 € [0, 1), then u € [y(A),1).

3.2 MANIFOLDS

The following definitions and results follow those in [32].

Definition 3.8 (smooth manifold). A set M c R" is a C¥-manifold around a point x € M if there
is an open set U C R" containing x such that

MNU={x:F(x)=0}

where F : U — R? is a C* function with surjective derivative throughout U.

Definition 3.9 (tangent space and tangent plane). The tangent space to a manifold M at x € R"
is given by

Tm(x) = ker]Jr(x).

and is independent of the choice of F that defines the manifold. The tangent plane is T p((x) +{x}.

Definition 3.10 (normal vector). v € R" is a normal vector to the manifold M atx € R™if (v,t) = 0
for all t € T p(x).

Definition 3.11 (smooth boundary). We say that a closed set C ¢ R" has a C* smooth boundary
around X € R" if bd (C) is a C* smooth manifold around x.

Remark 3.1. We note that if a set C € R" is solid, i.e., int(C) # 0, with a Ck smooth boundary
around some point x, then the boundary is defined in some neighborhood U of x by some f :
R"™ — R asbd(C) NU = {x : f(x) = 0}. The tangent space given by ker J¢(x) is therefore an
R™ ! dimensional plane, with normal vector V f(x). Since f is a C*¥ smooth function, the normal
vector is a C*~! smooth function of x.

We now define the regularity condition that will be sufficient to show linear convergence of
the GAP method.
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Assumption 3.1 (regularity). Two manifolds M and N satisfy the regularity assumption at a point
x € R™ if they are C*-smooth (k > 2) around x € M N N and

A1. M N N is a C¥ smooth manifold around x

A2. Tpan(x) = Ta(x) N Tu(x).

We note that for closed convex sets, the assumption Az is the conical hull intersection property
[15, 3]. We also note that our regularity condition is equivalent to the one used in [2] for prov-
ing a linear convergence rate for alternating projections. Besides A1, they use the assumption
that the manifolds are non-tangential, as defined in [2, Def. 3.4], in place of A2. These two latter
properties are equivalent except when one manifold locally is a subset of the other, which is an
uninteresting trivial case for these methods, see [2, Prop. 3.2 and Prop. 3.5]. Another common
regularity property that has been used, e.g., in [32] is transversality.

Definition 3.12 (transversality). Two C*-smooth manifolds M and N are transversal at x € R”
if Tp(x) + Ty (x) = R™.

We note that both A1 and A2 in Assumption 3.1 are implied by the transversality assumption
[29]. However, transversality is not a consequence of Assumption 3.1 as we see in the following
example.

Example 3.1. Let M = {(x,0,x%) | x € R} and N = {(0,y,0) | y € R} where M N N = {0}. We
have T((0) = {(x,0,0) | x € R} and Ta(0) = N. So the manifolds clearly satisfy Assumption
3.1at 0, but not the transversality condition T ((0) + T (0) = {(x, y,0) | x, y € R} # R3.

With some abuse of notation, we define the angle between two manifolds at a point in their
intersection using their tangent spaces.

Definition 3.13. Forx € M N N let
c(M N, x) = c(Tp(x), Ta(x)).

The regularity condition implies that both the manifolds and their intersection locally behave
similarly to their tangent planes. In particular, the angle between two lines that belong to different
tangent planes is zero if and only if the lines are parallel to the intersection of the manifolds, as
seen by A2. This is crucial to show linear convergence. We also note that, under the regularity
assumptions, the Friedrichs angle 0r is positive unless one manifold is locally a subset of the
other. To see this, we know that 0r is well defined and positive unless one tangent space is a
subset of the other, for example T x(x) C Ty(x). But since dim(T p((x)) = dim(M) around x,
Az implies that also dim(M) = dim(MNN) around x, i.e., that M locally is a subset of N. Under
the regularity assumption, we therefore either have a positive Friedrichs angle or a locally trivial
problem.

Next, we show that relaxed projections are locally well defined on smooth manifolds, and that
their Jacobian is given by relaxed projections onto their tangent spaces. By well defined we mean
that the relaxed projection point exists and is unique.

The following Lemma is from [32, Lem 4].

Lemma 3.1 (projection onto manifold). If M is a C* manifold (with k > 2) around ¥ € M, then
I ¢ is well defined and C*~! around . Moreover Jy (%) = It (%)-

Lemma 3.2 (relaxed projection onto manifold). If M is a C* manifold (with k > 2) around ¥ € M,

then Jog, (%) = H%M %) and I are well defined and C k=1 around %.
Proof. JH;’Q (%) = Ja-a)i+atiy (X) = A= a)] + allt, (x) = H%M(X). The result now follows from
Lemma 3.1. m|
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4 GENERALIZED ALTERNATING PROJECTIONS

In this section, we define the generalized alternating projections (GAP) operator, and state some
known results. We denote the feasibility problem of finding x € U NV by (U, V) to signify
that the algorithm depends on the ordering of the two sets.

Definition 4.1 (generalized alternating projections). The generalized alternating projections algo-
rithm (GAP) [22] for the feasibility problem (U, V), where U,V C R™ and UNYV # 0, is defined
by the iteration

(4.1) X1 = Sxg,
where
f— a (%5 —_—
(4.2) S=(1-a)l+alljlly, = 1-a)+aT

and a, a1, @ € R are scalar parameters of the algorithm.

For closed convex sets, the operator S is averaged and the iterates converge to a point in the
fixed-point set fixS under Assumption 4.1, see, e.g., [22] where these results are collected.

Assumption 4.1. Assume that « € (0,1], a1, &z € (0, 2] and that one of the following holds
Bi oy, a3 € (0,2)
B2. a € (0,1) with either oy # 2 or ay # 2
B3. a€(0,1)and oy = ay = 2

The following result is shown in [22].
Lemma 4.1. Let U,V c R" be two non-empty linear subspaces and consider the feasibility prob-
lem (U,V). The fixed point set fixS = {x € R" | Sx = x} of the GAP operator S in (4.1) is:
U NV under Assumption 4.1 case B1 and B2, and U NV + (U N V') under Assumption 4.1
case B3.

Throughout this section, we assume that the subspaces U,V c R" are non-empty, which
implies that the problem (U, V) is consistent and satisfies 0 € U N V.

The following proposition and remark are found in [7, Prop. 3.4] and [23] respectively.
Proposition 4.1. Let U and V be subspaces in R” and let p := dim() and q := dim(V) satisfy
p <q,p+q <nandp,q > 1 Then the projection matrices IIyy € R™" and Iy € R™" become

I, 0 0 0
0 0 0 0
) Mgy =D p D*,
(4-3) u 0 0 0. O
0 0 0 Onpy

G2 eS8 o 0
CS 8 0 0
0 0 Iy 0
0 0 0 Oppy

and

(4.5) qIlqy =D
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where € and 8 are diagonal matrices containing the cosine and sine of the principal angles 0;,
ie.,
sin(6;) cos(6)
S = . s 6 = Te s
sin(6,) cos(0,)

and D € R™" is an orthogonal matrix.

Under the assumptions in Proposition 4.1, the linear operator T that is implicitly defined in (4.2)
becomes

T = H'rZHf?, = ((1 - (Zz)l-i' (Zzn(u)((l — 0{1)I+ 0{1Hq/)

=(1-w)(A—a)+ay(1—o)q + a1 (1 — az) ey + cqa Il

T 0 0
=D|0 T, 0|D*
0 0 T3
where
_ Ip - 0{182 0(168
(4.6) h= ((xl(l —2)C8  (1—az)(I, — alez)) ’

I = (1 - a2)1q—p’ I = (1 - 0(2)(1 - al)In—p—q-

The rows and columns of T; can be reordered so that it is a block-diagonal matrix with blocks

1- 0{151.2 a1C;S; ) .
) = el ...,
(47) i (051(1 —a)esi (1—-a)(1— aic?) P
where s5; = sin(6;), ¢; = cos(;). The eigenvalues of T are therefore 1> = (1 - ay), A* =

(1-a2)(1— ), and for every T,

1 1 2
(4.8) /1}2 = 5 (2 - — oy + alazc?) + \/Z (2 -y — 0y + alach) - (1 - (Xl)(l — az).

Remark 4.1. The property p < q was used to arrive at these results. If instead p > g, we reverse
the definitions of I1¢; and 14, in Proposition 4.1. Noting that A(T) = A(T "), we get a new block-
diagonal matrix T with blocks [; = T,", T = T, and T, = (1 — a1)I,—q. Therefore, the matrix can
have eigenvalues 1 — ; or 1 — a; depending on the dimensions of ¢ and V.

If either p = 0 or ¢ = 0, then the problem is trivial. We note that if p + g > n, we can simply
embed the sets in a bigger space. Since U and V are contained in the original space, the iterates
will also stay in this subspace if the initial point is. The algorithm therefore behaves identically
and the extra dimensions can be ignored. Although we do not have an explicit expression for the
operator T in this case, we can calculate the eigenvalues, as stated in the following theorem.

Theorem 4.1. Let U and V be subspaces in R” and let p = dim(U), g = dim(V), and s :=

dim(U N V). The eigenvalues of T = I35, are

{1 {0 - o) (1= ) P79,
{1- az}max(O,q—p)’ {1- al}max(O,p—q),

{/1}’2} foreveryi e {s+1,...,min(p,q)}

where /1%’2 is defined by (4.8) and {A}! denotes (possibly zero) multiplicity i of eigenvalue A.

Falt, Giselsson GAP on Manifolds and Convex Sets
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Proof. When either p = 0 or g = 0, we get s = 0 and the result is trivial from the definition of the
projections and T. The case when p < q and p + q < n follows directly from Proposition 4.1 by
observing that s of the eigenvalues in 1 and (1 — ;) (1 — @) arise from /1%’2 forie{y,...,s},1e,
when 0; = 0.

For the case when g < p and p + q < n it follows from Remark 4.1 that the eigenvalues will be
1— o instead of 1 — a,, and that the rest of the eigenvalues are the same.

For the case when p + ¢ > n we provide a proof similar to that in [6, p. 54]. We can extend the
space R" to R™F := R™ x R¥ so that p + g < n + k =: 7, where we define the scalar product in
this new space as {(uy, uz), (01, 02)) = {uy, 01) + {uy, v3) for uy, v; € R™, uy, v, € RE.

Let U = U x {0}, V =V x {0t} so that

~_(Ha 0 (¢ 0O
HW_(O ok)’ H“’_(o ok)‘
It follows that

- e T 0

(@9) =Tty = (o (1-a)(1- az)lk)’

where T = H‘%‘jl’l‘f&. T has the same eigenvalues as T, as well as k new eigenvalues in (1—a;) (1-a).
As seen in the definition of U, V and T, these artificial eigenvalues correspond to directions that
are orthogonal to the original space R". If we now apply the result for p+q < 7 to T, and observe
that the principal angles are the same for U, V as for U,V, we see that the eigenvalues are as
those stated in the theorem, but with s + 7 — p — g eigenvalues in (1 — a;) (1 — ar2). Subtracting the
k artificial eigenvalues, we conclude that the operator T must have s + n — p — g eigenvalues in
(1-o)(1-az). O

Proposition 4.2. Let U and V be subspaces in R"” and let p = dim(%), ¢ = dim(V), and s =
dim(U N V). Then the GAP operator S satisfies
o(S) =[S = S=Il
<max(|IS = ST - (- a)| la+ (1-a)(1 - ) (1-az)l, [1- al),

where S; = (1 - a)I + aT; with T; defined in (4.6).
Proof. 1If either p = 0 or ¢ = 0 we trivially have S = (1 — @)I so ||S — S®°|| = |1 — «| and the
result holds. If p < g and p + g < n, p,q > 1 then it follows directly from Proposition 4.1 with
S; = (1— a)I + oT; that
IS=S°| =ID((1-a)l+aT)D* = (D((1 - a)l +aT)D*)" ||
(A=) +aT) - (A=) +al)”)]
S =587 0 0

0 Sy =S 0

0 0 S5 —8°
< max(|[S1 =57, 1 - (1= @), Ja + (1 - ) (1 - ) (1 - a2) )

and the result holds. If p < g and p + g > n we extend the space as in the proof of Theorem
4.1. Since T in (4.9) is a block diagonal matrix containing T we get with S = (1 — a)I + T that
IS — S|l < |IS — S*|| and the result follows by applying the case p + ¢ < n to the operator
S. For the remaining cases where p < g, we note as in Remark 4.1 that we can study ST =
(1-a)l+ aHf’&H%ZI where the relative dimensions of the subspaces now satisfy the assumptions.
Applying the previous results to this case yields ||ST = ST%|| = [|[(S = S®)T|| = ||S — S|| and the
proof is complete. O

Falt, Giselsson GAP on Manifolds and Convex Sets
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It was shown in [23] that the parameters

- 2

.10 a=1 ogm=mwm=0 = ——¥—,
(4.10) ! 2 1+ sin Of

result in that the subdominant eigenvalues of S have magnitude y(S) = y*, where

_ 1—sin(0F)

(4.11) Yy =a —1= m

When the Friedrichs angle does not exist, i.e., when one subspace is contained in the other, we
define * = 1and y* = 0. The next two theorems show that this rate is optimal under mild
assumptions. The theorems were published without proofs by the authors in [23]. We restate
them with minor modifications and prove them here.

Theorem 4.2. [23, Thm. 1] The GAP operator S in (4.2) for the feasibility problem (U, V) with
linear subspaces U,V C R" and with «a, a1, o, as defined in (4.10) satisfies y(S) = y*, where y(S)
and y* are defined in Definition 3.7 and (4.11) respectively. Moreover, S is linearly convergent
with any rate p € (y*,1).

Proof. See Appendix A.1. O

Remark 4.2. Although the rate in Theorem 4.2 is dependent on knowing the true Friedrichs angle
O, itis sufficient to have some conservative estimate O < Op. As seen in the proof of Theorem 4.2,
choosing the parameters as &y = a = 2/(1+sin 0p), results in the rate y = (1—sin6r)/(1+sin Of).

Under the assumption that the relative dimensions of the subspaces are unknown, it was stated
that the rate y* is optimal. We restate it with slight modifications for clarity, and prove it here.

Theorem 4.3. [23, Thm. 2] Let (U, V1) and (Us, V,) be two feasibility problems, where the sets
are linear subspaces in R". Assume that dim(¥;) < dim(V}), dim(U;) > dim(V,) and that
c(U, V) = c(Uy,V,) = cos(OF), O < m/2. Let 51, S, be the corresponding GAP operators as
defined in (4.2), both defined with the same parameters oy, oy, @ > 0. Then, both S; and S; are
linearly convergent with all rates p € (y*, 1) if and only if

2
a=1 oy=w=a" = ———.
1+ sin O

Proof. See Appendix A.3. O

This theorem shows that there is no choice of parameters that can perform better than that in
(4.10) independently of the dimensions of the subspaces. Any choice of parameters that performs
better than those in (4.10) for a specific problem, where the dimensions of the subspaces are
not the same, will necessarily perform worse on all problems where the relative dimensions are
reversed, if the Friedrichs angle is kept constant.

Remark 4.3. The are a few cases that are excluded in the theorem that should be explained. When
Or = m/2,we have y* = 0, which is obviously optimal, however, there are choices of @, ;, &, other
than (4.10) that achieve this rate. The same is true if the Friedrichs angle is not well defined, i.e.,
when one set is contained in the other. In that case, by defining 0r = 7/2, we get y(S) = 0 with
the parameters in (4.10), but the solution is not unique.

As noted in [23], there are specific choices of (U, V) where it is possible to get y(S) < y™.
However, if one of the principal angles is large enough, for example 6; = /2, then it is not
possible to get a rate better than y”*. In the cases where y(S) < y*, the difference in rate is
negligible if OF is small, as long as the parameters are chosen so that the algorithm is convergent
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for every (U, V). For example, if dim U < dim“V and all principal angles 0; are small enough,
then the parameter choice GAP2« in [23]
2

a=1 =2 a=——"
! 2 1+ sin(20F)

achieves a rate of
cos(0r) — sin(0f)
cos(0) + sin(0F)

=1-20F +20% — 805/3+0(0;) (as O — 0)

compared to

s 1- Sil’l(@p)

Y = T eny - 1-20F +20% —50%/3+ 0(0%) (as O — 0).

This should be contrasted to the rates of alternating projections and Douglas—Rachford, which
are 1 — 0}23 + 0(9;) and 1 — 0123/2 + 0(9;) as Or — 0 respectively. So for small angles 6F, the
improvement over AP and DR is significant (O(6F)), and the difference to GAP2« is very small
(0(9;)) As mentioned above, the rate for GAP2« is only valid under an assumption on the relative
dimensions of the manifolds, and that all principal angles are small enough.

5 MANIFOLDS

In this section, we study the local properties of the GAP operator applied to two manifolds M and
N instead of linear subspaces. These results generalize the results in Section 4 of [32], from alter-
nating projections to the GAP algorithm, with similar proofs but under the relaxed Assumption
3.1 instead of transversality.

We begin by showing that the GAP operator is locally well defined and well behaved around
all points that satisfy the regularity assumptions.

Lemma 5.1. Let M and N be manifolds that satisfy Assumption 3.1atx € MNN,letay, a; € [0, 2],

and let @ € R. Then Iy, IT T, and S = (1 - a)I + aII’} 1 are well defined and of class
C* ' around x.

Proof. From Assumption 3.1 A1 it follows that M N A is a CK manifold (with k > 2) so from
Lemma 3.2 we know that there exists § > 0 so that II 5, ITn, and I y(~n are well defined and of
class C¥! on B5(%). Let x € Bs/3(%). Then

£ =R < 1% = xll + [}x = TF G| = 1% = xll + 1 llx = T ()]

<lx—-xll+a|lx—x|| <3|lx—x|| <6

so II%(x) € B5(%) and therefore IT% [T} and S are well defined and C*! on Bs3(%). O

To simplify notation, we denote the GAP operator applied to the tangent spaces T ((X) and
Tn(x) by
-— a 104
(5.1) St = (1—-a)l+ aHwa(x)HTiv(x)'
We next show that the local behavior of S around a point X € M N N can be described by St(x).

Lemma 5.2. Let M and N be manifolds that satisfy Assumption 3.1 at x € M N N. Then the
Jacobian at x € R" of the GAP operator S in (4.2) is given by

Js(%) = St(x),
with St(x) defined in (5.1).
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TaE) + (%)

Tp(E) +{%)

Figure 1: Illustration of manifolds M and NV in R? and the approximation by tangent planes at a
pointx € MNN.

Proof. Using the chain rule, x € M N N, and Lemma 3.2 we conclude

-\ o= -\ - -\ _ @ a
Jni‘ﬁnz‘} (%) = Jn;‘j (HAI/(X))JH;'\‘} (%) = Jn;‘j (x)JH;'\‘/l (%) = HTL (%) Ti\,(f)-
Moreover

Js(%) = Ja-ay1 (%) + ez (%) = (1= ) + OfH?M(x)H%v(f) = S1(x)

by definition of St(x) in (5.1). O

Proposition 5.1. Let M and N be manifolds that satisfy Assumption 3.1atx € M NN and let the
parameters of the GAP operator S in (4.2) satisfy Assumption 4.1 case B1 or B2. Then

(5.2) Tm vz = Ty N Tv) = xSt
and
(5~3) HﬁxST(fc} = S%O(f)'

Proof. The first equality follows from Assumption 3.1. From Lemma 4.1, under Assumption 4.1
cases B1 and B2, we know that fixSt(x) = Tp(x) N Ty (x) and (5.2) is proven. From Theorem 4.2,
we know that St(x) is convergent (to S{’f’(x)) and non-expansiveness of St(x) and [7, Corollary 2.7]
imply that ITgixs,(x) = S,‘F’(X) and (5.3) is proven. O
We next show that the convergence rate of S¥(x) to the intersection tends to the rate y(S1(x))
as the initial point gets closer to the intersection and the number of iterations k increases.
Theorem 5.1. Let M and N be manifolds that satisfy Assumption 3.1 at x € M N N and let the
parameters of the GAP operator S in (4.2) satisfy Assumption 4.1 case B1 or B2. Then

1. forallc > ||ST(,3) - IIr,, (,E)QTN(,E)H with St(x) is defined in (5.1), there exists some 7 > 0 so
that for all x € 8, (x)

(5-4) 1S(x) = pan () < ¢ llx = Tpan 0]l

2. for all yz € (y(St(x)),1) there exists N € N, such that for any k > N

, S5 () - Tpan ||
(5-5) lim sup < k.
x—x,xg MNN ”x - HMﬂN(x) ”
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Proof. Letx, ¢ MNN and denote %, = II pqnp(x,). Since X, € MNN we trivially have Sx, = X,.

Let x, be in the region around & for which S and IT 4~ are well-defined and C! according to
Lemma 5.1. By [14, Eq (3.8.1), Thm 3.8.1], a C! function f : R" — R" at a point a € R"” can be
approximated as

f(x) = f(y) =Jp(@)(x = y) + llx = yll¢(x, ), where xlirga'#(x, y) =0,
at x, y € R". Using this, with f(x) = S(x) - I pnn(x), at x = x,, y = X, a = X we get

(5.6) S(xr) = Mman(xr) = Js(X) = Ty (X)) (6 = %) + llxr = % (1Y (s %),

where lim ¢(x,, %) = 0.
Xy, Xr—%

We can replace the Jacobians by noting that Lemma 5.2, Lemma 3.1, and Assumption 3.1 A2 at
x € R™ imply
Js(%) = Jipn (%) = St(x) — 1y ()T () -

Using this equality in (5.6), taking the norm of both sides, applying the triangle inequality and
Cauchy-Schwarz, and dividing by ||x, — %,|| result in

1S (x) — %l

— < ||St) = Oty nty || + 1 Ger, %)L, i %, # %
[l — % ||

(5.7)

Continuity of IT p(nn around X means that ¢/(x,, %) = ¢ (xr, U pan (%)) — 0 as x, — %, so for
any ¢ > ||ST(,5) —IIr,, (J—C)QTN(@H, there exists some 1 > 0 so that

(5.8) Vx, € Bry(fc) tISG) = X ll < el — %l
This proves part 1 of the theorem.

In the same way for S¥, since S(x) = St(%) (X) = X, using the chain rule, we get
so in the same way we conclude

50 5|

— + Y (xp, %), if x, # X,
llocr — x|

(5.9)

||ST(x) Iy (2)nTy (%)
From Proposition 5.1 we have that Ilt,, (x)n7y () = S7(5) @and thus

T(x)
[5G~ 5

- + ¢(xr, xr), if x, # X,
ll2cr — %I

k
”S T ~ S1(3)
Continuity of II pqnp around % = I p(qn (%), with %, = TT p4n (%), implies

lim sup ”S Gr) er

xr—X,x, g MNON ”xr - xr”

00

|| T(x) T(}E) :

Using the results in [23] with Definitions 3.5, 3.6, 3.7, and Facts 3.2, 3.3 imply that for any usz with
Y(S1(%)) < pix there exists N € N so that forall k > N

k
< Hz-

k 00
”ST(x) - ST(;E)
We conclude that for any pz € (y(St(x)), 1), there exists N such that for all k > N

. |55 (x) = T pan ()]
(5.10) lim sup <
x—xX,xg MNN ”x - HMﬂN(x)H

X

which proofs part 2 of the theorem. O
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It remains to show that the sequence of iterates actually converges. To do this, we first show
that ||St(x) — 1, x)nty) Il < 1.
Lemma 5.3. Let o, oy, ap satisfy Assumption 4.1 case B1 or B2, and let M and N be manifolds that
satisfy Assumption 3.1at x € M N N. Then

(5.11) o(Stx) = IStz — Oty @)nty@ Il <1
(2%} o
T (o)
Proof. First note that It (z)nTy(x) = Fixsys) = S;‘G) by Proposition 5.1. Proposition 4.2 there-
fore gives that

where St(z) = all +(1-a)l

1ST(x) = St [l < max((|Sy = S|, 1 - (1= @) la + 1 - @) (1 - 1) (1 — &), [1 = at]),

where S, is a block diagonal matrix with blocks S;, = (1 — a)I + oT;, and Tj, are defined in (4.7).
Under Assumption 4.1 case Bior B2 we have [1—ax(1—-a)| < L Ja+ (1-a)(1-a)(1—ap)| <1
and |1 - a| < 1. It remains to show that [|S; — 5°|| = max; ||S;, — S77[| < 1. We now consider each
block S;, corresponding to each of the principal angles 6;. Each block with 6; = 0 becomes

1 0
Sli = aTli + (1 - a)I = (0 a(l - al)(l — az) + (1 - a))
v=(o o)

so the corresponding singular values are 0 and |a(1—a;) (1—-a2)+(1—a)| < 1. The remaining cases
are 6; € (0, /2] for which (5;,)* = Iy, = 0. To study the largest singular value IS, — Sfl"|| =
ISy, 1| = llaTy, + (1 = a)I]| so ||Sy,|| < 1, hence we only need to show that ||S;,|| # 1. From the
triangle inequality we get ||aTy,+(1-a)I|| < a||Ty,||+(1—-a) < 1, with equality only if || T3, || = 1. To
this end, we consider ||T3,||* = P(TLTLT) and study the eigenvalues of TllTllT Non-expansiveness
again implies that ||T3,|| < 1. We now aim to show that these blocks have singular values smaller
than 1 when 6; € (0, /2]. After simplification using the identity s? + ¢? = 1, we get

_ 1-2as? + als? (2= a)on(1 = ap)eis; _fa b
’Tli’Tli - -

2-a)a(l-a)es;i (1—az)*(1—2a5¢? + a?c?) c d)’

For any of these eigenvalues to be 1, it must hold that

a—1 b
det( . d—l)_o’

e,
(5.12) 0=1—-a—d+ad-bc
Simplifying the expressions yields the following identities

l—a—d=o5'(2-a) — (1- a)*(1 - 2ay¢° + a’c?)
ad = (1— ap)*(aPc?s? (4 — 4oy + ?) + (1— ))?)
be = (1-ay)’alc?s? (4 — 4oy +
ad —bc=(1-)*(1 - ay)?
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and thus

1-a—d+ad-be = st (2 - a) - (1- @)*(1- 2e1¢? + o)
+(1-a)’(1- az)’
=sja(2 - o) ~ (1- @)’ Qa(1- &) + (] - 1))
=sm(2 - ) — (1- o)) (2 — ay)

= st (2 — o) (2 — ay).

From (5.12) we conclude that for the largest eigenvalue to be 1, it must hold that
0 = sin(6;)’ 2 (2 — 1) (2 — ).

Within the ranges oy, a; € (0,2) and 6; € (0, 7/2] we have
sin(6;)?oqa2(2 — 1) (2 — az) > 0,

which leads to P(TliTllT) = ||IT;,|I* < 1, and thus ||Sy,|| < 1. This completes the proof for case B1
from Assumption 4.1.

Now consider the parts of case B2 from Assumption 4.1 that are not covered by case By, i.e.,
a € (0,1) and o; = 2 or ar; = 2 (but not both) implying that ||Tj, || = 1. Suppose that ||Sy,|| = 1. From
compactness of the unit sphere in R” and continuity of the norm we get from the definition of
the operator norm that there exists a ||o|| = 1 such that ||S,0|| = 1. But then 1 = [|S;,0]|* =
laTi,0 + (1 — «@)v]|*. However, on the boundaries @ = 0 or @ = 1 we get ||S;,0|| = 1. Since the
squared norm is strongly convex we have for any @ € (0,1) where T;,0 # v the contradiction
laTi,0+ (1— a)v]|* < 1. This leaves the case where T;,0 = v, which means that v is a fixed point of
T, but the only fixed point is v = 0. Thus, there is no |[v|| = 1 such that ||S;,0|| = 1 and therefore
ISy, || < 1. This concludes the proof. O

We are now ready to show that the algorithm will locally converge to some point in the inter-
section with the contraction factor in Lemma 5.3. The proof is similar to that in [32], where the
authors show the result for the special case of alternating projections.

Theorem 5.2. Let M and N be manifolds that satisfy Assumption 3.1at x € M N N, and let the
parameters of the GAP operator S in (4.2) satisfy Assumption 4.1 case B1 or B2. If the initial point
xo € R" is close enough to x then the GAP method in Definition 4.1 is well defined. Moreover,
the sequence (xi)ren converges to some point x* € M N N, and for every pz € (0(St(x)), 1),
there exists a § > 0 such that

(5.13) e = %71l < B
Proof. By Lemma 5.3 we have (St(x)) = ||St(x) — I, (x)nTn (0 || < 1. Let ¢ € (0,1) be such that
ISt(x) — Ity (2)nTy(x) |l < ¢ < 1 and choose 7 such that Sx and ITynx(x) are well defined by

Lemma 5.1 for x € B, (%) and so that the conditions of Theorem 5.1 are satisfied. Theorem 5.1 case
1 then gives

(5.14) Vx € By(x), [IS%x = Tman ()| < cllx = Tpan (0)]]-

Let the initial point x, € B5(x) where § = n/(2 Y., ) = n(1-c)/2 < n and define
X = O pman(xx). By the choice of 7, if x; € B, (x) then X and xi; are well defined. We now
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show the following results by induction:

k
(Ho) ||xx — x| < 2(52 ¢!

i=0
(Hy) I — %el| < Sk
(Hz) 1% — el < 28¢F

k
(Hs3) 1% - %l <28 )" ¢!

i=0

where we note that 26 Y5 ¢! < B =y,

Case k = 0: Let x_; := %y. We have trivially

(H0%) lxo —x|| <6 <28

(H1°) llxo = %oll < [lxo — x|l <6
(H2°) % — x4l =0 <28

(H3°) llxo — x| < 26.

Now assume that (Ho)-(H3) hold up to some k. Then by the triangle inequality, (5.14), (H1), and
(H3) we get

It = Xl < % = Fell + 1% — x|

k k+1
(HO) < cllxp — % || + |17 — 7| < Sk + 252 ¢ < zaz cl.
i=0 i=0
By the definition of the projection, (5.14), and (H1) we get
(HIY) xiess = Tl < [xien = ll < el = Tl < 8.
Again, by the triangle inequality, the definition of projection and (H1%)
(H2*) %a = Faell < NFiar = X | + [120ear = Zeell < 2llx01 — Eel| < 28¢5
and by (H2*) and (H3):
k k+1
(H3") ke = % < s = ell + 15— 2| < 2864 +28 ) el =25 ) .
i=0 i=0

By induction we have now shown that (Ho)-(H3) must hold for all k > 0.
We now show that (X ).y is Cauchy. By the triangle inequality, (5.14), and (Ha):

1Zk+1 = Xecll < N Xper = X || + | Xps1 — Xl

< |Zksr = Xpaa |l + cllxx = Ke|| < S + 8K < 256K+,

Thus for any p,k € N with p > k

p-1 p-1 0 25

1%p = Fell < D" 1% — Till <26 ) ¢ <261 )" ol = k¥,
¢ ¢ . 1-c¢
l=k l=k i=0
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so the sequence is Cauchy. Therefore x* = limp_m Xp € M N N exists and

lx* — || < ﬁckﬂ.
1-c¢

Lastly, by the triangle inequality and (H1)
x _ _ . 20
llxe = x* 1| < llok = %ell + [l = x7[| < 8* + .

1+c 4

Ck+1:5 k.

hence (5.13) holds with = 5}t—i and pz = c. O

Theorem 5.2 implies that the sequence generated by the generalized alternating projection
algorithm converges to a point in the intersection when initiated close enough to a point that
satisfies Assumption 3.1. However, as is the case for the method of alternating projections, the
rate predicted by o(St(x+)) is very conservative. We now show that the iterates converge to the
intersection with the faster rate y(St(x+)) from Definition 3.7. The theorem and proof are similar
to that in [32, Rem. 4], where the authors show it for alternating projections.

Theorem 5.3. Let M and N be manifolds that satisfy Assumption 3.1 at x € M N N, let the
initial point x, € R" be close enough to X, and let the parameters of the GAP operator S in
(4.2) satisfy Assumption 4.1 case B1 or B2. Further assume that M and N satisfy Assumption
3.1 at the limit point x* of the sequence (xi)xen generated by the GAP method in Definition 4.1.
Then the convergence is R-linear to M N N with any rate j,« € (y(St(x+)),1). That is, for any
pxr € (Y(St(x+)), 1), there exists N € N such that

(5.15) dpan (k) < pk.,  Vk > N.

Proof. We note that Theorem 5.2 establishes the existence of a limit point x*. Take any p,+ €

(y(St(x+)),1) and let fiy+ = (px + y(St(x+)))/2. Theorem 5.2 implies that eventually x, € B, (x*),

and thus by Theorem 5.1 case 2, with fiy+ € (y(St(x+)),1), there exists N € N so that Vt > N,
dpon ) = [|S"%n = Tamtan Gen) || < 2 16n = Tptan () | = Asdptan (x),

as long as x, ¢ M N N. By induction this leads to

(5.16) AN (ken) < Afdmon (), Vh=123,....

Now fix t > N and assume that (5.15) does not hold, then there exists an infinite sequence r; <

ry < ---, all satisfying

(5.17) dpan () > i

We now show that this is impossible and that the theorem therefore must hold. By Lemma A.1 (see

Appendix A.2), we can select a sub-sequence (rkj)jeN of (rj)jEN where we can write ry, = a+bjt
for some a € N and an increasing sequence of integers (bf)jeN’ i.e., we have a new sub-sub-
sequence where all iterates are a multiplicity of ¢ iterations apart. Thus, picking any b so that

a+bt > N, we have withry, =a+0bjt =a+0bt+ (b; — b)t from (5.16) that

(bj-b
dpn(xr,) < #J(c*] " dpion (Xase)-

Since i+ < e+ we can find a large enough j so that

_ bi—b

Hct ~ dman (Xarbe)
and thus
dmon (o) < i~ dyo (carne) < ™ s = il
This contradicts (5.17) so the theorem must hold. O
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Remark 5.1. For the case of the method of alternating projections (¢ = &y = a; = 1), these re-
sults coincide with those of [32]. In particular, the contraction rate is then given by o(St(x)) =
¢(Tpm(z) Tn(x)) and the limiting rate is y(St(z)) = ¢*(Tpx), Tn(x))- This corresponds to the
rates cos(0r) and cos? () where O is the Friedrichs angle of the corresponding tangent spaces.

We now show that the faster rate in Theorem 5.3 holds not only in terms of the distance to
the intersection, but also to a point x* € M N N. A similar result can be found in [2] for the
alternating projections method.

Theorem 5.4. Let M and N be manifolds that satisfy Assumption 3.1atx € M NN, let the initial
point xy, € R" be close enough to %, and let the parameters of the GAP operator S in (4.2) satisfy
Assumption 4.1 case B1 or B2. Further assume that M and N satisfy Assumption 3.1 at the limit
point x* of the sequence (xi)ren generated by the GAP method in Definition 4.1. Then for every
pxr € (Y(S1(x+)), 1), there exists N € N such that for all k > N

k
[l = X7 < pye,

or equivalently
lim sup [Jxge = x°|["* < y(Stiee)).

k—oc0

Proof. Take any py+ € (y(St(x+)),1) andlet i = (px+y(St(x+)))/2 < pix-. Clearly fi € (y(St(x+)),1),
so we know from Theorem 5.3 that there exists N such that

(5.18) dpion () = llxe — %l < 75 Yk > N,

where X = I p(nn(xk). Pick ¢ < 1 and 5 so that Theorem 5.1 case 1 can be applied for x = x™.
Since (xx) — x* there is some M > N so that x; € By () for all k > M and thus by Theorem 5.1
case 1

(5.19) i = Xl < el = %l Yk = M.
Using (5.18), (5.19), and the triangle inequality we get for k > M that
1%s1 = X Il < [ Xkrr — Xpaa | + llocxss — Xl
(5.20) < %t = x|+ cll = %icll < 751 + e
=1+ ),

By continuity of IT yn o around x™, the point * = limj_,«, X exists. Using the triangle inequality
and (5.20) we get for k > M that

(o8] (o8]
- - - - —1 C
1% = 21 < ) % = %ill < A1+ <)
i=k i=k H

> _ c. 1 _ g+c
(1+ ),Uk+1 i< (1+ T) _le+1 — _ i~
,; pl—p 1—p

(5.21)

By continuity of IT yjnn we also have x* = x* since x* € M N N. Again, using the triangle
inequality, (5.18), and (5.21) we get for k > M that

lloce = %711 < [l = Ziell + % — %7l < 2

Lastly, since i < i+, there is some L > M so that forall k > L

k

1+
[l — 7| < —#p X

O
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We note that the local linear rate y;. < y(St(x+)) is strict, in the sense that it cannot be improved
without adding more assumptions or changing the algorithm. This follows from the fact that the
worst case rate is achieved in the setting of affine sets, which is covered by this theorem.

To optimize the bound on the convergence rate y(St(y+)) in Theorem 5.4 in the case where
the relative dimensions of the tangent planes are unknown, it is shown in Theorem 4.3 that the
parameters should be chosen as

%, 2

22 a=1 agg=mwm=a = ——,
(5:22) e 1+ sin (6F)

where 0F is the Friedrichs angle between the tangent spaces T y((x+) and Ta(x+)-

6 CONVEX SETS

In this section, we show how the convergence results for GAP on manifolds can be extended to
GAP on convex sets in some cases. The GAP method is known to converge to some point in the
intersection when the sets are closed and convex and the intersection is nonempty, see, e.g., [22].
The question that remains is the convergence rate. One way to extend the results in this paper
to convex sets is to show that the iterates will eventually behave identically as if the projections
were made onto smooth manifolds. One approach to do this is to partition a convex set into
locally smooth manifolds. This can be done for many convex sets as illustrated in Example 6.1.

Example 6.1. Consider the convex set C = {(x, y,2z) | x2 + ¥ < z%,0 < z < 1}. The set can be
partitioned into the following five locally smooth manifolds: C; = intC, C; = {(x, y,2) | x>+ =
22,0 <z<1}L,Cs={(x, y,1) | x> +y? <1},Cy = {(x, y,1) | x> + y? =1},C5 = {(0,0,0)}.

There is plenty of literature on this type of identification of surfaces. For example, in [34]
the authors study the Douglas—Rachford algorithm for partially smooth functions. However, the
assumptions do not generally apply to convex feasibility problems since all reformulations into
the framework will either be non-smooth or have vanishing gradients at the boundaries.

For the case of alternating projections on convex sets, the projections will always lie on the
boundary of the sets until the problem is solved. The local convergence rate therefore follows
trivially if the boundaries of these sets satisfy the required regularity assumptions at the intersec-
tion. However, this is not the case for GAP in general because of the (over)-relaxed projections.
Even in cases of polyhedral sets, identification of affine sets is not guaranteed as we show with
an example in Section 6.2. We therefore present our results under some smoothness assump-
tions and for a slightly restricted set of parameters. This set of parameters does include the set
of parameters that optimize the rate in Theorem 5.4.

Lemma 6.1. Let A be a closed solid convex set in R"” with a C? smooth boundary around % € bd A.
Then there exists a § > 0 such that for all x € B5(x) \ A

II%x € intA, Ve € (1,2].

Proof. As noted in Remark 3.1, smoothness of bd A at x € bd A implies that there exists a neigh-
borhood U of x for which the outwards facing normal vector n(x) with ||n(x)|| = 1is unique for
all x € bd A N U and that the normal n(x) is continuous around x. Since A is solid and bd A is
smooth at x, there is some { > 0 so that x — fn(x) € intA for all § € (0, {]. We assume without
loss of generality that { < 1. We can now create an open ball with radius § such that

(6.1) B3 (x — pn(X)) C intA.
From continuity of n(x) we have that there exists ¢’ > 0 such that for all x € bd A

(6.2) |lx — x| <€ = ||n(x) —n(@)|| <6.
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Now pick 0 < € < min(§(1— f), B, €’). By the triangle inequality, for all x € B.(x) Nbd A,
[ (x = pn(x)) = (x = pn(x)|| < llx = x|l + flin(x) —n(x)|| < e+ 5 < 5(1- f) + p5 = 6.
Using this and (6.1),
(6.3) x — fn(x) € intA,Vx € B.(x) N bd A.
Moreover, by convexity of A and non-expansiveness [5, Prop. 4.16] of the projection
(6.4) [TA(x) € B(%),Vx € B(X).
Hence, by (6.3), (6.4), and since IT4(x) € bd (A) for x ¢ A we have
(6.5) ITA(x) — fn(I14(x)) € intA, Vx € Be(x) \ A.
Moreover, the projection operator satisfies

x — T4 (x)

nMa()) = T =1 T

for x ¢ A [5, Prop. 6.47]. By the definition of the relaxed projection we therefore have for x €
Be (%) \ A that T15(x) = Ha(x) — (a — 1|[Ia(x) — x[[n(I14(x)). Noting that since & € (1,2] we
have

0<(a—D|Ia(x) —x|| e < p <1,

which implies that I1%(x) is a strict convex combination between IT4(x) € A and [Ta(x) —
pn(Il4(x)) € intA, i.e.,

IT5 (x) = yIa(x) + (1 - y) (T4 (x) — fn(Ila(x))),

where y :=1- (a = 1)||lla(x) — x||/f € (0,1) and therefore IT% (x) € intA. O

6.1 EXAMPLES

In this section, we present some results on when the rate in Theorem 5.4 can be applied to convex
sets. We say for a convex set A € R” that the algorithm has identified a manifold M C A at some
iteration k if subsequent iterations would be identical when the set A is replaced with M. We
partition a smooth convex set A into two parts bd A and intA, and show that either bd A or intA
is identified.

Assumption 6.1 (regularity of convex sets at solution). Let A, B € R" be two closed convex sets
with x* € A N B. Assume that at least one of the following holds

C1 x* € bdANbdB and (bd A, bd B) satisfies Assumption 3.1 at the point x™,
C2. x* € intA N bd B where bd B is C?-smooth around x*,

C3. x* € bd A N intB where bd A is C2-smooth around x*,

C4. x* € intA N intB.

We now introduce a definition of St(,+) in the setting of convex sets to simplify the following
statements on convergence rates.
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Definition 6.1. For the feasibility problem (A, B) involving two closed convex sets A, B C R" that
satisfy Assumption 6.1 at a point x* € A N B, we define

Strry = (1—a)l + O‘H?ZM (x*)H%v(x*)

where we let

M =

bdA ifx* ebdA N oo bdB ifx* € bdB
intA  ifx* €intA’ intB  if x* € intB.

If x* € intA in this definition, we get tangent space T ((x*) = R" and projection operator

H%M @ = I. The same holds for x* € intB. The corresponding rate y(St(y+)) then reduces to one
of (1-ay), (1—ay) or (1 - a)(1 - a) according to Theorem 4.1.
Theorem 6.1. Consider (A, B), let A, B C R" be solid closed convex sets with A N B # (), and let
a =11 < o,y < 2 in the GAP algorithm in Definition 4.1. Then the iterations converge to
some point x* € AN B. If the sets A and B satisfy Assumption 6.1 at the point x*, then either the
problem is solved in finite time, or eventually the algorithm will identify the sets bd A and bd B
and converge R-linearly with any rate y € (y(St(x+)),1) to x* € bd AN bdB.

Proof. We know that x; — x* for some point x* due to closed convexity of A and B [22, Prop. 3].
We first show that the problem is solved in a finite number of iterations unless x* € bd A N bd B.

Assume x* € intA N intB. Then there is some open ball around x* that is contained in A N B.
By convergence of (xi)ren, there is some k such that xi is in this ball, and we have convergence
in finite time.

Assume x* € bd A N intB. Let § be such that Lemma 6.1 is satisfied for (A, x*) and so that
Bs(x*) C B. Then there is a k € N such that x; € Bs(x*). If xx € A N B the problem is
solved in finite time. If not, then x; € B\ A, so trivially Hglxk = Xy, and by Lemma 6.1 we
get Xy = szxk € intA. By non-expansiveness of HZZH?, we have xi . € Bs(x*) C B, so
Xk+1 € AN B, and the problem is solved in finite time.

Assume x* € intA N bd B and let § be such that Lemma 6.1 is satisfied for (B, x*), and so that
Bs(x*) C A. Eventually x; € Bs(x*) for some k € N. If x; € B the problem is solved. If not,
then x; € A\ B, but then II7'x € B by Lemma 6.1. Again, by non-expansiveness of I1;' we have
I3 X € Bs(x*) C Aso xpyq = Ig'xx € AN B and the problem is solved in finite time.

Now consider the case where x* € bd ANbd B. Choose §4 and g so that Lemma 6.1 is satisfied
for (A, x*) and (B, x*) respectively and let § = min(J4, dg). Since x — x* there exists N € N
such that x; € B5(x*) for all integer k > N. By Lemma 6.1, we then have x,; € A. If x4y € ANB,
the problem is solved in finite time. If not, x;4; € A \ B. Now consider any integer j > N such
that x; € A\ B with x; € B5(x). The first projection Hgl (x;) is equivalent to projecting onto
the manifold bd B, and by Lemma 6.1, we have Hgl (xj) € B. Either Hgl (x;) is also in A, in which
case the problem is solved in finite time, or the second projection II’’II7' (x;) is equivalent to
projecting onto the manifold bd A. By Lemma 6.1, we get x;4; € A. Therefore, we either we have
Xja € ANB, in which case we have a solution in finite time, or we have x;,; € A\ B. By recursion
over j > N, we see that either the problem is solved in finite time, or x;,; € A\ Bforall j > N,
in which case each projection onto the sets is equivalent to projecting onto their boundaries, i.e.,
the algorithm has identified the manifolds. The rate then follows directly from Theorem 5.4. O

Theorem 6.2.Let A € R” be a solid closed convex set and B € R” be an affine set such that
ANB # 0. Then x; — x* for some point x* € A N B for the GAP algorithm in Definition 4.1. If
the sets A and B satisfy Assumption 6.1 at x*, then the GAP method converges R-linearly with
any rate y € (y(St(x+),1) to x*.

Proof. This proof is similar to that of Theorem 6.1. The sequence (xi)ren converges to some
x* € AN B by convexity of the sets. First assume that x* € intA. Then, since x; — x* there exists

Falt, Giselsson GAP on Manifolds and Convex Sets



J. Nonsmooth Anal. Optim. 4 (2023), 7139 page 21 of 33

N such that x; € A for all j > N. The problem is then locally equivalent to that of (R"”, B), i.e.,
two subspaces.

If x* € bd A, then let § be such that Lemma 6.1 is satisfied for (A, x*). Then by convergence to
x*, eventually x; € B5(x*) forall j > N.IfII3'x; ¢ Athenx;,; € intAby Lemma 6.1. IfIT3'x; € A,
then x;,; € A by the definition of projection. So x;,; € Aforall j > N.

If also Hglxl € A for some [ > j > N, then since both x; and x;_; are in A, we have x; —
x;—-1 € Np(Ilgx;_;). From convexity of A we know that the straight line segment between x; and
xj-1 must be contained in A, so all subsequent iterations must be on this line segment. But then
IIgx; = x* and by assumption x* € bd A, so convexity of A implies that the whole segment must
be in bd A. The algorithm has thus identified bd A and B.

Otherwise, IT'x; ¢ A for all j > k, and the projection IT? (II')x; is equivalent to projecting
onto bd A, i.e, the algorithm has identified bd A and B. The rate then follows from Theorem 5.4
since B is a smooth manifold. ]

Next, we introduce some regularity properties of convex sets and show how they relate to the
regularity of the manifolds corresponding to their boundaries.

Definition 6.2 (subtransversality of sets). [29, Thm. 1 (ii)]
Two sets C € R™ and D C R" are subtransversal at x* € C N D if there exist « > 0 and § > 0
such that

(6.6) adenp(x) < max{dc(x),dp(x)} Vx € Bs(x").

sr[C, D](x*) is defined as the exact upper bound of all & such that (6.6) holds.

Definition 6.3 (transversality of sets). [29, Thm. 1 (ii)]
Two sets C C R™ and D C R" are transversal at x* € C N D if there exists « > 0 and § > 0 such
that

(6.7) ad(c—x))n(D-x) () <max{dc_y, (x),dp_y,(x)} forall x € Bs(x"),x1, x, € B5(0).
r[C, D](x*) is defined as the exact upper bound of all @ such that (6.7) holds. Equivalently, the

sets C and D are transversal at x* if No(x*) N (=Np(x*)) = {0} [29, Thm. 2 (v)].

The transversality condition N¢(x*) N (=Np(x*)) = {0} for two sets C and D coincides with
Definition 3.12 of transversality when the sets are smooth manifolds, since the normal cones are
linear subspaces in this case [26].

Definition 6.4 (acute and obtuse intersection). For two solid, closed, convex sets A, B C R" with
smooth boundaries, we say that the intersection is acute at a point x* € bd A N bd B if (v, 0v;) <
0, where vy, 0, are the unique vectors such that v; € Na(x*), v, € Np(x¥), ||lo1]| = |loz]l = L
Conversely, we say that the intersection is obtuse if (v1,v5) > 0.

Note that acute and obtuse refer to the shape of the intersection, and not the angle between
the normals, for which the property is reversed.

Lemma 6.2. Let A, B be solid, closed and convex sets in R" with boundaries bd A, bd B that satisfy

Assumption 3.1 at some point x* € bd A, bd B and assume that Tpg4(x*) # Tpap(x™). Let O €
(0, 7/2] be defined via cos(0r) = c¢(bd A, bd B, x*). Then

1. the manifolds bd A and bd B are transversal at x*,
2. the sets A and B are transversal at x*, i.e. N4 (x*) N (=Ng(x*)) = {0},

3. the sets A and B are subtransversal at x* and the following inequalities hold

sin(0r/2) if (A, B) acute at x*

I'[A, B] (x*) < sr[A, B] (x*) < {COS(GF/Z) lf (A, B) obtuse at x*,
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4. sin(0p/2) = r[bd A, bd B] (x*). Furthermore, if the intersection of (A, B) is acute at x* then
sin(0r/2) = r[bd A, bd B](x*) = r[A, B] (x*) = sr[A, B](x™)
otherwise

cos(0r/2) = r[A, B](x*) = sr[A, B](x™).

Proof. The proofs follow the definitions and results on (sub-)transversality of general sets from [28].

1: From smoothness of the manifolds bd A, bd B, the corresponding normals are lines and triv-
ially Npgg(x*) = —Npgp(x*). Moreover, since Tphg 4 (x*) # Tpap(x™) we have Npg 4 (x™) # Npap(x™),
and therefore Npg 4(x*) N (=Npaa(x*)) = {0}.

2: The normals to the sets A, B at a point on their boundaries x* satisfy Npg 4 (x*) = Na(x*) U
(=N4(x*)) and correspondingly for B. Hence, N4 (x*) C Npga(x*) and —Np(x*) C Npgp(x*), so
from case 1 it follows that N4 (x*) N (-Np(x*)) = {0}.

3: The first inequality follows directly from [29, Thm. 4 (i)]. For the second inequality, let v; €
Na(x*),02 € Ng(x*) be the unique vectors with ||v1|| = ||o2|| = 1, and define w = (v1+0v,) /||o+02]|.
From case 2, we see that v; # —v, and thus (v, 03) > —1. Thus (w,01) = ({v1,02) +1)/||o1 + 03| >
0 and similarly (w,0;) > 0. Since A, B are convex sets, T4(x*) + {x*} and Tg(x*) + {x*} are
separating hyperplanes to the corresponding sets, and it follows from (w,v;) > 0,(w,v3) > 0
that x* + pw is separated from the sets A and B when > 0,ie. x* + fw ¢ AU B for f > 0.
Moreover, by definition of w, we have w € N4(x*) + Np(x*) C Nanp(x*) where the second
inclusion holds trivially for convex sets. We can therefore conclude that II4ng(x* + fw) = x7,
and therefore

(6.8) danB(x" + pw) = llw|l = B.

We now calculate an expression for d4(x* + fw). Since x* + fw ¢ A, the projection onto A is
locally equivalent to projecting onto the smooth manifold bd A. From Lemma 3.1 we get with
series expansion around x* that

Mpaa(x” + pw) = Mpaa(x*) + 1y, o) (Bw) + O(B),
where ITpg 4 (x*) = x*. The projection of w = (v; + v3)/||v; + v2]| onto Tpq 4(x*) is given by

<U1,W>U
1
llo1][2

HdeA(x*) (W) =w- =w - <Ula W>Ul

and the distance d4 (x* + fw) is therefore

da(x" + pw) = [Mpaa(x™ + pw) = (x" + pw)| = || fllmi,p () (W) = fw + O ()|
1+ <Ul3 UZ)

= |B¢vs, wyor = O(F)l = Bllm———-01 = O(B)II

o1 + 02|

(6.9)

and in the same way for B: dg(x* + fw) = S| 1+<v1,v2>02 - 0P|l

lor+os ||

By Definition 3.4 that defines the Friedrichs angle and Definition 3.13, we conclude that
cos(0r) = c¢(bd A, bd B, x") = ¢(Tpaa(x"), Toas(x")) = ¢((Thaa(x))*, (Tpan(x))"),

where the last equality can be found, e.g.,in [29, Def. 3]. Since (Tpga (x*))* = Nag(x*)U(=N4 (x*)) =
{Po1 | p € R}, and similarly for B, Definition 3.4 results in that cos(0r) = max{(vy, v2), —(v1,02)},
ie.

—cos(Of) if (v, v) <0
(vy,02) = .
cos(0F) if (vy,05) > 0.
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Thus by definition of sr[A, B](x"), (6.8) and (6.9)

max(da(x* + pw),dp(x* + fw))
dang(x* + pw)
. 1+ (01, 02)
= lim max ||[——0; — O
p—0tie{12}  ||vg + va| @
1+ (01, 07)

Vo1l + 2(o1, 05) + [|02 12

) \/12‘_2—% = 1= cos(0r)/V2 = sin(0r/2) if (01, 03) < 0

- 1+cos(0F) — _ .
—\/m 1+ cos(0F)/V2 = cos(0r/2) if (v1,05) > 0.

sr[A, B](x*) < lim
p—0

4: By [29, Prop. 8]

1,[C, D] (x) = sup —(ny, ny),
n1 ENe(x), ny eNp (x)
(71 [|I=l722 ||=1

where 1,[C, D] (x) satisfies 1,[C, D] (x*) + 2(r[C, D] (x*))? = 1.

Since bd A,bd B are smooth manifolds, this results in r,[bd A, bd B](x*) = cos(fF) by Defi-
nition 3.4, since Npga(x*) = —Npga(x*) and equivalently for bd B. Thus, since 0 € [0, /2]
and r[bd A, bd B](x*) > 0 holds by definition, we have r[bd A, bd B] (x*) = /(1 —cos(0F))/2 =
sin(0r/2) for all O € [0, /2].

For r[A, B](x*) we use the same result, but the unit normal vectors are unique in this case.
When (v, v;) < 0 we have (v, v5) = — cos(0p) by definition of 8r. We therefore get r,[A, B] =
cos(6r) and thus r[A, B](x*) = /(1 = cos(0F))/2 = sin(6g/2).

In the same way, when (v;,v2) > 0 we have (v;,v2) = cos(fp), so r,[A, B] = —cos(fF) and
r[A, B](x*) = /(1 + cos(6F))/2 = cos(6F/2).

But we always have r[A, B] < sr[A, B] [29, Thm. 4 (i)], so together with case 3 we see that
sr[A, B](x") is bounded both above and below by

sin(0p/2) if {vy,02) <0
cos(0r/2) if (v, v5) > 0,

which concludes the proof. O

Remark 6.1. The regularity constants in Lemma 6.2 case 4 are continuous with respect to the
normals as they approach the limit between acute and obtuse since (v1,02) — 0 = 0 — 7/2
and sin(7/4) = cos(r/4) = 1/V2.

The rates presented so far are stated either as a property of the operator St(,+) or as a func-
tion of the Friedrichs angle 0 between tangent planes at the intersection. In previous work on
alternating projections and similar algorithms for convex and non-convex sets, the rates are of-
ten stated as a function of a linear regularity constant [31, 10]. We now state the rate found by
choosing the optimal relaxation parameters (4.10) in terms of linear regularity.

Theorem 6.3. Let A, B be two solid, closed, and convex sets in R™. Let x* € AN B be the limit point
of the sequence (xi)kxen generated by the GAP algorithm in Definition 4.1, and assume that

1. x* €bdANbdB

2. bd A and bd B satisfy Assumption 3.1 at the point x*.
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Then the sets are k-linearly regular, i.e., there exist § > 0 and ¥ > 0 such that
(6.10) dang(x) € kmax(da(x),dg(x)), Vx e Bs(x™).

Let k be the lower limit of all such ¥ and assume that x > V2, then the GAP algorithm with
parameters

(6.11) a=1 wm=a=2

=)

will converge to x* with R-linear rate u for any p € (y,1), where

(\/ﬁ—l)z K2 — 1
(6.12) Y= =1-4

V2 —1+1 K2+ 2Vi2 -1

Proof. Existence of a limit point x* for convex sets follows from the previous results or [22]. First
assume that Tpq4(x*) = Thap(x™). Then Assumption A2 along with a dimensionality argument
imply thatbd A = bd B in some neighborhood of x*. It must therefore be that either ANB = A = B
or AN B =bd A NbdB in some neighborhood of x*. The problem is then trivial, but dgng(x) =
da(x) = dp(x) for all x € Bs(x™), so k = 1. This trivial case is not covered by the result as we
assume K > V2.

Now assume instead that Tpg 4 (x*) # Tphap(x*). The sets (A, B) are therefore transversal by
Lemma 6.2 case 2, and since N4 (x*) # Np(x*), we have 0 > 0. Since 1/x = sr[A, B] < 1/V2 we
have by Lemma 6.2 case 4 that

1/k = r[bd A,bd B] = sr[A, B] = sin(0f/2).
The optimal parameters (4.10) are therefore, with 0 = 2 arcsin(1/x)

2
PR S S L ey
1+sin(fr) 1+ sin(2arcsin(1/x)) V2 —1+1

By Theorem 6.2 and Theorem 4.3, the convergence to x* is R-linear with rate y for any y €
(¥(St(x)), 1) where

a = 1, 2)

VSt 1) = 1-sin(0p) 1-sin(2arcsin(1/x)) (VKZ -1- 1)2 14 K2 —1

1+sin(0r) 1+sin(2arcsin(1/x)) |\ vViZ 141 2+ oVKZ -1

O

Remark 6.2. The regularity parameter satisfies x € [1, co] under the assumptions of Theorem 6.3.
In particular, for ill-conditioned problems, i.e., large k, the rate above approaches y ~ 1 — %. This
can be compared to the rate of alternating projections of y = 1 — % as found in [31] under
linear regularity assumptions for non-convex sets, which is worse. The contraction rate for the
Douglas—Rachford algorithm, presented in [36] for general convex sets is V1 — k=2, which can be
approximated for large x by 1 — #

Theorem 6.4. Let A, B be two solid, closed, and convex sets in R” that satisfy Assumption 6.1 at
every point x* € AN B. Assume that there is a & > 0 such that the sets A, B are k-linearly regular

at every point x* € AN B, i.e., for every x* there exists dy« > 0 such that

(6.13) danp(x) < kmax(da(x),dp(x)), Vx € Bs. (x7).
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Let ¥ = max (%, V2), then the GAP algorithm with parameters

(6.14) a=1 o=ay=2

==

will converge to x* with R-linear rate u for any p € (y,1), where

2
V2 -1-1 -4 |
y=l——| =1-4——m——.

V2 —1+1 K2+ 2Vk2 -1

Proof. We note that k = V2 implies that oy = a = 1, otherwise oy = a; € (1,2). Convergence
to some x* € A N B follows from convexity. If x* ¢ bd A N bd B, then Theorem 6.1 states that
the convergence is in finite time, for which the rate holds trivially. The remaining case is x* €
bdA N bdB. If Thga(x*) = Tpap(x*), then bd A = bd B in some neighborhood of x* and the
problem is trivial with convergence in finite time.

Otherwise, Tpg 4(x*) # Tpap(x™) and consequently the Friedrichs angle satisfies cos(0r) > 0.
First consider the case where the angle between the sets A and B is obtuse at x™. Let 6; be such
that Lemma 6.1 holds, i.e., Hzlx € Aand ngx € B, for any x € Bs (x*). Let ¢ = (na(x*), ng(x")),
where ny(x*), ng(x*) are the outward facing unit normals for the sets A, B at the point x*, which
by definition of obtuse satisfies ¢ > 0. By smoothness of the boundaries of A and B, and continuity
of their normals, there is some &3 > 0 such that

(6.15)

(6.16) (na(x),np(y)) > 0,Vx € Bs,(x*) Nbd A, y € Bs,(x*) Nbd B,

where n4(x), ng(y) are the outward facing unit normals to A and B at x and y respectively. Now,
by convergence of x; to x*, there is some k such that xx € Bs5(x*) where § = min(y, §;). Thus by
Lemma 6.1 and non-expansiveness of the projectors, we have IT'x € A and xy,; = II*TI%'x; € B.
If X341 € A, then the problem is solved in finite time, and the result is trivial, otherwise xx,; € B\ A.
There must therefore exist a point X on the line between xx,; € B\ A and Hzlxk € A such that
X € bd A, moreover it must satisfy (ns(x), xx41 — Hjlxk) > 0 since the line is pointing out of the
set A. But by the definition of the projection and xj.;, we have

Xper — T xg 5
———— = —np(x),
ll2k41 — HA x|l
where x = HBHf;xkbd B. This leads to (n4(x),ng(x)) < 0. Since both x and x are in Bs(x*) by
non-expansiveness, this is a contradiction to (6.16), i.e. xy+1 € B \ A cannot hold, so x,+; € AN B
and the convergence is finite and the result holds trivially.

The remaining case is when A and B form an acute angle at x*. By Lemma 6.2 case 4, we
have sr[A, B](x*) = sin(6r/2) < 1/V2, so by definition of sr (Definition 6.2), it must hold that
Kk > 1/sr[A, B](x*) = 1/sin(fr/2) > V2. By Theorem 6.3, we see that the optimal rate would have
been achievedif k = 1/sin(0p/2),i.e. ¢y = ay > a*, or equivalently that the parameters have been
chosen as if O was smaller. But as seen in Remark 4.2, this still results in the sub-optimal rate
(6.15) based on this conservative k. O

Remark 6.3. We note that the adaptive method proposed in [23] for estimating O by the angle
between the vectors v; = IT3'x; — X and v = I1%'x; — IIF*T1 x¢., works very well in the setting of
two convex sets (A, B) with smooth boundaries. This can be seen by observing that if v;/||o4|| =
—ny and v,/ ||v;|| = ny, where ny, n; are normal vectors with unit length to A and B at the point x*,
then the angle between them is exactly 0r in the acute case. And indeed, as long as the algorithm
has not already converged, we have v;/||01|| = —ny, v2/||vs]| = ns as xx — x*, by the definition
of the projections and continuity of the normals around x*. The estimate will therefore converge
to OF as xp — x*.
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Figure 2: lllustration of the problem with a cone C and line D from Example 6.2. The iterates
Do, P1; P2, - - - are illustrated in red, the normal cone to C with dashed lines, and the rays
through (1, —y) and (-1, —y) are shown with blue dotted lines. As shown in the example,
the iterates stay on the dotted lines and alternate between projecting on the two faces
of C.

6.2 COUNTER EXAMPLE

We present a simple convex example that illustrates that it is not always possible to rely on
finite identification of smooth manifolds for the GAP algorithm 4.1, even in the case of convex
polytopes.

Example 6.2. Consider the convex feasibility problem (C, D) with C = {(x,y) |y > |x|}, D =
{(x,y) | y =0} as illustrated in Figure 2, with parameters « = 1, = ay = 1.5 for the GAP
algorithm 4.1. Let

PO = (13 _Y)
where y = % (1 + \/7_3) ~ 0.795. The GAP algorithm will then alternate between projecting onto
the half-lines {y = x,x > 0} and {y = —x, x < 0}.

Proof. The first projection point will hit the boundary of the cone C at IIgpy = % (1-y,1-y)
which is easily seen by that IIcpy — po = %(—1 —¥.1+y) L Icpo. The relaxed projection point
and the next iterate can then be calculated to

1
& po = 2 (1-3y,-3+y)

1
pr =15 po = 3 (2-6y,-3+y)

We note that y? = %(y + 3), and that (py),y = %(2 - 6y)y = %(y = 3) = (p1)y, where p;
((p1)x> (p1)y)- So py is simply py scaled and flipped around the y axis, i.e,, it is of the form p; =
B (=1, —y) for some f > 0. The next projection point is therefore on the boundary of the cone C
with x < 0, and because of the symmetry around the y axis, the next iterate is

p2=pF L-y).
By linearity and induction, it is clear that the algorithm will not identify any of the smooth
surfaces {y = x,x > 0} or {y = —x,x < 0} but instead alternate between them. O
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Remark 6.4. Example 6.2 shows that finite identification of either of the manifolds {(x, y) | y =
x,x > 0}and {(x,y) | y = —x, x < 0} does not occur for every initial point. However, with some
reasonable definition of smallest angle, for example through the subregularity constant sr, we
would have 0r = /4, and the theory for subspaces would predict a worst case rate y(S) = 0.5. It
is notable that the convergence rate f ~ 0.35 in the example is significantly better. It is therefore
still an open question whether the smallest angle sets an upper bound on the rate through the
eigenvalues in Theorem 4.1 even for these problems.

7 CONCLUSIONS

We have shown that the known convergence rates for the GAP algorithm on affine sets extend
to local rates on smooth manifolds, and that the optimal parameters and rates hold also in this
setting. These rates are significantly better than previous known rates for similar projection meth-
ods. We have also shown how these results can be applied to generate linear convergence rates
for two smooth and solid convex sets, and how they can be connected to linear regularity.

Since finite identification of smooth manifolds cannot generally be assumed, it remains to be
shown how these results can be applied to general convex sets.

APPENDIX A APPENDIX

APPENDIX A.1 PROOF OF THEOREM 4.2

Since S = T with @ = 1, we begin by showing that all eigenvalues of T in Theorem 4.1 satisfy
|A] < y*. For convenience of notation we introduce

(A1) f(0) = % (2 - — ay + a0 0052(9))
(a.2) 9(0) = Vf(0)? - (1— a) (1 - ap)

so that /1}’2 in (4.8) can be written /1%’2 = f(6;)) £g(6;). Foray = oy = o* = we get

2
_ 1+sin(6F)
f(0F) =1-a* +a**c2/2 = 1sin(0r) — 4* — 1 and g(0r) = 0. The eigenvalues corresponding to

F 1+sin(9p)_
Of are therefore )L;’Z = o —1 = 2800 e also see that f(r/2) =1-a", g(x/2) = 0. Since

1+sin(0F) °
£(0) is linear in cos?(0), which is decreasing in [0F, /2], and |f(0r)| = |f(7x/2)| = a* — 1, it
follows that |f(6;)| < a* —1for all §; € [0F, 7/2]. This means that f(60;)? — (a* —1)? < 0 and the

corresponding /1%’2 are complex with magnitudes

VF0)2+1f(6)? - (1-a)?| =Y (1 -a")?
=a*—1 Vi: 0 <0; <m/2.

1,2
2

For the remaining eigenvalues we have |1-a| = " -1 =y*, |1-a| = a" -1 =y", |(1- o) (1-2)| =
(a*—1)% < y*. Lastly, the eigenvalues in A = 1 correspond to the angles §; = 0 and are semisimple
since the matrix in (4.7) is diagonal for 6; = 0. We therefore conclude, using Fact 3.2 and 3.3, that
a1 = oy = & results in that the GAP operator S = T in (4.2) is linearly convergent with any rate

pe(y,1) wherey" =a* -1= :::EEglf yisa subdominant eigenvalue.

APPENDIX A.2 LEMMAS

Lemma A.1 (Infinite Sub-sequence). Given any infinite sequence of increasing positive integers
(rj)jen, for any integer n > 0 there exists an infinite sub-sequence (7, )xen Where

rj, = a+nby,
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for some a € N and some increasing sequence (by)gen-

Proof. Fix n and consider the finite collection of sets S; = {v e N | v = i+nb,b e N},i =0,...,n—1.
We have Ui n-15;i = N,s0 U,

must be infinite. Let a be the index so that (S, N {r;};en) is infinite. This is clearly a subset of
{rj}jen and by the definition of S, each element is of the form a + nb; with by € N and the proof
is complete. O

Lemma A.2. The matrix
. P 0{_* F _
(A.3) M=02-a")I+ . (1" =1,

where T is the matrix defined in (4.7) corresponding to the angle 0 has trace and determinant:

ttM = ———— (—a; — ap + oz % + 2ays
(1+s)a1( 1 2 201 1)
4s(1—5s)

detM = ——= (—a; — oo + 1o (1 + 5))
o o @ (1+9)

where s := sin(0F), ¢ := cos(6F).
Proof. The matrix M can be written

. o 1— as? acs
M=@-a)l+ o ((051(1— ;tz)cs (1- 052)%1 - 0‘102)) ) I)

(4]
B (2 —a* — a's® a'es
“\af(1-ay)es 2—0(*+2—1*((1—052)(1—05102)_1))
(2-at(1+5P) a’cs
B ( a*(1—ap)es 2—o" + Z—l (aazc? — oy — 05102)) .

Using that o™ = ﬁ, we can rewrite the diagonal elements

2—a*(1+s?) =a" (1+s- (1+52)) =a's(1—s)
and

a” a
2—a"+ — (a1a202 -y — alcz) =a"(1+s)—a" +a" (cz(az -1) - —2)
(4] (4]

a
=a" (s+c2(a2—1)——2).
(&1

We can extract the factor a*cs from the matrix and get

1=s
— 1
* c
M=a CS( s+cz(a2—1)—2—§ .
cs

The trace is therefore given by

1-s 3+CZ(052—1)—Z—?
cs

trM = oa*cs ( +
c

a
=a |2s—s?+cfay—ct - 2=
4]
at 9
= — (~on — o + ;maic® + 2a5)
4]
2 2
= ———— (—a1 — a2 + marc” + 2a15)
(1 + S)Cfl
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and the determinant is given by

(1-5) (s+cz((x2—1)—z—f) (1= a) s

detM = (a*cs)? s 2

a a
a*zs((s +ct(ap—1) - 2 c*s(az — 1) +s—2) - (1-ay) czs)
(&1 (]

a a
alsls+ct(ap—1) — = —s* +5—=
(441 (4]

a
as (s — 1+ apc? + —2(s - 1))
[44]

a*?s(1—s) (—1 +ay(1+s) — %)
a

%2
a“s(l—s
SS9 oyt (1+s))
2]
4s(1—s)
=—= (g — g+ jaa(1+5s)).
o (@ e (1+9)

O

Lemma A.3. Under the assumptions a = Z—:, ay = az > 0 and Op € (0, 7/2), the matrix M (A.3) in
Lemma A.2 satisfies
(g # ¢ or ap # &) = maxRe A(M) > 0,

where A(M) is the set of eigenvalues of M.
Proof. We prove the equivalent claim

maxRe AM) < 0> = =a”.

We have maxRe A(M) < 0 if and only if both eigenvalues of M have negative or zero real part,

which is equivalent to
M+A, <0 and A4, > 0.

This is equivalent to
trM <0 and detM > 0.

Using Lemma A.2, this can be written

m (—0{1 — 0y + 0{20(1C2 + 20[15) <0
4s(1- ’
af((1+ss))2 (g —ay + oz (1+s)) >0

where s := sin(fr) and ¢ = cos(0F). Since a; > 0, s € (0, 1), this is equivalent to

(a.4a) { a + o — et —2aqs >0
(a.4b)

This implies that the sum is positive, i.e.

—a1— o+ (1+s) > 0.

(a1 +ay — apoc? — 2a15) + (=g — ay + o (1+5))
= (apons® — 205 + o atzs)

=ms (s —2+az) >0
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which, since a,, s > 0, is equivalent to a;(1+s) > 2, and thus

But since a; > ¥, (a.4a) implies
a + o — g —2a8 > 0
which is equivalent to

i+ —atagc? — 2045 = o + oy — 201(1— ) — 208
=qmt+o—200=a,—a; =20
ie,a > .

But by the assumption that @; > o, we know that (a.4) implies &; = a; > a*. Equation (a.4a)
yields

o+ oy — a2a1c2 -2 20
= 200 — alzcz - 201520
= 2 — a1c2 —-25s2>20
(1-5)
(=4 2 > o
c2
N 2
= a = > a,
(1+s)

where the implication is from a; = a;. We have shown that a* > oy = @, > @ ie, 0" = oy =
ay > a. This completes the proof. O

APPENDIX A.3 PROOF OF THEOREM 4.3

The first direction, that both S; and S, are convergent with any rate p € (y*, 1) for the parameters
in (4.10) holds by Theorem 4.2. We now prove that if S; and S, converge with the rate p for all
u € (y*,1) then the parameters must be those in (4.10). By Fact 3.2, if both operators converge
with any rate p € (y*, 1) then it must be that y(S;) < y* and y(S;) < y*. By Definition 3.7, this
means that all eigenvalues A to both S; and S; have |A| < y*, unless A = 1. With S; = (1-a)I+aT;,
we see from Theorem 4.1, that T; has an eigenvalue in 1 — a;, T; in 1 — a4, and both T; and T, have
eigenvalues in /1}’2 corresponding to the angle 0r. We therefore need that 1+ a (A -1)| < y*
for each of the eigenvalues A. We start by defining & = o*/a;, where a® = 2/(1 + sin(0f)), and
observe that a* —1=y".
Assume that &y > a; and @ = @&. For the eigenvalue A =1 — a3, we get

*

(a5) 1+&()L—1)=1+Z—(1—a1—1)=1—a*.
1

Consider the eigenvalues of I + &(Tr — I) where Tf is the matrix (4.7) corresponding to the angle
OF, i.e., the eigenvalues /1}’2. We have

(a.6) maxRe A(I+a&(Tp—-1)) > a* —1
if and only if
(A7) maxRe A((2 — ")+ &(Tr = I)) > 0.
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By Lemma A.3 we know that (A.7) is true when « = &, unless oy = a; = a*. We therefore know
that for @ = &, unless the optimal parameters are selected, there will always be one eigenvalue
of S; in 1 — " and one, corresponding to 0, with real part greater than a* — 1. We now consider
the two cases @ > & and a < a. First note that a acts as a scaling of the eigenvalues relative
to the point 1, i.e., (1 — @) + A = 1+ a(A — 1). It is therefore clear that &« > & will result in one
eigenvalue with real part less than 1 — a* = —y*, and thus y(S;) > y* and y(S,) > y".

Similarly, any & < & will result in one eigenvalue (A},) with real part greater than o — 1= y*.
If this eigenvalue is not in 1, i.e., unless 1+ 0((/1113 —1) =1, we know that y(S) > y* also in this case.
Since @ # 0 we have 1+ 0((/1}: —1) = 1if and only if )Lllg = 1. But )Lllg = 1 only if det(Tr — I) = 0,
where T is the block corresponding to 0 in (4.7). Since ay, a2 # 0 and 0 > 0 we get

det(Tp - I) = —alslz:(oqclzg —ay + alazclzg) - alz(l - az)clz:slz: = oqazs}z: #0

and thus AL # 1.

We conclude that when & > a3, then y(S;) > o —1 = y* for all parameters that are not
a=1o =ay=a".

The proof is only dependent on the eigenvalue 1 — o, corresponding to S,, and the eigenvalue
/1;’2 corresponding to fr. From symmetry of a3, a; in /1;’2 we see that the same argument holds if
we instead assume a; > a, let @ = a*/ay, and consider the eigenvalues 1 — o, from S; and /1};2.
Therefore, when a; > a;, we get y(S;) > a* —1 = y” for all parameters that are not a = 1,y =
as = . To conclude, unless @ = 1, a1 = @y = a*, we have either y(S;) > y* or y(S;) > y*, which
contradicts that they both converge linearly with any rate p € (y*,1).
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PROXIMAL GRADIENT METHODS BEYOND MONOTONY

Alberto De Marchi*

Abstract We address composite optimization problems, which consist in minimizing the sum
of a smooth and a merely lower semicontinuous function, without any convexity assumptions.
Numerical solutions of these problems can be obtained by proximal gradient methods, which often
rely on a line search procedure as globalization mechanism. We consider an adaptive nonmono-
tone proximal gradient scheme based on an averaged merit function and establish asymptotic
convergence guarantees under weak assumptions, delivering results on par with the monotone
strategy. Global worst-case rates for the iterates and a stationarity measure are also derived. Finally,
a numerical example indicates the potential of nonmonotonicity and spectral approximations.

Keywords Nonsmooth nonconvex optimization - Proximal algorithms - Gradient methods -
Spectral stepsize - Nonmonotone linesearch.
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1 INTRODUCTION

In this paper we consider the classical problem of minimizing the sum of a smooth function f and a
nonsmooth function g. More precisely, we address optimization problems of the form

(P) minimize ¢(x), where ¢ = f+g,
xeX

f: X — R is differentiable, g: X — R := R U {co} admits an easily computable proximal mapping,
and X denotes an Euclidean space, i.e., a real and finite-dimensional Hilbert space. The objective ¢
and its components f and g are allowed to be nonconvex.

The problem class (P) has been widely investigated, especially in the convex setting, and a number of
splitting methods have been devised for its numerical solution [9, 23, 4, 28]. By exploiting its composite
structure, proximal gradient (PG) methods offer a simple and versatile iterative technique for addressing
(P). Introduced in [14], PG schemes are also known as forward-backward splittings, due to the close
relation with the theory of monotone operators [3] and their equivalence in the convex setting [23, §3].
Combining a step in the negative gradient direction with a proximal point update, PG methods can cope
with nonconvexity but require a mechanism to guarantee global convergence, that is, convergence from
arbitrary initial points. Widely adopted since Armijo’s work [1] in smooth unconstrained optimization,
a (backtracking) line search procedure provides such globalization, if equipped with an appropriate
criterion for validating (and therefore accepting) tentative iterates. Monotone strategies ensures that
the objective value decreases at each iteration, but possibly at the cost of taking utterly small steps. In
contrast, nonmonotone strategies adopt relaxed conditions for a tentative update to be accepted; this
approach often proves beneficial in practice, as it can reduce conservatism and allow larger steps and
faster convergence [15, 31, 28]. Similarly to watchdog techniques, nonmonotone line search procedures
monitor progress and ensure that the objective value decreases, at least eventually, along the iterates
generated by the algorithm.

“University of the Bundeswehr Munich, Department of Aerospace Engineering, Institute of Applied Mathematics and
Scientific Computing, 85577 Neubiberg, Germany. alberto.demarchi@unibw.de, orRcID: 0000-0002-3545-6898.


https://dx.doi.org/10.46298/jnsao-2023-10290
https://creativecommons.org/licenses/by/4.0/
http://www.ams.org/mathscinet/msc/msc2020.html?t=49J52
http://www.ams.org/mathscinet/msc/msc2020.html?t=65K05
http://www.ams.org/mathscinet/msc/msc2020.html?t=90C06
mailto:alberto.demarchi@unibw.de
https://orcid.org/0000-0002-3545-6898

J. Nonsmooth Anal. Optim. 4 (2023), 10290 age 2 of 18
p pag

We are interested in PG methods for (P) with provable well-definedness and convergence guarantees
under minimal assumptions on the problem data. These properties have been recently established
by Kanzow and Mehlitz [17] considering an adaptive monotone PG method. Therein, however, the
same guarantees for a nonmonotone variant required stronger conditions, and more involved proofs. In
particular, accumulation points are shown to be stationary for (P) under some continuity assumptions
on ¢ and g [17, Ass. 4.1].

1.1 RELATED WORK

In their seminal work [15] in the context of unconstrained smooth optimization, Grippo, Lampariello
and Lucidi (GLL) suggested a nonmonotone line search technique based on monitoring the maximum
objective value attained by the latest iterates. Later Zhang and Hager [31] proposed a different flavor of
nonmonotonicity, which takes a weighted average of the objective value at all iterates. Anticipating the
notation of Algorithm 3.1 below, a certain iterate x**! € dom ¢ is deemed acceptable upon comparison
of the objective ¢ (x**!) with a threshold based on the merit ®;, whose value is given by

(1.1) max  ¢(x*7) and (1- )it + pop(x¥)
j=0,...,min{M,k}

for the max and average flavors, respectively. Here, parameters M € N and p € (0, 1] control the level
of nonmonotonicity allowed: for larger M, or smaller p, the merit ®; can attain larger values, hence
imposing a weaker condition for the acceptance of x**. Conversely, the values M = 0 and p = 1 result
in monotone behavior, as the merit ®; coincides with the objective (p(xk). We notice that, in general,
neither of these approaches is more conservative than the other. The GLL merit function has been
adopted, e.g., in [24, 6] and [30] for smooth and composite optimization, respectively, under some
convexity assumptions, before being considered in [17]. In the context of (fully nonconvex) composite
optimization, a merit function based on averaging has been adopted, e.g., in [20] for safeguarding
Nesterov-type accelerated PG methods as well as in [28] and [13, §4.3] for globalizing quasi-Newton-
type schemes.

Nonmonotone techniques had a significant impact also on the development and practice of spectral
gradient methods. Long after the classical steepest descent method was proposed by Cauchy [8] in
1847, Barzilai and Borwein [2] presented a simple and efficient tool for solving large-scale problems:
a gradient method with step sizes motivated by Newton’s method but not involving any Hessian
matrix. The Barzilai-Borwein (BB) method uses the same search direction as for Cauchy’s method,
but its stepsize rule is different and, at nearly no extra cost, it often outperforms standard gradient
methods [6, 7]. However, even when the objective function is strongly convex, it may not yield a
monotone decrease in the function value and, in fact, it may not converge at all. Therefore, Raydan
[24] suggested to control this behavior by combining the spectral stepsize with a nonmonotone line
search as a safeguard for globalization. This, in particular, leads to global convergence for smooth
unconstrained optimization problems and constrained on sets [6, 16].

The broad class (P) includes constrained optimization instances, namely problems involving the
minimization of a smooth cost f(x) subject to the constraint x € X, with X € X some nonempty and
closed set. In fact, it suffices to take g = 1x in (P), with ix: X — R denoting the indicator function of X,
defined by 1x(x) = 0if x € X and i1x(x) = oo otherwise. Therefore, if the projection operator associated
to X (coinciding with the proximal mapping of 1x) can be efficiently evaluated, PG methods are a viable
option for dealing with such (potentially nonconvex) constrained problems. From the literature, one
can observe the (temporal) progression from BB methods [2, 24] for smooth unconstrained problems,
via spectral projected gradient (SPG) methods [6, 7] for smooth objectives over convex constraint sets
and [16, §3] for nonconvex constraint sets, to [17] for nonconvex composite objectives, all using the
nonmonotone GLL line search for globalization. Preferring a different kind of nonmonotonicity, the
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methods we discuss in the following allow to tackle such broad class of problems, supported by the
same theoretical guarantees and under weaker assumptions.

Finally, we shall remark that these methods often play the role of inner solvers in general purpose
optimization packages, where subproblems of the form (P) have to be (approximately) solved. This is
the case of SPG [6] within the augmented Lagrangian solver Algencan [5], [16, Alg. 3.1] within [16,
Alg. 4.1], PANOC™) [27, 13] within OpEn [26], ALS [11], ALPS [10], and IP-FB within an interior point
method [12]. Thus, our findings have significant impact that possibly widens scope and aids practical
performance of other methods and solvers too.

1.2 CONTRIBUTION

Intrigued by the theoretical gap emerged in [17] and motivated by the potential benefits of nonmonotone
strategies in practice, we consider proximal gradient methods for addressing (P) in the fully nonconvex
setting and focus on the role played by the line search procedure. Why does the nonmonotone
strategy lead to the difficulties highlighted in [17, §4]? Is it possible to retain the simplicity and
convergence guarantees of these (adaptive) methods while exploiting nonmonotone behaviour and
minimal assumptions?

As we are going to reveal, nonmonotonicity is not responsible for the theoretical issues encountered,
but it is its specific flavor that may be, in some sense, too weak. Instead of the GLL max-type condition
adopted in [17], we study an adaptive PG method with a nonmonotone line search based on an averaging
merit function [31, 28]. By establishing that every iteration yields some sufficient decrease for this merit
function, we show that the convergence properties (and analysis) of the monotone setting naturally
carry over to the nonmonotone one.

The key contributions of this paper are as follows.

« We present an adaptive proximal gradient method with nonmonotone line search and establish
asymptotic convergence properties and guarantees under weak assumptions on the problem
data (cf. Theorem 4.6). Although in general not more conservative than the GLL strategy,
the averaging nonmonotonicity ensures sufficient decrease at every iteration (cf. Lemma 4.2),
enabling a seamless extension from monotone to nonmonotone line search without additional
assumptions (cf. Lemma 4.4).

+ Under local Lipschitz continuity of V f, we provide global worst-case rate-of-convergence results.
In particular, we show (at least) sublinear convergence of order O(1/ Vk) for the iterates {x* }ren
(cf. Corollary 4.8) and, along converging subsequences, for the fixed-point residual as stationarity
measure (cf. Theorem 4.9). Furthermore, assuming boundedness for the set of accumulation
points of {x*}1en, the result is extended to the whole sequence (cf. Corollary 4.11).

OUTLINE

In the following Section 2 we provide preliminary notions and optimality concepts. In Section 3 we
detail and discuss the algorithm, whose convergence properties are investigated in Section 4 under
appropriate conditions. We report on comparative numerical tests in Section 5 and conclude with some
remarks in Section 6.

2 PRELIMINARIES

WithN,Rand R := RU {co} we denote the natural numbers, real and extended-real line, respectively.
Throughout the paper, the Euclidean space X will be equipped with the inner product (-, -) : XxX — R
and the associated norm ||-||. Given a nonempty set E C X andapoint p € X, dist(p, E) := infycg || x—p||
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denotes the distance of p from E. The sum of two sets A, B € X is meant in the sense of Minkowski,
namely A+ B=B+A ={a+b|a € A b € B}. In case of a singleton A = {a}, we write a + B as
shorthand for {a} + B.

The continuous linear operator f’(x): X — R denotes the derivative of f at x € X, and we will
make use of Vf(x) = f"(x)*1 where f’'(x)*: R — Xis the adjoint of f’(x). This way, Vf is a mapping
from X to X and for any d € X it holds f'(x)d = (Vf(x),d).

The following concepts are standard in variational analysis [25, 21]. The effective domain of an
extended-real-valued function h: X — R is denoted by domh = {x € X|h(x) < oo}. We say
that h is proper if domh # (0 and lower semicontinuous (Isc) if h(x) < liminf,_z h(x) for all ¥ € X.
Following [25, Def. 8.3], we denote by oh: X =3 X the regular (or Fréchet) subdifferential of h, defined
for x € dom h by

oh(x) = {U e X

lim inf B = b = (o x = %) O}
x % [l — x]|
and oh(%) := 0 for & ¢ dom h. Then, the limiting (or Mordukhovich) subdifferential of h is oh: X =3 X,
where v € oh(x) if and only if ¥ € dom h and there exists a sequence {x¥, v*}cn such that x¥ € X and
ok € oh(x*) for all k € N and x* — %, h(x*) — h(x), v¥ — v as k — co. Notice that, by construction,
it is always oh(x) C oh(x) and, whenever h is convex, equality holds. The subdifferential of h at
x € dom h satisfies d(h + hy) (%) = 9h(x) + Vhy(x) for any hg: X — [ continuously differentaible
around X [25, Ex. 8.8(c)], [21, Prop. 1.30(ii)].
The proximal mapping of h: X — R with stepsize y > 0 is defined by

(2.1) proxyh(x) = arger;(lin {h(z) + %Hz - x||2} .

We say that h is prox-bounded if it is proper and h + % Il - ||I? is bounded below on X for some y > 0.
The supremum of all such y is the threshold y;, of prox-boundedness for . In particular, if h is bounded
below by an affine function, then y, = co. When h is Isc, for any y € (0, y;) the proximal mapping
prox,, is locally bounded, nonempty- and compact-valued [25, Thm 1.25].

2.1 STATIONARITY CONCEPTS

Considering the minimization of a proper function h: X — R and the definition of regular subd-
ifferential, we have that the inclusion 0 € dh(x*) is a necessary condition for x* € domh to be a
(local) minimizer of h [25, Thm. 10.1], [21, Prop. 1.30(i)]. We say a point x* € dom h is M-stationary
(for h) if it satisfies (the potentially weaker condition) 0 € dh(x*). This denomination is due to the
appearance of the limiting (or Mordukhovich) subdifferential. Moreover, a point x* € dom A is said to
be e-M-stationary for some tolerance ¢ > 0 (or simply approximate M-stationary) if dist(0, oh(x*)) < e.
When ¢ = 0, this notion reduces to M-stationarity, as it recovers the condition 0 € 9h(x") by closedness
of oh(x*) [25, Thm. 8.6]. Notice that whenever x* € X is an (approximate) M-stationary point relative
to h, it necessarily belongs to its domain dom h, for otherwise the subdifferential oh(x*) would be
empty.

Relative to (P), e-M-stationarity of a point x* € dom ¢ means that it satisfies dist(0, dp(x*)) < e.
Under mild assumptions (see our blanket Assumptions (A1) to (a3) given in Section 4), this condition
turns into

(2.2) dist(=Vf(x"),dg9(x")) < ¢

because of the identity dp = Vf + dg.
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Finally, let us consider the proximal mapping prox,, defined in (2.1) and, for any given y > 0, the
proximal-gradient mapping x + prox,,(x — yVf(x)) associated to (P). Then, for any x € X, the
minimizing property of x € prox,, (x —yVf(x)) implies that x € dom g and

(2.3) 0€VFx)+ %(x — %) + dg(%),

owing to the relevant necessary conditions.

3 METHODS

In this section we detail and elaborate upon an adaptive nonmonotone proximal gradient scheme for
solving (P), whose precise statement is given in Algorithm 3.1. An investigation of its well-definedness
and convergence properties under some basic assumptions is postponed to the next Section 4.

Given a starting point x°, the recurrence of proximal gradient updates executed at Step 5 form the
core of Algorithm 3.1, whose adaptivity stems from the backtracking line search on the “proximal”
stepsize yx at Step 9. Analogously to [17, Alg. 4.1], [13, Alg. 2], this line search on the stepsize y obviates
the need for a priori knowledge (or existence, at all) of a Lipschitz constant for Vf and provides
a globalization mechanism. Whenever the respective needed conditions at Step 9 are violated, the
stepsize is reduced and the iteration restarted. With the particular choice py = 1for all k € N, the merit
@) monitoring progress coincides with the objective ¢(x¥) for all k € N, thus requiring the objective
value to monotonically decrease along the iterates due to Step 9. Instead, the sequence {¢(x*)}ren
can exhibit some degree of nonmonotonicity whenever py < 1, despite the monotone decrease of the
monitoring sequence {®y }ren generated by the averaging at Step 11.

Algorithm 3.1: Proximal Gradient Method for (P)

Data: starting point x° € dom g, termination tolerance ¢ > 0
Result: ¢-stationary point x* for (P)
1 select 0 < ¥min < Ymax < 90, 0 < Imin < Amax < 1, 0 < Prin < Pmax < 1, Pmin € (0,1]
2 set &y «— @(x°)
3 fork=12,...do
4 choose yx € [Ymin> Ymax]
5 | compute x* € prox),kg(xk_1 — V(1))
6 if ||y—1k(xk—xk_1) — V£(x*) + VF(x*1)|| < e then

7 L return x* «— x¥
8 choose ai € [amina amax] and ﬂk € [,Bmin, ﬁmax]
o | if p(xF) > dp_q - %ka — x*=1)|2 then

10 L set yx < Pryx and go back to Step 5

1 choose px € [Pmin, 1] and set & «— (1 — pr)Pr_1 + pro(xF)

The procedure relies on many algorithmic parameters yx, ak, fr and pg, which can be selected anew
(possibly several times) at every iteration k, at Steps 4, 8 and 11. These degrees of freedom provide
significant flexibility in controlling the behavior of Algorithm 3.1 and the iterates it generates, and
possibly in steering and speeding up the convergence.

It should be highlighted that it is not restrictive to require a feasible starting point for Algorithm 3.1,
namely a point x° € dom g. Conversely, it simplifies exposition and discussion of the convergence
analysis in the following Section 4. That x° € dom g comes without loss of generality follows from
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the observation that starting with some x° ¢ dom g would result in a trivial iteration. More precisely,
Step 5 would generate some x' € dom g that is accepted by the line search at Step 9 without need for
backtracking, since ¢(x') < ®y = ¢(x°) = co. However, in order to avoid the infinite-valued merit @,
spoiling the line search condition (due to Step 11, it would be & = oo for all k € N), the procedure

should be restarted with the newly set x° « x'.

3.1 TERMINATION CRITERIA

Step 6 of Algorithm 3.1 entails the termination criterion, which is designed to detect approximate
stationary points for (P). Rearranging the necessary condition (2.3) associated to the proximal mapping
evaluated at Step 5, we observe that the iterates satisfy

1 A A

— (" =) = VFEET) + V() € V() +g(xF) = dp (")

Yk
for all k € N. This inclusion justifies the termination condition at Step 6 since

(3.2) dist(0, ago(xk)) < dist(0, éq)(xk)) < <e¢

ST ) S VAT 4 9
k

encodes approximate stationarity of x* for (P). Notice that the first inequality in (3.1) follows from the
inclusion d¢(x*) c dp(x¥). As established in Theorem 4.7 below, for any given ¢ > 0 the condition
at Step 6 is satisfied for some k € N large enough, thus allowing the algorithm to return with the
corresponding e-M-stationary point x* € dom ¢.

Finally, we shall point out that the termination condition is checked within the backtracking loop, as
opposed to after the line search procedure; analogously to [16, Alg. 3.1] and [17, Alg. 4.1], respectively.
Although potentially costly, this allows to avoid a potential infinite loop at Step 9, thus making
Algorithm 3.1 well-defined. If the problem data in (P) satisfy stronger regularity properties (e.g., Vf is
locally Lipschitz continuous, cf. Lemma 4.1), it may be possible to safely move the termination checking
out of the backtracking procedure, thereby requiring fewer function evaluations.

4 CONVERGENCE ANALYSIS

In this section we analyze the properties of the iterates generated by Algorithm 3.1. The following
blanket assumptions on (P) are considered throughout.

(a1) f: X — R is continuously differentiable;
(a2) g: X — R is proper, Isc and prox-bounded;
(a3) infp e R.

Notice that Assumption (A3) and properness and Isc of g in Assumption (A2) are relevant for the well-
definedness of (P), as they imply that ¢ = f + g is Isc and bounded from below on dom ¢ = domg # 0.
Assumption (a1) and prox-boundedness of g in Assumption (A2) guarantee that the proximal mapping
evaluations and the algorithm are well-defined, as we are about to show. Furthermore, since the iterates
generated by Algorithm 3.1 satisfy {x*}ren € dom g, the smooth function f could be defined just on
the domain of g.

The first basic result establishes that the algorithm is well-defined, namely that the inner (line search)
loop requires finitely many backtrackings. In Lemma 4.1(i)—(ii) the finite termination of the line search
procedure is due to the tentative update yielding sufficient decrease according to the condition at Step 9,
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whereas in Lemma 4.1(iii) it follows from Step 6 detecting that the current iterate is ¢-M-stationary for

(P).

Lemma 4.1 (Well-definedness). Suppose that Assumptions (A1) to (A3) are satisfied. Consider the k-th
iteration of Algorithm 3.1 and assume that at least one of the following conditions holds:

(i) x*=' is not M-stationary for (P);
(it) Vf is locally Lipschitz continuous (at least in a neighborhood of x*~1);
(iii) ¢ > 0.
Then, the iteration terminates, and in particular Step 9 is passed in finitely many backtrackings.

Proof. The line of proof builds upon [17, Lemma 3.1], relevant for the monotone counterpart of Algo-
rithm 3.1, and the properties of the monitoring sequence {®y } xeny With respect to {¢(x*)}ken.

(i) The claim follows immediately by induction since ®; := ¢(x°) and, for k > 1, the conditions at
Steps 9 and 11 imply

1—Q'k k_xk—1||2

(a1) B = (1- pp) @y + pro(x¥) = (1-pp) (@(xk) + Wllx + pre(xF)

1— o

2yk

= (") + (1-pr) [l = %52 2 p(x),
proving that the nonmonotone line search is not more conservative than the monotone one
(which has py = 1and &, = ¢(x*) for all k € N). Thus, relying on [17, Lemma 3.1], the condition
at Step 9 is violated in finitely many steps.

(i) Since x*! remains untouched during the k-th iteration, yx is upper bounded by ymay, and

prox,, ,: X 3 Xis locally bounded, we have that the (tentative) updates x* at Step 5 remain in a
bounded set [13, Lemma 4.1]; let L; be the (local) Lipschitz constant of Vf on this set. Therefore,
for any given oy € (0,1) the quadratic upper bound

(4-2) FEF) < FERT) 4 (VPR x5 - x5 + Z“Tk [k — k12
k

holds after finitely many backtrackings, at most when yx < ai/Lg, by [4, Lemma 5.7]. Noticing
that the minimizing property of x* at Step 5 gives

_ _ 1 _ _
ﬂﬂ)+qukSﬁk—ﬂ">+5;wk—ﬁ1WSguku

adding terms with (4.2) leads to

- ag

1 1-—
o(xF) < p(x* ) - i
2Yk

ek = xF U < @y — kR,

where the last inequality follows from the upper bound (4.1). This proves that the condition at
Step 9 is violated and the inner loop terminates.

(iii) In view of Lemma 4.1(i), let us assume that x*~! is M-stationary. Then, by Assumption (a1) and
€ > 0, the termination condition at Step 6 is satisfied after finitely many attempts owing to the
arguments of [17, Lemma 3.1]. O
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We already mentioned that {¢(x*) }ren may possess a nonmonotone behavior, whereas the sequence
{®k }ken monitoring (and forcing) progress along the iterates is monotonically decreasing. As a
corollary, the iterates of Algorithm 3.1 belong to the sublevel set of ¢ induced by the starting point
x° € dom g. Furthermore, we establish that {® }xcy exhibits some sufficient decrease at every iteration.
This feature appears to provide the foundation for proving convergence under weak assumptions also
in the nonmonotone setting, thus bridging the gap emerged in [17].

Lemma 4.2 (Descent behavior). Suppose that Assumptions (A1) to (A3) are satisfied. The following hold
for the sequence of iterates {x*}cn generated by Algorithm 3.1:

(i) The sequence {®y }ren is monotonically decreasing, lower bounded by inf ¢ and, for everyk > 1,
k € N, one has

1—a

(43)  @(xF) + (1= pp)dk < Ok < By — prSi where O = [lack — xF1)12.

(ii) Every iterate x* remains in the sublevel set {x € X | ¢(x) < ¢(x°)} C domg.

Proof. Based on Lemma 4.1, we may assume the iterates of Algorithm 3.1 are well-defined.
(i) By the update rule at Step 11 and the line search condition at Step 9, we have that
O = (1= pr) et + pro(x¥)

1—a
2Yk

< (1 - pk)(bk—l +pk (@k_l — ||xk _ xk—l”2

1— o
2Yk

= Q1 — pr [l = 1 2.

The lower bound on @ follows directly from Assumption (a3) and the inequalities in (4.1).

(ii) Owing to x° € dom g and continuity of f, the sublevel set of ¢ induced by x° is a subset of dom g.
Then, since py € (0,1] and & > 0, it follows from @, := ¢(x°) and the inequality in (4.3) that
p(xF) < @ < ... < Py = p(x°) < o0, whence the inclusion of x* in the sublevel set. |

We next consider an asymptotic analysis of the algorithm. The following Lemma 4.3(iii) is the
counterpart of [17, Prop 3.1] in the nonmonotone setting. Contrarily to [17, Prop 4.1], it is not more
difficult to prove, thanks to the sufficient decrease on the averaging merit function; cf. (4.3).

Lemma 4.3. Suppose that Assumptions (A1) to (A3) are satisfied. The following hold for the sequence of
iterates {x*}rcn generated by Algorithm 3.1:

(i) {@(x*)}ren and {®y}en converge to a finite value g, > inf ¢; the latter from above.
(ii) Den 75 lIx* =277 < oo,

(iii) limy_ye0 ||x* — x*71|| = 0.

Proof. We implicitly assume that Algorithm 3.1 generates an infinite sequence {x*}cn.

(i) The assertion regarding {®y }ren follows from (4.3) and Assumption (a3). Then, consider the
update rule at Step 11, which gives ¢(x*) = plk(cbk — ®p_y) + Dp_;. Taking the limit for k — oo
and noticing that px > pmin > 0 for all k € N, the convergence of {®y} ey implies that of
{@(x*)}ren to the same finite value @,.
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(ii) A telescoping argument on (4.3), together with (i), yields

k k k
1— @max | ; i1n2
(4-4) Do~ ¢x 2 ;q’j—l -0 2 ;ijsj 2 ;pminTyj”x] —xI73

Omax < 1, and the independence of the finite upper bound ®; — ¢, on k € N.

since p; > pmin and a; < amax for all j > 1. The claimed finite sum follows from pyi, > 0,

(iii) Follows from (ii), since {y }xen is upper bounded by yiax- O

The following result is the nonmonotone counterpart of [17, Prop 3.2] and provides a key ingredient
in relation to (the detection of) M-stationarity; see the termination condition at Step 6. In stark contrast
with [17, Thm 4.1, Ass. 4.1], it does not require additional continuity assumptions on ¢ nor g, and its
proof closely patterns that of [17, Prop 3.2], with minor modifications to account for the nonmonotone
line search.

Lemma 4.4. Suppose that Assumptions (A1) to (A3) are satisfied. Consider a sequence {x*}ren generated
by Algorithm 3.1. Let x* be an accumulation point of {x*}ren and {x*}rcx a subsequence such that

xK —g x*. Then, it is ylkllxk —xk=1|| -k 0.

Proof. If the subsequence {yx }rek is bounded away from zero, the statement follows immediately from
Lemma 4.3(iii). The remaining part of this proof therefore assumes, without loss of generality, that
Yk —k 0. Closely following the proof of [17, Prop. 3.2], let i denote the attempted stepsize preceding
the accepted stepsize yi; these values are well-defined as the inner loop terminates by Lemma 4.1.
Owing to Step 10, it is ¥i/Pmax < ¥k < Yi/Pmin for each k € N and so, by yx — 0, we also have
7x —x 0. However, the corresponding vector £ does not satisfy the stepsize condition from Step g (for
otherwise 7 would have been accepted) with the associated parameter @i € [min, ¥max], namely it is

. 1—ag, . _ 1— min ., _
(4.5) P(xF) > @y — —— 15 — " ? > @y - ——|IFF - Y2
2Yk 2Yk

On the other hand, since £* solves the corresponding subproblem at Step 5, we have
(46) (VFGED, =) 4 = (8 < 9
Then, using the Cauchy-Schwarz inequality and Lemma 4.2(ii), we obtain

g(3*) + illfk =P < IVFEEDIRE = ]+ g

= VGRS =M+ () = F(*T
< VLGS DINES = 7+ g = £

By continuous differentiability of f and prox-boundedness of g, if {||#* — x*7!||}xcx is unbounded,
then the left-hand side grows more rapidly than the right-hand side. Analogously, if {||x* — x*~!||}xex
remains bounded, but staying away from zero, at least on a subsequence, then the right-hand side
is bounded but the left-hand side is unbounded, on the corresponding subsequence, as yx —x 0.
Therefore, it must be that % — x*~! = 0, and thus x¥* —x x* by Lemma 4.3(iii).

Now, by the mean-value theorem, there exists &€ on the line segment connecting x*~
that

1 with £% such

P(2°) = (") = (&) +9(5°) - F(*) = g(x*T)
= (VF(E), 25 =571 + g(25) = g (=" ).
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Substituting g(£) — g(x*~") from this expression into (4.6) yields
1
(VF ) = VFE), 5 =) 4 55 =" 4 (55) < o (5.
Yk
Therefore, exploiting (4.5) and Lemma 4.2(i), we obtain

(VIR = VF(E) R =) + %Ilfck =P < () - (55
k

< (P(xk_l) —Qp_q + 27k
1 — ot
o gk k)
2Yk

Then, after rearranging, the Cauchy-Schwarz inequality yields

Omi N _ _ N -
o1 =X < 9SG = T EIIE - ).

Since X # x*~! in view of (4.5) and Lemma 4.2(i), the previous inequality implies that
Omin |, . _ _
(4.7) ﬁllxk =T < VAR = VAE) I

Owing to x* —x x* and £¥ —g x*, it must be also £&¥ —x x*. Therefore, using the continuous
differentiability of f and the fact that i, > 0, it follows from (4.7) that )A/ik || %% — x*1| =k 0.

We now move toward the assertion. Exploiting the fact that x* and £* are solutions of the subproblems
at Step 5 with stepsize y; and y, respectively, we obtain that

1 1
(VFOE, xR = 25y + — Ik = 2 + g(xF) < — 1155 — 712 + g(2F)
2yk 2yk

and
1 1
(VAR5 =28+ 125 = T2 4 g (59) < = [lF = 2712 4+ g(+5).
2Yk 2Yk
Owing to yx < Pmaxfk < V&, adding these two inequalities yields the bound ||x* — x*~1|| < ||£F — x*71].
Therefore, by yx > Pmin}x > 0, we have that
1 1
——[lx* = x| < 1% = -k 0,

Lok k-1
—|lx* = x| < - =
ﬁmin)/k ﬂmin}’k

completing the proof. O

Patterning the proof above, local Lipschitz continuity of V f implies that the stepsize yx does not
vanish along a convergent subsequence. This observation is stated explicitly in the following result,
analogous to [17, Cor. 3.1]. A detailed proof is included in the Additional Material (p. 15).

Corollary 4.5. Suppose that Assumptions (A1) to (A3) are satisfied and consider a sequence {x*} e
generated by Algorithm 3.1. Let x* be an accumulation point of {x*}ren and {x*}rex a subsequence
such that x* —g x*. IfVf is locally Lipschitz continuous (at least in a neighborhood of x*), then the
subsequence {yi }rex is bounded away from zero.

The following result provides the main global convergence guarantees for Algorithm 3.1. Notice
that additional smoothness conditions are required on either f or g. These match those considered in
[17, Thm 3.1] for the monotone variant.
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Theorem 4.6. Suppose that Assumptions (A1) to (A3) hold and at least one of the following conditions is
satisfied for (P):

(i) g: X — R is continuous relative to its domain;
(ii) Vf: X — X is locally Lipschitz continuous.

Consider a sequence {x*}rcn generated by Algorithm 3.1 and the finite value ¢y as in Lemma 4.3(i).
Then, each accumulation point x* of {x*}ren is M-stationary for (P) and it is p(x*) = ¢x.

Proof. Let {x*}rck be a subsequence converging to x*. In view of Lemma 4.5(iii), it follows that also the
subsequence {x*'};cx converges to x*. Furthermore, Lemma 4.4 yields Ylk [|lx* — x*~1|| =k 0. Hence,

if we can show the g-attentive convergence of {x*}rcx to x*, namely x* —x x* with g(x*) —x g(x*),
the desired statement 0 € Vf(x*) + dg(x*) is due to the optimality conditions (2.3) for Step 5 and is
obtained by taking the limit k —g oo in

(4.9) 0 VF(xE1) + yl(x’f — k1) 4 4g(b).
k

Moreover, by continuity of f and Lemma 4.3(i), it also implies that ¢(x*) = @(x*) = @.

(i) If g is continuous on its domain, the condition g(x*) —g g(x*) is readily obtained since all
iterates x* generated by Algorithm 3.1 belong to dom g and, owing to Lemma 4.2(ii) and Isc of ¢
by Assumption (A2), x* € dom ¢ = domg.

ii) It remains to consider the situation where g is merely Isc but Vf is locally Lipschitz continuous.
g Yy y Lip
From x* — g x* and Isc of ¢, we find
g(x*) < liminf g(x*) < limsup g(x*).
keK keK

Therefore, it suffices to show that lim sup; . g(x*) < g(x*). Since x* solves the subproblem at
Step 5 with stepsize yj, we obtain

_ 1 _ 1 _
(VR x5 = %)+ —IxF = xF 2+ g(xF) < —[lx* = x* 712 + g(x*)
2k 2Yk

for each k € K. We now take the upper limit for k —x oo on both sides. By Corollary 4.5,
the stepsizes {yx}kex remain bounded away from zero, hence Yik||x* — x*71||2 =g 0. Using

k k-1 xk—1”2

the continuity of Vf, the convergences x* — x*~' —g 0 as well as ylk||xk - —k 0 (see

Lemma 4.3(ii)-(iii)), we obtain lim sup; . g(x¥) < g(x*).

Altogether, we therefore get x* —x x* with ¢(x*) =k ¢(x*) = ¢4, completing the proof. |

We accompany our asymptotic characterization of Algorithm 3.1 with the finite termination property.

Theorem 4.7. Suppose that Assumptions (A1) to (A3) hold. Let any x° € dom g and e > 0 be provided. If
the sequence {x*}cn generated by Algorithm 3.1 admits an accumulation point, then the algorithm
returns an e-M-stationary point of (P) after finitely many iterations.

Proof. Let x* € X be an accumulation point of {x*}ey and let {x*}rcx be a subsequence such that
xK — g x*. Then, we have that x*~! —x x* by Lemma 4.3(iii) and Yik(xk — xk1) =k 0 by Lemma 4.4.
Thus, owing to the continuity of V f by Assumption (A1), the stopping condition at Step 6 is satisfied for
some k € K large enough. Finally, e-M-stationarity of the returned point x* follows from the bounds

in (3.1). O
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4.1 CONVERGENCE RATES

We now turn to analyzing the rate of asymptotic regularity for Algorithm 3.1 and, considering the
iterates it generates, we recover the classical (worst-case) rate of (at least) O(1/ Vk) for nonconvex
problems [4, Thm 10.15(c)]. Noticing that yx < ymax for all k and ®; = ¢(x°) < oo, the result readily
follows from the inequalities in (4.4). A detailed proof is included in the Additional Material (p. 15).

Corollary 4.8. Suppose that Assumptions (A1) to (A3) are satisfied and consider a sequence of iterates
{x*}ren generated by Algorithm 3.1. Then, for every k > 1 we have

)Y

1 (2 0) —
mln ”x_] x_] 1|| S - Ymax[(P(x ) (p
1<j<k \/E pmin(1 - 0()

where @ is that of Lemma 4.3(i).

< o0

We are also interested in characterizing the convergence rate of some stationarity measure for
(P). In the nonconvex setting, we shall monitor the quantity ry = y—1k||xk — x*71| as a measure
of progress within Algorithm 3.1. Let us denote the proximal gradient mapping by T,: X =3 X,
Ty(x) := prox,,(x — yVf(x)). Since xk e Ty, (xk=1) by Step 5, we have that dist(0, Ry, (xF 1) <,
where R,: X 3 X, Ry (x) = )l/[x — Ty (x)], denotes the fixed-point residual associated to (P) and
provides a measure of stationarity thereof [4, 27, 28].

In order to obtain global complexity results, it seems indispensable the assumption of local Lipschitz
continuity of Vf. In fact, revealing that the stepsizes yx remain bounded away from zero (possibly
only subsequentially or under some compactness assumptions), Corollary 4.5 plays a central role in
obtaining suitable bounds for inferring rate-of-convergence results without additional assumptions.

We begin by stating in Theorem 4.9 that the global convergence rate of a stationarity measure for
(P) is (at least) sublinear for convergent subsequences.

Theorem 4.9. Suppose Assumptions (A1) to (A3) are satisfied and Vf is locally Lipschitz continuous.
Consider a sequence {x*}rcn generated by Algorithm 3.1. Let x* be an accumulation point of {x*}en
and {x*} ek a subsequence such that x* —y x*. Then for every k > 1 we have

N s (2[¢<x°> —qo*])”z
€Ky Yi " VEKE \ YaPmin(1— a)

where @y is that of Lemma 4.3(i), yx > 0 is a lower bound on {yi }rek, and #Ky. denotes the cardinality
of the set of indices K := {j € K|1< j < k}.

Proof. Since Vf is locally Lipschitz continuous and x* —x x*, the subsequence {yx}rex is bounded
away from zero by some y, > 0, owing to Corollary 4.5. For all k € N, let r = [|x* — x¥71||/y4.
Extracting from (4.4), using that yx > yx > 0 for all k € K, and rearranging, we obtain

k
@ —
s (,0* Z Z yjrjz- = Vx Z riy > yx#Kg min r]
pmm(l - J=1 jeKy jeke jeKx
proving the result, since @) = ¢(x°) < co. o

Now, if the iterates {x*};cn remain bounded, local Lipschitzness and compactness yield a uniform
lower bound on the stepsizes {yx }ren. Then, a global sublinear rate of convergence for the stationarity
measure readily follows from that of the iterates, given in Corollary 4.8. However, boundedness of
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the iterates {x*}rcy can be a strong assumption. In the following Lemma 4.10, we demonstrate that
boundedness of the set of accumulation points is sufficient for the stepsizes to remain uniformly away
from zero.

Lemma 4.10. Suppose Assumptions (A1) to (A3) are satisfied and Vf is locally Lipschitz continuous.
Consider a sequence {x*}rcn generated by Algorithm 3.1. If the set of accumulation points of {x* }rcn
is bounded, then there existsy > 0 such that y, >y forallk € N.

Proof. Let w C X denote the set of accumulation points of {x*};cn. Owing to Lemma 4.3(iii), if o is
bounded it is also compact. Now suppose, ad absurdum, that yx — 0. Then, by compactness of w, there
exists a subsequence {xk} rek such that x¥ —g x* for some x* € w and at the same time Yk —k 0.
On the contrary, due to the locally Lipschitz continuity assumption, Corollary 4.5 prevents {yi }rex
from vanishing, thus proving the claim by contradiction. O

Finally, patterning Theorem 4.9, the following result gives the corresponding global convergence
rate with respect to the whole sequence. A detailed proof is included in the Additional Material (p. 16).

Corollary 4.11. Suppose Assumptions (A1) to (A3) are satisfied and V f is locally Lipschitz continuous.
Consider a sequence {x*}cn generated by Algorithm 3.1. If the set of accumulation points of {x*}ren
is compact, then for every k > 1 we have

-1 (2[<o<x°> —«p*])”z
mn —— < — | ————
}’*pmin(l - 0()

1<j<k Yi vk

where @ is that of Lemma 4.3(i) and y« > 0 is a lower bound for {y }ren-

Similar results can be obtained if the entire sequence {x*}rcn converges to some accumulation
point x*. A situation leading to this circumstance is that of ¢ being locally strongly convex in a
neighborhood of x*. In this case, the convergence of {x*} ey to x* directly follows from Lemma 4.3(iii)
and Theorem 4.6, owing to [22, Lemma 4.10]. Another occurrence is that of ¢ satisfying some local
error bound conditions [29, Thm 2], closely related to the Kurdyka-Lojasiewicz property [19].

5 SPECTRAL STEPSIZE AND NUMERICAL EXAMPLE

The general scheme we investigated comprises an arbitrary (yet bounded) choice of the proximal step-
size, enables nonmonotone behavior, and provides convergence guarantees under weak assumptions.
These features lay the foundation for spectral proximal gradient methods, which can be constructed
by considering the Barzilai-Borwein spectral estimate as a principled way for selecting the proximal
stepsize [2]. In the spirit of quasi-Newton methods, a two-point approximation yields the spectral
stepsize obtained in [2, Eq. 6]:

k k
(5.1) y,ljB = % with Ax* == x* = x*1 and Agk = Vf(xk) - Vf(xk_l).
Associated to a local (isotropic, quadratic) surrogate of the smooth term f, the spectral choice is the
“essential feature that puts efficiency in the projected gradient methodology” [6, §3]. When coupled
with a linesearch for globalization, nonmonotonicity proved to be key in unleashing the performance
of projected gradient methods with spectral approximations [24, 7]. We hope this behavior carries
over to proximal methods.
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Figure 1: Comparing variants of Algorithm 3.1 on dictionary learning (5.2): combinations of plain
(dotted) and spectral (solid) stepsizes with monotone and nonmonotone linesearch strategies.

We now compare the practical performance of several variants of Algorithm 3.1 on a numerical
example. Two stepsize selection strategies are considered: “plain” simply inherits the previous value
Yk—-1, whereas “spectral” uses the estimate y,lg_Bl in (5.1); both choices are initialized with y, := 1 and
projected onto [¥min, Ymax] to comply with Step 4. These strategies are combined with three linesearch
flavors: “monotone” (px = 1for all k € N), nonmonotone with “average” merit (px := 0.2 for all k € N),
and nonmonotone with “max” merit (memory M = 5) as in (1.1). Other parameters of Algorithm 3.1 are
set to ax = 0.999, By == 0.5 for all k € N, ymin = 1072, yinax = 10'2, and tolerance ¢ = 107°.

DICTIONARY LEARNING

The challenge of dictionary learning is that of finding a collection of vectors that can sparsely yet
accurately represent data signals. Given m signals yy, ..., y, € R", we wish to find ¢ dictionary atoms
dy, ...,d; € R" such that each signal y; can be approximated by a linear combination of these atoms via
a sparse vector of coefficients ¢; € R’. Stacking the problem datain Y € R™*™, the unknown dictionary
atoms in D € R™, and the unknown coefficients in C € R®*™, the problem can be expressed as

1
(5.2) minDirélize §||Y — DC||% + A[|Cllo subjectto |ldjll2=1 j=1....¢

where || - || and || - ||2 denote the Frobenius and Euclidean norm, respectively. Parameter A > 0 is
introduced to tune the sparsity-promoting regularization ||C||o, which counts the number of nonzero
entries in C. Without loss of generality, the dictionary atoms d; are constrained to have unit norm; by
scaling the coefficients in C, the objective remains unchanged. Relative to (P), function g encapsulates
both the norm constraints on D and the cardinality cost on C, while f gives the quadratic loss.

We tested our algorithm on 100 problem instances with n = 10, £ = 20 and m = 30, generated as
follows. First, a dictionary D € R™! was constructed with entries sampled from a standard normal
distribution, and each column was scaled to have unit norm. Then, a matrix C € R was randomly
generated with N = 3 normally distributed nonzero coefficients per column. Finally, we set Y := DC,
considered A := 1072, and initialized the algorithm with D® € R™*¢ and C° € R**™ filled with normally
distributed entries.

Numerical results are depicted in Figure 1, using profiles that represent the percentage of problems
solved as a function of the available computational budget, considering either the evaluations of prox
or the final value of the objective ¢. Note that all solver variants find a solution, in the sense of (3.1), and
terminate. Possibly inducing more erratic behaviors, spectral stepsize selection tends to reach lower
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objective values, often with fewer evaluations compared to the plain counterpart. Conversely, for both
plain and spectral stepsizes, nonmonotone strategies appear to perform better than monotone variants,
especially in terms of evaluations (function, proximal, and iterations). Although the max and averaging
nonmonotonicity flavors exhibit comparable capabilities, guarantees under weak assumptions are
currently available for the latter only.

6 CONCLUSIONS

We studied an adaptive nonmonotone proximal gradient method for fully nonconvex composite op-
timization and its convergence properties under weak assumptions. Our findings indicate that, by
attaining sufficient decrease at every iteration, an averaging merit function allows to establish conver-
gence guarantees in the nonmonotone regime, matching those in the monotone case and thus bridging
the gap emerged in the literature [17]. Furthermore, by exploiting these characterizations, we derived
global rate-of-convergence results and bounds, for both iterates and a stationarity measure. Numerical
comparisons demonstrated practical benefits of embracing nonmonotone linesearch strategies, whose
averaging variant can rely on theoretical guarantees.

Future research work shall study the trade-offs and further compare (the performance of) spectral
proximal gradient methods against Newton-type and variable metric approaches [18], which are based
on more detailed (but potentially more intricate) models of the local landscape. Moreover, it remains
an open question whether PANOC-type methods [27, 13] maintain or lose their convergence properties
when the smooth term f is merely continuously differentiable.
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ADDITIONAL MATERIAL

Proof of Corollary 4.5. We may argue as in the proof of Lemma 4.4. By contradiction, let us assume,
without loss of generality, that y, —x 0. For each k € K, define j; and %X as in that proof, and let
Ly > 0 denote the local Lipschitz constant of Vf in a neighborhood of x*. Recall that x* — x* and,
from the proof of Lemma 4.4, that 2k S x*. Exploiting (4.7), we therefore obtain

a . - - - N -

Tf/k“xk =T < NVFEE) = VAE)N < Lall™! = 8 < Lal#F = <47

k-1

for all k € K sufficiently large, using the fact that £ is on the line segment between x*~! and *. Since

gk # xk-1 by (4.5), this gives a contradiction as yx —k 0. Hence, {yx }rex stays bounded away from
Zero. O

Proof of Corollary 4.8. Let us denote Ay = [lx* — x*=1|| for all k > 1. Owing to yx < ¥Ymax for all k and
@) = ¢(x°) < oo, from (4.4) we obtain that

k k
[fp(xo) - (P* 1 1 2
—A > —— min Af
pmln(l Zl Yi Z )/max 1<j<k 7
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Rearranging yields the claimed assertion. O

Proof of Corollary 4.11. Since Vf is locally Lipschitz continuous, it follows from Lemma 4.10 that
{¥x }xen remains bounded away from zero if the set of accumulation points of {x*}cy is compact.
Rearranging from (4.4), using that yx > y, > 0 for all k € N, and rearranging, we obtain

k Koyl - o
2[®o — ¢4] I I/ = /7| |l =X
—_— 2 Z — |/ = xTH? > )’*Z ———— 2 kyy min ————,
pmin(1 - a) = Yj = Y; 1<j<k Y

proving the result. o
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ON CONVERGENCE OF BINARY TRUST-REGION STEEPEST
DESCENT
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Abstract  Binary trust-region steepest descent (BTR) and combinatorial integral approximation
(CIA) are two recently investigated approaches for the solution of optimization problems with
distributed binary-/discrete-valued variables (control functions). We show improved convergence
results for BTR by imposing a compactness assumption that is similar to the convergence theory
of CIA. As a corollary we conclude that BTR also constitutes a descent algorithm on the contin-
uous relaxation and its iterates converge weakly-* to stationary points of the latter. We provide
computational results that validate our findings. In addition, we observe a regularizing effect of
BTR, which we explore by means of a hybridization of CIA and BTR.

Keywords: mixed-integer optimal control, trust-region methods, relaxation-based methods
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1 INTRODUCTION
For bounded domains Q C R? we are interested in optimization problems of the form

P) irxlf](x) st. x(s) € {0,1} for almost all (a.a.) s € Q and x € L*(Q),

J is a map from L?(Q) to R. For this problem class we study solutions of corresponding continuous
relaxations of the form

(R) min J(x) st x(s) € [0,1] foraa.s € Qand x € L2(Q)

and their relation to problem (P). The inf in the formulation of (P) and the min in the formulation
of (R) are deliberately chosen to highlight that problem (R) (in contrast to (P)) admits a minimizer
under mild assumptions [20, 28]. We restrict ourselves to this setting in the interest of a concise
presentation. One can, however, extend our analysis in different directions, for example, to the case
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where an L'-regularization term is added to the objective function, J(x), by following the arguments
in [26].

A rich class of instances of (P) are mixed-integer PDE-constrained optimization problems, where
J = j oS, where j is the objective of the optimization and S the control-to-state operator of an
underlying partial differential equation (PDE). Such problems arise in many different areas such as
topology optimization [23, 15], optimum experimental design [37], and gas network optimization
[12, 13].

We build on recent work on two algorithmic solution approaches of (P). Specifically we use insights
of the available analysis of combinatorial integral approximation (CIA) to improve the known conver-
gence results for binary trust-region steepest descent (BTR). We note that there are more methods for
(approximately) solving problems of the form (P). For example, an established method for topology
optimization is the SIMP method [2], which employs a non-convex penalization and thus regularization
of the controls (designs), and postprocessing of the solution of (R) by means of lumping or filtering
techniques.

Combinatorial integral approximation [14, 20, 31, 32] The idea that underlies CIA is to split the
solution process of (P) into solving the continuous relaxation (R) and then computing a {0, 1}-valued
approximation of the relaxed solution. The approximation process can be analyzed in the weak-*
topology of L*(Q) [27]. Relying on compactness properties of an underlying control-to-state operator
(e.g,] = joS, where j € C(L*(Q),R) and S : L*(Q) — L?(Q) is a compact operator), a tight
approximation of the optimal objective value by the resulting approximants can be proved [20]. If
stationary points are computed in the first step, the approximation properties generalize accordingly.
We note that CIA can handle problem formulations, where the constraint x(s) € {0,1} is generalized
to x(s) € V, where V C R is a finite set, by means of so-called special ordered set of type 1 (SOS1)
reformulation of V so that its elements become the vertices of a unit simplex in RI"!.

Binary trust-region steepest descent [10, 33, 36] The BTR method solves trust-region subproblems
in which the level sets of the control x, corresponding to the values 0 and 1, are manipulated to
greedily improve the linearized objective. A trust-region constraint limits the volume of the level
sets, which is the L'-norm of the control function, and can change from one accepted iterate to the
next. The analysis in [10] shows that BTR iterates eventually satisfy a condition called e-stationarity
under a regularity assumption used to obtain sufficient decrease of the aggregated volume of level
set manipulations. Regarding the problem formulation (P), we note that generalizations of the BTR
method to the constraint x(s) € {0,1}* for k € N are conceivable but have not been considered in the
literature so far.

The concept ¢-stationarity as introduced in [10] measures the projected gradient of the objective
and also provides, as we will show, a criticality measure for first-order necessary optimality conditions
for (R). Moreover, similar to CIA, the structural assumptions on the quantities that appear in (P) are in
general not able to prevent a fine microstructure from developing over the iterations. In fact, the weak-*
closure of the feasible set of (P) in L*(Q) is the feasible set of its relaxation (R) [24, 25]. However, it is
not known whether the iterates generated by BTR converge to a limit point that satisfies a first-order
optimality condition of (R), in other words, if the termination tolerance of BTR is driven to zero.
This lack of a convergence result is in contrast to CIA, which has stationary limits under a suitable
compactness assumption.

Standing assumptions We provide our comparison of CIA and BTR and prove the new convergence
result under the following set of assumptions, which will be discussed in detail in the remainder.

Assumption 1.1.
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(a) Let J : L?(Q) — R be bounded from below.

(b) Let J : L'(Q) — R be Fréchet differentiable.

(c) Let V] : LY(Q) — L?(Q) be Lipschitz continuous.

(d) Let VJ : L?(Q) — L%(Q) be weak-norm continuous (completely continuous).

Remark 1.1. We note that the domain of J can be restricted to L (Q) or the feasible set of (R) for all
considerations in this work. However, we require the continuity (differentiability) properties with
respect to the L'(Q)-norm on the domain space in (b) and (d) in the remainder. We note that assuming
continuity with respect to the codomain in L?(Q) is well defined for our purpose because all feasible
points and iterates are also L*-functions.

Contributions We close the aforementioned theoretical gap between BTR and CIA. In particular, we
use the compactness Assumption 1.1, (d) on the derivative of J, and we show that the BTR iterates
produced by Algorithm 2 in [10] converge weakly-* in L*(Q) to a point that is feasible and satisfies a
first-order optimality condition for the continuous relaxation (R). We perform several computational
experiments on an example problem that is governed by an elliptic PDE to validate our theoretical
findings: specifically, BTR validates the near-optimality of the solution produced by CIA.

We have observed that BTR tends to produce controls whose level sets have shorter interface lengths
between them in practice when started from zero or a thresholded control. At the same time it is
able to produce objective values of similar quality as CIA. While we cannot prove guarantees on this
behavior, it motivates us to explore a hybrid method, where we apply CIA but use a coarser control
mesh in order to compute the binary-valued approximation of the continuous relaxation. Then we
start BTR from there, which allows us to combine the bounds and efficient running time behavior
obtained with the CIA method while capitalizing on the regularization effect of BTR.

Structure of the paper In §2 we formally introduce the CIA method and show that its underlying
approximation results hold under Assumption 1.1. In §3 we formally introduce and describe the BTR
algorithm. In §4 we relate it to [10] and state our main convergence result. The proof is presented in §s.
We provide a computational validation of our findings, demonstrate the aforementioned regularization
effect, and investigate the observed regularization effects with a hybrid method in §6. We provide
auxiliary results in §a and provide a brief discussion of Assumption 1.1 with respect to the assumptions
imposed in the earlier work [10] in §B.

Notation Let d € N denote a dimension. For a measurable set A C Q, A(A) denotes the Borel-
Lebesgue measure of A in R?. The function ya denotes the {0,1}-valued characteristic function of the
set A. Let B denote the Borel o-algebra on Q. For a set A C Q, the set A denotes its complement in Q.
For sets A, B C Q, the expression A A B denotes the symmetric difference between A and B, that is,
A A B:= (AU B)\(A N B). The inner product of the Hilbert space L?(Q) is denoted by (-, -);2. For a
space X and its topological dual X* we denote the pairing that puts X and X* in duality by (-, -)x- x.
We denote weak convergence with the arrow — and weak-* convergence with the arrow —*.

2 COMBINATORIAL INTEGRAL APPROXIMATION

CIA decomposes the solution process of (P) into two steps. First, the continuous relaxation (R) is solved
(appproximately) and then the result is used to compute a sequence of {0, 1}-valued functions that
are feasible for (P) and converge to the computed solution (or stationary point) of (R) in the weak-*
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topology of L*(Q2). The CIA algorithm is given in Algorithm 1. Its key ingredients and asymptotics
are described below.

Algorithm 1 CIA algorithm to optimize (P) and (R).

Input: J : L2(Q) —» R, V] : L}(Q) — L2(Q).
Input: Order-conserving domain dissection (S"),, c 28 (see Definition A.1).

1y <« (Approximately) compute a stationary point of (R).
2 forn=0,1,2,...do

3: x"™ < Round(y, S™).

4: end for

Inputs of Algorithm 1 Algorithm 1 generally requires the objective function J as well as its gradient
V] as inputs in order to solve (R) in Line 1. We note that depending on the properties of (R) and the
chosen algorithm, this may be relaxed or strengthened and subgradients of J may suffice (e.g., for
projected subgradient methods) or Hessian evaluations (e.g., for a semi-smooth Newton’s method)
may be desirable.

The second step of CIA, that is the for-loop in Algorithm 1, requires a sequence of grids (S"),, that
decompose the domain Q. These grids need to abide a certain regularity that is defined in Definition A.1
in order to obtain the aforementioned weak-* convergence, which is explained in more detail below.

The subroutine Round and order-conserving domain dissections The subroutine Round in Line 3
takes an L™ (Q)-function y that is [0, 1]-valued and a partition S™ of Q as inputs and computes a
{0, 1}-valued function x™ from them.

In the literature on CIA, (P) is usually formulated with finite sets V. c R™, m € N, instead of {0, 1}
as the co-domain of the optimization variables in (P) and the output of Line 1 is a convex coefficient
function & : Q — [0,1]M that satisfies 3./, a;(s) = 1 a.e. The rounding algorithm then transforms «
to a function ©" : Q — {0,1}M such that exactly one entry of " (s) is one and all others are zero a.e.
To relate this to our setting, we can simply choose m = 2, a = (y,1— y)” and recover x" as x" = w!".

Under the assumption that the sequence of partitions is an order-conserving domain dissection and
with a suitable implementation of Round that satisfies the prerequisites of [20, Proposition 3.5], one
obtains

a—"win L”(Q),

which directly implies
(2.1) x" =" yin L¥(Q).

Admissible choices for the subroutine Round are, for example, sum-up rounding (SUR) [30, 28], next-
forced rounding [17], and the combinatorial optimization-based algorithms in [4, 18, 38]. The key
property of order-conserving domain dissections is that during the refinement of the grid from one
iteration to the next, a spatial coherence property and a regular shrinkage property that allow to
leverage Lebesgue’s differentiation theorem, see the analysis in [28]. A formal definition is given
in Definition A.1 in §A.1. The choices for the subroutine Round that are used in our computational
experiments are described in §A.1.

Asymptotics of Algorithm 2 under Assumption 1.1 Which set of assumptions is necessary so that
solution algorithms for (R) produce sequences with (weak) cluster points that are stationary for (R) in
Line 1 depends on the properties of (R) and the desired algorithm. If (R) is convex, few assumptions
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may suffice and Assumptions 1.1, (b), (c), (d) may be relaxed to a boundedness assumption of the ¢-
subdifferential on bounded sets and the projected (sub)gradient method will work [1]. If J is not convex,
a projected gradient method with standard line search techniques, for example, Armijo linesearch,
yields convergence to stationary points under Assumption 1.1 [9]. In this case, a metricization of the
domain space in (b) and (c) with the L?-norm instead of L!-norm and the gradient needs not to be
Lipschitz but only uniformly continuous. More regularity allows to employ second-order methods like
semi-smooth Newton to solve for the first-order optimality conditions of (R).

While the assumption on the grids and the choice of the Round subroutine imply (2.1), the desired
convergence of the objectives

J(x") = J(y)

in CIA requires that J : L>(Q) — R is weakly continuous, which can often be asserted by regularity
(compactness) properties of an underlying differential equation in the context of optimal control
[20, 28]. This is implied by Assumptions 1.1, (b), and (d) which is shown below.

Proposition 2.1. Let Assumptions 1.1, (b), and (d) hold. Then J : L*>(Q) — R is weakly continuous.

Proof. Let x", x € L%(Q) be such that x” — x, meaning x" converging weakly to x, in L?(Q). We need
to show J(x") — J(x). Assumption 1.1, (b) and the mean value theorem imply that J(x") — J(x) =
(VJ(EM), x"—x) 2 for some & € L2(Q) in the line segment between x™ and x for alln € N. Because (£),,
is bounded, there exists a weakly convergent subsequence & — & for some & € L%(Q). Assumption 1.1,
(d) implies VJ (&™) — V] (&) in L%(Q), and consequently J(x™) — J(x) = (VJ (&™), x™ — x);2 — 0.

Passing to subsubsequences proves the claim. O

Remark 2.2. We note that assumption of an order-conserving domain dissection and the weak continuity
of J are sufficient to obtain the desired weak-* convergence of the x" to stationary points and the
corresponding convergence objective values as well if one does not compute y first and then executes
Round but instead executes Round on the iterates of produced by an optimization algorithm for (R), see
Theorem 4.7 in [28].

3 BINARY TRUST-REGION STEEPEST DESCENT

The BTR algorithm operates on characteristic functions induced by measurable sets. We introduce the
inputs and the trust-region subproblem. Then we describe the iterations of Algorithm 2 step by step.
We relate the quantities in our variant of the algorithm to the one introduced as Algorithm 2 in [10],
which purely takes the point of view of measurable sets.

The BTR algorithm is given as Algorithm 2 and is a special case of [10, Algorithm 2]. In particular, it
corresponds to [10, Algorithm 2] with the choices J(A) := J(ya) for A € B. We also choose ¢ = 0
because we aim to study the asymptotics of the algorithm when it is not stopped early.
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Algorithm 2 BTR algorithm to optimize (P) and (R).

Input: J : L(Q) - R, V] : L3(Q) — L*(Q), Amax € (0,A(Q)),0 < 01 < 02 <1, 0 € (0,1).
Input: U° € B, A° € (0, Apay)

1 forn=0,1,2,...do
g" — VJ(xun)(xwnrye — xun)

»

3 D" « FindStep (g", A", min{®, 0.5|| min{g", 0}||.:/A(Q),A"}) // e.g. [10, Proc.1]
4 if J(xunapn) —J(xur) < 01(VJ(xun), xpm\un — xurnpn)i: then

5 Un+1 «— Um" A D

6: if J(xunapn) —J(xur) < 02(VJ(xur), xpr\un — Yunnpn)rz then
7 A" — min{2A", Apmax }

8 else

9 An+1 — A"

10: end if

11: else

12: (U™ A"« (U™, 0.5A™)

13: end if

14: end for

Inputs of Algorithm 2 The algorithm requires the objective function J as well as its gradient VJ
as inputs. Using the latter requires assuming differentiability of J with respect to the L2-norm. For
the acceptance criterion of the computed descent step and the update of the trust-region radius, the
algorithm requires a maximal trust-region radius Ay, and control parameters o7 and o, as inputs. To
compute a descent step, the algorithm uses the subroutine FindStep (see below). The subroutine also
requires the parameter w, which ensures that the volume of the returned set is always bounded from
below by a fraction of A" that is smaller than 1.

Trust-region subproblem and subroutine FindStep The subroutine FindStep in Line 3 of Algorithm 2
approximately solves the subproblem

D c g }((~00,0]),
(3.1) rrbin—[Jg(S)ds s.t. { <9 )(LED)S]A).

In Algorithm 2 FindStep is called with g = VJ(yy») (x(wn)c — yun) and A = A". Changing from set
optimization to function optimization, the minimization problem (3.1) is equivalent to the minimization
problem

xu(s) +d(s) € {0,1} foraa.s € Q,

(TR(A) min (V] (), d)iz st { s < A

if g=VJ(xuv)(xue — xu)- We provide a proof of the equivalence in Proposition A.2. We note that using
min in the definitions of (3.1) and (TR(A)) is justified because (TR(A)), and thus also (3.1), indeed admits
a minimizer, which is shown in Proposition A.3.

The analysis in [10] employs that, in every iteration, FindStep produces a set D, or, equivalently, a
corresponding function d = yyap — yu (see also Proposition A.2), such that

(VJ(xu) Dz < min{(VJ(yv), )z | s feasible for (TR(A))} + SA and
ldll <A
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hold, where § = min {w, 0.5|| min{g, 0}||;:/A(Q), A} is the third input of FindStep in Algorithm 2.
A bisection algorithm in function space that realizes this property is also provided in [10]. Other
algorithmic approaches to (approximately) solving (TR(A)) and thus implementing FindStep are
possible as well. In §6 we describe and take advantage of a variant that exploits uniform meshes for
the control discretization in our computational experiments.

Description of the steps of Algorithm 2 The for-loop starting in Line 1 of Algorithm 2 computes
candidates for improvements of the objective function that are either accepted or rejected and then
updates the trust-region radius accordingly.

Line 2 computes the function g” such thatitis equalto -V J( yy») on U", where y» may be decreased,
and such that it is equal to VJ(yy») on (U™")¢, where yy» may be increased. Thus {s € Q| g"(s) < 0}
is the set on which U" can be changed to obtain a first-order decrease of J. Because of the use of the
L'-norm, the trust-region radius A" limits the volume of the set that can be changed in the current
iteration, see Proposition A.2.

The subroutine FindStep in Line 3 computes a set D" C (g")"!((—o0, 0]) that approximates the
solution of (3.1).

The candidate for improving J is then the modification of the characteristic function of the set U”,
where the values on D" are flipped, or formally yyn,pr. From Line 4 onward, the for-loop resembles
common trust-region methods. Line 4 determines whether the reduction achieved by yy»,pn is at least
a fraction of the reduction predicted by the linear model, in which case the step is accepted. A second
(larger) ratio is used to determine whether the trust-region radius should be increased (doubled) or left
unchanged after acceptance. The trust-region radius is reduced (halved) after rejection of a candidate
step.

4 CONVERGENCE OF BTR TO FIRST-ORDER OPTIMAL POINTS

We introduce our main result. Algorithm 2 operates on iterates that are feasible for the integer problem
(P). We prove that our algorithm generates a sequence of integer feasible points whose limits are
first-order optimal points of the relaxation (R). Thus, we obtain a minimizing sequence for (P), which
itself may not have a solution, if (R) is a convex problem. We introduce and a criticality measure for
(R) and relate it to Algorithm 2 before introducing the main theorem.

4.1 CRITICALITY MEASURE FOR (R)

We define the criticality measure C : L?(Q) — [0, o) for x € L?(Q) as

(4.1) C(x) := max {-/Q VJ(x)(x—f)ds

f feasible for (R)} = / VJ(x)x + / max{—VJ(x),0} ds,
Q Q

where the identity follows from the structure of the feasible set of (R). C coincides with the function ®
in [9] and is also known as primal gap function [21]. Local minimizers are zeros of C, which is well
known and repeated here for convenience. In particular, this leads to the usual definition of stationary
points below.

Proposition 4.1. If x is a local minimizer of (R), then VJ(x)(x — f) < 0 a.e. holds for all f that are feasible
for (R). Moreover, C(x) = 0.

Proof. The first claim follows from a Taylor expansion at x. C(x) = 0 because x is feasible in the
max. -

Definition 4.2. A function x that is feasible for (R) is called stationary if C(x) = 0.
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The FindStep subroutine in Algorithm 2 operates with the quantity || min{g, 0}||;: with the choice
g =V]J(xu)(xue — yu) for a set U € B. We show below that C(yy) = || min{g, 0}||;:. In this case, the
first-order optimality condition C(yy) = 0 from Proposition 4.1 corresponds the first-order optimality
condition of the set-based view point in [10], see Lemma 5 and Corollary 1 therein.

Proposition 4.3. Let U € B. Then for g = V] (yu)(xue — xu) it holds that C(yy) = || min{g, 0}||1:.
Proof. For a.a. s € Q, we obtain

=VJ(xu)(s) ifs € Uand VJ(xu)(s) >0,
(4.2) min{g(s),0} =4 VJ(xv)(s) if s € U and VJ(yu)(s) <0,
0 else.

For the choice x = yy in (4.1), the right hand side implies

Clx) = / {lV](x)(s)| if s€Uand VJ(x)(s) > 0)or (s € U and VJ(x)(s) < 0),} i
Q

0 else
The claim follows by a pointwise a.e. comparison of the integrands. O

An alternative criticality measure for (R) that uses the L'-norm is the function C that is defined for
x € LY(Q) as
C(x) = [lx = Ppoaj (x = VJ(x)ll1:.
It is known that C(x) = 0 implies that x satisfies a first-order necessary optimality condition for (R); see,

for example, [16, Lemma 1.12]. Moreover, it can easily be verified that C(x) = 0 if and only if C(x) = 0.
We do not use C because it would complicate our analysis and lead to a less concise presentation.

4.2 MAIN RESULT

Having introduced the necessary notation, concepts, and assumptions, we now state our main conver-
gence results.

Theorem 4.4. Let Assumptions 1.1, (a) and (b) hold. Let (U™),, C B, (D"), C B, and (A"™), C (0, Apax] be
the sequences of sets and trust-region radii produced by Algorithm 2. Then the sequence of objective values
(J(xun))n is monotonically nonincreasing. Moreover, one of the following mutually exclusive outcomes

holds:
1. There exists ng € N such that U™ = U" a.e. holds for alln > ny. Then yyno is stationary for (R).

2. For allny € N there exists ny > ng such that A(U™ A U™) > 0. The sequence (yyn), C L™ (Q)
admits a weak-* accumulation point. Every weak-* accumulation point f of (yuyn), is feasible for
(R).

If additionally Assumption 1.1, (c) holds, then

lim C()(Un) =0.
n—oo

If additionally Assumption 1.1, (d) holds and if a subsequence (yyn« ) C (yun)n satisfies C(yynk) —
0, then every weak-* accumulation point f of (yun« )i satisfies C(f) = 0, i.e., f is stationary for

(R).

Theorem 4.4 is proven in §5. We obtain the following corollary that shows that Algorithm 2 produces
a sequence of binary iterates that converge weakly-* to stationary points of the continuous relaxation
(R) of (P). Thus BTR yields results comparable to those produced by CIA because solution algorithms
for (R) cannot be expected to perform better than producing a stationary point of (R) in practice.
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Corollary 4.5. Let Assumption 1.1 hold. Let (U™),, C B be the sequences of sets produced by Algorithm 2.
Then all weak-* accumulation points of (yyn)n, are feasible and stationary for (R).

Proof. The claim follows by combining the two assertions in Outcome 2 of Theorem 4.4. O

5 PROOF OF THE MAIN THEOREMS

In this section we prove Theorem 4.4. We first prove preparatory results on the sufficient reduction
condition (Algorithm 2, Line 4) for binary-valued control functions and trust-region steps in §5.1. Then
we employ these results to analyze the asymptotics of Algorithm 2 in §5.2, finishing with the proof of
Theorem 4.4.

5.1 SUFFICIENT DECREASE WITH A CHARACTERISTIC FUNCTION

The first step of the proof is to show that if yy» for a given iterate U" € B of Algorithm 2 is not
stationary, then there exists a set D" such that yyr,pr satisfies a sufficient decrease condition with
respect to VJ(yyn) for sufficiently small trust-region radii. We briefly recap and the well-known result
on existence of a descent direction in Lemma 5.1, which we adapt for our case of characteristic functions
as Algorithm 2 operates on. This in turn implies acceptance of a new iterate after finitely many steps
as is shown in Lemma 5.2.

Lemma 5.1. Let Assumption 1.1 (b) hold. Let yy for U € B not be stationary for (R). Then there exist ¢ > 0
and Ny > 0 such that for all0 < A < Ay, there exists d € L}(Q) that is feasible for (TR(A)) and satisfies
(VJ(xv),d) < —eA.

Proof. Because yy is not stationary, we have C(yy) > 0, which implies that there is ¢ > 0 and a
set D C g7'((—o0,0]) with A(D) > 0 such that VJ(yu)(s)(yv<(s) — yu(s)) < —e fora.a. s € D. Let
Ap = A(D) and using the regularity properties of the Lebesgue measure, there is a subset Dy € D
with A(Dp) = Aforall 0 < A < Ay (note that it is possible to use the greedy construction from
Proposition A.3 here too), which implies

/D VJ(xv)(xue = xu)ds < —Ae.

Using the equivalence asserted in Proposition A.2 and in particular setting d := yyap, — yu yields the
claim. O

We employ this result to prove that Algorithm 2 accepts a step after finitely many iterations if the
current iterate is not stationary for (R).
Lemmas.2. Let Assumptions 1.1, (b) and (c) be satisfied. Let (U™), € B,(D"), € B,and (A"), C (0, Amax]
be the sequences of sets and trust-region radii produced by Algorithm 2. Let yy» not be stationary for
(R). Then the output of Algorithm 2, Line 3, is accepted after k € N steps: specifically, U" = U™/ for all
0 < j <kand](xynapn) —J(xun) < 01(VJ(xun), Xpr+k\un — Xunnpn)rz-

Proof. For m € N, we define the optimal linear predicted reduction as
Lm = —Dl,ré% {(V](XUm), d’)LZ d’ = XD/\Um — XD/nUm and ||d,||Ll < Am} .

By design of Algorithm 2, we have A"*/*! = 0.5A™* for all j > 0 until the step D"*/ is accepted.
We prove the claim by contradiction and assume that the step D"** is not accepted for all k € N.
Because U™ is not stationary for (R) and A™* — 0 for k — co, Lemma 5.1 implies that there exist ¢ > 0

and ko € N such that for all k > k, the estimate L™** > AK+J/¢ holds.
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We apply Taylor’s theorem and obtain that

J(xom) = J(xynapnec)
= ~(V (o), Xpmiun = Xymopmsi )z +0 (A(D™H))
(5.1) > L™k — (A2 4 o(A™F,

where the inequality follows from the construction of D™* by means of the FindStep subroutine,
specifically Lemma 9 in [10] with a choice § < A", The inequality § < A™* is satisfied in Algorithm 2,
Line 3, because the parameter § of FindStep, the third argument of the subroutine, is given a value
that is less than or equal to the trust-region radius in all iterations.

Because L™k > ¢ A"k holds for all k > k, and the two latter terms in (5.1) are o(A™¥) there exists
ki € N such that for all k£ > k; it holds that

J(XU”) _](XU"AD’”k) > C71Ln+k.

By definition of L™ it follows that
]()(Un) - ]()(UnADn+k) > O'1Ln+k > —O'l(V](XUn), )(Dn+k\Un - XUann+k)L2,

and thus the step D" is accepted in Algorithm 2. This contradicts the assumption that the step D"**
is not accepted for all k € N. O

5.2 ASYMPTOTICS OF ALGORITHM 2

Before finalizing the proof of Theorem 4.4, we show three further preparatory lemmas. Lemma 5.3 states
that the sequence of iterates produced by Algorithm 2 has a corresponding sequence of monotononically
nonincreasing objective values. Lemma 5.4 shows that if the criticality measure C stays bounded away
from zero over the iterations of Algorithm 2, then the trust-region radius contracts to zero.

Lemma 5.3. Let Assumption 1.1, (b) hold. Let (U™),,, (D™), C B, and (A™),, C (0, Amax] be the sequences
of sets and trust-region radii produced by Algorithm 2. Then the sequence of objective values (J(yuyn))n is
monotonically nonincreasing.

Proof. By construction of D" with FindStep, Procedure 1 0f [10], it holds that D" C {s € Q| gy~ (s) < 0}.
A step that is accepted in Algorithm 2 Line 4 satisfies J( yynap») < J(yun) because

(V]()(U"),)(D"\Un — Xurnpn)p2 = / g"ds <0,
Dn

while J(yyr) remains unchanged for rejected steps. Thus, the sequence of objective values (J(yun))n
is monotonically nonincreasing. O

Lemma 5.4. Let Assumptions 1.1, (a) and (b) hold. Let (U™), C B, (D"),, C B, and (A"), C (0, Amax] be
the sequences of sets and trust-region radii produced by Algorithm 2. If there exists ¢ > 0 and ny € N such
that C(yyn) > € for alln > ng, then A™ — 0.

Proof. We use the notation L™ for the optimal predicted reduction in iteration m € N as in the proof
of Lemma 5.2. From Proposition A.3 and the definition of C it follows that L™ > C(yym) % for all
iterations m € N. This can be seen by using the greedily constructed set. From Algorithm 2 Line 3,
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Proposition 4.3, and Apax < A(Q) it follows that the third parameter § of the subroutine FindStep
satisfies § < C(yyn)/(2A™). The analysis of FindStep, specifically [10, Lemma 9], implies that

~(J(xun), xpm\un — xunapn)rz = L™ — min{w, C(yyn)/(2A(Q)), A"} A"
A 1 A" eA"

@ 2" 2 @

> C(yun)

for all n € N and thus all n > n,.

We close the proof with a contradictory argument and assume that A" / 0. We deduce that
there exists an infinite subsequence (A™); of (A"), such that liminfy_,., A" > A for some A > 0.
Consequently, there exists an infinite subsequence (n;), of accepted iterates with trust-region radii
A" > A

Combining these insights on the accepted iterates with the lower bound on the linearly predicted
reductions, we obtain that A

€

4A(Q)

Because the sequence of objective values is monotonically nonincreasing by virtue of Lemma 5.3,
this implies J(yyne) — —oo, which contradicts Assumption 1.1, (a) and thus the assumption that
A" £ 0. ]

J(XU”() - ](XU”!’AD"() >0

We are now ready to finish the proof of the two main results.

Proof of Theorem 4.4. Lemma 5.3 proves the claim that the sequence of objective values is monotonically
nonincreasing.

We first analyze Outcome 1. Because there exists ny € N such that U™ = U” holds a.e. for all n > ny,
the acceptance criterion in Algorithm 2, Line 4, is violated for all n > ng. Then the claim of Outcome 1
follows from Lemma 5.2.

If there is no ny € N such that U™ = U" holds a.e. for all n > ng, then Outcome 1 does not hold
true, and for all ny € N there exists n; > ngy such that A(U™ A U™) > 0. It follows that Outcomes 1
and 2 are mutually exclusive. Moreover, the sequence (yyn), C L*(Q) is bounded and thus admits a
weak-* cluster point. By virtue of, for example, [34, Theorem 3], every weak-* cluster point of (yyn),
is feasible for (R).

Next we assume that Assumptions 1.1, (a), (b),and (c) are satisfied and prove the claim lim,,_,o, C(yyn») =
0 for Outcome 2. We do so in two steps. We first prove lim inf,,_,.c C(yy») = 0 and then improve upon
this finding to lim,—,c C(yyn) = 0.

Step 1: We prove

(5.2) liminf C(yy») = 0.
n—oo
To this end, we consider the subsequence of accepted iterates (successful steps) (ng)x of Algorithm 2.

Using the fundamental theorem of calculus and the notation d" := yyn,pr» — yyn» for n € N, we may
rewrite the decrease in the objective as

1
J(xon) = J(xunapn) = =(VJ (xun), d")rz = /0 (VJ(xun +td") = V] (xun),d")rz dt.

We observe that d"(s) € {-1,0,1} for a.a. s € Q implies +/||d"||z1 = ||d"||z2. The Lipschitz continuity of
VJ:LY(Q) — L%(Q) (Assumption 1.1, (c)) with Lipschitz constant L > 0 implies

L
JCw) = J(wmapn) 2 =(V] (Grom), dPrz = Slld™ |y lid™ .
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As in the proof of Lemma 5.4, we observe that the estimate

n

=(VJ(xun),d") 2 C(yun) ==

2A(Q)
holds for the steps d”. Inserting this estimate yields
. C(yun)A™ L a2
J0wn) = Jxmape) 2 =0n(V Gt ) =1 - o) =5 = 2 (a0}

We show (5.2) by contradiction. If liminf, . C(yy») > 0, then Lemma 5.4 implies that A" — 0 and
r® > 0 holds for all n > n; for some n, € N. But r" > 0 implies that the acceptance criterion in
Algorithm 2, 4 is satisfied for all n > n; and the trust-region radius is not decreased further from
iteration n, on. This contradicts A" — 0 and we thus obtain (5.2).

Step 2: We prove

(5.3) lim C(yun) = 0.

To this end, we follow the proof strategy of [35, Theorem 6]. We say that n € N is a successful iteration
of Algorithm 2 if the acceptance test in Line 4 is successful. Let S C N denote the set of successful
iterations of Algorithm 2. We observe that any successful iteration satisfies

JCxom) = J(xuns) 2 C(yun)A"

1
22(Q)

because of the properties of the subroutine FindStep (see the proof of Lemma 5.4).
This implies

JOwo) = JGgmn) = Z Cxu) A

£=0,€S

2)L(Q)

for all n € N. We seek for a contradiction to the claim and assume that there exists a subsequence
(ng)x C S such that

(5-4) Clyumk) =2 2e>0

for some ¢ > 0. Let K := {n € S| C(yyn) > ¢}. It follows that

n

2, N

=0,,eK

JCwo) = J (xynn) 2 Z ClxunA’ 21(19)

£=0,,eK

2/1(Q)
for all n € N. Let ng € N. Then we obtain for all n > n, that

A(Q)

i Al < 2A()

t=no,teK

——JCwo) = J(ryn)) < (J(xwo) —min (R)) < eo

which implies that };7 /. A! < k < oo for some x > 0 for all ny € N. From (5.2) it follows for all
k € N that there exists a smallest £(k) > ny with £(k) € S \ K. We obtain

(k) -1 2(k)-1 2(k)-1

lxoew = xomllp < D lw —xwllo < ), M= > Ns Z N <.

Jj=ni.jeS Jj=ng,j€S J=ni,jeK Jj=ni.jeK
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This implies that for k — co we obtain that

| xpew = xunellpr — 0.

By virtue of Fatou’s lemma and the fact that every sequence that converges in L! has a pointwise a.e.
convergent subsequence, we obtain

| xyew = xurellpz — 0

for a subsequence of (ng), which we denote with the same symbol for ease of notation. We conclude
that

IC(xyew) = C(xum )| — 0 (for k — o),

which violates our assumption (5.4). Hence, (5.3) follows.

For the remainder of the proof, we restrict ourselves to a weakly convergent subsequence of ( yyn)n,
for ease of notation denoted by the same symbol, which satisfies C(yyn) — 0 and yy» — f in L*(Q).
It remains to show that C(f) = 0. if Assumptions 1.1, (b) and (d) hold. The criticality measure C is
weakly lower semi-continuous under Assumption 1.1, (d), see [9, Lemma 4.1], so that

0 < C(f) < liminf C(yyn) = 0.

6 COMPUTATIONAL EXPERIMENTS

We carry out our experiments on an instance of (P) that satisfies Assumption 1.1. The instance is
described in §6.1, and our computational setup is described in §6.2. Then validation experiments and
their results for the presented theory are presented in §6.3. Motivated by observations in §6.3, we
explore the effects of a hybridization of BTR and CIA in §6.4.

6.1 EXAMPLE PROBLEM

We consider the case d = 2 and the domain Q = (0,2)? c R2. For (P) we choose J(x) = j(S(x)),
where j is a so-called tracking-type objective, specifically j(y) = .5||y — yd||i2 for a given

1
ya(s) = sin(3(s1 = sz - D)2(Is1 = 1 + sz — 1)
for s € Q. S is the solution operator of the linear elliptic boundary value problem
(6.1) —eAy+y=x yloa=0

for a given control input x € L!(Q) and the choice ¢ = 10™2. This yields the following instance of (P):
1
(6.2) iI;f E||y - yd||i2 st. y=3S(x)and x(s) € {0,1} fora.a.s € Q.

For a Poisson problem with right-hand side in L'(Q), the weak solution y is an element of the Sobolev
space of g-integrable functions with a g-integrable distributional derivative that vanish at the boundary,

Wol’q(Q), for bounded Lipschitz domains Q, where we have the estimate ||u||W01 < cllx|lp1(q) for

(@)
some ¢ > 0 if g < 2. A proof of this result (for more general elliptic operators) and more general

right-hand sides can, for example, be found in [7, Theorem 1]; and for the case of mixed boundary
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condition a proof can be found in [11] (note that the required Groger regularity of the boundary therein
reduces to requiring a strong Lipschitz condition if only a Dirichlet boundary condition is present).

Combining these considerations with the chain rule for Banach spaces and the Riesz representation
theorem implies that Assumptions 1.1, (a) and (c) are satisfied for this example. To see that Assumption 1.1
(d) is also satisfied, we consider the compact embedding Wol’q(Q) — WH(Q) —° L2(Q) (for d = 2),
where the compactness is due to the second embedding. Because S’(x) is linear and bounded for
x € L}(Q), it maps weakly convergent sequences to weakly convergent sequences in Wol’q( Q) and,
by compactness, to norm convergent sequences in L?(Q), which implies that S’ and in turn V] are
weak-norm continuous.

6.2 SETUP

We solve the boundary value problem (6.1) numerically using a finite element method on a conforming
uniform triangle mesh subdividing the domain Q. Specifically, the domain is partitioned into 256 X 256
square cells that are split into 4 triangles each. In all experiments, the solution y = S(x) of (6.1) is
computed in the space of cellwise affine and globally continuous functions on this mesh. All experiments
are carried out on a laptop computer with Intel(R) Core(TM) i9-10885H CPU (2.40 GHz) and 32 GB
RAM.

Implementation of CIA (Algorithm 1) We compute a solution of the continuous relaxation of (6.2)
(the first step of CIA) by replacing the constraint x(s) € {0,1} by x(s) € [0,1] and optimizing the
control function on the aforementioned triangle mesh in the space of cellwise constant discontinuous
functions with a quasi-Newton method.

For the Round procedure, the second step of CIA, we consider three different choices: multidimensional
sum-up rounding (SUR) [28], the combinatorial optimization-based rounding (COR) proposed in [18],
see also [3, § 2.4.1], and a primal heuristic for switching cost aware rounding (SHG) [4, 5]. The choices
for the Round procedure compute approximating controls. In our experiments, the computed controls
are cellwise constant functions on cells of the grid of 256 X 256 squares. The three choices for the Round
procedure are explained in §A.1. In order to ensure the approximation property (2.1), we order the grid
cells of the discretization along a Hilbert curve as in [28, 20], which yields an order-conserving domain
dissection as mentioned in §2, see also Definition A.1.

While SUR and COR either minimize a certain approximation error or abide by an upper bound on
that error, SHG minimizes the length of the interface between the level sets for the values zero and one
in our setting while abiding by the approximation error bound. The integer programming formulation
of SHG is computationally intractible in our setting (for our grid size), which is why we resort to a
suboptimal heuristic, see also §A.1.

Implementation of BTR (Algorithm 2) We compute all iterates on the fixed uniform mesh of 256 X 256
squares. The uniformity, namely, the fact that all cells have the same volume, has the advantage that a
discretized variant of the FindStep method can be implemented efficiently. Specifically it is a Knapsack
problem with all weights being equal to one, which is therefore not NP-hard. In particular, if x = ya
for some A € B is the current iterate, the discretized trust-region subproblem (TR(A)) can be solved as
follows. We compute the average value of the function g = VJ(ya)(xac — xa) on each grid cell. Then
we sort the cell averages of g in ascending order and pick the cells with negative average values in a
greedy fashion until the current trust region is filled. The picked cells constitute a difference set D so
that the computed step d is d = yanp — ya. Our discretized implementation of BTR terminates when
the trust-region radius contracts below the volume of one grid cell.

We note that while we have carried out our experiments on a fixed fine mesh, an alternative approach
is to adaptively refine the mesh where required within the FindStep subroutine of BTR.
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6.3 VALIDATION

We apply CIA to (6.2), where we initialize the solver for the continuous relaxation with the constant
zero function, x = 0. As mentioned above, we use SUR, COR, and SHG for the Round subroutine in
Algorithm 1 in order to compute the binary-valued approximation of the solution of the continuous
relaxation on the uniform mesh of 256 x 256 squares. COR and SUR produce the same resulting control.
SHG also returns the same control if the approximation constraint in the problem formulation is used
with 6 = 1, see Algorithm 5, indicating that the feasible set with this bound leaves (almost) no room
for a reduction of the interface length. We therefore increase the feasible set by setting 6 = 10, which
provides a trade-off that relaxes the approximation quality and allows to reduce the interface length
within the prescribed approximation quality. The optimality gap is then higher but the interface length
decreases and we obtain a qualitatively different solution.

Then we initialize BTR, which also operates on the uniform grid of 256 x 256 squares, with the
output control of SUR. Because of the near-optimality achieved by CIA and the fact that BTR does
not produce a globally optimal solution of (6.2) for a fixed discretization, we expect that BTR can
close a small part but not much of the remaining optimality gap between the upper bound given by
the objective value for the output SUR and the lower bound given by the solution of the continuous
relaxation.

This expectation is met by our computational results. Specifically, BTR is able to close a portion
of the remaining optimality gap of CIA. We also start BTR from two further different initializations,
specifically, from x = 0 and from a cellwise rounding of the solution of the continuous relaxation
to {0,1}. All of the objective values are very close; the optimality gap is always around 107° (at a
magnitude of 10~%) so that BTR also produces a near-optimal solution on this grid when it is initialized
differently.

Moreover, we observe that the running times of BTR are longer than those of CIA, which we attribute
to the facts that BTR is a pure first-order method, has restricted options for its feasible steps available
(compared with usual gradient-based solvers for the continuous relaxation), and requires a sorting
operation additionally to each adjoint solve of each accepted step. The higher running times are
reflected by correspondingly high numbers of iterations of our implementation of Algorithm 2, as is
typical for first-order methods. The running time of the continuous relaxation followed by an execution
of BTR on cellwise rounding is moderately lower (about 20%) than that of BTR for initial control zero.

To give a qualitative and visual impression of the results, we provide the six computed controls in
this experiment in Figure 1. A visual inspection of the results shows that starting BTR from a cellwise
rounded solution or zero seems to have a regularizing effect on the resulting microstructure. We
compute the length of the interface between the level sets for the values zero and the objective value
one for all of the computed controls. We obtain that the none of the controls computed with CIA
with SUR or COR as the Round procedure, CIA with SHG as the Round procedure, and BTR started
from cellwise rounding dominates another in terms of low objective or low interface length value.
Specifically, CIA with SUR or COR produces the lowest objective value but the highest interface length.
The interface lengths for the controls with BTR started from zero or cellwise rounding are significantly
lower (about 50 %) while the objective value increases slightly. The interface length decreases further
(about 30 %) for CIA with SHG for 6 = 10 but the increase in the objective is also higher.

While the behavior of the objective values follows our analysis, we cannot explain our consistent
observation that some spatial coherence is maintained during the optimization with BTR. In order
to do so, we need to better understand the possible trade-off between objective and interface length,
which also motivated us to introduce SHG and report its results, which is impaired by its current
computational intractability and us resorting to a heuristic solution. We leave further considerations
in this direction to future research.

These findings also lead to the question whether one can obtain the regularization effect in a
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(d) CIA (SUR) + BTR (e) Rel. + BTR (f) BTR

Figure 1: Visualization of the resulting control functions for Rel. (= continuous relaxation of (6.1)), CIA
(SUR) / (COR) (= continuous relaxation and SUR / COR), CIA (SHG) (= continuous relaxation
and SHG), CIA (SUR) / (COR) + BTR, Rel. + BTR (= continuous relaxation and BTR started from
a cellwise rounding), and BTR (= BTR started from zero), where the value one is colored black
and the value zero is colored white. For Rel., the intermediate values in [0, 1] are depicted in
grayscale.
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Table 1: Objective values, remaining optimality gaps, BTR iteration numbers, running times, and in-
terface lengths obtained for the cases Rel. (= continuous relaxation of (6.1)), CIA (COR) (=
continuous relaxation and COR), CIA (SUR) (= continuous relaxation and SUR), CIA (SHG) (=
continuous relaxation and SHG), CIA + BTR (= continuous relaxation and BTR started from
SUR), Rel. + BIR (= continuous relaxation and BTR started from a cellwise rounding), and BTR
(= BTR started from zero).

|Rel.  CIA(COR) CIA (SHG) CIA (SUR) CIA +BTR Rel. + BTR BTR

Ob;j. [10_3] 4.0798 4.0808 4.1200 4.0808 4.0807 4.0837 4.0862
Opt. gap [107°] | o 1.06 40.20 1.06 0.89 3.96 6.41
Time [s] | 821 828 829 825 921 3928 4906
BTR iterations | n/a n/a n/a n/a 51 1575 2481
Interface length | n/a 117.0 48.1 117.0 116.9 66.4 74.2

Table 2: Remaining optimality gaps, BTR iteration numbers, and interface lengths for BTR started from
zero for different mesh sizes.

Mesh ‘ Optimality gap [107%] BTR iterations Interface length

32 X 32 | 1200.79 116 21.8
64 X 64 | 261.14 356 34.2
128 X 128 | 38.02 938 50.6
256 X 256 | 6.41 2481 74.2

hybridized method, where BTR is initialized with an approximation of SUR that is computed on a
coarser control mesh. This is investigated in §6.4. We report the objective values, optimality gaps,
running times, number of iterations required by our implementation of BTR, and interface lengths
between the level sets in Table 1.

We also evaluate how our implementation of BTR behaves with respect to mesh refinement when
initialized with zero und running it until the trust-region radius contracts. The optimality gap decreases
for finer meshes as finer microstructures can be computed in order to more closely approximate a
minimizer of the continuous relaxation. However, the number of iterations grows with a factor of
approximately three when the mesh size is halved (the number of cells increases by a factor of four).
In particular, our implementation of the algorithm is clearly not mesh-independent. The interface
length also increases when finer meshes are chosen, which is consistent with the fact that this quantity
tends to infinity if a function with values in (0, 1) on a set of strictly positive measure (in this case
the solution of the relaxation) is approximated weakly-* in L by binary functions. We provide the
corresponding data in Table 2.

6.4 HYBRIDIZATION OF SUR AND BTR

We explore the regularization effect that we have observed above by executing a hybridized method by
initializing BTR with controls that are computed by CIA, where the second step is computed with SUR.

SUR operates on a mesh, and its approximation quality depends on the mesh size of this grid 20, 28].
We use a sequence of uniformly refined grids from 8 x 8 grid cells to 256 X 256 grid cells and start BTR,
which itself operates on the 256 X 256 grid of squares, with the resulting controls.

We assess the running times and iterations of BTR, the remaining optimality gaps, and the interface
lengths between the level sets of the two control realizations one and zero.

The remaining optimality gaps are of an order of magnitude of 107, where the ones achieved for the
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initializations with the SUR solutions for the 128 X 128 and 256 X 256 grids are slightly but noticeably
smaller. This can be attributed to the fact that SUR provides already small optimality gaps, which are
then further reduced by BTR.

Moreover, the running times and iterations of BTR do not differ much from the 8 x 8 to 64 x 64
initializations (all above 3000 s) and then drop in two large steps to 1074 s and 96 s for the two finest
grids, again capitalizing on the fact that SUR already provides a near-optimal solution.

The interface lengths of the resulting level sets of the controls obtained for the 8 x 8 to 128 x 128
initializations are between 62.5 and 70.2, approximately 50 % smaller than the interface length obtained
for the finest grid. This indicates that one may find a sensible trade-off, where the regularization effect
of BTR is still pronounced and BTR can be meaningfully accelerated by means of CIA, in our case by
executing SUR in CIA on the 128 X 128 initialization.

We have recorded the obtained results in Table 3. To provide a visual impression again, we contrast
the computed controls for SUR with the resulting ones after initializing BTR with them for the 8 X 8
and 128 % 128 grids in Figure 2.

Table 3: Remaining optimality gaps, running times, BTR iterations, and interface lengths for executing
BTR on solutions of CIA, where the second step is computed by means of SUR, for refined
grids used for SUR.

SURMesh‘8X8 16 X16 32X32 64X 64 128 X128 256 X 256

Optimality gap [107°] | 4.99  6.66 4.68 5.30 2.91 0.89
Time (only BTR) [s] | 4376 3929 4049 3167 1074 96
BTR iterations | 2242 2023 2069 1619 552 51
Interface length | 70.2  67.9 67.4 62.5 67.0 116.9
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APPENDIX A AUXILIARY RESULTS

This appendix provides additional information on the Round subroutine in the CIA method, Algo-
rithm 1, and establishes relationships between set-based and characteristic function. We also prove the
equivalence between (3.1) and (TR(A)) and the existence of minimizers for them.
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"

(a) SUR (8 x 8)

(c) BTR from SUR (8 x 8) (d) BTR from SUR (128 X
128)

Figure 2: Visualization of the resulting control functions for SUR on uniform 8 x 8 and 128 x 128 square
grids (top row) and BTR initialized with them (bottom row).

APPENDIX A.1 round IN ALGORITHM 1

Algorithm 1 employs a Round subroutine, which takes grids as inputs. In order to establish the ap-
proximation property (2.1), see also [28, 20], it is assumed that the sequence of grids is a so-called
order-conserving domain dissection, which is formally defined below.

Definition A.1 (Order-conserving domain dissection, Definition 4.3 in [28]). Let Q ¢ R?. Then we call
a sequence ({S7, .. .,Sﬁ,n})n c 28 an order-conserving domain dissection if

1. {S7,.. .,S;\’,n} is a finite partition of Q for all n € N,
2. max{A(S?)|i € {1,...,N"}} — 0,
3. foralln € Nforalli € {1,..., N"!} there exists 1 < j < k < N" such that U];:j Sp=8"", and

4. the cells 7 shrink regularly (there exists C > 0 such that for each S7 there exists a ball B} with
S7 € B} and A(S}) = CA(BY)).

We briefly introduce the three choices for Round in Algorithm 1, Line 3 that are used in our compu-
tational experiments in §6 below.

Sum-up rounding (SUR) The algorithm is stated as Algorithm 3 and works as follows. It starts from
a [0,1]™-valued function « such that )., @; = 1 a.e. and that is defined on an ordered sequence of
grid cells that partition the domain Q. The algorithm iterates over the grid cells in the given order;
identifies an entry i € {1,..., m} such that the cumulative difference up to the current grid cell to a
rounded function w, which is {0, 1}™-valued, satisfies } /2, w; = 1 a.e., and is defined on the same grid
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Algorithm 3 Sum-Up Rounding (multidimensional variant) [28]

Input: Ordered grid cells Sy, ..., Sy C Q that partition Q .

Input: Function & € L'(Q, R™) with averages ay; such that ay ; = Ték) fSk a;(s)dsforalli € {1,...,m},
and Y% ax; =1forallk € {1,...,N}.

1 ¢0 = Ogpm

2: fork=1,...Ndo

3: Yk < Pp—1+ arA(Sk) (a is short for the vector (ay, ..., ak,m)T)
1: i€argmax{yx;|j€{L...,m}},

4 Wi & el €A i forallie {1,...,m}
0: else

5: O — Zle(ak — wi)A(Sk) (wy is short for the vector (wy s, ... ’Wk,m)T)

6: end for

7: return = lejzl Wik XSk

as @, is maximal. Then the algorithm sets w; to one on the current grid cell and the other entries to
zero on the respective grid cell.

Combinatorial optimization-based rounding (COR) The algorithm is stated as Algorithm 4 and works
as follows. It starts from a [0, 1]"-valued function « such that }}/2; @; = 1 a.e. and that is defined on an

Algorithm 4 Combinatorial optimization-based rounding (multidimensional variant)
Input: Ordered grid cells Sy, ..., Sy C Q that partition Q .
Input: Function & € L'(Q, R™) with averages ay; such that ay ; = T;k) /Sk a;(s)dsforalli € {1,...,m},
and Y% ax; =1forallk € {1,...,N}.
1 compute w as minimizer of
w e {0, 1}Vxm

wi; =1forallk € {1,...,N}

M=

argminn s.t.
w,n

M=

(aji—wj)A(Sj)| <nforallk e {1,...,N}andalli € {1,...,m}

J

1l
—-

2: return o = Zsz1 Wk XS

ordered sequence of grid cells that partition the domain Q. The algorithm computes a {0, 1}"*-valued
function that satisfies ) ;”; w; = 1 a.e. that is piecewise constant on this grid. The function is computed
such that it minimizes the maximum of the modulus of the cumulative difference (integration) to «
from the first to the k-th cell over k € {1,..., N}. Algorithm 4 can be implemented very efficiently
using the shortest path approach described in [3, 5] on multidimensional domains because the costs
are sequence independent in the sense of [3, § 2.6.1]. We use the open-source software scarp_solver!
with the option --sur_costs in order to solve SHG in this work.

Primal heuristic for switching cost aware rounding (SHG) Switching cost aware rounding [5, 6]
is stated as Algorithm 5 and works as follows. It starts from a [0, 1]™-valued function & such that
. a; = lae. and that is defined on an ordered sequence of grid cells that partition the domain

! Accessed on https://github.com/chrhansk/SCARP on 02/15/2022.
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Algorithm 5 Switching cost aware rounding (multidimensional variant)

Input: Ordered grid cells Sy, ..., Sy C Q that partition Q.

Input: Function & € L'(Q, R™) with averages ay; such that ay ; = Ték) fSk a;(s)dsforalli € {1,...,m},
and Y% ax; =1forallk € {1,...,N}.

Input: Trade-off parameter 6 > 1.

1 compute w as minimizer of
w e {0, 1}Vxm

wg,; =1forallk € {1,...,N}

gt

arg min % vV (ZkN:1 WkXSk) s.t.
w

DM~

> (@)= wi)A(S)) <ez max A(S,)

~.
Il
—

forallk € {1,...,N}andalli € {1,...,m}

2: return o = lejﬂ Wi XS,

Q. The algorithm computes a {0, 1}"-valued function that satisfies };; w; = 1 a.e. that is piecewise
constant on this grid. The function is computed such that it minimizes the total variation of w while
constraining the modulus of the cumulative difference (integration) to a from the first to the k-th
cell over k € {1,.. N }by 0232, 5 I max, A(S;). TV(w) denotes the total variation of w in Algorithm 5.
The constant };2, I'max, A(S;) is guaranteed by Algorithm 3, see the analysis in [19, 29], so that a
feasible point always exists for 6 = 1. The feasible set may be increased by choosing 6 > 1in order to
leave room for a better objective while allowing for a larger approximation error. After discretization,
the optimization problem in Algorithm 5 becomes an integer linear program. While a shortest path
reformulation and efficient solution algorithms exist for the case that Q C R, it is not known if it can
be solved efficiently for Q@ ¢ R?, d > 2. By considering only the jumps between subsequent cells along
the ordering of the grid cells in the minimization, we can obtain a suboptimal feasible point using
the shortest path approach described in [3, 5]. This is introduced as the heuristic SCARP_HG in [6]. We
use the open-source software scarp_solver® with the option --scale 6 in order to solve SCARP_HG /
(SHG).

APPENDIX A.2 EQUIVALENCE OF (TR(A)) TO (3.1) AND EXISTENCE OF MINIMIZER

Proposition A.2. Letg = VJ(yu) (xue — xu)- A set D € B satisfies A(D) < A ifand only ifd = yuap— xu
is feasible for (TR(A)) and the corresponding objective values for (3.1) and (TR(A)) coincide.

IfD € B does not satisfy D C g~ '((—o0,0]), then its objective value is greater or equal than D N
g 1((=o0,0]) so that the optimal objective for (TR(A)) is not altered by the additional feasible points.

Proof. For every D € 8, d can be computed with the formula above. On the other hand, the constraint
xu(s) +d(s) € {0,1} in (TR(A)) implies that yy + d is a characteristic function of a measurable set
A, which in turn can be represented as A = U A D for the set D = U A A. Moreover, we have
ld|lz: = llxuvap — xullzr = A(D), which shows the equivalence of the trust-region constraint.

Moreover, for any feasible D and d = yyrap — yu, we distinguish the four cases whether s € D
and/or in s € U holds and obtain

/ gds = / VI e — o) ds = / VI G)dds = (Vo) d)is
D D Q

which gives the coincidence of the objective values.
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Finally, let D € 8 be given. Then

/gds=/ gds+/ gdsS/ gds.
D Dng~1((—0,0]) Dng~1((0,00)) Dng1((—c0,0])

O

Proposition A.3. Let Q be a bounded domain. LetU € B. Let A € [0,00]. Let V] € LY(Q). Then (TR(A))
admits a minimizer d with (V] (yu),d)r2 < —ﬁC(}(U).

Proof. Let g = V]J(yu)(xuc — yvu), and let D : R — B be defined as D(x) := gl}l((—oo, x)) for
x € R. Then D(x) C D(y) for all x < y, implying that || yyapx) — yuller = A(D(x)) is monotone
in x. Let d(x) = yuap(x) — xu- Then the d(x) are greedy solution candidates for (TR(A)) with
lim,—,_o ||d(x)]||1: = 0. Specifically, d(0) minimizes (TR(A)) if A = co.

Let A < oo, If ||d(0)||;1 < A, then d(0) minimizes (TR(A)). We restrict to ||d(0)|[;1 > A. Because
of the greedy construction, d(x) is optimal if ||d(x)||;1 = A for some ¥ < 0. We consider the case
where there is no such ¥ < 0. We consider x := sup{x | ||d(x)||;: < A}.Ifd is continuous at %, then
ld(x)||z1 = A, and d(x) minimizes (TR(A)). We distinguish two situations.

Situation 1. If d is only left continuous at %, then we have ||d(X)||x < A < lim, ¢ [|[d(y)|lL
Thus there exists a set A € 8B satisfying AN D(x) = 0,A ¢ D(y) forall y > x, and A(A) =
limy, £ [|d(y)|lr = |d(X)]|11. Such a set also exists if ||[d(X)||1 < A and d is neither left nor right
continuous at x.

Situation 2. If d is only right continuous at %, then we have lim ¢ [|[d(y)[|;x < A < [|d(%)]|p.
Thus there exists a set A € B satisfying A € D(x), AN D(y) = 0 forall y < %, and A(A) =
ld(%)||r = limy,| 5 ||[d(y)]l1:. Such a set also exists if A < ||d(%)||;: and d is neither left nor right
continuous at x.

Because of the monotony of ||d()||: and the fact that the limits lim 15 [|d(y)[|: and lim,, £ [[d () ||
always exist by virtue of continuity from below and above of the Lebesgue measure, this distinction is
exhaustive. Because of the mean value property of the Lebesgue measure [8, Cor. 1.12.10], there exists
B 5 B c Awith A(B) = A — ||d(%)]|: (Situation 1) or A(B) = ||d(%)[|r+ — A (Situation 2). In Situation 1
we set D = D(x) U B, and in Situation 2 we set D := D(%) \ B. In both situations, d = XUaD — XU
minimizes (TR(A)).

The greedy construction of D(x) and thus D with respect to g imply

i‘/ ds < ! ds
A 7% = g (=00, O] Sy (oo ¥

1
BRI

e >

where we have used the definition of C for the equality and that the integrand is negative for the
second inequality. Then the identity (VJ(yv), d);2 = /[) g ds yields the claimed inequality. O

APPENDIX B RELATIONSHIP BETWEEN SET-BASED AND CHARACTERISTIC FUNCTION
POINTS OF VIEW

In this appendix, we discuss the relationship of Assumption 1.1 to [10] and the corresponding Taylor
expansions.
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APPENDIX B.1 RELATION OF THE SETTING OF ASSUMPTION 1.1 TO [10]

Our setting and the assumptions cannot be compared or embedded directly into the setting of [10]
because [10] analyzes operations on sets in atomless measure spaces; see, for example, [8, Defini-
tion 1.12.7], while we restrict Algorithm 2 to functionals that operate on functions. We note, however,
that our arguments do not hinge on the particular choice of the Lebesgue-Borel measure for L' and
L? and it is still possible to find correspondences of the parts of Assumption 1.1 in [10], which we do
below.

First, we note that the L'-regularization that is used in the experiments in [10] does satisfy our
assumptions because it is linear when restricted to the feasible set of (R).

Assumption 1.1, (a) is assumed in [10, Theorem 3], which essentially shows lim inf,,_,. C(yy») = 0.
We note that the assumption is not explicitly required if Assumption 1.1, (d) holds as well because
the latter implies weak continuity of J by means of Proposition 2.1, the feasible set of (R) is weakly
compact, and continuous functions assume their minimum on compact sets.

Assumption 1.1, (b) implies Assumption 1.3 in [10]. The local first-order Taylor expansion in [10,
Theorem 1] for objective functions defined on measurable sets follows for the natural construction

Js(A) = J(xa), and J{(A)D = (J'(xa), XD\ — XDnA)L=(Q).L1(Q)

for A, D € B. We give a short proof in Proposition B.1 below.

Assumption 1.1, (c) implies the assumption (5) in Lemma 3 and the (10) in Theorem 3 in [10]. They
serve to obtain sufficient decrease in the algorithm, which is exactly the case, where it is needed
the proof of Theorem 4.4 in this work. It is also similar to Assumption 4.1 in [22], where it serves
the same purpose. It is no coincidence that assumptions of this type are required for the analysis of
descent algorithms that manipulate binary control functions in L?-norms for the following reason.
All binary control functions v satisty ||o]|z1 = ||o]| iz. Therefore, bounding the error term of the Taylor
expansion by the squared L?-norm is not sufficient to obtain a sufficient decrease condition because
the linear predicted reduction is bounded from below only by a fraction of the maximal L!-norm
of the trust-region step. Thus we cannot prove that the linear predicted reduction dominates the
remainder terms for small trust-region radii without this further assumption. Because the trust-region
subproblem does not allow fractional-valued control functions, a greedy strategy can always be used
to approximate the infimal value of the trust-region subproblem regardless of the L?-norm (p € [0, o))
that is used for the trust-region radius. Consequently, this assumption cannot be avoided by choosing
a different L?-norm for the trust-region radius.

Assumption 1.1, (d) is a compactness assumption on the derivative of the objective function, which
allows us to infer the stationarity of weak-* cluster points for (R). It is not assumed in [10], which
does neither analyze the relationship to the continuous relaxation nor show such a result. It implies
Assumption 1.4 for CIA in [20] by means of Proposition 2.1. The reason for this difference is that we
need to pass to the limit in the derivative of the objective functional in the norm when certifying
stationarity.

APPENDIX B.2 TAYLOR EXPANSION FOR SETS AND CHARACTERISTIC FUNCTIONS
Let J;, J; be given as above. We say that J is Fréchet differentiable if
Js(A a D) = Js(A) + J{(A)D + o(A(D)),

which is the assertion of [10, Theorem1]. Due to the assumed differentiability J : L}(Q) — R in
Assumption 1.1, (b), that is with respect to the L!-norm on the domain, we obtain that J; is Fréchet
differentiable below.

Proposition B.1. Js is Fréchet differentiable.
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Proof. Let A, D € B. We use the defined identity J;(A A D) = J(xaap), Taylor’s theorem for J, and the
identities A A D = (A\ D) U (D \ A),and A = (A \ D) U (A N D)—where both unions are disjoint—to
deduce

Js(A a D) =J(xa) + J (xa), xaap — xadrepr + o(ll xass — xallrr)
=J(xa) + (J (xa), xp\a — xanp)r=p1 + o(llxp\a — xanpllL1)-

We observe that || yp\a — xanpllpr = llxpllr, and || xpl[r = A(D). This implies

Js(A A D) = J(xa)+J (xa), xp\a = XanD)r= 11 + 0(A(D)).

Inserting the definitions of J;(A) and J{(A)D yields the claim. O
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OPTIMAL CONTROL OF A VISCOUS TWO-FIELD DAMAGE
MODEL WITH FATIGUE

Livia Betz

Abstract  Motivated by fatigue damage models, this paper addresses optimal control problems
governed by a non-smooth system featuring two non-differentiable mappings. This consists of a
coupling between a doubly non-smooth history-dependent evolution and an elliptic PDE. After
proving the directional differentiability of the associated solution mapping, an optimality system
which is stronger than the one obtained by classical smoothening procedures is derived. If one of
the non-differentiable mappings becomes smooth, the optimality conditions are of strong stationary
type, i.e., equivalent to the primal necessary optimality condition.
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1 INTRODUCTION

Fatigue is considered to be the main cause of mechanical failure [28, 34]. It describes the weakening of
a material due to repeated applied loads (fluctuating stresses, strains, forces, environmental factors,
temperature, etc.), which individually would be too small to cause its malfunction [1,34]. Whether in
association with environmental damage (corrosion fatigue) or elevated temperatures (creep fatigue),
fatigue failure is often an unexpected phenomenon. Unfortunately, in real situations, it is very difficult
to identify the fatigue degradation state of a material, which sometimes might result in devastating
events. Therefore, it is extremely important to find methods which allow us to describe and control
the behaviour of materials exposed to fatigue. While there are very few papers [1] (damage in elastic
materials) and [11] (cohesive fracture), concerned with a rigorous mathematical examination of models
describing fatigue damage, the literature regarding the optimal control of fatigue models is practically
nonexistent. All the existing results which include the terminology “optimal control” in the context of
fatigue damage do not address theoretical aspects nor involve mathematical tools such as optimal control
theory in Banach spaces as in the present work, but focus on design of controllers and simulations
instead, see e.g. [18,27] and the references therein.

In this paper we investigate the optimal control of the following viscous two-field gradient damage
problem with fatigue:

@(t) € argmin E(t, ¢, q(1)),
(1.1) @eHY(Q)

~958(t, 9(1), q(1)) € IgRe(H(q)(t), 4(t)) in L*(Q),  ¢(0) =0,
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a.e. in (0,T). To be more precise, we prove an optimality system that is far stronger than the one
obtained by classical smoothening techniques.

The main novelty concerning (1.1) arises from the highly non-smooth structure, which is due to
the non-differentiability of the dissipation R, in the evolution inclusion, in combination with an
additional non-smooth fatigue degradation mapping which shall be introduced below. This excludes the
application of standard adjoint techniques for the derivation of first-order necessary conditions in form
of optimality systems. Not only does the evolution in (1.1) have a highly non-smooth character, but, as
we will next see, it is also history-dependent. The fact that the differential inclusion is coupled with a
minimization problem (which can be reduced to an elliptic PDE) gives rise to additional challenges [5].

The problem describes the evolution of damage under the influence of a time-dependent load
¢ :[0,T] — HY(Q)* (control) acting on a body occupying the bounded Lipschitz domain Q ¢ RV,
N € {2,3}. The induced ’local’ and 'nonlocal’ damage are expressed in terms of the functions q :
[0,T] — L*(Q) and ¢ : [0, T] — H'(Q), respectively (states).

In (1.1), the stored energy & : [0, T] x H(Q) x L*(Q) — R is given by

(24
(1.2) £0.9.9) = TNVl gy + Dllo— 4l gy ~ (€0 0)snca,

where o > 0 is the gradient regularization and > 0 denotes the penalization parameter. Thus, the
two damage variables are connected through the penalty term f in the stored energy, so that our model
becomes a penalized version of the viscous fatigue damage model addressed in [1] (two-dimensional
case); note that, for simplicity reasons, we do not take a displacement variable into account. The type
of penalization used in (1.2) has already been proven to be successful in the context of classical damage
models (without fatigue). Firstly, it approximates the classical single-field damage model, in the sense
that, when f — oo, the penalized damage model coincides with the model addressed in [16, 21], cf. [24].
Secondly, the penalization we use is frequently employed in computational mechanics due to the
numerical benefits offered by the additional damage variable (see e.g. [13] and the references therein).
For more details, we also refer to [23, Sec. 2.1-2.2].

The differential inclusion appearing in (1.1) describes the evolution of the damage variable q under
fatigue effects. Therein, H is a so-called history operator that models how the damage experienced
by the material affects its fatigue level. Thus, as opposed to other well-known damage models, cf.
e.g. [15,16,21], the dissipation R in (1.1) is affected by the history of the evolution, H(q). The parameter
€ > 0 stands for the viscosity parameter, while the symbol d; denotes the convex subdifferential of the
functional R, in its second argument. Thus, the non-smooth differential inclusion is to be understood
as follows:

(=048(t, 9(1), q(1)), 1 = 4() () < Re(H(@)(1), 1) = Re(H (1), 4(t)) V1 € LX(Q).
The viscous dissipation R, : L*(Q) X L?(Q) — (—o0, o0] is defined as

€ . .
/f(w)n dx + ZlInllzq) iz 0aeinQ
Q

oo otherwise,

(1.3) Re(w,n) =

and features a second non-smooth component, namely the fatigue degradation mapping f. This de-
scribes in which measure the fatigue affects the fracture toughness of the material. This mapping is
non-increasing in applications, since the higher the cumulated damage #(qg), the lower the fracture
toughness f(H(q)). Whereas usually the toughness of the material is described by a fixed (nonnegative)
constant [15,16], in the present model it changes at each point in time and space, depending on H(q).
To be more precise, the value of the fracture toughness of the body at (¢, x) is given by f(H(q))(¢, x), cf.
(1.3). Hence, the model (1.1) takes into account the following crucial aspect: the occurrence of damage
is favoured in regions where fatigue accumulates.
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We underline that the dissipation R, accounts for the non-smooth nature of the evolution in the
first place: even if f is replaced by a (nonnegative) constant, the evolution in (1.1) still describes a
non-smooth process. The optimal control thereof is far away from being standard and has been recently
addressed in [5, Sec. 4], where strong stationarity for the damage model (1.1) without fatigue is proven.
By contrast, in applications which take fatigue into consideration, f : R* — R™* is constant until its
kink point is achieved, after which it monotonically decreases [2, Sec. 2.6.2]. Thus, it is the fatigue
degradation mapping f which accounts for the highly non-smooth character of our problem.

Deriving necessary optimality conditions is a challenging issue even in finite dimensions, where
a special attention is given to MPCCs (mathematical programs with complementarity constraints).
In [30] a detailed overview of various optimality conditions of different strength was introduced, see
also [20] for the infinite-dimensional case. The most rigorous stationarity concept is strong stationarity.
Roughly speaking, the strong stationarity conditions involve an optimality system, which is equivalent
to the purely primal conditions saying that the directional derivative of the reduced objective in feasible
directions is nonnegative (which is referred to as B stationarity).

While there are plenty of contributions in the field of optimal control of smooth problems, see
e.g. [37] and the references therein, fewer papers are dealing with non-smooth problems. Most of these
papers resort to regularization or relaxation techniques to smoothen the problem, see e.g. [3,17,19] and
the references therein. The optimality systems derived in this way are of intermediate strength and
are not expected to be of strong stationary type, since one always loses information when passing
to the limit in the regularization scheme. Thus, proving strong stationarity for optimal control of
non-smooth problems requires direct approaches, which employ the limited differentiability properties
of the control-to-state map. In this context, there are even less contributions. We refer to the pioneering
work [25] (strong stationarity for optimal control of elliptic VIs of obstacle type), which was followed
by other papers addressing strong stationarity of various types of VIs [7, 8,12, 26,38,39]. Regarding
strong stationarity for optimal control of non-smooth PDEs, the literature is rather scarce and the only
papers known to the author addressing this issue so far are [5,6,9,10, 22].

Let us point out the main contributions of the present work. This paper aims at deriving optimality
conditions which - regarding their strength - lie between the conditions derived by classical regu-
larization techniques and the strong stationary ones. Starting from an optimality system obtained
via smoothening, we resort to direct methods from previous works [5,22], in order to improve our
initial optimality conditions as far as we can. This approach has been employed in [5,22] to arrive at
a strong stationary optimality system. However, in the literature concerned with the derivation of
optimality conditions which are weaker than strong stationarity, the analysis ends with the passage to
the limit in the regularized system. We underline that in the present work we exploit the B-stationarity
condition to improve the limit optimality system, though, in the end, optimality conditions of strong
stationary type are not established. Indeed, in contrast to [5,22], our state system features two non-
differentiable mappings instead of one, so that the methods from the aforementioned works are of
limited applicability: Optimality conditions equivalent to the B-stationary ones are not expected in our
complex doubly non-smooth setting. If the fatigue degradation mapping is smooth, strong stationarity
conditions are available. While control problems featuring non-smooth terms both in the objective and
the state equation have been addressed in [4, 6, 36], we point out that, to the best of our knowledge,
optimization problems featuring two non-differentiable functions in the state equation have not been
tackled so far, not even in the context of classical smoothening methods.

The paper is structured as follows. After an introduction of the notation, section 2 focuses on the
analysis of our fatigue damage model (1.1). Here we address the existence and uniqueness of solutions,
by proving that (1.1) is in fact equivalent to a PDE system. This consists of an elliptic PDE and a highly
non-smooth differential ODE. The latter one is of particular interest. It features two non-differentiable
functions, namely max and the fatigue degradation function f’; the latter appears in the argument of
the initial non-smoothness, cf. (2.2a). The properties of the control-to-state operator associated to (1.1)
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are investigated. In particular, we are concerned with the directional differentiability of the solution
mapping of the non-smooth state system.

In section 3 we present the optimal control problem and investigate the existence of optimal mini-
mizers. Then, in subsection 3.1 we derive our first optimality conditions, by resorting to a classical
smoothening method. These conditions are of intermediate strength. If the non-smoothness is inactive,
they coincide with the classical KKT system. However, our first optimality system does not contain
any information in those points (¢, x) where the non-differentiable mappings max and f attain their
kink points. This is namely the focus of section 3.2, where the main result is proven in Theorem 3.15.
Here, the initial optimality system is improved by employing the "surjectivity" trick from [5,22]. The
new and final optimality conditions (3.17) are comparatively strong (but not strong stationary). They
contain information in terms of sign conditions on sets where the non-smoothness is active; these
are not expected to be obtained if one just smoothens the problem, cf. e.g. [6, Remark 3.9]. Moreover,
if the fatigue degradation function f is smooth, then (3.17) is of strong stationary type (Corollary
3.16). For completeness, the expected (not proven) strong stationarity system associated to the doubly
non-smooth state system is presented in Section 3.3. Here we include a thorough explanation as to
why the methods from [5,22] fail (Remark 3.22). Finally, we include in Appendix A the proof of Lemma
3.7, for convenience of the reader.

NOTATION

Throughout the paper, T > 0 is a fixed final time. If X and Y are linear normed spaces, then the space of

linear and bounded operators from X to Y is denoted by £(X,Y), and X ci> Y means that X is densely
embedded in Y. The dual space of X will be denoted by X*. For the dual pairing between X and X*
we write (., .)x. The closed ball in X around x € X with radius ¢ > 0 is denoted by Bx(x, a). If X is a
Hilbert space, we write (-, -)x for the associated scalar product. The following abbreviations will be
used throughout the paper:

Hy(0,T;X) == {z € H'(0,T; X) : 2(0) = 0},

H1(0,T;X) := {z € H(0,T; X) : z(T) = 0},
where X is a Banach space. The adjoint operator of a linear and continuous mapping A is denoted by
A*. By Xy we denote the characteristic function associated to the set M. Derivatives w.r.t. time (weak
derivatives of vector-valued functions) are frequently denoted by a dot. The symbol 9 stands for the
convex subdifferential, see e.g. [29]. With a little abuse of notation, the Nemytskii-operators associated
with the mappings considered in this paper will be denoted by the same symbol, even when considered

with different domains and ranges. The mapping max{-, 0} is abbreviated by max(-). With a little abuse
of notation, we use in the following the Laplace symbol for the operator A : H'(Q) — H'(Q)* defined

by
(ALY ea) = — /Q VnVydx Yy € H(Q).

2 PROPERTIES OF THE CONTROL-TO-STATE MAP

This section is concerned with the investigation of the solvability and differentiability properties of
the state system (1.1).

Assumption 2.1. For the mappings associated with fatigue in (1.1) we require the following:

1. The history operator H : L*(0, T; L*(Q)) — L(0, T; L*(Q)) satisfies

lH (q)(t) — H(g2)(D)l120) < L /0 llgi(s) = q2(s)llr2q)ds  a.e.in (0, T),
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for all g1, g, € L%(0, T; L*(2)), where L > 0 is a positive constant.
Moreover, H : L?(0, T; L2(Q)) — L%(0, T; L?(Q)) is supposed to be Gateaux-differentiable with
continuous derivative on H!(0, T; L*(Q)).

2. The non-linear function f : R — R is assumed to be Lipschitz-continuous with Lipschitz-
constant Ly > 0 and directionally differentiable.

Remark 2.2. Note that Assumption 2.1.1 is satisfied by the Volterra operator H : L?(0, T; L*(Q)) —
L2(0,T; L*(Q)), defined as

[0,T] >t — H(g)(t) := ‘/0 A(t —s)q(s)ds + qo € L*(Q),

where A € C([0, T]; L(LA(Q), L2(Q))) and gy € L*(Q). This type of operator is often employed in the
study of history-dependent evolutionary variational inequalities, see e.g. [33, Ch. 4.4].

Concerning Assumption 2.1.2, we remark that non-differentiable fatigue degradation functions are
very common in applications, since such mappings often display at least one kink point, see [2, Sec.
2.6.2]. This basically means that once the cumulated fatigue #(q) achieves a certain value, say n¢, the
body suddenly starts to become weaker in terms of its fracture toughness (so that ns is a kink point of
f). This abrupt weakening of the material is described by the monotonically decreasing mapping f on
the interval [ny, ), see [2, Sec. 2.6.2].

Assumption 2.1 is supposed to hold throughout the paper, without mentioning it every time.
It is not difficult to check that the Nemytskii operator f : L2(Q) — L?(Q) is Lipschitz continuous
with constant L. In view of Assumption 2.1.1, we thus have

(2.1) I(f o H)(q)(®) = (f o H)(g2)(D)ll12) < Ly Lﬁ/O l91(5) = g2()ll2(0) ds

a.e. in (0, T), for all g, q» € L?(0, T; L%(Q)).

Proposition 2.3 (Control-to-state map). For every £ € L*(0,T; H(Q)*), the fatigue damage problem
(1.1) admits a unique solution (q, ¢) € Hy(0,T;L*(Q)) x L*(0, T; H'(Q)), which is characterized by the
following PDE system

(2.22) (0 = = max (- (g(t) — 9(t) ~ (f o (W) Q). 4(0) =0,
(2.2b) —alo(t) + B o(t) = Bq(t) + E(t) in H(Q)*
a.e. in(0,T).

Proof. Lett € [0,T] and § : [0, T] — L%(Q) be arbitrary, but fixed. Since &(t, -, §(t)) is strictly convex,
continuous and radially unbounded (see (1.2)), the minimization problem min ¢ g1(q) E(2, -, §(t)) admits
a unique solution ¢(t) characterized by 9,E(t, ¢(t), §(t)) = 0 in H'(Q)*. In view of (1.2), this means
that

(2:3) @(t) € argmin E(1, ¢, (1)) < @(t) = $(q(2), (1)),
peHY(Q)

where ¢ : L2(Q) X H(Q)* > (g, {7) — ¢ € H'(Q) is the solution operator of

(2.4) —aAG+ P =pg+C inH(Q)".
With the map ¢ at hand, the evolution in (1.1) reads
(25) — 046(t, ¢(q(1), £(2)), q(1)) € OgRe(H(q)(1), 4(1)) ae. in (0, T).
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In the light of (1.2), (1.3), and sum rule for convex subdifferentials, (2.5) is equivalent to

R(H(q)(2), v) = R(H(g)(2), 4(1)) + € (4(t). v = 4())12(0)

(26) > ,B(gi)(q(t), (1)) —q(t),v - q(t))Lz(Q) Vo e L*Q), ae. in(0,T),
where
(2.) R : 12(Q) X [X(Q) > R, R(w.1) = {fQ flw)y dx, ifn> O.a.e. in Q,

00 otherwise.

Now we use the result in [5, Lemma 3.3] for each time point ¢ and we see that (2.6) is in fact equivalent
with

(9) 4(6) = (0= Po,regu0) (9(a(0, (1) ace.in (0,7),
where we abbreviate for convenience
(2.9) 9(q(2), £()) == B(p(q(t), €(2)) — q(2)).

In (2.8), Pa, R(#(g)(1).0) * L*(Q) — L*(Q) stands for the (metric) projection onto the set d3R(H(q)(t), 0),
ie., Po,R(#(q)(1),0)1 1s the unique solution of

. 2
ueaqﬂr?ﬁ?qxn,m”” #llzz(o)

for any n € L?(Q). In order to compute 04R(H(q)(t),0), we use the definition of the convex subdiffer-
ential and the fact that R(H(q)(t), 0) = 0, from which we deduce

IgR(H(q)(1),0) = {1 € L(Q)] (1, V)20 < R(H(g)(1),v) Vv € LAQ)}.
Now, in view of (2.7) combined with the fundamental lemma of the calculus of variations we have
R(H(G)(1), 0) = {1 € Q)| p < fH(@)(D)) ae. in Q).
This means that Py, g(#(g)(1),0)(n) = min{n, f(H(q)(¢))} and since

n —min{n, f(H(q)(1))} = max{n - f(H(q)(t)), 0},
we can finally write (2.8) as
(2.10) q(t) = émax{g(CI(t),f(t)) - f(H(g)(1)),0} ae. in(0,T).

To summarize, we have shown that the evolution in (2.5) is equivalent to (2.10).
To solve (2.10), we apply a fixed-point argument. For this, we take a look at the mapping L(0, t; L*(Q)) 3
n+— G(n) € HY(0,t; L*(Q)), given by

G(n)(z) := /0 max(g(n(s), £(s)) — (f o H)(n)(s)) ds ¥ €[0,1],

where t € (0,T] is to be determined so that G : L%(0, t; L?(Q)) — L?(0, t; L%(Q)) is a contraction. For
all g1, g2 € L(0, t; L3(Q)) the following estimate is true

16(q)(7) = G(g2)(Dl2(0) < /0 19(q1(s), £(s)) = g(qa(s), £(s))lr2() ds

T
+/HU”M®®—U”M@®M@%
0
(2.11) T T ps
SC/IM@—%wmmMHlﬂw/./HMO—%@MWMQB
0 0 0
< ct'?)lq1 = qallrzo, 12 + tLr Ladllar — q2llo, rizoy)
< (et + Ly Ly ) lg — allieqo,rrziy  forallz € [0, ¢],
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where ¢ > 0 is a positive constant. Here we used the fact that max : L?(Q) — L%(Q) is Lipschitzian
with constant 1, the definition of g (see (2.9)) combined with the boundedness of ¢, and the estimate
(2.1). From (2.11) we deduce

(2.12) 1G(q1) — G(@2)ll2(0. 12y < (¢t + Lr Lye t*)lq1 — qallzqo. rrza)s

which allows us to conclude that %Q is a contraction for a small enough ¢. Thus, the PDE (2.10)
restricted on (0, t) admits a unique solution in H}(0,t; L*(Q))(see e.g. [14, Thm. 7.2.3]). Now, the
unique solvability of (2.10) on the whole interval (0, T) and the desired regularity of ¢ follow by a
concatenation argument.

Finally, we recall that ¢(-) = #(q(-), £(-)), cf. (2.3) and we deduce from (2.4) that ¢ € L%(0, T; H(Q)).
To summarize, we obtained that (1.1) admits a unique solution (g, ¢) € H,(0, T; L*(Q)) x L*(0, T; H'(Q)),
which, owing to (2.3) and (2.10), is characterized by (2.2). O

Lemma 2.4. The solution map associated to (1.1)
S: L*(0,T; HY(Q)) 3 £+ (g, ¢) € Hy(0, T; L*(Q)) x L*(0, T; H(Q))
is Lipschitz continuous.

Proof. Let 1, €, € L?(0, T; H(Q)*) be arbitrary, but fixed. In the following, we abbreviate (g;, ¢;) :=
S(¢;) and g(qi(+), €i(+)) == B(d(qi(-), €i(+)) — qi(+)), i = 1,2, where ¢ is the solution operator of (2.4) . In

view of Proposition 2.3 combined with (2.1), we obtain

(g1 = g2)(®)l12() < % /0 llg(q1(s), €1(5)) — 9(g2(s), La(s))lL2(q) ds
+ 2 [ oM@ = (F o HY@O o) ds
<c /0 llgi(s) — CI2(3)||L2(Q) + ||t1(s) = fz(s)HHl(Q)* ds

+ 2Ly L / / 10(0) = 2Ol d¢ ds ¥t € [0,T],

where ¢ > 0 is a constant dependent only on the given data. Then, applying Gronwall’s inequality
leads to

t
(g1 - g (Ol < ¢ f 16(s) - £l ds V1 € [0,T],
0

where ¢ > 0 is a constant dependent only on the given data. By employing again (2.2a) and by
estimating as above without integrating over time, we obtain

(2.13) llg: — CI2||H1(0,T;L2(Q)) <cllt - 52||L2(o, T:HY(Q)*)»

where ¢ > 0 is another constant dependent only on the given data. Now, the desired result follows
from ¢; = ¢(qi, €;), i = 1,2, ¢ € LLA(Q) x H(Q)*, H(Q)) and (2.13). O

Lemma 2.5. The mapping (f o H) : L*(0, T; L*(Q)) — L*(0, T; L*(Q)) is Hadamard directionally differ-
entiable with

(214) (f o H)'(5:8m) = f(H(p); H'()(Sm)) ¥ n.6n € L*(0, T; LA(Q)).
Moreover, for all n, 511, 81, € L*(0, T; L*(Q)), it holds

(2.15) 1(f o H)'(:6m1)(8) = (f o H)'(n: 6n2)(D)liz() < Lf L(H/0 16m1(s) = dn2(s)ll2(q) ds

a.e in(0,T).
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Proof. In view of the differentiability properties of H and f, the mapping (f o H) : L%(0, T; L*(Q)) —
L%(0,T; L*(Q)) is Hadamard directionally differentiable [31, Def. 3.1.1, Lem. 3.1.2(b)]. To see this, we
first note that f : L%(0, T; L*(Q)) — L?(0, T; L*(Q2)) is Hadamard directionally differentiable, since it
is directionally differentiable (by Assumption 2.1.2 and Lebesgue’s dominated convergence theorem,
see e.g. [35, Lemma A.1]) and Lipschitz-continuous. In view of Assumption 2.1.1, chain rule [32, Prop.
3.6(1)] implies that (f o H) is Hadamard directionally differentiable as well, with directional derivative
given by (2.14). To prove (2.15), we observe that, as a consequence of (2.1), we have

2P o O + e000(0) = (F 0 H)n-+ 20m) Oy < Ly Lo | 10m(5) = OmaOlzo ds

a.e. in (0, T), for all , 511, 812 € L?(0,T; L3(Q)) and all 7 > 0. Passing to the limit 7 \, 0, where one
uses the directional differentiability of f o H and the fact that convergence in L?(0, T; L*(Q)) implies
a.e. convergence in L?(Q) for a subsequence, then yields the desired estimate. O

Proposition 2.6 (Directional differentiability). The operator S : L*(0, T; H(Q)*) — H}(0,T; L*(Q)) x
L%(0,T; H(Q)) is directionally differentiable. Its directional derivative (5q, 5¢) := S’(£;5€) at point € €
L2(0, T; H(Q)*) in direction 5¢ € L*(0, T; H'(Q)*) is the unique solution of

(216a)  6q(t) = émax'(z(t); —p(8q(t) = 9(1) = f'(H(q); H'(9)(89)(1)) in L*(Q), 5q(0) =0,
(2.16b) —aASo(t) + B So(t) = Boq(t) + 56(t)  in H(Q)*

a.e. in (0, T), where we abbreviate z(t) := —p(q(t) — ¢(t)) — (f o H)(q)(¢).

Proof. We start by examining the solvability of (2.16). To this end, we just check that the mapping
L%(0,;L*(Q)) o n — G(n) € HY(0,t; L*(Q)), given by

Gn)(z) = /0 max’(z(s); =B(n(s) — $(n(s), 8(s)) = f'(H(q); H'(q)(m))(s)) ds

for all ¢ € [0,t], is Lipschitzian from L?(0, t; L>(Q)) to L?(0, t; L?(Q)) with constant smaller than e,
for t € (0,T] small enough. Then, by using the arguments employed at the end of the proof of
Proposition 2.3, we can deduce that, for any §¢ € L2(0,T; H(Q)*), (2.16) admits a unique solution
(8¢, 8¢) € Hy(0,T; L*(Q)) X L*(0, T; H'(Q)). For all ny, 52 € L(0, t; L*(Q)) the following estimate is true

161 (r) = Gn) (Ol < / 1g(71(5). 86(5)) — g(2(5). 5Lz (cy d
+ / LF/(H (@) H (@ n)(s) — F(H(@: H (g 1)) S)llzcey ds
<c /0 172(5) = 72y ds + Ly Ly /0 /0 17O = 72Ol 42 ds

< ct"2|lm = nallieo, sy + tLr Ladim — nallio, rzza)

< (et + Le Lt ) = malliego a2y forall 7 € [0,2],

where ¢ > 0 is a positive constant; note that here we abbreviated again g(#;(-), 5¢(-)) := p(¢(n:(-), 6€(-))—
n:i(+)), i = 1,2. Here we used the fact that max’(z(s), -) : L*(Q) — L?(Q) is Lipschitzian with constant
1, the boundedness of ¢ (see (2.4)), and (2.15) in combination with (2.14). Then, we obtain an estimate
similar to (2.12) which allows us to conclude the fact that % é is a contraction.

Next we focus on the convergence of the difference quotients associated with the mapping S. We
begin by observing that the operator max : L%(0, T; L(Q)) — L?(0, T; L*(Q2)) is Hadamard directionally
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differentiable [31, Def. 3.1.1, Lem. 3.1.2(b)], since it is directionally differentiable (by Lebesgue’s dominated
convergence theorem, see e.g. [35, Lem. A.1]) and Lipschitz-continuous. Moreover,

G:(n,9) = =pn = p(n, ) = (f o H)(n)

is directionally differentiable from L?(0, T; L*(Q)) X L?(0, T; H'(Q)*) to L?(0, T; L*(Q)), since ¢ is linear
and bounded between these spaces (cf. (2.4)) and as a result of Lemma 2.5. Now chain rule [32, Prop.
3.6(i)] implies that

F :=maxoG

is (Hadamard) directionally differentiable from L%(0, T; L2(Q)) x L?(0, T; HY(Q)*) to L?(0, T; L*(Q)) with
7' (g, 0); (8¢, 8¢)) = max’(G(q, €); G'((g, €); (6¢, 60)))

for all (g, ), (6q, 5¢) € L?(0,T; L*(Q)) x L*(0, T; HY(Q)*). For simplicity, in the following we abbreviate
q° = S1(€ + 7 8¢), where 7 > 0 is arbitrary, but fixed. S; denotes the first component of the map S, i.e.,
S1: L*(0, T; H(Q)*) — H,(0, T; L*(Q)) is the solution map associated with (2.10). By combining the
equations for ¢°, g and (2.16), we obtain

i(qr —4q_ 5q) _F@l+180)-F(q. ) _ 7' ((g,£); (8¢, 80)) a.e.in (0, T),
(2.17) dt 4

(qu—q —5q)(0) =0.

This implies

T

(= -s9)0),.,
< /t F (g7 £ +780)(s) - F((q.0) + 7(59, 50) (s)
0

T

N H F((q. ) + (3¢, 80))(s) - F(gq. O)(s) F

L2(Q)

£); (6q, 8¢ d
- (4 0354, 30)5) |, , 45
2.18
( ) =:A7(s)
"I1G(qT, €+ 160)(s) — G((g, ) + 7(5g, 6))(s)
S/ . ) @) ds + |Azlzxo, £:02(02))
0
t T t S T
9 —q -9 _
se [N -00) e trn [ [ (T - s0)0)) .

+ 1Az Lo, 1:22(02)) Vitel[o,T],

where ¢ > 0 is the positive constant appearing in (2.11). In (2.18) we used again the Lipschitz continuity
of max : L?(Q) — L?(Q), the boundedness of ¢ (cf. (2.3) and (2.4)), and the estimate (2.1). Applying
Gronwall’s inequality in (2.18) yields

< CllAzllpyo, 75r20)) Vte[o,T],

(219) ||(Q B 5q)(t) L2Q)

where C > 0 is a constant dependent only on the given data. Now, (2.17) and estimating as in (2.18), in
combination with (2.19), leads to

9" —q =
T0 g Claarme Veso
. o0, 722000 lAzllL20, 102 YT

(2.20)
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where C > 0 is a constant dependent only on the given data. On the other hand, we recall the definition
of A, in (2.18) and the fact that  is directionally differentiable from L2(0, T; L?(Q)) x L2(0, T; H{(Q)*)
to L?(0, T; L*(Q)), which implies

lAzllz20, :22(0)) = 0 as7 ™\ 0.

In view of (2.20), we have shown that S; : L?(0, T; HY(Q)*) — H(0, T; L?(Q) is directionally differen-
tiable with S/(¢; 6¢) = &q. Further, from (2.3) we have S,(€) = ¢(S1(¢), ¢) for all £ € L*(0, T; H(Q)"),
where S, is the second component of the operator S, i.e.,S; : L2(0, T; H(Q)*) 3 € — ¢ € L*(0, T; H(Q)).
Thus, S, is directionally differentiable as well, since ¢ € L(L*(Q) x H(Q)*; H(Q)) and S; is direction-
ally differentiable. Its directional derivative S;(£; §¢) is given by ¢(S;(¢; 80), 80), i.e., S;(€; ) = S, see
(2.16). The proof is now complete. O

3 THE OPTIMAL CONTROL PROBLEM

Now, we turn our attention to the optimal control of the fatigue damage model (1.1). In the remainder
of the paper, we are concerned with the examination of the following optimal control problem

i b b g
cernig gy @00
s.t. (g, ) solves (1.1) with r.h.s. £.

In view of Proposition 2.3, this can also be formulated as

i b b f
o B L
s.t. (g, ) solves (2.2) with rh.s. €.

Assumption 3.1. The functional J satisfies

. 1
J(q.0.0 = (@ 0) + S 1llzpo, 7120
where j : L2(0,T; L*(Q)) x L2(0, T; H{(Q)) — R is continuously Fréchet-differentiable.
Note that Assumption 3.1 is satisfied by classical objectives of tracking type such as
1 K 1
]€x(q’ (P’ f) = 5 ||q - Qd||1%2(0,T;L2(Q)) + EH(P”?’Z(O,T;HI(Q)) + Ellflllz'{l(o’T;LZ(Q))a

where g4 € L?(0,T; L*(Q)) and k > 0.

Proposition 3.2 (Existence of optimal solutions for (P)). The optimal control problem (P) admits at least
one solution in H'(0, T; L*(Q)).

Proof. The assertion follows by standard arguments which rely on the direct method of the calculus of
variations combined with the radial unboundedness of the reduced objective

H'(0,T;LA(Q)) 3 € = J(S(£),£) € R,
the Lipschitz continuity of S on L2(0, T; H{(Q)*) (Lemma 2.4), the compact embedding
H'(0,T; L*(Q)) < L*(0, T: H(Q)")

and the continuity of j from Assumption 3.1. O
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3.1 REGULARIZATION AND PASSAGE TO THE LIMIT

In this section, we are concerned with the derivation of a first optimality system for local optima of
(P). Based thereon, we shall improve our optimality conditions in the next section.

To obtain a first strong optimality system, see (3.5) below, we need the following rather non-restrictive
assumption:

Assumption 3.3. In addition to Assumption 2.1, we require that the mappings associated with fatigue
in (1.1) satisfy:

1. The history operator H : L*(0, T; L*(Q)) — L?(0, T; L®(RQ)) fulfills
t
1H (q1)(®) = H(g)(OllL=@) < Ly / llg1(s) = q2($)llz=() ds  a.e.in (0, 7),
0

for all g, q; € L2(0,T; L*(Q)), where Eq{ > 0 is a positive constant.

2. The non-differentiable function f : R — R is assumed to have one non-smooth point ny.
Moreover, f is assumed to be continuously differentiable on R \ {ns}.

Remark 3.4. Similarly to Remark 2.2, we observe that Assumption 3.3.1 is satisfied by classical Volterra
operators which are employed in the study of history-dependent evolutionary variational inequalities,
ie, H : L?(0,T; L~(Q)) — L*(0,T;L™(Q))

[0,T] >t — H(g)(t) := /0 A(t —s)q(s)ds + qo € L™(Q),

where A € C([0, T]; L(L®(Q), L*(Q))) and gy € L*(Q).

We underline that Assumption 3.3.2 is very reasonable from the point of view of applications,
since fatigue degradation functions have at most two kink points in practice [2, Sec. 2.6.2]; moreover,
such mappings are always piecewise continuously differentiable. Our mathematical analysis can be
carried on in an analogous way if f has a countable number of non-smooth points; since this is rather
uncommon in applications and for the sake of a better overview, we stick to the setting where f has a
single non-differentiable point.

In the rest of the paper, we will tacitly assume that, in addition to Assumptions 2.1 and 3.1, Assumption
3.3 is always fulfilled, without mentioning it every time.

Definition 3.5 (Regularization of f). For every ¢ > 0, the differentiable function f, : R — R is defined
as

fe(v) == [ f(v—es)y(s)ds,

where y € CZ(R), ¢ > 0, suppy C [-1,1] and /_O:O Y(s)ds = 1.

Lemma 3.6 (Properties of f;). The following assertions are true:

1. There exists a constant C > 0, independent of €, such that

|fe(v) = f(0)] <Ce YoveR, Ve>0.

2. Foreverye > 0, f. is Lipschitz continuous. Its Lipschitz constant is given by Ly > 0, and it is thus
independent of e.

3. For every 6 > 0 and every K > |ng| + &, the sequence {f,} converges uniformly towards " on
[-K,np = 58]V [ng +6,K] ase ™\, 0.
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Proof. The first two statements are an immediate consequence of the Lipschitz continuity of f. Note
that f. = Y. x f, where ¢.(-) = /(- /¢)/e. Then, the third statement is a consequence of the fact that f’
is continuous on [-K, ng — 8] U [nf + 6, K] in combination with the fact that f = . x f”. O

For an arbitrary local minimizer £ of (P), consider the following regularization, also known as
"adapted penalization", see e.g. [4]:

. 1 512
t’eHl(Ig}gle(Q)) ](q, @, 5) + Ellf - gHHl(O’T;LZ(Q))
1 .
®.) st (1) = - max (~Ba() - (0) - (f e Hg)HD) in 1),
q(0) =0,
—alo(t) + Bo(t) = fq(t) + £(t) in H(Q)*, a.e.in(0,T),
where
0, x <0,
max,:R — R, max,(x):= %xz, x € (0,¢),
x—£%, x>e.

Lemma 3.7. For each local optimum € of (P) there exists a sequence of local minimizers {{.} of (P.) such
that

(3.1) e — € inHY0,T;L4(Q)) ase \,0.
Moreover,
(3.2) Se(€:) — S(6)  in Hy(0, T; L*(Q)) x L*(0, T; H(Q)) ase \, 0,

where S, : L*(0, T; H(Q)*) 3 € + (q., ¢.) € Hy(0,T;L*(Q)) x L*(0,T; H(Q)) is the control-to-state
map associated to the state equation in (P,).

Proof. see Appendix A. O

The next result is essential for the solvability of the first adjoint equation in (3.5).
Lemma 3.8. For all n, 1 € L?(0, T; L*(Q)) it holds

T
(3-3) I[(fe o H)' MI*(6mOllr2(0) SifL(H‘/t I6n(s)llz2)ds  ae. in(0,T),

where [(f: o H) (n)]* : L*(0, T; L3(Q)) — L*(0, T; L*(Q)) stands for the adjoint operator of (f: o H)'(n).

Proof. Let ¢y € L*(0,T; L*(Q)) be arbitrary, but fixed. By virtue of (2.15) (applied for f; instead of f),
we have

([(fe o H)' MI*Gn), )20, 112(0)) = (fe © H)' (), 1) 1200, 1512(0))
T T
< /0 Ly LW/O X0, )N ()2 () ds (16n()l2(q) dt

T T
Ll / / X0, OUSn) 120 ds YDl gz d
0 0

T T
=L¢ LW/ / 16n(s)llz2(@) ds 1Y (D)llr2(q) dt.
o Ji
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Note that in the first identity we made use of Fubini’s theorem. Now, testing with ¢ := vp, where
v € LX(Q) and p € L*(0,T), p > 0, are arbitrary, but fixed yields

T
/0 ([(fe o HY (MT* (E)(1), v)12()p(t) dt

T T
szfm(/ /'wmcmmmdﬂwmammwdn
0 t

Applying the fundamental lemma of the calculus of variations then gives in turn

T
([(fe o HY' M]I* Em)(8), 0) 120 < Ly Lw/t 16n()lLz(0) ds llvllrzq)

a.e.in (0, T). Since v € L?(Q) was arbitrary, the proof is now complete. O

To show that the relations in (3.12) below are valid, we need to prove that the convergence in (3.2) is
true in L*(0, T; L*(Q)) as well. This is confirmed by the following

Lemma 3.9. Let {{.} be the sequence of local minimizers from Lemma 3.7 associated to a local optimum

¢ of (P). Then,
(3.4) Se(€) = S(€) in L0, T;L(Q)) X L¥(0, T; LO(Q))  ase \ 0.

Proof. Let us first show that (g, ¢) belongs to L*(0,T; L*(Q)) x L®(0, T; L*(Q)). The assertion for
(ge» @¢) follows in a completely analogous way. By taking a look at (2.2), we see that, since £ €
L0, T; L*(Q)), the mapping ¢ belongs to the space L®(0, T; L*(Q)); this follows by the so-called
Stampacchia method, cf. e.g. [37, Chp. 7.2.2]. Then, by arguing as in the proof of Proposition 2.3, where
one employs Assumption 3.3.1, one obtains that § € H*(0, T; L*(Q)) C L*(0, T; L*(Q)). Now, to show
the convergence (3.4), we subtract the equation associated to g (see (2.2a)) from the one associated to
g (see (A.1a)). By using the fact that | max .(x) — max(x)| < ¢ Y x € R, and by relying on the Lipschitz
continuity of max and f, as well as Lemma 3.6.1, we arrive at

2et ¢ t
n@f@wmw@s—;+;/u%w—ammmww%w—ammmms
0

L t
+ 7 / 1H(ge)(s) = H(G)($)llL=(q) ds

2¢t
< —+—/ l1ge(s) = G(s)ll=(@) + 1€e(s) = ()l 2(q) ds

L
f“//ﬂmaqmm@@mvwmﬂ

where ¢ > 0 is a constant dependent only on the given data; note that in the last inequality we used
Assumption 3.3.1. Then, applying Gronwall’s inequality leads to

|mg@wm@<dﬁh—/nu@fmmmﬁ vieloTl,

where ¢ > 0 is a constant dependent only on the given data. By employing (3.1), we can finally deduce
that ¢, — ¢ in L*(0, T; L*(Q)). In view of (2.2b), the proof is now complete. O

We are now in the position to state the main result of this subsection.
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Proposition 3.10. Suppose that Assumptions 3.1 and 3.3 are fulfilled. Let { be a local optimum of (P) with
associated state (G, §) € Hy(0,T; L*(Q)) X L*(0, T; H(Q)). Then there exist adjoint states

& € H1(0,T; L*(Q)) and w € L*(0,T; H'(Q))

and multipliers A € L=(0,T; L*(Q)) and u € L=(0, T; L*(Q)) such that the following optimality system
is satisfied

(3.52) =& = B(w=2) + H'(@* (1) = 04i(q. §) inL*(0,T;LX(Q)), &(T) =0,
(3.5b) —alAw + B(w—2A) = 8,j(G, ) inL*(0,T; H(Q)"),

(3.5¢) Alt,x) = é)({bo}(t, x)é(t,x) a.e wherez(t,x) # 0,

(3.5d) p(t,x) = f'(H(@)(t, x)A(t,x) a.e. where H(G)(t,x) # ny,
(356) (W, 6€)L2(0,T;L2(Q)) + (E, 5[)H1(0,T;L2(Q)) =0 Véle HI(O, T; LZ(Q)),

where we abbreviate z := —(G — @) — (f o H)(Q).

Proof. Let {{.} be the sequence of local minimizers from Lemma 3.7. Since ¢, is locally optimal for
(P.) and on account of the differentiability properties of S, cf. Appendix 4, and ], see Assumption 3.1,
we can write down the necessary optimality condition

(36) J S ENSUEINEO) + (Ees SO 11260 + (€ = €800 117000 = 0
for all 5¢ € H'(0, T; L*(Q)). Now, let us consider the system
(1) = Bwelt)- 7 max e (0)E ()
+H (g (£ H@ (- max /o)) 1) = 9IS, ET) =0,

(57 —aowg (1) + Blowe(8) = = max (2o EDEAD) = DS EN)D

(3.72)

a.e. in (0, T), where we abbreviate z, := —f(q. — @) — (fe © H)(qe) and (qe, @¢) := Se(€e). In (3.72),
H'(qe)* : L*(0,T; L*(Q)) — L?(0,T; L?(Q)) stands for the adjoint operator of H’(q;).

By arguments inspired e.g. from the proof of [35, Lem. 5.7] in combination with the estimate (3.3),
one obtains that (3.7) admits a unique solution (¢, w,) € H.(0, T; L*(Q)) x L*(0, T; H'(Q)). Let us go a
little more into detail concerning the solvability of (3.7a). In this context one checks if the mapping
L2(0,t; L%(Q)) 2 n — G(n) € HY0,t; L*(Q)), given by

G = [ BT =s.n(6) = L max T = 9)n(s)

— H ()" (@) (2 max (T = 9) (T =) + (LT - 5) ds

=[(froHy (qo)* (L max /(z:)(n(T—))

for all 7 € [0, t], is Lipschitzian from L%(0, t; L*(Q)) to L(0, t; L*(Q2)) with constant smaller than 1, for
t € (0, T] small enough; here w,(t, v) denotes the solution of

et (1,0) + Bwelt,0) = = max (2 (D)) = ]S (0))0)
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for t € [0,T] and v € L*(Q2). We observe that, for all 5,7, € L?(0, t; L*(Q)), the following estimate is
true

16 — GOl < ¢ /0 1m(s) = 1205120y ds
T T
+ /0 frLy /T = 1T = Ol 4 ds

T S
< e Iny — nallro.srioy + Ly L / / 171 = 12)(Ollizcen dE d
0 0
< (et + if Loy f3/2)||’71 = n2llr2, 1120y  forall 7 € [0,1],

where in the first inequality we used the global Lipschitz-continuity of max, with constant 1 and (3.3);
now the reader is referred to the first part of the proof of Proposition 2.6 where the exact type of
estimate was established in order to obtain that n = G(n) admits a solution in Hy(0, T; L*(Q)); finally,
a transformation of the variables yields that (¢,, w,) := (n(T — -), w(t, n(T — -)) is the solution of the
adjoint system (3.7).

Testing (3.7) with S.(¢,)(6¢) and (a.2) with (&, w,) yields

(We, 5£)L2(0,T;L2(Q)) = jl(SE (Le ))(Sé(ff)(éf)),
which inserted in (3.6) gives
(3.8) (We, 80) 120, 7.12(02)) + (Les O (0. 1.12(0)) + (Ce = €, 80) (0, 7.12(02)) = O
for all 5¢ € HY(0, T; L*(Q)). Further, we observe that

(3-9a) 0gi(Se(€e)) — gj(S(0)) in L*(0,T; L*(Q)),
(3-9b) 0pJ(Se(Le)) — 3,pj(S(0)) in L*(0,T; HI(Q)"),

in the light of (3.2) combined with the continuous Fréchet-differentiability of J (Assumption 3.1).
Next we focus on proving uniform bounds for the regularized adjoint states. By employing again a
transformation of the variables where this time we abbreviate &, := &,(T — -) and by relying again on
the global Lipschitz-continuity of max, and (3.3), we obtain from (3.72)

[IAGIFINES / 1B (welT = 5, () = = max " (zo(T = )E(s)) 120 ds
+ /O I © Y @1 (= mave  ET = DT = 9l ds
b [ 10T = Sl
0
< /0 ¢ (1€ llz2(e) + 19pI(Se(LONT = )l ds

t T
+ / ErLy /T 1ET = Dz dC ds
0 —s

=J NECD 2 d¢
t
v f 10gJ (ST = S)ll2ey ds V' € [0.T].
0

Now, Gronwall’s inequality gives in turn

T-t
18e@lr2q) < ?/0 1007 (Se(C)NT = )@y + 19g7(Se(CNT = )12 ds
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for all t € [0, T]. Thus, by relying on (3.9a)-(3.9b) and by estimating again as above in (3.7a), this time
without integrating, one obtains that there exists a constant, independent of ¢, such that

l€elleno, 7:12() < c-
As a consequence,
Ae = émax ¢ (ze)&e
and
He = fUH(@e

are uniformly bounded in L*(0, T; L*(Q)) (recall that max, and f; are globally Lipschitz continuous
with constants independent of ¢). From (3.7b) we can further deduce that there exists a constant ¢ > 0,
independent of ¢, such that ||we|| 2, 1,m1(q)) < ¢, Where we use again (3.9b). Therefore, we can extract
weakly convergent subsequences (denoted by the same symbol) so that

w, = w inL*0,T; H(Q)), & — & inHY0,T;L*(Q)),

(3.10) ) . e 2
Ae =" A, g =" p inL%(0,T;L*(Q)) ase — 0.

Owing to (3.10), (3.9a), (3.9b) and (3.1), we can pass to the limit in (3.7)-(3.8). This results in

(3-112) —& = Blw—=2) + H'(@*p = 94j(q.9) in L*(0,T;L*(Q)), &(T) =0,
(3.11b) —aAw + B(w— 1) = 8,j(G, @) in L*(0, T; H'(Q)"),
(3.11¢) (w, 80) 1200, 712(0)) + (6 8O) o, 15120 = 0 ¥8C € HY(0, T; L*(Q)),

where for the passage to the limit in (3.7a) we also relied on the continuity of the derivative of H (see
Assumption 2.1.1) combined with (3.2).
Now, it remains to prove that (3.5¢)-(3.5d) is true. To this end, we show that, for each § > 0, we have

1

(3.12a) A= -max'(2)¢ ae.in Ms,
€

(3.12b) p=f'(H@)A ae. inMs,

where we abbreviate My := {(t,x) : |2(¢t,x)| = 8}, 2 := —f(G — @) — (f o H)(g), and Mg = {(t,x) :

|H(@)(t,x) — n¢| = 6}
We begin by observing that

IH(g:)(®) = H@Ollr=() < Laellge = Gl i) ae in(0,T),
in light of Assumption 3.3.1. Thus, as a consequence of (3.4), we have
(3.13) H(ge) = H(g) inL™(0,T;L7(Q)),

which then implies
ze >z inL¥((0,T) x Q),

by the Lipschitz continuity of f and Lemma 3.6.1. This means that |z.(¢,x)| > §/2 fa.a.(¢,x) € Ms for
¢ small enough, independent of (¢, x). In view of the definition of max . we have

max .’ (z.(-)) = max’(z(-)) a.e.in Mg

for e < §/2. The definition of A, and (3.10) now yield (3.12a). To show (3.12b), we proceed in a similar way.
Thanks to (3.13), there exists an ¢ small enough, independent of (¢, x), so that |H(q.)(t,x) —ng| 2 5/2
faa.(t,x) € ]\715. Lemma 3.6.3 applied for §/2 and

K := max{[|H(Q)l.=(0,1)x0) [nfl} +
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then gives in turn the convergence

FLUH(ge) - f/(H(ge) — 0 in L®(Ms).

Note that, in light of (3.13), it holds [|H(g¢)llz=(0,T)x0) < IH (D lz=(0, 7)xq) + I < K, for € > 0 small
enough. Since f” is continuous on [-K, ng — §/2] U [nf + 6/2, K], by Assumption 3.3.2, we deduce in
view of (3.13), Assumption 2.1.2 and Lebesgue dominated convergence that

f(H@e) = f'(H(@) — 0 in LA(My).
Finally, the convergence of {A.} from (3.10) along with the definition of s, yield that
pe = p=f(H@A inL'(My),

i.e., (3.12b). Since § > 0 was arbitrary and since 5U Mg = {(t,x) : zZ(t,x) # 0} and 5U Mg = {(t,x) :
>0 >0

H(q)(t,x) # nr} (up to a set of measure zero), the proof is now complete. O
Remark 3.11. Some remarks concerning (3.5) are in order:

o IfZ(t, x) # 0 andif H(g)(¢, x) # nr a.e.in (0, T)xQ, then the optimality system in Proposition 3.10
coincides with the very same optimality conditions which one obtains when directly applying
the KKT-theory to (P), cf. [37]. Moreover, we observe that (3.5) does not contain any information
as to what happens in those (¢, x) for which z(¢, x) and H(§)(t, x) are non-smooth points of the
mappings max and f, respectively. This is the focus of the next section, where the optimality
conditions from Proposition 3.10 shall be improved.

« Indeed, (3.5) is not the best optimality system one could obtain via regularization. Such a system
should also contain the relations

(3.14a) At,x) € 26 max(0)&(t,x) a.e. where z(t,x) = 0,
(3.14b) p(t,x) € df (np)A(t,x) a.e. where H(q)(t,x) = n.

We acknowledge the results [36, Thm. 2.4], [6, Prop. 2.17], [9, Thm. 4.4], where the respective limit
optimality systems, though not strong stationary, include such relations between multipliers
and adjoint states on the sets where the non-smoothness is active. We cannot expect this to
happen in the present paper; by contrast to the aforementioned contributions, our adjoint state
& € HY(0,T; L*(Q)) converges weakly in a space which is not compactly embedded in a Lebesgue
space. Although we are able to show

max .'(Z.(-)) =" y € d max(z(+)) in L7((0,T) x Q),

this does not help us conclude (3.14), in view of the lack of space regularity of the adjoint state.

3.2 TOWARDS STRONG STATIONARITY

In this section, we aim to derive a stronger optimality system than (3.5). To this end, we will employ
arguments from previous works [5, 22], which are entirely based on the limited differentiability
properties of the non-smooth mappings involved. We begin by stating the first order necessary
optimality conditions in primal form.

Lemma 3.12 (B-stationarity). If £ € HY(0, T; L?(Q)) is locally optimal for (P), then there holds

(3.15) J(S@)S'(8:86) + (L, 60 mo.ra2cy = 0 ¥ 8€ € HY(0, T; L3(Q)).
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Proof. As a result of Proposition 2.6 and Assumption 3.1 we have that the composite mapping
HY0,T;L*(Q)) > £ — J(S(£),¢) € R

is (Hadamard) directionally differentiable [31, Def. 3.1.1] at £ in any direction §¢ with directional
derivative (9((1,@](5({7), 0)S'(€;5¢) + 8, J(S(€), £)5¢; see [31, Lem. 3.1.2(b)] and [32, Prop. 3.6(i)]. The

result then follows immediately from the local optimality of £ and Assumption 3.1. O
In order to improve the optimality conditions from the previous section 3.1, we make use of the
following very natural requirement:

Assumption 3.13. The history operator H satisfies the monotonicity condition
H(q) = H(gz) YV qr.q2 € L*(0,T; L*(Q)) with g1 > ga.

Remark 3.14. It is self-evident that the cumulated damage H(q) (fatigue level of the material) increases
as the damage q increases. Hence, the condition in Assumption 3.13 is always satisfied in applications.
As an immediate consequence of Assumption 3.13, we have

H(g+tn)—H(q) >0

T

(3.16) H'(q)(n) = }1&5 a.e.in (0,T) X Q

for all g, € L?(0,T; L*(Q)) with n > 0 a.e.in (0,T) X Q.
The main result of this section reads as follows.

Theorem 3.15. Suppose that Assumptions 3.1, 3.3, and 3.13 are fulfilled. Let £ € H'(0, T; L*(Q)) be locally
optimal for (P) with associated states

g € Hy(0,T;L*(Q)) and ¢ € L*(0,T; H\(Q)).
Then, there exist adjoint states
£ € HR(0,T;L%(Q)) and w e L*(0,T; H(Q)),
and multipliers A € L°(0, T; L*(Q)) and u € L™(0, T; L*(Q)) such that the following system is satisfied

(3.172) —E = B(w—2) + H'(@* (1) = 04j(q. 9) inL*(0,T;1*(Q)), &(T) =0,
(3.17b) —alAw+ f(w—2A) = 0,J(q,p) in L%(0, T; H(Q)"),

Alt,x) = l)({bo}(t, x)é(t,x) a.e whereZ(t,x) # 0,
(3-17¢) €

u(t,x) = f'(H(@(t, x)A(t,x) a.e. where H(G)(t,x) # ny,

0 < A(t,x) < 1(§'(t, x)+G"(t,x)) ae wherez(t,x) =0,
(3.17d) €

G (t,x) <0< G"(t,x) a.e wherez(t,x) > 0,

(3.17€) (w, 80) 120, 712(0)) + (0 8Om0, 15120 = 0 ¥8€ € HY(0, T; L*(Q)),

where we abbreviate z :== —(G— @) — (f o H)(q). In (3.17d), the mappings G*,G™ : [0, T| X Q are defined
as follows

T
GH(t.x) = / H@ X (p1granyy (~ALL(g) + )]s %) ds,
(3.18) -
G000 = [ H @ T ayong (AL ) + ). ) s,

where, for any v € R, the right- and left-sided derivative of f : R — R are given by f/(v) := f'(v;1)
and f’(v) := —f'(v; =1), respectively.
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Proof. The existence of a tuple (£, w, A, u) € HY0,T;L*(Q)) x L*(0,T; H(Q)) x L™(0,T; L%(Q)) X
L0, T; L3(Q)) satisfying the system (3.17a)-(3.17b)-(3.17¢)~(3.17¢) is due to Proposition 3.10. Thus, the
rest of the proof is focused on showing (3.17d). In this context, we first follow the ideas from [5, Proof
of Lem. 2.8] and prove that the set of arguments of max’(2; -) from (2.16a) is dense in L?(0, T; L2(Q))
(step (I)). With this information at hand, we are then able to show the desired result by employing a
technique from [5, Proof of Thm. 2.11], see also [22, Proof of Thm. 5.3] (step (II)).

(I) Let p € L%(0,T; L%(Q)) be arbitrary, but fixed. As indicated above, we next show that there exists
{8¢,} c HY(0,T;L*(Q)) such that

(3.19) ~B(8qn = 8pn) = (f o H)'(§:8¢n) — p  inL*(0,T;L*(Q)) asn — oo,

=Pn

where we abbreviate (8, 5¢,) := S'(£;8€,) and py, := —B(5qn — S¢n) — (f o H)' (§)(5qn) for all n € N.
To this end, we follow the lines of the proof of [5, Lem. 2.8]. We start by noticing that the mapping

[0,T] >t §(t) € LA(Q), §(t) := %/ max '(Z(s); p(s)) ds
0
satisfies §(0) = 0 and § € H'(0, T; L?(Q)). Then, we observe that § fulfills
d
(3.20) 240 = é max "(2(£); =B4(t) — (f o H)'(G; @(t) + p(t) + B4(t) + (f o H)'(g:§)(1))

d
a.e.in (0, T). In view of the embedding H'(0, T; CX(Q)) — L(0, T; L*(Q)), there exists a sequence
{@n}n € HY(0,T;CX(Q)) such that
(3.21) Bon — p+ B3+ (foH)(qq) inL*0,T;L*(Q)) asn — co.
For any n € N, consider the equation

d
(322) (0 = Zmax @O ~fdn — n) = (F o H) @) acin (O.T), 4a(0) =0,

By arguing as in the proof of Lemma 2.6 we see that (3.22) admits a unique solution ¢, € Hy(0, T; L2(Q)).
Now, we define

(3-23) oty = —O{A(ﬁn + ﬂ(@n - Cjn) € Hl(oa T; LZ(Q))a

such that (4., ¢,,) solves the system (2.16) associated to £ with right-hand side §¢, € H'(0, T; L(Q));
note that the regularity of §¢, in (3.23) is due to the H(0, T; C2°(Q))-regularity of ¢,. In view of the
unique solvability of (2.16), cf. Proposition 2.6, (§,, #) = S’({; 5¢,). Owing to the Lipschitz-continuity
of the directional derivative of max (w.r.t. direction) and (2.15), we further obtain from (3.20) and (3.22)

elln — DOl < B / 1G = 4)®llizce ds
¥ L Ly / / 1G = Gn)(O) Iz 4 ds
+ / = Bon(s) + p(s) + Bds) + (F o HY (@ Sz ds.

Gronwall’s inequality and (3.21) then give in turn

(3-24) 4n = Gllmio,7:020)) < ¢l = Bon + p + PG+ (f o H)' (G D20, 1:12()) — 0 asn — oo,

Betz Optimal control of a viscous two-field damage model with...



J. Nonsmooth Anal. Optim. 4 (2023), 10834 page 20 of 29

where ¢ > 0 is a constant dependent only on the given data. By relying on the continuity of (foH)"(g; ) :
L?(0,T; L3(Q)) — L*(0,T; L*(Q)), cf. (2.15), we have

(3.25) Ban + (f o H)'(q:4n) = B4+ (f o H)'(§:§) inL*(0,T;L*(Q)) asn — oo,
as a result of (3.24). Combining (3.21) and (3.25) finally yields
_ﬁ(Qn - (ﬁn) - (f ° Hy(‘]» Qn) —p in LZ(O’ T; LZ(Q)) asn — oo.

Since we established above that (§,, #,) = S’({; §¢,,), the proof of this step is now complete.

(1) In the following, p € L?(0, T; L*(Q)) remains arbitrary, but fixed. To prove the desired relations
in (3.17d), we first make use of the B-stationarity from (3.15). Here we test with the function 8¢, €
HY0,T;L*(Q)) which was defined in (3.23).

We test (3.17a), (3.17b), and (3.17€) with (8q,, §¢,) := S’(£; 5¢,) and 8¢, respectively. This leads to

0< aqj(q’ (p)aqn + 8¢j(6_], (/_))5(Pn + (Z, 5£H)H1(0, T;L%(Q))
T
. / (E(1). 80120y dE — Bw — A 5120 12500
0

+ (H'(@)* (), 8qn)r2(0,Ti12(0)) + BW = A, 80n) 1200, T:12(0)
+a(Vw, V80n) 1200, 1,12(0) — (W, 8€n) 120, T:12(02))

T
- / (E(1). 84, (D1 dt — (A —B(Bdn — 30m)izo 2@

(3.26) )
+ (1, H'(@)(8qn)) 120, 7:12(0)) = {B(OGn — S¢n) + aAS@n + 6Cn, W) 120, T:H1(02))
=0, cf. (2.16b)
T 1 T
= / (&(t), = max "(2(t); pu(t))12(q) dt — / (A1), pn(t))12(q) dt
N—— 0 € 0

(2.16a)
T T
—/O (A(), (f o H)'(§: 6gn)(t))12(0) dl‘+/0 (u(@®), H'(@)(6qn)(t)) 12y dt  Vn €N,

where the second identity follows from integration by parts, §g,(0) = 0, and &(T) = 0; here we also
recall the abbreviation p, := —f(6q, — 8¢n) — (f © H)'(§; dqn), see (3.19). In view of (3.19) and since
Oqn(t) = é fot max '(2(s); pn(s)) ds, letting n — oo in (3.26) leads to

T T
0< /0 (s*(t),%maX’(i(t);p(t))m(Q) dt — /O (A1), p(t))12() dt
(3-27) - T
- /O (At), (f o H)'(q: 9p) (1)) 12(qr) At + /0 (p(t), H'(@)(@p)()) 120 dt

for all p € L2(0, T; L*(Q)), where we abbreviate

(3.28) qp(t) := é./o max '(z(s); p(s)) ds V't €[0,T].

Here we used the fact that max ’(Z; ) : L%(0, T; L*(Q)) — L%(0, T; L*(Q)) is continuous, by the Lipschitz-
continuity of max, as well as (3.24) in combination with (2.15), and the fact that H’(§) belongs to
L(L(0,T; L*(Q)), L*(0, T; LA(Q))).

Next, we take a closer look at the second line in the estimate (3.27). In this context, we first notice
that, for all v, h € R, it holds

(3:29) Flosh) = {f;(v)h, ifh =0,

fl(v)h, ifth<o.
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Moreover, we recall that

h ifv >0,
(3.30) max '(v; h) = {max{h,0} ifv =0,
0 ifv<o.

Now, let p € L2(0,T; L?(Q)) with p > 0 a.e. in (0, T) X Q be arbitrary, but fixed. In view of (3.28) and
(3.30), we have g, > 0 a.e. in (0, T) x Q and (3.16) implies

H'(q)(qp) =20 ae in(0,T)xQ.

Then, by recalling (2.14) and by employing Fubini’s theorem, we obtain
T T
- [ G0t o HY @@yt + [0 H @@ w0t
T
= _/0 /Q[—/l(t, X) fLH(@G)(t, x)) + u(t, X)]H (@), )¢, x) dx dt
T
_ /0 /Q H@* -ALLH@) + plt,x)G, (¢, x) dx dt

(3-31) T t
= [ | @ sty e (s [ max (et x0ip06.00) ds) deds
QJo €Jo

(328)
T T
) /Q/O £ max (210,06, / H (@) [-AF{H@) + (s, %) ds) dt dx
T
) / / émax (&t x); p(t, ))G" (8 x) dxdt ¥ p € L(0,T;L(Q)), p 2 0,
0 Q

where the last equality is due to the definition of G* in (3.18) combined with the second identity in
(3.17¢). Going back to (3.27), we have

T
0< / / l max '(Z(t, x); p(t, x))f(t, x) - A(t, x)p(t, .X') dx dt
0 Q€
(3:32) T
+ / / - max '(z(t, x); p(t,x))G*(t,x)dxdt Vpe€ L¥(o0, T;LZ(Q)),p > 0.
0 Jo

By means of the fundamental lemma of calculus of variations in combination with the positive homo-
geneity of the directional derivative w.r.t. direction, we deduce from (3.32) the inequality

(3-33) % max '(Z(t, x); DE(t, x) — AL, x) + é max '(2(¢,x); )G (t,x) > 0 a.e.in (0,T) x Q.

By arguing exactly in the same way as above, where one takes into account the fact that H’(¢)(g,) <
O0a.e. in(0,T) X Q, for p < 0a.e. in (0,T) X Q, we show

T T
- /O Q0. (F o HY (@ GOz dt + /0 (0. H @@y D)z dt

T T
(3.34) = ‘/0 '/Q é max "(Z(t, x); p(t, x)) (/ H' (@ [-ALL(H(@)) + p](s, x) ds) dx dt

=G~ (t,x)
Vp e L0, T; L*(Q)), p < 0.
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This gives in turn
1 1
(3-35) - max "(2(t, x); —D)E(t, x) + AL, x) + - max "(2(t,x); -1)G™(t,x) = 0

a.e.in (0,T) X Q, where we relied again on the fundamental lemma of calculus of variations and the
positive homogeneity of the directional derivative w.r.t. direction. From (3.33)- (3.35) and the fact that
max ’(0; -) = max{-, 0} (see (3.30)) we can now conclude the first relation in (3.17d). Finally, the second
relation in (3.17d) is a consequence of (3.17¢), (3.33)- (3.35) and (3.30). This completes the proof. O

Corollary 3.16 (Strong stationarity in the case that f is smooth). Suppose that Assumption 3.1 is fulfilled.
Let £ € HY(0,T; L%(Q)) be locally optimal for (P) with associated states

G € Hy(0,T;L*(Q)) and ¢ € L*(0,T; H(Q)).
If the mapping f is differentiable, then there exist unique adjoint states
£ € HL(0,T;L*(Q)) and w € L*(0,T; H(Q)),

and a unique multiplier A € L®(0, T; L*(Q)) such that the following system is satisfied

(3.362) —E=B(w=2) +[(f o HY(@I* (D) = 84j(q, §) inL*(0,T;LX(Q)), &(T) =0,
(3.36b) —alw + f(w =) = 8,j(q,9) inL*(0,T; H(Q)"),
At,x) = 1)({2>0}(t, x)é(t,x) a.e whereZ(t,x) # 0,
(3:36¢) ‘<
0 < Alt,x) < grf(t, x) a.e whereZ(t,x) =0,
(3.36d) (w, 5€)L2(O,T;L2(Q)) + (Z, 5[)H1(O,T;L2(Q)) =0 Véte Hl(O, T; LZ(Q)),

where we abbreviate Z := —(q — ¢) — (f o H)(g). Moreover, (3.36) is of strong stationary type, i.e., if
¢ € H'(0,T; L*(Q)) together with its states (G, §) € Hy(0,T; L*(Q)) x L*(0, T; H(Q)), some adjoint states
(6, w) € H7(0,T; L*(Q)) x L*(0, T; H(Q)), and a multiplier A € L*(0,T;L*(Q)) satisfy the optimality
system (3.36a)—(3.36d), then it also satisfies the variational inequality (3.15).

Proof. The first statement is a consequence of Theorem 3.15. Note that Assumption 3.3 is not required
here, as this was employed only in the context of convergence of terms featuring the smoothened
function f. As this mapping is already smooth, by assumption, such convergences are no longer
needed. Assumption 3.13 is also not necessary here; this was used in the proof of Theorem 3.15 to show
(3.31) and (3.34). Since {(¢,x) € (0,T) X Q : H(g)(t, x) = ns} has measure zero, (3.31) and (3.34) follow
immediately from the second relation in (3.17c).

To prove the second assertion, we let p € L?(0, T; L>(2)) be arbitrary, but fixed and abbreviate p* :=
max{p, 0} and p~ := min{p, 0}. By distinguishing between the sets {(t,x) € (0,T) X Q : Z(t,x) > 0},
{(t,x) € (0, T)xQ : z(t,x) = 0} and {(¢,x) € (0,T) X Q : Z(¢,x) < 0}, we obtain from (3.36¢) and (3.30)

T
OS‘/O /Qé[max’(i(t,x);pJf(t,x))+max'(z(t,x);p_(t,x))]g(t,x)dx dt
T
(337) - [ [ el + o nldx
0 Jo

:/T/ 1max’(*Z(t,x);,o(t,x))f(t,x)dx dt_/T/}L(t,x)p(t,x)dx dt
0o Ja€ 0 JO
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for all p € L2(0,T; L?(Q)). Now, let §¢ € H'(0, T; L?(Q)) be arbitrary but fixed and test (3.36a), (3.36b),
and (3.36d) with (8¢, 8¢) := S’(£; 5¢) and 8¢, respectively. This leads to
aqj(q9 ({_’)5‘] + a(p](qe @)5(10 + (g’ 5€)H1(0,T;L2(Q))
T
= - [ a0 dt - v - 18z
0

+([(f o H)' (@A), 89120, 1:12(0)) + BW = 4, 80) 120, 7:12(0)
+a(Vw, V9) 120, 1.12(0)) — (W, 8€)12(0,7:12(02))

T
- /0 (E(1). 89D 12 di — A —B(8q — 50))x(0, 1200

+(A,(fo H)/(‘j)(5q))L2(O,T;L2(Q)) —(B(6q = 6¢) + aldp + 5, w20, 7;11(0))

=0, cf. (2.16b)
T
= / (£(0) = max(3(0); ({6 ~ 59) ~ (f o H(@: 591
(2.16a)
T
- / (). (—B(8q — 0) — (f o HY (@ 5)) D) 1z(ey dt
> 0,
(3-37)

where the second identity follows from integration by parts, g(0) = 0, and &(T) = 0. Since 6¢ €
HY(0, T; L?(Q)) was arbitrary, the proof is now complete. O

Remark 3.17. We remark that if fatigue is not taken into consideration, i.e., if f is replaced by a
nonnegative constant, then (3.36) reduces to the strong stationary optimality conditions obtained
in [5, Thm. 4.5]; note that therein the control space is L?(0, T; L%(Q2)) instead of H'(0, T; L%(Q)).

Remark 3.18. As opposed to (3.36), the optimality system in Theorem 3.15 is not strong stationary, as
we will see in the next section. However, we emphasize that (3.17) is a comparatively strong optimality
system. While countless non-smooth problems have been addressed by resorting to a smoothening
procedure as the one in the proof of Proposition 3.10 (see e.g. [3,17,19] and the references therein),
we went a step further and improved the optimality conditions from Proposition 3.10 by proving the
additional information contained in (3.17d). Let us point out that sign conditions on the sets where the
non-smoothness is active, in our case

0 < A(t,x) a.e. wherez(t,x)=0

are not expected to be obtained by classical regularization techniques, see e.g. [6, Remark 3.9].

3.3 DISCUSSION OF THE OPTIMALITY SYSTEM (3.17). COMPARISON TO STRONG STATIONARITY

We begin this section by writing down how the strong stationary optimality conditions for the control

of (P) should look like.

Proposition 3.19 (An optimality system that implies B-stationarity). Suppose that Assumption 3.1 is ful-
filled. Assume that £ € H'(0, T; L*(Q)) together with its states (, ) € H)(0, T; L*(Q)) x L*(0, T; HY(Q)),
some adjoint states (£, w) € Hy.(0,T; L*(Q))xL*(0, T; H\(Q)), and some multipliers A, i € L*(0, T; L*(Q))
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satisfy the optimality system

(3.382) —& = B(w=2) + H'(@)* (1) = 84j(q, ¢) inL*(0, T;L*(Q)), &(T) =0,
(3.38b) —alhw + f(w—2A) = 8,j(q. ) in L*(0, T; H(Q)"),

Alt,x) = 1)({2>0}(t, x)é(t,x)  a.e wherez(t,x) # 0,
(3.38¢c) €

p(t,x) = f'(H@(t, x)A(t,x) a.e. where H(G)(t,x) # ng,
(3.384) 0<Alt,x) < %rf(t, x) a.e whereZ(t,x) =0,

flnp)At,x) < p(t,x) < f/(np)Mt,x)  a.e. where H(G)(t,x) = ny,

(3.38€) (w, 5€)L2(O,T;L2(Q)) + (Z, 5[)H1(O,T;L2(Q)) =0 Véte Hl(O, T; LZ(Q)),

where we abbreviate Z := —f(G§ — @) — (f o H)(g) and where, for any v € R, the right- and left-sided
derivative of f : R — R are given by f!(v) := f’(v;1) and f'(v) := —f'(v; —1), respectively. Then, {
also satisfies the variational inequality (3.15).

Proof. Let p € L*(0,T; L*(Q)) be arbitrary, but fixed. In the proof of Corollary 3.16 we saw that the first
identity in (3.38¢c) and the first relation in (3.38d) combined with (3.30) imply

(3-39) 0< /T/ émax'(2(t,x);p(t,x))§(t,x)dx dt—/T/A(t,x)p(t,x)dx dt
0o Ja 0o Jo

for all p € L(0, T; L*(Q)). Next we abbreviate H’(§)(q,)” := min{H"(§)(q,), 0} and H'(q)(g,)* :=
max{H’(q)(qp), 0}, where

qp(t) := é‘/o max '(z(s); p(s)) ds V't e€[0,T].

From the second identity in (3.38¢c) and the second relation in (3.38d) we deduce that

T
0 < / / [0t ) FLCH@)(E X)) + (ks 0 H@)G,)* (1, %) dx dt
0 Q

>0

T
" / / (At ) f (H @t ) + (e, )| H(@)@,) (%) de d
0 Q

<0

T
= / /Q—Mf’ X)f(H(@)(t, x); H' (@)Gp)* (t, %) + p(t, x)H'(§)(Gp)" (£, x) dx dt

(3.40)

T
+ / / A0 H @ %) H@@,) (1. 2)) + (e, xYH@)G,) (2 x) dx dt
0 Q
T T
- / A, (f o HY (@30 Oz dt + / (). H @@ D)z d.

where in the second identity we relied on (3.29). Adding (3.39) and (3.40) yields (3.27). Now, let §¢ €
HY(0, T; L2(Q)) be arbitrary but fixed and abbreviate (5q, §¢) := S’(; 5¢). By testing (3.27) with —f(5q—
d¢) — (f o H)'(§; dq) and by arguing step by step backwards as in the proof of (3.26), we finally arrive
at the desired result. O

Remark 3.20. Some words concerning Proposition 3.19 are in order:
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+ The optimality system (3.38) differs from (3.17) only regarding the relations in (3.38d) and (3.17d).
As expected, the optimality conditions in (3.38d) contain more information than (3.17d). This is
also confirmed by Proposition 3.21 below.

« We point out that (3.38) is not of strong stationary type, as we were not able to show (3.15) =
(3.38); the optimality conditions in (3.38) just point out the information that is missing in (3.17),
namely

1
Mt,x) < =&(t,x) a.e. where z(t,x) = 0,
€

flnp)A(t,x) < p(t,x) < fl(np)A(t,x)  ae. where H(q)(t,x) = ny.

(3.41)

Note that the sign condition
0 < A(t,x) a.e. wherez(t,x)=0

is already contained in (3.17d). The proof of Proposition 3.19 shows that (3.41) is indeed needed
for the implication (3.17) = (3.15).

« In order to prove that a certain optimality system implies B-stationarity, it is essential that it
includes sign conditions for the involved multipliers and/or adjoint states on the sets where the
non-smoothness is active. This fact has been observed in many contributions dealing with strong
stationarity [22, Rem. 6.9], [6, Rem. 3.9], [5, Rem. 4.8], [9, Rem. 4.15]. In our case, see (3.17d), the
information on {Z = 0} is incomplete, while the sign conditions on the set {H(g) = ns} are
non-existent and seem to be hidden in the integral formulations (3.18).

Proposition 3.21 (The optimality system (3.38) is stronger than (3.17)). Suppose that all the hypotheses
in Proposition 3.19 are fulfilled. If, in addition, Assumption 3.13 holds true, then (3.17) is satisfied.

Proof. We only need to show that (3.38d) implies (3.17d). To this end, we first prove that
(3.42) H'(§)*(m) = H'(@*(n2) ¥ mi,nz € L*(0, T; L(Q)) with 1y > 172.

We recall that, as a consequence of Assumption 3.13, H'(¢)(p) > 0 for all p € L?(0,T; L%(Q)), p > 0,
cf. (3.16). This leads to

(H' (@™ (m), p)rzo..r22)) = (11 H' (@) (P)12(0.7:12(0))
> (2, H'(Q)(p))r20.7:12(02)) = (H' (@™ (12)s P)12(0. 7-12(2))

from which (3.42) follows. Now, the second relation in (3.38d) and the definitions of G* and G~ in (3.18)
give in turn
G">0andG” <0 ae.in(0,T)x Q.

Thus, (3.38d) implies (3.17d) and the proof is complete. O

Remark 3.22. The gap between (3.17) and the strong stationary optimality conditions (3.38) is due to
the additional non-smooth mapping f appearing in the argument of the initial non-smoothness max,
cf. (2.2a). To see this, let us take a closer look at the proof of Theorem 3.15. Therein, (3.17d) is proven
by relying on direct methods from previous works [5,22] which deal with strong stationarity in the
context of one non-differentiable map. In these findings it has been observed that the set of directions
into which the non-smoothness is differentiated - in the "linearized" state equation - must be dense
in a suitable (Bochner) space [5, Remark 2.12], [22, Lem. 5.2]. The density of the set of directions into
which max is differentiated, see (2.16a), is indeed available, as the first step of the proof of Theorem
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3.15 shows. This allowed us to improve the optimality system (3.5) from the previous section. However,
the non-differentiable function f requires a similar density property too, which reads as follows

(3.43) (H'(@: SUE; 80)) - 5 € HY(0, T; LAQ))} <o L2(0, T; LH(Q)),

where S; denotes the first component of the control-to-state map S : L2(0, T; H{(Q)*) 3 £ — (¢, ¢) €
H}(0, T; L*(Q)) x L*(0, T; H(Q)). By taking a look at the "linearized" state equation (2.16a), we see that
(3-43) is not to be expected, due to the lack of surjectivity of the mapping max’(z; -). Thus, the methods
from [5,22] are restricted to one non-smoothness and permit us to improve the limit optimality system
(3.5) only up to a certain point. Thus, the strong stationarity for the control of (P) remains an open
question.

APPENDIX A

Proof of Lemma 3.7.

The arguments are well-known [4] and can be found in [5, App. B] for the case that (f o H)(q) is
constant and the control space is L?(0, T; L%(Q)) instead of H(0, T; L%(Q)).

(I) Let € > 0 be arbitrary, but fixed. We begin by recalling the smooth state equation appearing in
(Pe):

. 1 .
(a12) q(t) = - max (=pg(t) — ¢(1)) = (fe © H)(g)(®)) in L*(Q), q(0) =0,
(a.1b) —aA(t) + Bo(t) = Bq(t) + £(t) in H(Q)", ae.in(0,T).
By employing the exact same arguments as in the proof of Proposition 2.3, one infers that (A.1) admits

a unique solution (g, ¢.) € H}(0,T;L*(Q)) x L*(0,T; H(Q)) for every ¢ € L*(0, T; H(Q)*), which
allows us to define the regularized solution mapping

Se : L*(0, T; HY(Q)*) 3 € (qe, @) € Hy(0,T; LA(Q)) x L*(0, T; H(Q)).

The operator S, is Gateaux-differentiable and its derivative at £ € L%(0, T; H'(Q)*) in direction 5¢ €
L%(0,T; H(Q)*), i.e., (5q, 5¢) := SL(£)(50), is the unique solution of

Sq(t) = % max ’(z.(t))( — B(8q(t) — 5(t)) — (f: o H)'(g:)(8q)(t)) in L*(Q), 8q(0) =0,
—alSp(t) + B So(t) = BSq(t) + 5L(t) in HY(Q)*, ae.in(0,T),

where we abbreviate z, := —f(q. — ¢.) — (fe © H)(q.). By arguing as in the proof of Lemma 2.4 we
deduce that S, : L*(0, T; H(Q)*) — H,(0,T; L*(Q)) x L*(0, T; H'(Q)) is Lipschitz continuous (with
constant independent of ¢). Moreover, we have the convergence

(a3) Se(Le) = S(£) in Hy(0, T; LA(Q)) x L*(0, T; H'(Q)),

for ¢, — €in L*(0,T; H'(Q)*). To see this, one first shows that S.(£) — S(¢), which follows by
estimating as in the proof of Lemma 2.4 and by using (2.1) applied for f, along with Lemma 3.6.1. Then,
(A.3) is a consequence of the Lipschitz continuity of S, (with constant independent of ¢).

(I) Next, we focus on proving that £ can be approximated via local minimizers of optimal control
problems governed by (a.1). To this end, let By, 7, Lz(Q))(Z , p) be the ball of local optimality of £ and
consider the smooth (reduced) optimal control problem

. 1 -
(Pp) feHl(Igl%}lez(Q)) J(Sf(g)a f) + 5 ||€ - f”HI(O,T;LZ(Q))
£ b4

st. f€ BHl(O,T;Lz(Q))(g’ p)
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By arguing as in the proof of Proposition 3.2, we see that (P) admits a global solution £, € H'(0, T; L3(Q)).
Since €. € By (o, Lz(Q))(f, p), we can select a subsequence with

(a.4) £, — ¢ inHY(0,T;L%(Q)),

where £ € B H(0,T Lz(Q))(f , p). For simplicity, we abbreviate in the following
(a52) J (&) = J(S(0), 0),

(a5b) o) = JSA0, 0+ S = 8 ey

for all £ € H'(0, T; L*(Q)). Due to (a.3) and Assumption 3.1, it holds
5 (A52) T 7 7 (asb) .. 5 .
(26) T 2 J(5(0).0) = lim J5.(0). 2 lim () 2 lim sup T, (¢,
E— E— £—0

where for the last inequality we relied on the fact that £, is a global minimizer of (P?) and that £ is
admissible for (P). In view of (a.5b), (A.6) can be continued as

o 1 _
j(f) > lim SUPJ(Ss(fe), ge) + 5“55 - gHIZ-Il(O,T;LZ(Q))

e—0
. 1 -
(A7) Z hl;‘n_)lglf](sf(gé‘)’ g&‘) + EHZS - gHHl(O,T;LZ(Q))
- - 1 ~ _ _
2 ](S(f)a f) + 5”5 - €||12LII(O,T;LZ(Q)) Z j(f)a

where we used again (a.3), as well as the compact embedding H!(0, T; L?(Q)) << L%(0, T; H'(Q)"),
and the continuity of j, see Assumption 3.1; note that for the last inequality in (a.7) we employed the
fact that £ € By, 1, Lz(Q))(f, p). From (a.7) we obtain that £ = £ and

5 . 1 7112 = 7, L7 s
T () = lim ISl €0+ 516 = Wy 7oy = JSD. D+ 31T = Wy 720

Since J(S.(¢;), ;) — ](S(Z), F) one has the convergence

(A.8) ¢, — € in HY(0,T;L*(Q)),

where we also relied on (A.4). As a consequence, (A.3) yields

(A.9) Se(Le) — S(f) in Hy(0,T; L*(Q)) x L*(0, T; H'(Q)).

A classical argument finally shows that £, is a local minimizer of mingcp (o, 1,12(q)) Je(€) for e > 0

sufficiently small.
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PROXIMAL METHODS FOR POINT SOURCE LOCALISATION

Tuomo Valkonen®

Abstract  Point source localisation is generally modelled as a Lasso-type problem on measures.
However, optimisation methods in non-Hilbert spaces, such as the space of Radon measures, are
much less developed than in Hilbert spaces. Most numerical algorithms for point source localisa-
tion are based on the Frank-Wolfe conditional gradient method, for which ad hoc convergence
theory is developed. We develop extensions of proximal-type methods to spaces of measures. This
includes forward-backward splitting, its inertial version, and primal-dual proximal splitting. Their
convergence proofs follow standard patterns. We demonstrate their numerical efficacy.

1 INTRODUCTION

The point source localisation problem [7, 26] reads

1
) i —||Au - b))% +
(11) os:g};(g) 2|| p="Dbl" + allpllu)

for a regularisation parameter « > 0, measurement data b € R", and a forward operator A €
L(A(Q);R") in the space (Q) of Radon measures on Q C R™. Commonly A consists of sev-
eral convolution operators over the sensors of a sensor grid. Most iterative algorithms in the literature
for (1.1) are based on the Frank—Wolfe conditional gradient method [21]. Forward-backward splitting
and other proximal-type methods are notably absent. We want to understand why are true proximal-type
methods not amenable to (1.1)—or are they?

The basic scheme of conditional gradient methods [5, 17, 18, 29, 3, 16] for (1.1) is to add a single Dirac
measure (or spike) to the discrete measure p, and then optimise the weights of the spikes so far inserted.
Repeat. The location of the spike is discovered by maximising |A.(Au—b)|, where A, € L(R";Co(Q)) is
a pre-adjoint of A. This is a difficult non-convex optimisation problem. Some also include spike sliding
[17]. The approach has been extended to curve discovery [4]. Semismooth Newton approaches have also
been proposed [8, 9], and recently, an approach based on semi-infinite programming [19]. In some cases
particle gradient descent can be used after lifting the measures to a higher-dimensional space [12, 14].
The number of particles (or point sources) is, however, fixed, although many-particle limits are also
analysed. In [13] standard Bregman-proximal methods are applied to point source reconstruction by
working with densities with respect to a fixed reference measure. In practical application, the reference
measure is discretised, so the method is not grid-free: the sources cannot be located at arbitrary points
of the domain Q.

Forward-backward splitting is commonly used for #-regularised regression (Lasso), which is a
discrete, finite-dimensional variant of (1.1). With F(u) = %HA,u — b||?, we can also sketch forward-
backward splitting for (1.1) as solving on each step k € N the surrogate problem

(1.2) e argmin F(u*) + (F' (1) |p — ¥y + al|pll.4 + proximal penalty.
0<ped(Q)
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In Hilbert spaces the proximal penalty would be 2—1T|| i — pF||? for a step length parameter 7 > 0
satisfying 7L < 1 for a Lipschitz factor L of F’. This choice is not practical in non-Hilbert spaces, as a
crucial (Pythagoras’) three-point identity does not hold. Such an identity, however, holds for Bregman
divergences [6]; see [34]. The Frank-Wolfe method can, moreover, be seen a forward-backward method
for a modified but equivalent problem' with zero as the proximal penalty. However, as F’ cannot be
Lipschitz with respect to such a degenerate proximal penalty, a form of line search is employed to ensure
descent. In the case of (1.1), this amounts to the finite-dimensional weight optimisation subproblems.
These considerations raise the question whether we could develop a distance on . (Q) that would
give a practical forward-backward method?

As the first stage of our endeavour to understand (1.1), documented in this manuscript, we were able
to do so simply by constructing on .Z (Q) the semi-inner product

(v)g =(Dplv)  (pv e M(Q))

for a “particle-to-wave” operator D : L(M(Q); Cy(Q)), and then basing the proximal penalty in (1.2)
on the square of the induced semi-norm || + ||g. We analyse an exemplifying choice of & based on
convolution in Section 2. In particular we relate it to the weak-* convergence of measures. To develop
in Section 4 a forward-backward method for (1.1), we will need F’ to be Lipschitz with respect to || + ||g.
For the squared data term, this reduces to A.A < LD for some factor L > 0. Based on approximation
theory [11], Bochner’s theorem and Fourier transforms, we study this relationship in Section 3.

Our convergence proofs in Section 4 are then standard and simple [33, 15]. However, we will need
to account for inexact computation of each step of the method. The resulting approach bears more
resemblance to the semi-infinite approach of [19] than to conditional gradient methods in that more
than one point may need to be inserted into the support of j1 on each iteration of the method. Inertial
extensions, i.e., FISTA [2] for (1.1), are immediate. We treat one in Section 5.

A forward-backward or conditional gradient method can only handle differentiable data terms with
nonsmooth (Radon norm) regularisation. However, our overall approach readily extends to other
proximal-type type methods. We therefore sketch in Section 6 an extension of the primal dual proximal
splitting (PDPS) of [10] to problems of the form

i Fo(Ap) + ,
o<, o) o(Ap) + allpll.a
where Fy may be nonsmooth. Thus our overall approach is applicable to problems that are (so far) out
of the reach of conditional gradient methods. As a further advantage, thanks to standard convergence

proofs, our methods can readily be extended to product spaces () x X for X a Hilbert space.
We finish with numerical demonstrations in Section 7.

NOTATION

We denote the extended reals by R := [—o0, 00], and the space of finite Radon measures on a locally
compact Borel measurable set Q@ C R” by .# (). We write || « ||.z(q) or, for short, || - ||« for the
Radon norm. The subspace Z (Q) C ./ (Q) consists of discrete measures j1 = ) _, aidx, forany n € N,
where the weights ax € R, and locations x; € Q. Here, , is the Dirac measure with mass one at
a point x € Q. For y € ##(Q) and a Borel set A C Q, we write yLA for the measure defined by
(pcA)(B) = u(A N B) for Borel sets B. We denote by B(x, r) the closed ball of radius r > 0 and centre
x, and by #K the cardinality of a finite set K.

For Fréchet differentiable F : X — R on a normed space X, we write F’(x) € X* for the Fréchet
derivative at x € X. Here X" is the dual space to X. We call F pre-differentiable if F’(x) € X, for X, a

Yl (@) is replaced by o ([lillz (o)) for ¢ that quadratically penalises values greater than F(0)/a.
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designated predual space of X, satisfying X = (X,)*. We have (X,)™ = X*, so X, canonically injects
into X*. A predual of ./Z (Q) is the space C.(Q2) of continuous functions with compact support. We
write Co(Q) = cl C.(Q) for continuous functions on Q that vanish at infinity, which is also a predual
space of # (Q) [20, Theorem 1.200].

For a convex function F : X — R, we write 9F : X =3 X, for the (set-valued) pre-subdifferential
map or, defined as 9F (x) = {x. € X, | F(x) — F(x) > (x.|x — x) for all x € X}. We write §c : X — [
for the {0, co}-valued indicator function of a set C C X. Observe that the notation has similarities to
the Dirac measure.

We write (x, x”) for the inner product between two elements x and x” of a Hilbert space X, and
(x*|x) = x*(x) for the dual product in a Banach space. We write LL(X;Y) for the space of bounded
linear operators between two vector spaces X and Y. For A € L(X;Y), we write ran A C Y for the
range. We let Id € L(X; X) stand for the identity operator. With Y a Hilbert space for simplicity, we call
A € L(X;Y) pre-adjointable if there exists a pre-adjoint A, : L(X,;Y) whose mixed Hilbert-Banach
adjoint (A,)* = A. In other words (x|A.z) = (Ax,z) forallz € Y and x € X.

With i = V-1 the imaginary unit, we write Fu or @ for the Fourier transform, defined for of
u € L}(R") by

[Ful(§) = /R u(@)e D e (Fe R,

and for u € L%(R") by continuous extension; see [31]. Then the Hilbert-space adjoint #* = % 1. We
occasionally also take Fourier transforms of measures as tempered distributions. We write u * v for the
convolution and &/u = u u for the autoconvolution of functions u, v, recalling that F [u]®> = F [ [u]].

2 DISTANCES OF MEASURES

As we have mentioned in the introduction, the norm or the squared norm is not particularly useful
for deriving proximal-type methods in non-Hilbert spaces. Nevertheless, let M(p) := %H y||i% @) The
preduality map pu — IM(p), H(Q) = Co(Q) associates with every measure p € #(Q)) a set of
corresponding “wave functions”

wy € IM(p) ={ollplla@) | @ € Co(Q), -1 < w <1, (@|p) = [lull.aw)}

If this relationship were linear and single-valued, as it is in Hilbert spaces, M(— ) could be a practical
proximal penalty term in (1.2). Unfortunately, this is not the case in ./ (Q2). However, the concept of
the preduality map suggests to define a distance on measures using some particle-to-wave operator
D e L(A(Q); Cy(Q2)) that explicitly and linearly associates every measure, in the manuscript typically
a discrete measure, with a corresponding wave function, an element of the predual. In Section 2.2 we
will study such operators based on convolution. Before this, in Section 2.1 we study general properties
of seminorms and semi-inner products constructed with linear operators & to a predual space.

2.1 WAVE-PARTICLE DUALITY

Let X be a (real) Banach space with a predual space X, i.e., X = (X,)*. Pick @ € L(X;X.), which is
self-adjoint and positive semi-definite, that is,

(2.1) (Dxly)x.x = x|Dy)xx. (x,y€X)
and
(2.2) (Dx|x)x,.x 20 (x,x€X).

If the latter inequality is strict, we call D (strictly) positive definite. Define

(x,x)g = (Dx|x)x.x and ||x||lg = V{x x)g.
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Then it is easy to see that (-, - )g is a pseudo-inner product on X, and || - || a seminorm, i.e., non-
negative and satisfies the triangle inequality. Consequently, by a standard argument,” it also satisfies
the Cauchy-Schwarz inequality. Moreover, the three-point identity holds:

() Sl =yl = (@0 - )l - y)

= %(9((x—z) +(z=y)l(x—2)+(z-y))

1 2 1 2
= Sllx =2l + S llz = I + x - 2.2 = .

If 9 is injective, this construction turns X into an inner product space. The (semi-)norm || « || may
not, however, be equivalent to the original norm || - || on X. Since & is assumed bounded, we always
have ||x||g < [|D]|||x]|, so the induced topology is weaker than the original (strong) topology. If the
opposite inequality also holds, the norms are equivalent. For our constructions, this will, however, not
be the case.

2.2 PARTICLE-TO-WAVE OPERATORS BASED ON CONVOLUTION

We now take D = p * pi for a convolution kernel p € Cy(R"). We call p symmetric if p(—x) = p(x) for
all x € R", and positive semi-definite if 0 < F [p]. We first show that & is well-defined. Throughout,
we take Cy(Q) as our designated predual space of /(Q). When Q is compact, Cy(Q) = C(Q).

Lemma 2.1. Let p € Co(R") be symmetric. On a closed domain Q C R", let Dy := p * pi for uy € M(Q).
Then D € L(AM(Q);Co(Q)) and is self-adjoint, i.e., satisfies (2.1).

Proof. The definition of the convolution readily shows that @ € C(Q). Let € > 0. Since p is continuous
and vanishes at infinity, ||p|| < o0, and there exist r > 0 such that |p(x)| < ¢ for x € R" \ B(0,r).
Consequently

[[Du]l(y)] < +

/ p(y —x)du(x) / p(y = x)du(x)| < |lplleolpl (B(y, 7)) + ellpllaz (@)
B(y.r) Q\B(y.r)

Since ||pll.z(q) < oo, for any € > 0, we can find R > 0 such that y(R" \ B(0,R)) < e. Thus |[2p](y)| <
e(llpllco + llpll.z(@)) for [lyll > r + R. Since e > 0 was arbitrary, this shows that 2y € Cy(R"). Since
Q is closed, it follows that Dy € Cy(Q). Indeed, by the definition of Cy(Q2) as the closure of C.(Q),
there exist g € C.(R") with ¢ — Dp uniformly in R”. But for a closed Q, ¢x|Q € C.(Q) with
ox|Q — (D) |Q uniformly in Q.

We then expand and rearrange using Fubini’s theorem for any v € ./ (Q) that

a)  (Duleraraa = /Q (D] () dv(x) = /Q /Q p(x — ) du(y) dv(x)

:/Q/QP(X—Y)dv(x)du(J/)=/Q/Qp(y—x)dv(x)du(y)
- /Q[P « V(DY) =DV, @).a(2)-

Hence ||p * V|l < [[pllcollVIl.z; see, e.g., [1, §2.1]. Consequently (2.4) establishes (D p|v)c,(q).u(Q) <
oo VI | ]|z - This shows that & is bounded. It is evidently also linear so that & € L (. (Q2); Co(Q))
as claimed. From (2.4) we also observe that 9 is self-adjoint. O

1 1 1 1 2 1 1
g = gllu=vIZ, = gllul%, = 5lIvIE, < 5 (kg + Vo) = 5kl = 31vI%, = kg lviig:
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We now characterise weak-* convergence in terms of &J-seminorms. Following [11, Chapter 18] we
call a subset V of a normed space X fundamental if cl spanV is dense in X. We are interested in the
fundamentality in Cy(Q) of

Vp(Q)i={x = p(x-y) | y € Q}.

According to [11, Theorem 18.1], this is the case when & [p] is a finite-valued real non-negative measure
and satisfies for all non-empty open sets U ¢ R” the strict lower bound

(25) /U FLpl (&) dé > 0.

Example 2.2. Since the Fourier transform of a Gaussian p is a Gaussian, V, () is fundamental in
C(Q) for any compact Q c R".

We will require the following lemma on a few occasions.

Lemma 2.3. Suppose ¢ € Co(R™), the domain Q@ C R", and {i*}ren C M (Q) is bounded. Then the
collection {x — [ * ¥ (x)}ken is uniformly equicontinuous on cl Q.

Proof. Let ¢ > 0 and C := supy .y ||,uk||/%(g). By assumption C < co. Since ¢ € Cy(R"), it is uniformly
continuous. Therefore, there exists § > 0 such that |¢(x) — ¢(y)| < € whenever ||x — y|| < §. Now

|[<o*uk]<x>—[<p*pk]<y>|s/|<p(x—z>—<p(y—z)|d|u’<|<z>s/sdm(z)scf
Q Q

for any k € N and x, y € Q with ||x — y|| < 8. Since the right hand side Ce does not depend on k, and
can be made arbitrarily small for sufficiently small ¢ and corresponding §, this proves the claim. O

Now we can state and prove our main result on particle-to-wave operators based on convolution.
Recall that we write &/u := u * u for the autoconvolution.

Theorem 2.4. Let 0 # p € Co(R™) N L%(R™) be symmetric and positive semi-definite. On a closed domain
QCcR" letD e L(M(Q);Co(Q)) be defined by Dy = p = pi for uy € M(Q). Then

(i) D is self-adjoint and positive semi-definite.
(ii) D is (strictly) positive definite on the discrete measures Z (Q).

Assume further that Q is compact, and that there exists p'/% € L*(R™) N Co(R™) such that p = o [p"/?].
Then

(iii) p* = i weakly-+ in M (Q) implies ||if* — pllg — 0.

(iv) If V2 is fundamental for Co(Q), then Ik = pllg — 0 with {F}ren © A (Q) bounded implies
1 = weakly-x in M ().

Proof. We know from Lemma 2.1 that @ € L(A(Q); Cyo(2)), and is self-adjoint. Bochner’s theorem
proves (i), and (ii) follows from [11, Theorem 13.3]. However, due to slightly different assumptions for
the latter, we find it easiest to provide the proofs. We write p = % [p]. Since p € L?(R") is symmetric,
also p € L?(R"™) is symmetric. Therefore, by Fubini’s theorem and the Fourier inverse transform, we
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have

(2.6) (Duluy = /Q /Q p(x — ) du(x) du(y)

_ /Q /Q / p(OED dg dp(x) dp(y)

- [ o] [ een aut| ae

- [ seiFier e

Since p > 0 by our definition of the positive semi-definiteness of p, this shows (i).

To prove (ii), we start by observing that since p € L*(R") is not identically zero and has p >
0, necessarily / pdé > 0. But then there exists ¢ > 0 and a Borel set E with nonzero Lebesgue
measure such that p > ¢ on E. When p € Z(Q), the zero set of the continuous function F [p],
a finite sum of complex exponentials, has Lebesgue measure zero by [11, Lemma 13.6]. Therefore
fRn P(ENF [u] (&)|2dE > EfE |F [u] (&)|?> dE > 0. The claim now follows from (2.6).

For (iii) we observe that @ = Q.0 for @ € L(/#(Q);L*(R")) defined by @u := p/? % y and
Q.f = p/? « f for f € L*(R™) and y € M (Q). We therefore need to prove that p/2  (y/* — ) — 0 in
L?(R™). Observe that p;/z (x) == p"/?(x — y) satisfies pi,/z € Cy(Q) for all y € R™. (For this we need the
closedness of Q, but not yet the boundedness; compare the proof of Lemma 2.1.) Thus p,lc/ | =y — 0
for all x € R™ by the assumed weak-* convergence. Since by assumption p'/? € L?(R"), we can for
each ¢ > 0 find a bounded U, ¢ R" such that /R"\Uf P2 (x)%dx < ¢||p'/?||%,. Letting O, := U, + Q, for
all y € Q then

/ P2 (x)? dx = / P2 () dx < / P2 (%)% dx < ellp"?|I%.
R"\@r R"\(@)g—y) R"\Ug

Using Jensen’s inequality and Fubini’s theorem, then

2
1/2 . 29 _ 1/2
Lot =meras= [ ([ ot dp i) ax

< I~ il / / P22 iy — () dx
R™\O,

4 — lla / / P2 ()2 dx dli — pl(y)
o Jrme,

< ellp2I2 l1* = ull?,.

The set O, is of finite measure, because Q is bounded. By Egorov’s theorem we can thus find a

set E, C O, such that the Lebesgue measure £ (0, \ E;) < ¢ and x (pl/zlyk — p) converges in E,
uniformly to zero. Then

17 s = 2 = / L= [ [ G = ] 0 d
Rn O \E,
1/2 2
o I e

/ OYAE = iy dx + 26l p 2P Ik — -

Thus lim sup,_,, lpY/? % (u* - W2y < V2e || pV? oo supy |k = pll.z. Since € > 0 was arbitrary,

and {y/* — ;1}ken is bounded by weak-# convergence, it follows that p'/2  (u¥ — ) — 0 in L?(R").
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For (iv) we note that since V.2 is by assumption fundamental for Co(Q), we can for any ¢ € Cy(Q)
and ¢ > 0 find a finite set U: C Q and coefficients {a},cy, C R such that

sup|p(x) — Z ayp;/z(x) <.
x€Q yeU,
Then, forallk e N,
(2.7) (Pl =y = > (aypy?Iu* = ) + <<o = > gyt | ik - u>-
yeU, yeU;

The assumption || — y|lg — 0 readily implies p/?  (u¥ — ) — 0 in L?(R"). Hence, there exists
a subsequence {k;}jen of {k}xen such that p'/? x (% — 1) — 0 almost everywhere. Since, by the
Heine-Borel theorem, Q is bounded, and sup;. .y [ pll.we) < M for some M > 0, Lemma 2.3
shows that the family {p/? * (y/* — 1) }xen is uniformly equicontinuous on Q. By a compact covering
argument, it follows that p'/2 x (u* — ;1) — 0 uniformly on Q. In particular, |<ayp;,/2 |k — )| < e/#U,
for all y € U, for j € N large enough. It follows from (2.7) that

(2.8) Kol — )| < 1+ M)e  for j large enough.

Since ¢ > 0 and ¢ € Cyp(Q) were arbitrary, we deduce %/ = 4. If there would exist a subsequence
{1%} pen of {4F}ren not weakly-* convergent to y, then we could find a further unrelabelled subse-
quence, ¢ > 0, and ¢ € Co(Q) such that |(p|p** — p)| > 2(1+ M)e for all £ € N. Repeating the above
arguments, we would obtain (2.8), hence a contradiction. Therefore p* = 1. O

Corollary 2.5. Let all the assumptions of Theorem 2.4 (iv) hold. Then || -+ ||g is a norm on M (Q).

Proof. Based on the discussion that in the beginning of Section 2.1, it only remains to prove that
g = vl = 0 implies g = v. Indeed, setting y/* = p for all k € N, we have ||u* - v||g — 0. Then
Theorem 2.4 (iv) implies y = p* = v. Thus p = v. O

3 CONVOLUTION KERNELS AND SENSOR GRIDS

We will need the data term F(u) = ||Ap — b||? to satisfy a smoothness property also known as the
“descent lemma” with respect to the wave-particle norm || - ||g. As shown in, e.g., [15, Lemma 7.1], this
in general follows from F’ being Lipschitz. In our case the Lipschitz property needs to be with respect
to the &-seminorm. For quadratic F as in (1.1), this requirement reduces to

AA<LD forsome L >0.

This means that we have to find & such that L9 — A, A is positive semi-definite. We could take & = A, A
and L = 1 and still obtain a theoretical algorithm with convergent function values, although in general
not the weak-* convergence of iterates. However, the proximal step of the method that we develop in
the next section consists of finding new points x to insert into the support of z**! to approximately
satisfy first-order optimality conditions for (1.2) with %ll + |lg as the proximal penalty. To avoid such
an insertion from perturbing optimality conditions globally, it will be practical if 26, is localised
around x. This can be achieved when & is a simple convolution operator. However, even for physical
processes that can be modelled as convolutions, A, A is in general not exactly a convolution operator
when the range of A consists of measurements on a finite sensor grid, and its effects are not localised:
A*Ady, may have multiple peaks.
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We will, therefore, first in Section 3.1 construct upper approximations by convolution operators
2 for forward operators A modelling measurements of convolved signals on a finite sensor grid. We
provide specific examples in Section 3.2. Although we work with convolution operators in this section,
in the following sections on our proposed algorithms, there is in general no need for A or 9 to be
based on convolution.

3.1 SENSOR GRIDS

We now construct some example forward operators A, based on a simple physical spreading process
followed by sensing. More precisely, the spread i € C.(R") is a convolution kernel that models the
physical spreading process of, e.g., light. If a source of unit intensity is at x, then ¥/(y — x) is the
intensity that falls at y. This light is sensed by the sensor 0, € L?(R") N L}(R") placed at z on a finite
grid & with the sensitivity 8,(y). With this we define the forward operator A as

(3.) Api= (0 5 Y))aey, e, [Auls = / 0.+ P)(x) du(x) for z€.

The sensors or, more precisely, the field-of-views of the sensors, are a technical necessity for our proof.
They can, nevertheless, also be physically justified through practical light sensors having positive
area instead of just sensing the light falling at a singular point. For A of this form, the next lemma
establishes an upper bound on A, A in terms of a simple convolution operator.

Lemma 3.1. Let the sensor grid & be an arbitrary finite index set with corresponding sensors 0 < 6, €
L2(R™) N LY(R™), (z € &), satisfying for some Ly > 0 the bound

(3.2) Ly > sup Z 0,(x) /Rn 0,(w) dw.

xeR" oo

Pick a symmetric spread ¢ € Co(R™) N L2(R™), and on a domain Q C R", define A € L(M (Q); R*®) by
(3.1). Then the pre-adjoint A, € L(R";Cy(Q)) exists and is given by A,y = Y cw y.0. * ¥, and we have

AA < Lo(- [ [Y] * +).

Proof. We easily verify that (A.)* = A. A. is also bounded since A* = JA. where ] is the canonical
injection Cy(Q) — 4 (Q)*. We have

2
lAAD = |Aul = ( / /R 0wl —w) dw du(x))

ze8

Recalling that 8, > 0, defining Iy, := fR" 0,(w) dw € [0, ), and using Holder’s inequality, we continue

2
Gaan =3 ([ [ vte=w auo.onau)

132

<3 [Loma [ ([ ve-w du(x))ZGZ(W) aw.

z€Y
Using (3.2) and the symmetricity of ¢/, it follows

2
WIAA < Lo /R n ( [v=w du(X)) dw
-1, /R n / Y (x - w) du(x) / V(5 —w) du(y) dw

_ 1, / / /R Y= w0~ y) dw dp(y) dp(x)
= Lo(u| A [Y] * p).
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This establishes the claim. m]

Example 3.2 (Rectangular sensors). Let 0, (x) = y[-pp)n(x — 2z) for some 0 < b < inf, ;c¥ ||z — Z||co-
Then (3.2) is satisfied by Ly = (2b)™.

Having bounded A.A by (- | [¢] * - ), we now need to bound (- |/ [¢/] * +) by D to establish the
overall bound A.A < LD. This is done in the next theorem.
Theorem 3.3 (Putting it all together). Suppose the “spread” and the “kernel”, p € Co(R™) N L%(R™)
satisfy
(3-3) FY1* < LiF(p]
Also assume 0 < 0, € L*(R) for all z € € on a finite grid € C R with Ly satisfying (3.2). For a closed
Q c R", define
(3-4) Ap = (0, % Y))zee and Du=pxp for pe M(Q).
Then a pre-adjoint A, € L(R™;Co(Q)) is given by A,y = 3 ,cw .0, * ¥, and we have
(35) AA < LiLiD.

Proof. Due to Lemma 3.1, we only need to show that (- |&/[¢/] * «) < L1D. By Bochner’s theorem (see
[11, Chapter 12] or the proof of Theorem 2.4), and the Fourier transform convolution-multiplication
exchange rule (see, e.g., [31, Theorem 7.19]), this amounts to (3.3). O

3.2 EXAMPLES

One choice satisfying Theorem 3.3 with L; = 1 would be p = &/ [/]. This could also easily be made to
satisfy all the additional conditions of Theorem 2.4 with p/? = ¢, so would be an option if we were
able to calculate &/ [¢/] efficiently. For numerical reasons, both p and ¢ should also have small support,
which is not the case for a Gaussian /. Therefore, we would need to cut the spread to ensure small
compact support. The next example, on the other hand, avoids even forming the autoconvolution by
taking p = 1. Why we call the choice “fast” will be apparent once stumble onto Gauss error functions
when treating a cut Gaussian spread.
To proceed, we define for b > 0 the hat function

1—1t|/b, te (=b,—b),

1
.6 trip (t) := = | y_ t) =
(3.6) p(t) 5 [X1-b/2.b/211(1) {0, otherwise.

We also recall for a > 0 that (see, e.g., [25, Appendix 3])
(3.7) F [ x1-aall = g[rect(ﬁ <)] = 2asinc(2ra-).
for the (unnormalised) sinc ¢ := sin t/t.

Example 3.4 (“Fast” spread). For some o > 0, let p = {/ and for x € R,

2 3 1
5(x/o+1) -1<x/o < -3,
4 . 4 2]x/o® -2(x/0)?+L -l<x/o<i
lp(x) =—-od [trll/Z](x/O-) = - 9 3 3 1 2
o o [-5(x/o-1) 3 Sx/o<1],
0 otherwise.

Also let 0,(x) = x[-pp)(x — z) for some 0 < b < inf;;ce |z — Z| on the finite grid ¥ C R, and
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define A and & according to (3.4). Clearly suppy = suppp = [0, 0]. It can also be verified
that f Y dx = 1. Writing t// = F[y], we expand using standard Fourler transform dilation and
convolution rules (see, e.g., [25, Appendix 3]), (3.6), and (3.7) that

F Y1) = 4F [ [triy5]1(0€) = 4F [triy5] (08)*

4
= 1697[)([_1/4,1/4]](05)4 =16 (% sinc(na§/2)) = sinc(7oé/2)* (£ € R).

Since sinc achieves its maximum at £ = 0 with value 1, it follows that F [¢/]?> < % [p]. Thus we
may apply Theorem 3.3 with L; = 1 and L, given by Example 3.2. This gives the bound

AA L 209D.

Obviously p'/? = 2 tril/z( /o) € L?*(R™) N C.(R™). The above calculations establish that
fU [p/?)(&) dE = fU sinc(rc£/2)?dé > 0 for every open set U, so that (2.5) holds for p'/2.
Therefore [11, Theorem 18.1] proves that V12 (Q2) is fundamental on compact sets Q ¢ R". Now
Theorem 2.4 shows that || + ||» characterises weak-* convergence on such sets.

Finally, to apply A, we need to be able to calculate 6, * / = y[_pp] * 0. This is a piecewise
polynomial, so easily implemented in software, although sizeable to write down case-by-case.

To base the spread {y on a Gaussian, we need to cut it to have a compact support. We therefore next
construct ¥ = yo for a cut-off function y and a base spread v. Since p = &[] can be numerically
unwieldy, we also take p = ¢gu for ¢ = /[ y] and a computationally simple base kernel u, in our
numerical practise u = v. The condition (3.8) roughly says that the base spread v cannot be more
localised in space than the base kernel u.

In the following, we use the abbreviations @ = F

[u], 0 = F[v], etc., without explicit mention.
Lemma 3.5. Letu, v, y € L(R"™). Then (3.3) holds if6 > 0 w th/vd§ < 0o, and, for some L; > 0 we have

(3.8) I;o < L.

Proof. Since F [ (y)u] (&) = [ f**1] () by standard Fourier transform exchange rules for convolution
and multiplication, we need to prove for all £ € R” that F [ yv] (£)? < [¢? x4](§). If I; := f odé=0,
also v = 0, so this is immediate by the assumed non-negativity of #. So suppose I; > 0. Since, by
assumption I; < oo and 9 > 0, we have 9 € L'(R"). Now Holder’s inequality shows as claimed that

2
(ot =( [ r@e-aa) < ([ ae-aa)( [ @i-oa)-p . o

If we want || - ||g defined with the kernel p = ¢u to characterise weak convergence we need to
show for Theorem 2.4 the existence of p'/? € L?(R™) N Co(R™), and that V12(Q) is fundamental.
Unfortunately, we have no simple characterisation of the requirement p'/? € Cy(R™), although it would
hold by properties of the Fourier transform if p were a rapidly decreasing function (i.e., a test function
for tempered distributions) [31, Chapter 7].

Lemma 3.6. Suppose p = gu for symmetric o,u € L*(R") such that ¢, € L*(R") and ¢, 4 > 0. Then
there exists p/? € L*(R") such that p = o [p"/?]. If p(+)/? € L'(R™), then, moreover, p'/? € Co(R™).

Proof. We have p = ¢ * @ > 0 with all of the Fourier transforms real-valued and symmetric by the
corresponding properties of ¢ and u. Since ¢, &t € L'(R"), standard properties of convolutions imply
p € L'(R™). Therefore j(+)"/? € L?(R™). This quantity is non-negative, real-valued, and symmetric
by the corresponding properties of . Now letting p'/? := Z*[p(+)"?], since the Fourier transform is
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by Plancherel’s theorem an isometry of L?(R"), it follows that p'/? € L?(R™). Also p'/? is real-valued
and symmetric by the corresponding properties of j(+)"2. Finally, if 5(+)Y? € L'(R"), we have
p'/? € Cy(R™) by, e.g., [31, Theorem 7.5]. O

Lemma 3.7. Let ¢, u € L*(R"™) N LY(R") satisfy:
(i) & [u] = 0 and for every non-empty open set U C R” that fU Flul(&)dé > 0.
(ii) F @] > 0 and for everyr > 0, /B(o,r) Flol(&)dE > 0.

Then Vi y,)12(Q) is fundamental for C(Q) for any compact Q ¢ R™.

Proof. Let p := pu. We use [11, Theorem 18.1], which establishes the required fundamentality provided
that p > 0 and fU pdé > 0 for every non-empty open set U. We have p = ¢ = i, so clearly p > 0 by
the corresponding assumptions on ¢ and . Let then U ¢ R” be open and non-empty. There then
exists 9o € U and r > 0 such that B(no,7) € U. Let U, := {£ € R" | B(§,r) c U}. Then U, is open,
non-empty, and (\,ep(o,) (U — 1) D Uy. Write I; := fB(o,r) @(n) dn. By assumption (ii), I; > 0 and

¢ > 0, we have
1/2
Arn1/2 gy _ sy A
Laotae= [ ([ ac-momar] ac

1/2
. /U ( /B (O’r)u(f—n)w(n)dn) dz

o 1 o 1/2
) /U (% /B it n)cp(n)dn) s

Continuing with the reverse Jensen’s inequality for concave functions, Fubini’s theorem, and (i), we

get
[o@raesi [ [ a-p" oy
U U JB(0,r)
> 1 al) / / a(E - n)p(n) dn dé
U JB(0,r)

> [y [ aae
B(0,r) Ur

=Pl [ awdeso.

Since we assume Q compact, the aforementioned [11, Theorem 18.1] now establishes the claim. O

Example 3.8 (Cut Gaussian spread with triangular-Gaussian kernel for 9). On R, let u and v be
Gaussians of variances o2 and 02, i.e., u(x) = Cue >"(200) and o(x) = Coe™'/(29%) for the unit
scaling factors C, and C,. Also let 8,(x) = y[-pp](x — z) for some 0 < b < inf, ;c¥ |z — Z| on the
finite grid ¥ C R. Define A and & according to (3.4) with / = y[_gqu and p = F [ y[—gq]]0 for
some a > 0. We know from, e.g., [25, Appendix 2 & 3] that 4(&) = e~2moué” and (&) = e~ oo’
Thus (3.8) reads

1},6_2”2“12’52 < Lle_z”z‘f’zlérz where I; = V2ro,.

This holds with L; = V2r0o, if 0, > 0,,. By Example 3.2, the bound (3.2) is satisfied by Ly = 2b. Now
Lemma 3.5 and Theorem 3.3 establish

AA < 2bV2r0, D if o, > oy.
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By Lemmas 3.6 and 3.7, p*/? € L?(R") exists, and V2 is fundamental for C(Q) for any compact

set Q ¢ R™. However, p'/? does not appear to be Cy(R™), so Theorem 2.4 does not show that || - ||g
would characterise weak-* convergence unlike the “fast” spread of Example 3.4.

The next lemma provides a formula for calculating 6, * ¢ in the definition of A in Example 3.8.
Numerically, the error functions erf in the lemma are expensive, which leads us to the moniker
“fast” for Example 3.4. It only involves low-order piecewise polynomials.

Lemma 3.9. On R, let /(x) = ¥[-aq] (x)Ce_ﬁx2 and 0,(x) = x[-pp|(x — 2) for some a, b, > 0. Then

c1(x) 2 cz(x),

0,
[0z = ¥](x) = {Q‘T)f [erf (?;Txo?) —erf (?}Tx;)] , otherwise,

where c;(x) := max{z — x — b, —a} and cy(x) := min{z — x + b, a}, and the error function

2 S
erf(s) = ﬁ/ e ' dt.
0

Proof. We have

[Se]

— 1 (x=v)?
[92*‘//](x):/ X1=b01 (Y = 2) X[ (x = y)Ce 27 V)" dy
- 1 2
=/ Xlz—x—bz—x+b] (W) X[-aa] (W)Ce 202" dw

If ¢;(x) > c2(x), this gives [0, = /] (x) = 0. So assume c;(x) < cz(x). Then, with the convention that
fcdz—/dcifc>d,wehave

e o,
Ce 22" dw

6.y = [

c1(x)

c2(x)/(V2o)
= / \/Eche_t2 dt
c(x)/(V2o)

c2(x)/(V2o) c1(x)/(V2o)
= / \/50Ce_t2 dt — / \/§0Ce_t2 dt
0 0

(2]

This establishes the claim. O

Remark 3.10 (Higher dimensions). In higher dimensions, we will work with uniform products

u™ (xyy . xn) = ux) - ulxn).
Thus we will generally replace y = x[—aq] bY X = X[-aa" = )([(fiw], and ¢ = A x[-qa)l by ¢ =
A X[-aan] = .QY[)([_(M]](”). Since u™ % o™ = (u % 0)™ and F[u™] = F[u]"™, the above
results readily extend to higher dimensions with product factors L] in place of L; in (3.3). The one-
dimensional factor L; can be calculated following Examples 3.4 and 3.8. On a regular grid ¥ with
Ozy,..zn) (X1, .. ., Xn) = [1i4, 02, (x;), also Ly can be replaced by Lf for the one-dimensional L.
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Remark 3.11 (Higher dimensions alternative). Alternatively, instead of cutting / = yo with y = y[_q a7,
it would be possible to cut with y = yp(,a)- Then ¢ = [ xB(0,q)] in p = pu. In R?, it is possible to
calculate using geometric arguments on the area of the intersection of two disks of equal radius that

0, d>a,

Ko/4 a =
s o] () {2612 x cos~1(d/a) —dVa®? —d?, d<a,

where d = ||x||/2 is the distance between the centres of the two disks. Thus p = ¢gu is computable
when u is. An extension of Lemma 3.9 for the calculation of 8, * ¢ is more involved. The calculation of
the factor L, for the “fast” spread as in Example 3.4 requires working with Bessel functions in place of
the sinc.

Remark 3.12 (Microlocal analysis). Fourier analysis of products ¢u is also central to microlocal analysis
[24]. However, a family of cut-off functions ¢ is usually employed.

4 FORWARD-BACKWARD SPLITTING

We now develop a forward-backward approach for (1.1). In fact, we do so for the general problem

(4.1) uer%lm [F+G](p)

for some a > 0, convex and pre-differentiable F, and

(4.2) G(p) = allpll.a +620(p).

In the case of (1.1), F(p) = %HA/J - bJ|2.

In Section 4.1 we formulate the overall method and approximate optimality conditions that each
step of our method tries to solve. Then in Section 4.2 we formulate an algorithm for satisfying these
approximate optimality conditions. Finally, in Sections 4.3 and 4.4, we prove function value convergence
with rates and weak-* convergence of the iterates.

4.1 OPTIMALITY CONDITIONS AND BASIC METHOD

We choose a self-adjoint and positive semi-definite particle-to-wave operator @ € L(A (Q); Co(R2)).
On each step k € N, given a base point [i* € J(Q), we take the next iterate y**' € .4 (Q) as a solution
of the (for convenience 7-scaled) surrogate problem

. o YV o 1 o
min Ex(p) where Ep(p) = r[F(i*) + (F' (i) p — i) + G()] + < llp = 113,
UEM (D) 2

For the methods of this section, the base point ji* = y*, but in Section 5 we will use an inertial base
point. The pre-subdifferential of Ey, is

E(p) = t[F'(ji*) + 3G ()] + D (p — [i¥),
where the pre-subdifferential of G is characterised by
aw € 3G () = W' <1 and W) = |l with wFt e Go(Q).
Thus the inclusion &4, € 9E; (u**!) expands with o* := F’(ji¥) as

{ Ern = T[0F + aw ] + D (U - 1),

(4.3)
wk+1 <1land ‘uk+1(wk+1) — ||/1k+1||/%~
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In practise, we are unable to satisfy the Fermat principle 0 € 9E; (1**!). Instead, we pick a tolerance

eks1 > 0 for &4y, and solve for p<*1,

t[o* +a] + D - F) > —g11 on Q
(4-42)

[o* +a] + DU - ) < e on supp pF.
To ensure that {y/**'} ey stays bounded, we further require for some x > 0 that
(4.4b) (t[o* + a] + DR - J5) Y < ke

Iteratively solving (4.4) with ji¥ = ¥ produces the overall structure of Algorithm 4.1, our proposed
forward-backward splitting for (4.1).

The next lemma shows that for a solution y**! to (4.4a) there is some &j,;-bounded &1 € 9E(u
In the next subsection, we verify the existence of solutions to the entire (4.4).

k+1)'

Lemma 4.1. Suppose  is closed and p**' € M (Q) has compact support and solves (4.4) for a fixed k € N
and a given ok € Cy(Q). Then there exists é41 € Co(Q) satisfying (4.3) with —€g41 < Ex1 < k41, and

(4.5) (Ernl ! = B < e (e + |l ))-
Ifvo* = F/(ji¥), then &4y € OB ().

Proof. Pick ¢ € C.(Q) such that
1
1> ¢ > — max{0, —gx4 — 708 — D(PF — )} with ¢ supp gF = 1.
Ta

Indeed, by the first inequality in (4.4a), the lower bound on ¢ is at most the upper bound. Since
ok + 9(/1"“ - ﬁk) € Co(Q) and &x41 > 0, the lower bound becomes zero outside a compact set. Since
1+ has compact support, it therefore suffices to take ¢ as a mollified indicator of a sufficiently large
ball.

We then let

Eesr = min{egp, t[0" + ap] + DU - 1)} = t[o* + a1 + D (U - 1)

for

1
Wk+1 .= min {(P, — (5k+1 — fz)k _ @(ykﬂ _ ﬁk))} )
T

Then &4 € Co(Q), and by construction —¢x; < &y < €rr1. We also have wk*l < 1 while the
construction of ¢ and the second inequality of (4.4a) ensure that w**! = 1 on supp p**. Therefore,
(4.3) holds. When o = F’(ji¥), this means that &,; € 9E(u**).

Since the second inequality of (4.4a) ensures that &, = 7[0* + a] + D (p**! — i) on supp pF*!, we
now deduce from (4.4b) that (8,1 |p*™") < Kkéy41. This bound with &, > —ery establishes (4.5). O

4.2 POINT INSERTION AND REWEIGHTING

We present in Algorithm 4.2 a scheme to approximately solve (4.4) for ;/**! when starting with ji* a
discrete measure. We denote the class of such measures by Z (Q) c A (Q2). We stress that Algorithm 4.2
is just one possibility for satisfying (4.4). In all of our theory it could be replaced with another algorithm
that could, for example, incorporate heuristics such as point merging and the sliding of [17]. The
method is based on optimising the weights of the points already in the support of the discrete measure
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Algorithm 4.1 Forward-backward for Radon norm regularisation of non-negative measures (1FB)

Require: Regularisation parameter & > 0; convex and pre-differentiable F : /4 (Q) — R; self-adjoint
particle-to-wave operator & € L(A(Q); Co(RQ)).
1 Choose tolerances {exi1}ken C (0, 0) and a step length 7 > 0 subject to Theorem 4.10, 4.13, or
4.18.
Choose a fractional tolerance x € (0, 1) for finite-dimensional subproblems.
Pick an initial iterate ;° € Z(Q).

N

3:
4: for k e Ndo
5 ok = F'(yF).
6:

[+ = INSERT_AND_ADJUST (¥, 705 — DYk, tat, €141, ). > Solves (4.4) with Algorithm 4.2.
7: Prune zero weight spikes from p<*, > Optionally also apply a spike merging heuristic.
8: end for

Algorithm 4.2 Point insertion and weight adjustment
Require: p e Z(Q),n € Cy(Q), 4, > 0,k € (0,1) on a domain Q C R".
1 function INSERT_AND_ADJUST(l, 7, A, €, K)
2: Let S := supp p.
3: repeat
4 Solve for E = (Px)xes € R*S the finite-dimensional subproblem

7= (7(x))xes € R™,
D:=(p(y - x))x,yGS € R#SX#S:

min 2G5 D)+ G.F) + A1fl win |
£>0

to the accuracy

IDB +7 + Al < ——— forsome w € || - (f).
1+ | Bl
5 Let p1:= Xyes Prxdx
6 Find x (approximately) minimising Du + n + A. > For example, branch-and-bound.
7 LetS :=SU {x} > x will only be inserted into u if the next bounds check fails.
8 until (Dp) (%) +n(x) +A > —¢
9: return p

10: end function

i = ji* and, if necessary, inserting a new point into the support, then repeating until (4.4) is satisfied.
Compared to the corresponding step for conditional gradient methods from the literature, which always
insert a single point, Algorithm 4.2 has one major advantage: it can skip point insertion, if mere weight
optimisation is enough to satisfy (4.4). As we have observed in the numerical experiments of Section 7,
this makes the merging heuristics that are critical for conditional gradient methods, unnecessary. Our
analysis also incorporates inexact solution of the non-convex point discovery subproblem.

The next lemma proves the finite termination of Algorithm 4.2 along with the solvability of (4.4). It
is the only point in our algorithmic theory in this and the following sections, where we need 9 to be
a convolution operator, instead of an abstract operator. Indeed, & = p= for a simple single-peaked
kernel p appears beneficial for the easy solution of (4.4), but in principle other options are possible
when the bound A, A < LD cannot be satisfied for & a convolution operator.

Lemma 4.2. On a compact set Q C R", let Du = p *« u for u € M (Q) with the symmetric and positive
semi-definite 0  p € Co(R")NL*(R™). Let x4 > 0 andk € (0,1). Then, forany yu € Z(Q), (4.4) can be
satisfied in finitely many steps by INSERT_AND_ADJUST(i1, 0% — Di¥, tat, €41, k) defined in Algorithm 4.2.
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Proof. Observe that by Theorem 2.4, D is (strictly) positive definite on Z (Q). Let nx := Di* — 1o,
For clarity, index the iterations of the inner loop of Algorithm 4.2 by ¢, and correspondingly write
1 = pand Sy = S for the situation on Line 5. Since the matrix D on Line 4 is positive definite by the
correspondmg property of 9, there always exist solution to the subproblem. Moreover, any minimising
sequence { ﬁ i} jen is bounded, ensuring that the || ﬂ||1 -scaled the accuracy requirement can be satisfied
by an inexact solution.

Together with the accuracy requirement, the finite-dimensional subproblem amounts to finding
non-negative factors {fx}xes, such that p, := X, cs, BrIx satisfies for some 1 > w € Co(Q) with
w(y) = 1if B, > 0 the bounds

K&k+1

- < D+ + W] (y) < _ M forall y € Sy.
1+ el (@)

(4.6)
1T+ ||pell. @)

Since k¥ € (0,1), w = 1 on supp i, and in the parametrisation of INSERT_AND_ADJUST, A = 7 and
Nk = 10X — DIk, it follows that x**' = i, thus constructed satisfies the upper bound of (4.4a) as well as
(4-4b). The function INSERT_AND_ADJUST only returns when the lower bound of (4.4a) is also satisfied.
Therefore, it remains to prove that the lower bound of (4.4a) is satisfied for large enough ¢.

Since 9 is strictly positive definite, p(0) = (2x|9x) > 0 for any x € Q. Since p is continuous,
there exists R > 0 such that p > %P(O)XB(O,R)- The upper bound of (4.6) ensures for all £ € N and
yeS; ={yeS |py>0} that

1 1
0 < 2pOllpeB.RLace) = ) 5hxp(0) x50y ()

X€ESy

< Y Bep(y =) = Dpue(y) < ~lmic + A(y) + K.

XES,

Since ng € Cy(Q), it is bounded on the compact set Q. Therefore, by the above, there exists M > 0 such
that ||p,LB(y,R)||.x(o) < M forall for all # € Nand y € S; . By the finite Vitali covering lemma, see,
e.g., [27, Proof of Theorem 2.1], there exists a subcollection Se C S; suchthat S; € U,e s B(y,R/3) C
U vess B(y, R), and the latter balls are disjoint. Thus

ey = l1ecS7 gy = D, e BAR)ILaa) < #5eM.
yeS

Since Q is bounded, #S; is bounded by a constant dependent on R and Q alone; see, e.g., [27, Lemma 2.6].
Therefore {||p¢|l.z () }e=1 is bounded. Lemma 2.3 now shows that the family {2, },cn is uniformly
equicontinuous. Since w(y) < 1, the lower bound in (4.6) holds with w replaced by 1. Therefore, there
must exist r > 0 such that

+1
(4.7) (Dpe + e + A (x) > —KTekH > —¢ryp forall xeB(y,r), ye€S, and £>1.

It follows that B(y,r) NS, = {y} for all y € Sy, meaning that Algorithm 4.2 does not insert new points
into S in the r-neighbourhoods of existing points. Since a finite number of such neighbourhoods cover
the compact set Q, Algorithm 4.2 must terminate in a finite number of steps. O

Remark 4.3 (Insertion count). The proof of Lemma 4.2 implies that the maximum number of insertions
in Algorithm 4.2 is bounded by the number of open r-balls with non-intersecting centres, that can
be packed into Q. Subject to further Lipschitz assumptions on p and ran A,, such an r is by (4.7)
proportional to &4, so the count is in the order of 1/, . If no pruning is performed in Algorithm 4.1,
this becomes a bound on the cumulative insertions. Under a strict complementarity assumption, when
¥ is near a solution 7, it would be possible to further improve the proof to show that insertions can
only happen in a subset of the domain near the spikes of f.
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Remark 4.4 (Complete reconstruction). According to Lemma 4.2, it would be possible to replace p* by 0
in the application of INSERT_AND_ADjUST in Algorithm 4.1. This would force complete reconstruction
of 4**! on each iteration. In our numerical experience the resulting algorithm has much higher
computational demands.

Remark 4.5 (Unconstrained problem). If G(y) = al|p|l.# (o) without the positivity constraint, the
inclusion &,y € 9Ex(p**") expands with of := F’(ji) as

{5k+1 — T[Z)k +awk+1] +@(/1k+1 _ﬁk),

1< wk+1 <1land ‘uk+1(wk+1) — ||Hk+1||ﬂ.

Thus (4.4a) can be replaced by

t[o* +a] + D - i) > —gy on Q,

8 tlof —al + D - ) < en on©,
(4.82) r[oF +a] + D — + k4
I 0°) < égp1 on supp’ gt
t[of — a] + D - iF) > —exy on supp™ gkt

where supp® i := supp p* in the minimal decomposition p = p* — p~ with g*, = > 0. To ensure that
{1} ken stays bounded, we replace (4.4b) with

(4.8b) (rlo* + W a] + DU = 1) ) < Ko,
for some Borel wk*! : supp ! — {1, -1} with wk*1y**1 = |4%*1|. For a discrete measure p**' =
2.imq Pidx, this falls down to the pointwise values Wk (x;) = sign i foralli =1,...,n.

In Algorithm 4.2 all we have to change is:
1. On Line 4 remove the constraint ,E > 0.
2. On Line 6 find £ maximising |2y + 1|.
3. On Line 8 exit the loop only if also the upper bound check (Pp)(x) + (%) — A < ¢ succeeds.
It is also not difficult to extend Lemmas 4.1 and 4.2 to this setting. Then the theorems in the remainder
of this manuscript also go through for the modified algorithm without the positivity constraint.

4.3 FUNCTION VALUE CONVERGENCE

We now embark on proving the convergence Algorithm 4.1, where we could tacitly replace Algorithm 4.2
by any other way to solve (4.4). We require some basic regularity and step length conditions.

Assumption 4.6. We assume that Q C R” is compact, the regularisation parameter « > 0, and that

(i) The operator D € L (M (Q);Co(RQ)) is defined by Dy = p * u where 0 £ p € Co(R™) N L(R")
is symmetric and positive definite, i.e., p(—y) = p(y) for all y, and F[p] > 0.

(ii) The convex function F : #(Q) — R is pre-differentiable and L-smooth with respect to || * ||g:
, L
F(v) = F(p) = F(Wlv = mey@yue < Slv- plly,  (vope ().

(iii) The step length 7 > 0 satisfies 1 > 7L (strictly for weak-* convergence).

Remark 4.7 (Compactness). The compactness assumption on Q is only due to Lemma 4.2 on the
finite termination of Algorithm 4.2. It could be removed if (4.4) is otherwise ensured on Line 6 of the
algorithm.
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Example 4.8. For F(p) = %HA,u—bH‘;‘, with A € L(#(Q);Y) and Y a Hilbert space, Assumption 4.6 (ii)
reduces to A being pre-adjointable with A,A < L9D.

Our convergence proofs are based on the following simplified (scalar-tested, without strong convex-

ity) version of [32, Theorem 2.3] with the addition of inexact solutions (¢x4; # 0). It includes inertial

parameters A; that we need in Section 5. For non-inertial methods we take A, = 1and z* = x* = x*.

Lemma 4.9. On a Banach space X with predual X,, let F,G : X — R with F transport-subdifferentiable
and F 3-point smooth. For an initial x° = X° € X, let {x*""} xeny and {¥**'}rcn be defined for some A > 0
and &y € X, through

Fre1 € T [F'(35) + 0G (X)) + D (xFH — 25)

and

(4.9) A (2 — Zk) = xk*1 — %5 as well as /1k(zk+1 - xk) = xk+l _ k.
Then for any x € X we have

22 A2(1-1L)
S =zl + Sl = 2+ e ([F + G M) = [F + G (2))
2

A
— (L= M) r([F + G (<) = [F+ G1(3)) < Ell2F = 2L, + Mol = 2.

In particular, if Ay = 1 and 2F = %* = x*, we have

1-1nL _ 1 _ ~ _
St —— [l = xFIIE, + m([F+ G (") = [F+ Gl (%)) < Ellxk = %[[, + (Fraalx* - %).

- s, +
Proof. Let ¢**' € aG(x**') satisfy &y = 7 [F/ (%) + ¢ + D (xF*! — %¥). Then
(4.10) AeEranl2™ = 1) = D [F' (&) + 41 + D (x5 = 29125 - x).
Due to the three-point identity (2.3) and (4.9), we have

Ak(@(xk+l _ }?k)|2k+1 _ 2) — Ai(@(zk“ _ Zk)|2k+1 _ JZ'>

A2 A2 A2
ko k1 _ky2 ki k+l =2 Ky k+tl =12
=_2 |25 -z ||9+_2 [lz** _x”g__z [l2°* - x[|5-

By the definition of the convex pre-subdifferential and the L-smoothness of F with respect to &, using
both relationships of (4.9), we obtain

Ak(F,(J\ék) +qk+1|2k+1 _X_> — Ak(F,(JZ'k) +qk+1|xk+1 _X_> + (1 _Ak)<Fl(5z_k) +qk+1|xk+1 _xk>

> I ([F+G] ()~ [F 461 () - 1 —fckn;)

+(1-4) ([F+G] () = [P+ GI(H) - ] —a“cknéz)

= ([F+G](=**") = [F + G](x))
2

LA
- (1= A)([F+Gl(x*) - [F+G(x)) - TkIIZk+1 - 2F1%,.

Inserting these two expressions into (4.10), the claim follows. O
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We now readily obtain ergodic function value convergence:
Theorem 4.10 (Ergodic function value convergence). Suppose Assumption 4.6 holds and let i € M (Q)

satisfy 0 € [F+G](ji). Let {i/* }x>1 be generated by Algorithm 4.1 for some i° € Z (Q) with the tolerance
sequence {€x41}tken C (0, 00) satisfying

1 N-1
(4.11) ]\1,1_r>noo - kZ €41 = 0.
=0

Define the ergodic iterate iV =5 Z ,uk. Then [F + G| (jiN) — [F + G](j1), more precisely,

N-1
1 1
~N _ = 0 =112
P+ 1) = [F+ 61 + 57 |6+ Wil ) 35 e + 510 = .

Proof. Algorithm 4.1, Lemma 4.2, and Assumption 4.6 ensure (4.4) for all k € N. Therefore Lemma 4.1
provides &1 € 9E(1/**') satisfying (4.5). The case Ax = 1 of Lemma 4.9 with 7, = 7 now establishes

1 L 1 . _
(2) Sl = = I e F+ Gl ~ el PG () < =+ G -
Summing over k = 0,..., N — 1 we obtain
k+1 . 1-7L k+1
(413) —IIu —u||9+2 [F+ Gl = o[ F + Gl (p) + —— Il = pF15, | < —IIu — il +Cn,

where (4.5) shows that Cy := ZkN:_Ol(Ekﬂlyk“ - < (x+lallae) ZkN:_Ol €x+1- Since 7L < 1, dividing

(4.13) by N7 and using Jensen’s inequality, the claim follows. O

Example 4.1 (Tolerance sequence). Take er4; = 1/(k + 1)? for some p > 1. Then (4.11) holds. In fact,
N 1€k+1 < 09, s0 Theorem 4.10 yields O(1/N) ergodic function value convergence.

Example 4.12 (Controlling the insertion count). Recall Remark 4.3. To keep the growth of the
(cumulative) maximum insertion count in Algorithm 4.2 linear, we could take gy = 1/(k + 1)/,
This comes at the expense of reducing the O(% ZkN: _01 €k+1) convergence rate given by the theorem
to O(log N/N) for n = 1 and O(N~"") for n > 1. By our numerical experience in Section 7, in
practise even the option of Example 4.11 requires very few insertions on each iteration.

With a tighter finite-dimensional subproblem solution accuracy, the method is nearly monotone, and
we get non-ergodic convergence. If the tolerances are as in Example 4.11, this convergence is O(1/N).

Theorem 4.13 (Function value convergence). Suppose Assumption 4.6 holds and let i € M (Q) satisfy
0 € [F + G|(f1). Let {y/* Y1 be generated by Algorithm 4.1 for some p° € Z (Q) with the tolerance
sequence {€x1}tren C (0, 00) satisfying (4.11), and (4.4) amended by

(4.14) (min{eg, t[oF + o] + D — gF) M = F) < Tk for k=1,

Then [F + G](uN) — [F + G](j1), more precisely,

N-1

[F+G1(5") < [F+ Gl + = | 2x + Il ) Y i+ 5 118° = A |
k=0

Valkonen Proximal methods for point source localisation



J. Nonsmooth Anal. Optim. 4 (2023), 10433 page 20 of 36

Proof. Algorithm 4.1, Lemma 4.2, and Assumption 4.6 ensure (4.4) for all k € N. Therefore Lemma 4.1
provides &, € 9Ei(u**) satisfying (4.5). In fact, &y = min{eg,y, 7[0F + a] + D (P = pF)} in the
proof. Therefore, (4.14) reads (&4 |y — pF) < % Since 7L < 1, the case A; = 1 of Lemma 4.9 with
7x = 7 and % = ;¥ now establishes for all j > 1 the “monotonicity with error”

[F + Gl (/™) < [F + G (1) + (&l p’™ = 1)) < 1[F + Gl (1) + £]+1'

Hence, summing over all j =k +1,..., N — 1, we obtain for all N > k and k € N that

N-1

Py
t[F+Gl(N) < o[F+Gl(F) +x > L2
j=k+1
Applying this estimate in (4.13) forallk = 0,..., N — 1, yields
1 1 NoIN=1 o NS
N = A%, + Ne([F+ GlGN) = [F+GI@) < 1l = Al +x 4 S Gl -
k=0 j=k+1 i
Since Z pa k£r1 g’J - Zf: _11 €k+1, using (4.5) on the final term and dividing by Nz, establishes the
claim. O

Remark 4.14 (Finite-dimensional subproblems). The accuracy requirement (4.14) holds if

K&k+1 k+1 k
Ir[o* + aw*] + D - 1) (y) < for y € supp y** U supp 4,
ke + 11EE N )
where 1 > wk € Cy(Q) with w* = 1 on supp p**1. Since the set S only grows in Algorithm 4.2, it
follows that (4. 14) is satisfied by tlghtenmg the right-hand-side of the accuracy requirement on Line 4
to keppp/(1+ k(||ﬁ||1 + ||ﬂ0||1)) where ﬁo is the vector of weights of the initial p.

Remark 4.15 (Linear convergence). If F is strongly convex with respect to the &-seminorm, it is
not difficult to prove linear convergence along the lines of the Hilbert space proofs in [15, 33]. For
F(p) = %||A,u — b||? the strong convexity requirement reduces to A,A > y& for some y > 0. In practise,
we do not expect this condition to hold, so do not pursue the precise proof here. It would be possible to
relax the strong convexity requirement to the (strong or non-strong) metric subregularity of o[F + G]
near a solution; see [35, 15] for the convergence theory and [36] for examples of satisfaction of such a
condition in other contexts. Proving metric subregularity for the problem (1.1) is outside the scope of
the present manuscript.

4.4 WEAK-% CONVERGENCE

We now prove weak-* convergence of the iterates. We recall the following deterministic version of the
results of [30]:

Lemma 4.16. Let {ag }ren, {Pk }kens {ck tren, and {di }ren be non-negative sequences with
a1 < ap(1+bg) +cp —dr  forall keN.

If Yo b < coand 37 ¢ < oo, then (i) limy_,o ax exists and is finite; and (ii) 3.3 dj < co.
The next generalisation of Opial’s lemma [28] follows the proof from [15] in Hilbert spaces. We
prove it for Bregman divergences

Bu(x,z) = M(2) — M(x) — (M (x)|z — x),

as they add no extra difficulties. Recall that in Hilbert spaces 3 Lz = x||? = By(x, z) for M = %ll -
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Lemma 4.17. Let X = (X.)* be the dual space of a corresponding separable normed space X... Also let
M : X — R be convex, proper, and Gateaux differentiable with M’ : X — X, weak-+-to-weak continuous.
Finally, let X ¢ X be non-empty and {exs1}ren € Xs. If

(i) all weak-+ limit points of {x*}ren belong X.
(ii) X5, max{0, {exs1|x ! = %)} < oo for all % € X; and
(iii) Bpr(xF, %) < Bpg(x%, %) + (e |x** = %) forall % € X andk € N;
then all weak-+ limit points of {x*}ren satisfy %, % € X and
(4.15) (M'(x) = M'(%)|% — %) = 0.

If {x*}ren C X is bounded, then such a limit point exists. If, in addition to all the previous assumptions,
(4.15) implies X = % (such as when M is strongly monotone), then x* = % in X for some % € X.

Proof. Let % and % be weak-# limit points of {x*}rcn. Since Bregman divergences By > 0 for convex
M, the conditions (ii) and (iii) establish the assumptions of Lemma 4.16 for a; = By (x*; %), by = 0,
cx = max{0, (ep41|x**! — %)}, and di = 0. It follows that {By;(x*; %) }ren is convergent. Likewise we
establish that {By;(x*; %) }xen is convergent. Therefore

(M (xF)|x = %) = By (x*; %) = Bpi(x%; %) + M(%) — M(%) — ¢ € R.

Since X and x are a weak-* limit point, there exist subsequence {xk"}neN and {ka}meN with xk» — %
and x*» — %. Using the weak-#-to-weak continuity of M’ : X — X,, (4.15) follows from

(M'(x)|x — %) = nlglgo<M'(xk"),3? —X)=c= r}gl‘}o(M’(ka),f - %) = (M'(x)|x - %).

If {x*}rcn is bounded, it contains a weakly-* convergent subsequence by the Banach-Alaoglu
theorem, so a limit point exists as claimed.

Hence, if (4.15) implies X = %, then every convergent subsequence of {x* };.cy has the same weak limit.
It lies in X by (i). The final claim now follows from a standard subsequence-subsequence argument:
Assume to the contrary that there exists a subsequence of {xk} keN Dot convergent to x. Then we can
apply the above argument to obtain a further subsequence converging to x. This contradicts the fact
that any subsequence of a convergent sequences converges to the same limit. O

Finally, we can state and prove the weak convergence result.

Theorem 4.18 (Weak convergence). Suppose Assumption 4.6 holds with the step length condition (iii)
strictly: TL < 1. Let {/* }x>1 be generated by Algorithm 4.1 for some ji° € Z (Q). Also suppose

(i) F is bounded from below;
(ii) F’ is continuous with respect to || + ||g; and
(iii) the tolerance sequence {ej41}ren C (0, 00) satisfies 377 | e < 00.

Then there exists a weak- limit point i of {ii*}ren satisfying 0 € 9[F + G](ji), and any two such points
o, i osatisfy ||i — fillg = 0. If a point satisfying both properties is unique, in particular when all the
assumptions of Theorem 2.4 (iv) hold for p, then pi* = i weakly-+ in J(Q).

We recall that the assumptions of Theorem 2.4 (iv) hold for the kernel p of Example 3.4, but the C
assumption on p"/? presumably fails for Example 3.8.
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Proof. We use Lemma 4.17 with X = (9[F + G])"'(0) and M = a2l - ||?2, in which case By(p, v) =
%ll - vlléz. We need to verify its assumptions. Algorithm 4.1, Lemma 4.2, and Assumption 4.6 ensure
(4.4) for all k € N. Therefore Lemma 4.1 provides &x,; € 9E(p**!) satisfying —exy; < &xy1 < €4 as
well as (4.5). The latter with the present assumption (iii) establishes

(416) > max{0, Eald™ ~ B} < (k+llAllaw) ) e =:C forall peX.
k=0 k=0

Hence Lemma 4.17 (ii) holds. The case Ay = 1 of Lemma 4.9 with 7 = 7 establishes the Féjer mono-
tonicity “with error”
1 k+1
5 lIK
for every i € X. This proves the assumption Lemma 4.17 (iii). We still need to prove Lemma 4.17 (i). We
do this together with showing the boundedness of {;/*}ren.
The conditions of Theorem 4.10 readily hold for any ji € X by our assumptions. Thus (4.12) and
(4.13) in its proof hold for all N € N. Since 0 € 9[F + G](ji), we have [F + G](1**') > [F + G](ji) for
all k € N. Therefore, since 7L < 1, (4.13) and (iii) allow us to deduce both ||**! — ;i¥|| — 0 and

_ 1 _ . _
= il < SlpE = G + Gl = )

1
W —u||2+C>Z( [F + G — olF+ GI(D) + 2145+ |

> 7[F + Gl (W) = 7[F + G] ()
> ra||p’™|.4 + Tinf F — 7[F + G] (1)

for C defined in (4.16), for any j € {0,...,N —1} and g € X. By (i), this establishes the boundedness of

{.Uk}keN-
For any x € Q and k € N, we have

(418) Sl D (U — 1)) = [, g = 1Yo < 18l 15 = ¥l o = [p(0) 11154 = ¥l

Since we have just shown that ||g**' — ;|| — 0, it follows from (4.18) that D (p/**' — y¥) — 0
uniformly, i.e., strongly in Co(Q). By (ii), moreover, F’(u*) — F/(4**') — 0 strongly in Co(Q). Let
then . := F'(4**!) + awk*! € 9[F + G](¢/*!). Since we have assumed eg4;~0, also &, — 0 strongly.
Testing the approximate optimality conditions (4.3) by dx we now have

(%) = B (x) = [F'(1F) = F' ("] (x) = (812 (4! = p¥)) — 0 uniformly in Q.

Since nx € I[F + G](u**!), the weak-#-to-strong outer semicontinuity of (pre)subdifferentials (see [15])
establishes that any weak-* limit point /i of {y/*}ren satisfies 0 € 9[F + G| (/). This establishes the
assumption Lemma 4.17 (i).

We have now verified the main conditions of Lemma 4.17, which shows that all weak-* limit points
fi, fi of {§*}ren belong to (I[F + G])'(0) and satisfy 0 = (M’ (j1) — M’ (f)|fi — iy = || — fill,. Since
we have shown that {4/*}cy is bounded, such a limit point exists. This establishes the first claim.

If now ||i — fillg = 0 implies ji = ¥, then Lemma 4.17 establishes weak-* convergence. When the
assumptions of Theorem 2.4 (iv) hold, Corollary 2.5 proves that || - || is a norm, in particular, so this
property holds. O

Remark 4.19. The condition Theorem 4.18 (ii) along with Assumption 4.6 (ii) follow from

(4.19) IF' (1) = F(Wlleo < Lllp=vllo  (mv e M(Q)).

The former is immediate while the proof of the latter is standard; compare [15, Lemma 7.1 (iii) = (v)].
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Algorithm 5.1 Inertial forward-backward for Radon norm regularisation (FISTA)

Require: Regularisation parameter & > 0; convex and pre-differentiable F : /4 (Q) — R; self-adjoint
particle-to-wave operator & € L(A(Q); Co(RQ)).
1 Choose tolerances {¢er+1}tren C (0, 00) and a step length parameter 7 > 0 subject to Theorem 5.1.
Choose a fractional tolerance k € (0, 1) for finite-dimensional subproblems.
Pick an initial iterate y° € Z(Q)

N

3:
4 Set Ay :=1and ji° := p°.

5: for k € N do

6: ok = F(jiF).

7: (1 = INSERT_AND_aDJUST(jiF, 70X — D ik, tat, 41, ). > Solves (4.4) with Algorithm 4.2.
8: Calculate ﬁk“ and Ag4; according to (5.1).

9: Prune spikes with zero weight in both /**! and i+, > Optionally also heuristic merging.
10: end for

Example 4.20. For F(u) = %||A;1 — b||? with pre-adjointable A € L (. (Q);Y) and Y a Hilbert space,
Theorem 4.18 (ii) follows by slightly adapting the previous remark. Indeed, we take L satisfying
ALA < LD as in Example 4.8. Since F'(u) — F'(v) = ALA(u — v), (4.19), we then have

IF (1) = F' (M) lleo < MA@y AR = VIR < AL ®ncy0)) VLK = Vo

This establishes the required continuity.

5 INERTIAL FORWARD-BACKWARD

We now provide an inertial version of Algorithm 4.1, i.e., FISTA [2] on measures. We first describe
the algorithm in Section 5.1, and then prove its convergence in Section 5.2. For this we need the full
generality of Lemma 4.9.

5.1 ALGORITHM DESCRIPTION

With Ay = 1, and ji° = i°, we define the inertial measures and parameters

. _ 22
(51  f* = (14 O™ = Ot O = (A7 = 1), A = ———2— (keN).

Ak + 4+ A7

Then we “rebase” Algorithm 4.1 at ji* in place of ;¥ to obtain the inertial algorithm Algorithm 5.1.

5.2 CONVERGENCE

Theorem 5.1 (Inertial method convergence). Suppose Assumption 4.6 holds and let i € M (Q) satisfy
0 € 9[F + G|(f2). Let {§*} x> be generated by Algorithm 5.1 for some ;i° € Z (Q) with the tolerance
sequence {¢exi1}ken C (0, 00) satisfying

N-1
lim 22 Z Al = 0.
k=0

N—-ooo

Then [F + G](uN) — [F + G](j1), more precisely, /112\] = O(1/N?) in

2 N-1

A
[F+G1 () < [F+GI () + = | e+ lallacey) ), 2 e + Co
k=0
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forCo = 2([F + Gl (1°) = [F + G1() + 3 lln° = All%,

Proof. Wehave Ay > 1+N/2,see [2,Lemma 4.3] or [32,Lemma 3.4]. This establishes that 13, = O(1/N?).
Taking z5*! := Alzl,uk“ -(At- 1), we have A (2K = k) = p*+1 = i as well as Ay (251 —2%) = pk+1— ik,
as required by Lemma 4.9; see [32, (2.8)]. Algorithm 5.1, Lemma 4.2, and Assumption 4.6 ensure (4.4) for
all k € N. Therefore Lemma 4.1 provides &, € 9Ex(p**') satisfying (4.5). Since 7L < 1and A; € (0,1],
Lemma 4.9 thus establishes

2

A
I = Al + o([F + Gl (4 — [F + G) (1)
2

A
< (1= A)([F + Gl () = [F+ GI(R) + SelI" = il + Az = ).

Since /1,;2(1 —A) = )L];EI for all k € N when we set A_; = 0, see again, e.g., [32, Lemma 3.4], multiplying
this expression by 4, ? yields

S = B + A (F + G = [F +G1()

< (P + G = [F+ Gl + 5112 = Al + A Gl — .

Summing over k = 0,..., N — 1 establishes
N-1
IT([F + Gl (™) = [F+Gl() < Co+ D A Eenls - ).
k=0
Estimating the sum with (4.5), and multiplying by A3,/z, the claim follows. O

Example 5.2 (Tolerance sequence for inertia). Since Ay = 1, we have
- 1 - -
Aehy = 5(1+\/1+4/1k2) <1+A0 <. <k+1

Therefore, taking &x,; = 1/(k + 1)? for some p > 2, Theorem 5.1 shows O(1/N?) function value
convergence. If p € (1, 2] as in Example 4.11, the rate reduces to O(1/N).

6 PRIMAL-DUAL PROXIMAL SPLITTING

We now provide a version of the primal-dual proximal splitting (PDPS) of [10]. We first describe the
algorithm in Section 6.1, and then sketch its convergence in Section 6.2. We allow the function F in
(4.1) to take the form

F(p) = Fo(Ap),

where A € L(A(Q);Y) with Y a Hilbert space,and Fy : ¥ — R is convex, proper, and lower
semicontinuous, but possibly nonsmooth. This is a relaxation from Sections 4 and 5 that required F to
have Lipschitz Fréchet derivative. For (1.1), i.e., a Gaussian noise model, we would take Fy(y) = % lly—bll
on Y = R". For a salt-and-pepper noise model, we would take Fy(y) = ||y — b|l1.
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Algorithm 6.1 Primal-dual proximal splitting for Radon norm regularisation (zPDPS)

Require: Regularisation parameter @ > 0; convex and Fréchet-differentiable F; : Y — R; pre-
adjointable A € L(.Z(Q);Y) with Y a Hilbert space; self-adjoint & € L(A(Q); Co(Q)).
1 Choose tolerances {eg41}tren C (0, 00), and step length parameters 7, o > 0 satisfying 70A.A < 9.
2: Choose a fractional tolerance k € (0, 1) for finite-dimensional subproblems.
Pick initial iterates (1, y°) € Z(Q) x Y.

3:

4: for k e Ndo

5: ok = A, yk.

6: [+ = INSERT_AND_ADJUST (1K, 705 — DYk, tat, e, 1), > Solves (4.4) with Algorithm 4.2.
7: Prune zero weight spikes from p/**, > Optionally also apply a spike merging heuristic.
8: yk+t = prongg(yk + oA 2 = 1F]).

9: end for

6.1 ALGORITHM DESCRIPTION

The optimality conditions for (4.1) may now be written [15]
G (p) + A, y)
oF; (y) — Au)’

where we recall from (4.2) that G(p) = a||pll.x + 5>0(1). With the help of the step length and pre-
conditioning operators Wy € L(Co(Q) X Y;Co(Q) X Y) and My € L(A(Q) X Y;Co(Q) X Y) defined
as

0€ H(g,y) where H(yy):= (

. Id 0

D —Ti A,
O O'k+1 Id >

W = ( WOk A Id

)

for some step length and over-relaxation parameters {(zx, ok, Wk) }ken, We introduce as in [33, 15, 22]
the implicit form algorithm

(6.1) (5’;)“) € Wi H (W) + M (uF ! = o),

where uk = (,uk, yk), and with exact steps, we would have &,; = 0. Following Section 4 we, however,
replace the first line primal update by (4.4) with o* = A, y*. The second line dual update reads

0 € 0k 10F; (Y1) — ot AL(1+ ) ¥ — wppF] + (5541 = 3F).

Taking (tx, o, wx) = (7, 0, 1), and rewriting the dual update in terms of an explicit proximal mapping,
in analogy with Algorithm 4.1, we obtain Algorithm 6.1.
When Fj is strongly convex with factor yr;, we can also accelerate

(6.2) Tes1 := Tk/wp  and Oy = opwi  for wi =1/ 1+ YF; Ok,

replacing 2p/%*! — /¥ in the dual update by (1+ wi)p**! — wrp*. We can take wy = 1//T+ 2y o if
only iterate convergence is desired, and no function value convergence.
6.2 SKETCH OF CONVERGENCE

Following [33], see also [15], we introduce for some testing parameters @, % > 0 the testing operator
Zr € L(Co(Q) X Y;Co(R2) X Y) defined by

or 1d 0
Zy = .
¢ ( 0 ¢k+1 Id)

Valkonen Proximal methods for point source localisation



J. Nonsmooth Anal. Optim. 4 (2023), 10433 page 26 of 36

We need Zx My € L(A(Q) X Y;Co(Q) X Y) to be self-adjoint and positive semi-definite. By standard
arguments [33, 15] this holds when wi = o ¥/ ! o7 and Yrox = @iy as well as 7x0p ALA < D with
{Yi }ken non-decreasing.

We then test (6.1) by the application of (Z; - |u**! — @) for some @& € H~'(0). This yields

(63)  orlEranl® = i) € prm(dG (P + ALy R — )
+ Y10k (OFg (YY) = ApF |y — ) + (Ze My (uF = 0 [uF - @),

Using the definition of the convex subdifferential and the three-point identity for Zy My, now

k+1 k2
—lzm,

+ okt [G(U™) = G(D)] + Yisa o [Fy () = Fi ()]

Y10k 41V E;

+ ——
2

+ Okt [(A Y = ) = Yo (AR Y5 = 3.

N SR K+l - k-
(6.4) Okt = 1) 2 Ellu -l - E||u —all% p + 5||u
k _
Iy = 3lI5

If now (7x, ok, w) = (7, 0,1), i.e., we consider the unaccelerated algorithm, we can take ¢ = 1 and
Yrs1 = o 'z while satisfying the non-negativity and self-adjointness of Zy My = ZM, which is now
independent of the iteration. Then (6.4) gives

k+1

1 k -~ 1 k k+1 - 1 k- ~ k _
(6.5) = lu “—uIIZZM+5||u Ukl + 16 (W a) < S llu — i1l + (Erna | = 1),

2

where the Lagrangian gap functional

G(u,u) = G(p) = G(n) + Fy(y) — Fy(9) + (Asylpu — i1y = (Aply — )
= [G(p) = Fy(y) + (Apli)] = [G(p) = Fy(y) + (Aaly)].

We have G(u, @) > 0 when 0 € H(%2); compare [15]. Summing (6.5) over k = 0, ..., N — 1, estimating
(41|t — i) with Lemma 4.1, and using Jensen’s inequality to pass to ergodic variables, we get:
Theorem 6.1 (Ergodic convergence of the Lagrangian gap functional). Let @ € L(A(Q);Co(Q)) be
defined as Dy = p = p1 on the compact set Q, where 0 # p € Co(R") is symmetric and positive definite,
ie, p(—y) =p(y) forall y, and F[p] = 0. Let s € M (Q) X Y with Y a Hilbert space satisfy 0 € H(@),
and { (¥, y*)} k1 be generated by Algorithm 6.1 for some (1°, y°) € Z(Q) X Y, step lengths 7,0 > 0
satisfying toA.A < D, and the tolerance sequence {ep41}ren C (0, 00) satisfying

N-1

1
A}g}ﬂ@ N ; ek = 0;

see Example 4.11. Then G(aN ;@) — 0, more precisely,

N-1
1 1
0<GEN:a) < — | (x+ || P | P L I
G( ) e (x + |2l o)) kE:o k+1 2|| (3Y;

Weak convergence of the iterates can also be obtained following the arguments of Theorem 4.18.
When F; is strongly convex, we can with the step length parameter updates (6.2) obtain O(1/N?)
convergence of the gap functionals and O(1/N) convergence of the dual iterates {y* }cn, however, the
treatment of the gap functional is very technical; we refer to [33, 15]. We therefore skip the treatment
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of the gap functional, and directly use in (6.3) the fact that 0 € H(@) together with the monotonicity
of G and the yp;-strong monotonicity of F. This gives in place of (6.3) the estimate

1 1 1
- k _ k _ k- k k
(6.6) OBl = ) 2 2 =l g = Sl S I = I
+ Y1k yr: 1V = 7115
Taking @i = 1 and Y41 = Yi (1 + 20kyr;), we have
ZinMiy = ZiMy + 0 0 +=
k+1Wk+1 kK 0 ¢k+10'k+1YF5‘ 1d =k>
for some skew-adjoint Z. Since operator-relative norms are invariant with respect skew-adjoint
components, summing (6.6) over k =0, ..., N — 1 yields
1 1 N-1
N _ - _ ~ 1k .
(6.7) Sl =alld < Sl = al g, + ) ekl - B,
k=0
For some x € (0,1), we have
0 0
ZnN-1Mn-1 2
N=EEN-L = (0 (1—;<)¢N1d)

Therefore, dividing (6.7) by ¥n, which grows at the rate Q(N?) [15, Lemma 10.7], we obtain O(1/N)
convergence of the dual iterates {y*}xen.

7 NUMERICAL EXPERIENCE

We now discuss our implementations of the proposed methods, and their practical performance
compared to conditional gradient methods from the literature. We first describe the implementation
and parametrisation details in Section 7.1. We then describe the sample problems that we solve in
Section 7.2. We finish with a report and discussion on the performance in Section 7.3.

7.1 ALGORITHM IMPLEMENTATION AND PARAMETRISATION

We implemented Algorithms 4.1, 5.1 and 6.1 (“our methods” pFB, puFISTA, and pPDPS) as well as the
“relaxed” and “fully corrective” conditional gradient methods [5, Algorithm 5.1] and [29, Algorithm 2],
denoted FWr and FW{. All are applicable to the squared data term F(y) = %HA,u — b||%. uPDPS is also
applicable to F(p) = ||Ap — bl|;. Our Rust implementation is available on Zenodo [37].

Finite-dimensional subproblems  Both conditional gradient methods find a maximiser of —F’ (%) ( - ).3
They add the point to the support S of 1/*, and then adapt weights by solving the finite-dimensional
subproblem

m&}n](w) := F(Pw) + G(Pw),

where P € L(R"; /(Q)) maps weights w € R"” to measures ).\, w;dy, with support S = {x1,...,xp}.
In the finite-dimensional subproblems of Algorithms 4.1, 5.1 and 6.1, by contrast, F is linearised, and a
quadratic penalty based on 9 is added:

min J(w) := 7[F(iF) + (0F, Pw — ) + G(Pw)] + %HPW — 13,

3The maximisation of |F ’(yk )(+)]in [5] corresponds to a version of (1.1) without the non-negativity constraint; compare
Remark 4.5. The more general cone constraints of [29] readily treat this constraint.
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The FWr takes a single forward-backward step on each finite-dimensional subproblem after a
specific initialisation [5]. For our methods and the FW{, we solve the subproblems to the accuracy
inf e o7(wey 1glleo < 0.16x41, where {€k+1}ken 1s the overall tolerance sequence. For FWf we use forward-
backward splitting capped at 2000 iterations. For Algorithms 4.1, 5.1 and 6.1 we use a semismooth
Newton method (SSN) modelled after [23]. It is based on the proximal optimality condition

k
w = prox, . Gop(w — TsubP 0" — TsupP* DPw).

SSN can only be used with our methods because A, A is in general not positive definite, but 2 is subject
to conditions in Theorem 2.4.# We set the subproblem step length 7y, in both methods as 0.99 times
an estimate of the Lipschitz factor of the gradient of the smooth part of J. For the conditional gradient
methods this is n times an estimate of ||A.A||, and for our methods n times an estimate of ||Z]||.

Branch-and-bound subproblem  To maximise —F’(p*)( +) for the conditional gradient methods, or to
do the corresponding step of Algorithm 4.2 for our methods, we do branch-and-bound optimisation on a
geometric bisection tree representation of weighted sums {'(x) = 27, wip(x—x;)+)] }":1 Bi(0xy)(x~z;)
of functions with a small support. Each node of the tree corresponds to a subcube of the domain, and
maintains a list of active, non-zero components of the sum, and rough upper and lower bounds on it,
within the subcube. The sum is, of course, computationally easier if the number of active components
is small. To achieve this, we construct the component functions to have the small supports that was
one of our guiding principles in Section 3.2.

The branch-and-bound maximisation starts by putting the domain Q = [0,1]" in a priority queue (a
binary heap). Based on upper bound estimates for each cube in the priority queue, it picks the most
promising one for refinement. If the maximum of a second-order polynomial model of { within the
cube is 0.1¢; of the rough upper bound, the cube is inserted back into the priority queue, marked
as a candidate solution. Otherwise its 2" subcubes are inserted into the priority queue, unmarked.
When a marked cube is taken from the priority queue, the local approximate maximiser is returned
as an approximate maximiser of {. Cubes are pruned from the priority queue when it is apparent
that they do not contain the solution. For further details we refer to our Rust implementation and its
documentation.

Merging heuristics In all algorithms we prune unneeded spikes with zero weights to improve
computational performance and result visualisation. The conditional gradient methods are, however,
very weak at achieving completely zero weights. They instead depend on merging heuristics to reduce the
number of spikes. We use the following: if two spikes w;dx, and w;dy, of pk*! satisfy [|x; — x|l < 0.02,
we merge them as (w; + W;) 8 (w;x;+w;x;)/ (w+w;) if doing so does not increase the value of the data term
F. Then convergence is not affected.

For our Algorithms 4.1, 5.1 and 6.1 this is not true: non-increase of the data term is not sufficient to
not affect convergence. Instead, (4.4) should be maintained. This is significantly more costly. Therefore,
we will not use a merging in heuristic. One is not needed: the methods tend to keep the spike count
reasonable even without one. This stems from the conservative insertion strategy in Algorithm 4.2:
if weight optimisation is sufficient to satisfy (4.4), a new point will not be inserted into the support of
1. However, to improve visual quality, we use the same merging heuristic as with FWr and FWf to

postprocess the final iterate.

41f the spikes of p start grouping very close together, P, 2P may become ill-conditioned. If observed, this could be avoided
by using a merging heuristic. Alternatively, a first-order method could be used for the subproblem.
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Parameters We always take the initial iterate ° = 0. For the PDPS, y° € oF,(Au°). Based on trial
and error, we take the tolerance sequence ¢ = 0.57a/(1+ 0.2k)"*, where k is the iteration number.
This choice balances between fast initial convergence and not slowing down later iterations too much
via excessive accuracy requirements. Moreover, as a bootstrap heuristic, on the first 10 iterations,
we insert in Algorithm 4.2 at most one point irrespective of the tolerance ¢. This does not affect
convergence, as the convergence theory can be applied starting from any fixed iteration number. For
UFB and pFISTA we take 7 = 0.99/L where L satisfying A.A < LD is given by Example 3.8 or 3.4
based on the choice of the spread ¢ for A and the corresponding kernel p of &. For yPDPS we take
70 = 0.5/VL and oy = 1.98/VL. For the squared data term we use the acceleration scheme (6.2) with
yr; = 1. The implemented conditional gradient methods have no discretionary parameters [5, 29].

7-2 EXPERIMENTS

To compare the algorithms against one another, we use the squared data term F(p) = %HA;J - b||? in
both Q = [0,1] and Q = [0, 2]?. For the forward operator A, we consider both the cut Gaussian spread
of Example 3.8, and the “fast” spread of Example 3.4. We use the wave-to-particle operator & from the
same example. For the cut Gaussian the standard deviation ¢, = 0, = 0.05, and the cut-off a = 0.15.
For the “fast” case o = 0.16. For the radius b of the rectangular sensor 6 as in Example 3.2 we take 0.4
times the spacing between the sensors on a regular grid . Thus 80% of the domain is “sensed” by
some sensor. In [0, 1] we use 100, and in [0, 2]? we use 16 X 16 equally spaced sensors.

To generate the synthetic measurement data b, we apply A to a ground-truth measure i with four
spikes of distinct magnitudes, as depicted in our result figures. Then we add to each sensor reading
independent Gaussian noise of standard deviation 0.2 in 1D (both spreads), and standard deviation 0.1
(cut Gaussian spread) or 0.15 (“fast” spread) in 2D. These choices produce in all cases 3.8—4.8 dB SSNR
(57-65% noise). We use the trial-and-error regularisation parameter o = 0.09 (1D, cut Gaussian), 0.06
(1D, “fast”), 0.19 (2D, cut Gaussian), or 0.12 (2D, “fast” spread).

We also demonstrate yPDPS on the ¢! data term F(u) = ||Ay — b||; on the cut Gaussian spread
in one dimension; the other combinations are available through our software implementation [37].
The parametrisation of A is as above. We apply salt-and-pepper noise of magnitude m = 0.6 and
probability p = 0.4 in 1D. Each sensor will therefore have noise values in {0, —m, m} with corresponding
probabilities {1 — p, p/2, p/2}. This gives again 4.8 dB SSNR (57% noise). We set o = 0.1.

7.3 RESULTS

We ran the experiments on a 2020 MacBook Air M1 with 16GB of memory. We take advantage of the
4 high performance CPU cores of the 8-core machine by using 4 parallel computational threads to
calculate A*z and for the branch-and-bound optimisation. We report the performance of all of the
algorithms for the cut Gaussian spread with squared data term and Gaussian noise in 1D in Figure 1,
and in 2D in Figure 3. For the “fast” spread the results are in the corresponding Figures 2 and 4. We
also report the performance of uPDPS on salt-and-pepper noise with ¢! data term in one dimension in
Figure 5. Each of the figures depicts the spread ¢/, kernel p, and sensor 6 involved in A and 9. They also
depict the noisy and noise-free data, the ground-truth measure /I, and the algorithmic reconstructions.
The reconstructions or optimal solutions to (4.1) cannot be expected to equal ji due to noise and
ill-conditioning of the inverse problem Ay = b.

Each of the figures plots function value against both iteration count and CPU time spent. The plots
are logarithmic on both axes, and we sample the reported values logarithmically only on iterations

5The small number of sensors along each axis in 2D is for visualisation purposes: our implementation scales well with
computation using a 32 X 32 sensor grid with the same spread only requiring slightly over double the CPU time.
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1,2,...,10,20,...,100, 200, . ... We limit the number of iterations to 2000. The CPU time is a sum over
the time spent by each computational thread, so several times the clock time requirement. Since the
branch-and-bound optimisation stage gets increasingly more difficult closer to a solution, algorithms
that converge the fastest generally require more CPU time to reach the final iteration.

The figures also indicate the spike count evolution and the number of iterations needed to solve the
finite-dimensional subproblems. The subproblem iteration counts are averages over the corresponding
period. FWr by design only ever takes one forward-backward iteration for the subproblems. FWf
uses forward-backward splitting, as discussed in Section 7.1. Recall that we cap the iteration count at
2000. For yFB, pFISTA, and pPDPS the subproblem iteration count may include more than one spike
insertion.

Since the weight optimisation subproblem of pFB, yFISTA, and pPDPS is not simply a finite-
dimensional version of the original problem, as it is for FWf and FWr, the reported function value
for the initial iterations can be suboptimal. An improved function value can be obtained by cheap
postprocessing weight optimisation. This is graphed for pFB with a thin line in the iteration vs. function
value plot.

7.4 COMPARISON

Based on all the computations, for all algorithms, the “fast” spread generally has much lower CPU
time requirements for convergence than the cut Gaussian. The bulk of the computational time is spent
computing the erf of the expression for 8, * ¥/ in Lemma 3.9. The FWf and FWr seem quicker to start
than the yFB and pFISTA, but eventually slow down, and the latter two overtake them. Sometimes,
as in Figure 3, the conditional gradient methods are incredibly slow, and FWr even unstable. Overall,
however, it is difficult to rank the FW{, FWr, and yFISTA based on these experiments. Generally yFISTA
performs better than pFB, but not always significantly. Perhaps surprisingly, as the squared data
term does not require primal-dual structure for a prox-simple algorithm, the zPDPS is consistently a
top-performer. It is also the only one of the algorithms that can handle the ¢! data term.
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