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FROM RESOLVENTS TO GENERALIZED EQUATIONS AND
QUASI-VARIATIONAL INEQUALITIES: EXISTENCE AND
DIFFERENTIABILITY

Gerd Wachsmuth*

Abstract We consider a generalized equation governed by a strongly monotone and Lipschitz
single-valued mapping and a maximally monotone set-valued mapping in a Hilbert space. We are
interested in the sensitivity of solutions w.r.t. perturbations of both mappings. We demonstrate
that the directional differentiability of the solution map can be verified by using the directional
differentiability of the single-valued operator and of the resolvent of the set-valued mapping. The
result is applied to quasi-generalized equations in which we have an additional dependence of the
solution within the set-valued part of the equation.
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1 INTRODUCTION

We consider the (local) solution mapping S: U — Y, u + y, of the generalized equation
(1) 0€A(y,u) +B(y,u).

Here, Y is a (real) Hilbert space, U is a (real) Banach space, A: Y x U — Y* is (locally) strongly
monotone and Lipschitz w.r.t. its first argument and the set-valued map B: Y X U =3 Y* is assumed to
be maximally monotone w.r.t. its first argument.

The equation (1) can be used to model many real-world phenomena. In the case where B(-, u)
coincides with the subdifferential 9j, of a proper, lower-semicontinuous and convex function j,: Y —
(=090, 0], (1) is a variational inequality (VI) of the second kind. If further, j, is the indicator function
dc,: Y — {0,00} of a non-empty, closed and convex set C, C Y, it is a VI of the first kind and
ddc, = Nc,, is the normal cone of C,,.

We show by some simple arguments that the existence of solutions and the directional differentiability
of S follow from the properties of A and of the resolvent Jz of B and from the directional differentiability
of A and J, respectively. Here, Jg: Y XU — Y, (g, u) + y, is the solution map of

(2) 0€R(y—q)+B(y,u)
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where R: Y — Y™ is the Riesz map of the Hilbert space Y. Similarly, we treat the equation

(3) 0€A(y,u) +B(y —®(y,u),u),

where ®: Y X U — Y is assumed to have a small Lipschitz constant w.r.t. the first variable. Note that
(3) is an inclusion which generalizes the setting of so-called quasi-variational inequalities (QVIs).

Let us put our work in perspective. The existence of solutions to (1) is well understood, we refer to,
e.g., [5, Section 23.4]. The first contribution which studies differentiability of problems similar to (1) is
[22], in which it is shown that the projection onto a closed, convex set C is directionally differentiable
on C itself. In [16, 13] it is proved that the projection is directionally differentiable everywhere, if C is
assumed to be polyhedric, see also [19]. Note that the projection onto C is the solution mapping of
(1) with A(y,u) = R(y — u) and B(y,u) = 35¢c(y) = Nc(y). The case of non-linear A was treated in
[15, 14]. Later, theory for the differentiability of Jz with B = 9j was set up in [11]. It was shown that the
differentiability of J5; is equivalent to the so-called twice epi-differentiability of j, see also [9]. Finally,
[1, Theorem 1] studies (1) with a real parameter u > 0. However, since we are mainly interested in
directional differentiability, this is not a restriction.

Contributions corresponding to the QVI case (3) are rather new and are currently restricted to the
special case

Find y e K(y) st (A(y)-u,0—-y)>0 VYoeK(y)

with K(y) = K — ®(y) for some polyhedric set K C Y. Important parameters for the study of this
problem are the constant py of strong monotonicity of A and the Lipschitz constants L4 and Ly of
A and @, respectively. The first contribution in this direction is [2, Theorem 1]. Therein, the authors
showed directional differentiability into non-negative directions under monotonicity assumptions
on A and Ly < p1a/(pa + La). Afterwards, [20, Theorem 5.5] proved the directional differentiability
into arbitrary directions and the smallness assumption on ® was relaxed to Ly < pa/L4 (and an even
weaker inequality suffices if A is the derivative of a convex function). However, this result needs that ®
is Fréchet differentiable (or, at least Bouligand differentiable). Later, [3, Theorem 3.2] showed that it is
sufficient to have a directionally differentiable ® at the price of having again the stricter requirement
Ly < pa/(pa + La). A different approach, which is based on concavity properties and which is not
restricted to the special case above, is given in [10].
The main contributions of our paper are the following.

(i) Theorem 12 shows that the solution map of (1) is directionally differentiable. This result is very
similar to [1, Theorem 1]. However, our assumptions are localized around a solution and we
require the directional differentiability of the resolvent Jp instead of the proto-differentiability
of B. This results in a much easier proof.

(i) Lemma 16 shows that the directional differentiability of Jp is equivalent to B being proto-
differentiable with a maximally monotone proto-derivative. Thus, the differentiability assump-
tions on B in Theorem 12 and [1, Theorem 1] coincide.

(iii) In Section 4 we show that the approaches of [2, Theorem 1] and [20, Theorem 5.5] can be gener-
alized to deal with the solution map of (3). Moreover, we only need directional differentiability
of the data functions A, ® and Jp as in [2] and only the weaker requirements on Ly from [20].

The paper is structured as follows. In Section 2 we fix some notation and state Theorem 2 concerning
convex functions with a strongly monotone and Lipschitz continuous derivative. Section 3 contains the
differentiability result for (1), whereas Section 4 is concerned with (3). Some applications are presented
in Section 5.
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2 NOTATION

In this paper, all linear spaces are over the field of real numbers. For a Banach space U, || - ||: U — [0, o)
and (-, -): U* XU — R denote the norm and the duality product, respectively. In a Hilbert space
Y, (-, ): Y XY — R is the inner product. The spaces will be clear from the context and will not be
indicated by a subscript.

Let U and Y be a Banach space and a Hilbert space, respectively. We denote by R: Y — Y* the Riesz
map of Y. For ¢ > 0 and y* € Y, B.(y") (Us(y")) denotes the closed (open) ball in Y with center y*
and radius ¢, respectively.

IfB: YXU 33 Y*and U C U are given such that B(-,u): Y 3 Y* is maximally monotone for all
u € U, we say that B is a parametrized maximally monotone operator and we define its resolvent
Jg: YXU — Y via Jg(-,u) := Jp(.u), i€, for (g u) € Y XU the point y = Jg(q u) = (R+B(~,u)) " (Rq)
is the unique solution of

0 € R(y —q) +B(y,u).

For a closed, convex subset K C Y, we denote by Tx: Y =3 Y and Nk : Y =3 Y* the tangent-cone
and normal-cone map. Moreover, by

K°:={ueY*|{(uv) <0VoeK} pti={veY|{(umo)=0}

we denote the polar cone of K and the annihilator of u € Y*, respectively.
We need a characterization of convex functions defined on subsets of Y with a Lipschitz continuous
derivative.

Theorem 1. Let Y C Y be nonempty, open and convex and Ly € (0, ). Further, the function f: Y — R
is assumed to be convex and continuous. Then, the following assertions are equivalent.

(i) f is Gateaux differentiable on M and f’: Y — Y* is L¢-Lipschitz continuous on Y.
f-LIp,

(ii) f is Gateaux differentiableon M and f': Y — Y* is1/L¢-cocoercive, i.e.,
f

F(32) = F/ ) ya = 1) 2 Lifnf'(yz) PP Ymymed.

(iii) The map L7f||-||2 — f is convexon Y.

For the proof, we refer to [18, Theorem 3.1].

Next, we give an important inequality for convex functions. This inequality is well-known in the
finite-dimensional case if the convex function is defined on the entire space, see, e.g., [17, Theorem 2.1.12]
or [8, Lemma 3.10]. The infinite dimensional version (on the entire space) was given in [20, Lemma 3.4].
By using Theorem 1, we can adopt the proof to the situation at hand.

Theorem 2. Let Y C Y be nonempty, open and convex. Further, let f: Y — R be convex, continuous
and Gateaux differentiable such that f': Y — Y™ is strongly monotone with constant jiy € (0, ) and
Lipschitz continuous with constant Ly € (0, o). Then,

1
/lf+Lf

HrLy 2
ly2 — yill” +
,Uf +Lf

(f'(y2) = F' ) y2 = 31) = I (32) = £/ |

forally, y, € Y.
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Proof. We define g := f — %f |I-||2. Thus, we have g’(y) = f’(y) — prRy. The strong monotonicity of f”

. . . . L¢ Le— . .
implies that g is convex. From Theorem 1 we infer that 7/ 1?2 = f = fTﬂf II]|?> = g is convex. Applying

Theorem 1 again shows that g" is 1/(Ly — pr)-cocoercive, i.e., for arbitrary yy, y; € Y we have

(Lf - ﬂf)((f’(yz) - (), y2—») — ﬂf”J’z - J’1||2)
=Ly = pp)g"(y2) =9 (n), y2 — y1)
> [lg'(y2) =g (WI* = If"(32) = F'IP = 2u0F" (v2) = £ (), y2 = o) + gz llye = wll”.

Rearranging terms yields the claim. O

3 GENERALIZED EQUATIONS

We consider the solution mapping of the generalized equation (1). We show that solutions are locally
stable and directionally differentiable under suitable assumptions.

3.1 LOCAL SOLVABILITY

We set up the standing assumptions which allow to prove that (1) is uniquely solvable around a given
reference solution (y*,u*).

Assumption 3 (Standing assumptions). Let (y*,u*) € Y X U be given and let ¢ C U be a neighborhood
of u*.

(i) For all u € U, A(-,u) is locally strongly monotone and Lipschitz in a neighborhood of y*,
uniformly in u € U. To be precise, there exist constants ¢, 14, L4 > 0 such that for all yi, y, €
B.(y*) and for all u € U we have

(A(yz,u) = A(ynu), y2 = 1) = pallyz = mill%,
IA(y2,u) = A(y, )|l < Lally2 = w1l

(i) B(-,u): Y =3 Y* is maximally monotone for all u € U.

Here and in the sequel, it is sufficient that A is defined only on B.(y*) X U and that B is defined on
YxU.

We check that the GE has a unique solution in a neighborhood of y* for certain “small” perturbations
uof u™.

Theorem 4. Let Assumption 3 be satisfied by a solution (y*,u*) of (1). We select p € (0,2p4/L4),r € (0,¢]

and set ¢ := \/l —2ppa + p?L% € (0,1). Suppose that { € Y* and u € U satisfy

(4) 7o (dp: w) = JpB(qp, u) I + pllA(Y", 1) =AY u) |+ plIlll < (1= o),

where g, = y* — pRYA(y*,u*). Then, there exist unique solutions y, y of

(5) 0€+A(y,u) +B(y,u), ye€BA(y)
and
(6) 0 € A(J,u) + B(J,u), J € B:(y").

These solutions satisfy y, y € B,(y*) and ||y — || < 1%||§||.

C
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Assumption (4) ensures that (5) and (6) are small perturbations of (1) with u = u*. Later, we will see
that continuity assumptions on A and on (the resolvent of) B can be used to verify (4), see Lemma 7.

Proof. The proofis inspired by the proof of [7, Theorem 5.6] which treats the special case of a variational
inequality.
We define T: Y — Y, y > z as the solution operator of

0 € R(z— (y = pRA(y,u) = pR7'{)) + pB(z,u),

ie.,
T(y) = Jps(y — pRA(y,u) — pR™', u).

In order to apply the Banach fixed-point theorem, we check that the mapping Q: B.(y*) — Y,
x — x — pRA(x,u) is a contraction. Indeed,

Ix = pRTAGxe,u) = y + pRTA(y, )1 = llx = ylI” + [pR7 (A(x, u) = A(y, w)|I?
—2p(A(x,u) —A(y,u),x — y)
< (1-2ppa+ p*L3)l1x = ylI?
holds for all x, y € B.(y*) due to Assumption 3(i). Hence, Q is Lipschitz with constant ¢ € (0, 1). Since
JpB(+,u) is Lipschitz with constant 1, T: B.(y*) — Y is a contraction.
It remains to check that T maps B, (y*) onto itself. To this end, we denote the three terms on the

left-hand side of (4) by 1, k2 and ks, respectively. By using y* = J,5(g,, u*), we have for an arbitrary
y € B.(y")

IT(y) =yl = 1Jp(Q(¥) = pPR7'E 1) = Jop(qp, u)|
< 1pp(Q(¥) = pPR7'C,w) = Jon(qp Wl + o5 (qp, ) = Jp (g )|
<y = pRTA(y.w) = pRTE = (v = pRTA(Y )| + 5
<lly = pRA(p,u) = (y" = pRTA(Y w) L+ pllA(Y" w) = A(y", u”)ll + plIC I + K1
=10(y) Q) + K1+ K2 +K3 <.
Hence, we have shown that T: B,(y*) — B,(y*) is a contraction.
The Banach fixed-point theorem yields a unique fixed point y € B,(y*) and this is a solution of (5).
Similarly, the solvability of (6) is obtained by using the same arguments with { = 0. By repeating the

same argument with r = ¢, we establish the uniqueness of solutions in B, (y™).
For the final estimate, we note

9= Jpp(§ — pRA(3, 1), u), Y =Jps(y = pRA(y,u) = pR™, ).
Thus,
ly =l < 11Q(y) = QM+ plSll < clly = ¥l + plIZ]]
and this gives the desired estimate. O

The second term on the left-hand side of (4) becomes small if we assume some continuity of A and
if u is close to u*. In order to control the first term, we use a famous result by Attouch.

Lemma 5 ([4, Proposition 3.60]). Let (B,)nen be a sequence of maximal monotone operators on Y and let
By: Y =3 Y* be maximally monotone. Then, the following are equivalent.

(i) There exists pg > 0 such that for all y € Y we have ], B, (¥) — Jp,B,(¥)-

(ii) Forallp > 0 and all y € Y we have J,p,(y) — JpB,(¥).
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Corollary 6. Suppose that for everyv € Y, the mapping Jg(v,-): U — Y is continuous at u*. Then, for all
p>0andv ey, ]pB(v, ): U — Y is continuous at u*.

Proof. We have to show that J,p(v,un) — J,p(v,u”) for all sequences (u,)nen € U with u, — u*.
This follows directly from Lemma 5 by setting B, := B(-, u,) and By := B(-,u"). O

Hence, if Assumption 3 and the assumption of Corollary 6 are satisfied and if A(y*,-): U — Y is
continuous at u*, the estimate (4) holds if { is small enough and if u is sufficiently close to u*. For later
reference, we also give a directional version of this statement.

Lemma 7. Let Assumption 3 be satisfied by a solution (y*,u*) of (1) and choose p, r,c as in Theorem 4.
Further, let h € U be arbitrary. We assume that t — A(y*,u* +th) € Y* andt — Jg(v,u* +th) € Y are
right-continuous att = 0 for allv € Y. Then, the estimate (4) is satisfied byu = u* +th and { € Y* if
t > 0 and ||{|| are small enough.

3.2 DIRECTIONAL DIFFERENTIABILITY

In order to prove directional differentiability of the solution mapping, we need some differentiability
assumptions concerning the mappings A and B.

Assumption 8 (Differentiability assumptions). In addition to Assumption 3, we suppose the following.
(i) A is directionally differentiable at (y*, u*).
(ii) Jp is directionally differentiable at (¢*, u*) with ¢* = y* — RA(y*, u*).

Interestingly, the next result shows that Assumption 8(ii) already implies that the directional deriva-
tive of Jp is again a resolvent of a parametrized maximally monotone operator. In the setting that B is
a subdifferential and independent of u, this result follows from [11, Theorems 3.9, 4.3].

Lemma 9. Let Assumption 8 be satisfied by a solution (y*,u") of (1). We further set & := —A(y*,u") €
B(y*,u"). Then, the operator DB(y*,u* | £&): Y xU 3 Y*,

7) DB(y*,u* | £)(6,h) ={R(k=0) | k€ Y,6 = Jg(q",u"sk,h)}  V(6,h) € Y XU,
is a parametrized maximally monotone operator and we have
8) Js(q" u"s+) = JpB(yr |
i.e, 8= Ji(q" u";k, h) = Jpp(y* &) (k. h) if and only if § solves
0 € R(6—k)+DB(y*,u"| £)(5,h).

We have chosen such a complicated name for the linearization of B, since it will turn out that this
linearization coincides with the so-called proto-derivative of B, see Section 3.3.

Proof. Let us check the monotonicity w.r.t. the parameter §. For fixed h € U and arbitrary ki, k, € Y,
we have

2

Je(q" +thy,u” +th) — Jp(x)  Js(q" + thp,u” + th) — Jp(x)
t t

1 * * # *
2 s(q" + thyu” + th) — Jp(q" + the,u +th) ||’

< tlz(JB(q* +thy, u* +th) — Jg(q* + thy,u* + th), t (ki — k)
_ (]B(q* + tkl,u* + th) _]B(x) _ ‘]B(q>k + tkz: ut+ th) _.]B(x) kl _ k2)

t t
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Here, the inequality follows from the fact that resolvents of maximally monotone operators are firmly
non-expansive. By taking the limit ¢ ™\ 0, we find

IJ5(q" w"s ki h) = Jp(q" ws ke, IIP < (Jp(q™ u™ska h) = Jp(q"s w5 kay h), ey — ko).

Hence,

(]é(q*, u*;ky, h) —Jé(q*, u*;ko, h), ky — ]f';(q*,u*;kl, h) = k; +J§(q*, u*s ks, h)) =0,

ie.,
(R(ky = 61) = R(kz = 62),61 — 62) 2 0,
where 6; == J;(q", u"; k;, h). This shows monotonicity of DB(y*,u" | &) (-, h).

Minty’s theorem, see [5, Theorem 21.1], implies that the operator DB(y*, u* | £*)(-, h) is maximally
monotone if and only if R+ DB(y*, u* | £) (-, h) is surjective. This, however, is obvious: for an arbitrary
{ € Y*, we canset § = J5(q", u*; R, h) and have { € RS + DB(y*, u* | £)(6, h).

Finally, (8) follows from a straightforward calculation. O

Remark 10. Minimal changes to the proof show that the assertion of Lemma 9 remains true if we only
assume that Jp is weakly directionally differentiable at (g*, u*), i.e., if

Js(q" +tk,u” +th) — J(q",u")
t

— J5(q", u";k, h) inYast\,0

forall (k,h) € Y X U.
Next, we apply Lemma 9 to the normal cone mapping of a polyhedric set.

Proposition 11. Suppose that K C Y is polyhedric and B(-,u) := Nk is the normal cone mapping to K
(independent of u). Then, Assumption 8(ii) is satisfied and we have

K°nst ifs ek,

DB(y" | §)(8) = Nx(8) = {0 i ¢ K

where K = Ti(y*) N (€*)* denotes the critical cone. That is, DB(y* | £*) is the normal cone mapping to
the critical cone K. Here, we have suppressed the arguments u* and h.
Proof. From [16, 13] we get the directional differentiability of Jp = Projg and
Projj.("; k) = Projyc (k).
Using (7), we have

DB(y* | £)(6) == {R(k =) | k € Y, = Projyc(k)}
= {R(k - 8) | k€ Y,5 € K,R(k — &) € K°, (R(k - 8),8) = 0}

and the claim follows. m]

Theorem 12. Suppose that Assumption 8 is satisfied by a solution (y*,u*) of (1). We denote by S the local
solution mapping of (1), cf. Theorem 4 and Lemma 7. Then, S is directionally differentiable at u*. For
h € U, the derivative § = S’(u*; h) is the unique solution of

(9) 0€A'(y",u";6,h) + DB(y",u" | ) (6, h),

where £ = —A(y*,u").
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Proof. The proof is inspired by [14]. Since A’(y*,u*;-,h): Y — Y* is again strongly monotone and
Lipschitz, and since the operator DB(y*,u* | £*)(-,h): Y 3 Y* is maximally monotone by Lemma o,
it is clear that the linearized equation possesses a unique solution § € Y for an arbitrary h € U. It
remains to check that § is the directional derivative of S. We set

g =y - RIA(y"u), ki=6-RTA(Y a6 h).

This implies y* = Jg(q",u*) and 6 = J;(q", u"; k, h), cf. (8).
Next, we take an arbitrary sequence (¢,)nen C (0, 00) with ¢, ~\, 0 and define

Yn = Jp(q" +tak,u" +tyh),  ie, 0€R(Yn—q" —tnk) +B(yn u" +1t,h)
for n large enough. Then, Assumption 8(ii) implies

Yn— Y
tn

— Ji(q" usk,h) = 6.

Now, we define
_ R(yn —q" — tnk) — A(yn, u" + tnh)

tn

n -
By using the definition of ¢* we get
_ R(yn — y* — tnk) + A(y*,u") — A(yn, u” + t,h)
tn

_ R(y" -y k) N A(y*,u*) — A(y" + tyd,u” + ty,h) R A(y" + 1,0, u” + tyh) — A(yn, u* + tyh)
tn tn '

Gn

tn

Due to Assumption 3(i), the last addend can be bounded by Lal||(y, — y*)/tn — 6|| — 0. Thus, the
directional differentiability of A implies {,, — R(J — k) — A’(y*,u", 6, h) = 0. Next, we note that the
definition of ¢, yields

0 € tyln + A(Yn, u" + tyh) + B(yn, u” + tyh).

Due to Lemma 7, we can apply Theorem 4 for n large enough. This yields the existence of a unique
solution j, € B.(y*) of
0 € A(Jn, u" + tyh) + B(Jn, u” + tyh)

and this solution satisfies ||y, — ¥n|| < C||t,{nl|- Note that y, = S(u* + t,h). Hence,

S +tah) = SW) _ Jn=yn  Yn=y"
[ In In

— 0+ 6.

This shows the claim. m]

We mention that a similar result has been given in [1, Theorem 1]. Therein, global assumptions on A
are used, i.e., Assumption 3(i) is required to hold for ¢ = co. Moreover, this contribution uses the concept
of proto-differentiability, which is not utilized in our proof. In particular, instead of Assumption 8(ii),
[1] requires that B is proto-differentiable with a maximally monotone proto-derivative.

In our opinion, it is often easier and more natural to study the differentiability properties of Jp
instead of checking whether B is proto-differentiable. Indeed, in the case that B is the normal cone
mapping of a polyhedric set C C Y, the directional differentiability of /g = Proj, was already shown
in [16, 13], whereas the proto-differentiability of B was proved later in [11, Example 4.6], see also [14].
Moreover, the former proofs are rather elementary, whereas the latter proof utilizes [11, Theorem 3.9]
which is based on Attouch’s theorem linking the Mosco-convergence of convex functions with the
graphical convergence of their subdifferentials.
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J. Nonsmooth Anal. Optim. 3 (2022), 8537 page 9 of 22

Remark 13. We comment on some extensions and limitations of Theorem 12.

i) The strong monotonicity of A can be replaced by requiring that the linearized equation (9
g y p y req g q
possesses solutions for all & € U and by assuming that the assertion of Theorem 4 holds.

(i) It is not possible to adapt the proof to the situation of Remark 10. Indeed, if we only assume
weak directional differentiability of Jz, we only get (y, — y*)/t, — 6 and, thus, only {,, — 0 (if
A is Bouligand differentiable). This, however, is not enough to obtain ||y, — y,|| = o(,) in the
last step of the proof.

(iii) Another approach for proving Theorem 12 is to directly consider y, := S(u* + t,h). Due to the
Lipschitz continuity of S, one gets (y, — y*)/t, — J along a subsequence for some § € Y. The
next step would be to perform a Taylor expansion of A(y,, u* + t,h) — A(y*, u*), but this needs
stronger differentiability assumptions for A, e.g., Bouligand/Fréchet differentiability w.r.t. its
first argument, cf. [9, Remark 2.3(iii), Theorem 2.14]. In the above proof, this is avoided via the
construction of y,,.

Finally, we mention that the directional differentiability of ], for some py > 0 implies the directional
differentiability for all p > 0.

Corollary 14. Let B: Y X U 3 Y* as in Assumption 3(ii) be given and fix (¢*,u*) € Y X U. With
v* = Jg(q*,u"), the following are equivalent.
(i) Thereexists pg > 0 such that the resolvent ], g is directionally differentiable at (y* +po(q* —y*), u*).
(ii) Forall p > 0, J,p is directionally differentiable at (y* + p(q* — y*),u").

Proof. This follows from Theorem 12, since J,p: (x,u) + y is the solution map of 0 € %R(y -x)+
poB(y,u) and y* = Jop(y" + p(q" — y*), u"). O
Similarly, an application of Theorem 12 shows that the directional differentiability of the resolvent

Jp is actually independent of the Riesz isomorphism R of Y and, thus, independent of the inner product
inY.

3.3 RELATION TO PROTO-DIFFERENTIABILITY

The purpose of this section is to shed some light on the relation of directional differentiability of the
resolvent Jp and the proto-differentiability of B.
We first fix the notion of proto-differentiability of the parametrized set-valued map B.

Definition 15. Let (y*,u*) € Y X U be given, such that Assumption 3(ii) is satisfied. For some &* €
B(y*,u") and (8, h) € Y X U, we define

B(y* +t8,u* + th) — &

(10) AB(y",u" | E)(8,h) = t

for t > 0 small enough. We say that B is proto-differentiable at (y*, u*) relative to £* € B(y*, u*) if the
graph of A;B(y*,u* | &)(-,h): Y =3 Y* converges as t \, 0 in the sense of Painlevé-Kuratowski, see
[1, Definition 2], for all h € U. In this case, we define its proto-derivative DB(y*,u* | £): Y XU 3 Y*
via

graph DB(y", u” | &) (-, h) := graph lim,\ o A;B(y",u" | &) (- h)
forallh e U.

Although the operator A;B(y*,u" | £*)(-, h) defined in (10) is maximally monotone, cf. [1, Lemma 1],
its graphical limit DB(y*, u* | £€*) (-, h) might fail to be maximally monotone, even if it exists, see [21,
Theorem 2].
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Lemma 16. Let (y*,u*) € Y X U be given, such that Assumption 3(ii) is satisfied. Further, let ¢* € Y
be given such that y* = Jg(q*,u") and we set & := R(q* — y*) € B(y*,u"). Then, the following are
equivalent.

(i) The mapping Jp is directionally differentiable at (q*, u™).

(ii) The mapping B is proto-differentiable at (y*, u*) relative to & and its proto-derivative DB(y*, u* |
&) (-, h) is maximally monotone for allh € U.

Proof. By defining A(y,u) := R(y — ¢*) it can be easily checked that (y*, u*) is a solution of (1) and
that Assumption 8 is satisfied.
In order to apply the results from [1], we fix h € U and ¢, > 0 such that u*+th € U for all ¢ € [0, ty).
We define
Bi(t,y) := B(y,u" + th) Vt € [0,t),y €Y.

Now, it can be checked that A;B(y*,u* | £*)(-, h) coincides with AtBh(}/* | £)(-) as defined in [1, (9)].
Thus, B is proto-differentiable at (y*, u*) relative to ¢* if and only if By, is proto-differentiable at y*
relative to & for all h € U and we have the formula

DB(y",u" | £)(- h) = DBp(y" | €)(")

for the corresponding proto-derivatives.

“=”:Dueto Jp(q, u*+th) = J5, (¢, q), we get that J,, 1s directionally differentiable. Further, J; (t,q) €
Y is Lipschitz continuous w.r.t. ¢ € Y and, thus, we get the semi-differentiability (see [1, Definition 1])
of Jj, at ¢". Now, we can apply [1, Remark 5] to obtain that Ji is proto-differentiable at g* relative
to y* = Jz, (0,¢"). Now, [1, Lemma 2] yields that By, is proto-differentiable at y* relative to £*. As
explained above, this yields the desired proto-differentiability of B. Moreover, from these arguments,
we can distill the formula

Je(q"u'sh) = Jg (¢7°) = DJj, (¢ 1 y) = (R+ DBy (y* | €))7 = (R+DB(y",u" | £) ()™

Since a maximal monotone mapping is uniquely determined by its resolvent, this shows that DB(y*, u* |
&) coincides with the mapping defined in Lemma 9 and, therefore, is maximally monotone.
“&”: Using similar arguments as above, this follows from [1, Theorem 2]. O

In particular, the normal cone mapping to a polyhedric set is proto-differentiable and the proto-
derivative is given as in Proposition 11. As already mentioned, this result is known from [11, 14].

4 QUASI-GENERALIZED EQUATIONS
In this section, we treat the generalization

(3) 0€A(y,u) +B(y —@(y,u),u)

of (1). Here, ®: Y XU — Y is an additional mapping. We will follow two approaches to investigate the
solution mapping of (3). In the first approach, we reformulate (3) in the form (1) by introducing a new
variable z = y—®(y, u). This idea was successfully used in [20] to prove the directional differentiability
of QVIs. The second approach, which was pioneered in [2], uses a iteration approach, i.e., it builds a
sequence (Y n)nen, in which y, , solves

0 € A(Yun u) + B(Yun — D(Vun-1,u), u).

We shall see that both approaches will use a similar set of assumptions.
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Assumption 17. We assume that (y*,u*) € Y X U is a solution of (3) such that the operators A and
B satisfy Assumption 3. In addition, ®: Y X U — Y is continuous at (y*, u*) and ®(-,u) is locally a
uniform contraction, i.e., there exists a Lipschitz constant Ly € [0, 1) such that

1D(y2, u) = @(y1, u)|| < Lollyz — nill

for all vy, y, € B.(y*) and for all u € U.

Assumption 18. In addition to Assumption 17, we require
(@) Ly < y;ll, or

(b) Ly < 2+/ya/(1+ ya) and there exists a function g: U,(y*) X U — R such that A is the Fréchet
derivative of g w.r.t. the first variable,

where y4 = La/pa > 1is the local condition number of A.

Assumption 19. In addition to Assumption 17, we assume that
(i) A is directionally differentiable at (y*, u™).
(ii) Jp is directionally differentiable at (¢* — ¢*, u*) with g* = y* — R'A(y*, u*) and ¢* = ®(y*, u*).
(iii) @ is directionally differentiable at (y*, u*).

As a preparation, we state a consequence of Assumption 18.

Lemma 20. Let Assumption 18 be satisfied. Then, there exist constants C > 0 and ¢ € (0,1), such that for
allu € U and y1, y2, 21,22 € Be(y*) we have

(A(zz,u) = Az, u), 22 — D(y2.u) — 21 + D(y1,u)) = C(llz2 — z1l1> = Ellyz — yill?).
Proof. We denote the left-hand side of the inequality by M € R.

In case that Assumption 18(a) holds, we have

2712

ATD _ 2
24 ly2 = »ill%,

HA
M > pallzz — z1||* = LaLsllz — zi|[|v2 = will = 7”22 -zl -

ie,wecanuse C = py/2 and ¢ = LaLle/pa = yale < 1
Under Assumption 18(b), we first consider zy, z; € Us(y*). Theorem 2 yields

M > 22 = z1|* + Az, u) — Az, w)||* = LollA(z2, u) — Az, w) |||y — il
pHa+La pa+La
pala = P L L
2 HA+LA 2 1 4 Y2 = nill -

Here, we have used Young’s inequality. Since everything is continuous w.r.t. z1, z, € Y, the inequality car-
ries over to z1, z2 € B¢(y"). Now, we can choose C = piaLa/(pa+La) and ¢ = (pa+La)Lo/(2+/pala) =
(1+ya)le/(24/ya) < 1. m

Interestingly, this already shows that (locally) (3) has at most one solution.

Lemma 21. Let Assumption 18 be satisfied. Then, for eachu € U, (3) has at most one solution in B.(y").
Proof. Let y1, y2 € B.(y*) be solutions of (3). Due to —A(y;,u) € B(y; — ®(y;), u) we get

(A(yz,u) = Ay, u), y1 = P(y,u) = y2 + @(y2,u)) 2 0

and Lemma 20 shows C(1 - ¢®)||y, — y||*> < 0,1i.e., y1 = ys. ]
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4.1 VIA A REFORMULATION AS GE

In this first approach, we reformulate (3) via the new variable

(1) z=y-o(y,u).

Let us first check that this transformation is locally well defined.

Lemma 22. Let Assumption 17 be satisfied. There exist neighborhoods Z C Y and Ucu of z¥ =

y* —®(y*,u*) and of u*, respectively, such that the equation (11) has a unique solution y € B.(y*) for all
(zu)e ZxXU.

Moreover, the mapping
(id =@ ()™ Z = Be(y")

is Lipschitz with constant (1— L) ™! forallu € Uu.
Proof. We define the mappings A: Y X (Y XU) = Y*and B: Y X (Y xU) =3 Y* via

Ay, (zu) =R(y—z-2(y,u)),  B(y.(zu) ={0}.

Now, our transformation (11) is equivalent to the generalized equation

0 € Ay, (z.u)) — B(y, (z,u))

and the first part of the assertion follows from Theorem 4.
To estimate the Lipschitz constant, we take z;,z; € Z and set y; = (id =®(-,u))!(z;) for i = 1, 2.
Then,

ly2 =yl = llzz + @(y2,u) — 21 = (Y, u)|| < [|z2 — 1]l + Lolly2 — 31l

and this shows the claim. O
Using the result of Lemma 22, we transform (3) into
(12) 0 € A(z,u) + B(z,u),
where A: Z X U — Y is defined via
Alz,u) = A((id =0(-, u) (z), u).

By inserting the definitions, we verify that (3) and (12) are locally equivalent.

Lemma 23. Let Assumption 17 be satisfied.
(a) If (y,u) € B.(y") X U is a solution of (3) withz .=y —®(y,u) € Z, then z is a solution of (12).
(b) If (z,u) € Z X U is a solution of (12), then y := (id —®(-,u)) "!(2) is a solution of (3).

Note that z € Z in (a) is satisfied if (y, u) is sufficiently close to (y*, u*).
By using the ideas of [20, Lemmas 3.3, 3.5], we check that the analysis from Section 3 applies to (12).
In what follows, we use z* := y* — ®(y*, u").

Lemma 24. Let Assumption 18 be satisfied. Then, the operator A: Z x U-Y satisfies Assumption 3 at
(z5,u*).
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Proof. Let n > 0 be given such that B, (z") C Z. We have to show the existence of yi;, L; > 0 such
that

(A(z,u) — A(z,u), 2 — 21) > pillzz = AL
1A(z2,u) = A(zs,u)| < Lgllzs - 2|
holds for all z;, z; € B, (z*) and for all u € U. The Lipschitz property follows directly from Lemma 22
and it remains to prove the strong monotonicity.

Let z;,z; € By(z*) and u € U be arbitrary and set y; := (id —®(-,u))"(z;) € B.(y*) fori = 1,2.
Then, Lemma 20 implies

<A(Zz, u) - A(Zl, u),zz — z1) = (A(y2,u) — Ay, u), Y2 — y1 — D(y2,u) + (y1,u))
> C(1-0)lly2 — wmll*

In combination with

lzz = zill = lly2 = y1 = @(y2, w) + (Y, )|l < (1+Lo)[ly2 — ll,
this shows the uniform strong monotonicity of A. O

In order to apply Theorem 12, we have to check that A is directionally differentiable. To this end, we
verify that (z,u) — (id —®(-,u))"!(z) is directionally differentiable.
Lemma 25. Let Assumption 19 be satisfied. Then, ¥: Z X U - B:(y*), ¥(z,u) == (id —-®(-,u))"1(2),
is directionally differentiable at (z*,u") and the directional derivative § = ¥'(z*,u"; k, h) in a direction
(k,h) € Y X U is the unique solution of

§—®'(y*,u";8,h) = k.
Proof. We define A and B as in the proof of Lemma 22. Then, ¥ is the solution mapping (y,u) +— z of

0 € A(y, (z,u) — B(y,(z,u))
and the assertion follows from Theorem 12. m]

Corollary 26. Let Assumption 19 be satisfied. Then, the operator A is directionally differentiable at (z*,u*)
and we have
A'(z5u";k,h) = A" (y", u"; ¥ (2", u"; k, h), h).

If A would be Lipschitz continuous w.r.t. both arguments, it would be Hadamard directionally
differentiable and we could employ a general chain rule, see, e.g., [6, Propositions 2.47, 2.49]. Since this
is not the case, we have to adapt the proof to the situation at hand.

Proof. We have )
A(z,u) = A(¥Y(z,u),u)

with the operator ¥ from Lemma 25. Let (k, h) € Y X U be arbitrary. For t > 0 we have

A(z* + thu* +th) — A(z",u*)  A(Y(2" +th,u" + th),u” + th) — A(¥(z",u*),u")

t t
_A(Y(Z" +thk,u" + th),u” +th) — A(Y(z", u") + t¥' (2", u"; k, h),u" + th)
t
A \I] ES £ \I’/ ¥ *, ES _A \I’ LS LS Ed
N (P(z*u*)+t (z,u,k,ht),u + th) (P(z*,u ),u)=111+12-
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Due to the Lipschitz continuity of A, the first term on the right-hand side is bounded by
LA * * ok [
|4 < TH‘I’(Z +thk,u" +th) — ¥ (", u") — t¥' (2", u"; k, h)|| — 0,

where we used the directional differentiability of ¥, see Lemma 25. Since A is directionally differentiable,
we have

}i\rr(l) L =A(y,u" ¥ (z",u";k, h), h)
and this shows the claim. m]

Theorem 27. Suppose that Assumptions 18 and 19 are satisfied. Then, for each h € U, there exists ty > 0
such that

0€A(ys,u+th)+B(y; —®(yr,u+th),u+th)

possesses a unique solution y, € B.(y*) forallt € [0, ty]. Moreover, (y; — y*)/t — & ast \, 0, where
6 €Y is the unique solution of

(13) 0€A'(y",us6,h) + DB(y" = ®(y",u"),u" [ £)(6 - ' (y",u"; 6, h), h),
where £ = —A(y*, u").

Proof. Due to Lemma 23, (3) is locally equivalent to (12). Owing to the previous results, we can apply
Theorem 12 to (12). In particular, Assumption 8(i) follows from Corollary 26, whereas Assumption 8(ii)
requires directional differentiability of Jp at (z* —R™'A(z*, u*), u*) = (¢* — ¢*, u*) and this is ensured by
Assumption 19(ii). If we denote by z; € Z the local solution of (12) w.r.t. u = u*+th, then (z,—z%) /t — k,
where k is the unique solution to

0 € A'(z",u*;k, h) + DB(z", u* | &) (k, h) = A'(y*,u*; ¥ (2", u*; k, h), h) + DB(z", u* | £")(k, h).
It is clear that this equation is equivalent to (13) via the transformation
k=6-'(y",u";6,h), ie., S =Y'(z"u";k,h).
Finally,
Ve =y _ W(z,u+th) — ¥(z%,u)
t t

_ W(zp,u+th) —¥(z" +tk,u+th) N Y(z* +tk,u+th) —¥(z",u")
B t t

— ¥'(z",u";k,h) =6,

where we used that ¥ (-, u + th) is Lipschitz continuous, see Lemma 22. The uniqueness of y; in B.(y")
follows from Lemma 20. O

We mention that Assumption 18 is mainly used (see Lemma 24) to show that the operator A: Z XU —
Y is locally (uniformly) strongly monotone in a neighborhood of (z*, u*).

4.2 VIA AN ITERATION APPROACH

Here, we use a different approach to tackle

(3) 0€A(y,u) +B(y —®(y,u),u).
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For u € U sufficiently close to u*, we consider the sequence (y,,)nen C Y defined via

(14a) yu,O = y*s
(14b) 0e€ A(yu,na u) + B(yu,n - q)(yu,n—l, u), u)-

We will see that this iteration is well defined in the sense that (14b) has a unique solution y,,,, € B.(y")
under appropriate assumptions. This idea was used in [2] to show the directional differentiability of
QVIs. We demonstrate that this idea can also be applied to (3).

In order to study (14b) with the methods from Section 3, we introduce the operators A: YX(YXU) —
Y5, B: Y x (Y xU) =3 Y* via

(15) Ay, (,u)) = A(y,u), B(y, (¢,u)) == B(y — ¢, u).

Moreover, we set ¢* := ®(y*,u"). Then, under Assumption 17, it is clear that Assumption 3 is satisfied
by (A, B) at (y*, (¢*,u")).
Moreover, for arbitrary (g, (¢,u)) € Y X (Y X U) and p > 0, the point y = J,8(q, (¢, u)) solves

0€R(y—q)+pB(y.(¢,u)) =R((y —¢) — (g —¢)) + pB(y — $, u),

i.e., we have the relation

(16) Jo8(q, ($:u)) = JoB(q — ¢, u) + ¢

between the resolvents of B and 8.
Next, we address the local solvability of (14b).

Lemma 28. Let Assumption 17 be satisfied and fix p, c and q;, as in Theorem 4. Then, for allr € (0, €],
(p,u) € Y X U with

214 = ¢l + pn(q), — 6% w) = Jpa(q, — ¢" u)ll + pllA(Y", u) =AY u')l| < (1=o)r

the equation
0 €A(z,u) + B(z—¢,u)

has a unique solution z € B,(y*).

Proof. The equation can be recast as

0€ AW (¢ w) + B(y: (¢, u))

and we are going to apply Theorem 4 with ¢ = 0. It is clear that Assumption 3 is satisfied by (A, B)
and the operator A possesses the same constants as A. Thus, it remains to show that

o8 (dp: (6:1) = Jp8(qp, (97 NI + P A" (6,0)) = A", (¢ u))Il < (1= c)r

is satisfied. This, however, follows from the estimate

17p8(qp, (6. 1) = Jos (g, (¢% uNIl = 1 TpB(q, — ¢ u) + ¢ = Jop(q, — ¢", u") — ¢l
< lp(qy = ¢ u) = JpB(q, — ¢ Wl + 1 JpB(q, — ¢",u) = JoB(q, — ¢7,u") [l + 1§ — ¢
<2l¢ = ¢"ll + Ups(q, — ¢".u) = Jps(gq, — ¢ u)ll. o
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Lemma 29. Let Assumption 17 be satisfied and fix p, ¢ and q,, as in Theorem 4. Then, there exists a constant
A € (0, €], such that for all y € By(y*) and allu € U with

Co(w) =2[12(y", u) = ©(y", u) |l + 1 JpB(q, — ¢",u) — JoB(q, — ¢, u)l

(17) . . 1-c
+pllAGy W) - A W) < —

&

the equation
0€A(z,u) + B(z - O(y,u),u)
has a unique solution z := T,,(y) € B:(y").

Proof. Using

1P(y,u) = ¢7Il < [|D(y:w) = (Y~ W)l + |D(y", w) = ©(y", u))|
< Lolly = ¥l + 12(y",w) = @(y", u)ll < LoA + [|@(y", u) — 2(y", u')]|

the assertion follows from Lemma 28 with A = (1 - ¢)¢/(4Lg). O

In the next lemma, we apply the Banach fixed-point theorem to T, in order to show the convergence
of (14).
Lemma 30. Let Assumption 18 be satisfied and fix p, ¢, q,, as in Theorem 4 and choose A according to
Lemma 29.

(a) There exists a constant ¢ € (0,1), such that T,: B)(y*) — B.(y*) is Lipschitz continuous with
modulus ¢ forallu € U.

(b) Ifu € U is chosen such that C,(u) < (1 - c) min{(1 - ¢)A, e}, then T,, maps By(y*) to By(y").
Moreover, the sequence (Vy,.n)nen given by the iteration (14) satisfies

En
_ < - - 0
where y, € B;(y") is the solution of (3).

Proof. We start by proving (a). Let y1, y» € By(y*) be given and set z; := T,(y;) € B:(y*),i = 1,2.
Then, —A(z;,u) € B(z; — ®(y;, u), u) and, thus, the monotonicity of B yields

(A(z,u) — Az, u), 21 — P(y, u) — 22 + P(y2,u)) > 0.
Consequently, Lemma 20 implies
0 > C(llz2 = z1lI” = Ellyz = mlI1*),

ie, [lzz = z1l* < éllyz — wll-

Now, let u € U be chosen as in (b). This enables us to apply Lemma 28 with the choices r =
(1-¢)'Cy(u) < e and ¢ = ®(y*, u). This shows that T,,(y*), which is the solution of 0 € A(z,u) +
B(z — ®(y*, u),u), satisfies ||T,,(y*) — y*|| £ r < (1—¢)A. Consequently, every y € B;(y*) satisfies

1Tu(y) = ¥ S NTu(¥) = ()N + I Tu(y") =yl <A+ (1-E)A = A
Thus, we can apply the Banach fixed-point theorem to obtain the existence of y, € B;(y*). Due to
Yon = y* and y1, = T,(y"), this also yields the a-priori estimate

~n ~n

c c
- < —— )
2l = yooll € T = G W o

”yu,n - yu” < 1
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The next lemma helps us to control the term C, (u* + th).

Lemma 31. Let Assumption 19 be satisfied and fix h € U. Then, for any p > 0, there exist constants C > 0
and ty > 0 such that
Cp(u* +th) < Ct Vit € [0, to].

Proof. With qj, = y* - pRIA(y*,u*) and ¢* = ®(y*, u*) we have y* — ¢* = JpB(q, — ¢*, u*). Owing
to Corollary 14, the directional differentiability of J,p at (qj, — ¢*,u") follows from the directional
differentiability of Jz at (¢* — ¢*, u*) and this is guaranteed by Assumption 19. Hence, for all terms
appearing in the definition (17) of C,(u* + th), we can utilize the directional differentiabilities of the
involved operators and this yields the desired estimate. O

Theorem 32. Let Assumptions 18 and 19 be satisfied. For all h € U there exists ty > 0, such that for all
t € [0,ty], the equation

0€A(ys,u+th)+B(y: —®(y,,u+th),u+th)

has a unique solution y, € By(y*), where A is chosen as in Lemma 29. Moreover, the difference quotient
(y: — y*)/t converges strongly in Y towards § € Y which is the unique solution of the linearized equation

(13) 0€A'(y",us6,h) + DB(y" = ®(y",u"),u" [ £)(6 - ' (y",u"; 6, h), h),
where £ = —A(y*,u").

Proof. We fix h € U. Then, Lemmas 30 and 31 imply the existence of t, > 0, such that for all t € [0, o]
the sequence (y;n)nen defined via y, o := y* and each y;, € B.(y*) solves

0 € A(yrnu* +th) + B(¥rn — ©(Yrp-1,u* + th),u” + th),
satisfies

(18) lyen = yell < Cte"

where ¢ € (0,1) is as in Lemma 30 and C > 0 is a constant.
Next, we study the differentiability of y;,, w.r.t. t > 0. We claim that for all n > 0, we have the
directional differentiabilities

_ @ ES — ¥
(19) Yin — Yt s, (Yenu* +th) —¢

t t

- q),(y*ﬁ u*; 5119 h):
where 8y = 0 and for n > 1 the point §, € Y solves
(20) 0e€A(y",u";0n,h) + DB(y" — ¢*,u" | E)(6p — D' (y*,u"; Op-1, h), h).

We argue by induction over n. The base case n = 0 is clear since y;o = y* = yo. Assume that the
assertion holds for n — 1. We abbreviate ¢, :== ®(y;.,, u* + th). Using the operators from (15), we can
recast the equation for y;, as

0¢€ ﬂ(yt,nr (¢t,n—1, u* + th)) + B(yl’,rb (¢l’,n—13 u* + th))

Next, we apply Lemma 28 for t > 0 small enough (depending on n) with ¢ = ¢* + t{yn, Y1 =
@’ (y*,u"; -1, h) to obtain a solution y;, € B.(y*) of

0 € A(Frpu” +th) + B(Prp — §* —t®'(y*,u"; 6p-1, h), u” + th)
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or, equivalently,

0 € A(Jrn (P* + t¥yp,u” +th)) + B(Jrn, (¢ + t¥yn, u™ + th)).

Now, we are in position to apply Theorem 12 and this yields (j;, — y*)/t — 8, in Y as t \, 0, where
On € Y solves
0€e ﬂ/(y*: (¢*: u*); 5ns (%,m h)) + DB()’*, (¢*: u*); 5m (l#t,n: h))

Using Lemma 9 and (16), we can relate DB and D8 as follows

DB(y*, (¢",u") | £)(5, (. b))
= {R(k=0) | ke Y,6=Jp(q" (¢" u"):k, (¥, b)) }
={R(k=(6-y) |keY,6-y=J3(q" ~¢" u"sk -y, )}
=DB(y" - ¢ u" | E)(6 — ¢ h).

This results in the equation (20). By using the equations satisfied by y; , and y; ,, we get

<A(J7t,n; ut + th) - A(yt,n, u* + th); )’}t,n - yt,n>
< AA(Prnu” +th) — A(yrn, u™ + th),¢* + 10" (y*,u"; 5p—1, h) — ®(yrn-1,u” + th)).

Consequently,
1. . LA % 1% % *
;Ilyt,n = Yenll < _,uAt”¢ +10' (¥, u"s8p-1.h) = P(yrn-ru” +th)[| > 0 ast 0.

In combination with (J; ,—y*)/t — Jp, this yields the first convergence in (19). The second convergence
in (19) follows since ® is directionally differentiable and Lipschitz w.r.t. its first argument. Consequently,
(19) holds for all n > 0.

Thus, we have shown

(21) lim 20— - YTV ang fim 22
n—oo t t \,0 t

= O,

where both limits exist (strongly) in Y. Moreover,

Yton — WVt
t

< Cce”,

Yen =Y Ye=y :|
t t

cf. (18). This shows that the limit n — oo in (21) is uniform in t € (0, ty]. Hence, the classical theorem
on the existence and equality of iterated limits ensures

§=lim 2~ = lim lim 2~ = lim lim 22"~ = lim 5, in?Y.
1N\0 t 1\,0 n-— t n—o0 t\,0 t n—co
Finally, passing to the limit n — oo in (20) yields the equation for é. O

Note that Assumption 18 is only used in Lemma 30. It can be replaced by requiring that the map
T.: BA(y*) — B.(y") is a contraction uniformly in u € U.

It is quite interesting to see that the approaches from Sections 4.1 and 4.2 use the same assumptions
and, actually, Theorems 27 and 32 coincide. If we look a little bit more carefully, we see that in Section 4.1,
Lemma 20 is only applied in the special case y; = z;, i = 1, 2, see Lemmas 21 and 24, whereas Section 4.2
requires the application in the general case y; # z;, i = 1, 2, see Lemma 30.

Altogether, it seems to be possible to craft special situations in which only one of the approaches of
Sections 4.1 and 4.2 is applicable. However, we think that (up to some exceptional boundary cases) the
ranges of applicability of both approaches coincide.
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5 APPLICATIONS

5.1 OPTIMIZATION WITH A PARAMETER-DEPENDENT SPARSITY FUNCTIONAL

As a first application, we consider the minimization problem
(P(u)) Minimize F(y)+G(y,u) wrt.yeY

with a parameter u € U. Here, (Q, %, ;1) is a measure space and Y = U = L?(u). Moreover, F: Y — R
is a given functional and G: Y X U — R is defined via

G(y.u) = /Q fuy] du.

Thus, (P(u)) models, e.g., optimal control problems which include a sparsity functional and we are
interested in the sensitivity of the solution y w.r.t. the distributed sparsity parameter u.

Suppose that u* € U is fixed and y* € Y is a local minimizer of (P(u*)). We assume that F is Fréchet
differentiable in B.(y*) for some ¢ > 0, such that its derivative F’ is (uniformly) strongly monotone
and Lipschitz continuous on B.(y*), see Assumption 3(i).

As it is usually done, we identify the dual space of Y = L2(y) with itself.

Due to the convexity of F, a point y € Y with ||y — y*|| < ¢ is a local minimizer of (P(u)) withu € U
if and only if

0 € F'(y) +9,G(y,u),
where
dyG(y.u) = {9 € L*(Q) ‘ G(v,u) > G(y,u) + / glo—y)dy Voe Y}
Q

is the subdifferential of G w.r.t. y.It is clear that Assumption 3 is satisfied with the setting

A(y,u) =F'(y),  B(y,u) = 3yG(y,u).

In order to apply the results from Section 3, we have to study the properties of the resolvent J,g, p > 0.
It is clear that

. 1
() = prox,c (@) = argmin | 0= + plusld.
veY

Now, a pointwise discussion shows that the resolvent can be computed pointwise and is given by a
soft-shrinkage with parameter p|ul, i.e.,

JpB(q, 1) (x) = shrink, |, () (q(x)) = max(|g(x)| — plu(x)], 0) sign(g(x)).

Now, since

R? 3 (g, u) + shrink,,|(g) = max(|g| - p|ul, 0) sign(q) € R

is Lipschitz continuous and directionally differentiable, it is easy to check that also the associated
Nemytskii operator J,g: Y X U — Y is Lipschitz continuous and directionally differentiable. If,
additionally, F’: Y — Y is directionally differentiable, we are in position to apply Theorem 12 to obtain
the directional differentiability of the (local) solution mapping of (P(u)). Using Lemma o, it is also
possible to characterize the directional derivative.
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5.2 QUASI-LINEAR QVIS

We demonstrate the applicability of our results to a QVI governed by a quasi-linear operator. To this
end, let @ ¢ R? be open and bounded and with Y = Hy(Q)and U = L2(Q) we define the quasi-linear
operator A: Y XU — Y* via

A(y,u) = —-divg(Vy,u) + f(u), ie. (A(y,u),v)= /Qg(Vy, u)Vo + f(u)v dx,

where g: R x R — R is (uniformly) strongly monotone w.r.t. its first argument; and Lipschitz
continuous and differentiable on R¢xR. Moreover, f: R — R is differentiable and Lipschitz continuous.
These conditions imply that A satisfies Assumption 3 globally on Y. Moreover, using the dominated
convergence theorem, we can check that A is directionally differentiable with

(A’(y,u;8,h),0) = /(g;(Vy, u)Vé+g,(Vy, u)h)Vv + f'(u)ho dx,
Q

see also [12, Theorem 8].

To define the operator B, let K C Y be given such that Proj is directionally differentiable, e.g., we
could choose a polyhedric K. We set B(-) := Nk (+), where Nk is the normal cone mapping of K. Note
that B is independent of the variable u.

With this setting, Assumptions 3 and 8 are satisfied. Next, we choose ®: Y X U — Y such that there
exists a Lipschitz constant Ly € [0, 1) with

1P(y2, u) = @(y1, )l < Lolly2 — il

for all y;, y, € Y and all u € U. Further, we suppose that ® is directionally differentiable and that
Assumption 18 concerning the smallness of Ly is satisfied.
Since our assumptions on A, B and ® are global, we obtain that for all u € U, there exists a unique
solution y € Y of the QVI
0 € A(y,u) + B(y — ®(y,u)),

cf. [20, Section 3]. Since all the assumptions from Section 4 are satisfied, our differentiability theorems
imply that the mapping y — u is directionally differentiable. For a fixed parameter u* € U we denote
the solution by y* € Y. Then, the directional derivative § € Y in the direction h € U is given by the
solution of

0 €A (y",u"6,h) + DB(y" = @(y",u") | £)(5 — @' (y",u"; 6, h)),

where & = —A(y", u"). We mention that in the particular case that the set K is polyhedric, the set-
valued mapping DB(y* — ®(y*,u*) | £€*) coincides with the normal cone mapping of the critical cone
K =Tk (y*) N (£*)*, see Proposition 11.

It is also clear that the above assumptions and arguments can be localized if we already have a
solution y* of the QVI corresponding to the parameter u*.
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MINIMAL ANGLE SPREAD IN THE PROBABILITY SIMPLEX
WITH RESPECT TO THE UNIFORM DISTRIBUTION

Heinz H. Bauschke* Peter A.V. DiBerardino®

Abstract We compute the minimal angle spread with respect to the uniform distribution in
the probability simplex. The resulting optimization problem is analytically solved. The formula
provided shows that the minimal angle spread approaches zero as the dimension tends to infinity.
We also discuss an application in cognitive science.

1 INTRODUCTION

Throughout this paper, we assume that

(1.1) X := R" with inner product (-,-) : X X X — R,
and induced Euclidean norm || - ||. We also define the probability simplex by
(1.2) A=A, = {(xl,...,xn) e R} | X+ X+ +x, = 1},

where R, = {x €eR | x> 0}. The probability simplex is of central importance in Statistics, Optimization,
and Information Theory; see, e.g., [4] and [11]. (We write A, if we wish to emphasize the dimension n.)
It will be convenient to set

(1.3) 1:=(1,1...,1) € R" and u:= (%%%) cA,.

The problem we investigate is the following: Given p € A \ {u}, there exist two unique points a = a(p)
and b = b(p) in A such that {u, p} C [a,b] and ||a — b|| is maximal. (Let us note that when, e.g., n = 3,
then the mapping A \ {u}: R: p — |la(p) — b(p)|| is continuous; however, it is not possible to extend
it continuously — let alone in a smooth manner — at the point u.) The quantity ||a — b|| can be thought
of as the “width® of A with respect to p and

_ {a,b)

= cos (4(a.) = oo

as the cosine of the “angle spread” with respect to p.
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The aim of this paper is to minimize the angle spread, which equivalently corresponds to maximizing
its cosine

(a(p),b(p))
penatuy Ta(p) B

When n = 2, it is clear that the maximum value of (P) is cos(7/2) = 0 and that every p € A \ {u}
solves (P). Thus, we assume henceforth that

(P)

(15) ne{34,...}.

Our main result can now be stated:

Theorem 1.1. The maximum value of (P) is

n-—2
1.6
(16) n+2
and a pair realizing this maximum is a* = %(2, 1,1,...,1,0) and b* = %(O, L1,...,1,2). Consequently,
the minimal angle spread is
(17) (n - 2)
1. arccos )
7 n+2

See Figure 1 for an illustration of Theorem 1.1 when n = 3. We note that as the dimension of the
space n increases to infinity, the minimal angle spread approaches arccos(1) = 0. We also note that
when n = 1,2, 4, then 7 — arccos((n — 2)/(n + 2)) coincides with the dihedral angle of the tetrahedron,
cube, octahedron, respectively. However, dihedral angles of other classical polyhedra (see [16]) do not
seem to be related to the angles provided by (1.7).

Our strategy to prove Theorem 1.1 is to reduce the complexity of the problem in stages by exploiting
its structure. Eventually, we are led to a one-dimensional problem which we then solve by Calculus.

The remainder of this paper is organized as follows. In Section 2, we collect a technical optimization
result that will be used later. The computation of [a, b] is carried out in Section 3. In Section 4, we
set up the cosine quotient (1.4) in a more tractable form. The optimization is then tackled in Section 5
where we keep p; and p, fixed. At last, the proof is completed in Section 6. In Section 7, we sketch an
application of our results — which in fact motivated this note — in cognitive science. The presented
results are a first contribution to using the minimal angle spread as a nonsmooth discrepancy term in
this area.

Finally, we note that a reviewer pointed out that another possible departure point is to study sufficient
conditions for strong convexity of integral functionals in two-stage stochastic linear programming. In
particular, recent work by Claus and Spiirkel [3] features minimal angles of similar though different
kind. This is a promising direction to explore in future research.

The notation in this paper is fairly standard and follows largely [1].

2 AN AUXILIARY RESULT

It will be convenient to have the following result ready for future use.

Lemma2.1. Letm € {1,2,...},set1:= (1,1,...,1) € R™, andlety € R. Seth: R™ — R,: x > [|x—y1||%,
let x € R™, and set

y=0n...,n) €R™  where n:=L(xi+x+ - +Xm).

Then
h(y) < h(x).

Bauschke, DiBerardino Minimal angle spread in the probability simplex
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(0,0,1)

arccos (1/5) =~ 78.5°

Figure 1: An illustration of Theorem 1.1 when n = 3.

Proof. Indeed, we have

h(y) = VI = lIyll* - 2y (3.1) = my* — 2ymy
= m(%(xl +xp 4+ +xm))z =2y + x4+ Xp)
<mi(xf+x)+-+x5) -2y (x,1)
= llxll* = 2y (x, 1)
= h(x) - I,
where the inequality follows from the convexity of the square function. O

Corollary 2.2. Let m € {1,2,...}, and lety € R. Set A: R™ — R™: x — (n,n,...,n), wheren =
%(x1+x2+- - ++Xp,), and let C be a nonempty subset of R™ such that A(C) € C. Set1:= (1,1,...,1) € R™.
Then to

(2.1) minimize ||x —y1||* overx € C

is the same as to

(2.2) minimize ||x —y1||* overx € CNR1

in the sense that the optimal values for both problems are identical and if the first problem has a solution,
then it also has a solution that solves also the second problem.

Proof. Clear from Lemma 2.1. O

Remark 2.3. We point out in passing that the operator A from Corollary 2.2 is the projection operator
of the set R1.

Bauschke, DiBerardino Minimal angle spread in the probability simplex
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3 DETERMINING THE RELATIVE BOUNDARY POINTS a AND b
In this section, we fix
(3.1) peANA{u}.

Then there exist indices i and j in I := {1,2,...,n} such that p; < % < pj. Without loss of generality,
we assume that

(3-2) OSplzminpi<%<pn:maxpi51,
iel iel
Set
(3.3) (VAeR) qV)=AQ-Du+dp=u+A(p—u).

Note that g(0) = u, ¢(1) = p,

(3-4) (VAeR)(Viel) qi(d)=0~-Du+Ap; =u; +A(p; — w),
and hence
(3:5) (D) +q2(A) +---+qu(d) =1

We wish to find the smallest and largest 1 € R such that (1) € A. Let i € I. Suppose that p; > u;.
Then (VA € R;) qi(A) > u;. Soif A < 0,then q;(4) =0 & —u; = A(p; —w;) © A= —uw/(p;i —w;) =
—-(1/n)/(p; — (1/n)) = =1/(np; — 1) < —1/(np, — 1). Hence the smallest value A still guaranteeing
qg(A) e Ais

-1 1
np, —1 1 npn

(3.6) A= <o0.

Analogously, the largest value A still guaranteeing q(1) € A is

(37) Ay = 1—1np1 > 0.
The corresponding vectors

(3.8) a=q() =u+A (p—u)
and

(3.9) bi=q(As) = u+A(p —u)

thus form the largest segment [a, b] C A such that {u, p} C [a, b]. Note that a and b are depending on
p — when we want to stress this, then we’ll write a(p) and b(p).
For i € I, we simplify

= =1 1 ,_l_l_np""'”(f’i_?ll)_}’n—Pi
(3-10) a; =u; +/1—(pl ul) ~n + 1— npn (pl n) - ”l(l _ npn) - npn 1
and similarly
_Pi— P
(3:) b= P2
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Thus

(322 0= i (put=p) and b= (o pil)

where 1= (1,1,...,1) € R™. Next,

(3.139) lalf = o ot = I = o (PRI =2 (1.0 + 1)
(313b) = Gy 2 = 20+ )

(3130) = m(pf 4 (ph+ 4 pEoy) + (n+ )l — 2,

and similarly

(3.1 b1 = s o+ Dpf ~2py (2 -4 ) + 3.

4 SETTING UP THE COSINE QUOTIENT

We uphold the assumptions and notation from the previous section. It is convenient to abbreviate

(4.1) zZ = (pz, . ,pn_l) e R"2,
Note that
n-2
(4.2) (Vie{1,2,...,.n—-2}) py<zi<p, and zi=1—p1—pp =0

I
AN

i

because of (3.1) and (3.2). This allows us to rewrite (3.13) and (3.14) more succinctly as

(43) lal* = ooy (i + 112+ (n+ 1 = 20)
and
(4.0 Bl = m(m Dp? - 2p1+ 1zl + p2).
Next, using (3.10) and (3.11), we have
(4.52) (a,b) = IZ:; a;b; = 3 5}")"__1); ) fl—_nf;
1
(4.5b) = DA ;@n - p1)(pi — 1)
1 n—2
(450) = o= DAy 2Pn 2 =)

Using (4.5), (4.3), and (4.4), we now set up the quotient of interest from (1.4):

n—2
(@b Z(Pn —-zi)(zi — p1)
a, _ i=1
(46) Tallllel =

NP2+ 21+ (14 Dp = 2p(n+ Dpf = 21+ 2] + p

Bauschke, DiBerardino Minimal angle spread in the probability simplex
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5 MAXIMIZING THE COSINE QUOTIENT (WITH p1 AND p, FIXED)

We uphold the notation of the previous section. Now we turn toward maximizing the cosine quotient
(4.6), with p; and p,, fixed. In view of (4.2), z = (pa, . . ., pn—1) must belong to the compact convex set

n—2
Zwi :1—p1—pn}.
i=1

The continuity of (4.6) as a function of z coupled with the compactness of C guarantees the existence
of a maximizer of the cosine quotient. Note that

(5.1) C:= {w € [pl,pn]"_2

(5.2) A(C) cC,

where A: R"2 — R 2: ws (n,1,...,n) € R" % and 5 = ﬁ(wl +wy -+ whop).

In general, maximizing a quotient is more involved; however, we will get a lucky break for our
problem: It turns out we can maximize the numerator and minimize the denominator of (4.6) with
respect to z and we luckily obtain the same optimal vector!

For convenience, set @ := py, B := pn,y = (a+fB)/2,and 1 := (1,1,...,1) € R" 2 Then the numerator
of (4.6) — as a function of z — is

n-2 n-2 n-2
(5.3a) Z(,B —-zi)(zi—a)=- Z 22+ (a+p) Z z; + constant
=1 i=1 i=1
(5.3b) =—|Iz|* + (a + p) (1, z) + constant
(5-3¢) = —||z = y1]|* + constant.

We want to maximize the numerator over z € C; equivalently, we want to minimize ||z — y1||? over
z € C. By Corollary 2.2, we may restrict our attention to

(5.4) ze CNR1

On to the denominator of (4.6)! It is clear that the denominator becomes small when ||z|| becomes small.
So minimizing the denominator corresponds to minimizing ||z||> = ||z — 01]|%. Again by Corollary 2.2,
we may restrict our attention to (5.4)! Butif z € CNR1, say z = {1for { € R, then the requirement that
(1€ Cforces Y2z = (n—2){ =1—py — pn,ie,{ = (1—p; — pn)/(n—2). Because (n—1)p; + pp <
1 < p1+ (n —1)py, it follows that p; < { < p,. Altogether,

_lpiopg

L., ) eCNR1C R
n-—2

(5.5) z
maximizes (4.6) and
-2 :

To sum up, when restricted to the one-dimensional slice CNR1 (see (5.4)), we obtain the unique solution
z given by (5.5). Our next step is to plug (5.5) and (5.6) back into (4.6). We start with the numerator of

(4.6):

(5.6)

oo

n—

(5.72) (a,b) = ) (pn— l_rf’l_‘zpn)(l—:l_—zpn _Pl)
(5.7b) - (n (WD U py (1o e (=2

(5.7) n—iz(p1 ¥ (n=Dpn—1) (1= pu— (n—Dp).

Bauschke, DiBerardino Minimal angle spread in the probability simplex
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Using (5.6), we see that the square of the denominator of (4.6) is

(5.82) lal®|lb? = (pf + % +(n+1)p} - an)
(5.8b) x ((n +Dp; —2pi+ “‘fl’f}’” +pi)
1
(5.8¢) = =22
(5.8d) X ((n=2)pf+ 1 —p1—pu)* +(n=2)(n+1)p5 — 2(n—2)py)
(5.8¢) X ((n=2)(n+Dpf - 2(n = 2)p1+ (1= p1 = pn)* + (n = 2)p3).

Abbreviating x = p; and y = p,, we use (5.7) and (5.8) to write the square of (4.6) as

(x+(n—1) y—l)2 (1—y—(n—1)x)2
(59) (a,b)? ((n-2)x2+(1-x-y)?+(n-2) (n+1) y2-2(n-2) )
>? lall?1B12 ~ ((n=2)(n+D)x? = 2(n - Dx + (1—x = )2 + (n - 2)3?)

In the next section, we will do the final maximization by setting p; and p,, i.e., x and y, loose.

6 MAXIMIZING THE COSINE QUOTIENT (CONCLUDED)

While Section 5 looks like a huge mess, we can invoke one small but useful optimization: the objective
function value of the cosine quotient is by construction constant on [a, b]. Now both a and b have at
least one coordinate equal to 0, namely a, = 0 and b; = 0 (see (3.12)). Because the objective function in
(P) is constant on A \ {u} intersected with any line passing through u, we may and do finally assume
that a = p and thus p; = x = 0. Then Section 5 simplifies to

o oD (=011 - 20
' lall?iBlz - (1= )2 + (n = 2)(n+1)y* = 2(n = 2)y) (1 = y)* + (n = 2)y?) '
The constraints on pare 0 < py < py = -+ = pp1 = (1=p1 — pn)/(n —2) < p, < 1. With our
assumption that p; = 0 = x and p, = y, these simplify to 0 < (1— y)/(n —2) < y < 1and then to
1
(6.2) <y<L
n—1
Because n > 3 > 2, we have
1
(6.3) <=<1
n—-1 n
So our remaining goal is to
(6.4) maximize Q(y) subject to I <y=l1
-

where Q(y) is defined in (6.1) Using the chain quotient rule to compute the derivative of Q(y) followed
by factoring yields

2(n-2)((n-1%y* —ny+1)((n—-1)y-1)(ny —-2)(y -1y

(6.5) Q'(y) = (n2=n-1)y2+21-n)y+1)*((n-1)y2 -2y +1)°
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Note that Q’(y) has six roots, namely

ni\/—(Bn—Z)(n—Z)O L2,
{ 2(n—1)? ’ "}'

(6.6) ‘n-1n’
Because n > 2 implies —(3n — 2)(n — 2) < 0, we note that there are exactly four real roots. Our
constraint (6.2) excludes 0. The remaining three roots include the endpoints of interval constraint.
Thus, the maximum value of (6.4) is found by substituting for y the values 1/(n — 1), 2/n,1into Q(y)
which results in 0, (n — 2)?/(n + 2)2, 0.

To sum up, y = ;2—1 is the solution of (6.4), with maximum value (n — 2)?/(n + 2)%. Using (5.5), we see
this gives rise to the probability distribution

(6.7) pr=1011...,12).

We have shown that the angle spread is minimized for p* given by (6.7). In view of (3.10) and (3.11),
this gives rise to

(6.8) a’:=a(p")=+(21,1,...,1,0) and b*:=b(p*) =1(0,1,1,...,1,2) =p".
These vectors give the optimal value

. (a*,b") n-—2
(6.9) cos («(a*,b")) = T TIo = nz

which we claimed in the introduction. The proof of Theorem 1.1 is thus complete.

Remark 6.1. We point out that the expression for the optimal value in (6.9) was discovered numerically
using Julia [10]. The computations in this section were verified with SageMath [14]. Finally, Figure 1
was created using Geogebra [7].

7 AN APPLICATION IN COGNITIVE SCIENCE

Our main result (Theorem 1.1) provides an important theoretical and methodological advancement in
the study of probabilistic belief models in humans. Human learning is often modeled with Bayesian
statistics, where beliefs are represented as probability distributions over possible outcomes [8, 9, 13, 15].

A MOTIVATING EXAMPLE

Consider the expected returns on a $100 investment over 1 year. A “bull” investor believes market
prices will rise, while a “bear” investor believes market prices will fall. However, a bull still surely
accepts prices could fall, despite holding this belief to a lesser degree than the bear. In Bayesian terms,
the beliefs of our two investors can be represented as probability distributions over the domain of
potential investment returns. The bull’s “prior” (initial belief) will have most of its probability mass
over positive returns, while the opposite is true for the bear’s prior. These priors change over time in
light of new evidence. While it is theoretically optimal to update according to the laws of probability,
the empirical question remains as to how people actually represent and update probabilistic beliefs.

PREVIOUS WORK

Much of the experimental work in this field infers prior and posterior beliefs from sequential partic-
ipant actions, or elicits them with insufficient detail [2, 6, 12]. This requires experimenters to make
unwarranted assumptions about the way that probabilistic beliefs are parameterized as probability
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distributions, and the nature of how they are updated with new data. It may be that a strict Bayesian
model of human cognition is inappropriate when these assumptions are relaxed. Recent work by
DiBerardino, Filipowicz, Danckert, and Anderson used a computerized version of the game “Plinko”,
where at each trial a ball falls through an array of pegs into one of n = 40 slots below. Participants
were tasked with estimating the distribution of future ball drops by explicitly drawing a probability
distribution that represents their beliefs after each trial [5]. This work found that initial beliefs (priors)
vary across individuals and that these differences indicated future ball drop learning accuracy, thus
demonstrating the importance of directly measuring individual beliefs in a theoretically agnostic
manner [5].

However, [5] cannot make any additional claims about why participants with some priors appear to
learn better than others. Its main limitation is that some participants’ priors are more similar to the
forthcoming ball drop distribution than others. As a result, it cannot be determined whether or not the
observed differences in learning ability across different priors are due to participant “state” or “trait”
differences. It may be that some participants are better probabilistic learners, which is a trait that can
be detected by the shape of their prior beliefs. But it may also be that the participants who performed
the best only did so because they just happened to have an initial state of belief more amenable to
learning the forthcoming distribution.

ON-GOING WORK

Our main result (Theorem 1.1) allows for a new Plinko experiment that presents each participant with
a ball drop distribution of a set level of similarity to any arbitrary participant’s prior. Specifically,
when measuring similarity between discrete probability distributions as the angular spread between
representative Euclidean vectors, as was done in [5], we can determine the maximum possible rotation
(dissimilarity) for any given vector (participant’s prior) with respect to the uniform distribution. We
require the following result.

Corollary 7.1. For every p € A, \ {u} there exist g andv in A, N (u+ R(p — u)) such that

(7.1) L(p,q) = %arccos (Z ; z) = 4(u,v).

Proof. Let p € Ay \ {u}, and set @, := arccos((n — 2)/(n + 2)). We have seen earlier (see Section 3)
that there exist two unique points a = a(p) and b = b(p) in A, such that {u, p} C [a,b] and ||a — b|| is
maximal. Consequently,

(7.2) L(a,p)+ £(p,b) = £(a,b) = 4L(a,u) + £(u, D).

On the other hand, Theorem 1.1 yields £(a, b) > a,. Altogether,

(7.3) £(a,p) + £(p,b) = 4(a,u) + £(u,b) > a, = arccos (Z;j)

Thus if 4(a,p) > a,/2, then rotating p towards a yields q. If 4£(a,p) < a,/2, then £L(p,b) > /2
and we rotate p towards b to obtain q. Similarly, if £(a,u) > a,/2, then rotating u towards a yields v.
Finally, if £(a,u) < a,/2, then £(u,b) > a,/2 and we rotate u towards b to obtain v. O

By Corollary 7.1, if a participant produces a prior p € A, \ {u}, then the experimenter presents
a ball drop distribution q where £(p, q) = a,/2. If a participant produces the uniform prior u, then
the experimenter presents a ball drop distribution v where £(u,v) = @,/2 arising from an arbitrary
p € Ay \ {u} via Corollary 7.1.

More psychological research is required to determine the precise measure of similarity humans use to
compare probability distributions. Angular similarity is only one such possibility. This result also poses
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an interesting theoretical development: Does the shrinking minimal angle spread as the dimension
tends to infinity create any difficulties for people to perceive or act upon any particular set of probability
distributions? It may be that thinking about opposite/dissimilar probability distributions becomes more
difficult as the number of discrete histogram bins approaches infinity if these mathematics correspond
to mechanisms of human inference.
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SECOND-ORDER CONDITIONS FOR NON-UNIFORMLY
CONVEX INTEGRANDS: QUADRATIC GROWTH IN L!
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Abstract ~ We study no-gap second-order optimality conditions for a non-uniformly convex and
non-smooth integral functional. The integral functional is extended to the space of measures.
The obtained second-order derivatives contain integrals on lower-dimensional manifolds. The
proofs utilize the convex pre-conjugate, which is an integral functional on the space of continuous
functions. Applications to non-smooth optimal control problems are given.

Keywords  Second-order optimality conditions, twice epi-differentiability, bang-bang control,
sparse control
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1 INTRODUCTION

We consider optimization problems of the form
(1.1) Minimize F(u)+ G(u) wrt u e LY(Q),

where F: dom(G) — R is assumed to be smooth and G(u) = fQ g(u) dA for some convex but possibly
non-smooth g: R — R := R U {co}. Here, Q ¢ R? is assumed to be non-empty, open, and bounded
and A is the Lebesgue measure.

We are interested in deriving no-gap optimality conditions of second order in cases where g is not
uniformly convex. Here, the meaning of no-gap second-order optimality conditions is: the difference
between necessary and sufficient conditions is as small as in the finite-dimensional case, i.e., positive
semi-definiteness vs. positive definiteness of second derivatives.

In this article, we follow the approach by [10] and interpret the problem in the space of measures
M(Q) = Co(Q)*. Under certain assumptions on the problem data and on the possible minimizer
i € L}(1), we obtain that the second-order condition

F'(a)p* +G"(a,—F'(@);p) >0 Vue M(Q)
is necessary for local optimality, while the second-order condition

F"(a)u* +G"(@,~F'(a);p) >0 Vue M(Q)\ {0}
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is sufficient for local optimality (the latter with quadratic growth with respect to the L'(1)-norm).
Here, F” (1) is a weak-x continuous and quadratic form which allows for a second-order Taylor-like
expansion of F while G” (@, —F’(@); -) is the so-called second subderivative of G. The focus of this
article is two-fold: (1) prove these second-order conditions and (2) derive formulas for G” (@, —F’(@); -).

Let us put our work in perspective. We restrict the discussion to contributions to second-order
conditions for optimal control problems in which the control lives in a d-dimensional set with d > 2,
since the one-dimensional case is significantly simpler.

First of all, the classical, smooth theory, see, e.g., [3, 4], is not applicable. On the one hand, G might
fail to be twice differentiable. On the other hand, even if G is twice differentiable, the second derivative
G’ (u) fails to be a Legendre form since G is not assumed to be uniformly convex. However, such an
assumption is crucial, see, e.g., [3, Eq. (2.5)].

The first results for sufficient second-order conditions for problems with bang-bang solution structure
can be found in [2]. Therein, the author proves quadratic growth w.r.t. the difference of the states by
assuming some coercivity on an extended critical cone. No necessary conditions of second order are
given.

In [6], the authors use a structural assumption on the growth of the adjoint state ¢ and this allows
to formulate a second-order sufficient condition on measures living on the set {¢ = 0}. This implies
quadratic growth in L'(1). Again, no second-order necessary conditions are given.

The first second-order necessary conditions for problems with bang-bang structure are given in
[10]. Again, the structural assumption was used and the problem was analyzed in spaces of measures.
The main observation of this paper is that (the boundary of) the set Uy = {u € L*(1) | -1 <u < 1}
possesses “curvature” in the space M(Q), although this set is polyhedric in all Lebesgue spaces L? (1),
which, in some sense, means that it does not possess curvature. By employing a curvature term in the
second-order conditions, no-gap conditions were given which are equivalent to a quadratic growth
condition in L'(1).

A main application for second-order conditions is the derivation of discretization error estimates. In
the bang-bang context, this was first studied in [7].

Second-order derivatives for non-smooth, convex integral functionals were studied by [15] (L? with
1< p < o) and [16] (including L?). By extending the integral functional to the space of measures (and
by using weak-* convergence and not strong convergence as in [16]), we obtain second-derivatives
that are smaller than those given in these works. Hence, second-order conditions based on our result
are stronger than those based on earlier results. A characteristic feature of our results is the appearance
of integrals on (d — 1)-dimensional manifolds in the expression of G”’. This was first observed in [9],
see their second-order expansion of the L!-norm on Hé( Q) in [9, Corollary 4.10]. The interpretation of
these additional lower-dimensional integrals as curvature in measure space is due to [10], where g was
chosen to be the indicator function of the interval [—1,1].

A characteristic motive in our work is the use of the pre-conjugate J: Co(Q) — R of G, ie., J* =G
We derive second-order derivatives of J, and identify the second-order derivative of G as its convex
conjugate. Interestingly, all assumptions that led to these results are given in terms of J.

The paper is structured as follows. We start by adapting the theory of [10] to the setting of (1.1) in
Section 2. Afterwards, we study second-order derivatives of convex integral functionals on Cy(Q) in
Section 3. These results are utilized in Section 4 to obtain the expressions for G”’. The main results are
Theorem 4.14 (No-gap second-order conditions) and Theorem 4.13 (Strictly twice epi-differentiability
of G). Two applications are given in Section 5.
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2 NO-GAP SECOND-ORDER CONDITIONS
In this section, we consider the minimization problem
P) Minimize ®(x) := F(x) + G(x) wrt x € X.

Here, G: X — R = (—00,00] and F: dom(G) — R are given. We are interested in necessary and

sufficient conditions of second order, such that the gap between both conditions is as small as in finite

dimensions. We transfer the results of [10], in which the case G = §¢ for a set C € X was considered.

The generalization to the above problem with a more general G is rather straightforward.
Throughout this section, we always consider the following situation.

Assumption 2.1 (standing assumptions and notation).
(i) X is the (topological) dual of a separable Banach space Y,
(ii) x is a fixed element of the set dom(G) (the minimizer/candidate for a minimizer),

(iii) There exist F/(x) € Y and a bounded bilinear form F”’(x): X x X — R with

F(x + tihy) — F(%) — tcF'(X) hye — 312F (%) R
(2.1) klim " =0
—00 k

for all sequences (hg) C X, (tx) € R* := (0, 00) satisfying tx \, 0, hy X heXandz+ teh €
dom(G).

Note that we use the abbreviations F’(x)h := (F’(x), h) and F”"(x)h? := F”’(x)(h, h) for all h € X in
(2.1), and that (2.1) is automatically satisfied if F admits a second-order Taylor expansion of the form

(2.2) F(%+h) — F(%) - F'(#)h - %F”(f)hz = o(|lh])%) as [|hllx — 0.

As a second derivative for the functional G, we use the so-called weak-x second subderivative.

Definition 2.2 (weak-* second subderivative). Let x € dom(G) and w € Y be given. Then the weak-*
second subderivative G” (x, w;-): X — [—00, 00] of G at x for w is defined by

G(x + trh) — G(x) — ti{w, hg)
t2/2

G (x,w;h) := inf{lilgn inf

te N\ 0, Ay o h}.

We discuss some properties of G’ (x, w; -) for a convex function G and x € dom(G). In the following,
the parameter w will often be taken from the convex subdifferential dG(x). We recall that dG(x) is
a subset of the dual space X*. In the case that X is not reflexive, X* is bigger than Y (note that we
identify Y with a subspace of X* = Y** in the canonical way). Thus, the existence of w € Y N 9G(x) is
an additional regularity assumption, since the existence of subgradients of G in the smaller space Y is
not guaranteed in general, as the next example demonstrates.

Remark 2.3. We choose Y = ¢, (zero sequences equipped with supremum norm). Thus, the dual spaces
are (isometric to) X = Y* = ¢! and X* = ¢*. By using

C={xel'|VneN:|x,| <n?}

we define G: ! — R via

G(x):aneR Vx eC
n=1
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and G(x) = co forall x € ¢!\ C.
The set C is bounded due to Y5, 1/n* < oo and weak-* closed since it is the intersection of the
weak-x closed “stripes”

{x€£’1| S Sn_z} Vn € N.

Thus, C is weak-x compact. The function G is convex. In order to check that G is weak-x continuous
on C, let xy € C be given and consider a net (x;);e; C C with x; — xq. For an arbitrary ¢ > 0, there is
N e Nwith Y72 ., n7% < & Next, there is i € I with

N

D (in = x0m)

n=1

<e¢ Vj>i

since y — 2,1:]:1 Vn is weak-x continuous. Thus,

N &) )
Z(xj’” — Xon)|+ Z | n| + Z |x0.n| < 3¢ Vj > i

n=1 n=N+1 n=N+1

|G(xj) — G(xo)| <

Since ¢ > 0 was arbitrary, this shows weak-* continuity on C. Hence, G is weak-* lower semicontinuous
on £'. Finally, it is easy to check that dG(0) = {1}, but 1 € £*° \ c,.

A sufficient condition for the existence of subgradients in the predual space at x would be the weak-*
continuity of G at x. In infinite dimensions, this is a very restrictive condition, since it implies that the
convex function G is bounded (and hence constant) on a subspace with finite codimension.

We continue with some basic properties of G” (x, w;-).

Lemma 2.4. We assume that G is convex and x € dom(G). Forw € Y N dG(x) we have
Vhe X :G”(x,w;h) >0,
whereas in case w € Y \ dG(x) we have
Fhe X\ {0}:G"(x,w;h) = —c0.

Proof. In case w € Y N 9G(x), the definition of dG(x) implies G(x + trhy) — G(x) — (w, tphi) > 0 for
arbitrary t; > 0 and hy € X. This directly yields G”(x, w; h) > 0 for all h € X.

In case w € Y \ dG(x), there exists h € X \ {0} such that G(x + h) — G(x) = (w, h) — r for some
7 > 0. We choose (#;)ken C (0,1) with ;. N 0. By convexity, we get

G(x + trh) — G(x) — tg{w, h) < G(x+h) — G(x) — (w, h) - 2

> —7 — —00.
tk/2 e /2 tr

Thus, G”(x, w; h) = —o0. O

We recall that the convexity of G implies G’(x;h) = (w, h) for all x € dom(G), w € Y N IG(x),
and h € X. The next lemma can be used to reduce the second-order conditions below to the so-called
critical cone on which this inequality is satisfied with equality.

Lemma 2.5. We assume that G is convex and x € dom(G) is chosen such that the directional derivative
G'(x;+): X — [—oo, 0] is sequentially weak-x lower semicontinuous. Further let w € Y be given. Then

G'(x;h) > (w,h) = G”(x,w;h) = +0 Vh e X.
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Proof. Let h € X with G’(x; h) > (w, h) be arbitrary. For all sequences hi X hand tx \, 0 we have
G(x + tphi) — G(x) = .G’ (x; hy) by convexity. Thus,

..~ G(x +trhi) — G(x) — t{w, h)
hlznmf "
—00 k

> liininf(G’(x;hk) —(w, hg)) = G'(x;h) — (w, h) > 0.

Since an additional factor t,:l appears in the definition of G”’ (x, w; h), this implies G’ (x, w; h) = +co. O

The assumption on G’ is satisfied in the following situation: Let G be convex and lower semicontin-
uous. In the case that X is reflexive, the weak topology and the weak-x topology coincide. Moreover,
if x € intdom(G) we know that G is locally Lipschitz at x. Consequently, G’(x;-) is convex and Lip-
schitz continuous, thus sequentially weak-x lower semicontinuous. In the non-reflexive situation, this
argument is no longer applicable, and the statement of Lemma 2.5 may fail for (strongly) continuous G
as the following example shows.

Remark 2.6. Let Y = Co(Q), X = Y* = M(Q) and define G(x) := ||x|| p(q)- This functional is obviously
convex, globally Lipschitz continuous, and weak-x lower semicontinuous. Let K ¢ Q be compact with
nonempty interior. We consider the measure x € M(Q), x(A) := A(K N A), and some w € Cy(Q) with
Iwllc,(@) < 1and w =1in K. Thus, (w, x) = [lx|| p(q) and w € Y N dG(x). Next, we choose the Dirac
measure h = —§,, for some fixed w € intK. Clearly, 1 = G’(x;h) > (w, h) = —1. Finally, we choose
sk \ 0 and define t; > 0 and the measures hy via

_A(By, (@) N A)

o= B (@), h(d) = -

Note that t; N\, 0 and hy X h Then, we have (for k large enough such that B, (w) C K)

G(x + trh) — G(x) — te{w, hg) = /’1 - XBsk(w)’ dA - / 1dA+ 1t = 0.
K K

Thus,
G(x + trhi) — G(x) — ti{w, hi) .

0
t2/2

and this shows G”'(x, w; h) = 0. Note that G’(x; ) cannot be weak-*x lower semicontinuous, since this
would contradict Lemma 2.5.

In the next definition, we ensure the existence of recovery sequences.

Definition 2.7 (second-order epi-differentiability). Let x € dom(G) and w € Y be given. The functional
G is said to be weakly-x twice epi-differentiable (respectively, strictly twice epi-differentiable, respec-
tively, strongly twice epi-differentiable) at x for w in a direction h € X, if for all (#x) € R* with t; \, 0
there exists a sequence (hy) satisfying hy X h (respectively, hi X hand lAkllx — |lhllx, respectively,
hix — h) and

(23) G”(x,w;h) = lim Glx + tihy) - ZG(") — (W, hk)_
k—o0 tk/z

The functional G is called weakly-x/strictly/strongly twice epi-differentiable at x for w if it is weakly-
*/strictly/strongly twice epi-differentiable at x for w in all directions h € X.

We provide second-order optimality conditions for (P). We start with the second-order necessary
condition (SNC).
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Theorem 2.8 (SNC involving the second subderivative). Suppose that x is a local minimizer of (P) such
that

(2.4) D(x) > B(F) + %Hx —x|% VxeBX(®)

holds for some ¢ > 0 and some e > 0. Here, BX(x) denotes the closed ball in X centered at x with radius e.
Assume further that one of the following conditions is satisfied.

(i) The map h — F”(x)h? is sequentially weak-x upper semicontinuous.
(ii) The functional G is strongly twice epi-differentiable at X for —F'(x).
Then
(2.5) F"(x)h* + G"(%,—F'(x);h) 2 c[|hll}; ~ VheX.
Proof. We first consider the case (i): Let h € X be given. In case G” (%, —F'(x); h) = oo, (2.5) holds
automatically. Otherwise, it follows from the definition of G”(x, —F’(%);-), that for every M >

G"(x; —F’(x); h) we can find sequences (h;) C X and (#;) € R* suchthatt; N\ 0,k = h,xp == X+tihy
and

. G(x+trhy) — G(x) + (4 (F'(%), he)
lim <

(2.6)
k—oo tf/Z

M.

Since x; — * strongly in X, (2.4) entails ®(xx) > ®(%) + 5|lxx — JE||§( for large enough k. Adding (2.1)
and (2.6) yields

O(% + tyhy) — O(%) — L2F” (%)h2

M > kh_r}lgo 22 > li;n_)sgp(cllhkﬂz — F”(%)h})
> li;ninf(cHhkllz) + lim sup(—F”(J?)h,i) = lilzn inf (c||hll?) — lilrcninf(F"(J?)hi)
—00 k—o0 —00 —00

> c||h||? = F” (z)h2.

Here, we used that the function h — F”/(x)h? is sequentially weak-* upper semicontinuous. Since
M > G” (%, —F’(x); h) was arbitrary, we obtain (2.5).

It remains to prove (2.5) under assumption (ii). For every h € X we can find sequences (hi) C X,
(tx) € R* such that t; \, 0, hxy — h, x; := % + fxhr and
. G(x + the) = G(X) + 1 (F/(X), )
m =

li
k—oco t/f /2

G”(x,—F'(x);h).
Now, the second-order condition (2.5) follows analogously to case (i). Note that here hy — h implies
F”()?)h,zc — F"(x)h%. O

We continue with the second-order sufficient condition (SSC).

Theorem 2.9 (SSC involving the second subderivative). Assume that the maph — F”'(x)h? is sequentially
weak-x lower semicontinuous and that

(2.7) F"()h* +G" (%, -F'(%);h) >0  Vhe X\ {0}.
Suppose further that
(NDC) forall (ht) C X, (tx) € R* with hy o 0, tr "\, 0 and ||ht|lx =1, it is true that

1 1
1i]£n inf t—z(G(x + tyhi) — G(%)) + (F/(%), hi/te) + 5F”(;z)hi > 0.
—00 k

Then x satisfies the growth condition (2.4) with some constants ¢ > 0 and ¢ > 0.
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In case G is convex, a first-order condition is hidden in (2.7), see Lemma 2.4 and Corollary 2.11 below.
The acronym (NDC) stands for “non-degeneracy condition”, compare [10, Theorem 4.4]. We will give
a sufficient condition for (NDC) below in Lemma 2.12.

Proof. We do not argue by contradiction. For a sequence (&) C (0, 00) with & ~\ 0, we define

. { P(x) - O(%)
¢k = inf{ ——~=

1 2112
allx = xll%

€ Bi,i () \ {3?}} C [—o0, 00].

We have to show that ¢; > 0 for some k € N. Note that c is increasing and it is sufficient to prove

that ¢ := limg_, cx > 0. By definition of ¢, we can find a sequence (x;) with xz — % in X and

o D) — 0(%)

c= lim ﬁ
koo o|xp — X%

Define ty. := ||xx—%||x and hy := (xx—%)/tr. Then || ht||x = 1for all k and we may extract a subsequence

(not relabeled) such that Ay X h Now, we utilize (2.1) and have

F(x + thy) — F(x) + G(x + tph) — G(x)

¢ = lim >
k—oo tk/z
G(x +trhy) — G(x) + 4. F'(x)h
~ lim (% + trhy) 2(x)+ xkF’ (%) hy FFI @R,
k—oo tk/2

In case that h = 0, the condition (NDC) implies that the right-hand side is positive and we are done.
Otherwise, h # 0 and we can use the definition of G” together with the sequential weak-x lower
semicontinuity of F”/(x). This leads to

¢ > G (%, —F(%);h) + F'(%)h*.
The right-hand side is positive by (2.7) and this finishes the proof. O

By combining the previous two theorems, we arrive at our main theorem on no-gap second-order
conditions.

Theorem 2.10 (no-gap second-order optimality condition). Assume that the map h +— F”(%)h* is
sequentially weak-x lower semicontinuous, that (NDC) holds, and that one of the conditions (i) and (ii) in
Theorem 2.8 is satisfied. Then, the condition

F"()h* +G" (%, -F(%);h) >0  VheX)\ {0}

is equivalent to the quadratic growth condition (2.4) with constants c > 0 and ¢ > 0.

In the case that G is convex, we can combine Theorem 2.10 with Lemmas 2.4 and 2.5. Thus, we can
recast the above second-order conditions in a familiar form including the first-order condition and a
critical cone.

Corollary 2.11. In addition to the assumptions of Theorem 2.10, we assume that G is convex and that
G’(%;-) is sequentially weak-x lower semicontinuous. The quadratic growth condition (2.4) with constants
¢ > 0 and € > 0 is satisfied if and only if

(2.8a) F'(x) +0G(x) 20
(2.8b) F”(%)h* +G" (%, —F'(x);h) > 0 Vh e K\ {0},

where the critical cone K is defined via
K:={heX|F(x)h+G'(x;h) =0}.

Moreover, if x is a local minimizer of (P), then (2.8) holds with “>” instead of “>".
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Proof. Let (2.4) be satisfied with ¢ > 0 and ¢ > 0. From Theorem 2.8, we get (2.5). Clearly, (2.8b)
(with “>” instead of “>” in case ¢ = 0) follows. If (2.8a) is violated, Lemma 2.4 yields the existence of
h e X\ {0} with G”(x, w; h) = —co and this contradicts (2.5). This shows the “only if” part of the first
assertion and the second assertion.

Let (2.8) be satisfied. For h € X \ {0}, we have G’(x;h) > —(F’(%), h) due to (2.8a). In case h €
K\ {0}, (2.7) follows from (2.8b). Otherwise, we have G’(x; h) > —(F’(x), h) and (2.7) is implied by
Lemma 2.5. O

If (2.8a) holds, we have K = {h € X | F/(x)h+ G’(x;h) < 0}. Since G’(x; ) is convex, this results
in the convexity of K. In case G’(X;-) is (sequentially) weak-*x lower semicontinuous, K is also
(sequentially) weak-* closed.

Finally, we give a sufficient condition for (NDC).

Lemma 2.12. Suppose that h +— F”(%)h? is sequentially weak-x lower semicontinuous and that there exist
¢, € > 0 such that

(2.9) G(x) - G(X) + F'(X) (x — %) > g||x —x% VxeBX(®).
Then, (NDC) is satisfied.

Proof. Let sequences as in (NDC) be given. Then,

lim inf(l(c(x + 1) — G()) + (F (%), by /1) + %F"(x)h,i

2
—00 tk
c 1 c c
> liminf(= + F”(x)h | > = + F"(x)0° = = > 0. ]
k—oo \2 2 2 2

3 SECOND-ORDER DERIVATIVES OF INTEGRAL FUNCTIONALS OVER CONTINUOUS
FUNCTIONS

Our goal is to apply the theory of Section 2 in the setting X = M(Q) and Y = Cy(Q2). We will see in
Section 4 that second subderivatives of integral functionals on M(Q) can be obtained by first studying
the pre-conjugate functionals. Therefore, this section is devoted to integral functionals

(3) J(w) = /Q Jw(@) dA(@) Y € Co(Q),

where j: R — R is a convex function and Q ¢ R is a bounded open set. We equip Q with the Borel
o-algebra B(Q) and the d-dimensional Lebesgue measure A := A (restricted to Q). Note that J(w) € R
for all w € Cy(Q). Later, we will choose J such that its convex conjugate is equal to G.

The main goal of this section is to provide results for the functional J that allow to compute the
weak-x second subderivative (in the sense of Definition 2.2) of the convex conjugate G = J*, which is a
mapping from M(Q) = Co(Q)* to R. In particular, we are going to compute second-order derivatives
of J in two different ways. First, we compute second subderivatives similar to Definition 2.2 (but w.r.t.
the strong topology) in Section 3.1 and, second, we investigate difference quotients of subdifferentials
in Section 3.2. We will see that (under appropriate assumptions) both approaches lead to the same
object. These findings will be crucial in Section 4 to prove that G: M(Q) — R is strictly twice
epi-differentiable in the sense of Definition 2.7.

The analysis in this section relies heavily on the following characterization of the convex conjugate
of integral functionals on continuous functions for finite Carathéodory integrands.
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Theorem 3.1 ([17, Corollaries 4A, 4B]). Let Q ¢ R¥ be open and let v: B(Q) — [0, 0] be a o-finite,
regular Borel measure. We suppose that 1: Q X R — R is a convex Carathéodory function, i.e., 1(w, -) is

convex and continuous for every w € Q and i(+, x) is measurable for all x € R. Finally, we assume that
1(,x) € LY(v) for all x € R. Then, the integral functional I: Co(Q) — R

I(u) = /Q o, u(w)) dv(w) Yu € Co(Q)

is well-defined, convex and continuous. Its convex conjugate I* : M(Q) — R is given by

I*(p) = ‘/Qt*(w, %(w)) dv(w) Yue M(Q),u<v

and I* (i) = +co if i is not absolutely continuous w.r.t. v, i.e., if i < v does not hold. Here, 1*(w, -) is the
convex conjugate of i(w, -) for every v € Q.
In addition, i € dI(u) if and only if y < v and

d
d—'u(a)) € d(w,u(w)) forv-almost allw € Q.
v

Note that the Fenchel-Young inequality implies that i*(w,-) > —i(w,0). The right-hand side is
integrable and thus, the integral in the definition of I* is well defined (in the sense of quasi-integrability).

3.1 STRONG SECOND SUBDERIVATIVES

We start by giving the definition of the strong second subderivatives of J.

Definition 3.2 (strong second subderivative). Let w € Cy(Q) and x € M(Q) be given. Then the strong
second subderivative J” (w, x;-): Co(Q) — [—o0, 0] of J at w for x is defined by

77 (w.x:2) = inf A lim inf 20 H20) = W) = 66 zi)
s Ay . k—o0 t]%/z

e\, 0,z — z}.

In the case that J is Gateaux differentiable at w, we will always use x = J’(w) and, consequently, omit
the argument x of J”, i.e., we write J”(w;-) instead of J”"(w, x; -). If for every z € Cyp(Q2) and every
sequence fi \, 0 there exists a sequence zx — z with

J(w +trezi) — J(w) — tidx, zk)
t2/2

5

J"(w,x;z) = lim
k—oo
we say that J is strongly-strongly twice epi-differentiable at w for x.
In order to obtain results for a large class of functions, we investigate two prototypical situations:
« j(w) = max(0, w) with a kink at w = 0,
+ j € C*(R) with directional derivatives of second order.

We start with the function j = max(0, -). In order to motivate the upcoming result, we give a heuristic
derivation based on the coarea formula

/ V()| Vu(x)| dA(x) = / () A () ds,
Q R Jui(s)

which holds for Lipschitz continuous u and integrable . Here, %! is the usual (d — 1)-dimensional
Hausdorff measure. Let w € C}(Q) N Co(Q) be given such that {w = 0} is a compact subset of Q and
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assume that Vw(w) # 0 holds for all w € {w = 0}. This implies that {w = 0} is a (d — 1)-dimensional
C'-manifold. Note that %! coincides with the surface measure on the manifold {w = 0}. Since the
Lebesgue measure of {w = 0} is zero, we get dJ(w) = {x} with x = y{,,~0}, see Theorem 3.1. For a
second function z € C1(Q) N C.(Q), we are going to calculate

Jw+tz) = J(w) —t(x,z) _ / max(0, w + tz) — max(0, W) — t Y{w>0}Z

I:=lim
NG t2/2

AN t2/2 t\O

da,

cf. Definition 2.2. It is easy to check that the integrand vanishes on the set {sign(w) = sign(w + tz)}.
On its complement Q, := {sign(w) # sign(w + tz)}, the integrand is equal to 2|w + tz|/t?. Now, we
formally apply the coarea formula with the functions u = —w/z, y = |w + tz|/|Vu| and obtain

2w+t 2w+t
I =lim / Awizl g / / Aw izl gppim g,
N0 Jo, t? t\,O {u=¢) 12 |Vu|

where we have used that x € Q; if and only if 0 < u(x) < t. Now, we plug in the values of u and
Vu = -Vw/z +wVz/z?, and use w = —¢z in the inner integral to obtain

2(1—£/t)z d-1 . 1/t £
I=1 de = lim - 1-- d
10 [ oy e e [ =

22°
E(e) = / == dH"
{w+ez=0} |VW + sz|

Since we integrate over a perturbation of the manifold {w = 0}, it is reasonable to expect the continuity
E(e) — &(0) as € N\ 0. Consequently, we expect to find

1 ! £ 1 z?
I = lim - 1-- de = =£(0) = dH4 .
lim = [ (1-5)éte0 e = 5600 /{w:o} o 4H

with

An anonymous reviewer has pointed out that this limit can be verified easily under the additional
regularity w,z € C?(Q) by using the divergence theorem. Our first goal is to derive this equation
rigorously with the relaxed regularity requirement z € Cy(Q), see Lemma 3.7 below.

The upcoming theorem is prepared by the next lemma, which studies the one-dimensional case
d=1
Lemma 3.3. Let w € C(R) be given such that {w = 0} = {0} and w’(0) # 0. Further, for z € C.(R) and
t > 0 we define the set

Q, = {sign(w) # sign(w +tz)}.

(i) For each ¢y € C(R) we have fort \, 0

Ul VOO
(52 o T Tl
1 . ¥(0)z(0)
(3.2b) . /(;t i sign(z) dA! — W,
1 |w] 1 z(0)?
(S.ZC) ; o, T d/l1 - 5 |w’(0)|

(ii) If e, 8,ty > 0 are given such that ¢ < |w’(0)| and such that

(3.32) Q; c [-6,6] Vt € (0,ty)
(3.3b) |z(x) —z(0)| < ¢ Vx| <6
(3.3¢) [lw(x) —w(0) — w’(0)x| < ¢|x] Vx| <6
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hold, then for allt € (0,t,) we have

Q) _ [2(0)] +2¢

(3.42) P TS
Ll (2012021 0)] 0
(340 o, 0 M ET -y

Proof. W.lo.g. we consider the case w’(0) > 0, which implies sign(w(x)) = sign(x) for all x € R. First,
we will prove (ii). Let ¢, 8, ty > 0 satisfying the assumptions in (ii) be given. Further, let t € (0, t) be
arbitrary. It is easy to check that

-z(0) — ¢ —z(0) +¢
(3.52) 0<x<t———— = x€Q;N(0,00) = 0<x<t——>7—0,
w’(0) + ¢ w’(0) — ¢
~2(0) + —2(0) -
(3.5b) 0>x2tM = x€Q;N(-,0) = 0>x2tM'
w’(0) +¢ w’(0) — ¢

Indeed, the second implication follows from the chain of inequalities
0> w(x)+tz(t) > w(0) +w (0)x — ex +tz(0) — te = (W' (0) — &)x + £ (z(0) — ¢)
for x € Q; N (0, o). The other implications follow similarly. From (3.5a) and (3.5b) we get

AHQy) < max{0, & — z(0)} + max{0, z(0) + ¢} < |z(0)] + 2¢
t w’(0) — ¢ T wi(0)—¢’

i.e., (3.4a). From (3.5a) and (3.5b) we have |w(x)| < (w’(0) +¢)|x| < (w'(0) + g)tw. Together with

w(0)—¢
(3.4a), this shows (ii).
In order to validate (i), let € € (0, w’(0)) be arbitrary. Then, there exists § > 0, such that (3.3b) and
(3.3¢) are satisfied. Let K be the support of z and define

c:=inf{|lw(x)| | x € K\ (-5,6)} > 0, C :=sup{|z(x)| | x € K} < co.

Then, for t, := ¢/C we have sign(w(x)) = sign(w(x) + tz(x)) for all x € K \ (-6, §) and this shows
(3.33). Thus, the first part of the proof shows (3.5). From the continuity of ¢, (3.2a) and (3.2b) follow
easily. It remains to show (3.2¢). In case z(0) = 0, this follows directly from (3.4b). We focus on the
case z(0) > 0, the remaining case z(0) < 0 is similar. W.l.o.g., we assume ¢ < z(0). Since the integrand
is positive, (3.5) implies

1, —z(0) —¢\? B SO ,
E(W (0) - 8)(tm) —</0 (W (0) - E)Xd/ll(X) < '/g;t|W| dll
—-z(0)+e

w’(0) — ¢

t 7 (0)—¢ — 2
s/ o (w'(o)+g)xd,11(x)=1(w'(o)+5)(t Z(O)“).
. 2

After division by #?, the left-hand side and the right-hand side converge to z(0)2/(2w’(0)) as £ \ 0.
This shows (3.2c). O

Using standard coordinate transform arguments, this result can be lifted to the d-dimensional
situation.
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Theorem 3.4. Let w € C1(Q) be given such that Vw # 0 on {w = 0}. Further, let z € C.(Q) be given. For
allt > 0, we define Q; := {sign(w) # sign(w + tz)}. Then, for all y € C(Q) we have

(3.62) ! tﬁd/l / Vel gqqa
{w=0} |VW|
.6b / dr — / dH,
(3.6b) Y sign(2) » le
Lfowl /
(3.6¢) t‘/Q[ " dA — 2 o) |Vw|
ast ™\, 0.

Proof. We prove (3.6a), the remaining limits can be verified by analogous arguments. We start with a
local result. We set Z = {w = 0} N supp z, which is a compact subset of Q. Let a point p € Z, a bounded
open set B C R%"! an open interval I = (a,b) and y € C'(B) be given such that

(3.7a) p €BXI, BxIcQ, ZN(BxI) ={(xy(x))|xeB}

(3.7b) W={(xy)|xeB|y-y(x)|<e cBXL  daw(p) >0

for some ¢ > 0. Further, let ¢ € C.(B X I) be given.
For all x € B we define the cross section

Qx={yel]|(xy) e Q}={yel]|sign(w(x,y)) #sign((w+1tz)(x,y))}.
By Fubini, we have

1 = 1 1 d-1
./,m(BxI) vedi _/B t -/Qt,x U(x, V)o(x, y) dA (y) dA*(x).

t
Now, we can apply (3.2a) for all x € B and obtain

Y v y)ete y) dii(y) — LEr)eG r()Izx y(x))]

Vx € B.
o [0aw(x, y ()]

In order to pass to the limit in the outer integral, we need an upper bound. To this end, let 0 < ¢ <
inf{|owg(x,y(x))| | x € B} be given. By uniform continuity, we find § > 0, such that

|z(x,y(x) + h) — z(x,y(x))| < ¢ V|Ih| < 8,x € B
|[w(x, y(x) +h) —w(x,y(x)) — dgw(x, y(x))h| < e|h] VIh| < 6,x € B

hold. Similarly to the proof of Lemma 3.3 (i), we find t, > 0, such that Q;, C y(x) + [-6, §] for all
t € (0,1p). Thus, we can apply Lemma 3.3 (ii), and this yields the integrable bound

1 1 1 |z(x, y(x))] + 2¢
t Jo,. Y (xy)e(x y) dA(y) < SA(Qu)M < Mladw(x,y(x))l —

where M is an upper bound for |(/¢|. Thus, we can apply the dominated convergence theorem to obtain

! [ Yy @)l () 2y ()
t /men vedi= | 2w (7 ()]

By differentiating w(x, y(x)) = 0, we obtain —9;w(x, y(x)) = dgw(x, y(x))d;y(x) foralli=1,...,d — 1.
Thus,

dA41(x).

[Vw(x, y ()17 = 184w (e, y () P (Iy" (017 +1).
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This yields
S5 o 04900 = [ (S0 T I a0

|0awl
:/ ¢¢|Z| d?‘{dl
ZN(BxI) |[Vw|

The compact set Z can be covered by finitely many, possibly rotated and translated sets B X I of type
(3.7). The proof is then finished using a standard partition-of-unity argument. O

As in Theorem 3.4, we will often work with w € C'(Q) such that {w = 0} N {Vw = 0} = 0. This
condition means Vw # 0 everywhere on {w = 0}. From Stampacchia’s lemma, we have Vw = 0 a.e. on
{w = 0}. Thus, A({w = 0}) = 0. We will now apply Theorem 3.4 to obtain a second-order expansion
of w — max(w, 0).

Lemma 3.5. Define j: R — R by j(w) := max(w,0). Let a function w € C'(Q) be given such that
{w=0}N{Vw =0} =0. Let zx — z in C(Q) with supp zx C K for some compact K C Q. Let t; \, 0.
Then we have

dH 1 € € [0, )

2
(38) lim 2 / J(w + tez) — j(w) — ) (wiz) A = /
k—00 tk {w=0} |VW|

fork — oo.

Proof. We first consider the situation that z; does not depend on k. For every k € N, we define the set
Qp = {sign(w) # sign(w + txz)} and have

/j(w +14z) — j(w) — trj (w;2) dA = |w+ trz| dA = / trlz| = |w|dA.
Q Qk

Qg

Now, the claim follows from (3.6b) and (3.6¢).
For the general case, we consider

I = /Q JOw+ tizi) — j(w) — b’ (w; zi) dA - /Q JOw+ t2) = () — i (w;2) dA
= /j(w +trzi) — j(w+ tz) — tij (w; 2z — z) dA.
Q

Here, we used A({w = 0}) = 0, which implies j'(w;zx) — j’(w;z) = j'(w;zx — z). The absolute
value of the integrand can be estimated by 2|z — z|, and it vanishes on the complement of A :=
{lw] < (llzllz=) + llzkllz= )t} N K. By [14, Lemma 3.2], there exists ¢ > 0 such that A(A;) <
C(||Z||Loo(/1) + ||Zk||Loo(/1))tk. Hence, it follows

2 4
Skl £ —A(Ap) 2k = zllz=2) — 0,
t tx
k
which proves the claim for the general case. O
In the next step, we want to drop the assumption that z is compactly supported in Q. Interestingly,

the result of the previous Lemma 3.5 is not valid anymore in this case. In particular, we can no longer
choose zi = z in (3.8), as the following example shows.
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Example 3.6. We take Q = (0,2) c R. On (0, 1), the functions w and z are given by w(s) = s* and
z(s) = —s. We extend these functions to (0, 2), such that w € C'(Q) N Cy(Q), z € Co(Q) and w > 0,
w+2z > 0on (1,2). Fort € (0,1), we set

Q, := {sign(w) # sign(w + tz)} = (0, Vt].
A short computation shows

2

/j(w +tz) — j(w) —tj' (w;2z)dA = /\ﬁts —s2dA(s) = t—
Q , 0 4

Hence

. 2 . . .7 . _1
}1_1)13”—2 Q](w+tz)—](w)—t] (w;2)dA = 5

However, the boundary integral /{w:o} |VZ—;| dH? vanishes due to {w = 0} = 0. Hence, (3.8) is not
true for zx = z.

This example shows that we cannot expect (3.8) to hold for all sequences (zx) converging to some
non-compactly supported z. In the next lemma, we show that there exists a sequence (zx) C C.(Q2)
with zp — z in Cy(Q) such that equality holds in the limit (3.8). In the general case, we have to replace
in (3.8) the limit by the limit inferior and the equality sign by an inequality sign.

Lemma 3.7. Define j: R — R by j(w) := max(w,0). Let a function w € C'(Q) be given such that
{w=0}N{Vw =0} =0. Let z € Cy(Q) be given. For all sequences t;. \, 0 and z;. — z in Cy(Q), we
have ,
2
liminf — [ j(w+txzx) — j(w) - tej (w;zg) dA > / Z dH* € [0, oo].
{

k—oo paRe) w=0} |VW|

Moreover, for every sequence t. ~\, 0 there exists Cc(Q) 3 zx — z in Co(Q), such that

22

lim 2 / Jw+ tezg) — j(w) — trj' (w; z) dA = / dH € [0, o0].
Q {

k—o00 t]i w=0} |VW|

Proof. Let t; N\, 0 and z; — z in Cy() be arbitrary. For every ¢ € C.(Q2), 0 < ¥ < 1, we have
/ Jw + tez) — J(w) — e (wiz) dA > / YW+ tizi) — j(w) — ) (wizp0)) dA
Q Q
> /Q Jw + bz — () — ) (wi gz) A

where we used the non-negativity of the integrand in the first inequality, and the convexity of j and
positive homogeneity of j’ in the second inequality. For the term on the right-hand side, we can apply
Lemma 3.5 and obtain

A . y (¥2)? o
liminf — [ j(w+ txkzi) = j(w) — txj" (wizg) dA > —— dH*.
k—eo £ Jo (w=0} VW]

Taking the supremum over all possible i yields the first claim.

To address the second claim, we start by a sequence C.(Q) 3 Z, — z such that |z,| is monotonically
increasing. We use a diagonal sequence argument as in [11, Lemma 2.12(ii)]: Due to Lemma 3.5, we find
a strictly increasing sequence K}, such that

52

2
_z/J'(WHki'n)—J'(W)—tkj'(W;én)dﬂ—/ VZ—”d‘H‘Jl‘1
te Jo (w=0} VW]

1
< =
n
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holds for all n € N and k > K,,. We redefine K; := 1 and set n; := sup{n € N | K,, < k} forallk € N,
which is finite, since K, — oo. Then, it holds k > K,,, for all k by definition and ny — co monotonously
for k — oco. Now, we define z; := Z,, and this yields

2

2 . . . 2y d-1
2 QJ(W+kak)—J(W)—th (w; z) dA — { —— dH

1
< — =0,
k w=0} |VW|

_nk

where the inequality holds for all k € N with n; > 2. Due to ny — oo, we have zx — z in Cy(Q).
Since (ng) is monotonically increasing, |zx| is monotonically increasing as well. Thus, the monotone
convergence theorem yields

z2 2
/ —EdHdT / ©_dHe
(w=0} VW] (w=0} VW]

This proves the second claim. ]

This lemma shows that ] is strongly-strongly twice epi-differentiable in the sense of Definition 3.2
and the strong second subderivative is given by

77 Zz d-1
(3.9) J (w;z):/{ dH,

w=0} |VW|

A similar result has been obtained in [8, Theorem 5.2.14] without using the strong regularity condition
{w =0} N {Vw = 0} = 0. Therein, the constructed recovery sequence converges in Hy(Q), whereas
Lemma 3.7 gives uniform convergence.

Next, we address a function j without kinks.

Lemma 3.8. Let j € C(R) with locally Lipschitz continuous j' and such that

2
j"(w;z) == lim = (j(w+t2) — j(w) —tj'(w)2) € R
N0 t2

exists for allw, z € R.
Letw € C}(Q) be bounded. Let zi. — z in C(Q). Let t; \, 0. Then we have

2
t—Z/j(w+tkzk)—j(w)—tkj’(w)zkd)t—>/j”(w;z)dAGIR
L Jo Q

fork — oo.

Proof. By the boundedness of w and the Lipschitz continuity of j’, %(j(w + tezr) — j(w) — tj’ (w)zg)

is uniformly bounded. Then the claim follows by dominated convergence. O

Remark 3.9. It is an open question, whether the integral functional in Lemma 3.8 is strongly-strongly
twice epi-differentiable on Cy (Q) if j is assumed to be second-order epi-differentiable, only. In particular,
the existence of a recovery sequence seems to be impossible to prove. For differentiation of integral
functionals on LP-spaces, this was done in [15, Section 5] for convex and in [16] for non-convex
functions. In order to construct the recovery sequence, a selection theorem for measurable multi-
functions was used [16, Thm. 1.4]. It is unclear, under which assumptions on j this multi-function
allows for a continuous selection without assuming continuity of w — j”’(w;z).
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Remark 3.10. Since j: R — R, we can omit the limit “2 — z” in the definition of j”(w;z), i.e., it is
sufficient to require

J7(wiz) = lim S0+ 12) = j(w) ~ 1]/ (w)2) € R.

By construction, z — j”(w;z) is positively 2-homogeneous. Hence, j”(w;-) is determined by the
values j”(w;z) for z € {-1,+1}.

By combining the previous two lemmas, we obtain the convergence of a second-order difference
quotient associated with piecewise smooth functions.

Assumption 3.11. Let jo € C'(R) with locally Lipschitz continuous j; be given such that
s .2 . "
3 (wi2) = lim 2 oo+ £2) = Jo(w) = ti§(w)2) € R

exists for all w,z € R. Let m € N, positive numbers a;, i = 1...m, and distinct numbers b; € R,
i=1...mbe given. We define j: R —» R and J: Co(Q) — R via

JO0) = Jo(w) + > aglw = b, J(w) = /Q J(w(®)) dA(0).
i=1

Theorem 3.12. We consider the setting of Assumption 3.11. Let a bounded w € C'(Q) be given such that
(3.10) {w=b;}Nn{Vw=0}=0 Vi=1...m.
Then ] is (Gateaux) differentiable at w with
J (w)z= /(j(;(w) + Z a; sign(w — b,-))z dA.
Q i=1

Forz € Cy(Q), we define

m 2
(3.11) J"(w;z) := /jé'(w;z) dA + Z 2al~/ 2 e (=00, 00].
Q i=1 {

W:bi} |VW|
Let z € Cy(Q) be given. For all sequences t;. \, 0 and z;. — z in Cy(QQ), we have

liminf Jw+tizi) = J(w) — ti ] (w)zg
imin 5
k—oo tk/z

> J"(w;2).

Moreover, for every sequence t. ~\, 0 there exists Cc(Q) 3 zx — z in Co(Q), such that

I J(w+trezi) = J(w) — ti ] (w)zi
1im >
k—o0 tk/z

=J"(w;2).

Thus, ] is strongly-strongly twice epi-differentiable at w for J'(w) with J"”'(w, J'(w); z) := J" (w; 2).

Proof. We can write |w — b;| = 2max(w — b;,0) — (w — b;). The functions w; := w — b; satisfy the
requirements of Lemma 3.7. The first claim is now a direct consequence of Lemma 3.7 and Lemma 3.8.
To prove the second claim, i.e., the existence of a recovery sequence, we use the diagonal sequence
argument of the proof of Lemma 3.7. Let C.(Q) 3 Z, — z be a sequence such that |Z,| is monotonically
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increasing. Define j;(w) := max(w — b;, 0). Then define a strictly increasing sequence K, € N with the
property that

1
< =
n

52
Zn

dﬂd—l

2 . . ., .
2 / i+ t12n) — Ji(w) = g (w3 2) dA /
Q

k {w=b;} |VW]

holds foralli=1...m,n € N, and k > K. This is possible due to Lemma 3.5. Now we can conclude as
in the proof of Lemma 3.7. Due to Lemma 3.8 we get the convergence of the second-order difference
quotients for the full functional J. O

Corollary 3.13. We consider the setting of Assumption 3.11 with a convex jo. Let a bounded w € C'(Q)
satisfy (3.10). Then the mapping z — J"'(w;z) is convex.

It remains to compute the convex conjugate of z — J”’(w; z). For a measurable subset Z C Q, we
utilize the measure H9!| 7 given by

HT 2 (A) =HT(ANZ) VAeB(Q).

Theorem 3.14. We consider the setting of Assumption 3.11 with a convex jo. Let a bounded w € C'(Q)
satisfy (3.10). We set

(3.12) Z = U{W = b}
i=1

and definea: Z — R by
a(w) = a; ifw(w) = b;.

Assume
1 d-1
(3.13) —— dH* < +oo.
Let u € M(Q). If there exist densities v, € L'(1), v, € L'(H% ™| 7) such that y = v;A + 0,1 7 then
1 n” * 1 VW - 1 <17 *
(51 (w -)) =1 /Z Pl e+ /Q (5]0 (w; -)) (01) d2 € [0, +o0].
Otherwise (%]”(w; -))*(;1) = +o00.

Proof. We are going to apply Theorem 3.1. To this end, we have to write % J”(w;-) as an integral
functional. Therefore, we define the measure

vi= A+ H 2
and the integrand 1: Q@ X R — R by

2a(w) 2 .
w,z) = 1 ) w@n? ifoeZ,
2 i w(w);2) ifwgZ.
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Note that we have A(Z) = 0. Thus

/ Hw,z(w)) dv(w) = / Hw,z(w)) dv(w) +/ Hw,z(w)) dv(w)
Q z a\Z

=/ Hw,z(w)) d?-(d_1|z(a))+/ (w, z(w)) dA(w)
Z AZ

_ 1 2a(w) 2 d— 1 "
= 2/2 |VW(a))|Z dH 1|z(w)+2/Q\Z]0 (w(w), z(w)) dA(w)

_1 261(60) 2 d—1 1 o
) 2/z Vw)” (“)+2/QJO (w(®), 2(0)) dA(0)

- %]”(w;z).

It is clear that v satisfies the assumptions of Theorem 3.1 and that ¢ is a convex Carathéodory function.
The integrability (-, x) € L'(v) for all x € R is a consequence of (3.13). Thus, all assumptions of
Theorem 3.1 are satisfied and therefore, we obtain

w, w))dv(w) if v,
(%J(»v;-)) (k) = {fﬂ (o) o it =

otherwise

for all g € M(Q). Next, we compute the conjugate of i(w, -). From the definition of 1, we get

[Vw(w)] -
Foy={tae Y HeeZ
(37 (w(@);))" (») ifo¢Z.
Since the measures A and H?"!| 7 are singular, it is clear that y < v if and only if

ploz <A and plz < HY 2.

This is, in turn, equivalent to the existence of densities v; € L'(1), v, € L'(H%!|z) such that y =
0+ Uzﬂd_1|z. In this case we have

(%](W;')) (,u):‘/Ql*(co,vl(a))) dA(w)+/Zt*((u,02(a))) d?{d_l(a)).

From the structure of /*, the assertion of the structure of (3] (w; )" () follows.
Since (%j(;’(w(a)); ))* (y) = —jy(w(w);0) = 0 by definition of convex conjugation, the non-
negativity of (%]”(w; ))*(,u) follows. O

Remark 3.15. As jo: R — R, we have
Jo (w(w); 2) = ji/ (w(w); sign(2)) 2%,

which implies

(lj"w(w)- ~>)* (y) = se@smrn Y. i (w(@)isign(y) # 0,
270 ’ 5101 (y) otherwise.
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3.2 DIFFERENCE QUOTIENTS OF SUBDIFFERENTIALS

Next, we study the limiting behaviour of a difference quotient of subdifferentials, i.e., we show that

c AJ(w + trz) — aJ(w)
173

hi

converges in an appropriate way towards an element from 39]” (w, x;-)(z), where x € 9J(w) under
appropriate assumptions on w and z. Again, we separate the smooth part in J from the kinks.

Lemma 3.16. Let | be defined via (3.1) with j(w) := max(w,0). Let w € C'(Q) be given such that
{w=0}Nn{Vw =0} = 0 and choose x € dJ(w). Further, let z € C.(Q) be arbitrary. Then, for every
sequence (tx) C R* with ty ~\, 0, we can select a sequence (hi) C M(Q) with

. AJ(w+trz) — x

hk Vk e N

Ik

such that

*
(3-14) hi — h, el mco) = IRIIMm(Q)s

where h € %6]”(w, x; ) (2).
Note that the structural assumption on w implies that dJ(w) and aJ”’ (w, x; -)(z) are singletons, i.e.,

x and h are uniquely determined by w and z. Moreover, we even have h; € LY(1), but the limit is, in
general, only a measure.

Proof. We define

Xk = X{w+trz>0} T X{w+trz=0,w<0}

and hg = (xx — x)/tr. Then, it is clear that xx € dJ(w + fxz) and an easy distinction by cases shows
1.
hi = — sign(z) yo,.
Ik

where Q := {sign(w) # sign(w + txz) }. Further, we note that the measure h satisfies

- Yz d-1
= [t wecye),

see (3.9). In order to prove (3.14), we are going to apply Theorem 3.4. For an arbitrary ¢ € Co(Q), we
apply (3.6b) to obtain

_ 1 . R V2 it =
= [ yoim@ i [ L= ),

The convergence of norms follows from

|| d-1 1
1R m =/ dH,  lhellmce) = lhellpigy = — [ 1dA
) {w=o0} VW] @ PO = o

and (3.6a). O

Next, we address differentiable integrands. To this end, we show that the differentiability assumption
on j from Lemma 3.8 is equivalent to the directional differentiability of the first derivative.

Lemma 3.17. Let j € C'(R) with locally Lipschitz continuous j' andw, z € R be given. Then, the statements
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(i) j"(w;z) :=limpy o t%(j(w +tz) — j(w) —tj’'(w)z) € R exists

(i) D?j(w;z) := limp g
are equivalent and we have j”’ (w;z) = D?j(w;z)z.
Proof. “(ii))=(i)”: From (ii) we have j’'(w + sz) — j'(w) = D?j(w;z)s + o(s) as s \, 0. Thus, the

fundamental theorem of calculus implies

jw+1tz) — j(w) —tj (w)z = ‘/Ot(j’(w +5z) — j’(w))zds = Dzj(w;z)§z+ o(t?)

ast \, 0. This proves (i) with j”’(w; z) = D?j(w; z)z.
“(i)=(ii)”: In case z = 0, the assertion is clear. It is sufficient to consider z # 0. We denote by L the
Lipschitz constant of j* on [w — |z|, w + |z|]. Further, we define

q(t) = j(w+tz) = j(w) —tj’(w)z - gj"(W;Z)-
Let ¢ € (0,1) be arbitrary. Due to (i), there exists { = £, € (0,1] such that
lq(t)| < et? vt € [0, f].
For an arbitrary t; € (0, ], we fix t, := (1 — +/e)t; € (0,t;). Then we have

glt) — q(to) _ jw+12) = j(w+tz)
ti—ty h—t

h—1
J'(W)z = 1" (w;2) + == " (w:2).

Using the Lipschitz continuity of j’, we get

d

’j(w+tlz) —j(w+tz)

Lz
s| < =z°(H — ).
— 57 (1~ 1)

+/
w+ hz)z
J'( 12) -ty

/tl J(w+sz)z—j(w+tz)z
ty

Putting these expressions together, we find

[/ (w+ t1z) = j'(w) |z = )" (w: 2)|

i(w+tz) — i(w+t t) —q(t t—t
Jwnz) —j(wttezr) g(t) —gq(to) 0 (w:2)
t1— 1o =1 2

J(w+tz)z -

L Z4d -t
< —Zz(tl—to)'l'fl 0 1
2 t— to 2

L 1
[ (w; z)| < EZZ +2+ 5|j”(w;z)|)\/zt1.

Since t; € (0,1.], € € (0,1) were arbitrary, (ii) follows with D?j(w, z) = j"(w;z)/z. O

Remark 3.18. The statement (ii))=(i) in Lemma 3.17 holds without the Lipschitz assumption on j’ and
this follows directly from the proof. The example j(s) = s* sin(s™!) shows that the other direction may
fail in absence of the Lipschitz assumption, since j’(s) = 3s2 sin(s™!) —s cos(s™!) fails to be differentiable
ats =0.

Lemma 3.19. Let ] be defined via (3.1) with j € C}(R) with locally Lipschitz continuous j’, such that one
of the assumptions of Lemma 3.17 is satisfied. Let w € C'(Q) be bounded and set x = J'(w). Further, let
z € Co(Q) be arbitrary. Then, for every sequence (t;) C R with ty N\, 0, the sequence (hi) C M(Q)
with

_J(wHtz) —x

hk Vk € N

Ik
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satisfies

*
(3-15) hi — h, lhxll mco) = ITRIIMm(Q)s

where h € M(Q) is defined via

(h,l//):/QDzj(w;z)l//dA Vi € Co(Q).

Proof. We take xx = J'(w + txz) and have

(o ¥ = /Q Fwtnydl,  (xg)= /Q J(w)y da.

Thus,
i (w+ trz) — j (w i’ (w+ trz) — j (w
<hk,¢>:/1( k%) J()WM, ||hk||M(Q):/J( k2) =W 4y
Q Ik Q Ik
By dominated convergence, we get hy X hand 1Pkl mc) = TRl m(o)- O

In the setting of Lemma 3.19, we even have h, hy € L1(1).
Now, we combine Lemmas 3.16 and 3.19.

Theorem 3.20. We consider the setting of Assumption 3.1 with a convex jo. Let a bounded w € C'(Q) be
given such that (3.10) holds and choose x € dJ(w). Further, let z € C.(Q) be arbitrary. Then, for every
sequence (tx) C R* with ty \, 0, we can select a sequence (hi) C M(Q) with

. AJ(w+ trz) — x

(3.16) hi Vk e N
Ik
such that
*
(3.17) hy — h, Pkl mce) — IRl M)

where h € %6]”(\4), x;-)(2), Le,

(318) (b= /Q S CIERD /{ w:bi}%dﬂd_l Vj € Co(@).

Note that the second integral in (3.18) is well defined since w satisfies (3.10) and since z has a compact
support.

Proof. We define the functionals

Jo(w) := /Qj(fv) - Z a;(w — b;) dA, Ji(w) = —/Qmax(ﬁv - b;,0)dA Yw € Cy(Q),

i=1

which implies with a, := %

J() = > 2aii ().

i=0
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Due to (3.10), these functionals are differentiable at w and we select the unique elements x’ € 3J;(w).

i (wHtrz)—xt

From Lemmas 3.16 and 3.19 we obtain sequences (h;() with h;{ € and h;{ ot h, ||h;'<||M(Q) —

1773
1A' || m(q), where
W) = [ Din(wizypda Vi € Co(@),
Q
(h', ) :/ id(Hd‘l Ve Co(Q),i=1,...,m.
(w=b;} VW]

From the relation j’'(w; z) = D?j,(w; z)z, we get %6]6’(\4}; )(z) = D%jo(w; z). This implies

1
h’ = EaJé'(W; )(2),

see Theorem 3.1. The sum rule of convex analysis implies that hy := >} Zaih;< satisfies (3.16). The first
limit relation in (3.17) is clear. The second relation follows from

m m
1Al < liminfllhy|| < limsupllhell < > lim 2a;l|Rill = ) 2ail|Al| = |kl
k—co i=0 i=0
In the last equality, we have used the precise structure of h'. O

For a similar result in Hilbert spaces, we refer to [15, Theorem 3.9]. Therein, it is shown that the
strong twice epi-differentiability of a functional J is equivalent to dJ being proto-differentiable with
maximally monotone proto-derivative. The proof utilizes Attouch’s theorem on the Mosco-convergence
of functionals and this is not available in non-reflexive spaces, see [13, Theorem 2.5] and the comment
thereafter.

3.3 A LOCALIZED DESCENT LEMMA

As a last preparation, we state a localized descent lemma for J at a point w satisfying a structural
assumption.

Lemma 3.21. We consider the setting of Assumption 3.11. Further, let w € C}(Q) N Co(Q) be given such
that there exist C,n > 0 with

(3.19) Z/l({|w —bi| <¢€}) <Ce Ve € [0,7].
=1

Then, ] is (Gateaux) differentiable at w and we set x = J'(w). Moreover, there exists a constant A > 0
such that

A
(3.20) J(0) SJ(W)+(x,v—W>+EIIU—WIIZCO(Q) Yo € Co(Q) : lv—wlicy) <1
Proof. Due to (3.19), we have

imw =bi}) =0

and this is enough to ensure that 3J(w) is a singleton. Consequently, J is (Giteaux) differentiable at w.
Next, it is easy to see that it is sufficient to validate (3.20) for the components

Jol0) = /Q Jo(0(@) dA(w). (o) = /Q o — by dA.
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Since j; is assumed to be locally Lipschitz, there exists a constant L > 0 such that
lig(r) = jo()l < LlIr=s|  V¥r,s € [-T,T]

with T := [|wl|c,(q) + 7. Let v € Co(Q) with [[o — w|lc, (@) < 7 be given. The Lipschitz estimate implies

[(Jg(0) = Jo(w), 2)| < /Qljé(v(w)) = Jo(w(@))llz| dA(w) < LAQ)llo = wllcy(@)llzllcy@)-

From Theorem 3.1 we know that J, is (Gateaux) differentiable on Cy(Q). Hence, the fundamental
theorem of calculus implies

1
Jo(@) = Jo(w) = (Jg(w),0 —w) = /0 Jo(w+1t (v =w)) = Jg(w),v = w)cy(o) dt

LA(Q)

2
——|lw— U”CO(Q)'

1
SLA(Q)/ to = wlig, o dt = ==
0

Next, we consider J; for i = 1,..., m. By using the identities
Ir| = |s| + sign(s)(r — s) if sign(r) = sign(s)
[r| < |s| + sign(s)(r —s) + 2|r —s| if sign(r) # sign(s)

for all ,s € R with s # 0, we obtain

Ji(0) = Ji(w) = ¢ (w),0 = w) s/ 200 - w|di

{sign(v—b;)#sign(w-b;) }
< 2A({sign(v — b;) # sign(w — b)) })|lo — wllc,(q)-
On {sign(v — b;) # sign(w — b;)} we have |v — w| > |w — b;|. Thus,
A({sign(o - by) # sign(w — by)}) < A({lw = byl < o — wl})
S A{Iw = bil < lo = wlley@}) < Cllo = wlleya)

for [|[o — wl|c,(@) < 1. This shows

Ji(0) < Ji(w) + U (w),0 = w) + 2Cllo = wl, .

Combining the estimates for J, and J; yields the claim. ]

A condition similar to (3.19) was first used (almost simultaneously and independently) in [14, 19].
This condition is related to (3.13), i.e., ﬁ |z € LY(H? | z), see Lemma 3.24 below.
Remark 3.22. The condition (3.19) follows almost from (3.10). Indeed, let us assume that w € C'(Q) and
its derivatives can be extended continuously to Q, i.e., w € C'(Q) and that

ww)=b; = Vw(w)#0 Yw € Q.

Note that (3.10) is the same condition, but only for all w € Q. Then, [14, Lemma 3.2] shows that (3.19)
is satisfied.

Remark 3.23. Condition (3.19) implies

zm:/l(ﬂw —b;| < €}) < max{C,mA(Q)/n}e Ve > 0.

i=1

If we assume improved regularity of jo, i.e., if j; is globally Lipschitz, we can show that (3.20) holds
even for 5 = co.
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Let us discuss how condition (3.19) is related to (3.13), i.e., ﬁ|z e LY(H¥ 2).
Lemma 3.24. Let w € C}(Q) satisfy (3.10). Then (3.19) implies (3.13). In fact,

o [ L gt <
/Z [Vw|

with C from (3.19) and Z as in (3.12). In addition, (3.13) implies
d-1
hr:l\s(l)lp Z;A(Kﬂﬂw bl <t}) <2 ﬁ H
for all compact K c Q.
Proof. Assume (3.19). Let t € (0,7]. Let z € Cc(Q) with [|z||¢c,(q) < 1be given. Define
QF == {sign(w - b)) # sign(w — b; + £2)},
Q; := {sign(w — b;) # sign(w — b; — tz)}.

Then we find
Q=07 UQ; c{lw-10b <t}

v (3.19), we get A(Q;) < Ct. Then Theorem 3.4 (3.6a) implies

1 1
C>-MQfuQ;)= —/ dx — 2/ &l dH,
t t Jarua; (w=b;} VW]

This implies 2[{ b |VW| dH?! < C, and (3.13) follows.
Let (3.13) be satisfied. Take K € Q compact. Let z € C.(Q) with ||z||¢,(q) < 1such thatz=1onK.
Then one easily verifies

w-b| <t}NKcQfuQ;.
t t

Together with Theorem 3.4 (3.6a) we obtain

|| d-1
lim su A(Kﬁ {lw=">b;| <t}) < hm di = 2/ dH
£\0 P ™NO T Joruar w=b; } [Vwl

< 2/ L HA,
(w=b;} VW]

which proves the claim. O

Corollary 3.25. Let w € C1(Q) N Cy(Q) satisfy (3.10). Assume b; # 0 for all i. Then (3.19) and (3.13) are
equivalent. In this case

limsup- » A({lw—b;i| <t}) =2 SR}
1\,0 ,Z:‘ |V |

Proof. Assume (3.13). The assumptions on b; imply that IZ (as in (3.12)) has a positive distance to the
boundary 9Q, and |JZ,{|w —b;| < t} is a compact subset of Q for t > 0 small enough. Then Lemma 3.24
implies

limsup- Y A({lw—b;| <t}) <2 ELEpVE
N0 IZ:‘ z IVwl
which in turn implies (3.19). O
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4 SECOND ORDER DERIVATIVES OF INTEGRAL FUNCTIONALS OVER MEASURES

In this section, we are going to study integral functionals over the space of measures M(Q). Recall
that M(Q) is the (topological) dual space of Co(Q). In contrast, L!(1) cannot be a dual space (unless
Q = 0) and this is the reason for working in M(Q).

The space L!(1) is considered as a subspace of M(Q) in the sense that a function u € L!(1) is
identified with the measure ul € M(Q) defined via

(ud)(A) —> ‘/Audﬂt VA € B(Q).

Now, let the integral functional G be induced by a convex and lower semicontinuous functiong: R — R,
ie.,

G(u) = /Qg(u(a))) dA(w) Yu e L'(Q).

Note that G(u) € (—oo, 0] is well defined since g possesses an affine minorant and u € L'(1). We
extend this functional to M(Q) via

d .
Gl = {{(;g(ﬁ(w))d/l(w) fu<h ),

otherwise

This definition coincides with the original definition of G on L'(1) since ul < A and

d(ud) 1
o U Yu € L'(A).

Further, dom(G) c L'(A), since all u € M(Q) are finite measures, and hence du/dA € L'(1). Thus, we
have extended G by oo on the set M(Q) \ L'(1).

The aim of this section is the computation of the second subderivative of G under some structural
assumptions and the verification of its strict twice epi-differentiability. This will be done by deriving
estimates from below and from above.

In order to apply the results from Section 3, we restrict ourselves to functions g whose conjugates
fit into the setting of the previous section.

Assumption 4.1. We assume that the conjugate g* =: j satisfies the assumptions posed on j in Assump-
tion 3.11. Moreover, for each bounded set W C R there exists a constant C; > 1 such that the smooth
part jo satisfies

Jjo (w;=1) = 0 or j;'(w;+1) =0 or C;ljé’(w; —1) < jg' (w;+1) < Cjj/ (w;-1)

forallw e W.
We require that Assumption 4.1 holds throughout this Section 4.

Remark 4.2. The second part of Assumption 4.1 is not very restrictive and is satisfied by many reasonable
functions j,. However, it is possible to construct some artificial counterexamples: We choose { € L (R)
with

1 else.

iw=[ t [ emaas
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It is clear that j is convex and differentiable, and that j’ is globally Lipschitz. With Lemma 3.17 one can
check that

j(t;1) =1/n ift € [1/n,1/n+27") for some n € N,
j”’(t;-1)=1/n ift € (1/n,1/n+27"] for some n € N,

and in all other cases we have j”/(t; 1) = 1. Thus, the second part of Assumption 4.1 is violated.

As a preliminary result, we give a functional J: Cy(©2) — R such that the conjugate of J is G. The
computation of conjugate functions of integral functionals on continuous functions is addressed in [17,
Section 3], see in particular Theorem 3.1. Therefore, we expect that J can be obtained by integrating
over the convex conjugate of g.

Lemma 4.3. We define J: Co(Q) — R wvia

1) = [ el dhco).
Then, the conjugate of J is given by G.
Proof. This directly follows from Theorem 3.1 with the choices ((w, x) = g*(x) and v = A. O

It would be tempting to obtain the weak-* second subderivative by computing the second subderiva-
tive of J and a convex conjugation argument. For strongly twice epi-differentiable functions defined on
reflexive Banach spaces, this is indeed possible, see [15, Theorem 2.5]. The argument in [15, Theorem 2.5]
uses the Wijsman—-Mosco theorem on the continuity of the Legendre—Fenchel transform w.r.t. Mosco
epi-convergence of convex functions, i.e. the Mosco epi-convergence of ¢, to ¢ is equivalent to the
Mosco epi-convergence ¢;; to ¢* in reflexive spaces. In non-reflexive spaces, this theorem fails, see
the discussion in [20, Section 1] and [1, Theorem 3.3]. Hence, we have to use a direct argument which
connects the weak-* second subderivative of G with the strong second subderivative of J.

4.1 ESTIMATES FROM BELOW

In this section, we are going to give a lower estimate for the second subderivative of G. The arguments
are similar to those of [10, Lemma 6.8, Proposition 6.9]. To this end, we utilize the preconjugate function
J. Note that the next lemma also works in a more general setting. Therefore, we state it with Y and X
instead of Co(Q) and M(Q).

Lemma 4.4. Let J: Y — R be convex, proper, lower semicontinuous such that J* = G. Let x € dom(G),
w € dG(x) N'Y be fixed such that ] is strongly-strongly twice epi-differentiable at w for x. Then,

(1) %G”(x,w;h) > (% T (w, x; ~)) (h)  Vhex.

Proof. Let z € Y be arbitrary. Further, let (#;) C (0, 0) and (h;) C X be arbitrary sequences with
*
tr "\, 0 and hy — hin X. Next, we choose a sequence (zx) in Y with zx — z depending on (), see
(4.3) below. Since G is the convex conjugate of J, we have the Fenchel-Moreau inequality
(4.2) G(x + trhg) = (x + tehg, w + tezi) — J(w + tezk)
and, due to w € 9G(x), we find
G(x) = (x,w) = J(w).
Taking the difference of these two relations and dividing by ti /2 yields

Glx + tihi) = G(x) = tilh, w) - J(w + tzi) = J (W) = trdx 2
t2/2 - t2/2

+ 2(hk, zk).
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Due to the strongly-strongly twice epi-differentiability of J, the sequence (zx) can be chosen such that
we have the convergence

J(w +trzi) = J(w) = ti(x, 2x)
t2/2

(43) J(w,x;2) = Jim e [0, co].

Then, we can pass to the limit in the above inequality and obtain

.. o G(x +trhy) = G(x) — ti(hg, w)
lim inf

k—co t2/2 > —J"(w,x;2) + 2(h, 2).

Since the right-hand side is independent of the sequences (hy) and (), we can take the infimum over
all sequences tx ~\, 0 and hy X hinX. Thus,

1 1
(4.4) EG”(X,W;h) > —5]"(W, x;z) +{h, z).
Since z € Y was arbitrary, we can take the supremum w.r.t. z € Y in the right-hand side. This yields
(4.1). O

We mention that the strongly-strongly twice epi-differentiability of J was investigated in The-
orem 3.12, and an expression for the conjugate of the strong second subderivative of ] is given in
Theorem 3.14.

4.2 STRICTLY TWICE EPI-DIFFERENTIABILITY OF G

Next, we give an upper bound by considering sequences (zx) and (hy) for which we have equality in
(4.2). This is possible due to Theorem 3.20.

Lemma 4.5. Let x € dom(G), w € 3G(x) N Co(Q) be fixed such that w belongs to C'(Q) and satisfies
(3.10). For an arbitrary z € C.(Q), we select

1
he 58]”(w, x;+)(2).
Then,

%G”(x,w;h) = (%]”(w,x; ')) (h).

Moreover, for every sequence (1) with tx "\ 0, we can select a sequence (hy) C M(Q) such that hy = h,
Akl mc) = IRl m(q) and

G(x + tghi) — G(x) — ti(hg, w)
t2/2 '

We mention that A is uniquely determined by z, cf. (3.18).

G"(x,w;h) = klim

Proof. For an arbitrary sequence #; \, 0, we use Theorem 3.20 to select

hy aJ(w + trz) —x.
Ik

with hy o h, Al mco) = Il m(q)- Due to x + tihg € 9] (w + trz), we have

](W + tkz) + G(x + tk/’lk) = (x + tkhk, w+ tkz),

J(w) +G(x) = (x,w).
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Taking the difference and dividing by t,i yields

16+ tehi) = G(x) =t w) 1T (W +1,2) = J (W) — ti{x, 2)
2 t2/2 2 t2/2

= (hg, z).

The right-hand side converges towards (h, z). Via Lemmas 3.5 and 3.8, the second addend on the
left-hand side converges towards J”(w; z). Thus, we have

G(x +tyhi) — G(x) — te(hp,w) 1,

1 1 1
EG”(X’ w; h) + 5Jl/(w;l) < 5 h]zlllorolf tz/z + 5] (W;Z)
1 G trhy) - G —ti(h 1
< Lim sup (x + tih) 2 () — tilhie, w) 11w 2)
k—o0 tk/2 2
< (h,z).

Now, (4.4) implies that all three inequalities are satisfied with equality and together with (4.1) this
shows the claim. O

We remark that the arguments in the proof of Lemma 4.5 can also be utilized in a more general
situation if the preconjugate J satisfies the assertion of Lemmas 3.5 and 3.8 and Theorem 3.20 with
C.(Q) replaced by some subspace of Y.

In order to prove the equality

%G”(x,w;h) - (%]"(w,x; .)) (h)  Vhe M(Q),

we will utilize the density argument [11, Lemma 3.2]. Therefore, we need to show that for each h € M(Q)
there exists a sequence (hy) with hy € %8]”(141, x;-)(zx) for some zx € C.(Q) such that

(%J"(w,X; -)) (he) — (%J"(w,xr)) (h).

In order to construct this sequence, we will use the following approximation result.

Lemma 4.6. Let v be a positive Borel measure on Q such that v(K) < oo for all compact subsets K C Q. Let
u € LY(v) NL%(v) be given. Then there exists a sequence (ux) C C.(Q) such that ux — u in L'(v) NL%(v)
and pointwise almost everywhere. In addition, there exists g € L'(v) N L%(v) such that |ux| < g.

Proof. By [18, Theorem 2.18], v is regular. Suppose u > 0. Due to [18, Theorem 3.14] there are sequences
(vk), (wg) C Ce(Q) such that vy — uin L'(v) and wx — u in L?(v). W.l.o.g. we can assume vy > 0,
wi > 0, vp — u and wy — u pointwise almost everywhere and the existence of g; € L}(v), g, € L(v)
with 0x < g1, wx < go. Define ug := min(ovg, wg). Then ux < min(gy, g;) = g € L}(v) N L?(v) and
ur — uin L'(v) N L?(v) follows by the dominated convergence theorem. For general u, we can apply
this construction to the positive and negative part of u. O

Lemma 4.7. Let x € dom(G), w € dG(x) N Cy(Q) be fixed such that w belongs to C}(Q) and (3.13) is

satisfied. Let h € M(Q) be given with (%]"(w, X; ))*(h) < +00. Then there exists a sequence (hy) with
hy € %8]”(»\1, x;-)(zx) for zi € C.(Q) such that hy — h in M(Q) and

(%J"(w,X; -)) (he) — (%J"(w,xr)) (h).
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Proof. Due to Theorem 3.14, there exist densities 6, € L'(A), 6, € LY(H9!|z) such that h = 6,4 +
A d-1
O, H |z and

4s) (377 0s) =5 [ Blars [ (Gaona) @nar <.

From Remark 3.15, we get 9, = 0 A-a.e. on {j'(w; sign(d;)) = 0}.
Next, we define the measure v := A + 7’(d_1| z. Note that v is finite on compact subsets of Q, since Z
is locally a (d — 1)-dimensional submanifold. Thus, we can write h = vv, where v: Q — R is given by

{61(w) ifweQ\Z,
o(w) = _
O(w) ifweXZ.

Similarly, we define a weight function p: Q — R by

max j;'(w(w); 1) ifw € Q\ Z,
p(a)) = 2a(w) £
Vwi@)] ifoelZ.

Here, max j'(w(w); +1) := max{j;"(w(®); +1), j;'(w(w); —1)}. Finally, we set

0 if 0 € (Q\ Z) N {jJ/(w;sign(v)) = 0},
z(w) = jé'(w(w);slign(u(w)))v(w) ifwe (Q\2)\ {j(;/(W; sign(v)) =0},
() ifweZ.

For w € Z we have
|Vw(w)l

p—1
o] ) 62(0)1”

and this function belongs to L'(H9 | z) for all p € {1,2} due to 4, € L'(H?*!|z) and (4.5). For
o € (Q\ )\ {jj(w;sign(v)) = 0} we utilize Assumption 4.1 to obtain max j'(w(w);+1) <
Cjj;/ (w(w);sign(v(w))). Thus, we find

plw)lz(o)|P = (

max ji' (w(w); +1)
Jo (w(w); sign(o(w)))?

p(w)lz(0)|P = 8117 < Cjjg (w(w); sign(o(@)))' P [6:[7

Due to ; € L'(A) and (4.5) in conjunction with Remark 3.15, these functions belong to L'(1). Hence,
z € LY (pv) N L%(pv). Moreover, pv is finite on compact sets. Via Lemma 4.6 we get a sequence
(zk) € Co(Q) such that zx — zin LP(pv) for all p € {1, 2}. Next, we set

2a(w)

oy o [P @)@ = (wlo)sign(a(@)e(@) o€\ Z,
’ |Vw(w)|zk(w) ifweZ,

which leads to kg :=viv € %8]"(w, x;+)(zx), see (3.18). From zx — z in L(pv) we get

2a
0 — llzx = zllpy) = /|zk — z| max jj' (w; £1) dA +/ |zk — z| 4!
Q z [Vwl
2
> /Ijé’(w;signzk)zk—j(;’(w;signz)zld/l+/ |zx — 2| ?_ gt
Q z [Vw|

=/|vk—v|d/1+/|vk—0|d7{d_1
Q Z

= [|hk = hllm(a)-
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Similarly, from zx — z in L?(pv) we get

*
z(%f“(w,x;-)) (hy) = /{ __ v pdis /Z VW2 dgt

Jo (wsign(o))#0) Jo (w3 sign(ok)) 2a
2a
z [Vwl

2a
— i’ (w; sign(z zzd/1+/ 2|2 dH!
sl are [ ot

1 v
z/— . |v|2d/1+/ Bl aget
o J¢' (w;sign(v)) z 2a

_ 2(%]”(w, % -)) (.

= / jo (ws sign(z))|zkl|* dA + |z¢ |2 dHET
Q

For the convergence of the first integral, we used the dominated convergence theorem with the
dominating function max jj'(w; +1)g* € L'(4), where g comes from Lemma 4.6. O

Theorem 4.8. Let Assumption 4.1 be satisfied. Let x € dom(G), w € G (x) N Co(Q) be fixed such that w
belongs to C1(Q) and satisfies (3.10) and (3.13). Then G is strictly twice epi-differentiable at x for w and

%G"(x,w;h) = (%]"(w, x; )) (h) Vh e M(Q).

Proof. We will apply [11, Lemma 3.2] with the setting Q = (%]”(w, X; ))* and Z = C.(Q). Condition
(i) holds due to Lemma 4.4. Lemma 4.5 yields condition (ii), while Lemma 4.7 verifies condition (iii).
Then [11, Lemma 3.2] yields the claim. O

4.3 LOCALIZED ASCENT LEMMA

By dualizing the descent lemma (Lemma 3.21), we obtain an ascent lemma.

Lemma 4.9. We assume that J is (Gateaux) differentiable at w and that (3.20) is satisfied with x = J'(w)
and A, > 0. Then,

1
(4.6) G(y) 2 Gx)+{y—xwy+ —~lly- i Yy e L'y =l < A

Proof. Letov € Co(Q) with ||o — w||¢,(q) < n be arbitrary. We combine (3.20) with the Fenchel-Young
inequality (y,0) < J(v) + G(y) and (x, w) = J(w) + G(x) to obtain

A
Gx)+(y—x,w)y—-G(y) <(x—y,o—w)+ EHU ~wlZ, -

Now, we can minimize the right-hand side w.r.t. v. Owing to the Hahn-Banach theorem, we have

llx = ylI? llx = ylI% x -

e sup{<y - x.d) ‘ 1€ Co(@), Il = o 2IMD }

Thus, we can choose a sequence (vg) with
I = yllua e = Yo

llox = wllcy @) = T() <n and (x-yo0—w)— —f().

This yields the desired
1 2
Gx) +(y =% w) = G(y) < ——ly = xll} 0

Remark 4.10. If jj is globally Lipschitz, one can show that (4.6) holds for n = oo, see Remark 3.23.
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4.4 NO-GAP SECOND-ORDER OPTIMALITY CONDITIONS

Now we are ready to apply the theory of Section 2 with the setting X = M(Q) and Y = Cy(Q).
We collect all assumptions on the structure of the optimization problem in one place.

Assumption 4.11. (i) The function G: M(Q) — R is defined by

G o {fQ g(‘}ﬁx(w)) () ifx < A, i M)

+00 otherwise,

where g: R — R is convex and lower semicontinuous.
(ii) The mapping F: dom(G) — R satisfies Assumption 2.1 (iii) with X = M(Q), Y = Co(Q),

% € dom(G) € LY(1), w = —=F'(%) € C}(Q) N Cy(RQ). Further, we assume that h — F”'(x)h? is
sequentially weak-* continuous.

(iii) The conjugate of g has the form
g*(w) = jo(w)+ Y ailw—bl  VweR
i=1

withm € N, q; > 0,i = 1...m, and distinct numbers b; € R, i = 1...m. In addition, jj is in
C'(R) with locally Lipschitz continuous j; such that

. .2 ) .
Jo (wsz) = }{r(l) 72 Uo(w +12) = jo(w) = tjg(w)z) € R
exists for all w, z € R.
(iv) For each bounded set W C R there exists a constant C; > 1 such that the smooth part jj, satisfies

jo (w;=1) = 0 or jj'(w;+1) = 0 or C}ljé'(W;—l) < jo' (w;+1) < Cjjg (w; 1)

forallw e W.

Assumption 4.12. (i) The function w € C!(Q) satisfies
(w=b)n{Vw=0}=0 Vi=1...m.

(ii) There exist C,n > 0 with

i/l({m —bij| <¢}) <Ce Ve € [0,7].
i=1

Theorem 4.13 (strictly twice epi-differentiability of G). Let Assumptions 4.11 and 4.1z be satisfied and
assume w € dG(x). Then G is strictly twice epi-differentiable at X for w.

Let yp € M(Q). If there exist densitiesv; € L'(1), vy € L'(H Y| 2) such that y = v A + 0, HY | 7 then

167z, w: )—1/ —'V”_V'ozdwd—u/ Lrtan) (o) di € [0, 400]
2 =5 ), 20 o |27t ! St

Otherwise %G”(f, wW; [) = +00.
Here, Z := UL {w = b;}, and a : Z — R is defined by a(w) = a; if w(w) = b;.

Wachsmuth, Wachsmuth Second-order conditions: quadratic growth in L



J. Nonsmooth Anal. Optim. 3 (2022), 8733 page 32 of 36

Proof. The claim of strict twice epi-differentiability is Theorem 4.8 as well as the identity %G” (%, w; h) =
(%]”(W, X ))*(h) The form of the latter is given by Theorem 3.14. O

Theorem 4.14 (no-gap SOC for integral functionals). Let Assumptions 4.11 and 4.12 be satisfied. Then
(4.7) F’(%)h* + G” (%, w;h) > 0 Vh e M(Q)\ {0}
if and only if there are c > 0, ¢ > 0 such that
M -
F(x) + G(x) > F(%) + G(X) + - ||x g  Vxe BN x).

Proof. The reverse implication follows directly from Theorem 2.8.

For the direct implication we are going to employ Theorem 2.9. By Lemma 2.4, we have G” (X, w; h) =
—oo for some h € X \ {0} if w ¢ dG(X). Thus, (4.7) implies w = —F’(x) € dG(x). Now, we combine
this with Lemmas 4.9 and 3.21 to obtain the growth condition (2.9). Consequently, Lemma 2.12 yields
that condition (NDC) is fulfilled. O

Note that, due to G = +00 on M(Q) \ L!(1), the quadratic growth condition is equivalent to
F(x) + G(x) > F(%) + G(%) + %llx ~%|L,,  Vxe BX P (x).

Remark 4.15. We mention that the knowledge of the precise structure of the subderivative G” (x, w; )
is not necessary for the formulation and verification of Theorem 4.14. Indeed, we only have to verify
(NDC) in the proof.

5 APPLICATIONS

We are going to apply the abstract theory to two non-smooth optimal control problems. Both problems
share the same smooth functional

F(u) = /L(-, Yu) dA Yu e L'(2),
Q
where y, is the weak solution of the nonlinear PDE
Ay, +a(,y,)=u inQ, Y, =0 onoQ.

Here, Q) C RY withd € {1, 2,3} is open and bounded. We require that the nonlinearities a, L: QXR — R
and Q satisfy the usual assumptions, see, e.g., [6, Section 2.1], such that F: L*(1) — R is twice
continuously Fréchet differentiable with

(5.1) F'(u)z):/(puvd/l,

%a

(5'2) F”(u)(vl, 02) / [ ( yu) y ('a _')/u)q’u Zu,0%u,v, dA,
where the linearized states z,,, and the adjoint state ¢, solve the linear equations
oda .
—Nzy o, + a—(, Yu)Zu,o; = Vi in Q, Zup, =0 onoQ,
y

oa oL .
_Aqou + _('> yu)(/)u = _(', J/u) in Q, ¢, =0 on 0Q.
ay ay
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In particular, the adjoint state ¢, is a representative for F’(u).

As in Section 4, we use the spaces Y = Cy(Q), X = Y* = M(Q). As usual, we will continue to
denote the controls by u, i.e., the symbols x from Section 2 will change to u. In order to comply with
Assumption 2.1, we have to extend the bilinear form F”’(u) (which is defined on L*(1)?) to M(Q)? and
this is possible by regularity theory for elliptic equations due to d < 3, see, e.g., [6, Section 2.5]. This
extended bilinear form is even sequentially weak-x continuous on M(Q)?2. It is now easy to see that
the differentiability of F implies that Assumption 2.1 is satisfied at all z € L*(1) as long as dom(G) is
bounded in L*(A). Thus, Assumption 2.1 is satisfied.

5.1 APPLICATION TO A BANG-OFF-BANG PROBLEM

First, we consider an example with a bang-off-bang solution structure, see [2, Section 3]. This is
accomplished by using the functional

G(u) = / g(u) dA with g(u) = alu| + Sy, u,1 (u).
Q
We assume that the constants satisfy @ > 0 and u, < 0 < up. The convex conjugate of g is given by

j(w) == g*(w) = max{up(w — @), ug(w+a),0}
|u

2a| ub+ua+ua_ub

2 2

u
|w+a|+?b|w—a|+

It is easy to check that Assumption 4.11 is satisfied. Next, we choose a point # € dom(G) such that
w = —@ := —@y satisfies Assumption 4.12 with b; = —a, b, = a. We set Z := {|@| = @} and we define
Ugp = |Ual X{p=—a)} + UbX{p=a}- Consequently, Theorem 4.14 yields that

(5.32) F'(x) +0G(x) 20 and
. d-1;_\° Vol 5 10 d 1/qd-1
(5.3b) Fr@(oHz) + [ SBoant >0 vo e LHT )\ {0)
Z Uab

is equivalent to the existence of ¢, e > 0 with
_ _ ¢ _ YA -
Fu) +G(u) 2 F(@) +G(@) + Jllu - alZ,, ~ VueB; D (@).

We briefly compare our result with [2, Theorem 3.6]. Therein, the author does not require Assump-
tion 4.12 on the structure of w, but he only obtains a quadratic growth w.r.t. the L2-norms of the
linearized state z;,_; and the difference of the states y, — y;. Moreover, our second-order condition
(5.3b) is different since the second term is not present in [2, Theorem 3.6] and we do not need an
enlarged critical cone but we can work directly with measures on Z, similar to [6, Section 2.5].

The bang-bang case (@ = 0) works similarly and we can reproduce the results from [10, Example 6.14].
In a similar spirit, control problems with the convexified multi-bang functional from [12] can be handled.

5.2 APPLICATION TO A RELAXED LO—PROBLEM

As a second application, we consider a problem with the following functional

G(u) = ‘/Q_(j(u) dA with g(u) = %uz + Blulo + [y, (w),

with positive constants «, f3, y, and
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Clearly, g is not convex. As in [5], we will study second-order conditions for problems with the convex
envelope of g. The convex envelope of g is given by

V2apflul if |lul < 2/,
gw) = gu*+p  if |ul € [y2B/a,y],
+00 if |u| > y.

In case y < +/2f/a, g coincides with the functional considered in the previous section. Hence, we will

focus on the case y > /2f/a.

Lemma 5.1. The convex conjugate of g is given by

0 if lw] < 2apB,

Jj(w) =g*(w) = {3 - if ['w| € [y2ap, ay],
ylwl = $y* =B iflwl = ay.

Proof. We recall that the convex conjugate is defined via

g*(w) = sup{uw — g(u) | u € R}.

Since the effective domain of g is compact, the supremum is always attained. In case |w| < /2ap,
the supremum is attained at u = 0 and, thus, g*(w) = 0. We consider the case |w| € (1/2ap, ay). For
u =w/a we have |u| € (1/28/a,y) and, thus, 0 = w — au = w — g’ (). This yields

W2 (44 W2 W2

* _ _ - 22 _pg=="_3g
grw) =uw - gy = - 22 =2
Finally, for |[w| > ay, the supremum is attained at u = sign(w)y and the announced formula follows. O

Assumption 4.11 is satisfied with m = 2, by, b, = £4/2af, a1 = a3 = %\/2/3/0(. The corresponding
function j, satisfies

é if |w| = y/2apf and sign(w) = sign(z),
Y 5 iflwl € (y2ap, ay),
g =iy SN
- if|[w| = ay and sign(z) = - sign(w),
0  otherwise.
Its conjugate is given by
£0? if |w| € (\/2ap, ay),
1, * 202+ 8(_w0]  if W = +ay or w = —/2af,
S| @ =12, | —
0% +0[0400) If W= —ayorw=+2ap,
S0y (y) else.

Note that (3’ (¢ -))* (v1) < +oo implies sign conditions on v;.

Now let a control # € dom(G) be given such that w := —@ := —¢; satisfies w € 9G(i1) and
Assumption 4.12. We set Z = {|¢| = \/m} Let p € M(Q) be given. If there exist densities v; € L'(1),
vy € LY(H% | 7) such that y = 0,1 + 0,H%!| 7 and

(5.4) v <0 A-ae on{p=+ay}, v =20 Aae on{p=—-ay},
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then

1 1 a a
=G"(x,p; p) = —/ — |V@|o? dHI T + —/ 02 dA € [0, +00].
2 2Jz\N2p 2 2 Jiigle(vaapayl) |

Otherwise $G” (%, ¢; 1) = +co. Note that (5.4) does not contain sign conditions on {|@| = W} =Z,
since this is a null set due to Assumption 4.12. Due to the same reason, we do not integrate over this
set in the second integral above.

Using this second-order derivative of G, we can formulate second-order necessary and sufficient
optimality conditions. We compare this to the results of [5]. There, the following second-order necessary
condition [5, Theorem 4.11] was proven

F”(@)(014)* + G” (%, p;010) > 0

for all v, satisfying the sign conditions (5.4). In addition, second-order sufficient conditions were
obtained with a second-order expression G”” which is strictly smaller than the second derivative
obtained in this work. Following the argument of [5, Section 4.4], our no-gap conditions can be
translated into no-gap conditions for problems with the non-smooth functional g.

6 CONCLUSIONS AND OUTLOOK

We have derived no-gap second order conditions for optimal control problems of the form (1.1), in
which F is smooth and depends only on the state variable and in which G is determined by a not
uniformly convex integrand. Thus, the classical theory (e.g., [3, 4]) cannot be utilized. We have seen
that it is fruitful to discuss these problems in the space M(Q) = Co(Q)*. The required weak-* second
subderivatives can be obtained by dualizing results for the preconjugate function.

Our second order condition is equivalent to a linear growth in the space L!(1). This follows auto-
matically since we have applied the results of Section 2 with the space M(Q). We expect that a better
growth estimate can be obtained by using a different space X which is tailored to the precise form of
the functional G. This is subject to future work.
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ANALYSIS OF THE IMPLICIT EULER TIME-DISCRETIZATION OF
PASSIVE LINEAR DESCRIPTOR COMPLEMENTARITY SYSTEMS

Bernard Brogliato® Alexandre Rocca

Abstract  This article is largely concerned with the time-discretization of descriptor-variable
systems coupled with complementarity constraints. They are named linear descriptor complemen-
tarity systems (LDCS). More specifically passive LDCS with minimal state space representation are
studied. The Euler implicit discretization of LDCS is analysed: the one-step non-smooth problem
(OSNSP), that is a generalized equation, is shown to be well-posed under some conditions. Then
the convergence of the discretized solutions is studied. Several examples illustrate the applicability
and the limitations of the developments.

1 INTRODUCTION

The analysis of non-smooth dynamical systems with set-valued right-hand sides satisfying maximal
monotone properties has been the object of many contributions, see [26] for a survey. Linear and
nonlinear complementarity dynamical systems, various kinds of projected dynamical systems, of
differential variational inequalities, differential inclusions with maximal monotone right-hand sides,
Moreau’s sweeping processes, and some switching dynamics can be recast in this class of set-valued
dynamical systems. In this article we focus on singular, or linear descriptor complementarity systems
(LDCS). They may be viewed either as an extension of “classical” descriptor-variable systems which
are widely used in Automatic Control and Circuit Theory, or of “classical” linear complementarity
systems. They can also be seen as differential-algebraic equations (DAEs) coupled with complementarity
constraints. Motivations for studying LDCS are in circuits with set-valued components [2, Chapters 3
and 5] [32], and in a more abstract framework in state-dependent switching DAEs [71, 70], after a kind
of convexification (or filling-in the graph) procedure has been made. They are also closely related to
DAEs whose equality constraints are nonsmooth, as they occur in chemistry or thermo-dynamical
systems [78, 79, 77].

It has to be noted that the study of LDCS has not received a lot of attention yet, and is still at
an embryonic stage of analysis. In particular the analysis of the implicit Euler method, which has
received a lot of attention in several fields [10, 14, 57, 55, 2, 3, 67, 69], is an open issue for LDCS. Our
goal is to analyze the well-posedness of the one-step nonsmooth problem (OSNSP) obtained after an
implicit (backward) Euler discretization, and the convergence of the discrete-time solutions towards a
continuous-time limit which is a solution to the continuous-time system. The second step is useful
not only for proving the existence of solutions to the continuous-time system, but also, perhaps most
importantly, to show that the proposed time-discretization makes sense for numerical simulations.
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Passivity properties (passive systems, positive real transfer functions, Lur’e equations) are pivotal
throughout the article. In Section 2, a class of passive LDCS (which extends descriptor variable systems
with a positive real transfer function) is introduced. A specific Weierstrass form associated with
these systems, when the state-space realization is minimal, is used. The well-posedness of the OSNSP
associated with the implicit Euler discretization, is analysed in Section 3. Convergence of the discrete-
time solutions is studied in Sections 4 and 5. Examples that illustrate the theoretical developments, are
given in Section 6. Conclusions are drawn in Section 7. The appendix is dedicated to recall various
mathematical tools.

Notation and definitions: For any vector x € R" and any matrix M € R™ " ||x|| is the Euclidean
norm and ||M]|| is the Frobenius norm, which are compatible norms [16, Proposition 9.3.5], i.e,, || Mx]|| <
IM|| ||x||. Let M € R™™, then Im(M) is its range, Ker(M) is its null space. We use {x, y) = x" y, so
(x,x) = ||x||%. Positive definite matrix: M > 0 if x" Mx > 0 for all x # 0, positive semidefinite matrix:
M > 0if x"Mx > 0 for all x (such M is not necessarily symmetric). The maximum singular value
is denoted as oyax (M), and the minimum and maximum eigenvalues as Ay, (M) and Ayax(M). M,;
denotes the i-th column of M. More mathematical results and definitions are given in Appendices A
to G.

2 THE CLASS OF PASSIVE LDCS

Let us consider the following singular dynamical system, that we may name a linear descriptor com-
plementarity system (LDCS):

{Px(t) = Ax(t) + BA(t) +E(t), ae.t>0
(2.1)

0<A(t) L w(t)=Cx(t) +DA(t) + F(t) >0, forallt >0

with x(t) € R", A(t) € R™, A, B, C, D constant matrices of appropriate dimensions, P € R™" has rank
p < n. Dissipativity is a fundamental property in Systems and Control [25, 87, 88]. The material in
this article relies on a result in [28, 32, 51] on a special Weierstrass form for passive descriptor variable
systems [25, Section 3.1.7] which possess a minimal state-space realization [28, Theorem 3.1]. The
passivity of the quintuple (P, A, B, C, D) means the passivity of the operator A — w, see Appendix D.
Assuming that E(¢) = 0 and F(t) = 0, passivity and minimality, this special form writes as (see [51]
[32, Equation (16)] [28, Proposition A.3]):

(a) %1(t) = Awxi(t) + BiA(t)

(b) x2(t) = z(1) + B2A(2)

(c) 0=2xz(t) + B3A(t)

(d) 0<A(t) L w(t) =Cx1(t) + Coxz(t) + C3z(t) + DA(¢t) = 0,

(2.2)

where the quadruple (A, By, Cy, f)) is itself passive, D 4 D — C3B; — C3Bs, x1(t) € R™, x5(t) € R™2,
z(t) € R™, n = ny;+ 2ny, A(t) € R™, and there exists X3 = X3T > 0 such that BSTXg = —Cj3. The matrix
X3 is unique when the state-space realization is minimal [28, Theorem 5.4]. The LMI in (p.2) holds.
Due to the passivity and the complementarity conditions which imply A(#) "w(¢) = 0 for all times, it
follows that for all ¢t > 0 one obtains V (x;(t), x2(t)) 2 2 (] Xaxy + x5 X3x2) (1) < V(x1(0), x2(0)), [32]
and [28, Proof of Theorem 5.1], with X > 0 if the system is strongly SPR and minimal [28, Theorem
5.4], see Appendix D. In the latter case x;(-) is bounded, A; is Hurwitz', D > 0 and Bs is full row rank
(= ny < m) [28, Proposition A.4].

"That is, all its eigenvalues have a negative real part.
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Remark 2.1. Notice that the differentiation index (shortly the index in the following) of the DAE part of
the system (2.2) is equal to 2, since one needs to differentiate the third line twice (assuming A(t) = 0)
to recover the variable z(¢). It is clear from (2.2) that the LDCS (2.1) may be seen as a DAE coupled
with nonsmooth constraints that take the form of complementarity conditions. It is noteworthy that
singular zero order sweeping processes (named in ZOSwP [26]) have been studied [85, 6, 9], but they
form another class of singular systems than (2.1) or (2.2).

Remark 2.2. The system in (2.1) can be rewritten equivalently as:
(2.3) Px(t) — Ax(t) — E(t) € B(Ng+ + D)"'(=Cx(t) — F(t))

with K = K* = R, which is, as pointed out in [26, section 3.16], a class of singular systems that has
not yet received much attention. The same applies to (2.2) which is rewritten as:

Inl 0 0 X'l(t) Al 0 0 xl(t) Bl
(2.4) 0 I, O|lx()|—=10 0 IL,||[x(t)|e]|Bs|(Nkx+D)(~w(t)).
0 0 0/\z(t) 0 I, O z(1) Bs

Exogenous terms can also be considered in (2.2) and (2.4), though the analyses in Sections 3 and 4
are made without such terms. Also, an alternative way of analysing (2.2) is presented in Section 5,
incorporating exogenous signals. An example is treated in Section 6.1 where exogenous terms are
taken into account in the special form (2.2), see (6.3) and (6.4). In the case D = 0, both (2.4) and (2.3)
can be rewritten, under some assumptions, as a singular first-order sweeping process (FOSwP [26]).
The optimal control of FOSwP as treated in [42, 41, 36], relies on the analysis of the time-discretization
and the convergence of solutions. Such an important issue could be tackled for singular FOSwP, where
the results in this article may serve as a starting point.

3 THE EULER IMPLICIT SCHEME AND THE OSNSP

In the sequel of the article, we letf € [0,T],0 < T < +co, h = %,N e N\ {0}, tx =kh,k €{0,1,...,N},
and fi = f(tx). The studied implicit Euler time-discretization of (2.2) is as follows:

Xijer1 = X1k + hAIX o + hBiAy
Xok+1 = Xok + hzj1 + hBy Ak

(3.1)

0 = X k41 + B3Aga

0 < Ags1 L Wy = Crxpper + Coxgpgr + C32pp1 + DAgyg 2 0,

forallk € {0,1,..., N—1}, where A;x; x could be replaced by A;xy k41 without modifying much the next
developments. Nevertheless we choose to call the method in (3.1) an implicit method despite of the fact
that the linear term is explicitly calculated, because our objective is to focus solely on the set-valued
part of the system (i.e., the complementarity conditions). The set of equations in (3.1) makes a mixed
linear complementarity problem (MLCP). After few calculations from (3.1) the following OSNSP is
obtained (where the variable hwy,; is used instead of wy,;) as an LCP:

(3.2) 0 < Aky1 L DpAgs +hfi 2 0 & Dpdiess + hfi € =N (Aesr)
& Aks1 € (Dp+ Nrm) ™ (=hpy),

with Dy, 2D+ h?CyB; + B, X3Bs, P 2 Ci(In, + hA) X1k — %C?,Xz,k. It is noteworthy that zy,; is
eliminated and does not appear in ff. The inclusion (3.2) is a VI as (8.2) with ¢(-) = ¥rr(-). Obviously
the well-posedness of the OSNSP depends on the properties of Dy. From the passivity we know that
D > 0and B X3Bs > 0. Using Theorem A.1 and Corollary A.2 it is possible to characterize the set of
admissible hC; B, that do not destroy the positive definiteness of Dy, in case D > 0.
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Remark 3.1. We do not investigate here whether or not the discrete time system (3.1) is dissipative.
Such a study is made in [55] for the case of LCS discretized with a 8-method.

As alluded to in Remark 2.2, the cone R can be replaced in (2.1), (2.2) and (3.1) by any closed non
empty convex cone K C R™ and its dual cone K*. Then the complementarity conditions become
K* 5 A(t) L w(t) = Cix1(t) + Coxa(t) + C3z(t) + DA(t) € K, yielding the inclusion

(3-3) DpAsr + hpx € —Nier (A1)
& w1 € (D + Nigw) TH(=hB),

which is a linear cone complementarity problem (LCCP), instead of (3.2). One can also consider
time-varying terms in (2.2), in both the dynamics and the complementarity conditions, and adapt S
accordingly. Thus in the next proposition a more general complementarity framework is considered
where the positive orthant is replaced by a closed convex cone.

Proposition 3.2. Let h > 0 and k > 0 be given. Assume that Dy, > 0, not necessarily symmetric, and let
K c R™ be a non empty closed convex cone (where the complementarity conditions in (2.2) are extended
to K* 3 A(t) L w(t) = Cixy(t) + Coxz(t) + Csz(t) + DA(t) € K). Let S = K* N Ker(Dy + D) N {w €
R™ | Dpw € K}. Then:

1 IfS = {0}, for each hf. the LCCP in (3.3) has at least a solution.

2. If S # {0}, and there exists & € R™ such that (hfj — D;fo, v) + Ygx(v) > 0 forallv £ 0,0 € S,
then the LCCP in (3.3) has at least a solution.

3. If A, and AZ | are two solutions of the LCCP, then A, . — A% | € Ker(Dy + D).

Proof. Let us consider Proposition B.2. Comparing (3.3) and (B.2) one has ¢(-) = Wg (1), M = Dy,
q = hf. Using Proposition B.1 ¢) d), it follows that (dom(¢))s = K*. The second set in S is obvious.
The third set necessitates the calculation of (dom(¢s))*, see (B.3). Again the result of the calculation
follows from Proposition B.1 ¢) and d). Then the proof follows from Proposition B.2 a), b) and ¢). O

Once the existence of x4 is established for any k > 0, then the existence of xj g41, X2 k+1 and zg4
can be inferred from (3.1) for any h > 0.

Remark 3.3. If K = R7? then other results like [43, Theorem 3.8.6] may be used to study the LCP (3.2),
using for instance the copositivity of Dy,

Let us state a consequence of Proposition 3.2. The definition of a strongly SPR (SSPR) system is
recalled in Appendix D.

Corollary 3.4. Let the quintuple (P, A, B,C, D) be SSPR. Then, the LCCP in (3.3) has a unique solution for
any hpPy, for h > 0 small enough.

Proof. This follows from [28, Theorem 5.4] (= D > 0), the fact that B; X3B3 > 0, Corollary A.2

(= Dy >0for0 <h<h* 2 GBI II(}J"DT)”II = § = {0}), and items 1 and 3 in Proposition 3.2. O
1Bill2|| (=5— 2

It is noteworthy that the SSPRness is only sufficient to guarantee that D > 0, which is itself a
sufficient condition for the existence of solutions to the LCCP (3.3).

4 BOUNDEDNESS AND CONVERGENCE ANALYSIS

From now on, we assume that the complementarity conditions are given as in (2.2) and (3.1), i.e.,
K = K* = R7, see Remark 4.2. The next result characterizes least-norm solutions of the LCP.
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Corollary g4.1. Assume that the conditions for existence of a solution in Proposition 3.z are satisfied. Then
the set of solutions to the LCP in (3.2) is nonempty convex polyhedral and contains a unique least-norm
element A} (x1k, X2.k) such that || A7 < || Ags1|| for any other solution Ayy,. Moreover there exists a

k+1 k+1
constant n > 0 depending only on Dy (= hD + h*CyB; + B] X3Bs) such that ||/1]rf+‘?|| < nh||Prll-
Proof. Follows from [43, Theorem 3.1.7] and [57, Lemma 1]. O

The constant 7 generally depends on h since it depends on Dy, and we may denote it as n(h) (as the
examples in Section 6 show, it may also be constant in some cases). This result certainly is important
because it will subsequently allow us to get upper bounds on the iterates of the implicit scheme (3.1).
Notice that if D" = 0 then Bri > 0 = Akyr; = 0,and fr; = 0 = Ay € Ry, hence /12‘;;‘ =0 so
that 7 = 0. If h = 0 then D° = B;—X3Bg, Bo = —Csxzk, and n = o such that ||/1kmf11|| < Nol|Csxa k]| is
independent of h. If the LCP(Dy, hfi;) enjoys the stability of solutions property [43, Theorem 7.3.12],
then a small perturbation of Dy, implies a small variation of the solution, hence of /122‘11, and consequently
of the constant 5. Assume that C3 = 0 (this is Assumption 2 below). Then solutions of the LCP(Dy, hf)
are also solutions of LCP(b + hCBy, Cy (I, + hA1)x1k). IfD+ hC1B; is a P-matrix (which occurs if D is
a P-matrix and h > 0 is small enough, see Corollary A.2), then it follows from [3, Theorem B.3] [34]
that the unique solution of LCP(ﬁ + hCBy, Cy (I, + hA;)x1x) (Which is also the least-norm solution)

satisfies ||/1]‘Crii‘11|| < 1 ||Ci(In, + hA;)x; k|| for some constant n > 0.

Remark 4.2. As long as a minimal norm element exists and satisfies the property stated in the corollary,
one may consider an LCCP as in (3.3) instead of an LCP (3.2).

4.1 CONVERGENCE ANALYSIS

From (3.2) and under the conditions of Corollary 4.1, the mapping fi — Agu(—hfx) = /1]‘3‘11 with A]‘Cnfll
the least-norm element of the convex polyhedral set (Dj, + Nrm) ™' (—hpk), is a single-valued mapping.
The implicit scheme (3.1) may be modified as follows (which may be named the “minimal norm” implicit

scheme):

X1 = (In, + hA) Xy + BB (1, X2k)

Xo k1 = Xk + hziepr + hBo AT (X1, X2 )

(4.1) 0 = Xpj41 + B3AL (X1 ke, X2.k)
0< A;Cnfll 1 Wi = Clxl’k_,_l + C2X2’k+1 + C32p4 + D/lz‘il—rll >0
||)L1Tl?(x1,k, xo )l < nllhBell, hBx = hCi(x1k + hAxik) — Caxgx, 1> 0,

for all k € {0,..., N — 1}. The above results explore the well-posedness of the OSNSP, for fixed h > 0.
Our goal is now to analyse the boundedness of the iterates on the integration interval [0,T], T > 0.
For all k > 1 we have xy) = —Bg)[,rcnin, and hzjy = —B3/1,<‘Tii‘11 — Xk — hB A, thus it is inferred that

k+1°
X2 k+1 = —B; (/1

min A;{nm) — X2k Consequently (4.1) is rewritten equivalently as:

k+1
Xpks1 = (In, + hAD X1k + RBUAL (ks Xo.k)

in
1

Xo k1 = Xz — B3 (A (ke xok) + AL (X k-1, X2,k-1))

i 1 1_ . .
(4 2) 0< A]rcnirll 1 Wiy = C](Inl + hAl)ka - (Cz + ZCg)Xz,k + EDhA;cn_:_Ill - C2B3/1;<mn >0

0 = xp k1 + BsAL (216 X28),
hzgy = =B (Xik Xok) — Xok — hBa AL (x1k, X2.k)

||/1£1+i§1(x1,k,xz,k)|| < nllhBkll, APk = hCi(In, + hAy)x1x — Caxk, 1 > 0,

for all k € {1, N — 1}, given initial data x; o and x; . Starting from (4.2) the next result is obtained:
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A A
Lemma 4.3. Let ayx = ||xikll, azk = llxoll, ax = (i azi) ', then:

(4.3) g1 < (MiM + M; 1 U)ag_; + MiUag ;4
3 My = MM +M;_ U, My=L,M_1=0,0<i<k-1 k>1,
a b 0 0 )
where M = | = LU =, fla= I, + ALl (1 + hn Bil ICil), & = hy |[Bill [ICsl, ¢ =
hy ||Bs|| |Cill [|In, + hAsll, d = (1 + n]|Bs|| |C5]), e = ¢, f = n ||Bs|| |Cs]|. In particular
(4.4) Aps1 < (MM + My_2U) ety + M _Uag
forallk > 1.

Proof. The proof starts from (4.2). The following upper bounds can be derived:

(4.52) AT < nRIC T, + AL Pkl + 7 1ICsll lxz el

1L, + Al (L+ B2y IBill IGHD lxgell + Al Bill IG5 1zl
allxrell + bllxzll

(4.5b) ||261 k41 1]

(4.50) Izl < (147 (IBsll [ICsD) 12!l + 7 lIBsll [ICs| llxzk—1ll
+ hyl|Bs|| [|Cull [1Zn, + hALNl (llx0ell + (131 e-11])

= dl|xziell + fllxza-1ll + cCllxpiell + [lxge-1l])-

One infers that:
(4.6) Aer1 < Mo + Uage_,

The upper bound in (4.3) therefore holds for i = 0. Let us prove by induction that it holds for all
0 <i < k-1 Letit hold for i > 0, we have ax_; < Mag_;—1 + Uag_;_3. Thus ary < (M;M +
M U)May_i—y + (MiM + M;_{U)Uop—i—p + MiUag_j—1 = (MiaM + M;U)otge—j -1 + MiyyUag—i—». The
result is proved. O

Our goal is now to examine (4.4). Let us come back to the matrices M and U in Lemma 4.3. It is clear
from (4.4) that the boundedness of the sequence {a }>2 depends on the boundedness of My, k > 1.

Apart from d and f, all the other terms in M and U are proportional to h, nh or to hy 2 | In, + hA;]].
Moreover d > 1whenever Bs # 0 and C3 # 0. The term in position (2, 2) of M" is equal to d" + O (h;h?).
Before stating the next result, let us introduce the following assumptions:

Assumption 1. The matrix A; is such that h; < 1for A > 0 small enough.

Let us notice that the induced norm || - ||2,2 = omax(+) [16, Proposition 9.4.9] is compatible with the
vector norm || - ||z = || - || [16, pp-607-609], and can be used instead of the Frobenius norm to compute
hy. The next assumption is crucial in the body of this section.

Assumption 2. One has Bs.; € Ker(Xs) forall1 <i < m (= C; = 0).

Let us remind that X3 is uniquely defined under minimality and positive-realness [28, Theorem 5.4].
If Assumption 2 holds then d = 1and b = f = 0. This assumption means that the variable z does not
enter the complementarity conditions, see (2.2). Hence in a sense the complementarity part of the
LDCS and the algebraic part are decoupled, and S no longer depends on %nglk. The terms in (4.5)
involve products with n(h), and it is important to guarantee that they are bounded, when Assumption 2

holds.
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Assumption 3. The constant = n(h) is such that the products (h)h can be made arbitrarily small for
small enough h > 0.

Notice that this assumption is verified in the examples of Section 6, where 1 is a constant (but these
examples do not verify Assumption 2, however). The matrices M then involve only products of powers
of the terms a, b, ¢, d = 1, e. These products are bounded for bounded k, and provided that both h and
hy are small enough sothata <1, b <1,¢ <1,d =1, e < 1, they remain bounded as k — +co. If the
inequalities are strict (apart form d = 1), the first rows in both M_1M + My_,U and M;_1U converge
to zero, while the second rows converge to (0, 1) (the 1 being the consequence of a term d” in matrices
M™). The next proposition is therefore proved:

Proposition 4.4. Assume that: a) the conditions of existence of solutions in Proposition 3.2 are verified, b)
Assumptions 1 and 3 hold true, and c) both h and hy are small enough, so thata <1, b <1, c<1,d=1,
e < 1. Then the sequences {ak }r and {asx}r are uniformly bounded in k. If A; < 0, and h > 0 is small
enough such thata <1,c <1,e <1, then g, — 0 ask — +oo.

Recall that o = ||x1k|| and azk = [[x24]|. The last assertion of the proposition follows from the
material in Appendix A. Then we have the next corollary.

Corollary 4.5. Let the conditions a), b), c) of Proposition 4.4 hold. Then ||)me|| is uniformly bounded
ink and h > 0, and it converges to zero ask — +oo if ;. — 0 ask — +oco. Therefore the sequence
{@}k is uniformly bounded also in k and h > 0.

Proof. The boundedness of ||/1mm|| and its convergence follow from (4.5) (a), the boundedness of ||x; k||
and Assumption 2. From the ﬁrst line in (4.2), one has w = Apxy i + Bl/l;cm?, hence the result is
proved. O

Let us now study the convergence of the piecewise-linear and step-function approximations defined
as:

t -t
h k+1
x7 (1) = Xypr + h (X1k = X1 hes1)
.h X1,k+1 — X1,k
th(f) = X1k for all t € [ty, txy1)

and similarly for the other variables.

Corollary 4.6. There exists subsequences denoted as {x{l(-)}hzo which converge uniformly to a limit
x1(+) in C°([0,T]; [R"l), such that almost everywhere one has x1(t) = Ayx1(t) + A1(¢), for some function
M(-). The sequence {x *(-)}nso converges to x1(-) strongly in L([0,T]; R™). Moreover the sequences
{xy "w ()} hzo and {Amm*( V}nso converge weaklyk in Loo([0, T];RY), I = ny and 1 = m, respectively, to
limits x5 (+) and A(- ) which satisfy the continuous-time constraints.

Proof. Both {xlh()}h and {xlh()}h are uniformly bounded on [0, T]. The sequence of C°([0, T]; R™)
functions {xlh(-)}h is thus equicontinuous. By the Arzela-Ascoli Theorem this sequence stays in a
compact subset of C°([0, T]; R™) and converges uniformly towards a continuous limit x;(-) : [0, T] —
R™ as h — 0, h > 0. Let us notice that x;(f) — 0 as t — +o0. Indeed from the above results which
are stated for k € {0,...,N}and h > 0, k — +oco only if T = Nh — +o0. Let us now define the step

functions xl*(t) = Xy if t € [tg, tenr), Amm(t) Akmi‘ll ift € [tg, tg41), and

(4.8) () = Axl™ (1) + BAM™ (), almost everywhere.
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In addition one has:

h i1 N-1 i1
(49)  lIxf(t) = > (D%, (o, 715mm) = Z / (ten = 1)° lyellPde < €7 ) / (tes — D)2dt
k=0 ¥
—~ 1 C?Nh*  C?Th?
<C* Y (e —t)’ = = ,
< Z 3( ka1 — k) 3 3
k=0

where Xy = w and ||%1 k|| < Cfor all k > 0 for some C > 0 from Corollary 4.5. It follows that

xlh*(-) — x1(+) strongly in £L,([0,T]; R™) as h — 0. On the other hand since xlh() € Lo([0,T];R™)
it follows from the Banach-Alaoglu-Bourbaki Theorem [18, Theorem IIL.15] that xlh() — X15im(+) in the
weakx topology as h — 0. Since the considered domain [0, T] is bounded, one has Ll([O T];R™) C
L>([0,T]; R™), thus x{’() converges weakly in £,([0, T];R™). Moreover since x; hit) = xlh(O) +
fot xlh(t)d t,one has x; jiy (+) = %1(+) almost everywhere. Therefore we deduce using (4.8) that (Bl)tmm)( )
converges weakly in £,([0, T]; R™) as h — 0 towards some limit A;(+), and we have x;(t) = Alxl(t) +
A (t) almost everywhere on [0, T].

Let us consider now the step-functions x h( ) and Amm*( -) defined as x h(t) = x4 forall ¢ €
[tk, tr+1), and similarly for the multiplier. It follows from Proposition 4.4 and from Corollary 4.5
that both sequences {xz)h( )}nso and {/lhmm*( ) }hso are uniformly bounded. Hence from the Banach-
Alaoglu-Bourbaki Theorem, there exist subsequences of both which converge Weakly* to limits
xy € Lo([0,T];R™) and A € L([0,T]; R™, respectively. We infer that 0 = x3 R() + BsAx(t) —

X (t) + B3A(t) for almost all t > 0 in the weakx sense. Next, using the second hne in (4.1) it follows
that the sequence {hzy } 1> is also uniformly bounded. Denoting oy = hzy, it follows that the sequence
{cr;l‘}hzo converges weaklyx to a limit denoted as o(t) € L ([0, T]; R"?). Moreover one has ¢(t) = 0
almost everywhere since x;’h(t) - xz Rt — k) = th/lznin’*(t) = cr;(t) almost everywhere in [0, T].
Finally, the complementarity conditions in (4.1) are equivalently rewritten as 0 < A;(t) L Cleh(t) +
sz;,h(t) + DAy (t) 2 0 forall t € [tk, txs1), since C3 = 0 by Assumption 2. It is deduced that in the
limit as A — 0 one obtains 0 < A(t) L Cix1(t) + Coxz(t) + DA(t) > 0. O

4.2 STABILITY ANALYSIS VIA A LYAPUNOV FUNCTION

To complete the foregoing section, it is natural to analyze how the Lyapunov function V (xy, x,) for the
continuous-time system in (2.2) (see also Appendix D), could be used in the discrete-time context for (4.2).
Indeed implicit Euler methods are known to be able to mimic the continuous-time passivity and stability
properties, in some cases [55]. It is noteworthy that Assumption 2 implies that X3x, ¢ = —X3B3A; = 0
and X3x3(t) = —X3B3A(t) = 0 for all k and ¢. Therefore V(x1, x2) = %xlT Xix1, so that this Lyapunov
function is not a positive definite function of the whole state. For the sake of completeness let us
nevertheless make the calculations in the general setting. We set Vk = —x X1 X1k +x ngz,k. It follows
that:

(4.10) Viernn — Ve = E(x1,k+1 —x1g) X (Xpjert + X1x) + (o1 — X k) ' X3 (X k41 + X2.k)

1
E(hAlxl’k + hBiAes) ' Xa (2 + hArxyk + hBiAksr)

+ (hzjar + hBoAgar) " X3 (2x2 + th+1 + hByAg41)

= h(x Al Xaxyk + A, Bl Xix, r) + h? ( ) AT X Arxy g + AkHBTXlBl/lkH)

k+1
+ hzx A XlBl/lk+1 + th+1C3/1k+1 + h/l
+hA]

k+1C3B2/1k+1 + th+1X3x2’k

T
k+1B X3X2,k + h/1k+1Wk+1 - hAk+lwk+1
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h
= Exl—i—k (A;l—Xl + XA + hAIXlAl)Xl k= hA!

1
k+1(D + h(CyB; — By X3B; — EB;—XlBl))AkH

h
+ hx[ (B] X; — C = hA[ C] + hA] XiB1) Ay + Ex; X3Ba Akt

h
T T
+ Ezk+1X3x2,k + hAk+1Wk+1

20,

Ry (AT X XA (BIXa - GO T (g
2 Lk A BiXi-C  —(D+D") ) \Aen
h? 1
+ ?xlf WAL XiAvx e — B4, (CiBy — By X3B, — EBI X1B1) st
h h
+ hle—rk(—AirclT + A;rxlBl)/lkH + EX;:kX3B2/1k+1 + EZ]—(r+1X3x2,k + h/ll—(r_‘_ka_,_l

x
(xl b ) Q1 (/1]14]-(1) + By Wi

1
AL (C1B; — By X3B; — EBlTX1Bl)/1k+1

1
+h? {EXIkA;rXIAlxl,k
T TAT T h T h T
+x1’k(—A1 Cl +A1 XlBl)Ak+1} + Exz’kX3B2Ak+1 + Ezk+1X3x2’k
h X1,k
= E(Xl,k, k+1)Q1 ( k + hAk+1Wk+1
+1

1 1
+ h2 {EkaAIXlAlek - A;+1(C1B1 - B;—X3B2 - EBil—XlBl)Ak+1

1
+x1Tk(—A1'—C;— + AIX1B1)Ak+1} 2x2 kX3.X'2 Kkt Ak+1B X3B3Ak,

=0 if Assumption 2 holds.

where the last two terms are obtained using the second equality in (3.1). Remind that A, w4 = 0.

k+1
Assume that Q; < 0, then let Assumption 2 hold. Let us rewrite (4.10) as Vi1 — Vi = 5 (x1 R k+1) [0+

hQ-] (

’ ) where the indefinite matrix

Ak+l

(411 0, = Al XA —1AJCT + JATXiB;

+ 2= \(-3ATCT + 1ATX,B,)T —CyB, + B X3B; — 1B X,B,)"

and we remind that Assumption 2 implies that V; = 2 x, [ X1x1 k. The matrix Q, is treated as a per-
turbation to Q;. Using Corollary A.2, there exists Ay > 0 such that for all h € [0, hy,x) one has

Qs 2 Q1 + hQ; < 0. Using classical bounds on quadratic forms and vector/matrices products (x"y <
Il 11yl < 3 llxl®+311¥11% [16, Corollary 9.1.7],if Q = QT then Amin (Q) [Ix[|* < xTQx < Amax(Q)Ix[I*[16,
Corollary 8.4.2], [|Qx|| < ||Q]| |lx]| for compatible norms [16, section 9.3]), and noting that we can
replace Qs by its negative definite symmetric part in the quadratic form, it follows that:

h
(4.12) Vi1 < Vi + E)Lmax(Q?:) Il Gevies Aesn) I

h
< Vk + _Amax(QS) ”xl,kHz

h Amax(QB) Imax i x3/ v, (1 ﬁ Amax(Q3)

<V
k*3 2 Amax(Xl) k= 2 Amax(xl)

)Vk, forall k > 0.
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Since Amax(Q3) < 0 (which is the reason why the second inequality in (4.12) holds), one has 1 +

h Amax(QS)
2 /Imax (Xl) . .
k — +oo for any h € (0, hmax)- Let us set Ay = AT Since the dependence of A} in x; x through Sy
is Csxy i (see (4.2)), it follows from Assumptions 2 and 3 that )L]rx;‘ = )szl‘ (x1x), and A;{ni‘;(xl,k) — 0 as
k — +oco. Using the third line in (4.2), we infer that the iterates x x (which are are uniformly bounded
from Proposition 4.4) converge to zero asymptotically also. From the results in Section 4.1 and the

above Lyapunov analysis, we have therefore proved the following:

< 1for all h > 0. Therefore all Vi are uniformly bounded for any bounded V;, and Vi — 0 as

Lemma 4.7. Let Assumptions 2 and 3 hold, and the quintuple (P, A, B, C, D) be strongly SPR and minimal.
Then there exists hy,x > 0 depending on Ay, Ci, X1, X3, By, By, such that for all h € (0, hyax), and for
all bounded initial condition x,, the sequences {xix}r, {X2.k }k> {Akmi“}k are uniformly bounded and
X1k X245 }L]‘gﬁ‘f — 0 ask — +co.

Remark 4.8. Concerning Assumption 1, let us examine the constants a, b, ¢, d, f in Lemma 4.3, and the
inequalities in (4.5), as well as the above Lyapunov analysis. The term h; is present in both a and c.
The inequality a < 1implies by < 1, but ¢ < 1 does not imply that h; < 1. The constant a is present in
(4.5) (b), however the Lyapunov analysis guarantees the boundedness of x;  without this assumption
(the analysis relies on the passivity of (Aj, By, Cy, D) and h > 0 small enough). But, Lemma 4.7 relies on
Q7 < 0, which is a strong passivity condition and may be restrictive in applications. There exists some
cases where SSPRness can be relaxed, as shown next.

Let (Ay, By, Cy, D) be strictly state passive (= XjA; + A/ Xq = —pXq, p > 0, X; = X7 > 0, pis called
the dissipation constant) and D+ DT =0 = XB; = ClT , then Q5 in (4.11) and Q; can be rewritten as:

AIXlAl 0 —yXl 0)

(413) QZ:( 0 ngng—gBlTxlBl)’ Ql:( 0 0

Thus Q; + hQ, < 0 if and only if uX; — hA[ X1A; > 0 and B, X3B; — %BIT X1B; < 0. Let us recall that if
(Ay, By, Cy, D) is minimal, then strict state passivity and SPRness are equivalent, see Appendix D.

Lemma 4.9. Assume that: 1) the quadruple (Ay, By, Cy, D) is strictly state passive with D + DT = 0 and
dissipation constant i > 0, 2) BZTXng - %BlTXlBl < 0. Let Assumptions z and 3 hold. Then there exists
hmax > 0 such that for allh € [0, hyay), the sequences {x1k }k, {X2.x }x and {)Lzlin}k are uniformly bounded.

Proof. Denote X; = pX; — hA[ X1 A1, then X, > 0 for h > 0 small enough, using Corollary A.2. Using 2)
and Assumption 2, and after few calculations, there exists hy,x > 0 such that:

h Amin ()N(l)

. Vil < |1 — —— .

(4.14) k1 ( 27— o)

forall h € [0, hpax). Thus Vi — 0 as k — +oco0, and x;x — 0 as k — +oo. It can be inferred that

lx ]l < '}1‘“"_"‘—82))||x1,0||a§ with & < 1. Fom (4.5) (a) and Assumption 3 it follows that ||/1;cnfl‘|| — 0 as

k — +o0, and {Akmi“}k is uniformly bounded. From (4.1) it is inferred that x,, — 0 as k — 400 and
{%.k } is uniformly bounded. O

Similar convergence results as in Corollary 4.6 can then be deduced, and are not developed here
for the sake of briefness. One sees from the above and Corollary A.2 that the degree of strict SPRness
(represented by the constant p) is related to the value of hyay: the greater i, the greater hpay. Finally it
is noteworthy that the strict state passivity in item 1) of Lemma 4.9 can again be relaxed, provided

-1 0
that the matrix A X; + X;A; + hA[ XjA; < 0. Consider as an example A; = ( 0 0), Xi = I, then

-2+h 0

AIXI + X1A; + hAil—XlAl = ( 0 0

)<OforallOSh<2.
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5 ANOTHER APPROACH FOR PASSIVE SYSTEMS

The LDCS in (2.2) are suitably transformed in [32] to enable their analysis. The transformation may be
seen as a kind of relative degree reduction, involving the multiplier derivative. As will become clear
later, this new dynamics allows us to somewhat relax the stringent Assumption 2 (see Assumption 4 c)
below). More accurately, a close relationship is shown in [32, Lemma 3, Theorem 3] between (2.2) and
the following system:

In, 0 (1)) (A1 B (x(t) 0
(a) (0 ngng) (/il(t)) = (—él —115) (/f(t)) * (Im) w(t)
() 0 < A(t) L w(t) =Crxi(t) + Coxo(t) + C3z(t) + DA(t) = 0
(c) x2(t) = =B3A(t), z(t) = —=BoA(t) — BsA(t).

(5.1)

It is noteworthy that this dynamics is obtained from the original one by treating the multiplier A
as a state variable. The “equivalence” between both systems is to be understood first as follows [32,
Lemma 3]:

{(x1, A, w) | (x1,x2, A, w) is a solution of (2.2) (a, b,c)} =

{(x1, A, w) | (x1, A, w) is a solution of (5.1) (a) and BsA is absolutely continuous} .

By solution of (2.2) it is meant that (xj, x;) is absolutely continuous and the dynamics holds Lebesgue
almost everywhere [32, Definition 3]. The initial conditions are chosen compatible with the constraints.
It is noteworthy that the variables z and A are not shown to be absolutely continuous, and examples in
Sections 6.1 and 6.3 will illustrate this fact. One has w(t) € —Nrm (A(t)), therefore one obtains the
differential inclusion (DI):

(5:2) (Igl B] )(3333) ()/Cll((tt))) B (—Aél 515) ();1((;))) € (I?n) Ny (A1)
= o) e (0 (25)
- ((36)
with ® 2 {(x;,4) € R™ x R™ | A > 0}. If this DI has a solution (x;(-), A(-)), then x,(-), z(-), and w(")

can be obtained (provided indeed that B;A(+) is absolutely continuous). Multiplying the first line in
(5.2) by X; and adding an exogenous excitation G(t) to the left-hand side, one obtains

o

X; 0 x1(1) X1A;  XiBi\ (x1(t) x1(1)
(5:3) (o1 ngng) (,il(t)) - (_lcl1 _1[)1) (/f(t)) +G(1) € ~No ((/f(t) ))
~—_— ———
Lp 2a

which is similar to the form obtained in [32, Theorem 3]. Let us assume that an exogenous input
V(1) = (v(a) (), v (£), 0¢c) (1), v(a) (t))T is added to (2.2), then:

~ 0(q)(t)
(5.4) G(1) = (c3 (06 (£) +9(e) (1)) + Cov(ey (£) — v<d>(t)) '

Notice that B; X3B; > 0, therefore = T > 0. However % has a specific block-diagonal structure.
Under strong SPRness and minimality, A < 0, since A + A" < 0 from the KYP Lemma [25] (then A;

Brogliato, Rocca Analysis of the implicit Euler time-discretization of passive...



J. Nonsmooth Anal. Optim. 3 (2022), 7269 page 12 of 39

is a Hurwitz matrix, X; = X]' > 0 and D > 0). The exogeneous term G(t) stems from the exogeneous
terms E(t) and F(t) in (2.1) and their time-derivatives (see (5.4) and (6.4) for an example).

In a second step the “equivalence” between both systems is to be understood as follows [32, Theo-
rem 3]:

{(x1, 1) | (x1, x2, A, w) is a solution of (2.2) (a,b,c,d)}
= {(x1,A4) | (x1, A) is a solution of (5.3) and B3A (= —x3) is absolutely continuous}.

As will become clear later, the results that are obtained using this approach, and the approach in the
foregoing section, are not the same (especially concerning the convergence of the piecewise-linear
discrete solutions).

5.1 THE TIME-DISCRETIZATION AND THE OSNSP

As alluded to in (5.3), we can enlarge the analysis by considering time-varying terms, so as to embed
(5.3) into the DI: PE(t) — AE(t) + G(t) € —Ng(&(t)). The Euler implicit scheme associated with (5.3)

1S:

(5.5) Pérr — (P + hA) & + hGy € =N (&1,

| ——
A
=Py

It is noteworthy that this scheme is not equal to the implicit scheme in (3.1), as can be shown after few
manipulations, see Appendix H. Though the difference between both approaches is not analysed further
in this paper, it will be tackled numerically through an example in Section 6.3. In addition, a slightly
more general convex set than in (5.5) is considered, for the sake of generality. It corresponds to changing
the complementarity conditions in (5.1) (b) to cone complementarity conditions K* 3 A(¢) L w(t) € K,
K <€ R™ anonempty closed convex cone, similarly to what is done in Proposition 3.2. Thus ® = R™ xK*.

Proposition 5.1. Let h > 0 and k > 0 be given. Let us consider the DI in (5.3) and its discretization in

(5.5), with ® = R™ x K*, with K a nonempty closed convex cone. Let us denote g 2 —Pné + hGy. Let us
consider the set:

(56) S 2 {(x1,A) € R™ X R™ | x; € Ker(X;), A € Ker(B; X3B3) N (B3 X3B3) '(K) N K*}.
Then:
1. If S = {0}, for each q;. € R™*™ the problem VI(P, qx, Yo) has at least one solution.

2. Assume that S # {0}. If there exists £ € dom(®) such that (qx — P &% v) > 0 forallo € S,v # 0,
then the problem VI(P, qx, Yo) has at least one solution. In case X = XlT, one can take & = 0.

3. If‘f}chl and §i+1 are two solutions of VI(P, qk, Vo), then §}<+1 - §]2C+1 € Ker(P), hence x1 k41 is unique.

Moreover {qy, (/11 8/12 )) =0.
k+1 k+1

4. If Xy > 0 and B; X3B3 > 0, then the problem VI(P, qi, ¥o) always has a unique solution.

5. Assume that the quintuple (P, A, B,C, D) is minimal and strongly SPR, so that the quadruple
(A4, By, Cy, D) is minimal and strongly SPR. IfB;ngBg > 0, then the problem VI(P, qi, Yo) always
has a unique solution.

6. Let K = K* = R7". Then S = {(x1,4) | x; € Ker(X;), A € R}* N Ker(B;] X3B3)}.
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Proof. From Proposition B.1 d) one has (K*)s = K* and @, = @. Also ¢ = ¥ hence from Proposi-
tion B.1¢) and d), poo = Yrmxx* and (dom(¢s))* = ®* = R™ XK. Then one has S 2 dNKer(P)N{é e

R™*™ | P J;L = 2), a € K} = ®NKer(P) N {&eR™™ | x e€Ker(X;), B; X3BsA € K}, where we

used the block diagonal structure of $. Therefore S = {(x1,4) € R™ x R™ | x; € Ker(X;), B; X3Bs\ €
K, A € Ker(B]X3B3), A € K*}. In item 2) one uses that ¥5(v) = 0 when v € S, and item b’) in
Proposition B.2. Let us now deal with item 4. In this case # = £T > 0 and the result follows from
items 1 and 3. Let us define R = RT > 0, R? = P, and {x = Ré&. Then the VI in (5.5) is equivalently
rewritten as:

(5.7) Gkt = RTPRR™ G+ R7IGr € =R7Na(R™'ksa) = =N (Giew),

where the last equality stems from the chain rule, with ® = {z € R"*™ | R~z € ®}. One infers from
(5.7) that {1 = proj[®; RIPLR ™ — R7IGk] = Ea = R7Iproj[®; R71PpE — R7'Gi]. The first
assertion in item 5 about strong SPRness follows from [28, Theorem 5.4 (A’)], which guarantees that
Xj > 0 (see Appendix D). The last assertion of item 5 is a consequence of item 4. Consider finally item
6. One has (B; X3B3) '(K) = {4 € R™ | B{ X3B3A = a,a; > 0,1 < i < m}, see e.g., [53, Example 15].
Hence Ker(B] X3B3) N (B; X3B3) ™' (K) = Ker(B; X3Bs3). |

In item 2, the sufficient condition {(gk,v) > 0 for allv € 8 is equivalent to g € S* \ S*. One notices
that under the conditions of item 4 in Proposition 5.1, the DI in (5.3) is equivalent to a DI with maximal
monotone set-valued term:

(58) (1) = RTIARTI (1) + RTIG(1) € ~N({ (1))

with { = RE. This fits within the class of DIs analysed for instance in [14]. Under basic assumption on
the regularity of G(-), (5.8) has Lipschitz continuous solutions with uniqueness.

Proposition 5.2. Assume that X; > 0, and G(-) is bounded. The problem VI(P, qx, Yo) always has at least
one solution for bounded &.

0
Proof. Consider item 2 in Proposition 5.1, with £° = (;0), v = (zx) Then:
A

59) (@ = PTE0) = (- (’}’k") +hGi,0) = (B XaBs1", 02)

- <X1x0; Ux>

_ <_ Xi+ hX1A1 hX1B1 X1,k
B —hC, BIX3Bs — hD| \ A«

— (B; X3B32%, 03) — (X1x°, vy).

) + hGy, U)

Since & € @ it follows that x° € R™ while A° € R™, and similarly v, € R™, v; € R™. Since v # 0 let
us take x° = —aX[ Lo — BX To |lo;|| for some & >, B > 0, and A° = 0. It follows that:

Tox Tl llox|

T 0 X1+ ]’leAl thBl X1,k

X1+ hX1A1 hX1B1 X1,k
I ( “hC,  BIX:Bs hD) ( o]l = [[RGr|llloi

+ allox|| + Blloall

X1+ hX1A1 thBl X1,k
>t o) (3] Mot o

= IhGill(llox |l + [loall) + allox]l + Blloall-
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Since G(-) is bounded, for large enough « and S it follows that {gx — P&, 0) > 0 and this holds for
any v # 0 inside S. O

5.2 BOUNDEDNESS AND CONVERGENCE ANALYSIS

In the next analysis we assume that B, X3Bs is singular, which is the most general case (see the example
in Section 6.2, see also Section 5.3 for the invertible case), and that K = R} and that X; > 0. From the
structure of  and of the set-valued right-hand side, it follows from (5.5) that x; x4 is calculable from
X1 and Ag:

(5.11) Xixype1 = (X1 + hX1A) X1k + hXiBiAx — hGy
& Xia1 = (In, + hA) Xy + hBidg — hX['GY, forall k > 0.

Gx
where G = (Gz)
Lemma 5.3. From (5.11), for all k > 0 one has:

k k
(512)  Xiga = (I + BA) x10+ B D (I, + A Biki = B ) (I, + hA) T X'GY.
i=0 i=0

Proof. The relation is true for k = 0. Let it be true for k > 1. Then using (5.11) it follows that:

(5.13) Xijesz = (In, + hA1)X1js1 + hBiAss — KX 'GY,
k

= (I, + hA){ (I, + hAD)* x10 + h ) (I, + hA) ' Bu;
i=0

k
=1 > (I, + hA)IXGE} + BBk — WX 'GE

k+1
i=0

k+1
= (In, + hAD) 10 + h ) (I, + hAD By,
i=0
k+1
—h > (I, + RANTXTIGY.

i=0

By induction the relation in (5.12) is true for all k > 0. O

Using (5.5) we can also express A as the solution of a generalised equation (GE):

(5.14) BJ X3B3 Ags1 + (hD = B3 X3B3) A + hCixyx + hG} € —Ngm (A1)

éql’l(ﬁk,xl,k,G,’l )
)
ks € (BT X3Bs + Nigm )™ ((153T X3Bs — hD) Ay — hCyxye — hc,ﬂ)
for all k > 0. The second formulation shows the iterative feature of this GE for A, which makes it
quite different from the LCCP (3.3). It is equivalent to the LCP(B; X3Bs, q£ (A X1k G,’l)) Under the

conditions stated in Proposition 5.1 and Corollary 4.1, the set of solutions to this LCP is non empty, and it
contains a least-norm element A™1, k > 0, satisfiying || A™2 (A, X1, G,’l) |l <n ||q;<1 (A X145 Gl’}) |,k >0,

k+1° k+1
where 1 > 0 depends only on B X3Bs. Therefore ||AT (A, Xk, G£)|| < nllhD — B{ X3Bs|| [|IA™] +

hnl|Cyxyell + hl|G2]l. Let us denote hs 2 [|hD — BY X3Bs||.
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Lemma 5.4. One has for allk > 0:

(5.15) AP (Akess, X1ka1s G )| < (phs) AR (Ao, 10, GO

k
+hp > (hs) I ([|Coxyaall + 1G4 1)

i=0

Proof. The inequality is satisfied for k = 0. Assume that it is true for some k > 1. Then

(516) AT vz Xtz G < mllD = BTXGBsl| 1473311+ hllCoxy e + hll G |
< nllD - BIXsBsll {**|AD - BT XsBall* A (A, x10, G|

k
+ hn Z Uk_iHhﬁ - BgTX3B3||k_i(||C1X1,i+1|| + ||G,{1+1||)}

i=0

+ hnl|Coxyisall + Ryl G, |

= "% ||hD — Bj X3 B3| “*2 141" (A0, x1,0. Gy |

k
+hp Y g RD - B XsBa | (| Gyl + 1G4 1)
i=0

+ hnl|Coxyiszll + Ayl G, |
= n**?||hD =3 X3Bs||*** A7 (Ao, x10. Go) |
k+1
+hp Y NRD - B XsBa | (| Gyl + 1G4 )
i=0
The result follows by induction. O

The next step is to use Lemmas 5.3 and 5.4 to get a new upper bound. Let us denote A 4 || In, + hA;]|.
Then using (5.12) and (5.15) one has:

k k
k+1 k—i i k—i -1
xsienll < RElxoll + > RETIBL IAZER )+ k> REIXG L IGE
i=0

=0
(5.17) -
AR < AR 4 > (e + G

i=0

Therefore we obtain:
k

(518) sl < B ol + B > X IGE
i=0

k
+h )R Byl B ) + BB A7)

i=0

k i-1
k—i i—1—jpi=1-j y!
+thh1 1Byl hnz;ﬂ’ IR
i= Jj=

k i—1
+h Y BBl Y n TR G i all
i=1

Jj=0
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which we rewrite as:

k i—-1
(519) leusall < B lxsoll + b i+ B0IGIIB > B ()= gl
i=1 7=0
with
k . . k . . .
(5.20) fie= DRI IGE N + B I S K () + RSB 125
i=0 i=0
k il o
shplBl G Y BT (phs) 111G
i=1 7=0

The third term in the right-hand side of (5.19) involves terms from ||xy;|| to ||x;||. The inequality (5.19)
can be rewritten as:

k
(5.21) el < B ol + b i+ 0 Bl

i=1
for some positive sequence of real numbers {f;}, each §; being calculated from the expression in
(5.19) n||Cu|| 11B1ll ZL hf_i Z};})(r]hg)i_l_j ||x1,j+1]/, and thus being made of powers of h; and of hsn.
Calculations show that (see Appendix F)

k
k—j i
(5.22) Bi = nllGill IBill "k~ (nha)’ ™, i > 1.
j=i
Let us now apply a version of the discrete-time Gronwall inequality, due to Bachpatte [13] [47, Lemma
100], see Appendix E. It is deduced that for all k > 0:

k
(5.23) eusanll < B lxsgll + b fi + 2 > (BB [l + BBif) TIETL, (14 R2B)).

i=0
Let us state the next assumption (recall that h3 = \|\hD — B X3Bs|| and hy = ||I, + hA4])).

Assumption 4. One has a) by < 1for A > 0 small enough, b) |G (#)|| is uniformly bounded by Gppax < +00
on [0, T] for any T > 0, and G(-) is Lipschitz continuous with Lipschitz constant kg > 0, ¢) nhs <1
for h > 0 small enough.

Inequality a) is similar to Assumption 1. As illustrated through examples in Section 6, it may hold in
practice for reasonable values of the time step. See also the developments in Appendix A for conditions
on its validity, and Remark 5.7 for its relaxation. Assumption 4 b) is a standard property of exogenous
time-dependent terms. The inequality c) is the central assumption of Assumption 4, which quantifies
the couplings between the DAE part and the complementarity part of the LDCS . Some examples of
circuits in Section 6 will prove that it can be satisfied in practice. Notice from (5.14) that if B3T X3B3 =0
(Assumption 2), then the minimal-norm element of the set of solutions to the LCP is always /12““ =0,
hence 1 = 0 in that case. Using (5.20) the next upper bound can be found:

—_

(524)  fi < (k+ D) GumacXT 1+ 1Bl AT + 1Bl AT ]+ AnliBull [|C1]| Gina Js

k i-
i=1

Il
o

J

Since h = % and k € {0, N — 1}:

|
—_

(k + 1) - min T min Tz
(525) hfe < T (GmaxlIX; 1B AT + ~ Bl IACE =+ 2 1 l1Bul G Gmax

I
—-
~.
I
f=1

L
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Now we have that Zle ;;})j =(k-D+2(k-1)+3(k-3)+...+ (k 3)3+ (k—2)2+ (k—1), where
the sum consists of k — 1 terms. Hence Zk ;_},j = O(kz) and 277||B1|| IC1]l Gmax Z é_})j =
T2n||Bil| |IC1ll Gmax I(sz ). Since k < N we infer that this term is uniformly bounded in k, for each
fixed bounded T. The same holds for T (G [IX| + [[By]| [IA7[]). Thus hfi < & max(T,T?) for
some a; which depends on 7, ||Byl, [|C1ll, Ginax, 147™]].

The next step consists of computing an upper bound from (5.23) as
2 T2 k+1 T
(5:26) leuall < {xaoll + @ max(T.T) (1 + 2 > fi TEL (14 255)) |
i=0

In view of Assumption 4 and (5.22), one has i < 7l|Cil| Bl X1 = nllGill IBill(k - i) <
nlCl IBAIN, i = 1,k < N.
Consequently:

TZ
(5.27) lIx1all < (ol + oy max(T, T%)) (1+ — Z nllCll IBal A2, (1 + w5 GBI

TZ
< (Ilxsoll + @y max(T, T%)) (1 + |G| ”Blll_ Z i (1+ ~ GBI

T2 & T? »
< (beyoll + @ max(T, T2) (1 + 9lIGi L 1Byl 5= Y1+ nlCl 1B 1<)

i=0

Tz k (24/] i
< + T,T)1+nlCl |Bill = ) (1+ =)k
< (bsoll + e max(T. TN+ GBI 2,1+ )

Tz N a9
< + T.T)A+nlCill |Bill—= > 1+ )N
< (ol + o max (7, %) (14 llGi | 1||N;< )

T2 a
< (|lxyoll + o max(T, T?)) (1 + || G| ||Bl||F(N +1)(1+ NZ)N)

22Ny,

1
1+
(N

N +
< (Ilxroll + o max(T, T%)) (1 + T?q||C4]| [|Byl N

where a, = T?||Cy|| ||B1]|. One has (1+ “Z)N — e% as N — +o0 [73, p.196]. Therefore the sequence
{x1k } is uniformly bounded over k € {0, N —1}. It directly follows from Lemma 5.4 that the sequence
{Amm}k is uniformly bounded as well. It follows from (4.1) that the sequence {M} x is uniformly
bounded also. Therefore we are ready to prove the followmg result. The piece-wise linear approxima-
tions are defined in (4.7), and the step approximations x; W (1) = Xy if £ € [tr, L), Amm(t) = Amm if
t € [tk, traa)-

Proposition 5.5. Let Assumption 4 hold true, as well as the conditions for the well-posedness of the
OSNSP. Then the sequence {x{’(-)}hzo converges uniformly towards a continuous limit x;(-). Moreover

h*( -) converges strongly in L, ([0, T]; R™) towards x;(-), and;‘cf( -) converges weakly in L,([0,T]; R™)
towards x1(-). Therefore {(Bl)tmm)( )}nso converges weakly in L,([0,T]; R™) towards a limit A;(-), and
x1(t) = Axi(t) + G¥(t) + Al(t) almost everywhere on [0, T].

Proof. Both sequences {x1 (1)} and {xf( -)} are uniformly bounded on [0, T], the sequence {xh( )} of
C°([0, T]; R™) functions is thus equicontinuous. From the Ascoli-Arzela Theorem, {x1 (-)} stays in
a compact subset of C°([0,T]; R™) and indeed it converges uniformly towards a continuous limit
x1(+). Let us now examine the sequences of piecewise-linear functions {G"(-)}»¢ and {G"(-)} =0,
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designed similarly as (4.7). From Assumption 4 b) one infers that G"(t) is uniformly bounded on
[0,T], ”GL}:G"” < kg implies that G"(t) is also uniformly bounded in % on [0, T], thus {G"(-)} > is
a sequence of Lipschitz continuous, uniformly bounded, equicontinuous functions. From the Ascoli-
Arzela Theorem, {G"(-)} stays in a compact subset of C°([0,T]; R™) and it converges uniformly
towards the continuous limit G(-) as h — 0. The remaining part of the proof is similar to the proof of
Corollary 4.6 (adding G*"(-) with the required properties) and it is omitted. O

Remark 5.6. Assumption 4 c) is clearly less restrictive than Assumption 2. It still imposes some constraint
on the matrix Cs;Bs. Examples are treated next which show that it is satisfied in some practical cases.

Let us now prove the uniform boundedness of the sequences {)LZ““} k and {x x } k. To this aim we shall
use first the second line in (5.17) and (5.27). Let us denote the right-hand side of (5.27) as x1 max (T, 5, x1,0)-
Then from (5.17) and Assumption 4 we obtain:

k
(5.28) e I < 114" 1 + hn Z(Ilclllxl,max(T, 7 x10) + G2l

i=0
k
min A
< 122+ Al (T, 1 x00) (k + 1) + iy > G|

i=0
miny . T(k+1) T(k+1)
<+ ——

N ’7”Cl”x1,max(T, n, xl,o) + 1———Gmax

N
: T(N+1 T(N+1

N ’7||C1”x1,max(T> n, xl,O) + UTGmax-

Therefore ||/1;<n+i’1‘|| is uniformly bounded for any bounded T and initial data. The boundedness of x; i
follows from the equality constraint in (4.1). A result similar to Corollary 4.6 holds, but this time
verifying the complementarity conditions is less easy due to the presence of z in the complementarity

variable w.

Remark 5.7 (relaxation of assumptions). Assumption 4 a) is convenient to simplify the upper bounds
calculations, however it is somewhat restrictive. One path to relax it, is to study the terms hf another
way, since for any a; > 0 one has (1+ %al)N — e4T as N — 400, while this sequence is increasing.
Consider first (5.20). Taking into account Assumption 4 b) and c), one sees that the first two terms in
hfi are upper bounded by constants times

k k
(5.29) hY R =h )" b < hk(1+ hay)F,
i=0 i=0

where by < ||I, || + hl|A;|| = 1+ ha; for some a; > 0. We have hk(1+ hay)* < Lk(1+ %)N — TeaT
as N — +oo. The third term of hf; is upper bounded by a constant times hh{< < %(1 +ha)N — 0 as
N — +oc0. The last term of hf is upper bounded by a constant multiplied by

k
. T? T?
(5.30) h? Z Kk < mkzu +ha)F < mNz(1+ ha))N — T2eT@
i=1

as N — +oo. These first calculations allow us to upper bound the term hf; in (5.23). The first term
hf+1||x1,o|| = (1+ ha) Y |xioll < (1+ ha)N[|xioll = llxiolle®T as N — +oo.

The third term in (5.23) is more complex: h? Zfzo(hi“ﬂi llxLoll + hBif}) Hf;{rl(l + h%p;). Since from
Assumption 4 c) nhs < 1, it follows that

k k
(5.31) Bi < nlICiIl 1B D B < gllcll I1Bill ) (1+ hay)*

j=1 j=1
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for some a; > 0. Thus

_ T? T T? T
(532) K*B; < nllGill IBillh*k(1+ha)* ™ < nliC| 1Bl Gz N {1+ ﬁal)N =Gl 1Bill 5 1+ Nal)N~

Hence
(5:33) I, (4 1) < (LG B (1 LN — erteil i
We have
$ - T2 T T
630) B Y Bihfi= ) (W) (h) < NyllGill IBill g (enT + oy + asT*) (14 o)™

i=0 =0
— pllCll 1BIT*(euT + a3 T?)e* 7,

hence is bounded for any bounded T. We have also

k k k
(5:35) h* Y By llxoll = llxoll Y B BB < nlIGHI Bl llxsoll D (1+ hay)*h2Kk(1 + hay)<~!

i=0 i=0 i=0

N
TZ
< llGIHIB llegll ) (1+hay™ 5N

i=0

< Gl Bl lxioll T2e2T.

Consequently from (5.23) it is inferred that if Assumption 4 b) and c) holds, then ||xy 1] is bounded
by a term that depends only on T, initial conditions and constants.

Let us examine now Assumption 4 c) and the terms which which involve h’; . We have hs = ||hD -
B, X3Bs||. Let us assume that D is invertible. Then
(5.36)
1D = B XsBsll = 1D(h ~ DB} XuBo)| < D11 [|(hlim — D™'BI XsBo)| < D] (h+ 11D ™"B] XsB3))

< IDII (R + 1D~ IIB] X3B5))

= DIl ID7']| 1B X3Bs)|| 1+ — h).
1D 1|1 B5 X3Bs) |l
k
. k< (DI 1H-1 T k ( _ T L)
Therefore it follows that h; < (||D|| [[D™|| ||B; X3B3)[)* (1+ BT BT, N . Consequently

L koo
(nhs)k < (DI 1D7Y| ||BSTX3B3)||)/< (1+m%) which converges as N — +co to

T
(DI 1D7Y| |1B] X3B3)|[)N eIP7 1B X352l - A necessary condition for the limit to be bounded is
nllDIl 1D~ |B; X3B3)|| < 1: it is unclear whether or not this inequality is less conservative that the
one in Assumption 4 c).
We conclude that while the relaxation of Assumption 4 a) is reasonable, the relaxation of Assump-
tion 4 c) is not obvious.

5.3 CASE X;>0 AND B] X3B3>0

This is the case studied in item 4 of Proposition 5.1 and may be verified in practice, see the example in
Section 6.1. Then the DI in (5.3) is equivalently rewritten as in (5.8). Consequently one can apply the
implicit Euler scheme and all the existence, convergence and order results presented in [14] (see that
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article for details on the discretization method and theoretical results), to (5.8). It is inferred that in
this case (5.8) possesses unique solutions in C°([0, T]; R™*™) with essentially bounded derivatives [14,
Proposition 2.6]. It is deduced that x;(-) is also unique in C°([0, T]; R™*™) with essentially bounded
derivative, while the algebraic variable z(-) (which depends on A(-), see (5.1)) is essentially bounded
(hence a priori it may be discontinuous).

6 EXAMPLES AND NUMERICAL SIMULATIONS

Two examples of circuits with ideal diodes, and one academic example, are developed in this section.
Let us comment that the analysis of circuits applies to hydraulics, due to the strong analogy between
hydraulic and electrical circuits [68, 56] [52, Chapter 1], where check valves play the role of diodes.

6.1 FIRST EXAMPLE

(u2) (01
up
L
—_— C
R3
i
s ‘ | s
i3

Figure 1: An RLCD passive circuit.

Let us consider the circuit in Figure 1. Let us assume first that Ry = R3 = 0 Q. Let & = iy, & =

t, . L
/o i3(t)dt, & = iy. The dynamics is given by:
. R 1 1
&(t) = —ffl(t) + Tup + Zul(t)
&(1) = &i(t) — &(1)

1
0= Efz(t) +up(t) +uz(1)

OSuDJ_gg(t) > 0.

It is noteworthy that this circuit dynamics agrees with [2, Theorem 3.6] [48] about the index (indeed it
cannot be of index 1 due to the loop with a capacitive element). In our notations we have x = (¢, &),

1o1\T : 2(s) _ O+ Fsti 1
z=8,C=(001),B= (7 01)". The transfer function H(s) = o B e Cs+ It has a
L

Ls+R*
relative degree r = —1. It can be checked that H(s) is positive real (PR) as long as R, > 0 [25, Theorem
2.45], but it is not strictly positive real (SPR) (the first condition in item 3.b in [25, Theorem 2.61] does
not hold, despite of the fact that the second condition in the same item holds), and hence it is not
strongly SPR. Let us verify the minimality of (6.1):

=R _ o o 4
L S L
1. rank((A B) —sP B) =rank| 1 —s -1 0|=3forallseC.
1
o L o 1
100 1
2. rank(P B) =rank|({0 1 0 0]|=3
0 0 0 1
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-R
I - N 1 0 0
3. rank(AT —sPT CT) =rank| 0 -s & O0|=3forallseC.
0 -1 0 1
1 0 0 O
4. rank(PT CT)=rank(0 1 0 0]|=3
0 0 0 1
= 0 o0
5 (A ByKer(P) = | 1 0 —1| Ker(P) = {f € R® | & =& = 0,6, € R}  Im(P) = { €
0 2 o0

RS | §3:O,§2€R,§1€R},

Therefore we infer that (6.1) admits a special Weiertrass form as (2.2). Let us choose L = 4.7 1074

-1414 0 0 -0.707 0 0
H,R = 1Q,C = 107! F. Let us define S = 0 1 0 ||T= 0 0 1| Then SAT =
0 0 1074 -0.707 -1 0
-21210° 0 © -3107° 1 0\ (030110 0
0 1 0|,SB= 0 ,CT =(-0.707 —1 0),S|0 0]= 0 0 | Letus make
0 0 1 10~* 0 1 0 1074

the state variable change { = T™'¢, then we obtain the transformed dynamics:

G(t) = =212 1030 (t) — 31073 A(¢) + 0.301 10%uy (1)
gs(t) ={H(1)

0= (8) +107*A(8) + 10 4uy(2)

0 < A(t) L w(t) =-0.7071(t) — {>(t) = 0.

(6.2)

Let us now define x; = {3, x; = {35, x3 = {3, then we obtain

x1(t) = —2.12 10%x;(¢) —3 1073A(¢) + 0.301 10%u,(¢)
X2(t) = x3(t)

0 = x3(t) + 1074 A(t) + 10" *uy (t)

0 < A(t) L w(t) =—0.707x;(t) — x3(t) > 0,

(6.3)

which is the canonical form in (2.2) with z = x3, B; = =3.1073, B, = 0, B3 = 107%, C; = —0.707,
C; =0,C3 = =1, D = 0. We have X3 = 104, A = —2.12 10% X; = § > 0,D = D = C3B, — C,B3 = 0,
Dy, = h*CiB; + B; X3B3 = 2.121 10 °h? + 107%, h3 = B; X3B3 = 1074, by = |1 + hA;| = |1 — 2.12 10° |
which verifies Assumption 4 for A > 0 small enough. Notice that the set S in Propositions 5.1 and 3.2
verifies § = {0}, hence the OSNSP is well-posed with unique solution. Provided that Assumption 4 is

satisfied, the material in Section 5 applies. In a similar way to (5.1), the system (6.3) is transformed into:
x1(t) = —2.12 10%x;(¢) — 3 1073A(¢) + 0.301 10w, (¢)
10744(1) = 0.707x, (1) — 10~ 41, (¢) + w(2)
xp(1) = =107*A(1) — 10 *uy (1)
z(t) = =107 A(t) — 10" 4, (1) .

(6.4)

From (5.14), the following LCP is obtained:

0 <10 * s+ qr L Agy1 20
(6.5)

qr = —10"* A — 0.707hxyx — 10 *huy .,
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and Xy f41, X2 k+1, Zk+1 as in (H.1). Let us check Assumptions 1 and 4 c). Since D=0itis easy to show that
n = 10* while h3 = 10™%, using the LCP in (5.14) that can be solved explicitly. Thus nh; < 1for all h > 0.
However, h; = ||1 —2.1210%h|| < 1if and only if h < 4.7107%. It is also noteworthy that this system
verifies the conditions of Section 5.3, and item 4 of Proposition 5.1, since X; > 0 and B3T X3B; =107% > 0.
Hence the state space form (5.8), that is equivalent to (5.3) since # > 0, can be calculated. Also the
generalized equation (5.14) always has a unique solution Ay.;. As we shall see through numerical
simulations, the variable z(-) = x3(-) may be discontinuous. Actually this is in agreement with the
theoretical conclusions from Section 5.3, which do not state that this variable is continuous. It also
shows that a complete convergence analysis, including z, should rely on other tools than those used in
this paper.

In Figure 2, the results of the numerical simulation of (6.3) with an implicit Euler scheme are depicted”.
Numerical simulations are performed with the INRIA software package Siconos [1]. At each time step,
the Lemke solver [65, 64] is applied to solve the LCP (3.1) resulting from the discretization scheme. The
initial conditions are set to x(0) = (0.01, —=107%,—7.07 - 10~)T, and the time step is h = 5 - 10~°s. The
input functions u(t) and uy(t) are taken as sinusoidal functions: u;(t) = sin(t) and uz(t) = cos(10t).
Let us observe that the variable z(¢) = x3(t) appears to be discontinuous at ¢ ~ 5.9s. The multiplier
A(t) remains continuous, see Figure 3. Finally, an order of convergence equal to one is deduced from
the data in Figure 4. The error formula used is:

(6.6) error = ||x(#) = x"(t)||so -

Remark 6.1 (modelling). One can obtain a relative degree one LCS by eliminating the variable up ()
in (6.1). However, for the sake of generality, and since in practice equality constraints are not always
eliminated, we consider here a poorly formulated version of the circuit’s dynamics, where the variables
are badly matched to the constraints. Such bad matching could be avoided using structural analysis.

Example 1: x1(t), x2(t), z(t) times plots

JRCLITN . RESLR . cees x1(H)
’ : : s x2(t)

15

1.0

0.5

0.0

x(t)

-0.5

-1.0

'''''

-1.5

-2.0

0 2 4 6 8 10
Time

Figure 2: Implicit Euler numerical simulation of (6.3) with h = 5 - 10%s. The numerical simulations of
the variables x;(t), x»(t) and x3(¢) = z(¢) are depicted.

2Source code of the examples can be found at https://github.com/siconos/siconos-tutorials/tree/master/.sandbox/mlcspaper
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Example 1: A(t) and w(t) time plots

20000

17500

15000

12500

= 10000
~<

7500

5000

2500

Time

Figure 3: Implicit Euler numerical simulation of (6.3) with h = 5 - 10~%s. The numerical simulations of
the variables A(t) and w(t) are depicted.

Example 1: error with ideal at 5¥10~°

1021 —— Error with ideal (infinite norm)
linear regression R = 0.99
1073
[o)]
L
s
o .
1074
A
107> 1074 1073

Time step (log)

Figure 4: Numerical convergence of the implicit Euler scheme applied to (6.3). The reference curve is
taken for h = 5.10~%s. The error formula used is given in (6.6).
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6.2 SECOND EXAMPLE

i5
uy (t)

i3

i2

Figure 5: An RLCD passive circuit.

iq

This circuit example depicted in Figure 5 is inspired from [32]. The so-called modified nodal anal-
ysis is used to derive the dynamics [2, chapter 3]. It is assumed that the voltage source delivers a
constant voltage u(t) = u., while the other voltage source u;(t) is time-varying Lipschitz contin-
uous and bounded. Notice that the current/voltage characteristic of this device can be written as
is(t) € =0y, y(u(t)), or equivalently as R 3 is(t) L u(t) — uc € {0}. The dynamics is given by:

Cé(t) = —R7e(t) +ig(t) — iy (t) — is(t)

di
L—(t
7

=e(t) +u(t)

0=-e(t)+u(t)

0 <up(t) Lig(t) =0

R > is(t) L u(t) —uc € {0}.

The state vector is & = (&, &, &) " = (e, iy, i5) T, and up(t) = e(t). The complementarity conditions can
be written as K = R* X R 3 (up(t),is(t)) L (ia(t), u(t) —uc) € R* x {0} = K*. Setting A; = iy and

C 0 0

Ay = u(t) —ue,weobtainP=|0 L 0| A=

0 0 O

and the LDCS form in (2.1) is equal to:

LetS=[-1

S O =

bt =260+

0 < &(t) L A4(2)
R > &(t) L Az(t)

1

0 C
T=|1 0 0
1 0

-R7! -1 -1
1 0 0l B
1 0 0

0= E(1) + Ao (1) + 1

>0

e {0}.

0 0 O
,thenSAT =10 1 O0|,SPT =
0 0 1

1 0

0 0,C=

0 1

(1) =~ b0 = S8 - SB0) + S
ui(2)

S O =
(=]

(=N

0 0

1
0 0

1

)aD=07
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0o -1 0 1 0
SB=|1 —% . Using the state variable change { = T~ !¢ withT"'=| 0 1 1|, one obtains:

0 -C -C 0 O

4(8) = ~(a(®) + ue(1)) +
Li(1) = G(0) + 1) = = (o) + (1)
(6.9) C R
0= ~CU(t) +e(£) + 5 (1)
_1
K* 5 A() L w(t) = (_01) G0+ (‘f) &1 + ( OC) G(1) € K.

Letx; = {xy = &0 2= G Bi= (0 —1),By=(1 —1),By=(0 ~1),C, = ( 01),c3 - (()),c2 - (_1),
D = 0. This dynamics is rewritten in the canonical form as:
(1)
L
Xp (1) = z(t) + A1(2) - 1—13(/12(1‘) +uc(t))
0 =—Az(t) — uc(t) +xo(t)

%1(8) = =22 (8) —ue(t) +

(6.10)

K* 5 A(H) L w(t) = (_01) xi (1) + ( 01) (1) + (‘1)) 2(t) € K.

In the simulations depicted in Figures 6a and 6b, it has been chosen u.(t) = sin(10¢) — 1 < 0, which
complies with the system’s intrinsic constraints. Then (when u;(¢) = 0) one recovers the standard
form in (2.2), with a different class of sets K, however. One has A; = 0, B3TX3 = —C; with X3 = 1, and
XiB; = (] (this follows necessarily from (p.2) and Q; < 0 and using [25, Lemma A.69]), with X; =1
(hence the quadruple (A;, By, Cy, D) is passive but it is not strictly passive and its associated transfer
N 0 1 0 0
function is not strongly SPR). Also D = —C3B; — C3B; = ( 1 1) > 0. Also B3TX3B3 = (0 1) > 0.
& R
0 h

It is computed that Dy, = (—h Boyp2 41
R

). The various sets for the set § in Proposition 3.2 are

0 0

0 2(L+h2+1)
R X R*. So S = R* x {0} # 0 and item 2 of Proposition 3.2 has to be applied. It is calculated that

_ _ —hé}

(hfic = Dnbo.0) = <(—hx1’k — o+ e — (2 24 1)
so it follows that (hfx — Dy&o, 0) + g+ (v) > 0 is guaranteed, if v; > 0, by taking & < 0.1t is inferred
that item 2 in Proposition 3.2 is verified and the OSNSP has at least one solution.

Any two solutions A}c ., and /112< 4, satisfy /1;’ il = /13’ iyp forall A > 0, in view of the form of Dy, Then
both xq k41 and x; k41 are unique due to the form of B; and Bs. For the convergence analysis, let us note

that this system does not satisfy Assumption 2, therefore let us use the material in Section 5. Using the

calculated as: K* = R+X{0},Ker(Dh+Dg) = ( ) =Rx{0},{w | Dpw € K = R*xR} =

). Also v € K* implies that v; > 0 and v, = 0,

2

Frobenius norm one finds that hs = {[2h? + (}% - 1) , using the Holder induced norm || - ||2.2 = omax ()
2

one finds a smaller h; = {[h? + (1% - 1) ,and 0 < h; < 1forall h € [0, %]. The material in Section 5 is

based on the LCP in (5.14), for which the existence of a minimal norm solution satisfying the inequalities
stated below (5.14) is guaranteed. However in this example K = R, x R # RZ. The following problem
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i
i
i

AL(t)

—== wl(t)

10

Time

has to be studied instead (it is noteworthy that the rest of the analysis remains unchanged as long as

the minimal norm solution can be characterised):

J. Nonsmooth Anal. Optim. 3 (2022), 7269

L Ak+1 € K*5

A
k

K> B3TX3B3/1]<+1 +q

(6.11)

(where q% is defined in (5.14)), ie,

)+q£eR+xR.

/12,k+1

Therefore A x4+1 = 0,and Ay x41 = 0 is always a solution (notice that the external excitation is constrained

Al k+1
)Lz,k+1

[R+><{0}9(

(6.12)

Example 2: A1(t) and wl(t) time plots

to be non negative to comply with the system’s constraints). This result agrees with the numerical

simulations in Figure 6b.

0.25
0.00

Example 2: x2(t), z(t) times plots

10

10.0

Time

(a) Variables x; () and x3(t) = z(t).

(b) Variables A;(t) and w;(t).

%s. The solutions x;(t) are not

Figure 6: Implicit Euler numerical simulation of (6.9) with h =510~

() trivially equals 0.

displayed as they are independent of z(t), A;(t). The variable A,

1) (A(t)
) (Azm) ="

1

Let us consider now an academic toy-example directly in the form of (2.2), whose dynamics are given

6.3 THIRD EXAMPLE
as:

N O
~———
—+
—~~
~
~—
N
—
| N
~———
+
~
—~
~
N
=
—_—
— N
S
~ —_ +
[N —~~
< . =
<~ =
| ~< V.Al
~ N
= ~—
z Lo
~~
3T
+ —
~ 1A)
= + T~~~
= —~ =
R o TS
N D O =
| N R —
i \
= = ° e
~— —
=&
R
~
o
-
\O
N

2.34], and the state-space realization is minimal (see Appendix G). In fact H(s) is even strongly (or
extended) positive real [25, Definition 2.78]. Thus [28, Theorem 5.4 (A’) (B’)] applies. It is noteworthy

It can be verified that the transfer matrix H(s) = D + C(sP — A)~!B is positive real [25, Definition
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. 2 -1 . . . . ) . .
that since D = ( 0 1 ) > 0, it follows that the multipliers A are Lipschitz continuous functions of

the state (xi, x2,z). Thus the LDCS is a DAE with Lipschitz continuous nonlinear and nonsmooth
right-hand side. From (6.13) it follows that: A; = =2 < 0, C; = X1B1T =(2,-D)TwithX; =1> 0, X3 =L,
1
-3
Theorem 4.6] that the quadruple (A, By, Cy, D) is strictly passive.

It can be checked that the set S = {0} in Proposition 3.2 for any h > 0, thus there exists a unique
solution Ay to the implicit Euler discretization of (6.13). However C; # 0 and Assumption 2 does not
hold, preventing the convergence analysis in Section 4 and the stability analysis in Section 4.1 to apply.
Consequently, the “equivalent” system (5.1) from Section 5 is analysed:

B3=(1 —-2)=-C;,and D= ( ;) > 0 with (D + DT) > 0. It follows from [28, Theorem 5.4 (A’),

1 0 0)//xi(t) -2 2 =1\{x(?) 0
0 1 =2llh@®)]|=]-2 -1 1|l 4@ |+|w(t)
(6.14) 0 -2 4 )\ 1 3 =7\ho) \wo)

w(t) € = Ngz(A(1))

Let us check if Assumption 4 (c) is verified. Using the Frobenius norm, one can obtain that 0 < hs =

V60h? + 25 — 66h < 1if 0 < h < 0.7. In the context of (6.14), the LCP (5.14) becomes:
/11k+1) ( 1 —2) (Alk+1) ( (h—=1)  (h+3) ) (Alk) (thlk)
6. 0< ’ 1 ’ + T+ 1 =0
(6.15) (Az,kﬂ =2 4 ) ) T\2=3m) 7h- ) Vo) T\
=

0< (/11,k+1) 1 (11,k+1 — 2214 ) + (Ch,k) > 0.

Az e+ 42 k1 — 2A1pen1 Qo)

From Corollary 4.1, there exists a solution to (6.15). We can compute A4, in each mode of the LCP
where A #0:

1 If Ay = 0 and Ay yq > 0 then [[Agpq|| < %”Ch,kH-
2. If Aps1 = 0 and Ay gy1 > 0 then || Al < 3 llgakll -

3. If A1 k41 > 0 and Ay g4 > O there is infinitely many solutions. Indeed, we obtain :

{Al,kﬂ =22 k1 — Quk

(6.16)
0 =2q1k + qok

From [16, Proposition 6.1.7], there exists a minimal solution Ap;y x+1. Then, (6.16)’s particular solution
Aokr1 = —Ark+1 leads to [|Amin k1]l < (1/3)]1gk+1]l- It follows that n = % < 1forall h > 0,and nhs <1
for all 0 < h < 1.4, and finally, the results from Section 5.2 hold if small enough time steps are chosen.

Problem (6.14) is simulated using the discretization (6.15). The LCP (6.15) is solved using the numerical
solver Lemke provided in the Siconos Toolbox? [1]. In Figures 7a and 7b the simulated variables (x1, x2, z)
and (A;, A3) are displayed for time step h = 5-10~°s. The initial conditions are (x19 = 5, A19 = 5, A2,0 = 0)
and the discrete variables x; x and z; are given by the discretization of (5.1) (c):

X2,k = — B3 g
(6.17) st — Ak
ZE = — B3T’

3https://nonsmooth.gricad-pages.univ-grenoble-alpes.fr/siconos/index.html
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with h the time step. Let us notice in Figure 7a that the variable z possesses a discontinuity. In Figure 8a
we plot the error provided in (6.6), with respect to a reference solution taken for h = 5.107%s. We
confirm the order one convergence rate for h > 0 sufficiently small.

Finally, let us also notice that the solutions of the schemes in (3.1) and in (5.5), are not exactly the
same (recall that the continuous systems (2.2) and (5.1) are “equivalent” in the sense explained after
(5.3), see also Appendix ). This can be observed in Figure 8b where the differences between the two
schemes are shown for (x;, x5).

Example 3: A1(t), A2(t) time plots

Example 3: x1(t), x2(t), z(t) times plots 5 — AL(t)
15.0 seeee x1(E) ©OA2(t)
x2(t)
— z(t)
12.5
4
10.0
7.5 3
£ 50 r~
2
2.5
00 oTmmoTEee
1
-2.5
-5.0 0 e B S —
0 1 2 3 4 5 0 1 2 3 4 5
Time Time
(a) Variables x;(t), x,(t) and z(t). (b) Variables A;(t) and A, (t).
Figure 7: Implicit Euler numerical simulation of (6.13) with h = 5-107%s
Example 3: error with ideal at 5¥10-° Example 3: scheme (3.1) compared to ideal from scheme (5.5)
101 T Error with ideal (infinite norm) —— Error with ideal (infinite norm)
linear regression R = 0.99 / linear regression R = 0.99
10°
10°
10-1 2 107*
> £
k) lo 7
§ 102 s
5 51072 .
e
1073
1073
1074 Z ‘
/ 0]
107 1074 10°3 1072 107! 10° 107 1074 10°3 1072 107! 10°
Time step (log) Time step (log)

(a) Convergence of scheme (5.5) applied to (6.14).  (b) Convergence of scheme (3.1) applied to (6.13).

Figure 8: Numerical convergence studies, with error formulas (6.6), of schemes (3.1) and (5.5). The
reference is computed with the scheme (5.5) and h = 5 - 107%s.
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7 CONCLUSION

This article deals with the time-discretization of a class of singular linear complementarity systems
(descriptor variable linear complementarity systems) which satisfy a passivity constraint. The implicit
Euler method is analysed. First the one-step nonsmooth problem is studied, and conditions which
guarantee its well-posedness are given. Then the approximate solutions convergence is analysed, and
it is shown that under some reasonable assumptions, convergence holds. Our results are however
partial in the sense that we are not able to prove the convergence of all the variables. One academic
example and two examples of electrical circuits with ideal diodes (equivalently hydraulic circuits with
check valves) illustrate the developments, with numerical simulations.

APPENDIX A PRESERVATION OF POSITIVE DEFINITENESS WITH PERTURBATION

We give here an excerpt of [37, Theorem 2.11], and a corollary of it. Let us recall that for a given
M € R™", ||M||,2 is the induced matricial norm such that |[M||,2 = omax(M) (the largest singular
value).

Theorem A.1 ([37]). Let M € R™*" be a positive definite matrix. Then every matrix

Ae{AeR™"|

M = Allz2 < 1}
2,2

M+MT\ ™
2

is positive definite.
Corollary A.2 ([21]). Let D = P+ N, where D, P and N are n X n real matrices, and P > 0, not necessarily
symmetric. If

(a1) INllz2 < —————
P+PT
|| 2 ”2,2

then D > 0.

Consider the term hy in Assumptions 1 and 4. If h < m then I, + hA; > 0 from Corollary A.2.
If in addition A; < (<) 0 then 0 < I, + hA; < (<) I,,. Consider now A; = (I, + hA;) T (I, + hA;) =
Iy, +h(A1+ AT ) +h?AT Ay = I, + hA, with A; = A+ A] +hATA; = AT IfA; < 0 (= Aj+A] < 0), then
A; < 0 for h > 0 small enough, still using Corollary a.2. Thus A; < I,,, for h > 0 small enough. Morover
for h > 0 small enough it follows that A; > 0 by Corollary a.2. It is deduced that there exists hpax > 0
such that 0 < A; < I,, for all h € (0, Ayay). From [16, Lemma 8.4.1], 0 < Apin(A;) and Ay (A1) < 11t
is inferred that omax(In, + hA;1) = || I, + hA;ll22 = by < L

APPENDIX B WELL-POSEDNESS OF VARIATIONAL INEQUALITIES

The next results use the notions of recession functions and cones, which we briefly introduce now (see
[24, 53] for illustrating examples), [72, 53, 89]. Let f : R” — R U {+co} be a proper convex and lower

semi-continuous function, we denote by dom(f) 4 {x € R"| f(x) < +oo} the domain of the function
f(-). The Fenchel transform f*(-) of f(-) is the proper, convex and lower semicontinuous function
defined by

(B.1) (forallz € R™)| f*(z) = sup {(x,z) — f(x)}.
x€ dom(f)

The subdifferential of (x) of f(-) at x € R" is defined by
af (x) ={w € R"| f(v) — f(x) = {(w,v—x),Vo € R"}.
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We denote by Dom(9f) £ {x € R*|9f (x) # 0} the domain of the subdifferential operator df : R" —
R™. Recall that (see, e.g., Theorem 2, Chapter 10, Section 3 in [11]): Dom(df) C dom(f).
Let xo be any element in the domain dom(f) of f(-), the recession function fi(-) of f(-) is defined
by
1
(forall x € R") : fio(x) = Alim if(xo + Ax).
—+00

The function fi : R” — R U {+o0} is a proper convex and lower semicontinuous function which
describes the asymptotic behavior of f(-).

Let K ¢ R” be a nonempty closed convex set. Let xy be any element in K. The recession cone of K
is defined by [72] [89, Definition 1.11]:

1
Koo = QX(K—xO) ={ueR"x+AueKVA>0VYxeK}
A>0

The set K, is a nonempty closed convex cone that is described in terms of the directions which
recede from K. The indicator function of a set K € R" is ¥x(x) = 0if x € K, Px(x) = +0 if x ¢ K.
If K is closed non empty convex, we have 0¥k (x) = Nx(x), the so-called normal cone to K at x,
defined as Nx(x) = {v € R" | 0"(s — x) < 0 forall s € K}. When K is finitely represented, i.e.,
K={xeR"| ki(x) = 0,1 <i < m}, and if the functions k;(-) satisfy some constraint qualification
(like, independency, or extensions like the MFCQ), then Nk (x) is generated by the outwards normals
at the active constraints k;(x) = 0, i.e., Nx(x) = {v € R" | v = —=4;Vk;(x), k;(x) = 0,4; = 0}.

Let us here recall some important properties of the recession function and recession cone (see e.g.,
[17, Proposition 1.4.8]):

Proposition B.1. The following statements hold:

a) Let fi : R" > R U {+o0} and f, : R" — R U {+0o} be two proper, convex and lower semicontinuous
functions. Suppose that f; + f, is proper. Then for all x € R"™: (fi + f2)o0 (%) = (f)oo (%) + (f2)oo ().

b) Let f : R" — R U {+oo} be a proper, convex and lower semicontinuous function and let K be a
nonempty closed convex set, such that f + Yk is proper (equivalently dom(f) N K is non empty). Then
forall x € R™: (f + ¥x)oo (%) = foo (%) + (K)o (X).

c) Let K C R™ be a nonempty, closed and convex set. Then for all x € R": (¥x)oo(x) = Pk, (x). Moreover
forallx e K ande € K: x+e € K.

d) IfK € R" is a nonempty closed and convex cone, then Ko, = K.

e) Let K = P(A,b) 2 {x € R"|Ax > b} for A € R™" andb € R™. IfK # 0 then Ko, = P(A,0) = {x €
R"Ax > 0}.

f) K c R" is a non-empty closed convex bounded set if and only if K, = {0,}.

g) Let f : R™ — R U {+c0} be a proper, convex and lower semicontinuous function. Then epi(fe) =

(epi(f))eo-

Sets as in item e) are called H-polyhedra, and there is an equivalence between sets P(A, 0) and
finitely generated convex cones [89, Theorem 1.3]. Let us now concatenate [5, Theorem 3, Corollaries 3
and 4]. They concern variational inequalities (VIs) of the form: Find u € R” such that

(B.2) Mu+q,0—u)+¢(v) —@(u) >0, forallv € R"
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where M € R™" is a real matrix, q € R" a vector and ¢ : R” — R U {+co} a proper convex and
lower semicontinuous function. The VI in (B.2) is equivalent to the inclusion Mu + q € —9¢p(u) & u €
(M +99)7'(-q).

The problem in (B.2) is denoted as VI(M, q, ¢) in the next proposition. We also set:

(B.3) KM, ¢) = {x € R"|Mx € (dom(¢w))*}.

Note that (dom(¢s))™ is the dual cone of the domain of the recession function ¢« while (dom(¢))c
(that we may denote also as dom(¢)) is the recession cone of dom(¢).

Proposition B.2 ([5]). Let ¢ : R® — R U {+co} be a proper, convex and lower semicontinuous function
with closed domain, M € R™", and suppose that M > 0 (not necessarily symmetric).

a) If (dom(¢))e Nker{M + MT} N K(M, ¢) = {0} then for each q € R", problem VI(M, q, ¢) has at
least one solution.

b) Suppose that (dom(g))e Nker{M + M} N K(M, @) # {0}. If there exists xo € dom(¢) such that
(B.4)  {(qQ—MTx0,0) + 9 (v) > 0, Yo € (dom(¢))e Nker{M+M"} NK(M, @), v # 0,
then problem VI(M, q, ¢) has at least one solution.

b’) IfM = M" then one can take xo = 0 in b).

¢) Ifu; and uy denote two solutions of problem VI(M, q, ¢) then u; — up € ker{M+M"}.

d) IfM = M andu, and u, denote two solutions of problem VI(M, q, @), then {(q, u; —uz) = ¢(uz) — @ (uy).

e) IfM = MT and ¢(x + z) = ¢(x) for allx € dom(p) and z € ker{M} and (q,e) # 0 for all
e € ker{M}, e # 0, then problem VI(M, q, ¢) has at most one solution.

f) IfM = M7, thenu is a solution of VI(M, q, ¢) if and only if it is a solution of the optimization problem
min, cpr %xTMx +(q, x) + ¢(x).

Notice that the function ¢(+) will never be strictly convex in our case (it is an indicator function) so
that the strict convexity argument of 5, Theorem 5] which applies when M is a Py-matrix never holds.
The study of VIs as in (B.2) can be traced back to [76].

APPENDIX C SOME CONVEX ANALYSIS AND COMPLEMENTARITY THEORY TOOLS

If K c R" is a set, then K* = {z € R"|(z,x) > 0 for all x € K} is its dual cone. Its closure is denoted
K. Let K be a nonempty closed convex cone, then:

(c.a) K*5x1yeK e x€-Ng(y) & ye€-Ng«(x).

Let M = MT > 0, x and y two vectors, then
1
(c.2) M(x —y) € =Nk(x) © x =proj,[K;y] & x = miII(l E(z -9) ' M(z-y).
zE

We note that this is a particular case of (B.2), so that Proposition B.2 can be considered as the charac-
terization of a generalized projection operator VI(M, q, ¢). The first equivalence is [15, Proposition
6.46].
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APPENDIX D PASSIVE DESCRIPTOR VARIABLE SYSTEMS

Dissipative systems have been formalized rigorously by ]J.C. Willems in his two seminal articles [87, 88].
Passive systems are a particular case of dissipative systems. A quadruple (A, B, C, D) is said passive if
the next LMI is satisfied:

-XA-ATX -XB+CT
(D.1)

-B"X+C D+DT

It is said strictly passive if the inequalities are satisfied with > 0. This is not to be confused with the
strict state passivity [25, Definition 4.54], since strict passivity implies strict state passivity, but not the
inverse in general. In fact strict passivity is directy related to strongly SPR transfer matricess [25, p.62
and section 3.12.2], while SPR transfer matrices with minimal realisations are strictly state passive [25,
Theorem 4.73] [66], i.e., —XA — ATX + uX > 0 for some p > 0, and one may have D + DT > 0 but not
> 0.

Positive real transfer matrices [25, Definition 2.34] with a state space realization represented by
quintuples (P, A, B, C, D) which are minimal (see Appendix G for conditions of minimality of a state-
space realization for descriptor systems) can be rewritten as in (2.2) [28, 51], and they have the positive
semidefinite storage function V(xy,x;) = %(xlT Xix1 + x, X3x3), with supply rate A"w. Indeed, by
differentiating V (x;(t), x2(t)) along the trajectories of (2.2), adding +A"w and completing the squares,
one can compute that:

. _ 1 T 1T X144 +A;—Xl X1B, — ClT X1 T
(D‘Z) V(t) - z(xl 9/1 ) Bi[')(1 _ Cl _(D +DT) A +A (t)W(t),

éQ1

where X; = XlT > 0, Q1 < 0, and if the system is strongly SPR then X; > 0, O; < 0 [28, Theorem
5.4]. The equality in (D.2) is an infinitesimal dissipation equality, showing that the system is passive
[25, Definition 2.1, Theorem 4.53]. Such systems possess particular structural properties [30, 33] [25,
section 3.8]. In the SSPR case it follows from (p.2) and the complementarity conditions that x;(-) and
x, X3x,(-) are bounded for any bounded initial condition.

Let us recall some definitions, where A* denotes the conjugate transpose of A (see [25, Chapter 2]
for details):

Definition p.1. A transfer matrix H(s) € C™*™, s € C, is positive real (PR) if: 1) H(s) has no poles in
Re(H(s)) > 0, 2) H(s) is real for positive real s, 3) H(s) + H*(s) > 0 for all Re(s) > 0. Let H(s) be
regular, then it is strictly positive real (SPR) if H(s — €) is PR for some € > 0. It is strongly SPR (SSPR)
if 1) H(s) is analytic in Re(s) > 0, 2) Re(H(jw)) = § > 0 for all € [—o0,+00] and some real §.
APPENDIX E GRONWALL-BACHPATTE INEQUALITY [13, 47]

Let us consider a positive real numbers sequence {xy} such that x; < oy + Zf:_ol Pix;, where {a;} and
{Bx} are two real numbers sequences with {f;} positive. Then one has

k-1
X < o + Z fioi T_;, (14 o).
i=0

APPENDIX F CALCULATION OF S;

The starting point is the term 7||C|| ||B]| Zle hf_i Zj-;%) nh3)' "7 ||xy | in (5.19). Let us consider
the factors of the terms ||xy j41|| separately:
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Factor of ||x14|| (all terms with j = 0): hf_1+h’f_2(17h3)+hf_3(77h3)2+. - +hi(nhs) 2+ (nhs)k 1 =
SE L )

« Factor of ||xy 2| (all terms with j = 1): h]f_z+hf_3(77h3)+hlf_4(r7h3)2+. - +hi(nhs)* 3+ (nhs)k—2 =
Si, BE (nhs) 2,

« Factor of ||x;x_1|| (all terms with j = k — 2): hy + (nh3) = Zi';k—l h]f_i(r]hg)i_k+1.
« Factor of ||xy k|| (all terms with j = k): 1 = Zf:k hf‘i(ryhg)i_k.

Therefore one infers (5.22).

APPENDIX G MINIMALITY OF STATE SPACE REALIZATIONS

Let us report the results stated in [28, Theorem 3.1] [44, Theorems 2-2.1, 2-3.1, 2-6.3].

Theorem G.1. Let H(s) = C(sP — A)™'B+ D, s € C, be a rational transfer function where P and A are
n X n matrices. Then Px(t) = Ax(t) + Bu(t), y(t) = Cx(t) + Du(t) is a minimal realization of H(s) if,
and only if; the following conditions are satisfied:

« rank(A —sP B) =n foralls € C,
e rank(P B) =n,

« rank(AT —sPT CT) =n,

« rank(PT CT") =n,

« AKer(P) C Im(P).

APPENDIX H DIFFERENCES BETWEEN (3.1) AND IN (5.5)

Let us consider the discrete scheme (5.5) with E(t) = 0 and X; full rank, this is rewritten as:

(H.12) X1k+1 = X1k + hAx1 k. + hBiAg
(1.1b) Bj X3Bs Ay = By X3Bs Ay — hCixyj — hDAg + wipy
(1.10) 0 < Ags1 L Wiyt = Crxyper + Coxgprr + C32pp1 + DAgyy 2 0
(Hld) Xok = —Bg/lk
A1 — A
(H.le) ZE = —Bgllk - Bg%

This is the numerical scheme with which the examples have been simulated. Combining (#.1) (d) and
(e), gives:

(H.Z) Xok+1 = Xok + th + th/lk.

Notice that this is the choice made in (6.17). The equations in (u.1) (a) and (#.2) are not equal to their
counterparts in (3.1), because A and zy are used in (8.1) (a) and (H.2) instead of Ag4; and zj4q in (3.1).
This explains that the numerical data obtained from both schemes, differ. This also explains why the
convergence results obtained for both schemes, are not the same neither.
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