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relations between abs-normal nlps and mpccs.
part 1: strong constraint qualifications

L.C. Hegerhorst-Schultchen∗ C. Kirches† M.C. Steinbach‡

Abstract This work is part of an ongoing e�ort of comparing non-smooth optimization problems
in abs-normal form to MPCCs. We study the general abs-normal NLP with equality and inequality
constraints in relation to an equivalent MPCC reformulation. We show that kink quali�cations and
MPCC constraint quali�cations of linear independence type and Mangasarian-Fromovitz type are
equivalent. Then we consider strong stationarity concepts with �rst and second order optimality
conditions, which again turn out to be equivalent for the two problem classes. Throughout we also
consider speci�c slack reformulations suggested in [9], which preserve constraint quali�cations of
linear independence type but not of Mangasarian-Fromovitz type.

1 introduction

Nonsmoothness arises frequently in practical optimization problems from various areas. In �nite
dimensions, certain nonsmooth functions like ℓ1 and ℓ∞ norms can be avoided by smooth remodeling,
but models that involve (possibly nested) absolute value, maximum, and minimum functions, models
with piecewise de�nitions and models with equilibrium conditions or complementarity conditions lead
to genuine nonsmoothness. An important sub-class of such nonsmooth �nite-dimensional optimization
problems is essentially characterized as “NLPs with �nitely many kinks”, which gives rise to more
general standard problem classes like MPCCs [10] and optimization problems in abs-normal form [2].

The latter are non-smooth nonlinear optimization problems of the form

min
𝑥

𝑓 (𝑥) s.t. 𝑔(𝑥) = 0,(NLP)
ℎ(𝑥) ≥ 0,

where 𝐷𝑥 ⊆ ℝ𝑛 is open, the objective 𝑓 ∈ 𝐶𝑑 (𝐷𝑥 ,ℝ) is a smooth function (𝑑 ≥ 1) and the equality
and inequality constraints 𝑔 ∈ 𝐶𝑑

abs(𝐷
𝑥 ,ℝ𝑚1) and ℎ ∈ 𝐶𝑑

abs(𝐷
𝑥 ,ℝ𝑚2) are non-smooth functions with

the non-smoothness exposed in abs-normal form [2]. Thus, there exist functions 𝑐E ∈ 𝐶𝑑 (𝐷𝑥, |𝑧 |,ℝ𝑚1),
𝑐I ∈ 𝐶𝑑 (𝐷𝑥, |𝑧 |,ℝ𝑚2) and 𝑐Z ∈ 𝐶𝑑 (𝐷𝑥, |𝑧 |,ℝ𝑠) with 𝐷𝑥, |𝑧 | = 𝐷𝑥 × 𝐷 |𝑧 | , 𝐷 |𝑧 | ⊆ ℝ𝑠 open and symmetric
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(i.e., 𝑧 ∈ 𝐷 |𝑧 | implies Σ𝑧 ∈ 𝐷 |𝑧 | for every signature matrix Σ, see De�nition 1.1) such that

𝑔(𝑥) = 𝑐E (𝑥, |𝑧 |),
ℎ(𝑥) = 𝑐I (𝑥, |𝑧 |),(ANF)

𝑧 = 𝑐Z (𝑥, |𝑧 |) with 𝜕2𝑐Z (𝑥, |𝑧 |) strictly lower triangular.

Note that we introduce one joint switching constraint 𝑐Z for 𝑔 and ℎ and reuse switching variables 𝑧𝑖 if
the same argument occurs inside an absolute value in 𝑔 and ℎ. Here, components of 𝑧 can be computed
one by one from 𝑥 and 𝑧𝑖 , 𝑖 < 𝑗 , since 𝜕2𝑐Z (𝑥, |𝑧 |) is strictly lower triangular. In the following we
write 𝑧 (𝑥) to denote this dependence explicitly. However, 𝑧 is implicitly de�ned by 𝑧 = 𝑐Z (𝑥, |𝑧 |). To
consider solvability of this system, we use the reformulation |𝑧𝑖 | = sign(𝑧𝑖)𝑧𝑖 .
Definition 1.1 (Signature of 𝑧). Let 𝑥 ∈ 𝐷𝑥 . We de�ne the signature 𝜎 (𝑥) and the associated signature
matrix Σ(𝑥) as

𝜎 (𝑥) := sign(𝑧 (𝑥)) ∈ {−1, 0, 1}𝑠 , Σ(𝑥) := diag(𝜎 (𝑥)) .

A signature vector 𝜎 (𝑥) ∈ {−1, 1}𝑠 is called de�nite, otherwise inde�nite.
With De�nition 1.1, we can write |𝑧 (𝑥) | = Σ(𝑥)𝑧 (𝑥) and consider the system 𝑧 = 𝑐Z (𝑥, Σ𝑧), which

for any �xed signature Σ = Σ(𝑥) becomes a di�erentiable system. Then, application of the implicit
function theorem yields the existence of a locally unique solution 𝑧 (𝑥) with Jacobian

𝜕𝑥𝑧 (𝑥) = [𝐼 − 𝜕2𝑐Z (𝑥, |𝑧 (𝑥) |)Σ]−1𝜕1𝑐Z (𝑥, |𝑧 (𝑥) |) ∈ ℝ𝑠×𝑛 .

Definition 1.2 (Active Switching Set).We call the switching variable 𝑧𝑖 active if 𝑧𝑖 (𝑥) = 0. The active
switching set 𝛼 consists of all indices of active switching variables, i.e.

𝛼 (𝑥) := {𝑖 ∈ {1, . . . , 𝑠} : 𝑧𝑖 (𝑥) = 0}.

We denote the number of active switching variables by |𝛼 (𝑥) | and the number of inactive ones by
|𝜎 (𝑥) | := 𝑠 − |𝛼 (𝑥) |.
Unconstrained optimization problems in abs-normal form have recently been introduced by [3], and

have been shown to come with favorable theoretical properties that lead to globally convergent solution
methods based on piecewise linearizations that can be generated by algorithmic di�erentiation [5, 6].
When nonsmooth equality and inequality constraints are added, the resulting abs-normal NLPs can be
compared to MPCCs, for which a well-established theoretical framework has been developed over
the past decades [10]. Comparing the two classes of nonsmooth optimization problems, the authors
reported in [8] that they basically form the same problem class, although with a di�erent representation
of nonsmoothness and not necessarily with the same regularity properties.

literature

The abs-normal NLPs considered here are a direct generalization of unconstrained abs-normal problems
developed by Griewank and Walther [2, 3]. These problems o�er particularly attractive theoretical fea-
tures when generalizing KKT theory and stationarity concepts, and they are tractable by sophisticated
algorithms with guaranteed convergence based on piecewise linearizations and using algorithmic
di�erentiation techniques [5, 6].
Another important class of nonsmooth optimization problems are Mathematical Programs with

Complementarity (or Equilibrium) Constraints (MPCCs, MPECs); an overview can be found in the
book [10]. Since standard theory for smooth optimization problems cannot be applied, new constraint
quali�cations and corresponding optimality conditions were introduced. By now, there is a large body
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of literature on MPCCs, and we refer to [12] for an overview of the basic concepts and theory. In
this paper, constraint quali�cations for MPCCs in the sense of linear independence and Mangasarian
Fromowitz are considered. Further, the corresponding stationarity concept (S-stationarity) as well as
�rst and second order optimality conditions are studied. Details can be found in [11], [10] and [1].

In [8] we have shown that unconstrained optimization problems in abs-normal form are a subclass of
MPCCs and we have studied regularity concepts of linear independence type, Mangasarian-Fromovitz
type andAbadie type. We have also shown that abs-normalNLPswith general constraints are equivalent
to the class of MPCCs. In [9] we have generalized optimality conditions of unconstrained abs-normal
problems to the case with equality and inequality constraints under the linear independence kink
quali�cation. More details and additional information about these results as well as about the results
in this paper can be found in [7].

contributions

We develop a deeper understanding of the commonalities of these problem classes of NLPs in abs-
normal form on the one hand, and MPCCs on the other. We provide a detailed comparative study of
general abs-normal NLPs and MPCCs, considering constraint quali�cations of linear independence
type and Mangasarian Fromovitz type for the standard formulation and for a reformulation with
absolute value slacks that was suggested in [9]. In particular, we show that corresponding constraint
quali�cations of abs-normal NLPs and MPCCs are equivalent and that the linear independence type
constraint quali�cations are preserved by the slack reformulation while this is not the case for a
Mangasarian-Fromovitz type constraint quali�cation. We then compare optimality conditions of �rst
and second order for abs-normal NLPs and MPCCs under the respective linear independence type
constraint quali�cations. We show equivalence of the respective �rst order necessary conditions, kink
stationarity and strong stationarity. We also show how second order conditions for MPCCs can be
carried over to abs-normal NLPs. Under suitable additional assumptions, we prove equivalence of
positive (semi-)de�niteness of the associated reduced Hessians, which gives correspondences of second
order necessary and su�cient conditions.

We expect that our theoretical results will contribute to the understanding and further development
of rigorous solution algorithms for abs-normal NLPs. We also expect the results to facilitate a possible
transferral of active-signature methods for abs-normal forms, such as SALMIN [5], to MPCCs.

structure

The remainder of this article is structured as follows. In Section 2 we present the general abs-normal
NLP and its slack reformulation, and we formulate the associated kink quali�cations and compare
them. In Section 3 we introduce counterpart MPCCs for the two formulations of abs-normal NLPs and
compare the associated MPCC-constraint quali�cations. Then, we show equivalence of the regularity
concepts for abs-normal NLPs and MPCCs in Section 4. Finally, in Section 5 we state optimality
conditions of �rst and second-order for abs-normal NLPs and MPCCs and prove equivalence relations
between them. We conclude in Section 6 and give a brief outlook.

2 abs-normal nlps

In this section we consider two formulations for non-smooth NLPs in abs-normal form that di�er in
the treatment of inequality constraints.
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2.1 general abs-normal nlps

In this paragraphwe consider abs-normalNLPswith equalities and inequalities, obtained by substituting
the constraints representation in abs-normal form (ANF) into the general non-smooth problem (NLP).
Note that we use the variables (𝑡, 𝑧𝑡 ) instead of (𝑥, 𝑧).
Definition 2.1 (Abs-Normal NLP). Let 𝐷𝑡 be an open subset of ℝ𝑛𝑡 . A non-smooth NLP is called
an abs-normal NLP if functions 𝑓 ∈ 𝐶𝑑 (𝐷𝑡 ,ℝ), 𝑐E ∈ 𝐶𝑑 (𝐷𝑡, |𝑧𝑡 |,ℝ𝑚1), 𝑐I ∈ 𝐶𝑑 (𝐷𝑡, |𝑧𝑡 |,ℝ𝑚2), and
𝑐Z ∈ 𝐶𝑑 (𝐷𝑡, |𝑧𝑡 |,ℝ𝑠𝑡 ) with 𝑑 ≥ 1 exist such that the NLP reads

min
𝑡,𝑧𝑡

𝑓 (𝑡) s.t. 𝑐E (𝑡, |𝑧𝑡 |) = 0,
𝑐I (𝑡, |𝑧𝑡 |) ≥ 0,(I-NLP)
𝑐Z (𝑡, |𝑧𝑡 |) − 𝑧𝑡 = 0,

where 𝐷 |𝑧𝑡 | is open and symmetric and 𝜕2𝑐Z (𝑥, |𝑧𝑡 |) is strictly lower triangular.
The feasible set of (I-NLP) is denoted by

Fabs :=
{
(𝑡, 𝑧𝑡 )

����� 𝑐E (𝑡, |𝑧𝑡 |) = 0, 𝑐I (𝑡, |𝑧𝑡 |) ≥ 0,
𝑐Z (𝑡, |𝑧𝑡 |) − 𝑧𝑡 = 0

}
= {(𝑡, 𝑧𝑡 (𝑡)) : 𝑡 ∈ 𝐷𝑡 , 𝑐E (𝑡, |𝑧𝑡 (𝑡) |) = 0, 𝑐I (𝑡, |𝑧𝑡 (𝑡) |) ≥ 0}.

In contrast to standard NLP theory, we do not count equalities as active constraints.
Definition 2.2 (Active Inequality Set). Let (𝑡, 𝑧𝑡 (𝑡)) ∈ Fabs. We call the constraint 𝑖 ∈ I active if
𝑐𝑖 (𝑡, |𝑧𝑡 (𝑡) |) = 0. The active set A(𝑡) consists of all indices of active constraints,

A(𝑡) = {𝑖 ∈ I : 𝑐𝑖 (𝑡, |𝑧𝑡 (𝑡) |) = 0}.

We denote the number of active inequality constraints by |A(𝑡) |.
To de�ne the linear independence kink quali�cation as well as the interior direction kink quali�cation

for (I-NLP) we need its Jacobians.
Definition 2.3 (Jacobians). Consider the abs-normal NLP (I-NLP). For (𝑡, 𝑧𝑡 (𝑡)) ∈ Fabs set A = A(𝑡),
𝛼 = 𝛼 (𝑡), 𝜎 = 𝜎 (𝑡), Σ = diag(𝜎), and 𝑐A = [𝑐𝑖]𝑖∈A . The equality-constraints Jacobian is

𝐽E (𝑡) := 𝜕𝑡𝑐E (𝑡, Σ𝑧𝑡 (𝑡)) = 𝜕1𝑐E (𝑡, Σ𝑧𝑡 (𝑡)) + 𝜕2𝑐E (𝑡, Σ𝑧𝑡 (𝑡))Σ𝜕𝑡𝑧𝑡 (𝑡)
= 𝜕1𝑐E (𝑡, |𝑧𝑡 (𝑡) |) + 𝜕2𝑐E (𝑡, |𝑧𝑡 (𝑡) |)Σ𝜕𝑡𝑧𝑡 (𝑡),

the active inequality Jacobian is

𝐽A (𝑡) := 𝜕𝑡𝑐A (𝑡, Σ𝑧𝑡 (𝑡)) = 𝜕1𝑐A (𝑡, Σ𝑧𝑡 (𝑡)) + 𝜕2𝑐A (𝑡, Σ𝑧𝑡 (𝑡))Σ𝜕𝑡𝑧𝑡 (𝑡)
= 𝜕1𝑐A (𝑡, |𝑧𝑡 (𝑡) |) + 𝜕2𝑐A (𝑡, |𝑧𝑡 (𝑡) |)Σ𝜕𝑡𝑧𝑡 (𝑡),

and the active switching Jacobian is

𝐽𝛼 (𝑡) :=
[
𝑒𝑇𝑖 𝜕𝑡𝑧

𝑡 (𝑡)
]
𝑖∈𝛼 =

[
𝑒𝑇𝑖 [𝐼 − 𝜕2𝑐Z (𝑡, |𝑧𝑡 (𝑡) |)Σ]−1𝜕1𝑐Z (𝑡, |𝑧𝑡 (𝑡) |)

]
𝑖∈𝛼 .

Definition 2.4 (Linear Independence Kink�alification). Let (𝑡, 𝑧𝑡 (𝑡)) ∈ Fabs. We say that the linear
independence kink quali�cation (LIKQ) holds for (I-NLP) at 𝑡 if

𝐽abs(𝑡) =

𝐽E (𝑡)
𝐽A (𝑡)
𝐽𝛼 (𝑡)

 =

𝜕𝑡𝑐E (𝑡, |𝑧𝑡 (𝑡) |)
𝜕𝑡𝑐A (𝑡, |𝑧𝑡 (𝑡) |)
[𝑒𝑇𝑖 𝜕𝑡𝑧𝑡 (𝑡)]𝑖∈𝛼

 ∈ ℝ (𝑚1+|A |+|𝛼 |)×𝑛𝑡

has full row rank𝑚1 + |A| + |𝛼 |.
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Definition 2.5 (Interior Direction Kink �alification). Let (𝑡, 𝑧𝑡 (𝑡)) ∈ Fabs. We say that the interior
direction kink quali�cation (IDKQ) holds for (I-NLP) at 𝑡 if[

𝐽E (𝑡)
𝐽𝛼 (𝑡)

]
=

[
𝜕𝑡𝑐E (𝑡, |𝑧𝑡 (𝑡) |)
[𝑒𝑇𝑖 𝜕𝑡𝑧𝑡 (𝑡)]𝑖∈𝛼

]
∈ ℝ (𝑚1+|𝛼 |)×𝑛𝑡

has full row rank𝑚1 + |𝛼 | and if there exists a vector 𝑑 ∈ ℝ𝑛𝑡 such that

𝐽E (𝑡)𝑑 = 0, 𝐽𝛼 (𝑡)𝑑 = 0, and 𝐽A (𝑡)𝑑 > 0.

For the general abs-normal NLP (I-NLP) considered here, IDKQ actually generalizes MFCQ from the
smooth case and corresponds to MPCC-MFCQ, as we will show below. We cannot use the canonical
nameMFKQ,however, since Griewank andWalther have already de�nedMFKQ as a di�erentweakening
of LIKQ in [4]. We believe that other possible names like “Abs-normal MFKQ” or “Constrained MFKQ”
would produce confusion rather than clari�cation and hence suggest the descriptive name “Interior
Direction KQ”.

The following example from [11] (converted from MPCC form to abs-normal NLP form) shows that
IDKQ is weaker than LIKQ in the presence of inequality constraints.
Example 2.6 (IDKQ is weaker than LIKQ). Consider the problem

min
𝑡 ∈ℝ3,𝑧𝑡 ∈ℝ

𝑡1 + 𝑡2 − 𝑡3 s.t. 𝑡1 + 𝑡2 − |𝑧𝑡 | = 0,
4𝑡1 − 𝑡3 ≥ 0,
4𝑡2 − 𝑡3 ≥ 0,
𝑡1 − 𝑡2 − 𝑧𝑡 = 0,

with solution 𝑡∗ = (0, 0, 0) and (𝑧𝑡 )∗ = 0. We compute

𝐽A (𝑡∗) =
[
4 0 −1
0 4 −1

]
, 𝐽E (𝑡∗) =

[
1 1 0

]
, and 𝐽𝛼 (𝑡∗) =

[
1 −1 0

]
.

Here, LIKQ is not satis�ed but IDKQ is satis�ed with 𝑑 = (0, 0,−1).

2.2 abs-normal nlps with inequality slacks

In this paragraph we consider abs-normal NLPs with slack variables introduced for all inequalities. We
make use of the absolute value of a slack variable, an idea due to Griewank. This results in a class of
purely equality-constrained abs-normal NLPs, which simpli�es the derivation of optimality conditions
under the LIKQ, see [9] and Section 5.

Using slack variables𝑤 ∈ ℝ𝑚2 , we obtain the following reformulation of (NLP):

min
𝑡,𝑤

𝑓 (𝑡) s.t. 𝑔(𝑡) = 0,
ℎ(𝑡) − |𝑤 | = 0.

Then, we express 𝑔 and ℎ in abs-normal form as in (ANF) and introduce additional switching variables
𝑧𝑤 to handle |𝑤 |. This approach leads to the next de�nition.
Definition 2.7 (Abs-Normal NLP with Inequality Slacks). An abs-normal NLP posed in the following
form is called an abs-normal NLP with inequality slacks:

min
𝑡,𝑤,𝑧𝑡 ,𝑧𝑤

𝑓 (𝑡) s.t. 𝑐E (𝑡, |𝑧𝑡 |) = 0,
𝑐I (𝑡, |𝑧𝑡 |) − |𝑧𝑤 | = 0,(E-NLP)
𝑐Z (𝑡, |𝑧𝑡 |) − 𝑧𝑡 = 0,
𝑤 − 𝑧𝑤 = 0,

where 𝐷 |𝑧𝑡 | is open and symmetric and 𝜕2𝑐Z (𝑥, |𝑧𝑡 |) is strictly lower triangular.
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The feasible set of (E-NLP) is a lifting of Fabs,

Fe-abs :=
{
(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤)

����� 𝑐E (𝑡, |𝑧𝑡 |) = 0, 𝑐I (𝑡, |𝑧𝑡 |) − |𝑧𝑤 | = 0,
𝑐Z (𝑡, |𝑧𝑡 |) − 𝑧𝑡 = 0, 𝑤 − 𝑧𝑤 = 0

}
=
{
(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) : (𝑡, 𝑧𝑡 ) ∈ Fabs, 𝑤 = 𝑧𝑤, |𝑧𝑤 | = 𝑐I (𝑡, |𝑧𝑡 |)

}
.

Using the dependence of 𝑧𝑡 and 𝑧𝑤 of 𝑡 and𝑤 , the feasible set can be written as

Fe-abs =

{
(𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑤 (𝑤))

����� 𝑡 ∈ 𝐷𝑡 , 𝑐E (𝑡, |𝑧𝑡 (𝑡) |) = 0,
𝑐I (𝑡, |𝑧𝑡 (𝑡) |) − |𝑧𝑤 (𝑤) | = 0, 𝑤 − 𝑧𝑤 (𝑤) = 0

}
=
{
(𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑤 (𝑤)) : (𝑡, 𝑧𝑡 (𝑡)) ∈ Fabs, 𝑤 = 𝑧𝑤 (𝑤), |𝑧𝑤 (𝑤) | = 𝑐I (𝑡, |𝑧𝑡 (𝑡) |)

}
.

We split the active switching set into subsets for variables 𝑡 and𝑤 as 𝛼 = (𝛼𝑡 , 𝛼𝑤).
Remark 2.8. Note that introducing |𝑤 | converts inequalities to pure equalities without a nonnegativity
condition for the slack variables𝑤 . However, the slack reformulation has some subtle issues. Subse-
quently we will show that, in contrast to LIKQ, IDKQ is not preserved. Moreover, one cannot eliminate
the equation 𝑤 − 𝑧𝑤 = 0 (and hence 𝑧𝑤 or 𝑤 ) in (E-NLP) since this would destroy the abs-normal
form. Finally, the slack𝑤 is not uniquely determined since the signs of nonzero components𝑤𝑖 can be
chosen arbitrarily, yielding a set of 2𝑚2−|𝛼𝑤 | choices,𝑊 (𝑡) := {𝑤 : |𝑤 | = 𝑐I (𝑡, |𝑧𝑡 (𝑡) |)}.
Lemma 2.9. Consider (𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑤 (𝑤)) ∈ Fe-abs. Then, LIKQ for (E-NLP) at (𝑡,𝑤) is full row rank of

𝐽e-abs(𝑡,𝑤) =


𝜕𝑡𝑐E (𝑡, |𝑧𝑡 (𝑡) |) 0
𝜕𝑡𝑐I (𝑡, |𝑧𝑡 (𝑡) |) −Σ𝑤

[𝑒𝑇𝑖 𝜕𝑡𝑧𝑡 (𝑡)]𝑖∈𝛼𝑡 0
0 [𝑒𝑇𝑖 𝐼 ]𝑖∈𝛼𝑤

 ∈ ℝ (𝑚1+𝑚2+|𝛼𝑡 |+ |𝛼𝑤 |)×(𝑛𝑡+𝑚2) .

Proof. Set 𝑥 = (𝑡,𝑤), 𝑧 = (𝑧𝑡 , 𝑧𝑤), 𝑓 (𝑥) = 𝑓 (𝑡), 𝑐E (𝑥, |𝑧 |) = (𝑐E (𝑡, |𝑧𝑡 |), 𝑐I (𝑡, |𝑧𝑡 |) − |𝑧𝑤 |), and
𝑐Z (𝑥, |𝑧 |) = (𝑐Z (𝑡, |𝑧𝑡 |),𝑤). Then, we can write (E-NLP) compactly as

min
𝑥,𝑧

𝑓 (𝑥) s.t. 𝑐E (𝑥, |𝑧 |) = 0,(E-NLP)
𝑐Z (𝑥, |𝑧 |) − 𝑧 = 0,

and compute 𝐽E and 𝐽𝛼 from De�nition 2.3 using the special structure of (E-NLP). The resulting matrix
𝐽e-abs(𝑥) =

[
𝐽E (𝑥)𝑇 𝐽𝛼 (𝑥)𝑇

]𝑇 in De�nition 2.4 has the form above. �

Remark 2.10. Clearly, the rank of 𝐽e-abs does not depend on the signs of ±1 entries in Σ𝑤 but only on
their positions. Hence, LIKQ does not depend on the particular choice of𝑤 . Otherwise it would not
make sense to consider (E-NLP).

Note that, since the abs-normal NLP (E-NLP) does not contain any inequalities, the concept of IDKQ
is equivalent to LIKQ here. This is in contrast to the standard reformulation of smooth NLP inequalities
as equalities with nonnegative slacks where the validity of LICQ and MFCQ are both una�ected.

2.3 relations of kink qualifications for abs-normal nlps

In this paragraph we discuss the relations of kink quali�cations for the two di�erent formulations of
abs-normal NLPs. We use the set𝑊 (𝑡) from above.
Theorem 2.11. LIKQ for (I-NLP) holds at (𝑡, 𝑧𝑡 (𝑡)) ∈ Fabs if and only if LIKQ for (E-NLP) holds at
(𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑤 (𝑤)) ∈ Fe-abs for any (and hence all)𝑤 ∈𝑊 (𝑡).
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Proof. This follows immediately by comparison of 𝐽abs and 𝐽e-abs using that

𝛼𝑤 (𝑤) = {𝑖 ∈ I : 𝑤𝑖 = 0} = {𝑖 ∈ I : 𝑐𝑖 (𝑡, 𝑧𝑡 (𝑡)) = 0} = A(𝑡)

and

Σ𝑤 = diag(𝜎𝑤) with 𝜎𝑤
𝑖 = sign(𝑤𝑖) =

{
0, 𝑖 ∈ A(𝑡),
±1, 𝑖 ∉ A(𝑡).

�

Theorem 2.12. IDKQ for (I-NLP) holds at (𝑡, 𝑧𝑡 (𝑡)) ∈ Fabs if IDKQ for (E-NLP) holds at the lifted point
(𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑤 (𝑤)) ∈ Fe-abs for any (and hence all)𝑤 ∈𝑊 (𝑡). The converse is not true.

Proof. Since (E-NLP) has no inequalities, the concepts of IDKQ and LIKQ coincide. LIKQ for (E-NLP)
is equivalent to LIKQ for (I-NLP) by Theorem 2.11, and LIKQ for (I-NLP) implies IDKQ for (I-NLP).
The converse does not hold since LIKQ for (I-NLP) is stronger then IDKQ as we have shown in
Example 2.6. �

3 counterpart mpccs

In this section we introduce MPCC counterpart problems for the two formulations (I-NLP) and (E-NLP).
Then, we have a quick look at relations between them.

3.1 counterpart mpcc for the general abs-normal nlp

To reformulate (I-NLP) as an MPCC, we partition 𝑧𝑡 into its nonnegative part and the modulus of
its nonpositive part, 𝑢𝑡 := [𝑧𝑡 ]+ := max(𝑧𝑡 , 0) and 𝑣𝑡 := [𝑧𝑡 ]− := max(−𝑧𝑡 , 0). Then, we require
complementarity of these two variables to replace |𝑧𝑡 | by 𝑢𝑡 + 𝑣𝑡 and 𝑧𝑡 itself by 𝑢𝑡 − 𝑣𝑡 .
Definition 3.1 (Counterpart MPCC of (I-NLP)). The counterpart MPCC of the abs-normal NLP (I-NLP)
reads

min
𝑡,𝑢𝑡 ,𝑣𝑡

𝑓 (𝑡) s.t. 𝑐E (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 0,
𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ) ≥ 0,(I-MPCC)
𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑡 − 𝑣𝑡 ) = 0,
0 ≤ 𝑢𝑡 ⊥ 𝑣𝑡 ≥ 0,

where 𝑢𝑡 , 𝑣𝑡 ∈ ℝ𝑠𝑡 .
The feasible set of (I-MPCC) is denoted by

Fmpcc :=
{
(𝑡,𝑢𝑡 , 𝑣𝑡 )

����� 𝑐E (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 0, 𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ) ≥ 0,
𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 𝑢𝑡 − 𝑣𝑡 , 0 ≤ 𝑢𝑡 ⊥ 𝑣𝑡 ≥ 0

}
.

Lemma 3.2. Given an abs-normal NLP (I-NLP) and its counterpart MPCC (I-MPCC), we have a homeo-
morphism 𝜙 : Fmpcc → Fabs de�ned as

𝜙 (𝑡,𝑢𝑡 , 𝑣𝑡 ) = (𝑡,𝑢𝑡 − 𝑣𝑡 ), 𝜙−1(𝑡, 𝑧𝑡 ) = (𝑡, [𝑧𝑡 ]+, [𝑧𝑡 ]−) .

Proof. Obvious. �
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Just like the active switching set of the abs-normal NLP, we de�ne index sets of the counterpart
MPCC.
Definition 3.3 (Index Sets).We denote by U𝑡

0 := {𝑖 ∈ {1, . . . , 𝑠𝑡 } : 𝑢𝑡𝑖 = 0} the set of indices of active
inequalities 𝑢𝑡𝑖 ≥ 0, and by U𝑡

+ := {𝑖 ∈ {1, . . . , 𝑠𝑡 } : 𝑢𝑡𝑖 > 0} the set of indices of inactive inequalities
𝑢𝑡𝑖 ≥ 0. Analogous de�nitions hold ofV𝑡

0 andV𝑡
+ . ByD𝑡 := U𝑡

0∩V𝑡
0 we denote the set of indices of non-

strict (degenerate) complementarity pairs. Thus we have the partitioning {1, . . . , 𝑠𝑡 } = U𝑡
+ ∪V𝑡

+ ∪ D𝑡 .
In the following we de�ne constraint quali�cations for the counterpart MPCC. The standard de�-

nitions say that MPCC-LICQ and MPCC-MFCQ are LICQ and MFCQ, respectively, for the so-called
tightened NLP (see [11]) with associated Jacobian

𝐽 (𝑡,𝑢𝑡 , 𝑣𝑡 ) =



𝜕1𝑐E 𝜕2𝑐E𝑃𝑇U𝑡
+

𝜕2𝑐E𝑃𝑇U𝑡
0

𝜕2𝑐E𝑃𝑇V𝑡
+

𝜕2𝑐E𝑃𝑇V𝑡
0

𝜕1𝑐A 𝜕2𝑐A𝑃𝑇U𝑡
+

𝜕2𝑐A𝑃𝑇U𝑡
0

𝜕2𝑐A𝑃𝑇V𝑡
+

𝜕2𝑐A𝑃𝑇V𝑡
0

𝜕1𝑐Z [𝜕2𝑐Z − 𝐼 ]𝑃𝑇U𝑡
+

[𝜕2𝑐Z − 𝐼 ]𝑃𝑇U𝑡
0

[𝜕2𝑐Z + 𝐼 ]𝑃𝑇V𝑡
+

[𝜕2𝑐Z + 𝐼 ]𝑃𝑇V𝑡
0

0 0 𝐼 0 0
0 0 0 0 𝐼


,

where 𝑃S ∈ ℝ |S |×𝑠𝑡 denotes the projector onto the subspace de�ned by S ⊆ {1, . . . , 𝑠𝑡 } and all partial
darivatives are evaluated at (𝑡,𝑢𝑡 + 𝑣𝑡 ). This Jacobian will be needed in Section 5.2 to formulate second
order conditions. Here we exploit the two unit blocks to state constraint quali�cations in a more
compact form as in [8].
Definition 3.4 (MPCC-LICQ for (I-MPCC), see [11]).We say that the MPCC-LICQ holds for (I-MPCC)
at a feasible point (𝑡,𝑢𝑡 , 𝑣𝑡 ) if

𝐽mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) =


𝜕1𝑐E 𝜕2𝑐E𝑃𝑇U𝑡

+
𝜕2𝑐E𝑃𝑇V𝑡

+

𝜕1𝑐A 𝜕2𝑐A𝑃𝑇U𝑡
+

𝜕2𝑐A𝑃𝑇V𝑡
+

𝜕1𝑐Z [𝜕2𝑐Z − 𝐼 ]𝑃𝑇U𝑡
+

[𝜕2𝑐Z + 𝐼 ]𝑃𝑇V𝑡
+


∈ ℝ (𝑚1+|A |+𝑠𝑡 )×(𝑛𝑡+|U𝑡

+ |+ |V𝑡
+ |)

has full row rank𝑚1 + |A| + 𝑠𝑡 . Here all partial derivatives are evaluated at (𝑡,𝑢𝑡 + 𝑣𝑡 ).
Definition 3.5 (MPCC-MFCQ for (I-MPCC), see [11]). We say that theMPCC-MFCQ holds for (I-MPCC)
at a feasible point (𝑡,𝑢𝑡 , 𝑣𝑡 ) if

𝜕1𝑐E 𝜕2𝑐E𝑃𝑇U𝑡
+

𝜕2𝑐E𝑃𝑇V𝑡
+

𝜕1𝑐Z [𝜕2𝑐Z − 𝐼 ]𝑃𝑇U𝑡
+

[𝜕2𝑐Z + 𝐼 ]𝑃𝑇V𝑡
+

 ∈ ℝ (𝑚1+𝑠𝑡 )×(𝑛𝑡+|U𝑡
+ |+ |V𝑡

+ |)

has full row rank𝑚1 + 𝑠𝑡 and if there exists a vector 𝑑 ∈ ℝ𝑛𝑡+|U𝑡
+ |+ |V𝑡

+ | such that
𝜕1𝑐E 𝜕2𝑐E𝑃𝑇U𝑡

+
𝜕2𝑐E𝑃𝑇V𝑡

+

𝜕1𝑐Z [𝜕2𝑐Z − 𝐼 ]𝑃𝑇U𝑡
+

[𝜕2𝑐Z + 𝐼 ]𝑃𝑇V𝑡
+

 𝑑 = 0,[
𝜕1𝑐A 𝜕2𝑐A𝑃𝑇U𝑡

+
𝜕2𝑐A𝑃𝑇V𝑡

+

]
𝑑 > 0.

Again all partial derivatives are evaluated at (𝑡,𝑢𝑡 + 𝑣𝑡 ).
As with LIKQ and IDKQ for (I-NLP), MPCC-MFCQ is weaker then MPCC-LICQ for the counterpart

MPCC of (I-NLP). The latter fact is well known, and can also be seen easily by rewriting Example 2.6
as the counterpart MPCC and checking the above conditions.

Hegerhorst-Schultchen, Kirches, Steinbach Relations Between Abs-Normal NLPs and MPCCs. Part 1: . . .



J. Nonsmooth Anal. Optim. 2 (2021), 6672 page 9 of 21

3.2 counterpart mpcc for the abs-normal nlp with inequality slacks

Using the same approach as in the preceding paragraph, we formulate the counterpart MPCC of
(E-NLP).
Definition 3.6 (Counterpart MPCC of (E-NLP)). The counterpart MPCC of the abs-normal NLP (E-NLP)
reads:

min
𝑡,𝑤,𝑢𝑡 ,𝑣𝑡 ,𝑢𝑤 ,𝑣𝑤

𝑓 (𝑡) s.t. 𝑐E (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 0,
𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑤 + 𝑣𝑤) = 0,
𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑡 − 𝑣𝑡 ) = 0,(E-MPCC)
𝑤 − (𝑢𝑤 − 𝑣𝑤) = 0,
0 ≤ 𝑢𝑡 ⊥ 𝑣𝑡 ≥ 0,
0 ≤ 𝑢𝑤 ⊥ 𝑣𝑤 ≥ 0,

where 𝑢𝑡 , 𝑣𝑡 ∈ ℝ𝑠𝑡 and 𝑢𝑤, 𝑣𝑤 ∈ ℝ𝑚2 .
The feasible set of (E-MPCC) is a lifting of Fmpcc:

Fe-mpcc :=

 (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤)

�������
𝑐E (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 0, 𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 𝑢𝑤 + 𝑣𝑤,

𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 𝑢𝑡 − 𝑣𝑡 , 𝑤 = 𝑢𝑤 − 𝑣𝑤,

0 ≤ 𝑢𝑡 ⊥ 𝑣𝑡 ≥ 0, 0 ≤ 𝑢𝑤 ⊥ 𝑣𝑤 ≥ 0


=

{
(𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤)

����� (𝑡,𝑢𝑡 , 𝑣𝑡 ) ∈ Fmpcc, 𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 𝑢𝑤 + 𝑣𝑤,

𝑤 = 𝑢𝑤 − 𝑣𝑤, 0 ≤ 𝑢𝑤 ⊥ 𝑣𝑤 ≥ 0

}
.

Clearly, the homeomorphism between Fmpcc and Fabs extends to Fe-mpcc and Fe-abs.
Lemma 3.7. Given an abs-normal NLP (E-NLP) and its counterpart MPCC (E-MPCC), we have a homeo-
morphism 𝜙 : Fe-mpcc → Fe-abs de�ned as

𝜙 (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) = (𝑡,𝑤,𝑢𝑡 − 𝑣𝑡 , 𝑢𝑤 − 𝑣𝑤),
𝜙−1(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) = (𝑡,𝑤, [𝑧𝑡 ]+, [𝑧𝑡 ]−, [𝑧𝑤]+, [𝑧𝑤]−) .

Proof. Obvious. �

Lemma 3.8. MPCC-LICQ for (E-MPCC) at a feasible point 𝑦 = (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) is full row rank of

𝐽e-mpcc(𝑦) =



𝜕1𝑐E 0 𝜕2𝑐E𝑃𝑇U𝑡
+

𝜕2𝑐E𝑃𝑇V𝑡
+

0 0

𝜕1𝑐I 0 𝜕2𝑐I𝑃
𝑇

U𝑡
+

𝜕2𝑐I𝑃
𝑇

V𝑡
+

−𝑃𝑇U𝑤
+

−𝑃𝑇V𝑤
+

𝜕1𝑐Z 0 [𝜕2𝑐Z − 𝐼 ]𝑃𝑇U𝑡
+

[𝜕2𝑐Z + 𝐼 ]𝑃𝑇V𝑡
+

0 0

0 𝐼 0 0 −𝑃𝑇U𝑤
+

+𝑃𝑇V𝑤
+


∈ ℝ (𝑚1+𝑚2+𝑠𝑡+𝑚2)×(𝑛𝑡+𝑚2+|U𝑡

+ |+ |V𝑡
+ |+ |U𝑤

+ |+ |V𝑤
+ |) ,

where all partial derivatives are evaluated at (𝑡,𝑢𝑡 + 𝑣𝑡 ).

Proof. We set 𝑥 = (𝑡,𝑤), 𝑢 = (𝑢𝑡 , 𝑢𝑤), 𝑣 = (𝑣𝑡 , 𝑣𝑤) as well as 𝑓 (𝑥) = 𝑓 (𝑡),

𝑐E (𝑥,𝑢 + 𝑣) =
(

𝑐E (𝑡,𝑢𝑡 + 𝑣𝑡 )
𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑤 + 𝑣𝑤))

)
, 𝑐Z (𝑥,𝑢 + 𝑣) =

(
𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 )

𝑤

)
.

Hegerhorst-Schultchen, Kirches, Steinbach Relations Between Abs-Normal NLPs and MPCCs. Part 1: . . .



J. Nonsmooth Anal. Optim. 2 (2021), 6672 page 10 of 21

Then, (E-MPCC) becomes

min
𝑥,𝑢,𝑣

𝑓 (𝑥) s.t. 𝑐E (𝑥,𝑢 + 𝑣) = 0,
𝑐Z (𝑥,𝑢 + 𝑣) − (𝑢 − 𝑣) = 0,(E-MPCC)
0 ≤ 𝑢 ⊥ 𝑣 ≥ 0,

and we can compute the Jacobian from De�nition 3.4 using the special structure of (E-MPCC). The
resulting matrix has the stated form, except that the last four columns belong to variables (𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤)
rather than (𝑢, 𝑣) = (𝑢𝑡 , 𝑢𝑤, 𝑣𝑡 , 𝑣𝑤). �

Like LIKQ for (E-NLP), MPCC-LICQ for (E-MPCC) does not depend on the particular choice of𝑤 ,
and like IDKQ for (E-NLP), the concept of MPCC-MFCQ for (E-MPCC) is equivalent to MPCC-LICQ
since no inequalities are present besides the complementarities.

3.3 relations of mpcc constraint qualifications

In this paragraph we state the relations of constraint quali�cations for the two di�erent formulations
introduced in the previous paragraphs. They follow from the results in the previous section and in the
two following sections. For an illustration see Figure 1 below. We set𝑊 (𝑡,𝑢𝑡 , 𝑣𝑡 ) := {(𝑤,𝑢𝑤, 𝑣𝑤) : |𝑤 | =
𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ), 𝑢𝑤 = [𝑤]+, 𝑣𝑤 = [𝑤]−}.
Theorem 3.9. MPCC-LICQ for (I-MPCC) holds at (𝑡,𝑢𝑡 , 𝑣𝑡 ) ∈ Fmpcc if and only if MPCC-LICQ for
(E-MPCC) holds at (𝑡,𝑤,𝑢𝑡 , 𝑢𝑤, 𝑣𝑡 , 𝑣𝑤) ∈ Fe-mpcc for any (and hence all) (𝑤,𝑢𝑤, 𝑣𝑤) ∈𝑊 (𝑡,𝑢𝑡 , 𝑣𝑡 ).

Proof. This follows directly from Theorem 2.11, Theorem 4.1 and Theorem 4.3. �

Theorem 3.10. MPCC-MFCQ for (I-MPCC) holds at (𝑡,𝑢𝑡 , 𝑣𝑡 ) ∈ Fmpcc if MPCC-MFCQ for (E-MPCC)
holds at (𝑡,𝑤,𝑢𝑡 , 𝑢𝑤, 𝑣𝑡 , 𝑣𝑤) ∈ Fe-mpcc for any (and hence all) (𝑤,𝑢𝑤, 𝑣𝑤) ∈𝑊 (𝑡,𝑢𝑡 , 𝑣𝑡 ). The converse is
not true.

Proof. This follows directly from Theorem 2.12, Theorem 4.2 and Corollary 4.4. �

4 kink qualifications and mpcc constraint qualifications

In this section we have a closer look at relations between abs-normal NLPs and counterpart MPCCs in
both formulations.

4.1 relations of general abs-normal nlp and mpcc

Here we use the variables 𝑥 and 𝑧 instead of 𝑡 and 𝑧𝑡 to shorten notation because we do not consider
inequality slacks. Then the general abs-normal NLP (I-NLP) becomes:

min
𝑥,𝑧

𝑓 (𝑥) s.t. 𝑐E (𝑥, |𝑧 |) = 0,
𝑐I (𝑥, |𝑧 |) ≥ 0,
𝑐Z (𝑥, |𝑧 |) − 𝑧 = 0.

The counterpart MPCC (I-MPCC) reads:

min
𝑥,𝑢,𝑣

𝑓 (𝑥) s.t. 𝑐E (𝑥,𝑢 + 𝑣) = 0,
𝑐I (𝑥,𝑢 + 𝑣) ≥ 0,
𝑐Z (𝑥,𝑢 + 𝑣) − (𝑢 − 𝑣) = 0,
0 ≤ 𝑢 ⊥ 𝑣 ≥ 0.
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We obtain the following relations of kink quali�cations and MPCC constraint quali�cations.
Theorem 4.1 (LIKQ ⇐⇒ MPCC-LICQ). LIKQ for (I-NLP) at 𝑥 ∈ Fabs is equivalent to MPCC-LICQ for
(I-MPCC) at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ Fmpcc.

Proof. Setting 𝑦 := (𝑥,𝑢 + 𝑣) and 𝑟 :=𝑚1 + |A| + 𝑠 , MPCC-LICQ for the counterpart MPCC is

rank


𝜕1𝑐E (𝑦) 𝜕2𝑐E (𝑦)𝑃𝑇U+

𝜕2𝑐E (𝑦)𝑃𝑇V+

𝜕1𝑐A (𝑦) 𝜕2𝑐A (𝑦)𝑃𝑇U+
𝜕2𝑐A (𝑦)𝑃𝑇V+

𝜕1𝑐Z (𝑦) [𝜕2𝑐Z (𝑦) − 𝐼 ]𝑃𝑇U+
[𝜕2𝑐Z (𝑦) + 𝐼 ]𝑃𝑇V+

 = 𝑟 .

By negating the second column and combining it with the third column, this is equivalent to

rank


𝜕1𝑐E (𝑦) −𝜕2𝑐E (𝑦)Σ𝑃𝑇U+∪V+

𝜕1𝑐A (𝑦) −𝜕2𝑐A (𝑦)Σ𝑃𝑇U+∪V+

𝜕1𝑐Z (𝑦) [𝐼 − 𝜕2𝑐Z (𝑦)Σ]𝑃𝑇U+∪V+

 = 𝑟

and, by non-singularity of 𝐼 − 𝜕2𝑐Z (𝑦)Σ, to

rank


𝜕1𝑐E (𝑦) −𝜕2𝑐E (𝑦)Σ𝑃𝑇U+∪V+

𝜕1𝑐A (𝑦) −𝜕2𝑐A (𝑦)Σ𝑃𝑇U+∪V+

[𝐼 − 𝜕2𝑐Z (𝑦)Σ]−1𝜕1𝑐Z (𝑦) 𝑃𝑇U+∪V+

 = 𝑟 .

Next, we use the third row to eliminate the entries above 𝑃𝑇U+∪V+
to obtain

rank

𝜕1𝑐E (𝑦) + 𝜕2𝑐E (𝑦)Σ[𝐼 − 𝜕2𝑐Z (𝑦)Σ]−1𝜕1𝑐Z (𝑦) 0
𝜕1𝑐A (𝑦) + 𝜕2𝑐A (𝑦)Σ[𝐼 − 𝜕2𝑐Z (𝑦)Σ]−1𝜕1𝑐Z (𝑦) 0

[𝐼 − 𝜕2𝑐Z (𝑦)Σ]−1𝜕1𝑐Z (𝑦) 𝑃𝑇U+∪V+

 = 𝑟,

which we can write with 𝑢 + 𝑣 = |𝑧 | = |𝑧 (𝑥) | as

rank

𝜕𝑥𝑐E (𝑥, |𝑧 (𝑥) |) 0
𝜕𝑥𝑐A (𝑥, |𝑧 (𝑥) |) 0

𝜕𝑥𝑧 (𝑥) 𝑃𝑇U+∪V+

 = 𝑟 .

Finally, since 𝛼 = D is the complement ofU+ ∪V+, this is equivalent to

rank

𝜕𝑥𝑐E (𝑥, |𝑧 (𝑥) |)
𝜕𝑥𝑐A (𝑥, |𝑧 (𝑥) |)
[𝑒𝑇𝑖 𝜕𝑥𝑧 (𝑥)]𝑖∈𝛼

 =𝑚1 + |A| + |𝛼 |,

which is LIKQ for the abs-normal NLP. �

Theorem 4.2 (IDKQ ⇐⇒ MPCC-MFCQ). IDKQ for (I-NLP) at 𝑥 ∈ Fabs is equivalent to MPCC-MFCQ
for (I-MPCC) at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ Fmpcc.

Proof. Again with 𝑦 := (𝑥,𝑢 + 𝑣), MPCC-MFCQ for the counterpart MPCC is
1. full row rank of[

𝜕1𝑐E (𝑦) 𝜕2𝑐E (𝑦)𝑃𝑇U+
𝜕2𝑐E (𝑦)𝑃𝑇V+

𝜕1𝑐Z (𝑦) [𝜕2𝑐Z (𝑦) − 𝐼 ]𝑃𝑇U+
[𝜕2𝑐Z (𝑦) + 𝐼 ]𝑃𝑇V+

]
∈ ℝ (𝑚1+𝑠)×(𝑛+|U+∪V+ |) .

As in the proof of Theorem 4.1, this is seen to be full row rank of[
𝜕𝑥𝑐E (𝑥, |𝑧 (𝑥) |)
[𝑒𝑇𝑖 𝜕𝑥𝑧 (𝑥)]𝑖∈𝛼

]
∈ ℝ (𝑚1+|𝛼 |)×𝑛 .
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2. the existence of a vector 𝑑 = (𝑑𝑥 , 𝑑𝑢, 𝑑𝑣) ∈ ℝ𝑛+|U+∪V+ | such that[
𝜕1𝑐E (𝑦) 𝜕2𝑐E (𝑦)𝑃𝑇U+

𝜕2𝑐E (𝑦)𝑃𝑇V+

𝜕1𝑐Z (𝑦) [𝜕2𝑐Z (𝑦) − 𝐼 ]𝑃𝑇U+
[𝜕2𝑐Z (𝑦) + 𝐼 ]𝑃𝑇V+

]
𝑑 = 0,[

𝜕1𝑐A (𝑦) 𝜕2𝑐A (𝑦)𝑃𝑇U+
𝜕2𝑐A (𝑦)𝑃𝑇V+

]
𝑑 > 0.

We combine 𝑑𝑢 and −𝑑𝑣 to 𝑑𝑢𝑣 ∈ ℝ |U+∪V+ | . Then this is equivalent to

𝜕1𝑐E (𝑦)𝑑𝑥 + 𝜕2𝑐E (𝑦)Σ𝑃𝑇U+∪V+
𝑑𝑢𝑣 = 0,

𝜕1𝑐Z (𝑦)𝑑𝑥 − [𝐼 − 𝜕2𝑐Z (𝑦)Σ]𝑃𝑇U+∪V+
𝑑𝑢𝑣 = 0,

𝜕1𝑐A (𝑦)𝑑𝑥 + 𝜕2𝑐A (𝑦)Σ𝑃𝑇U+∪V+
𝑑𝑢𝑣 > 0.

The second condition can be written as

(4.1) [𝐼 − 𝜕2𝑐Z (𝑦)Σ]−1𝜕1𝑐Z (𝑦)𝑑𝑥 = 𝑃𝑇U+∪V+
𝑑𝑢𝑣 .

Multiplying this by 𝑃𝑇D = 𝑃𝑇𝛼 yields[
𝑒𝑇𝑖 [𝐼 − 𝜕2𝑐Z (𝑦)Σ]−1𝜕1𝑐Z (𝑦)

]
𝑖∈𝛼 𝑑𝑥 = [𝑒𝑇𝑖 𝜕𝑥𝑧 (𝑥)]𝑖∈𝛼𝑑𝑥 = 0.

With 𝑢 + 𝑣 = |𝑧 | = |𝑧 (𝑥) |, substituting the right-hand side of (4.1) into the �rst and third condition
�nally gives

𝜕𝑥𝑐E (𝑥, |𝑧 (𝑥) |)𝑑𝑥 = 0,
[𝑒𝑇𝑖 𝜕𝑥𝑧 (𝑥)]𝑖∈𝛼𝑑𝑥 = 0,
𝜕𝑥𝑐A (𝑥, |𝑧 (𝑥) |)𝑑𝑥 > 0,

which is IDKQ for the abs-normal NLP. �

4.2 relations of abs-normal nlp and mpcc with inequality slacks

As the reformulation with inequality slacks is just a specialization of the general case, we do without
proofs and give remarks where di�erences occur.

Using the short notation (E-NLP) for (E-NLP) (see proof of Lemma 2.9) and similarly (E-MPCC) for
the counterpart MPCC (E-MPCC) (see proof of Lemma 3.8), we obtain the same relation between LIKQ
and MPCC-LICQ as in the previous paragraph.
Theorem 4.3 (LIKQ ⇐⇒ MPCC-LICQ). LIKQ for (E-NLP) at 𝑥 ∈ Fe-abs is equivalent to MPCC-LICQ
for (E-MPCC) at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ Fe-mpcc.

Proof. This follows as in the proof of Theorem 4.1. �

Note that this directly implies the next result since LIKQ and IDKQ as well as MPCC-LICQ and
MPCC-MFCQ coincide in the purely equality constrained setting.
Corollary 4.4 (IDKQ ⇐⇒ MPCC-MFCQ). IDKQ for (E-NLP) at 𝑥 ∈ Fe-abs is equivalent to MPCC-MFCQ
for (E-MPCC) at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ Fe-mpcc.
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Figure 1: Solid arrows: relations between LIKQ and MPCC-LICQ; dashed arrows: relations between
IDKQ and MPCC-MFCQ.

5 optimality conditions

In this section we consider �rst and second order optimality conditions for (I-MPCC) underMPCC-LICQ
and for (I-NLP) under LIKQ, respectively, and discuss their relations. Since both regularity conditions
are invariant under the slack reformulation by Theorem 2.11 and Theorem 3.9, the results hold also for
(E-MPCC) and (E-NLP). Conditions for general MPCCs can be found in the literature; in case of �rst
order conditions for example in [10, 11]. Second order conditions stated in [10, 11] however have to be
adapted to our di�erent setting. For the abs-normal NLP (E-NLP) we have derived �rst and second
order conditions in [9]. Since LIKQ is preserved under the slack reformulation by Theorem 2.11, we
can transfer these results directly to (I-NLP).

5.1 first order optimality conditions

In this paragraph, we compare stationarity concepts and �rst order optimality conditions for (I-MPCC)
and (I-NLP). First, we de�ne strong stationarity for (I-MPCC) and state the corresponding �rst order
conditions.
Definition 5.1 (Strong Stationarity, see [10, §3.3], [11, Thm. 2]). A feasible point 𝑦∗ = (𝑡∗, (𝑢𝑡 )∗, (𝑣𝑡 )∗) of
(I-MPCC) is strongly stationary (S-stationary) if there exist multipliers 𝜆 = (𝜆E, 𝜆I, 𝜆Z) and 𝜇 = (𝜇𝑢, 𝜇𝑣)
such that the following conditions are satis�ed:

𝜕𝑦L⊥(𝑦∗, 𝜆, 𝜇) = 0,(5.1a)
(𝜇𝑢)𝑖 ≥ 0, (𝜇𝑣)𝑖 ≥ 0, 𝑖 ∈ D𝑡 (𝑡∗),(5.1b)

(𝜇𝑢)𝑖 = 0, 𝑖 ∈ U𝑡
+(𝑡∗),(5.1c)

(𝜇𝑣)𝑖 = 0, 𝑖 ∈ V𝑡
+ (𝑡∗),(5.1d)

𝜆I ≥ 0,(5.1e)
𝜆𝑇I𝑐I (𝑡

∗, (𝑢𝑡 )∗ + (𝑣𝑡 )∗) = 0.(5.1f)

Herein, L⊥ is the MPCC-Lagrangian function associated with (I-MPCC):

L⊥(𝑦, 𝜆, 𝜇) := 𝑓 (𝑡) + 𝜆𝑇E𝑐E (𝑡,𝑢
𝑡 + 𝑣𝑡 ) − 𝜆𝑇I𝑐I (𝑡,𝑢

𝑡 + 𝑣𝑡 )
+ 𝜆𝑇Z [𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑡 − 𝑣𝑡 )] − 𝜇𝑇𝑢𝑢

𝑡 − 𝜇𝑇𝑣 𝑣
𝑡 .
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Theorem 5.2 (First Order Optimality Conditions for (I-MPCC)). Assume that (𝑡∗, (𝑢𝑡 )∗, (𝑣𝑡 )∗) is a local
minimizer of (I-MPCC) and that MPCC-LICQ holds at (𝑡∗, (𝑢𝑡 )∗, (𝑣𝑡 )∗). Then, (𝑡∗, (𝑢𝑡 )∗, (𝑣𝑡 )∗) is an
S-stationary point.

Proof. The proof is due to [10, §3.3] and is presented in [11, Thm. 2] in the form used here. �

Now, kink stationarity is de�ned and the corresponding �rst order optimality conditions are formu-
lated.
Definition 5.3 (Kink Stationarity, see [9]). A feasible point (𝑡∗, (𝑧𝑡 )∗) of (I-NLP) is kink stationary if
there exist multipliers 𝜆 = (𝜆E, 𝜆I, 𝜆Z) such that the following conditions are satis�ed:

𝑓 ′(𝑡∗) + 𝜆𝑇E𝜕1𝑐E − 𝜆𝑇I𝜕1𝑐I + 𝜆𝑇Z𝜕1𝑐Z = 0,(5.2a)
[𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z𝜕2𝑐Z]𝑖 ≥ |(𝜆Z)𝑖 |, 𝑖 ∈ 𝛼𝑡 (𝑡∗),(5.2b)
[𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z𝜕2𝑐Z]𝑖 = (𝜆Z)𝑖 (𝜎𝑡 )∗𝑖 , 𝑖 ∉ 𝛼𝑡 (𝑡∗),(5.2c)

𝜆I ≥ 0,(5.2d)
𝜆𝑇I𝑐I = 0.(5.2e)

Here, the constraints and the partial derivatives are evaluated at (𝑡∗, | (𝑧𝑡 )∗ |).
Theorem 5.4 (First Order Conditions for (I-NLP)). Assume that (𝑡∗, (𝑧𝑡 )∗) is a local minimizer of (I-NLP)
and that LIKQ holds at 𝑡∗. Then, (𝑡∗, (𝑧𝑡 )∗) is a kink stationary point.

Proof. By Theorem 2.11 we may consider the slack reformulation (E-NLP) instead of (I-NLP). In [9,
Theorem 5.10], conditions (5.2) were proven for (E-NLP) using a splitting of the switching variables 𝑧
and the switching constraints 𝑐Z . Without the splitting they read:

𝑓 ′(𝑥∗) + 𝜆𝑇E𝜕1𝑐E (𝑥
∗, |𝑧∗ |) + 𝜆𝑇Z𝜕1𝑐Z (𝑥∗, |𝑧∗ |) = 0,

[𝜆𝑇E𝜕2𝑐E (𝑥
∗, |𝑧∗ |) + 𝜆𝑇Z𝜕2𝑐Z (𝑥∗, |𝑧∗ |)]𝑖 ≥ |(𝜆Z)𝑖 |, 𝑖 ∈ 𝛼 (𝑥∗),

[𝜆𝑇E𝜕2𝑐E (𝑥
∗, |𝑧∗ |) + 𝜆𝑇Z𝜕2𝑐Z (𝑥∗, |𝑧∗ |)]𝑖 = (𝜆Z)𝑖𝜎∗

𝑖 , 𝑖 ∉ 𝛼 (𝑥∗) .

We rewrite these conditions in the original notation of (E-NLP) with 𝜆E = (𝜆E,−𝜆I) and 𝜆Z =

(𝜆Z, 𝜆𝑤Z), where all derivatives are evaluated at (𝑡∗, | (𝑧𝑡 )∗ |):

𝑓 ′(𝑡∗) + 𝜆𝑇E𝜕1𝑐E − 𝜆𝑇I𝜕1𝑐I + 𝜆𝑇Z𝜕1𝑐Z = 0,
(𝜆𝑤Z)

𝑇 = 0,
[𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z𝜕2𝑐Z]𝑖 ≥ |(𝜆Z)𝑖 |, 𝑖 ∈ 𝛼𝑡 (𝑡∗),
[𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z𝜕2𝑐Z]𝑖 = (𝜆Z)𝑖 (𝜎𝑡 )∗𝑖 , 𝑖 ∉ 𝛼𝑡 (𝑡∗),

𝜆I ≥ |(𝜆𝑤Z)𝑖 |, 𝑖 ∈ 𝛼𝑤 (𝑤∗),
𝜆I = (𝜆𝑤Z)𝑖𝜎

∗
𝑖 , 𝑖 ∉ 𝛼𝑤 (𝑤∗) .

The claim follows by eliminating 𝜆𝑤Z = 0 and noting that 𝛼𝑤 (𝑤∗) = A(𝑡∗). �

The next theorem shows that the two stationarity concepts coincide.
Theorem 5.5 (S-Stationarity is Kink Stationarity). A feasible point (𝑡∗, (𝑧𝑡 )∗) of (I-NLP) is kink stationary
if and only if (𝑡∗, (𝑢𝑡 )∗, (𝑣𝑡 )∗) = (𝑡∗, [𝑧𝑡 (𝑡∗)]+, [𝑧𝑡 (𝑡∗)]−) of (I-MPCC) is S-stationary.
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Proof. Comparison of the stationarity conditions of (I-NLP) and (I-MPCC) shows directly that (5.1e)
and (5.2d) as well as (5.1f) and (5.2e) coincide. Thus, we have to compare the remaining conditions
(5.1a) to (5.1d) for (I-MPCC) with (5.2a) to (5.2c) for (I-NLP). Condition (5.1a) of (I-MPCC), where all
derivatives are evaluated at (𝑡∗, (𝑢𝑡 )∗ + (𝑣𝑡 )∗), is

𝑓 ′(𝑡∗) + 𝜆𝑇E𝜕1𝑐E − 𝜆𝑇I𝜕1𝑐I + 𝜆𝑇Z𝜕1𝑐Z = 0,
𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z [𝜕2𝑐Z − 𝐼 ] − 𝜇𝑇𝑢 = 0,
𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z [𝜕2𝑐Z + 𝐼 ] − 𝜇𝑇𝑣 = 0.

The �rst condition coincides with (5.2a). We combine the second and the third condition with conditions
(5.1b) to (5.1d), yielding[

𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z𝜕2𝑐Z
]
𝑖
= +(𝜆Z)𝑖 , 𝑖 ∈ U𝑡

+(𝑡∗),[
𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z𝜕2𝑐Z

]
𝑖
= −(𝜆Z)𝑖 , 𝑖 ∈ V𝑡

+ (𝑡∗),[
𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z [𝜕2𝑐Z ± 𝐼 ]

]
𝑖
≥ 0, 𝑖 ∈ D𝑡 (𝑡∗).

These are precisely conditions (5.2b) and (5.2c) for (I-NLP) by de�nition of the index sets and of 𝜎∗. �

As LIKQ for (I-NLP) is equivalent to MPCC-LICQ for (I-MPCC), the previous theorem provides a
di�erent perspective on Theorem 5.4 and Theorem 5.2: one can be obtained from the other directly via
Theorem 5.5 and vice versa.

5.2 second order conditions

In this paragraph, we compare second-order conditions for MPCCs and abs-normal NLPs.
First, we formulate them for (I-MPCC). This is based on material from [11] for MPCCs, but some

additional assumptions on the Lagrange multipliers need to be made. These are given in the next
de�nition.
Definition 5.6 (MPCC-Strict Complementarity). Consider a strongly stationary point (𝑡∗, (𝑢𝑡 )∗, (𝑣𝑡 )∗)
with Lagrange multipliers (𝜆∗, 𝜇∗). We say that MPCC-strict complementarity holds if 𝜆∗𝑖 > 0 for all
𝑖 ∈ A as well as (𝜇∗𝑢)𝑖 > 0 and (𝜇∗𝑣)𝑖 > 0 for all 𝑖 ∈ D𝑡 .

We will show in the next lemma that under MPCC-LICQ and MPCC-strict complementarity the
critical cone reduces to the nullspace of the Jacobian of the tightened NLP (with columns reordered
according to the index setsU𝑡

+,U𝑡
0,V𝑡

+ ,V𝑡
0 ),

𝐽 (𝑦∗) =



𝜕1𝑐E 𝜕2𝑐E𝑃𝑇U𝑡
+

𝜕2𝑐E𝑃𝑇U𝑡
0

𝜕2𝑐E𝑃𝑇V𝑡
+

𝜕2𝑐E𝑃𝑇V𝑡
0

𝜕1𝑐A 𝜕2𝑐A𝑃𝑇U𝑡
+

𝜕2𝑐A𝑃𝑇U𝑡
0

𝜕2𝑐A𝑃𝑇V𝑡
+

𝜕2𝑐A𝑃𝑇V𝑡
0

𝜕1𝑐Z [𝜕2𝑐Z − 𝐼 ]𝑃𝑇U𝑡
+

[𝜕2𝑐Z − 𝐼 ]𝑃𝑇U𝑡
0

[𝜕2𝑐Z + 𝐼 ]𝑃𝑇V𝑡
+

[𝜕2𝑐Z + 𝐼 ]𝑃𝑇V𝑡
0

0 0 𝐼 0 0
0 0 0 0 𝐼


,

as introduced in Section 3.1. Here, all partial derivatives are evaluated at the point (𝑡∗, (𝑢𝑡 )∗ + (𝑣𝑡 )∗). It
is readily veri�ed that the nullspace of 𝐽 (𝑦∗) is spanned by the matrix

(5.3) 𝑈mpcc(𝑦∗) =


𝐼

+𝑃U𝑡
+
(𝐼 − 𝜕2𝑐ZΣ𝑡 )−1𝜕1𝑐Z

0
−𝑃V𝑡

+
(𝐼 − 𝜕2𝑐ZΣ𝑡 )−1𝜕1𝑐Z

0


𝑈̃ (𝑦∗)
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where 𝑈̃ (𝑦∗) spans the nullspace of

(5.4)

𝜕1𝑐E + 𝜕2𝑐EΣ𝑡 (𝐼 − 𝜕2𝑐Z Σ𝑡 )−1𝜕1𝑐Z
𝜕1𝑐A + 𝜕2𝑐AΣ𝑡 (𝐼 − 𝜕2𝑐Z Σ𝑡 )−1𝜕1𝑐Z

[𝑒𝑇𝑖 (𝐼 − 𝜕2𝑐ZΣ𝑡 )−1𝜕1𝑐Z]𝑖∈D𝑡

 .
Second order necessary and su�cient conditions for a slightly more general class of MPCCs are

given in [11, Theorem 7] using the concept of critical directions. We �rst specialize the de�nition from
[11] to our setting.
Definition 5.7 (Critical Direction). A vector 𝑑 = (𝑑𝑡, 𝑑𝑢𝑡 , 𝑑𝑣𝑡 ) ∈ ℝ𝑛𝑡 × ℝ𝑠𝑡 × ℝ𝑠𝑡 is called a critical
direction at a weakly stationary point 𝑦∗ of (I-MPCC) if

min(𝑑𝑢𝑡𝑖 , 𝑑𝑣𝑡𝑖 ) = 0, 𝑖 ∈ D𝑡 ,(5.5a)
𝑑𝑢𝑡𝑖 = 0, 𝑖 ∈ V𝑡

+ ,(5.5b)
𝑑𝑣𝑡𝑖 = 0, 𝑖 ∈ U𝑡

+,(5.5c)
𝜕1𝑐A𝑑𝑢

𝑡 + 𝜕2𝑐A (𝑑𝑢𝑡 + 𝑑𝑣𝑡 ) ≥ 0,(5.5d)
𝜕1𝑐E𝑑𝑢

𝑡 + 𝜕2𝑐E (𝑑𝑢𝑡 + 𝑑𝑣𝑡 ) = 0,(5.5e)
𝜕1𝑐Z𝑑𝑢

𝑡 + [𝜕2𝑐Z − 𝐼 ]𝑑𝑢𝑡 + [𝜕2𝑐Z + 𝐼 ]𝑑𝑣𝑡 = 0,(5.5f)
𝑓 ′(𝑡∗)𝑑𝑡 = 0,(5.5g)

where all constraint derivatives are evaluated at (𝑡∗, (𝑢𝑡 )∗ + (𝑣𝑡 )∗).
The set of critical directions is just the nullspace of 𝐽 (𝑦∗) under stronger assumptions.

Lemma 5.8. Assume that MPCC-LICQ and MPCC-strict complementarity hold at an S-stationary point
𝑦∗ = (𝑡∗, (𝑢𝑡 )∗, (𝑣𝑡 )∗) of (I-MPCC) with Lagrange multipliers (𝜆∗, 𝜇∗). Then, the set of critical directions
is ker 𝐽 (𝑦∗).

Proof. First consider a critical direction 𝑑 = (𝑑𝑡, 𝑑𝑢𝑡 , 𝑑𝑣𝑡 ) at the strongly (hence weakly) stationary
point 𝑦∗. Then, (5.5e) and (5.5f) imply that rows one and three of 𝐽 (𝑦∗)𝑑 vanish, and by (5.1a) and (5.5g)
we further have

0 = 𝜕𝑡,𝑢𝑡 ,𝑣𝑡L⊥(𝑦∗, 𝜆∗, 𝜇∗)𝑑
= 𝑓 ′(𝑡∗)𝑑𝑡 + (𝜆∗E)

𝑇 [𝜕1𝑐E𝑑𝑡 + 𝜕2𝑐E (𝑑𝑢𝑡 + 𝑑𝑣𝑡 )]
− (𝜆∗I)

𝑇 [𝜕1𝑐I𝑑𝑡 + 𝜕2𝑐I (𝑑𝑢𝑡 + 𝑑𝑣𝑡 )]
+ (𝜆∗Z)

𝑇 [𝜕1𝑐Z𝑑𝑡 + (𝜕2𝑐Z − 𝐼 )𝑑𝑢𝑡 + (𝜕2𝑐Z + 𝐼 )𝑑𝑣𝑡 ]
− (𝜇∗𝑢)𝑇𝑑𝑢𝑡 − (𝜇∗𝑣)𝑇𝑑𝑣𝑡

= −(𝜆∗I)
𝑇 [𝜕1𝑐I𝑑𝑡 + 𝜕2𝑐I (𝑑𝑢𝑡 + 𝑑𝑣𝑡 )] − (𝜇∗𝑢)𝑇𝑑𝑢𝑡 − (𝜇∗𝑣)𝑇𝑑𝑣𝑡 .

With (𝜆∗I)
𝑇𝑐I = 0 (5.1f), (𝜇∗𝑢)𝑖 = 0 for 𝑖 ∈ U𝑡

+ (5.1c), (𝜇∗𝑣)𝑖 = 0 for 𝑖 ∈ V𝑡
+ (5.1d), and (5.5b), (5.5c) we

obtain (𝜆∗I)𝑖 = 0 for 𝑖 ∉ A and further

0 = (𝜆∗A)𝑇 [𝜕1𝑐A𝑑𝑢𝑡 + 𝜕2𝑐A (𝑑𝑢𝑡 + 𝑑𝑣𝑡 )] +
∑︁
𝑖∈D𝑡

[(𝜇∗𝑢)𝑖𝑑𝑢𝑡𝑖 + (𝜇∗𝑣)𝑖𝑑𝑣𝑡𝑖 ] .

All factors in this sum of products are nonnegative by (5.1b), (5.1e), (5.5d), and (5.5a), which implies

0 = (𝜆∗A)𝑇 [𝜕1𝑐A𝑑𝑢𝑡 + 𝜕2𝑐A (𝑑𝑢𝑡 + 𝑑𝑣𝑡 )],
0 = (𝜇∗𝑢)𝑖𝑑𝑢𝑡𝑖 = (𝜇∗𝑣)𝑖𝑑𝑣𝑡𝑖 , 𝑖 ∈ D𝑡 .
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Finally, by MPCC-strict complementarity we have

0 = 𝜕1𝑐A𝑑𝑢
𝑡 + 𝜕2𝑐A (𝑑𝑢𝑡 + 𝑑𝑣𝑡 ),

0 = 𝑑𝑢𝑡𝑖 = 𝑑𝑣𝑡𝑖 , 𝑖 ∈ D𝑡 ,

and 𝑑𝑢𝑡𝑖 = 0 for 𝑖 ∈ U𝑡
0 as well as 𝑑𝑣𝑡𝑖 = 0 for 𝑖 ∈ V𝑡

0 follow sinceU𝑡
0 = V𝑡

+ ∪ D𝑡 andV𝑡
0 = U𝑡

+ ∪ D𝑡 .
Thus 𝑑 is a nullspace vector of 𝐽 (𝑦∗).

Conversely, given any nullspace vector 𝑑 = (𝑑𝑡, 𝑑𝑢𝑡 , 𝑑𝑣𝑡 ), the �rst three rows of 𝐽 (𝑦∗)𝑑 = 0 yield
conditions (5.5e), (5.5d), and (5.5f), with equality “= 0” in case of (5.5d). The last two rows yield 𝑑𝑢𝑡𝑖 = 0
for 𝑖 ∈ U𝑡

0 and 𝑑𝑣𝑡𝑖 = 0 for 𝑖 ∈ V𝑡
0 , hence (5.5b), (5.5c), and 𝑑𝑢𝑡𝑖 = 𝑑𝑣𝑡𝑖 = 0 for 𝑖 ∈ D𝑡 (5.5a). Moreover,

we have (𝜇∗𝑢)𝑖 = 0 for 𝑖 ∈ U𝑡
+ (5.1c), (𝜇∗𝑣)𝑖 = 0 for 𝑖 ∈ V𝑡

+ (5.1d), and (𝜆∗I)𝑖 = 0 for 𝑖 ∉ A (5.1f), so that
(5.1a) becomes (5.5g):

0 = 𝜕𝑡,𝑢𝑡 ,𝑣𝑡L⊥(𝑦∗, 𝜆∗, 𝜇∗)𝑑 = 𝑓 ′(𝑡∗)𝑑𝑡 .

Thus 𝑑 is a critical direction. �

Nowwe use [11, Theorem 7] to prove second order necessary and su�cient conditions for our setting.
Theorem 5.9 (Second Order Necessary Conditions for (I-MPCC)). Assume that 𝑦∗ = (𝑡∗, (𝑢𝑡 )∗, (𝑣𝑡 )∗) is
a local minimizer of (I-MPCC) and that MPCC-LICQ holds at 𝑦∗. Denote by (𝜆∗, 𝜇∗) the unique Lagrange
multiplier vector and assume further that MPCC-strict complementarity holds. Then,

𝑈mpcc(𝑦∗)𝑇𝐻mpcc(𝑦∗, 𝜆∗)𝑈mpcc(𝑦∗) ≥ 0

where 𝐻mpcc(𝑦∗, 𝜆∗) = 𝜕2𝑦𝑦L⊥(𝑦∗, 𝜆∗, 𝜇∗). (Note that 𝜕2𝑦𝑦L⊥ does not depend on 𝜇∗.)

Proof. The �rst part of Theorem 7 in [11] asserts that every critical direction 𝑑 satis�es the inequality
𝑑𝑇𝐻mpcc(𝑦∗, 𝜆∗)𝑑 ≥ 0 at a local minimizer 𝑦∗ if MPCC-SMFCQ (cf. [10]) holds at 𝑦∗. Since MPCC-LICQ
implies MPCC-SMFCQ and the set of critical directions is ker 𝐽 (𝑦∗) under our stronger assumptions,
the claim follows directly from [11, Theorem 7]. �

Remark 5.10. Here we have simpli�ed the exposition by making the assumption of MPCC-strict
complementarity, so that we can directly rely on [11, Theorem 7]. However, the second order necessary
conditions can also be proved without MPCC-strict complementarity by considering branch problems
of (I-MPCC). The corresponding approach for (I-NLP) has been taken in [9], so that Theorem 5.12
below does not require strict complementarity.
Theorem 5.11 (Second Order Su�icient Conditions for (I-MPCC)). Assume that 𝑦∗ = (𝑡∗, (𝑢𝑡 )∗, (𝑣𝑡 )∗)
is strongly stationary for (I-MPCC) with Lagrange multiplier vector (𝜆∗, 𝜇∗) satisfying MPCC-strict
complementarity. Assume further that MPCC-LICQ holds at 𝑦∗, and that

𝑈mpcc(𝑦∗)𝑇𝐻mpcc(𝑦∗, 𝜆∗)𝑈mpcc(𝑦∗) > 0.

Then, 𝑦∗ is a strict local minimizer of (I-MPCC).

Proof. In the second part of [11, Theorem 7], our assertion is proved under the weaker assumption
that 𝑦∗ is strongly stationary and for every critical direction 𝑑 ≠ 0 there exists a Lagrange multiplier
vector (𝜆∗, 𝜇∗) such that 𝑑𝑇𝐻mpcc(𝑦∗, 𝜆∗)𝑑 > 0. Under our additional assumptions of MPCC-LICQ and
MPCC-strict complementarity, the set of critical directions is spanned by the matrix 𝑈mpcc(𝑦∗), see
proof of the previous lemma. Thus, the claim follows directly from [11, Theorem 7]. �
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We proceed by formulating second-order conditions for (I-NLP). To this end, we denote by (𝛼𝑡 )𝑐
the complement of 𝛼𝑡 , and we need the Lagrangian

L(𝑡, |𝑧𝑡 |, 𝜆) = 𝑓 (𝑡) + 𝜆𝑇E𝑐E (𝑡, |𝑧
𝑡 |) − 𝜆𝑇I𝑐I (𝑡, |𝑧

𝑡 |) + 𝜆𝑇Z
(
𝑐Z (𝑡, |𝑧𝑡 |) − P𝑇

(𝛼𝑡 )𝑐P(𝛼𝑡 )𝑐Σ
𝑡 |𝑧𝑡 |

)
and the matrix

(5.6) 𝑈abs(𝑡) :=
[

𝑈 (𝑡)
[𝑒𝑇𝑖 Σ𝜕𝑡𝑧𝑡 (𝑡)𝑈 (𝑡)]𝑖∉𝛼𝑡

]
,

where𝑈 (𝑡) spans the nullspace of 𝐽abs(𝑡). We also use the Lagrangian

L̄(𝑥, |𝑧 |, 𝜆) = 𝑓 (𝑥) + 𝜆𝑇E𝑐E (𝑥, |𝑧 |) + 𝜆𝑇Z
(
𝑐Z (𝑥, |𝑧 |) − P𝑇

𝛼𝑐P𝛼𝑐Σ|𝑧 |
)
,

= 𝑓 (𝑡) + 𝜆𝑇E𝑐E (𝑡, |𝑧
𝑡 |) − 𝜆𝑇I

(
𝑐I (𝑡, |𝑧𝑡 |) − |𝑧𝑤 |

)
+ 𝜆𝑇Z

(
𝑐Z (𝑡, |𝑧𝑡 |) − P𝑇

(𝛼𝑡 )𝑐P(𝛼𝑡 )𝑐Σ
𝑡 |𝑧𝑡 |

)
+ (𝜆𝑤Z)

𝑇
(
𝑤 − P𝑇

(𝛼𝑤 )𝑐P(𝛼𝑤 )𝑐Σ
𝑤 |𝑧𝑤 |

)
.

Theorem 5.12 (Second Order Necessary Conditions for (I-NLP)). Assume that 𝑦∗ = (𝑡∗, (𝑧𝑡 )∗) is a local
minimizer of (I-NLP) and that LIKQ holds at 𝑡∗. Denote by 𝜆∗ the unique Lagrange multiplier and set
𝛼𝑡 = 𝛼𝑡 (𝑡∗). Then,

𝑈abs(𝑡∗)𝑇𝐻abs(𝑦∗, 𝜆∗)𝑈abs(𝑡∗) ≥ 0

where 𝐻abs(𝑦∗, 𝜆∗) =
[
𝐼 0
0 𝑃 (𝛼𝑡 )𝑐

] [
𝜕11L(𝑦∗, 𝜆∗) 𝜕12L(𝑦∗, 𝜆∗)
𝜕21L(𝑦∗, 𝜆∗) 𝜕22L(𝑦∗, 𝜆∗)

] [
𝐼 0
0 𝑃𝑇(𝛼𝑡 )𝑐

]
.

Proof. As in Theorem 5.4, we can consider (E-NLP) instead of (I-NLP) by Theorem 2.11. In [9, Theorem
5.15] the second order necessary conditions for (E-NLP) have been derived using a variable splitting.
Without the splitting they read

𝑈e-abs(𝑥∗)𝑇𝐻e-abs(𝑦∗, 𝜆∗)𝑈e-abs(𝑥∗) ≥ 0

with 𝑦∗ = (𝑥∗, 𝑧∗), 𝜆E = (𝜆E,−𝜆I), 𝜆Z = (𝜆Z, 𝜆𝑤Z), and the Hessian

𝐻e-abs(𝑦∗, 𝜆∗) =
[
𝐼 0
0 𝑃𝛼𝑐

] [
𝜕11L̄(𝑦∗, 𝜆∗) 𝜕12L̄(𝑦∗, 𝜆∗)
𝜕21L̄(𝑦∗, 𝜆∗) 𝜕22L̄(𝑦∗, 𝜆∗)

] [
𝐼 0
0 𝑃𝑇

𝛼𝑐

]
,

where 𝛼𝑐 is the complement of 𝛼 and the matrix𝑈e-abs is de�ned as

𝑈e-abs(𝑥∗) =
[

𝑈 (𝑥∗)
[𝑒𝑇𝑖 Σ∗𝜕𝑥𝑧 (𝑥∗)𝑈 (𝑥∗)]𝑖∉𝛼

]
with𝑈 (𝑥) spanning ker(𝐽e-abs(𝑥)). Using the special structure of (E-NLP) and comparing the derivatives
of L̄(𝑦∗, 𝜆∗) and L(𝑦∗, 𝜆∗), the Hessian becomes:

𝐻e-abs(𝑦∗, 𝜆∗) =


𝐼 0 0 0
0 𝐼 0 0
0 0 𝑃 (𝛼𝑡 )𝑐 0
0 0 0 𝑃 (𝛼𝑤 )𝑐



𝜕11L 0 𝜕12L 0
0 0 0 0

𝜕21L 0 𝜕22L 0
0 0 0 0



𝐼 0 0 0
0 𝐼 0 0
0 0 𝑃𝑇(𝛼𝑡 )𝑐 0
0 0 0 𝑃𝑇(𝛼𝑤 )𝑐


All partial derivatives of L are evaluated at (𝑦∗, 𝜆∗). Moreover, 𝐽e-abs(𝑥) = 𝐽e-abs(𝑡,𝑤) has the form
derived in Lemma 2.9, and thus its nullspace is spanned by

𝑈 (𝑥) =
[
𝑈 (𝑡)
Σ𝑤𝜕𝑡𝑐I

]
,
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where𝑈 (𝑡) spans the nullspace of 𝐽abs(𝑡) from De�nition 2.4. Using this and 𝜕𝑡𝑧
𝑤 (𝑤) = 𝐼 , the matrix

𝑈e-abs reads

𝑈e-abs(𝑥) =


𝑈 (𝑡)
Σ𝑤𝜕𝑡𝑐I

[𝑒𝑇𝑖 Σ𝑡 𝜕𝑡𝑧𝑡 (𝑡)𝑈 (𝑡)]𝑖∉𝛼𝑡

[𝑒𝑇𝑖 𝜕𝑡𝑐I]𝑖∉𝛼𝑤

 .
Finally, we have

0 ≤ 𝑈e-abs(𝑥∗)𝑇𝐻e-abs(𝑦∗, 𝜆∗)𝑈e-abs(𝑥∗) = 𝑈abs(𝑡∗)𝑇𝐻abs(𝑦∗, 𝜆∗)𝑈abs(𝑡∗)

with𝑈abs(𝑡) from (5.6) and

𝐻abs(𝑦, 𝜆) =
[
𝐼 0
0 𝑃 (𝛼𝑡 )𝑐

] [
𝜕11L(𝑦, 𝜆) 𝜕12L(𝑦, 𝜆)
𝜕21L(𝑦, 𝜆) 𝜕22L(𝑦, 𝜆)

] [
𝐼 0
0 𝑃𝑇(𝛼𝑡 )𝑐

]
.

This proves the claim. �

Theorem 5.13 (Second Order Su�icient Conditions for (I-NLP)). Assume that 𝑦∗ = (𝑡∗, (𝑧𝑡 )∗) is kink
stationary for (I-NLP) with a Lagrange multiplier vector 𝜆∗ that satis�es strict complementarity for 𝜆∗I
and strict normal growth,

[𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z𝜕2𝑐Z]𝑖 > | (𝜆Z)𝑖 |, 𝑖 ∈ 𝛼𝑡 (𝑡∗) .

Assume further that LIKQ holds at 𝑡∗, and that

𝑈abs(𝑡∗)𝑇𝐻abs(𝑦∗, 𝜆∗)𝑈abs(𝑡∗) > 0.

Then, (𝑡∗, (𝑧𝑡 )∗) is a strict local minimizer of (I-NLP).

Proof. As before we consider the slack reformulation (E-NLP) of (I-NLP). The assumption of strict
complementarity for 𝜆∗I and strict normal growth for (I-NLP) implies strict normal growth for (E-NLP).
Moreover, the previous proof shows that the condition

𝑈abs(𝑡∗)𝑇𝐻abs(𝑦∗, 𝜆∗)𝑈abs(𝑡∗) > 0

is equivalent to

𝑈e-abs(𝑥∗)𝑇𝐻e-abs(𝑦∗, 𝜆∗)𝑈e-abs(𝑥∗) > 0,

which can be reformulated using the variable splitting of [9]. Then, [9, Theorem 5.19] can be applied,
which gives the assertion. �

Theorem 5.14. Assume that (𝑡∗, (𝑧𝑡 )∗) is kink stationary for (I-NLP) with Lagrange multiplier vector 𝜆∗

such that strict complementarity and strict normal growth are satis�ed. Assume further that LIKQ holds
at 𝑡∗. Then,

𝑈mpcc(𝑦∗)𝑇𝐻mpcc(𝑦∗, 𝜆∗)𝑈mpcc(𝑦∗) ≥ 0 ⇐⇒ 𝑈abs(𝑡∗)𝑇𝐻abs(𝑡∗, (𝑧𝑡 )∗, 𝜆∗)𝑈abs(𝑥∗) ≥ 0,

where 𝑦∗ = (𝑡∗, (𝑢𝑡 )∗, (𝑣𝑡 )∗) = (𝑡∗, [(𝑧𝑡 )∗]+, [(𝑧𝑡 )∗]−). The equivalence holds also with strict inequalities.
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Proof. Using that 𝑢∗ + 𝑣∗ = | (𝑧𝑡 )∗ | and (𝑧𝑡 )∗ = 𝑧𝑡 (𝑡∗) the matrix𝑈mpcc(𝑦∗) in (5.3) reads

𝑈mpcc(𝑦∗) =


𝐼

+𝑃U𝑡
+
𝜕𝑡𝑧

𝑡 (𝑡∗)
0

−𝑃V𝑡
+
𝜕𝑡𝑧

𝑡 (𝑡∗)
0


𝑈̃ (𝑦∗)

with 𝑈̃ (𝑦∗) de�ned in (5.4). The Lagrangians of (I-MPCC) and (I-NLP), respectively, are

L⊥(𝑦, 𝜆) = 𝑓 (𝑡) + 𝜆𝑇E𝑐E (𝑡,𝑢
𝑡 + 𝑣𝑡 ) − 𝜆𝑇I𝑐I (𝑡,𝑢

𝑡 + 𝑣𝑡 ) + 𝜆𝑇Z [𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑡 − 𝑣𝑡 )],
L(𝑡, |𝑧𝑡 |, 𝜆) = 𝑓 (𝑡) + 𝜆𝑇E𝑐E (𝑡, |𝑧

𝑡 |) − 𝜆𝑇I𝑐I (𝑡, |𝑧
𝑡 |) + 𝜆𝑇Z [𝑐Z (𝑡, |𝑧𝑡 |) − P𝑇

𝛼𝑐P𝛼𝑐Σ𝑡 |𝑧𝑡 |] .

Thus 𝑈mpcc(𝑦∗)𝑇𝐻mpcc(𝑦∗, 𝜆∗)𝑈mpcc(𝑦∗) = 𝑈mpcc(𝑦∗)𝑇∇𝑦𝑦L⊥(𝑦∗, 𝜆∗)𝑈mpcc(𝑦∗) can be written with
(𝑧𝑡 )∗ = (𝑢𝑡 )∗ − (𝑣𝑡 )∗ and using that 𝑈̃ (𝑦∗) = 𝑈 (𝑡∗), as


𝑈 (𝑦∗)

+𝑃U𝑡
+
𝜕𝑡𝑧

𝑡 (𝑡∗)𝑈 (𝑦∗)
−𝑃V𝑡

+
𝜕𝑡𝑧

𝑡 (𝑡∗)𝑈 (𝑦∗)


𝑇 

𝐻11 𝐻21𝑃
𝑇

U𝑡
+

𝐻21𝑃
𝑇

V𝑡
+

𝑃U𝑡
+
𝐻12 𝑃U𝑡

+
𝐻22𝑃

𝑇

U𝑡
+

𝑃U𝑡
+
𝐻22𝑃

𝑇

V𝑡
+

𝑃V𝑡
+
𝐻12 𝑃V𝑡

+
𝐻22𝑃

𝑇

U𝑡
+

𝑃V𝑡
+
𝐻22𝑃

𝑇

V𝑡
+




𝑈 (𝑦∗)
+𝑃U𝑡

+
𝜕𝑡𝑧

𝑡 (𝑡∗)𝑈 (𝑦∗)
−𝑃V𝑡

+
𝜕𝑡𝑧

𝑡 (𝑡∗)𝑈 (𝑦∗)


where 𝐻𝑖 𝑗 := 𝜕𝑖𝜕𝑗L(𝑡∗, (𝑧𝑡 )∗, 𝜆∗). Now, since U𝑡

+ ∪V𝑡
+ = (𝛼𝑡 )𝑐 , the left-hand inequality of the claim

reads [
𝑈 (𝑦∗)

𝑃 (𝛼𝑡 )𝑐Σ𝜕𝑡𝑧
𝑡 (𝑡∗)𝑈 (𝑦∗)

]𝑇 [
𝐻11 𝐻21𝑃

𝑇
(𝛼𝑡 )𝑐

𝑃 (𝛼𝑡 )𝑐𝐻12 𝑃 (𝛼𝑡 )𝑐𝐻22𝑃
𝑇
(𝛼𝑡 )𝑐

] [
𝑈 (𝑦∗)

𝑃 (𝛼𝑡 )𝑐Σ𝜕𝑡𝑧
𝑡 (𝑡∗)𝑈 (𝑦∗)

]
≥ 0.

This is𝑈abs(𝑡∗)𝑇𝐻abs(𝑡∗, (𝑧𝑡 )∗, 𝜆∗)𝑈abs(𝑡∗) ≥ 0. �

Note that the previous theorem can be used to transfer the second order conditions for (I-NLP) and
(I-MPCC) into each other. This follows from the equivalence of LIKQ and MPCC-LICQ by Theorem 4.1
and from the equivalence of stationarity concepts by Theorem 5.5.

6 conclusions and outlook

We have shown that general abs-normal NLPs are essentially the same problem class as MPCCs. The
two problem classes have corresponding constraint quali�cations, stationarity concepts, and optimality
conditions of �rst and second order. We have also shown that the slack reformulation from [9], which is
useful to simplify derivations under LIKQ, does not preserve IDKQ and has other subtle drawbacks like
non-uniqueness of slack variables. We have not considered counterpart abs-normal NLPs of general
MPCCs as in [8]. This would provide a di�erent perspective on the equivalence of the two problem
classes but no additional insight. It is hoped that the identities revealed may serve to transfer algorithms
for the solution of MPCCs to the young �eld of abs-normal forms and abs-normal NLP. Vice versa,
active signature algorithms for abs-normal forms, such as SALMIN [5], may be applicable to MPCCs.
Relations between the two problem classes under weaker constraint quali�cations of Abadie type and
Guignard type are the subject of part two of this research and are put forward in a companion article.
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relations between abs-normal nlps and mpccs.
part 2: weak constraint qualifications

L.C. Hegerhorst-Schultchen∗ C. Kirches† M.C. Steinbach‡

Abstract This work continues an ongoing e�ort to compare non-smooth optimization problems
in abs-normal form to Mathematical Programs with Complementarity Constraints (MPCCs). We
study general Nonlinear Programs with equality and inequality constraints in abs-normal form,
so-called Abs-Normal NLPs, and their relation to equivalent MPCC reformulations. We introduce
the concepts of Abadie’s and Guignard’s kink quali�cation and prove relations to MPCC-ACQ
and MPCC-GCQ for the counterpart MPCC formulations. Due to non-uniqueness of a speci�c
slack reformulation suggested in [10], the relations are non-trivial. It turns out that constraint
quali�cations of Abadie type are preserved. We also prove the weaker result that equivalence
of Guginard’s (and Abadie’s) constraint quali�cations for all branch problems hold, while the
question of GCQ preservation remains open. Finally,we introduceM-stationarity and B-stationarity
concepts for abs-normal NLPs and prove �rst order optimality conditions corresponding to MPCC
counterpart formulations.

1 introduction

Non-smooth nonlinear optimization problems of the form

(NLP) min
𝑥

𝑓 (𝑥) s.t. 𝑔(𝑥) = 0, ℎ(𝑥) ≥ 0,

where 𝐷𝑥 ⊆ ℝ𝑛 is open, the objective 𝑓 ∈ 𝐶𝑑 (𝐷𝑥 ,ℝ) is a smooth function and the equality and
inequality constraints 𝑔 ∈ 𝐶𝑑

abs(𝐷
𝑥 ,ℝ𝑚1) and ℎ ∈ 𝐶𝑑

abs(𝐷
𝑥 ,ℝ𝑚2) are level-1 non-smooth functions that

can be written in abs-normal form [3] have been considered by the authors in [10]. In this problem
class, the non-smoothness is caused by �nitely many occurrences of the absolute value function,
the branches of which we represent by signature matrices Σ = diag(𝜎) with 𝜎 ∈ {−1, 0, 1}𝑠 . We �nd
functions 𝑐E ∈ 𝐶𝑑 (𝐷𝑥, |𝑧 |,ℝ𝑚1), 𝑐I ∈ 𝐶𝑑 (𝐷𝑥, |𝑧 |,ℝ𝑚2) and 𝑐Z ∈ 𝐶𝑑 (𝐷𝑥, |𝑧 |,ℝ𝑠) with 𝐷𝑥, |𝑧 | = 𝐷𝑥 × 𝐷 |𝑧 | ,
𝐷 |𝑧 | ⊆ ℝ𝑠 open and symmetric (i.e., 𝑧 ∈ 𝐷 |𝑧 | implies Σ𝑧 ∈ 𝐷 |𝑧 | for every signature matrix Σ) such that

𝑔(𝑥) = 𝑐E (𝑥, |𝑧 |),
ℎ(𝑥) = 𝑐I (𝑥, |𝑧 |),(ANF)

𝑧 = 𝑐Z (𝑥, |𝑧 |) with 𝜕2𝑐Z (𝑥, |𝑧 |) strictly lower triangular.
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Here we use a single joint switching constraint 𝑐Z for both 𝑔 and ℎ, and reuse switching variables 𝑧𝑖 if
the same argument repeats as an absolute value argument in 𝑔 or ℎ. Due to the strictly lower triangular
form of 𝜕2𝑐Z (𝑥, |𝑧 |), component 𝑧 𝑗 of 𝑧 can be computed from 𝑥 and the components 𝑧𝑖 , 𝑖 < 𝑗 . Hence,
the variable 𝑧 is implicitly de�ned by 𝑧 = 𝑐Z (𝑥, |𝑧 |), and to denote this dependence explicitly, we write
𝑧 (𝑥) in the following. Whenever we address questions of solvability of this system, we make use of
the reformulation |𝑧𝑖 | = sign(𝑧𝑖)𝑧𝑖 .
Definition 1.1 (Signature of 𝑧). Let 𝑥 ∈ 𝐷𝑥 . We de�ne the signature 𝜎 (𝑥) and the associated signature
matrix Σ(𝑥) as

𝜎 (𝑥) := sign(𝑧 (𝑥)) ∈ {−1, 0, 1}𝑠 and Σ(𝑥) := diag(𝜎 (𝑥)) .

A signature vector 𝜎 (𝑥) ∈ {−1, 1}𝑠 is called de�nite, otherwise inde�nite.
For signatures 𝜎, 𝜎̂ ∈ {−1, 0, 1}𝑠 , it is convenient to use the partial order

𝜎̂ � 𝜎 ⇐⇒ 𝜎̂𝑖𝜎𝑖 ≥ 𝜎2
𝑖 for 𝑖 = 1, . . . , 𝑠,

i.e., 𝜎̂𝑖 is arbitrary if 𝜎𝑖 = 0 and 𝜎̂𝑖 = 𝜎𝑖 otherwise. Thus, we may write |𝑧 (𝑥) | = Σ𝑧 (𝑥) for every
𝜎 � 𝜎 (𝑥). Further, we may consider the system 𝑧 = 𝑐Z (𝑥, Σ𝑧) for �xed signature Σ = Σ(𝑥) around a
point of interest 𝑥 . By the implicit function theorem, the system has a locally unique solution 𝑧 (𝑥) for
�xed signature Σ, and the associated Jacobian at 𝑥 reads

𝜕𝑥𝑧 (𝑥) = [𝐼 − 𝜕2𝑐Z (𝑥, |𝑧 (𝑥) |)Σ]−1𝜕1𝑐Z (𝑥, |𝑧 (𝑥) |) ∈ ℝ𝑠×𝑛 .

Definition 1.2 (Active Switching Set).We call the switching variable 𝑧𝑖 active if 𝑧𝑖 (𝑥) = 0. The active
switching set 𝛼 consists of all indices of active switching variables,

𝛼 (𝑥) := {1 ≤ 𝑖 ≤ 𝑠 : 𝑧𝑖 (𝑥) = 0}.

The numbers of active and inactive switching variables are |𝛼 (𝑥) | and |𝜎 (𝑥) | := 𝑠 − |𝛼 (𝑥) |.

literature

Griewank and Walther have developed a class of unconstrained abs-normal problems in [3, 4]. These
problems o�er particularly attractive theoretical features when generalizing KKT theory and stationar-
ity concepts to non-smooth problems. Under certain regularity conditions, they are computationally
tractable by active-set type algorithms with guaranteed convergence based on piecewise linearizations
and using algorithmic di�erentiation techniques [5, 6].
Another important class of non-smooth optimization problems are Mathematical Programs with

Complementarity (or Equilibrium) Constraints (MPCCs, MPECs); an overview can be found in the
book [12]. Since standard theory for smooth optimization problems cannot be applied, new constraint
quali�cations and corresponding optimality conditions were introduced. By now, there is a large body
of literature on MPCCs, and we refer to [16] for an overview of the basic concepts and theory. In this
paper, constraint quali�cations for MPCCs in the sense of Abadie and Guignard and corresponding
stationarity concepts (in particular M-stationarity and MPCC-linearized B-stationarity) are considered.
Details can be found in [14], [12] and [1].

In [8] we have shown that unconstrained abs-normal problems constitute a subclass of MPCCs. In
addition, we have studied regularity concepts of linear independence and of Mangasarian-Fromovitz
type. As a direct generalization of unconstrained abs-normal problems we have considered NLPs with
abs-normal constraints, which turned out to be equivalent to the class of MPCCs. In [10] we have
extended optimality conditions of unconstrained abs-normal problems to general abs-normal NLPs
under the linear independence kink quali�cation using a reformulation of inequalities with absolute
value slacks. We have compared these optimality conditions to concepts of MPCCs in [9]. We have
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also shown that the above slack reformulation preserves kink quali�cations of linear independece type
but not of Mangasarian-Fromovitz type. More details and additional information about these results as
well as about the results in this paper can be found in [7].

contributions.

In the present article we extend our detailed comparative study of general abs-normal NLPs andMPECs,
considering constraint quali�cations of Abadie andGuignard type both for the standard formulation and
for the reformulation with absolute value slacks. In particular, we show that constraint quali�cations
of Abadie type are equivalent for abs-normal NLPs and MPCCs and that they are preserved under
the slack reformulation. For constraint quali�cations of Guignard type we cannot prove equivalence
but only certain implications. However, when considering branch problems of abs-normal NLPs and
MPCCs, we again obtain equivalence of constraint quali�cations of Abadie and Guignard type, even
under the slack reformulation. Finally we introduce Mordukhovich and Bouligand stationarity concepts
for abs-normal NLPs and prove �rst order optimality conditions using the corresponding concepts for
MPCCs.

structure.

The remainder of this article is structured as follows. In Section 2 we state the general abs-normal
NLP and its reformulation with absolute value slacks that permits to dispose of inequalities. We
also present the branch structure of both formulations and introduce appropriate de�nitions of the
tangent cone and the linearized cone. Using these tools, we introduce kink quali�cations in the sense
of Abadie and Guignard. In terms of these two kink quali�cations, we then compare the regularity of
the equality-constrained form of an abs-normal NLP to the inequality-constrained one. In Section 3 we
introduce counterpart MPCCs for the two formulations of abs-normal NLPs and discuss the associated
MPCC-constraint quali�cations, namely MPCC-ACQ and MPCC-GCQ. In Section 4 we investigate
the interrelation of the regularity concepts for abs-normal NLPs and MPECs and �nd the situation
to be more intricate than under LICQ and MFCQ discussed in [10]. Finally, in Section 5 we introduce
abs-normal variants of M-stationarity and B-stationarity as �rst order necessary optimality conditions
for abs-normal NLPs and prove equivalence relations for the respective MPCC stationarity conditions.
We conclude with Section 6.

2 inequality and equality constrained formulations

In this section we consider two di�erent treatments of inequality constraints for non-smooth NLPs in
abs-normal form.

2.1 general abs-normal nlps

Substituting the representation (ANF) of constraints in abs-normal form into the general problem
(NLP), we obtain a general abs-normal NLP. Here, we use the variables (𝑡, 𝑧𝑡 ) instead of (𝑥, 𝑧) and
analogously 𝜎𝑡 (𝑡) and 𝛼𝑡 (𝑡) instead of 𝜎 (𝑥) and 𝛼 (𝑥).
Definition 2.1 (Abs-Normal NLP). Let 𝐷𝑡 be an open subset of ℝ𝑛𝑡 . A non-smooth NLP is called
an abs-normal NLP if functions 𝑓 ∈ 𝐶𝑑 (𝐷𝑡 ,ℝ), 𝑐E ∈ 𝐶𝑑 (𝐷𝑡, |𝑧𝑡 |,ℝ𝑚1), 𝑐I ∈ 𝐶𝑑 (𝐷𝑡, |𝑧𝑡 |,ℝ𝑚2), and
𝑐Z ∈ 𝐶𝑑 (𝐷𝑡, |𝑧𝑡 |,ℝ𝑠𝑡 ) with 𝑑 ≥ 1 exist such that it reads

(I-NLP) min
𝑡,𝑧𝑡

𝑓 (𝑡) s.t. 𝑐E (𝑡, |𝑧𝑡 |) = 0, 𝑐I (𝑡, |𝑧𝑡 |) ≥ 0, 𝑐Z (𝑡, |𝑧𝑡 |) − 𝑧𝑡 = 0,
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where 𝐷 |𝑧𝑡 | is open and symmetric and 𝜕2𝑐Z (𝑥, |𝑧𝑡 |) is strictly lower triangular. The feasible set of
(I-NLP) is Fabs := {(𝑡, 𝑧𝑡 ) : 𝑐E (𝑡, |𝑧𝑡 |) = 0, 𝑐I (𝑡, |𝑧𝑡 |) ≥ 0, 𝑐Z (𝑡, |𝑧𝑡 |) = 𝑧𝑡 }.
Definition 2.2 (Active Inequality Set). Let (𝑡, 𝑧𝑡 (𝑡)) ∈ Fabs. We call the inequality constraint 𝑖 ∈ I
active if 𝑐𝑖 (𝑡, |𝑧𝑡 (𝑡) |) = 0. The active set A(𝑡) consists of all indices of active inequality constraints,
A(𝑡) = {𝑖 ∈ I : 𝑐𝑖 (𝑡, |𝑧𝑡 (𝑡) |) = 0}. We set 𝑐A := [𝑐𝑖]𝑖∈A(𝑡 ) and denote the number of active inequality
constraints by |A(𝑡) |.

With the goal of considering kink quali�cations in the spirit of Abadie and Guignard, we de�ne the
tangent cone and the abs-normal-linearized cone.
Definition 2.3 (Tangent Cone and Abs-Normal-Linearized Cone for (I-NLP)). Consider a feasible point
(𝑡, 𝑧𝑡 ) of (I-NLP). The tangent cone to Fabs at (𝑡, 𝑧𝑡 ) is

Tabs(𝑡, 𝑧𝑡 ) :=
{
(𝛿𝑡, 𝛿𝑧𝑡 )

����� ∃𝜏𝑘 ↘ 0, Fabs 3 (𝑡𝑘 , 𝑧𝑡𝑘 ) → (𝑡, 𝑧𝑡 ):
𝜏−1
𝑘
(𝑡𝑘 − 𝑡, 𝑧𝑡

𝑘
− 𝑧𝑡 ) → (𝛿𝑡, 𝛿𝑧𝑡 )

}
.

With 𝛿𝜁𝑖 := |𝛿𝑧𝑡𝑖 | if 𝑖 ∈ 𝛼𝑡 (𝑡) and 𝛿𝜁𝑖 := 𝜎𝑡𝑖 (𝑡)𝛿𝑧𝑡𝑖 if 𝑖 ∉ 𝛼𝑡 (𝑡), the abs-normal-linearized cone is

T lin
abs (𝑡, 𝑧

𝑡 ) :=

 (𝛿𝑡, 𝛿𝑧𝑡 )

�������
𝜕1𝑐E (𝑡, |𝑧𝑡 |)𝛿𝑡 + 𝜕2𝑐E (𝑡, |𝑧𝑡 |)𝛿𝜁 = 0,
𝜕1𝑐A (𝑡, |𝑧𝑡 |)𝛿𝑡 + 𝜕2𝑐A (𝑡, |𝑧𝑡 |)𝛿𝜁 ≥ 0,
𝜕1𝑐Z (𝑡, |𝑧𝑡 |)𝛿𝑡 + 𝜕2𝑐Z (𝑡, |𝑧𝑡 |)𝛿𝜁 = 𝛿𝑧𝑡

 .

To prove that the tangent cone is a subset of the abs-normal-linearized cone, we follow an idea from
[1], where an analogous result for MPCCs was obtained. First, we need the de�nition of the smooth
branch NLPs for (I-NLP) with their standard tangent cones and linearized cones.
Definition 2.4 (Branch NLPs for (I-NLP)). Consider a feasible point (𝑡, 𝑧𝑡 ) of (I-NLP). Choose 𝜎𝑡 ∈
{−1, 1}𝑠𝑡 with 𝜎𝑡 � 𝜎𝑡 (𝑡) and set Σ𝑡 = diag(𝜎𝑡 ). The branch problem NLP(Σ𝑡 ) is de�ned as

min
𝑡,𝑧𝑡

𝑓 (𝑡) s.t. 𝑐E (𝑡, Σ𝑡𝑧𝑡 ) = 0, 𝑐I (𝑡, Σ𝑡𝑧𝑡 ) ≥ 0,
𝑐Z (𝑡, Σ𝑡𝑧𝑡 ) − 𝑧𝑡 = 0, Σ𝑡𝑧𝑡 ≥ 0.(NLP(Σ𝑡 ))

The feasible set of (NLP(Σ𝑡 )), which always contains (𝑡, 𝑧𝑡 ), is denoted by FΣ𝑡 .
Definition 2.5 (Tangent Cone and Linearized Cone for (NLP(Σ𝑡 ))). Given (NLP(Σ𝑡 )), consider a feasible
point (𝑡, 𝑧𝑡 ). The tangent cone to FΣ𝑡 at (𝑡, 𝑧𝑡 ) is

TΣ𝑡 (𝑡, 𝑧𝑡 ) :=
{
(𝛿𝑡, 𝛿𝑧𝑡 )

����� ∃𝜏𝑘 ↘ 0, FΣ𝑡 3 (𝑡𝑘 , 𝑧𝑡𝑘 ) → (𝑡, 𝑧𝑡 ):
𝜏−1
𝑘
(𝑡𝑘 − 𝑡, 𝑧𝑡

𝑘
− 𝑧𝑡 ) → (𝛿𝑡, 𝛿𝑧𝑡 )

}
.

The linearized cone is

T lin
Σ𝑡 (𝑡, 𝑧𝑡 ) :=


(𝛿𝑡, 𝛿𝑧𝑡 )

���������
𝜕1𝑐E (𝑡, Σ𝑡𝑧𝑡 )𝛿𝑡 + 𝜕2𝑐E (𝑡, Σ𝑡𝑧𝑡 )Σ𝑡𝛿𝑧𝑡 = 0,
𝜕1𝑐A (𝑡, Σ𝑡𝑧𝑡 )𝛿𝑡 + 𝜕2𝑐A (𝑡, Σ𝑡𝑧𝑡 )Σ𝑡𝛿𝑧𝑡 ≥ 0,
𝜕1𝑐Z (𝑡, Σ𝑡𝑧𝑡 )𝛿𝑡 + 𝜕2𝑐Z (𝑡, Σ𝑡𝑧𝑡 )Σ𝑡𝛿𝑧𝑡 = 𝛿𝑧𝑡 ,

𝜎𝑡𝑖 𝛿𝑧
𝑡
𝑖 ≥ 0, 𝑖 ∈ 𝛼𝑡 (𝑡)


.

Remark 2.6. Observe that |𝑧𝑡 | = Σ𝑡𝑧𝑡 in De�nition 2.4 and De�nition 2.5, and for every Σ𝑡 we have
FΣ𝑡 ⊆ Fabs, TΣ𝑡 (𝑡, 𝑧𝑡 ) ⊆ Tabs(𝑡, 𝑧𝑡 ), and T lin

Σ𝑡
(𝑡, 𝑧𝑡 ) ⊆ T lin

abs (𝑡, 𝑧
𝑡 ).

Lemma 2.7. Consider a feasible point (𝑡, 𝑧𝑡 ) of (I-NLP) with associated branch problems (NLP(Σ𝑡 )). Then,
the following decompositions of the tangent cone and of the abs-normal-linearized cone of (I-NLP) hold:

Tabs(𝑡, 𝑧𝑡 ) =
⋃
Σ𝑡

TΣ𝑡 (𝑡, 𝑧𝑡 ) and T lin
abs (𝑡, 𝑧

𝑡 ) =
⋃
Σ𝑡

T lin
Σ𝑡 (𝑡, 𝑧𝑡 ).
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Proof. We �rst consider the tangent cones and show that a neighborhood N of (𝑡, 𝑧𝑡 ) exists such that

Fabs ∩ N =
⋃
Σ𝑡

(FΣ𝑡 ∩ N) .

The inclusion ⊇ holds for every neighborhood N since FΣ𝑡 ⊆ Fabs for all Σ𝑡 . To show the inclusion ⊆
we consider an index 𝑖 ∉ 𝛼𝑡 (𝑡). Then, by continuity, 𝜖𝑖 > 0 exists with 𝜎𝑡𝑖 (𝑡) = 𝜎𝑡𝑖 (𝑡) ∈ {−1, +1} for all
𝑡 ∈ 𝐵𝜖𝑖 (𝑡). Now set 𝜖 := min𝑖∉𝛼𝑡 (𝑡 ) 𝜖𝑖 , N := 𝐵𝜖 ×ℝ𝑛𝑡 , and consider (𝑡, 𝑧𝑡 ) ∈ N ∩ Fabs. With the choice
𝜎𝑡𝑖 = 𝜎𝑡𝑖 (𝑡) for 𝑖 ∉ 𝛼𝑡 (𝑡) and 𝜎𝑡𝑖 = 1 for 𝑖 ∈ 𝛼𝑡 (𝑡) we �nd Σ𝑡 = diag(𝜎𝑡 ) such that (𝑡, 𝑧𝑡 ) ∈ N ∩FΣ𝑡 since
𝛼𝑡 (𝑡) ⊆ 𝛼𝑡 (𝑡). Thus,

Fabs ∩ N =
⋃
Σ𝑡

(FΣ𝑡 ∩ N) .

Now, let T (𝑡, 𝑧𝑡 ;F ) generically denote the tangent cone to F at (𝑡, 𝑧𝑡 ). Then,

Tabs(𝑡, 𝑧𝑡 ) = T (𝑡, 𝑧𝑡 ;Fabs) = T (𝑡, 𝑧𝑡 ;Fabs ∩ N) = T (𝑡, 𝑧𝑡 ;⋃Σ𝑡 (FΣ𝑡 ∩ N))
=
⋃
Σ𝑡

T (𝑡, 𝑧𝑡 ;FΣ𝑡 ∩ N) =
⋃
Σ𝑡

T (𝑡, 𝑧𝑡 ;FΣ𝑡 ) =
⋃
Σ𝑡

TΣ𝑡 (𝑡, 𝑧𝑡 ) .

Here the fourth equality holds since the number of branch problems is �nite. The decomposition of
T lin
abs follows directly by comparing de�nitions of T lin

abs and T lin
Σ𝑡

. �

Lemma 2.8. Let (𝑡, 𝑧𝑡 ) be feasible for (I-NLP). Then,

Tabs(𝑡, 𝑧𝑡 ) ⊆ T lin
abs (𝑡, 𝑧

𝑡 ) and Tabs(𝑡, 𝑧𝑡 )∗ ⊇ T lin
abs (𝑡, 𝑧

𝑡 )∗.

Proof. The branch NLPs are smooth, hence the inclusion TΣ𝑡 (𝑡, 𝑧𝑡 ) ⊆ T lin
Σ𝑡

(𝑡, 𝑧𝑡 ) holds by standard NLP
theory. Then, the �rst inclusion follows directly from Lemma 2.7 and the second inclusion follows by
dualization of the cones. �

In general, the reverse inclusions do not hold. This leads to the following de�nitions.
Definition 2.9 (Abadie’s and Guignard’s Kink �alifications for (I-NLP)). Consider a feasible point
(𝑡, 𝑧𝑡 (𝑡)) of (I-NLP). We say that Abadie’s Kink Quali�cation (AKQ) holds at 𝑡 if we have Tabs(𝑡, 𝑧𝑡 (𝑡)) =
T lin
abs (𝑡, 𝑧

𝑡 (𝑡)), and that Guignard’s Kink Quali�cation (GKQ) holds at 𝑡 if Tabs(𝑡, 𝑧𝑡 (𝑡))∗ = T lin
abs (𝑡, 𝑧

𝑡 (𝑡))∗.
The decomposition of cones in Lemma 2.7 and its dualization immediately lead to the next theorem.

Theorem 2.10 (ACQ/GCQ for all (NLP(Σ𝑡 )) implies AKQ/GKQ for (I-NLP)). Consider a feasible point
(𝑡, 𝑧𝑡 (𝑡)) of (I-NLP) with associated branch problems (NLP(Σ𝑡 )). Then, AKQ respectively GKQ holds for
(I-NLP) at 𝑡 if ACQ respectively GCQ holds for all (NLP(Σ𝑡 )) at (𝑡, 𝑧𝑡 (𝑡)).

2.2 abs-normal nlps with inequality slacks

Here, we use absolute values of slack variables to get rid of the inequality constraints. This idea is
due to Griewank. It has been introduced in [10] and has been further investigated in [9]. With slack
variables𝑤 ∈ ℝ𝑚2 , we reformulate (NLP) as follows:

min
𝑡,𝑤

𝑓 (𝑡) s.t. 𝑔(𝑡) = 0, ℎ(𝑡) − |𝑤 | = 0.

Then, we express 𝑔 and ℎ in abs-normal form as in (ANF) and introduce additional switching variables
𝑧𝑤 to handle |𝑤 |. We obtain a class of purely equality-constrained abs-normal NLPs.
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Definition 2.11 (Abs-Normal NLP with Inequality Slacks). An abs-normal NLP posed in the following
form is called an abs-normal NLP with inequality slacks:

min
𝑡,𝑤,𝑧𝑡 ,𝑧𝑤

𝑓 (𝑡) s.t. 𝑐E (𝑡, |𝑧𝑡 |) = 0, 𝑐I (𝑡, |𝑧𝑡 |) − |𝑧𝑤 | = 0,
𝑐Z (𝑡, |𝑧𝑡 |) = 𝑧𝑡 , 𝑤 = 𝑧𝑤,(E-NLP)

where 𝐷 |𝑧𝑡 | is open and symmetric and 𝜕2𝑐Z (𝑡, |𝑧𝑡 |) is strictly lower triangular. The feasible set of
(E-NLP) is denoted by Fe-abs and is a lifting of Fabs.
Remark 2.12. Introducing |𝑤 | converts inequalities to pure equalities without a nonnegativity condition
for the slack variables𝑤 . In [10] we have used this formulation to simplify the presentation of �rst
and second order conditions for the general abs-normal NLP under the linear independence kink
quali�cation (LIKQ). Later we will see that constraint quali�cations of Abadie type are preserved
under reformulation. Nevertheless, this representation causes some problems. In [9] we have shown
that, in contrast to LIKQ, constraint quali�cations of Mangasarian-Fromovitz type are not preserved.
Moreover, we cannot prove compatibility of constraint quali�cations of Guignard type. Also, note that
the equation 𝑤 − 𝑧𝑤 = 0 (and hence 𝑤 ) cannot be eliminated as this would destroy the abs-normal
form. Finally, the signs of nonzero components𝑤𝑖 can be chosen arbitrarily and thus the slack𝑤 is
not uniquely determined. This needs to be taken into account when formulationg kink quali�cations
(KQ) for (E-NLP).

We are now interested in deriving Abadie’s and Guignard’s KQ for (E-NLP). To this end, we observe
that the formulation (E-NLP) can be seen as a special case of (I-NLP): Let 𝑥 = (𝑡,𝑤), 𝑧 = (𝑧𝑡 , 𝑧𝑤),
𝑓 (𝑥) = 𝑓 (𝑡), 𝑐E (𝑥, |𝑧 |) = (𝑐E (𝑡, |𝑧𝑡 |), 𝑐I (𝑡, |𝑧𝑡 |) − |𝑧𝑤 |), and 𝑐Z (𝑥, |𝑧 |) = (𝑐Z (𝑡, |𝑧𝑡 |),𝑤). Then, we can
rewrite (E-NLP) as

min
𝑥,𝑧

𝑓 (𝑥) s.t. 𝑐E (𝑥, |𝑧 |) = 0, 𝑐Z (𝑥, |𝑧 |) − 𝑧 = 0.

Hence, the following material is readily obtained by specializing the de�nitions and results in the
previous section.

With 𝛿 = (𝛿𝑡, 𝛿𝑤, 𝛿𝑧𝑡 , 𝛿𝑧𝑤), De�nition 2.3 and𝑤 = 𝑧𝑤 give the tangent cone to Fe-abs at (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤)
as

Te-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) =
{
𝛿

����� ∃𝜏𝑘 ↘ 0, Fe-abs 3 (𝑡𝑘 ,𝑤𝑘 , 𝑧
𝑡
𝑘
, 𝑧𝑤

𝑘
) → (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤):

𝜏−1
𝑘
(𝑡𝑘 − 𝑡,𝑤𝑘 −𝑤, 𝑧𝑡

𝑘
− 𝑧𝑡 ) → (𝛿𝑡, 𝛿𝑤, 𝛿𝑧𝑡 ), 𝛿𝑧𝑤 = 𝛿𝑤

}
,

and the abs-normal-linearized cone reads

T lin
e-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) =

{
𝛿

����� 𝜕1𝑐I (𝑡, |𝑧𝑡 |)𝛿𝑡 + 𝜕2𝑐I (𝑡, |𝑧𝑡 |)𝛿𝜁 = 𝛿𝜔,

(𝛿𝑡, 𝛿𝑧𝑡 ) ∈ T lin
abs (𝑡, 𝑧

𝑡 ), 𝛿𝑧𝑤 = 𝛿𝑤

}
,

where 𝛼 = (𝛼𝑡 , 𝛼𝑤) and

𝛿𝜁𝑖 =

{
𝜎𝑡𝑖 (𝑡)𝛿𝑧𝑡𝑖 , 𝑖 ∉ 𝛼𝑡 (𝑡)
|𝛿𝑧𝑡𝑖 |, 𝑖 ∈ 𝛼𝑡 (𝑡)

}
, 𝛿𝜔𝑖 =

{
𝜎𝑤
𝑖
(𝑤)𝛿𝑧𝑤

𝑖
, 𝑖 ∉ 𝛼𝑤 (𝑤)

|𝛿𝑧𝑤
𝑖
|, 𝑖 ∈ 𝛼𝑤 (𝑤)

}
.

In De�nition 2.4, consider a feasible point (𝑡, 𝑤̂, 𝑧𝑡 , 𝑧𝑤) of (E-NLP). Choose 𝜎𝑡 ∈ {−1, 1}𝑠𝑡 with 𝜎𝑡 �
𝜎𝑡 (𝑡) and 𝜎𝑤 ∈ {−1, 1}𝑚2 with 𝜎𝑤 � 𝜎𝑤 (𝑤̂). Set Σ𝑡 = diag(𝜎𝑡 ) and Σ𝑤 = diag(𝜎𝑤). Then, the branch
problem NLP(Σ𝑡,𝑤) for Σ𝑡,𝑤 := diag(Σ𝑡 , Σ𝑤) reads

min
𝑡,𝑤,𝑧𝑡 ,𝑧𝑤

𝑓 (𝑡) s.t. 𝑐E (𝑡, Σ𝑡𝑧𝑡 ) = 0, 𝑐I (𝑡, Σ𝑡𝑧𝑡 ) − Σ𝑤𝑧𝑤 = 0,
𝑐Z (𝑡, Σ𝑡𝑧𝑡 ) − 𝑧𝑡 = 0, 𝑤 − 𝑧𝑤 = 0,(NLP(Σ𝑡,𝑤))
Σ𝑡𝑧𝑡 ≥ 0, Σ𝑤𝑧𝑤 ≥ 0.
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The feasible set of (NLP(Σ𝑡,𝑤)), which always contains (𝑡, 𝑤̂, 𝑧𝑡 , 𝑧𝑤), is denoted by FΣ𝑡,𝑤 and is a lifting
of FΣ𝑡 . By De�nition 2.5, the tangent cone to FΣ𝑡,𝑤 at (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) reads

TΣ𝑡,𝑤 (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) =
{
𝛿

����� ∃𝜏𝑘 ↘ 0, FΣ𝑡,𝑤 3 (𝑡𝑘 ,𝑤𝑘 , 𝑧
𝑡
𝑘
, 𝑧𝑤

𝑘
) → (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤):

𝜏−1
𝑘
(𝑡𝑘 − 𝑡,𝑤𝑘 −𝑤, 𝑧𝑡

𝑘
− 𝑧𝑡 ) → (𝛿𝑡, 𝛿𝑤, 𝛿𝑧𝑡 ), 𝛿𝑧𝑤 = 𝛿𝑤

}
with 𝛿 = (𝛿𝑡, 𝛿𝑤, 𝛿𝑧𝑡 , 𝛿𝑧𝑤). The linearized cone reads

T lin
Σ𝑡,𝑤 (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) =

{
𝛿

����� 𝜕1𝑐I𝛿𝑡 + 𝜕2𝑐IΣ
𝑡𝛿𝑧𝑡 − Σ𝑤𝛿𝑧𝑤 = 0, 𝛿𝑧𝑤 = 𝛿𝑤,

(𝛿𝑡, 𝛿𝑧𝑡 ) ∈ T lin
Σ𝑡

(𝑡, 𝑧𝑡 ), 𝜎𝑤
𝑖
𝛿𝑧𝑤

𝑖
≥ 0, 𝑖 ∈ 𝛼𝑤 (𝑤)

}
.

Here, all partial derivatives are evaluated at (𝑡, Σ𝑡𝑧𝑡 ).
Moreover, we obtain the following decompositions by applying Lemma 2.7 to (E-NLP) at 𝑦 =

(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) with associated branch problems (NLP(Σ𝑡,𝑤)):

Te-abs(𝑦) =
⋃
Σ𝑡,𝑤

TΣ𝑡,𝑤 (𝑦) and T lin
e-abs(𝑦) =

⋃
Σ𝑡,𝑤

T lin
Σ𝑡,𝑤 (𝑦).

As before, the tangent cone is a subset of the linearized cone and the reverse inclusion holds for the
dual cones:

Te-abs(𝑦) ⊆ T lin
e-abs(𝑦) and Te-abs(𝑦)∗ ⊇ T lin

e-abs(𝑦)
∗.

This follows directly by applying Lemma 2.8 to (E-NLP). Again, equality does not hold in general, and
we consider Abadie’s Kink Quali�cation (AKQ) and Guignard’s Kink Quali�cation (GKQ) for (E-NLP).

Given a feasible point 𝑦 = (𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑤 (𝑤)) of (E-NLP), De�nition 2.9 gives AKQ and GKQ at
(𝑡,𝑤), respectively, as

Te-abs(𝑦) = T lin
e-abs(𝑦) and Te-abs(𝑦)∗ = T lin

e-abs(𝑦)
∗.

Remark 2.13. The possible slack values𝑤 ∈𝑊 (𝑡) := {𝑤 : |𝑤 | = 𝑐I (𝑡, |𝑧𝑡 (𝑡) |)} just di�er by the signs of
components𝑤𝑖 for 𝑖 ∈ A(𝑡). Thus, neither AKQ nor GKQ depends on the particular choice of𝑤 , and
both conditions are well-de�ned for (E-NLP).

Now Theorem 2.10 takes the following form.
Theorem 2.14 (ACQ/GCQ for all (NLP(Σ𝑡,𝑤)) implies AKQ/GKQ for (E-NLP)). Consider a feasible point
𝑦 = (𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑤 (𝑤)) of (E-NLP) with associated branch problems (NLP(Σ𝑡,𝑤)). Then, AKQ respectively
GKQ for (E-NLP) holds at (𝑡,𝑤) if ACQ respectively GCQ holds for all (NLP(Σ𝑡,𝑤)) at 𝑦 .

2.3 relations of kink qualifications for abs-normal nlps

In this paragraph we discuss the relations of kink quali�cations for the two di�erent formulations
introduced above. Here, equality of the cones and of the dual cones just needs to be considered for one
element of the set𝑊 (𝑡) = {𝑤 : |𝑤 | = 𝑐I (𝑡, |𝑧𝑡 (𝑡) |)}. Then, it holds directly for all other elements by
Remark 2.13.
Theorem 2.15. AKQ for (I-NLP) holds at (𝑡, 𝑧𝑡 (𝑡)) ∈ Fabs if and only if AKQ for (E-NLP) holds at
(𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑤 (𝑤)) ∈ Fe-abs for any (and hence all)𝑤 ∈𝑊 (𝑡).

Proof. As Tabs(𝑡, 𝑧𝑡 ) ⊆ T lin
abs (𝑡, 𝑧

𝑡 ) and Te-abs(𝑡, 𝑧𝑡 ) ⊆ T lin
e-abs(𝑡, 𝑧

𝑡 ) always hold, we just need to prove

Tabs(𝑡, 𝑧𝑡 ) ⊇ T lin
abs (𝑡, 𝑧

𝑡 ) ⇐⇒ Te-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) ⊇ T lin
e-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤).
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We start with the implication “⇒”. Let 𝛿 = (𝛿𝑡, 𝛿𝑤, 𝛿𝑧𝑡 , 𝛿𝑧𝑤) ∈ T lin
e-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤). Then, we have

𝛿 = (𝛿𝑡, 𝛿𝑧𝑡 ) ∈ T lin
abs (𝑡, 𝑧

𝑡 ) = Tabs(𝑡, 𝑧𝑡 ). Hence, there exist sequences (𝑡𝑘 , 𝑧𝑡𝑘 ) ∈ Fabs and 𝜏𝑘 ↘ 0 with
(𝑡𝑘 , 𝑧𝑡𝑘 ) → (𝑡, 𝑧𝑡 ) and 𝜏−1

𝑘
(𝑡𝑘 − 𝑡, 𝑧𝑡

𝑘
− 𝑧𝑡 ) → (𝛿𝑡, 𝛿𝑧𝑡 ). Now, de�ne

Σ𝑤 = diag(𝜎) with 𝜎𝑖 =

{
𝜎𝑤 (𝑤𝑖), 𝑖 ∉ 𝛼𝑤 (𝑤),
sign(𝛿𝑧𝑤

𝑖
), 𝑖 ∈ 𝛼𝑤 (𝑤),

and set 𝑧𝑤
𝑘
:= 𝑤𝑘 := Σ𝑤𝑐I (𝑡𝑘 , |𝑧𝑡𝑘 |). Then, we have 𝑧

𝑤 = 𝑤 = Σ𝑤𝑐I (𝑡, |𝑧𝑡 |) and obtain

𝑧𝑤
𝑘
− 𝑧𝑤 = Σ𝑤 [𝑐I (𝑡𝑘 , |𝑧𝑡𝑘 |) − 𝑐I (𝑡, |𝑧𝑡 |)]

= Σ𝑤 [𝜕1𝑐I (𝑡, |𝑧𝑡 |) (𝑡𝑘 − 𝑡) + 𝜕2𝑐I (𝑡, |𝑧𝑡 |) ( |𝑧𝑡𝑘 | − |𝑧𝑡 |) + 𝑜 (‖(𝑡𝑘 − 𝑡, |𝑧𝑡
𝑘
| − |𝑧𝑡 |) ‖)] .

Further, for 𝑘 large enough we have |𝑧𝑡
𝑘
| − |𝑧𝑡 | = Σ𝑡

𝑘
𝑧𝑡
𝑘
− Σ𝑡𝑧𝑡 using Σ𝑡

𝑘
= diag(𝜎𝑡

𝑘
) with 𝜎𝑡

𝑘
= 𝜎 (𝑡𝑘 ) and

Σ𝑡 = diag(𝜎𝑡 ) with 𝜎𝑡 = 𝜎 (𝑡). Then, we obtain for 𝑧𝑡𝑖 ≠ 0

𝜏−1
𝑘
( | (𝑧𝑡

𝑘
)𝑖 | − |𝑧𝑡𝑖 |) = 𝜏−1

𝑘
𝜎𝑡𝑖 ((𝑧𝑡𝑘 )𝑖 − 𝑧𝑡𝑖 ) → 𝜎𝑡𝑖 𝛿𝑧

𝑡
𝑖 .

For 𝑧𝑡𝑖 = 0 we have 𝜏−1
𝑘
(𝑧𝑡

𝑘
)𝑖 → 𝛿𝑧𝑡𝑖 and hence

𝜏−1
𝑘
( | (𝑧𝑡

𝑘
)𝑖 | − |𝑧𝑡𝑖 |) = 𝜏−1

𝑘
| (𝑧𝑡

𝑘
)𝑖 | → |𝛿𝑧𝑡𝑖 |.

Thus, 𝜏−1
𝑘
( | (𝑧𝑡

𝑘
) | − |𝑧𝑡 |) → 𝛿𝜁 holds, and in total

𝜏−1
𝑘
(𝑧𝑤

𝑘
− 𝑧𝑤) → Σ𝑤 [𝜕1𝑐I (𝑡, |𝑧𝑡 |)𝛿𝑡 + 𝜕2𝑐I (𝑡, |𝑧𝑡 |)𝛿𝜁 ] = Σ𝑤𝛿𝜁 = 𝛿𝑧𝑤 .

Additionally, we obtain 𝜏−1
𝑘
(𝑤𝑘 −𝑤) → 𝛿𝑤 and �nally 𝑑 ∈ Te-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤). To prove the implication

“⇐”, consider 𝛿 = (𝛿𝑡, 𝛿𝑧𝑡 ) ∈ T lin
abs (𝑡, 𝑧

𝑡 ). We de�ne

Σ𝑤 = diag(𝜎) with 𝜎𝑖 =

{
±1, 𝑖 ∈ A(𝑡),
sign( [𝜕1𝑐I (𝑡, |𝑧𝑡 |)𝛿𝑡 + 𝜕2𝑐I (𝑡, |𝑧𝑡 |)𝛿𝜁 ]𝑖), 𝑖 ∉ A(𝑡),

and set 𝛿𝑤 = 𝛿𝑧𝑤 = Σ𝑤 [𝜕1𝑐I (𝑡, |𝑧𝑡 |)𝛿𝑡 + 𝜕2𝑐I (𝑡, |𝑧𝑡 |)𝛿𝜁 ]. Then we have 𝛿 = (𝛿𝑡, 𝛿𝑤, 𝛿𝑧𝑡 , 𝛿𝑧𝑤) ∈
T lin
e-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) for 𝑤 = 𝑧𝑤 = Σ𝑤𝑐I (𝑡, |𝑧𝑡 |). By assumption, 𝛿 ∈ Te-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) holds, and this
directly implies 𝛿 = (𝛿𝑡, 𝛿𝑧𝑡 ) ∈ Tabs(𝑡, 𝑧𝑡 ). �

Theorem 2.16. GKQ for (I-NLP) holds at (𝑡, 𝑧𝑡 (𝑡)) ∈ Fabs if GKQ for (E-NLP) holds at (𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑤 (𝑤)) ∈
Fe-abs for any (and hence all)𝑤 ∈𝑊 (𝑡).

Proof. The inclusion Tabs(𝑡, 𝑧𝑡 )∗ ⊇ T lin
abs (𝑡, 𝑧

𝑡 )∗ is always satis�ed. Thus, we just have to show

Tabs(𝑡, 𝑧𝑡 )∗ ⊆ T lin
abs (𝑡, 𝑧

𝑡 )∗.

Let 𝜔 = (𝜔𝑡,𝜔𝑧𝑡 ) ∈ Tabs(𝑡, 𝑧𝑡 )∗, i.e. 𝜔𝑇𝛿 ≥ 0 for all 𝛿 = (𝛿𝑡, 𝛿𝑧𝑡 ) ∈ Tabs(𝑡, 𝑧𝑡 ). Then, set 𝜔̃ =

(𝜔𝑡, 0, 𝜔𝑧𝑡 , 0) and obtain 𝜔̃𝑇𝛿 = 𝜔𝑇𝛿 ≥ 0 for all 𝛿 ∈ Te-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) where 𝑤 ∈ 𝑊 (𝑡) is arbi-
trary. By assumption, then 𝜔̃𝑇𝛿 ≥ 0 for all 𝛿 ∈ T lin

e-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) holds. This implies 𝜔𝑇𝛿 = 𝜔̃𝑇𝛿 ≥ 0
for all 𝛿 ∈ T lin

abs (𝑡, 𝑧
𝑡 ). �

The converse is unlikely to hold, but we are, at the same time, not aware of a counterexample. Next,
we consider the branch problems and relations of ACQ and GCQ for all branch problems. Here, we can
exploit sign information to show equivalence of GCQ for the branch problems of (I-NLP) and (E-NLP).
Theorem 2.17. ACQ for (NLP(Σ𝑡 )) holds at (𝑡, 𝑧𝑡 (𝑡)) ∈ FΣ𝑡 if and only if ACQ for (NLP(Σ𝑡,𝑤)) holds at
(𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑡 (𝑤)) ∈ FΣ𝑡,𝑤 for any (and hence all)𝑤 ∈𝑊 (𝑡).
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Proof. The proof proceeds as in Theorem 2.15. �

Theorem 2.18. GCQ for (NLP(Σ𝑡 )) holds at (𝑡, 𝑧𝑡 (𝑡)) ∈ FΣ𝑡 if and only if GCQ for (NLP(Σ𝑡,𝑤)) holds at
(𝑡,𝑤, 𝑧𝑡 (𝑡), 𝑧𝑡 (𝑤)) ∈ FΣ𝑡,𝑤 for any (and hence all)𝑤 ∈𝑊 (𝑡).

Proof. The inclusions TΣ𝑡 (𝑡, 𝑧𝑡 )∗ ⊇ T lin
Σ𝑡

(𝑡, 𝑧𝑡 )∗ and TΣ𝑡,𝑤 (𝑡, 𝑧𝑡 )∗ ⊇ T lin
Σ𝑡,𝑤

(𝑡, 𝑧𝑡 )∗ are always satis�ed.
Thus, we just need to prove

TΣ𝑡 (𝑡, 𝑧𝑡 )∗ ⊆ T lin
Σ𝑡 (𝑡, 𝑧𝑡 )∗ ⇐⇒ TΣ𝑡,𝑤 (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤)∗ ⊆ T lin

Σ𝑡,𝑤 (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤)∗.

We start with the implication “⇒”. Let 𝜔 = (𝜔𝑡, 𝜔𝑤,𝜔𝑧𝑡 , 𝜔𝑧𝑤) ∈ TΣ𝑡,𝑤 (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤)∗, i.e. 𝜔𝑇𝛿 ≥ 0 for
all 𝛿 = (𝛿𝑡, 𝛿𝑤, 𝛿𝑧𝑡𝛿𝑧𝑤) ∈ TΣ𝑡,𝑤 (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤). Set

𝜔̃ = (𝜔̃𝑡, 𝜔̃𝑧𝑡 ) = (𝜔𝑡,𝜔𝑧𝑡 ) + (𝜔𝑤 + 𝜔𝑧𝑤)Σ𝑤 (𝜕1𝑐I (𝑡, Σ𝑡𝑧𝑡 ), 𝜕2𝑐I (𝑡, Σ𝑡𝑧𝑡 )Σ𝑡 ).

Then, we have 𝜔̃𝑇𝛿 = 𝜔𝑇𝛿 ≥ 0 for all 𝛿 = (𝛿𝑡, 𝛿𝑧𝑡 ) ∈ TΣ𝑡 (𝑡, 𝑧𝑡 ) and thus 𝜔̃ ∈ T lin
Σ𝑡

(𝑡, 𝑧𝑡 ). Then,𝜔𝑇𝛿 ≥ 0
for all 𝛿 = (𝛿𝑡, 𝛿𝑤, 𝛿𝑧𝑡𝛿𝑧𝑤) ∈ T lin

Σ𝑡,𝑤
(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) as 𝜔𝑇𝛿 = 𝜔̃𝑇𝛿 holds. The reverse implication may be

proved as shown in Theorem 2.16. �

3 counterpart mpccs

In this section we restate the MPCC counterpart problems for the two formulations (I-NLP) and (E-NLP)
and we present the relations between them.

3.1 counterpart mpcc for the general abs-normal nlp

To reformulate (I-NLP) as an MPCC, we split 𝑧𝑡 into its nonnegative part and the modulus of its non-
positive part, 𝑢𝑡 := [𝑧𝑡 ]+ := max(𝑧𝑡 , 0) and 𝑣𝑡 := [𝑧𝑡 ]− := max(−𝑧𝑡 , 0). Then, we add complementarity
of these two variables to replace |𝑧𝑡 | by 𝑢𝑡 + 𝑣𝑡 and 𝑧𝑡 itself by 𝑢𝑡 − 𝑣𝑡 .
Definition 3.1 (Counterpart MPCC of (I-NLP)). The counterpart MPCC of the non-smooth NLP (I-NLP)
reads

min
𝑡,𝑢𝑡 ,𝑣𝑡

𝑓 (𝑡) s.t. 𝑐E (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 0, 𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ) ≥ 0,
𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑡 − 𝑣𝑡 ) = 0,(I-MPCC)
0 ≤ 𝑢𝑡 ⊥ 𝑣𝑡 ≥ 0,

where 𝑢𝑡 , 𝑣𝑡 ∈ ℝ𝑠𝑡 . The feasible set of (I-MPCC) is denoted by Fmpcc.
Given an abs-normal NLP (I-NLP) and its counterpart MPCC (I-MPCC), the mapping 𝜙 : Fmpcc →

Fabs de�ned by
𝜙 (𝑡,𝑢𝑡 , 𝑣𝑡 ) = (𝑡,𝑢𝑡 − 𝑣𝑡 ) and 𝜙−1(𝑡, 𝑧𝑡 ) = (𝑡, [𝑧𝑡 ]+, [𝑧𝑡 ]−)

is a homeomorphism. This result was obtained in [9, Lemma 31].
Corresponding to the active switching set in the previous section, we introduce index sets for

MPCCs.
Definition 3.2 (Index Sets).We denote by U𝑡

0 := {𝑖 ∈ {1, . . . , 𝑠𝑡 } : 𝑢𝑡𝑖 = 0} the set of indices of active
inequalities 𝑢𝑡𝑖 ≥ 0, and by U𝑡

+ := {𝑖 ∈ {1, . . . , 𝑠𝑡 } : 𝑢𝑡𝑖 > 0} the set of indices of inactive inequalities
𝑢𝑡𝑖 ≥ 0. Analogous de�nitions hold ofV𝑡

0 andV𝑡
+ . ByD𝑡 := U𝑡

0∩V𝑡
0 we denote the set of indices of non-

strict (degenerate) complementarity pairs. Thus we have the partitioning {1, . . . , 𝑠𝑡 } = U𝑡
+ ∪V𝑡

+ ∪ D𝑡 .
In order to de�ne MPCC-CQs in the spirit of Abadie and Guignard, we introduce the tangent cone,

the complementarity cone, and the MPCC-linearized cone.

Hegerhorst-Schultchen, Kirches, Steinbach Relations Between Abs-Normal NLPs and MPCCs. Part 2: . . .
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Definition 3.3 (Tangent Cone and MPCC-Linearized Cone for (I-MPCC), see [1]). Consider a feasible
point (𝑡,𝑢𝑡 , 𝑣𝑡 ) of (I-MPCC) with associated index setsU𝑡

+,V𝑡
+ and D𝑡 . The tangent cone to Fmpcc at

(𝑡,𝑢𝑡 , 𝑣𝑡 ) is

Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) :=
{
(𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 )

����� ∃𝜏𝑘 ↘ 0, Fmpcc 3 (𝑡𝑘 , 𝑢𝑡𝑘 , 𝑣
𝑡
𝑘
) → (𝑡,𝑢𝑡 , 𝑣𝑡 ):

𝜏−1
𝑘
(𝑡𝑘 − 𝑡,𝑢𝑡

𝑘
− 𝑢𝑡 , 𝑣𝑡

𝑘
− 𝑣𝑡 ) → (𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 )

}
.

The MPCC-linearized cone at (𝑡,𝑢𝑡 , 𝑣𝑡 ) is

T lin
mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) :=


©­«
𝛿𝑡

𝛿𝑢𝑡

𝛿𝑣𝑡

ª®¬
���������

𝜕1𝑐E𝛿𝑡 + 𝜕2𝑐E (𝛿𝑢𝑡 + 𝛿𝑣𝑡 ) = 0,
𝜕1𝑐A𝛿𝑡 + 𝜕2𝑐A (𝛿𝑢𝑡 + 𝛿𝑣𝑡 ) ≥ 0,
𝜕1𝑐Z𝛿𝑡 + 𝜕2𝑐Z (𝛿𝑢𝑡 + 𝛿𝑣𝑡 ) = 𝛿𝑢𝑡 − 𝛿𝑣𝑡 ,

(𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) ∈ T⊥(𝑢𝑡 , 𝑣𝑡 )


with complementarity cone

T⊥(𝑢𝑡 , 𝑣𝑡 ) :=
{
(𝛿𝑢𝑡 , 𝛿𝑣𝑡 )

����� 𝛿𝑢𝑡𝑖 = 0, 𝑖 ∈ V𝑡
+ , 𝛿𝑣

𝑡
𝑖 = 0, 𝑖 ∈ U𝑡

+,

0 ≤ 𝛿𝑢𝑡𝑖 ⊥ 𝛿𝑣𝑡𝑖 ≥ 0, 𝑖 ∈ D𝑡

}
.

Here, all partial derivatives are evaluated at (𝑡,𝑢𝑡 + 𝑣𝑡 ).
Note that the MPCC-linearized cone was originally stated in [11] and [14], but was not further

investigated there. Moreover, we modi�ed the de�nition in [1] by introducing the complementarity
cone which is studied in the next lemma.
Lemma 3.4. The complementarity cone T⊥(𝑢𝑡 , 𝑣𝑡 ) is the tangent cone and also the linearized cone to the
complementarity set {(𝑢𝑡 , 𝑣𝑡 ) : 0 ≤ 𝑢𝑡 ⊥ 𝑣𝑡 ≥ 0} at (𝑢𝑡 , 𝑣𝑡 ).

Proof. Given a tangent vector (𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) = lim𝜏−1
𝑘
(𝑢𝑡

𝑘
−𝑢𝑡 , 𝑣𝑡

𝑘
− 𝑣𝑡 ) where 0 ≤ 𝑢𝑡

𝑘
⊥ 𝑣𝑡

𝑘
≥ 0 and 𝜏𝑘 ↘ 0,

we have for 𝑘 large enough:

𝑢𝑡
𝑘𝑖

> 0, 𝑣𝑡
𝑘𝑖

= 0, 𝑖 ∈ U𝑡
+ (𝑢𝑡𝑖 > 0, 𝑣𝑡𝑖 = 0),

𝑢𝑡
𝑘𝑖

= 0, 𝑣𝑡
𝑘𝑖

> 0, 𝑖 ∈ V𝑡
+ (𝑢𝑡𝑖 = 0, 𝑣𝑡𝑖 > 0),

0 ≤ 𝑢𝑡
𝑘𝑖

⊥ 𝑣𝑡
𝑘𝑖

≥ 0, 𝑖 ∈ D𝑡 (𝑢𝑡𝑖 = 0, 𝑣𝑡𝑖 = 0) .

This implies (𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) ∈ T⊥(𝑢𝑡 , 𝑣𝑡 ). Conversely, every (𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) ∈ T⊥(𝑢𝑡 , 𝑣𝑡 ) is a tangent vector
generated by the sequence (𝑢𝑡

𝑘
, 𝑣𝑘 ) = (𝑢𝑡 , 𝑣𝑡 ) +𝜏𝑘 (𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) with 𝜏𝑘 = 1/𝑘 , 𝑘 ∈ ℕ>0. The linearized cone

clearly coincides with the tangent cone. �

Lemma 3.5. Given (I-NLP) with counterpart MPCC (I-MPCC), consider (𝑡, 𝑧𝑡 ) ∈ Fabs with 𝜎𝑡 = 𝜎𝑡 (𝑡) and
(𝑡,𝑢𝑡 , 𝑣𝑡 ) = 𝜙−1(𝑡, 𝑧𝑡 ) ∈ Fmpcc with associated index sets U𝑡

+, V𝑡
+ and D𝑡 . De�ne 𝜓 : Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) →

Tabs(𝑡, 𝑧𝑡 ) and𝜓 : T lin
mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) → T lin

abs (𝑡, 𝑧
𝑡 ) as

𝜓 (𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) = (𝛿𝑡, 𝛿𝑢𝑡 − 𝛿𝑣𝑡 ) and 𝜓−1(𝛿𝑡, 𝛿𝑧𝑡 ) = (𝛿𝑡, 〈𝛿𝑧𝑡 〉+, 〈𝛿𝑧𝑡 〉−) .

Here, 〈𝛿𝑧𝑡 〉+, 〈𝛿𝑧𝑡 〉− map 𝛿𝑧𝑡 into the complementarity cone via

〈𝛿𝑧𝑡𝑖 〉+ =


+𝛿𝑧𝑡𝑖 , 𝑖 ∈ U𝑡

+ (𝜎𝑡𝑖 > 0)
0, 𝑖 ∈ V𝑡

+ (𝜎𝑡𝑖 < 0)
[𝛿𝑧𝑡𝑖 ]+, 𝑖 ∈ D𝑡 (𝜎𝑡𝑖 = 0)

 , 〈𝛿𝑧𝑡𝑖 〉− =


0, 𝑖 ∈ U𝑡

+ (𝜎𝑡𝑖 > 0)
−𝛿𝑧𝑡𝑖 , 𝑖 ∈ V𝑡

+ (𝜎𝑡𝑖 < 0)
[𝛿𝑧𝑡𝑖 ]−, 𝑖 ∈ D𝑡 (𝜎𝑡𝑖 = 0)

 .

Then, both functions𝜓 are homeomorphisms.
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Proof. First, consider𝜓 : Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) → Tabs(𝑡, 𝑧𝑡 ): Given a vector (𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) = lim𝜏−1
𝑘
(𝑡𝑘 − 𝑡,𝑢𝑡𝑘 −

𝑢𝑡 , 𝑣𝑡
𝑘
− 𝑣𝑡 ) ∈ Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ), set (𝑡𝑘 , 𝑧𝑡𝑘 ) = 𝜙 (𝑡𝑘 , 𝑢𝑡𝑘 , 𝑣

𝑡
𝑘
) = (𝑡𝑘 , 𝑢𝑡𝑘 − 𝑣𝑡

𝑘
) ∈ Fabs to obtain

lim
𝑧𝑡
𝑘
− 𝑧𝑡

𝜏𝑘
= lim

(𝑢𝑡
𝑘
− 𝑢𝑡 ) − (𝑣𝑡

𝑘
− 𝑣𝑡 )

𝜏𝑘
= 𝛿𝑢𝑡 − 𝛿𝑣𝑡 =⇒ (𝛿𝑡, 𝛿𝑢𝑡 − 𝛿𝑣𝑡 ) ∈ Tabs(𝑡, 𝑧𝑡 ) .

Conversely, given a vector (𝛿𝑡, 𝛿𝑧𝑡 ) = lim𝜏−1
𝑘
(𝑡𝑘−𝑡, 𝑧𝑡𝑘−𝑧

𝑡 ) ∈ Tabs(𝑡, 𝑧𝑡 ), de�ne (𝑡𝑘 , 𝑢𝑡𝑘 , 𝑣
𝑡
𝑘
) = 𝜙−1(𝑡𝑘 , 𝑧𝑡𝑘 ) =

(𝑡𝑘 , [𝑧𝑡𝑘 ]
+, [𝑧𝑡

𝑘
]−) ∈ Fmpcc. Then, 𝜏−1𝑘

((𝑢𝑘 −𝑢) − (𝑣𝑘 − 𝑣)) → 〈𝛿𝑧𝑡 〉+ − 〈𝛿𝑧𝑡 〉− holds. Thus, it remains to
show 𝜏−1

𝑘
(𝑢𝑘 − 𝑢, 𝑣𝑘 − 𝑣) → (〈𝛿𝑧𝑡 〉+, 〈𝛿𝑧𝑡 〉−) which is done componentwise:

• 𝑖 ∈ U𝑡
+: 𝑣𝑡𝑖 = 0 holds by feasibility and 〈𝛿𝑧𝑡 〉− = 0 by de�nition. Thus, (𝑢𝑡

𝑘
)𝑖 > 0 holds for 𝑘 large

enough and by complementarity (𝑣𝑡
𝑘
)𝑖 = 0 holds. Then, 𝜏−1

𝑘
((𝑢𝑡

𝑘
)𝑖 − 𝑢𝑡𝑖 ) → 〈𝛿𝑧𝑡 〉+𝑖 follows.

• 𝑖 ∈ V𝑡
+ : 𝜏−1𝑘

((𝑣𝑡
𝑘
)𝑖 − 𝑣𝑡𝑖 ) → 〈𝛿𝑧𝑡 〉−𝑖 follows as in the previous case.

• 𝑖 ∈ D𝑡 and 〈𝛿𝑧𝑡 〉+𝑖 > 0: 〈𝛿𝑧𝑡 〉−𝑖 = 0 holds by complementarity and so 𝜏−1
𝑘
((𝑢𝑡𝑖 )𝑘 − (𝑣𝑡𝑖 )𝑘 ) → 〈𝛿𝑧𝑡 〉+𝑖 .

Then, 𝜏−1
𝑘
(𝑢𝑡𝑖 )𝑘 → 〈𝛿𝑧𝑡 〉+𝑖 and 𝜏−1

𝑘
(𝑣𝑡𝑖 )𝑘 → 0 because of sign constraints.

• 𝑖 ∈ D𝑡 and 〈𝛿𝑧𝑡 〉−𝑖 > 0: 𝜏−1
𝑘
(𝑢𝑡𝑖 )𝑘 → 0 and 𝜏−1

𝑘
(𝑣𝑡𝑖 )𝑘 → 〈𝛿𝑧𝑡 〉−𝑖 follow as in the previous case.

• 𝑖 ∈ D𝑡 and 〈𝛿𝑧𝑡 〉+𝑖 = 〈𝛿𝑧𝑡 〉−𝑖 = 0: Then, 𝜏−1
𝑘
((𝑢𝑡𝑖 )𝑘 − (𝑣𝑡𝑖 )𝑘 ) → 0 holds. Because of sign constraints

and complementarity, this can only hold if 𝜏−1
𝑘
(𝑢𝑡𝑖 )𝑘 → 0, 𝜏−1

𝑘
(𝑣𝑡𝑖 )𝑘 → 0.

Altogether, this implies

lim
(𝑡𝑘 − 𝑡,𝑢𝑡

𝑘
− 𝑢𝑡 , 𝑣𝑡

𝑘
− 𝑣𝑡 )

𝜏𝑘
= (𝛿𝑡, 〈𝛿𝑧𝑡 〉+, 〈𝛿𝑧𝑡 〉−) ∈ Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) .

By construction,𝜓 and𝜓−1 are both continuous and inverse to each other.
Second, consider 𝜓 : T lin

mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) → T lin
abs (𝑡, 𝑧

𝑡 ): Given (𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) ∈ T lin
mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ), the vectors

𝛿𝑧𝑡 = 𝛿𝑢𝑡 − 𝛿𝑣𝑡 and 𝛿𝜁 = 𝛿𝑢𝑡 + 𝛿𝑣𝑡 satisfy

𝛿𝑧𝑡𝑖 =


𝛿𝑢𝑡𝑖 , 𝑖 ∈ U𝑡

+
−𝛿𝑣𝑡𝑖 , 𝑖 ∈ V𝑡

+
𝛿𝑢𝑡𝑖 − 𝛿𝑣𝑡𝑖 , 𝑖 ∈ D𝑡

 , 𝛿𝜁𝑖 =


𝛿𝑢𝑡𝑖 = 𝜎𝑖𝛿𝑧

𝑡
𝑖 , 𝑖 ∈ U𝑡

+
𝛿𝑣𝑡𝑖 = 𝜎𝑡𝑖 𝛿𝑧

𝑡
𝑖 , 𝑖 ∈ V𝑡

+
𝛿𝑢𝑡𝑖 + 𝛿𝑣𝑡𝑖 = |𝛿𝑧𝑡𝑖 |, 𝑖 ∈ D𝑡

 .

Thus, (𝛿𝑡, 𝛿𝑧𝑡 ) = 𝜓 (𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) ∈ T lin
abs (𝑡, 𝑧

𝑡 ).
Conversely, the same case distinction yields (𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) = 𝜓−1(𝛿𝑡, 𝛿𝑧𝑡 ) ∈ T lin

mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) for every
(𝛿𝑡, 𝛿𝑧𝑡 ) ∈ T lin

abs (𝑡, 𝑧
𝑡 ). Again,𝜓 and𝜓−1 are both continuous and inverse to each other by construction.

�

Definition 3.6 (Branch NLPs for (I-MPCC), see [11]). Consider a feasible point (𝑡,𝑢𝑡 , 𝑣𝑡 ) of (I-MPCC)
with associated index setsU𝑡

+,V𝑡
+ , and D𝑡 and choose P𝑡 ⊆ D𝑡 with complement P̄𝑡 = D𝑡 \ P𝑡 . The

branch problem NLP(P𝑡 ) is de�ned as

min
𝑡,𝑢𝑡 ,𝑣𝑡

𝑓 (𝑡) s.t. 𝑐E (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 0,
𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ) ≥ 0,
𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑡 − 𝑣𝑡 ) = 0,(NLP(P𝑡 ))
0 = 𝑢𝑡𝑖 , 0 ≤ 𝑣𝑡𝑖 , 𝑖 ∈ V𝑡

+ ∪ P𝑡 ,

0 ≤ 𝑢𝑡𝑖 , 0 = 𝑣𝑡𝑖 , 𝑖 ∈ U𝑡
+ ∪ P̄𝑡 .

The feasible set of (NLP(P𝑡 )), which always contains (𝑡,𝑢𝑡 , 𝑣𝑡 ), is denoted by FP𝑡 .
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Clearly, the homeomorphism 𝜙 can be restricted to the branch problems (NLP(Σ𝑡 )) and (NLP(P𝑡 ))
where P𝑡 = {𝑖 ∈ 𝛼𝑡 (𝑡) : 𝜎𝑡𝑖 = −1}. Thus, the mapping 𝜙P𝑡 : FP𝑡 → FΣ𝑡 de�ned by

𝜙P𝑡 := 𝜙 |P𝑡 and 𝜙−1
P𝑡 := 𝜙−1 |Σ𝑡

is a homeomorphism. The tangent cone to FP𝑡 at (𝑡,𝑢𝑡 , 𝑣𝑡 ) is

TP𝑡 (𝑡,𝑢𝑡 , 𝑣𝑡 ) :=
{
(𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 )

����� ∃𝜏𝑘 ↘ 0, FP𝑡 3 (𝑡𝑘 , 𝑢𝑡𝑘 , 𝑣
𝑡
𝑘
) → (𝑡,𝑢𝑡 , 𝑣𝑡 ):

𝜏−1
𝑘
(𝑡𝑘 − 𝑡,𝑢𝑡

𝑘
− 𝑢𝑡 , 𝑣𝑡

𝑘
− 𝑣𝑡 ) → (𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 )

}
.

The linearized cone is

T lin
P𝑡 (𝑡,𝑢𝑡 , 𝑣𝑡 ) :=


©­«
𝛿𝑡

𝛿𝑢𝑡

𝛿𝑣𝑡

ª®¬
�����������
𝜕1𝑐E𝛿𝑡 + 𝜕2𝑐E (𝛿𝑢𝑡 + 𝛿𝑣𝑡 ) = 0,
𝜕1𝑐A𝛿𝑡 + 𝜕2𝑐A (𝛿𝑢𝑡 + 𝛿𝑣𝑡 ) ≥ 0,
𝜕1𝑐Z𝛿𝑡 + 𝜕2𝑐Z (𝛿𝑢𝑡 + 𝛿𝑣𝑡 ) = 𝛿𝑢𝑡 − 𝛿𝑣𝑡 ,

0 = 𝛿𝑢𝑡𝑖 for 𝑖 ∈ V𝑡
+ ∪ P, 0 = 𝛿𝑣𝑡𝑖 for 𝑖 ∈ U𝑡

+ ∪ P̄,
0 ≤ 𝛿𝑢𝑡𝑖 for 𝑖 ∈ P̄, 0 ≤ 𝛿𝑣𝑡𝑖 for 𝑖 ∈ P


.

Here, all partial derivatives are evaluated at (𝑡,𝑢𝑡 + 𝑣𝑡 ).
Lemma 3.7. Given (NLP(Σ𝑡 )) and (NLP(P𝑡 )) with P𝑡 = {𝑖 ∈ 𝛼𝑡 (𝑡) : 𝜎𝑡𝑖 = −1}. Consider (𝑡, 𝑧𝑡 ) ∈ FΣ𝑡 and
(𝑡,𝑢𝑡 , 𝑣𝑡 ) = 𝜙−1

P𝑡 (𝑡, 𝑧𝑡 ). De�ne𝜓P𝑡 := 𝜓 |TP𝑡 ,𝜓
−1
P𝑡 := 𝜓−1 |TΣ𝑡 and𝜓P𝑡 := 𝜓 |T lin

P𝑡
,𝜓−1

P𝑡 := 𝜓−1 |T lin
Σ𝑡
. Then,

𝜓P : TP𝑡 (𝑡,𝑢𝑡 , 𝑣𝑡 ) → TΣ𝑡 (𝑡, 𝑧𝑡 ) and 𝜓P : T lin
P𝑡 (𝑡,𝑢𝑡 , 𝑣𝑡 ) → T lin

Σ𝑡 (𝑡, 𝑧𝑡 )

are homeomorphisms.

Proof. By construction and since 𝛼𝑡 (𝑡) = D𝑡 , the following equalities of sets hold:

P𝑡 = {𝑖 ∈ 𝛼𝑡 (𝑡) : 𝜎𝑡𝑖 = −1}, V𝑡
+ = {𝑖 ∉ 𝛼𝑡 (𝑡) : 𝜎𝑡𝑖 = −1},

P̄𝑡 = {𝑖 ∈ 𝛼𝑡 (𝑡) : 𝜎𝑡𝑖 = +1}, U𝑡
+ = {𝑖 ∉ 𝛼𝑡 (𝑡) : 𝜎𝑡𝑖 = +1}.

Thus, the claim follows directly from Lemma 3.5. �

Consider a feasible point (𝑡,𝑢𝑡 , 𝑣𝑡 ) of (I-MPCC) with associated branch problems (NLP(P𝑡 )). Then,
the following decompositions of the tangent cone and of the abs-normal-linearized cone of (I-MPCC)
hold (for a proof see [1]):

(3.1) Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) =
⋃
P𝑡

TP𝑡 (𝑡,𝑢𝑡 , 𝑣𝑡 ) and T lin
mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) =

⋃
P𝑡

T lin
P𝑡 (𝑡,𝑢𝑡 , 𝑣𝑡 ) .

The following inclusions are also proved in [1]:

Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) ⊆ T lin
mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) and Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 )∗ ⊇ T lin

mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 )∗.

In general, the converses do not hold. This motivates the de�nition of MPCC-ACQ and MPCC-GCQ.
Definition 3.8 (Abadie’s and Guignard’s Constraint �alifications for (I-MPCC), see [1]). Consider a
feasible point (𝑡,𝑢𝑡 , 𝑣𝑡 ) of (I-MPCC). We say that Abadie’s Constraint Quali�cation for MPCC (MPCC-
ACQ) holds at (𝑡,𝑢𝑡 , 𝑣𝑡 ) if Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ) = T lin

mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ), and that Guignard’s Constraint Quali�cation
for MPCC (MPCC-GCQ) holds at (𝑡,𝑢𝑡 , 𝑣𝑡 ) if Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 )∗ = T lin

mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 )∗.
The decomposition (3.1) and its dualization imply that both MPCC-CQs hold if the corresponding

CQ holds for all branch problems.
Theorem 3.9 (ACQ/GCQ for all (NLP(P𝑡 )) implies MPCC-ACQ/MPCC-GCQ for (I-MPCC)). Consider
a feasible point (𝑡,𝑢𝑡 , 𝑣𝑡 ) of (I-MPCC). Then, MPCC-ACQ respectively MPCC-GCQ holds at (𝑡,𝑢𝑡 , 𝑣𝑡 ) if
ACQ respectively GCQ holds for all (NLP(P𝑡 )) at (𝑡,𝑢𝑡 , 𝑣𝑡 ).
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3.2 counterpart mpcc for the abs-normal nlp with inequality slacks

By De�nition 3.1, the counterpart MPCC of the non-smooth NLP (E-NLP) reads:

min
𝑡,𝑤,𝑢𝑡 ,𝑣𝑡 ,𝑢𝑤 ,𝑣𝑤

𝑓 (𝑡) s.t. 𝑐E (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 0,
𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑤 + 𝑣𝑤) = 0,
𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑡 − 𝑣𝑡 ) = 0,(E-MPCC)
𝑤 − (𝑢𝑤 − 𝑣𝑤) = 0,
0 ≤ 𝑢𝑡 ⊥ 𝑣𝑡 ≥ 0, 0 ≤ 𝑢𝑤 ⊥ 𝑣𝑤 ≥ 0,

where 𝑢𝑡 , 𝑣𝑡 ∈ ℝ𝑠𝑡 and 𝑢𝑤, 𝑣𝑤 ∈ ℝ𝑚2 . The feasible set is denoted by Fe-mpcc and is a lifting of Fmpcc.
Clearly, the homeomorphism between Fmpcc and Fabs extends to Fe-mpcc and Fe-abs. It is given by

𝜙 (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) = (𝑡,𝑤,𝑢𝑡 − 𝑣𝑡 , 𝑢𝑤 − 𝑣𝑤),
𝜙−1(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) = (𝑡,𝑤, [𝑧𝑡 ]+, [𝑧𝑡 ]−, [𝑧𝑤]+, [𝑧𝑤]−) .

Just like in the abs-normal case, problem (E-MPCC) is a special case of (I-MPCC). Hence, we obtain
the following material by specializing the de�nitions and results for (I-MPCC).

By De�nition 3.3, the tangent cone to Fe-mpcc at 𝑦 reads

Te-mpcc(𝑦) =
{
𝛿

����� ∃𝜏𝑘 ↘ 0, Fe-mpcc 3 𝑦𝑘 = (𝑡𝑘 ,𝑤𝑘 , 𝑢
𝑡
𝑘
, 𝑣𝑡

𝑘
, 𝑢𝑤

𝑘
, 𝑣𝑤

𝑘
) → 𝑦 :

𝜏−1
𝑘
(𝑦𝑘 − 𝑦) → 𝛿 = (𝛿𝑡, 𝛿𝑤, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 , 𝛿𝑢𝑤, 𝛿𝑣𝑤)

}
.

The MPCC-linearized cone reads

T lin
e-mpcc(𝑦) =

{
𝛿

����� 𝜕1𝑐I𝛿𝑡 + 𝜕2𝑐I (𝛿𝑢𝑡 + 𝛿𝑣𝑡 ) = 𝛿𝑢𝑤 + 𝛿𝑣𝑤, 𝛿𝑤 = 𝛿𝑢𝑤 − 𝛿𝑣𝑤,

(𝛿𝑡, 𝛿𝑢𝑡𝛿𝑣𝑡 ) ∈ T lin
mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ), (𝛿𝑢𝑤, 𝛿𝑣𝑤) ∈ T⊥(𝑢𝑤, 𝑣𝑤)

}
.

Here, all partial derivatives are evaluated at (𝑡,𝑢𝑡 + 𝑣𝑡 ). The associated homeomorphisms of Lemma 3.5,

𝜓 : Te-mpcc(𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) → Te-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤),
𝜓 : T lin

e-mpcc(𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) → T lin
e-abs(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤),

now take the form

𝜓 (𝛿𝑡, 𝛿𝑤, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 , 𝛿𝑢𝑤, 𝛿𝑣𝑤) = (𝛿𝑡, 𝛿𝑤, 𝛿𝑢𝑡 − 𝛿𝑣𝑡 , 𝛿𝑢𝑤 − 𝛿𝑣𝑤),
𝜓−1(𝛿𝑡, 𝛿𝑤, 𝛿𝑧𝑡 , 𝛿𝑧𝑤) = (𝛿𝑡, 𝛿𝑤, 〈𝛿𝑧𝑡 〉+, 〈𝛿𝑧𝑡 〉−, 〈𝛿𝑧𝑤〉+, 〈𝛿𝑧𝑤〉−).

Given 𝑦 = (𝑡, 𝑤̂,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤), a feasible point of (E-MPCC) with associated index sets U𝑡
+, V𝑡

+ , D𝑡 ,
U𝑤

+ ,V𝑤
+ , andD𝑤 , choose P𝑡 ⊆ D𝑡 as well as P𝑤 ⊆ D𝑤 and set P𝑡,𝑤 = P𝑡 ∪P𝑤 . The branch problem

NLP(P𝑡,𝑤) of De�nition 3.6 then reads

min
𝑡,𝑤,𝑢𝑡 ,𝑣𝑡 ,𝑢𝑤 ,𝑣𝑤

𝑓 (𝑡) s.t. 𝑐E (𝑡,𝑢𝑡 + 𝑣𝑡 ) = 0, 𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑤 + 𝑣𝑤) = 0,
𝑐Z (𝑡,𝑢𝑡 + 𝑣𝑡 ) − (𝑢𝑡 − 𝑣𝑡 ) = 0, 𝑤 − (𝑢𝑤 − 𝑣𝑤) = 0,
0 = 𝑢𝑡𝑖 , 0 ≤ 𝑣𝑡𝑖 , 𝑖 ∈ V𝑡

+ ∪ P𝑡 ,

0 ≤ 𝑢𝑡𝑖 , 0 = 𝑣𝑡𝑖 , 𝑖 ∈ U𝑡
+ ∪ P̄𝑡 ,(NLP(P𝑡,𝑤))

0 = 𝑢𝑤
𝑖 , 0 ≤ 𝑣𝑤𝑖 , 𝑖 ∈ V𝑤

+ ∪ P𝑤,

0 ≤ 𝑢𝑤
𝑖 , 0 = 𝑣𝑤𝑖 , 𝑖 ∈ U𝑤

+ ∪ P̄𝑤 .

The feasible set of (NLP(P𝑡,𝑤)), which always contains 𝑦 , is denoted by FP𝑡,𝑤 and is a lifting of FP𝑡 .
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Again, the homeomorphism between feasible sets can be restricted to the respective branch problems
(NLP(Σ𝑡,𝑤)) and (NLP(P𝑡,𝑤)) where P𝑡 = {𝑖 ∈ 𝛼𝑡 (𝑡) : 𝜎𝑡𝑖 = −1} and P𝑤 = {𝑖 ∈ 𝛼𝑤 (𝑤̂) : 𝜎𝑤

𝑖
= −1}.

Thus, the mapping 𝜙P𝑡,𝑤 : FP𝑡,𝑤 → FΣ𝑡,𝑤 given as

𝜙P𝑡,𝑤 := 𝜙 |P𝑡,𝑤 and 𝜙−1
P𝑡,𝑤 := 𝜙−1 |Σ𝑡,𝑤

is a homeomorphism.
The tangent cone to FP𝑡,𝑤 at 𝑦 reads

TP𝑡,𝑤 (𝑦) =
{
𝛿

����� ∃𝜏𝑘 ↘ 0, FP𝑡,𝑤 3 (𝑡𝑘 ,𝑤𝑘 , 𝑢
𝑡
𝑘
, 𝑣𝑡

𝑘
, 𝑢𝑤

𝑘
, 𝑣𝑤

𝑘
) → (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤):

𝜏−1
𝑘
(𝑡𝑘 − 𝑡,𝑤𝑘 −𝑤,𝑢𝑡

𝑘
− 𝑢𝑡 , 𝑣𝑡

𝑘
− 𝑣𝑡 , 𝑢𝑤

𝑘
− 𝑢𝑤, 𝑣𝑤

𝑘
− 𝑣𝑤) → 𝛿

}
where 𝛿 = (𝛿𝑡, 𝛿𝑤, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 , 𝛿𝑢𝑤, 𝛿𝑣𝑤). The linearized cone reads

T lin
P𝑡,𝑤 (𝑦) =


𝛿

���������
(𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) ∈ T lin

P𝑡 ,

𝜕1𝑐I𝛿𝑡 + 𝜕2𝑐I (𝛿𝑢𝑡 + 𝛿𝑣𝑡 ) = 𝛿𝑢𝑤 + 𝛿𝑣𝑤, 𝛿𝑤 = 𝛿𝑢𝑤 − 𝛿𝑣𝑤,

0 = 𝛿𝑢𝑤
𝑖
for 𝑖 ∈ V𝑤

+ ∪ P𝑤, 0 = 𝛿𝑣𝑤
𝑖
for 𝑖 ∈ U𝑤

+ ∪ P̄𝑤,

0 ≤ 𝛿𝑢𝑤
𝑖
for 𝑖 ∈ P̄𝑤, 0 ≤ 𝛿𝑣𝑤

𝑖
for 𝑖 ∈ P𝑤


.

Here, all partial derivatives are evaluated at (𝑡,𝑢𝑡 + 𝑣𝑡 ). The associated cone homeomorphisms of
Lemma 3.7 are now obtained as follows. Given (NLP(Σ𝑡,𝑤)) and (NLP(P𝑡,𝑤)) with P𝑡 = {𝑖 ∈ 𝛼𝑡 (𝑡) : 𝜎𝑡𝑖 =

−1} and P𝑤 = {𝑖 ∈ 𝛼𝑤 (𝑤̂) : 𝜎𝑤
𝑖

= −1}, consider (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤) ∈ Fe-abs and (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) =

𝜙−1(𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤). De�ne 𝜓P𝑡,𝑤 := 𝜓 |TP𝑡,𝑤 , 𝜓
−1
P𝑡,𝑤 := 𝜓 |TΣ𝑡,𝑤 and 𝜓P𝑡,𝑤 := 𝜓 |T lin

P𝑡,𝑤
, 𝜓−1

P𝑡,𝑤 := 𝜓 |T lin
Σ𝑡,𝑤

. Then,
we have

𝜓P𝑡,𝑤 : TP𝑡,𝑤 (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) → TΣ𝑡,𝑤 (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤),
𝜓P𝑡,𝑤 : T lin

P𝑡,𝑤 (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) → T lin
Σ𝑡,𝑤 (𝑡,𝑤, 𝑧𝑡 , 𝑧𝑤).

By applying (3.1) to (E-MPCC) with associated branch problems (NLP(P𝑡,𝑤)), we obtain the following
decomposition of cones at 𝑦 = (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤):

Te-mpcc(𝑦) =
⋃
P𝑡,𝑤

TP𝑡,𝑤 (𝑦) and T lin
e-mpcc(𝑦) =

⋃
P𝑡,𝑤

T lin
P𝑡,𝑤 (𝑦).

Moreover, the tangent cone is contained in the linearized cone and the converse holds for the dual
cones:

Te-mpcc(𝑦) ⊆ T lin
e-mpcc(𝑦) and Te-mpcc(𝑦)∗ ⊇ T lin

e-mpcc(𝑦)∗.
Once again, the converses do not hold in general and we consider Abadie’s and Guignard’s Constraint
Quali�cations for (E-MPCC) at 𝑦 = (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤). Recalling De�nition 3.8, MPCC-ACQ and
MPCC-GCQ simply read

Te-mpcc(𝑦) = T lin
e-mpcc(𝑦) and Te-mpcc(𝑦)∗ = T lin

e-mpcc(𝑦)∗.

Remark 3.10. Let

𝑊 (𝑡,𝑢𝑡 , 𝑣𝑡 ) = {(𝑤,𝑢𝑤, 𝑣𝑤) : |𝑤 | = 𝑐I (𝑡,𝑢𝑡 + 𝑣𝑡 ), 𝑢𝑤 = [𝑤]+, 𝑣𝑤 = [𝑤]−}.

Due to symmetry, the above equality of cones (respectively dual cones) clearly holds for all elements
(𝑤,𝑢𝑤, 𝑣𝑤) ∈𝑊 (𝑡,𝑢𝑡 , 𝑣𝑡 ) if it holds for any element.
Now Theorem 3.9 reads as follows.

Theorem 3.11 (ACQ/GCQ for all (NLP(P𝑡,𝑤)) impliesMPCC-ACQ/MPCC-GCQ for (E-MPCC)). Consider
a feasible point 𝑦 = (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) of (E-MPCC) with branch problems (NLP(P𝑡,𝑤)). Then, MPCC-
ACQ respectively MPCC-GCQ holds for (E-MPCC) at 𝑦 if ACQ respectively GCQ holds for all (NLP(P𝑡,𝑤))
at 𝑦 .
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3.3 relations of mpcc-cqs for different formulations

In this paragraphwe prove relations between constraint quali�cations for the two di�erent formulations
(I-MPCC) and (E-MPCC). Some relations follow from the results in the previous section and in the two
following sections.
Theorem 3.12. MPCC-ACQ for (I-MPCC) holds at (𝑡,𝑢𝑡 , 𝑣𝑡 ) ∈ Fmpcc if and only if MPCC-ACQ for
(E-MPCC) holds at (𝑡,𝑤,𝑢𝑡 , 𝑢𝑤, 𝑣𝑡 , 𝑣𝑤) ∈ Fe-mpcc for any (and hence all) (𝑤,𝑢𝑤, 𝑣𝑤) ∈𝑊 (𝑡,𝑢𝑡 , 𝑣𝑡 ).

Proof. This follows immediately from Theorem 2.15, Theorem 4.1 and Theorem 4.5. �

Theorem 3.13. MPCC-GCQ for (I-MPCC) holds at (𝑡,𝑢𝑡 , 𝑣𝑡 ) ∈ Fmpcc if MPCC-GCQ for (E-MPCC) holds
at (𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) ∈ Fe-mpcc for any (and hence all) (𝑤,𝑢𝑤, 𝑣𝑤) ∈𝑊 (𝑡,𝑢𝑡 , 𝑣𝑡 ).

Proof. The inclusion Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 )∗ ⊇ T lin
mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 )∗ holds always. Thus, it is left to show that

Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 )∗ ⊆ T lin
mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 )∗.

Let 𝜔 = (𝜔𝑡,𝜔𝑢𝑡 , 𝜔𝑣𝑡 ) ∈ Tmpcc(𝑡, , 𝑢𝑡 , 𝑣𝑡 )∗, i.e. 𝜔𝑇𝛿 ≥ 0 for all 𝛿 = (𝛿𝑡, 𝛿𝑢𝑡 , 𝛿𝑣𝑡 ) ∈ Tmpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ). Then,
let 𝜔̃ = (𝜔𝑡, 0, 𝜔𝑢𝑡 , 𝜔𝑣𝑡 , 0, 0) to obtain 𝜔̃𝑇𝛿 = 𝜔𝑇𝛿 ≥ 0 for all 𝛿 ∈ Te-mpcc(𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) where
𝑤 ∈𝑊 (𝑡) is arbitrary. By assumption, we have 𝜔̃𝑇𝛿 ≥ 0 for all 𝛿 ∈ T lin

e-mpcc(𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) which
implies 𝜔𝑇𝛿 = 𝜔̃𝑇𝛿 ≥ 0 for all 𝛿 ∈ T lin

mpcc(𝑡,𝑢𝑡 , 𝑣𝑡 ). �

The converse of the previous theorem is unlikely to hold, but we do not know how to construct a
counterexample. However, equivalence of ACQ or GCQ for corresponding branch problems holds.
Theorem 3.14. ACQ for (NLP(P𝑡 )) holds at (𝑡,𝑢𝑡 , 𝑣𝑡 ) ∈ FP𝑡 if and only if ACQ for (NLP(P𝑡,𝑤)) holds at
(𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) ∈ FP𝑡,𝑤 for any (and hence all) (𝑤,𝑢𝑤, 𝑣𝑤) ∈𝑊 (𝑡,𝑢𝑡 , 𝑣𝑡 ).

Proof. This follows immediately from Theorem 2.17, Theorem 4.3 and Theorem 4.7. �

Theorem 3.15. GCQ for (NLP(P𝑡 )) holds at (𝑡,𝑢𝑡 , 𝑣𝑡 ) ∈ FP𝑡 if and only if GCQ for (NLP(P𝑡,𝑤)) holds at
(𝑡,𝑤,𝑢𝑡 , 𝑣𝑡 , 𝑢𝑤, 𝑣𝑤) ∈ FP𝑡,𝑤 for any (and hence all) (𝑤,𝑢𝑤, 𝑣𝑤) ∈𝑊 (𝑡,𝑢𝑡 , 𝑣𝑡 ).

Proof. This follows immediately from Theorem 2.18, Theorem 4.4 and Theorem 4.8. �

4 kink qualifications and mpcc constraint qualifications

In this section we show relations between abs-normal NLPs and counterpart MPCCs. Here, we consider
both treatments of inequality constraints.

4.1 relations of general abs-normal nlp and mpcc

In the following the variables 𝑥 and 𝑧 instead of 𝑡 and 𝑧𝑡 are used. Thus, the abs-normal NLP (I-NLP)
reads:

min
𝑥,𝑧

𝑓 (𝑥) s.t. 𝑐E (𝑥, |𝑧 |) = 0, 𝑐I (𝑥, |𝑧 |) ≥ 0, 𝑐Z (𝑥, |𝑧 |) − 𝑧 = 0.

The counterpart MPCC (I-MPCC) becomes:

min
𝑥,𝑢,𝑣

𝑓 (𝑥) s.t. 𝑐E (𝑥,𝑢 + 𝑣) = 0, 𝑐I (𝑥,𝑢 + 𝑣) ≥ 0,
𝑐Z (𝑥,𝑢 + 𝑣) − (𝑢 − 𝑣) = 0, 0 ≤ 𝑢 ⊥ 𝑣 ≥ 0.

Then, the subsequent relations of kink quali�cations and MPCC constraint quali�cations can be
shown.
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Theorem 4.1 (AKQ for (I-NLP) ⇐⇒ MPCC-ACQ for (I-MPCC)). AKQ for (I-NLP) holds at (𝑥, 𝑧 (𝑥)) ∈
Fabs if and only if MPCC-ACQ for (I-MPCC) holds at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ Fmpcc.

Proof. We need to show

Tabs(𝑥, 𝑧) = T lin
abs (𝑥, 𝑧) ⇐⇒ Tmpcc(𝑥,𝑢, 𝑣) = T lin

mpcc(𝑥,𝑢, 𝑣) .

This is obvious from the homeomorphisms𝜓 in Lemma 3.5. �

Theorem 4.2 (MPCC-GCQ for (I-MPCC) implies GKQ for (I-NLP)). GKQ for (I-NLP) holds at (𝑥, 𝑧 (𝑥)) ∈
Fabs if MPCC-GCQ for (I-MPCC) holds at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ Fmpcc.

Proof. The inclusion T lin
abs (𝑥, 𝑧)

∗ ⊆ Tabs(𝑥, 𝑧)∗ hold always by Lemma 2.8. Thus, we just have to show

Tabs(𝑥, 𝑧)∗ ⊆ T lin
abs (𝑥, 𝑧)

∗.

Consider𝜔 = (𝜔𝑥,𝜔𝑧) ∈ Tabs(𝑥, 𝑧)∗, i.e.𝜔𝑇𝛿 ≥ 0 for all𝛿 = (𝛿𝑥, 𝛿𝑧) ∈ Tabs(𝑥, 𝑧). Set 𝜔̃ = (𝜔𝑥,𝜔𝑧,−𝜔𝑧).
For every 𝛿 ∈ Tabs(𝑥, 𝑧) we then have

𝜔̃𝑇𝜓−1(𝛿) = 𝜔𝑥𝑇𝛿𝑥 + 𝜔𝑧𝑇 〈𝛿𝑧〉+ − 𝜔𝑧𝑇 〈𝛿𝑧〉− = 𝜔𝑥𝑇𝛿𝑥 + 𝜔𝑧𝑇𝛿𝑧 = 𝜔𝑇𝛿 ≥ 0.

This means 𝜔̃ ∈ Tmpcc(𝑥,𝑢, 𝑣)∗ and hence, by assumption, 𝜔̃ ∈ T lin
mpcc(𝑥,𝑢, 𝑣)∗. We thus have 𝜔𝑇𝛿 =

𝜔̃𝑇𝜓−1(𝛿) ≥ 0 for every 𝛿 ∈ T lin
abs (𝑥, 𝑧), which means 𝜔 ∈ T lin

abs (𝑥, 𝑧)
∗. �

The converse is unlikely to hold, although we are not, at this time, aware of a counterexample. Once
again, moving to the branch problems allows to exploit additional sign information.
Theorem 4.3 (ACQ for (NLP(Σ𝑡 )) ⇐⇒ ACQ for (NLP(P𝑡 ))). ACQ for (NLP(Σ𝑡 )) holds at (𝑥, 𝑧 (𝑥)) ∈ FΣ𝑡

if and only if ACQ for the corresponding (NLP(P𝑡 )) holds at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ FP𝑡 .

Proof. We need to show

TΣ𝑡 (𝑥, 𝑧) = T lin
Σ𝑡 (𝑥, 𝑧) ⇐⇒ TP𝑡 (𝑥,𝑢, 𝑣) = T lin

P𝑡 (𝑥,𝑢, 𝑣) .

This is obvious from the homeomorphisms𝜓P in Lemma 3.7. �

Theorem 4.4 (GCQ for (NLP(Σ𝑡 )) ⇐⇒ GCQ for (NLP(P𝑡 ))). GCQ for (NLP(Σ𝑡 )) holds at (𝑥, 𝑧 (𝑥)) ∈ FΣ𝑡

if and only if GCQ for the corresponding (NLP(P𝑡 )) holds at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ FP𝑡 .

Proof. The inclusions T lin
P𝑡 (𝑥,𝑢, 𝑣)∗ ⊆ TP𝑡 (𝑥,𝑢, 𝑣)∗ and T lin

Σ𝑡
(𝑥, 𝑧)∗ ⊆ TΣ𝑡 (𝑥, 𝑧)∗ hold always. Thus, we

just have to show

TΣ𝑡 (𝑥, 𝑧)∗ ⊇ T lin
Σ𝑡 (𝑥, 𝑧)∗ ⇐⇒ TP𝑡 (𝑥,𝑢, 𝑣)∗ ⊇ T lin

P𝑡 (𝑥,𝑢, 𝑣)∗.

First, we show the implication “⇒”. Consider 𝜔 = (𝜔𝑥,𝜔𝑢,𝜔𝑣) ∈ TP𝑡 (𝑥,𝑢, 𝑣)∗, i.e. 𝜔𝑇𝛿 ≥ 0 for all
𝛿 = (𝛿𝑥, 𝛿𝑢, 𝛿𝑣) ∈ TP𝑡 (𝑥,𝑢, 𝑣). Set 𝜔̃ = (𝜔𝑥,𝜔𝑧) with

𝜔𝑧𝑖 =

{
+𝜔𝑢𝑖 , 𝑖 ∈ U+ ∪ P,
−𝜔𝑣𝑖 , 𝑖 ∈ V+ ∪ P̄ .

This leads to

𝜔̃𝑇𝜓P (𝛿) = 𝜔𝑥𝑇𝛿𝑥 + 𝜔𝑧𝑇 (𝛿𝑢 − 𝛿𝑣) = 𝜔𝑥𝑇𝛿𝑥 + 𝜔𝑢𝑇𝛿𝑢 + 𝜔𝑣𝑇𝛿𝑣 = 𝜔𝑇𝛿 ≥ 0

for every 𝛿 ∈ TP𝑡 (𝑥,𝑢, 𝑣), i.e. 𝜔̃ ∈ TΣ𝑡 (𝑥, 𝑧)∗. Then, the assumption yields 𝜔̃ ∈ T lin
Σ𝑡

(𝑥, 𝑧)∗. As we have
𝜔𝑇𝛿 = 𝜔̃𝑇𝜓P (𝛿) ≥ 0 for every 𝛿 ∈ T lin

P𝑡 (𝑥,𝑢, 𝑣), we obtain 𝜔 ∈ T lin
P𝑡 (𝑥,𝑢, 𝑣)∗. The reverse implication

follows as in Theorem 4.2. �
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4.2 relations of abs-normal nlp and mpcc with inequality slacks

Now, the relations for the slack reformulations are stated. These are special cases of the general problem
formulations, hence we obtain the following four theorems that correspond to Theorems 4.1 to 4.4.
Theorem 4.5 (AKQ for (E-NLP) ⇐⇒ MPCC-ACQ for (E-MPCC)). AKQ for (E-NLP) holds at (𝑥, 𝑧 (𝑥)) ∈
Fe-abs if and only if MPCC-ACQ for (E-MPCC) holds at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ Fe-mpcc.

Theorem 4.6 (MPCC-GCQ for (E-MPCC) implies GKQ for (E-NLP)). GKQ for (E-NLP) holds at (𝑥, 𝑧 (𝑥)) ∈
Fe-abs if MPCC-GCQ for (E-MPCC) holds at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ Fe-mpcc.

The converse is unlikely to hold, but to date we are not aware of a counterexample.
Theorem 4.7 (ACQ for (NLP(Σ𝑡,𝑤)) ⇐⇒ ACQ for (NLP(P𝑡,𝑤))). ACQ for (NLP(Σ𝑡,𝑤)) at (𝑥, 𝑧 (𝑥)) ∈
FΣ𝑡,𝑤 is equivalent to ACQ for the corresponding (NLP(P𝑡,𝑤)) at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ FP𝑡,𝑤 .

Theorem 4.8 (GCQ for (NLP(Σ𝑡,𝑤)) ⇐⇒ GCQ for (NLP(P𝑡,𝑤))). GCQ for (NLP(Σ𝑡,𝑤)) at (𝑥, 𝑧 (𝑥))FΣ𝑡,𝑤

is equivalent to GCQ for the corresponding (NLP(P𝑡,𝑤)) at (𝑥,𝑢, 𝑣) = (𝑥, [𝑧 (𝑥)]+, [𝑧 (𝑥)]−) ∈ FP𝑡,𝑤 .

All the relations discussed in Sections 2 to 4 are illustrated in Figure 1. In the inner square (containing
(I-NLP) and (E-NLP) as well as the counterpart MPCCs (I-MPCC) and (E-MPCC)) there are four single-
headed arrows, which indicate that only one direction has been proved and we do not know if the
converses hold as well. Therefore we considered the branch problems given on the outer right and
left in the �gure. Since ACQ respectively GCQ for all branch problems imply the corresponding kink
quali�cation or MPCC-constraint quali�cation, there are further single-headed arrows pointing to the
inner square. Results that follow directly from other equivalences have arrows with the label (implied).

5 first order stationarity concepts

In this section, we introduce de�nitions of Mordukhovich stationarity and Bouligand stationarity for
abs-normal NLPs and compare these de�nitions to M-stationarity and B-stationarity for MPCCs. We
give proofs based on the general formulation.

5.1 mordukhovich stationarity

In this paragraph we have a closer look at M-stationarity [13], which is a necessary optimality condition
for MPCCs under MPCC-ACQ [2].
Definition 5.1 (M-Stationarity for (I-MPCC), see [13]). Consider a feasible point (𝑥∗, 𝑢∗, 𝑣∗) of (I-MPCC)
with associated index sets U+, V+ and D. It is an M-stationary point if there exist multipliers 𝜆 =

(𝜆E, 𝜆I, 𝜆Z) and 𝜇 = (𝜇𝑢, 𝜇𝑣) such that the following conditions are satis�ed:

𝜕𝑥,𝑢,𝑣L⊥(𝑥∗, 𝑢∗, 𝑣∗, 𝜆, 𝜇) = 0,(5.1a)
((𝜇𝑢)𝑖 > 0, (𝜇𝑣)𝑖 > 0) ∨ (𝜇𝑢)𝑖 (𝜇𝑣)𝑖 = 0, 𝑖 ∈ D(5.1b)

(𝜇𝑢)𝑖 = 0, 𝑖 ∈ U+,(5.1c)
(𝜇𝑣)𝑖 = 0, 𝑖 ∈ V+,(5.1d)
𝜆I ≥ 0,(5.1e)

𝜆𝑇I𝑐I (𝑥
∗, 𝑢∗, 𝑣∗) = 0.(5.1f)

Herein, L⊥ is the MPCC-Lagrangian function

L⊥(𝑥,𝑢, 𝑣, 𝜆, 𝜇) := 𝑓 (𝑥) + 𝜆𝑇E𝑐E (𝑥,𝑢 + 𝑣) − 𝜆𝑇I𝑐I (𝑥,𝑢 + 𝑣)
+ 𝜆𝑇Z [𝑐Z (𝑥,𝑢 + 𝑣) − (𝑢 − 𝑣)] − 𝜇𝑇𝑢𝑢

𝑡 − 𝜇𝑇𝑣 𝑣
𝑡 .
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Local minimizers of (I-MPCC) are M-stationary points under MPCC-ACQ, as shown in [1, 2].
The name M-stationarity was introduced by Scholtes in [15] and was moti-
vated by the fact that the sign restrictions on the multipliers in (5.1) in fact
model the Mordukhovich normal cone. The inset on the right illustrates the
feasible set of multiplier values for a pair ((𝜇𝑢)𝑖 , (𝜇𝑣)𝑖), 𝑖 ∈ D. M-stationarity
is a weaker stationarity concept than strong stationarity, but is at the same
time the strongest necessary optimality condition known to hold in absence
of a strong constraint quali�cation like MPCC-MFCQ.

(𝜇𝑢)𝑖

(𝜇𝑣)𝑖

Definition 5.2 (M-Stationarity for (I-NLP)). Consider a feasible point (𝑥∗, 𝑧∗) of (I-NLP). It is an M-
stationary point if there exist multipliers 𝜆 = (𝜆E, 𝜆I, 𝜆Z) such that the following conditions are
satis�ed:

𝑓 ′(𝑥∗) + 𝜆𝑇E𝜕1𝑐E − 𝜆𝑇I𝜕1𝑐I + 𝜆𝑇Z𝜕1𝑐Z = 0,(5.2a)
[𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z𝜕2𝑐Z]𝑖 = (𝜆Z)𝑖𝜎∗

𝑖 , 𝑖 ∉ 𝛼 (𝑥∗),(5.2b)
(𝜇−𝑖 ) (𝜇+𝑖 ) = 0 ∨ [𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z𝜕2𝑐Z]𝑖 > | (𝜆Z)𝑖 |, 𝑖 ∈ 𝛼 (𝑥∗),(5.2c)

𝜆I ≥ 0,(5.2d)
𝜆𝑇I𝑐I = 0.(5.2e)

Here we use the notation

𝜇+𝑖 :=
[
𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z [𝜕2𝑐Z − 𝐼 ]

]
𝑖
,

𝜇−𝑖 :=
[
𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z [𝜕2𝑐Z + 𝐼 ]

]
𝑖
,

and the constraints and the partial derivatives are evaluated at (𝑥∗, |𝑧∗ |).
Theorem 5.3 (M-Stationarity for (I-MPCC) is M-Stationarity for (I-NLP)). A feasible point (𝑥∗, 𝑧∗) of
(I-NLP) is M-stationary if and only if (𝑥∗, 𝑢∗, 𝑣∗) = (𝑥∗, [𝑧∗]+, [𝑧∗]−) of (I-MPCC) is M-stationary.

Proof. For indices that satisfy the �rst condition in (5.1b), the equivalence with the second condition in
(5.2c) was shown in [9, Theorem 33]. Thus, we just need to consider the alternative conditions. For
(I-MPCC) we have the relations[

𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z [𝜕2𝑐Z − 𝐼 ]
]
𝑖
= (𝜇𝑢)𝑖 , 𝑖 ∈ D,[

𝜆𝑇E𝜕2𝑐E − 𝜆𝑇I𝜕2𝑐I + 𝜆𝑇Z [𝜕2𝑐Z + 𝐼 ]
]
𝑖
= (𝜇𝑣)𝑖 , 𝑖 ∈ D,

whichwas also shown in [9, Theorem 33]. These are exactly the de�nitions of 𝜇+𝑖 and 𝜇−𝑖 in the de�nition
of M-Stationarity for (I-NLP). �

Consequently, we may now rephrase the result by [1, 2] in the language of abs-normal forms.
Theorem 5.4 (Minimizers and M-Stationarity for (I-NLP)). Assume that (𝑥∗, 𝑧∗) is a local minimizer of
(I-NLP) and that AKQ holds at 𝑥∗. Then, (𝑥∗, 𝑧∗) is M-stationary for (I-NLP).

Proof. First, note that (𝑥∗, 𝑧∗) is a localminimizer of (I-NLP) if and only if (𝑥∗, 𝑢∗, 𝑣∗) = (𝑥∗, [𝑧∗]+, [𝑧∗]−)
is a local minimizer of (I-MPCC). Then, the point (𝑥∗, 𝑢∗, 𝑣∗) is a local minimizer of the counterpart
MPCC, and MPCC-ACQ holds by Theorem 4.1. Thus, (𝑥∗, 𝑢∗, 𝑣∗) is M-stationary for (I-MPCC) and
Theorem 5.3 implies that (𝑥∗, 𝑧∗) is M-stationary for (I-NLP). �
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5.2 mpcc-linearized bouligand stationarity

Finally,we introduceMPCC-linearized Bouligand stationarity,which is de�ned via smooth subproblems.
Definition 5.5 (MPCC-linearized B-Stationarity for (I-MPCC), see [14]). Consider a feasible point
(𝑥∗, 𝑢∗, 𝑣∗) of (I-MPCC) with associated index sets U+, V+ and D. It is a B-stationary point if it is a
stationary point of all branch problems (NLP(P𝑡 )) for P𝑡 = P ⊆ D. Here, P̄ denotes the complement
of P in D(𝑥∗).
Note that there exist di�erent names for the variant of B-stationarity just introduced. It is simply

called B-stationarity in [14], but we prefer here the name MPCC-linearized B-stationarity suggested
in [1] to prevent confusion with the de�nition of B-stationarity in the smooth case. The concept of
B-stationarity is the most intuitive among stationarity concepts in simply requiring that, no matter how
degenerate pairs of complementarities are resolved, no �rst order descent direction may be revealed.
Moreover, it may be brought into agreement with the concept of local minimizers already under
very weak assumptions regarding constraint quali�cations. The downside however is that verifying
B-stationarity inherently requires exponential runtime e�ort, as the number of branch problems is
exponential in the number of degenerate pairs in D.
Theorem 5.6. If GCQ holds for all (NLP(P𝑡 )), then all local minimizers of (I-MPCC) are MPCC-linearized
B-stationary points.

Proof. This follows directly by KKT theory for smooth optimization problems. �

Definition 5.7 (Abs-Normal-Linearized B-Stationarity for (I-NLP)). Consider a feasible point (𝑥∗, 𝑧∗)
of (I-NLP). It is an abs-normal-linearized B-stationary point if it is a stationary point of the branch
problems (NLP(Σ𝑡 )) for Σ𝑡 = diag(𝜎) with 𝜎 � 𝜎 (𝑥).
Theorem 5.8 (MPCC-linearized B-stationarity for (I-MPCC) is abs-normal-linearized B-stationarity
for (I-NLP)). A feasible point (𝑥∗, 𝑧∗) of (I-NLP) is abs-normal-linearized B-stationary if and only if
(𝑥∗, 𝑢∗, 𝑣∗) = (𝑥∗, [𝑧∗]+, [𝑧∗]−) of (I-MPCC) is MPCC-linearized B-stationary.

Proof. Every branch problem (NLP(Σ𝑡 )) is smooth and thus stationarity is equivalent to the condition
𝑓 ′(𝑥∗)𝑇𝑑 ≥ 0 for all 𝑑 ∈ T lin

Σ𝑡
(𝑥∗, 𝑧∗). Analogously, stationarity for every branch problem (NLP(P𝑡 ))

is equivalent to the condition 𝑓 ′(𝑥∗)𝑇𝑑 ≥ 0 for all 𝑑 ∈ T lin
P𝑡 (𝑥∗, [𝑧∗]+, [𝑧∗]−). Then, the equivalence

follows as both branch problems are homeomorphic and both linearization cones are homeomorphic
by Lemma 3.7. �

Theorem 5.9 (Minimizers and abs-normal-linearized B-Stationarity for (I-NLP)). Assume that (𝑥∗, 𝑧∗)
is a local minimizer of (I-NLP) and that GCQ holds at (𝑥∗, 𝑧∗) for all (NLP(Σ𝑡 )). Then, (𝑥∗, 𝑧∗) is abs-
normal-linearized B-stationary for (I-NLP).

Proof. The point (𝑥∗, 𝑧∗) is a local minimizer of (I-NLP) if and only if (𝑥∗, 𝑢∗, 𝑣∗) = (𝑥∗, [𝑧∗]+, [𝑧∗]−)
is a local minimizer of (I-MPCC). Moreover, GCQ for all (NLP(Σ𝑡 )) and GCQ for all (NLP(P𝑡 )) are
equivalent by Theorem 4.4. Thus, (𝑥∗, 𝑢∗, 𝑣∗) is a local minimizer of the counterpart MPCC and GCQ
holds for all (NLP(P𝑡 )). Then, it is MPCC-linearized B-stationary by Theorem 5.6 and �nally (𝑥∗, 𝑧∗) is
abs-normal-linearized B-stationary by Theorem 5.8. �

Remark 5.10. In [6], Griewank and Walther have presented a stationarity concept that holds without
any kink quali�cation for minimizers of the unconstrained abs-normal NLP

(5.3) min
𝑥

𝑓 (𝑥), 𝑓 ∈ 𝐶𝑑
abs(𝐷

𝑥 ,ℝ) .

Indeed, this concept is precisely abs-normal-linearized Bouligand stationarity: it requires the conditions
of De�nition 5.7 specialized to (5.3). Now, the question arises why no regularity assumption is needed.

Hegerhorst-Schultchen, Kirches, Steinbach Relations Between Abs-Normal NLPs and MPCCs. Part 2: . . .



J. Nonsmooth Anal. Optim. 2 (2021), 6673 page 21 of 22

The answer is that the abs-normal form provides a certain degree of built-in regularity: we have shown
in [8] that MPCC-ACQ is always satis�ed for the counterpart MPCC of (5.3) (and thus every local
minimizer is an M-stationary point). Analogously one can show that ACQ for all branch problems
(NLP(P𝑡 )) is always satis�ed for (5.3). Now, ACQ for all branch problems (NLP(P𝑡 )) is equivalent to
ACQ for all branch problems (NLP(Σ𝑡 )) by Theorem 4.3, which in turn implies GCQ for all branch
problems (NLP(Σ𝑡 )). Thus, GCQ for all branch problems (NLP(Σ𝑡 )) is always satis�ed for (5.3) and
Theorem 5.9 holds.

6 conclusions

We have shown that general abs-normal NLPs are essentially the same problem class as MPCCs. The
two problem classes permit the de�nition of corresponding constraint quali�cations, and optimality
conditions of �rst order under weak constraint quali�cations. We have also shown that the slack
reformulation from [10] preserves constraint quali�cations of Abadie type, whereas for Guginard type
we could only prove some implications. Here, one subtle drawback is the non-uniqueness of slack
variables. Thus, we have introduced branch formulations of general abs-normal NLPs and counterpart
MPCCs. Then, constraint quali�cations of Abadie and Guignard type are preserved.
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uniform regularity of set-valued mappings and
stability of implicit multifunctions

Nguyen Duy Cuong ∗ Alexander Y. Kruger†

Abstract We propose a unifying general (i.e. not assuming the mapping to have any particular
structure) view on the theory of regularity and clarify the relationships between the existing
primal and dual quantitative su�cient and necessary conditions including their hierarchy. We
expose the typical sequence of regularity assertions, often hidden in the proofs, and the roles of
the assumptions involved in the assertions, in particular, on the underlying space: general metric,
normed, Banach or Asplund. As a consequence, we formulate primal and dual conditions for the
stability properties of solution mappings to inclusions.

1 introduction

Many important problems in variational analysis and optimization can be modelled by an inclusion
𝑦 ∈ 𝐹 (𝑥), where 𝐹 is a set-valuedmapping. The behavior of the solution set 𝐹−1(𝑦) when 𝑦 and/or 𝐹 are
perturbed is of special interest. The concepts of metric regularity and subregularity (cf., e.g., [22, 33,46])
have been the key tools when studying stability of solutions. In the next de�nition, we use the
names 𝛼−regularity and 𝛼−subregularity, �xing the main quantitative parameter in the conventional
de�nitions of the properties.
Definition 1.1. Let 𝑋 and 𝑌 be metric spaces, 𝐹 : 𝑋 ⇒ 𝑌 , (𝑥, 𝑦) ∈ gph 𝐹 , and 𝛼 > 0. The mapping 𝐹 is

(i) 𝛼−regular at (𝑥, 𝑦) if there exist 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] such that

𝛼𝑑 (𝑥, 𝐹−1(𝑦)) ≤ 𝑑 (𝑦, 𝐹 (𝑥))(1.1)

for all 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝐵𝛿 (𝑦) with 𝑑 (𝑦, 𝐹 (𝑥)) < 𝛼𝜇;

(ii) 𝛼−subregular at (𝑥, 𝑦) if there exist 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] such that

𝛼𝑑 (𝑥, 𝐹−1(𝑦)) ≤ 𝑑 (𝑦, 𝐹 (𝑥))(1.2)

for all 𝑥 ∈ 𝐵𝛿 (𝑥) with 𝑑 (𝑦, 𝐹 (𝑥)) < 𝛼𝜇.
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In the above de�nition and throughout the paper, 𝐵𝛿 (𝑥) and 𝐵𝛿 (𝑦) stand for open balls with radius
𝛿 around respective points in appropriate spaces. Note that 𝛿 and 𝜇 can take in�nite values; thus,
the de�nition covers local as well as global properties. This remark applies also to the subsequent
de�nitions. The technical conditions 𝑑 (𝑦, 𝐹 (𝑥)) < 𝛼𝜇 and 𝑑 (𝑦, 𝐹 (𝑥)) < 𝛼𝜇 can be dropped (cf. [30,45]),
particularly because the value 𝜇 = +∞ is allowed. This does not a�ect the properties themselves, but
can have an e�ect on the value of 𝛿 .
Inequalities (1.1) and (1.2) provide linear estimates of the distance from 𝑥 to the solution set of

the respective inclusion via the ‘residual’ 𝑑 (𝑦, 𝐹 (𝑥)) or 𝑑 (𝑦, 𝐹 (𝑥)). As commented by Dontchev and
Rockafellar [22, p.178] ‘in applications, the residual is typically easy to compute or estimate, whereas
�nding a solution might be considerably more di�cult’.
Besides their importance in studying stability of solutions to inclusions, regularity type estimates

are involved in constraint quali�cations for optimization problems, quali�cation conditions in subdif-
ferential and coderivative calculus, and convergence analysis of computational algorithms [1, 3–5, 12, 16,
23, 27, 43].

The name ‘metric regularity’ was coined by Borwein in 1986 [8], but the concept itself can be traced
back to the Banach–Schauder open mapping theorem for linear operators, and its nonlinear extensions
due to Lyusternik & Graves [26,44] and Robinson & Ursescu [53,59]; see, for instance, [19,20,22,31,45,57]
for historical comments. Unlike the ‘full’ regularity in part (i) of De�nition 1.1, the weaker subregularity
property in part (ii) (as well as closely related to it properties like calmness, error bounds and weak
sharp minima) is not stable under small perturbations of the data. It has also been well studied; see, for
instance, [2,10,20,22,38,42,45,61,63]. Fortunately, the subregularity property is satis�ed automatically in
�nite dimensions when the graph of 𝐹 is the union of �nitely many polyhedral convex sets; cf. [22, 33].
When 𝑦 is not �xed and can be any point in a neighbourhood of a given point 𝑦 , it represents

canonical perturbations of the inclusion 𝑦 ∈ 𝐹 (𝑥). For some applications it can be important to allow
also perturbations in the right-hand side. This leads to the need to consider parametric inclusions
𝑦 ∈ 𝐹 (𝑝, 𝑥) (or even 𝑦 ∈ 𝐹 (𝑝, 𝑥), thus, combining the two types of perturbations), where 𝐹 is a set-
valued mapping of two variables, with (nonlinear) perturbations in the right-hand side given by a
parameter 𝑝 from some �xed set 𝑃 .

Along with the mapping 𝐹 : 𝑃 ×𝑋 ⇒ 𝑌 , which is our main object in this paper, given a point 𝑝 ∈ 𝑃 ,
we consider the mapping 𝐹𝑝 := 𝐹 (𝑝, ·) : 𝑋 ⇒ 𝑌 . Given a 𝑦 ∈ 𝑌 , the mapping

𝑝 ↦→ 𝐺 (𝑝) := 𝐹−1𝑝 (𝑦) = {𝑥 ∈ 𝑋 | 𝑦 ∈ 𝐹 (𝑝, 𝑥)}(1.3)

can be interpreted as an implicit multifunction corresponding to the parametric inclusion 𝑦 ∈ 𝐹 (𝑝, 𝑥).
When studying implicit multifunctions, it is common to consider ‘uniform’ versions of the properties
in De�nition 1.1 (cf., e.g., [32, De�nition 3.1]).
Definition 1.2. Let 𝑋 and 𝑌 be metric spaces, and 𝑃 be a set, 𝐹 : 𝑃 × 𝑋 ⇒ 𝑌 , 𝑥 ∈ 𝑋 , 𝑦 ∈ 𝑌 , and 𝛼 > 0.
The mapping 𝐹 is

(i) 𝛼−regular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) if there exist 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] such that

𝛼𝑑 (𝑥, 𝐹−1𝑝 (𝑦)) ≤ 𝑑 (𝑦, 𝐹 (𝑝, 𝑥))(1.4)

for all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝐵𝛿 (𝑦) with 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼𝜇;

(ii) 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) if there exist 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] such
that

𝛼𝑑 (𝑥, 𝐹−1𝑝 (𝑦)) ≤ 𝑑 (𝑦, 𝐹 (𝑝, 𝑥))(1.5)

for all 𝑝 ∈ 𝑃 and 𝑥 ∈ 𝐵𝛿 (𝑥) with 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼𝜇.
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If 𝑃 is a singleton, then the properties in De�nition 1.2 reduce to the corresponding conventional
regularity properties in De�nition 1.1. Moreover, the subregularity property in De�nition 1.2(ii) coincides
in this case with the subregularity property of the mapping (1.3) considered in [14].
Remark 1.3. (i) If 𝑌 is a linear metric space with a shift-invariant metric, in particular, a normed

space, then the property in part (i) of De�nition 1.2 reduces to the one in part (ii) with the extended
parameter set 𝑃 := 𝑃 ×𝑌 and set-valued mapping 𝐹 ((𝑝, 𝑦), 𝑥) := 𝐹 (𝑝, 𝑥) − 𝑦 , ((𝑝, 𝑦), 𝑥) ∈ 𝑃 ×𝑋 ,
in place of 𝑃 and 𝐹 , respectively. Moreover, in both parts of the de�nition, it is su�cient to
consider the case 𝑦 := 0: the general case reduces to it by replacing 𝐹 with 𝐹 − 𝑦 .

(ii) Unlike De�nition 1.1, in De�nition 1.2 the reference point (𝑥, 𝑦) is not associated with the graph
of 𝐹 . This is a technical relaxation caused by the fact that gph 𝐹 is a subset of a product of three
spaces 𝑃 × 𝑋 × 𝑌 , and at this stage there is no reference point in 𝑃 . De�nition 1.4 below is
formulated in a more conventional way.

(iii) There exist other concepts of uniform regularity in the literature. For instance, it is not uncommon
to talk about uniform regularity when inequality (1.1) holds for all (𝑥, 𝑦) in a compact subset of
𝑋 × 𝑌 with the same parameters 𝛼 , 𝛿 and 𝜇; cf. [16].

Local (in 𝑝) versions of the properties in De�nition 1.2 are of special interest. They correspond to 𝑃
being a neighbourhood of a point 𝑝 in some metric spaces; cf., e.g., [32, 49].
Definition 1.4. Let 𝑃 , 𝑋 and 𝑌 be metric spaces, 𝐹 : 𝑃 × 𝑋 ⇒ 𝑌 , (𝑝, 𝑥, 𝑦) ∈ gph 𝐹 , and 𝛼 > 0. The
mapping 𝐹 is

(i) 𝛼−regular in 𝑥 uniformly in 𝑝 at (𝑝, 𝑥, 𝑦) if there exist 𝜂 ∈]0, +∞], 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞]
such that inequality (1.4) is satis�ed for all𝑝 ∈ 𝐵𝜂 (𝑝),𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝐵𝛿 (𝑦)with𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) <
𝛼𝜇;

(ii) 𝛼−subregular in 𝑥 uniformly in 𝑝 at (𝑝, 𝑥, 𝑦) if there exist 𝜂 ∈]0, +∞], 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞]
such that inequality (1.5) is satis�ed for all 𝑝 ∈ 𝐵𝜂 (𝑝) and 𝑥 ∈ 𝐵𝛿 (𝑥) with 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼𝜇.

We often simply say that 𝐹 is regular or subregular if the exact value of 𝛼 in the above de�nitions
is not important. The exact upper bound of all 𝛼 > 0 such that a property in the above de�nitions is
satis�ed with some 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] (and 𝜂 ∈]0, +∞]), is called the modulus (or rate) of the
property.
Apart from the main parameter 𝛼 , providing a quantitative measure of the respective property,

the properties in above de�nitions depend also on the auxiliary parameters 𝛿 , 𝜂 and 𝜇. They control
(directly and indirectly) the size of the neighbourhoods of 𝑥 and 𝑝 involved in the de�nitions. As
discussed above, the last parameter can be dropped (together with the corresponding constraints).
We keep all the parameters to emphasize their di�erent roles in the de�nitions and corresponding
characterizations. The necessary and su�cient regularity conditions presented in the paper normally
involve the same collection of parameters.
The properties in De�nitions 1.2 and 1.4 can be interpreted as kinds of Lipschitz-like properties

of the implicit multifunction (solution mapping) (1.3). This observation opens a way for numerous
applications of the characterizations established in this and many other papers; cf. Section 5.
Regularity properties of implicit multifunctions were �rst considered by Robinson [52–54] when

studying stability of solution sets of generalized equations. This initiated a great deal of research by
many authors, mostly in normed spaces (and with 𝑦 := 0). Dontchev et al. [21, Theorem 2.1] gave a
su�cient condition for regularity of implicit multifunctions in terms of graphical derivatives. Ngai et
al. [47, 49] employed the theory of error bounds to characterizing the property in metric and Banach
spaces. In [14, 15, 25, 28, 29, 40, 41, 50, 60] dual su�cient conditions were established in �nite and in�nite
dimensions in terms of Fréchet, limiting, directional limiting and Clarke coderivatives. Chieu et al. [11]
established connections between regularity and Lipschitz-like properties of implicit multifunctions.
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The regularity properties of the type given in De�nitions 1.2 and 1.4 are often referred to in the
literature as metric regularity [14, 29, 41], metric regularity in Robinson’s sense [50, 60], and Robinson
metric regularity [11, 28] (of implicit multifunctions). Following Io�e [32, 33], we prefer to talk about
uniform regularity. We refer the readers to [6, 7, 22, 32, 40, 50] for more discussions and historical
comments.
The metric properties in De�nition 1.4 admit equivalent geometric characterizations. This is illus-

trated by the next proposition providing a characterization for the property in De�nition 1.2(ii).
Proposition 1.5. Let𝑋 and𝑌 be metric spaces, and 𝑃 be a set, 𝐹 : 𝑃 ×𝑋 ⇒ 𝑌 , 𝑥 ∈ 𝑋 , 𝑦 ∈ 𝑌 , and 𝛼 > 0. The
mapping 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with some 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] if
and only if

𝐹−1𝑝 (𝑦) ∩ 𝐵𝜌 (𝑥) ≠ ∅(1.6)

for all 𝜌 ∈]0, 𝜇 [, 𝑝 ∈ 𝑃 and 𝑥 ∈ 𝐵𝛿 (𝑥) with 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼𝜌 .

Proof. Suppose 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with some 𝛿 ∈]0, +∞] and
𝜇 ∈]0, +∞]. Let 𝜌 ∈]0, 𝜇 [, 𝑝 ∈ 𝑃 and 𝑥 ∈ 𝐵𝛿 (𝑥) with 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼𝜌 . Then 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼𝜇. By
De�nition 1.2(ii), 𝑑 (𝑥, 𝐹−1𝑝 (𝑦)) ≤ 𝛼−1𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝜌 . Hence, condition (1.6) is satis�ed.

Conversely, suppose 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞], and condition (1.6) is satis�ed for all 𝜌 ∈]0, 𝜇 [, 𝑝 ∈ 𝑃

and 𝑥 ∈ 𝐵𝛿 (𝑥) with 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼𝜌 . Let 𝑝 ∈ 𝑃 and 𝑥 ∈ 𝐵𝛿 (𝑥) with 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼𝜇. Choose a 𝜌
satisfying 𝛼−1𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝜌 < 𝜇. Then, by (1.6), 𝑑 (𝑥, 𝐹−1𝑝 (𝑦)) < 𝜌 . Letting 𝜌 ↓ 𝛼−1𝑑 (𝑦, 𝐹 (𝑝, 𝑥)), we
arrive at (1.5), i.e. 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇. �

The aim of this paper is not to add some new su�cient or necessary conditions for regularity
properties of general set-valued mappings or implicit multifunctions to the large volume of existing
ones (although some conditions in the subsequent sections are indeed new), but to propose a unifying
general (i.e. not assuming the mapping 𝐹 to have any particular structure and not using tangential
approximations of gph 𝐹 ) view on the theory of regularity, and clarify the relationships between the
existing conditions including their hierarchy. We expose the typical sequence of regularity assertions,
often hidden in the proofs, and the roles of the assumptions involved in the assertions, in particular,
on the underlying space: general metric, normed, Banach or Asplund.
We present a series of necessary and su�cient regularity conditions with the main emphasis (in

line with the current trend in the literature) on the latter ones. The (typical) sequence of su�cient
regularity conditions is represented by the following chain of assertions, each subsequent assertion
being a consequence of the previous one:

(i) nonlocal primal space conditions in complete metric spaces (Theorem 3.1(ii));

(ii) local primal space conditions in complete metric spaces (Corollary 3.4(ii));

(iii) subdi�erential conditions in Banach and Asplund spaces (Proposition 4.1);

(iv) normal cone conditions in Banach and Asplund spaces (Theorem 4.4);

(v) coderivative conditions in Banach and Asplund spaces (Corollaries 4.8 and 4.9).
Even if one targets coderivative conditions, they still have to go through the �ve steps listed above with
details often hidden in long proofs. Apart from making the whole process more transparent, which
is our main objective, the assertions in (i)–(iv) can be of independent interest, at least theoretically,
especially the slope type conditions in (ii) and normal cone conditions in (iv). In combination with
tangential approximations of gph 𝐹 , they are likely to lead to veri�able regularity conditions.

The implications (i) ⇒ (ii) and (iv) ⇒ (v) in the above list follow immediately from the de�nitions.
The main assertions are the su�ciency of condition (i), and implications (ii)⇒ (iii)⇒ (iv). They employ
the following fundamental tools of variational analysis:
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• Ekeland variational principle (su�ciency of condition (i));

• sum rules for respective subdi�erentials (implications (ii)⇒ (iii)⇒ (iv)).

Thus, all the su�cient conditions on the list are consequences of the Ekeland variational principle,
and as such, they are ‘outer’ conditions, i.e. they need to be checked at points outside the solution set
𝐹−1𝑝 (𝑦).
Most of the su�cient conditions are accompanied by the corresponding necessary ones. The nec-

essary conditions do not require the underlying spaces to be complete and are generally easy conse-
quences of the de�nitions. With the exception of the general nonlocal condition in Theorem 3.1(i), such
conditions are formulated in normed spaces and assume the graph of 𝐹 to be convex. In Section 4.2, we
provide a series of dual necessary regularity conditions for set-valued mappings with closed convex
graphs acting between Banach spaces some of which are also su�cient.
In the setting of complete metric spaces, and assuming that gph 𝐹𝑝 is closed for all 𝑝 ∈ 𝑃 , the gap

between the nonlocal necessary and su�cient subregularity conditions in Theorem 3.1 is not big: they
share the same inequality (3.3); with all the other parameters coinciding, the su�ciency part naturally
requires it to hold for all 𝑥 in a larger set. Unfortunately, unlike the ‘full’ regularity possessing the well
known coderivative criterion (see, e.g., [36, 45]), this is not the case in general with local subregularity
conditions unless the graph of 𝐹 is convex. The su�cient subregularity conditions presented in the
paper are the weakest possible in each group, but can still be far from necessary. As it has been discussed
in the literature (see, e.g., a discussion of the equivalent subtransversality property in [39]), the reason
for this phenomenon lies in the fact that the subregularity property lacks robustness.
The hot topic of regularity of a set-valued mapping 𝐹 with a special structure, particularly in the

arising in numerous applications such as, e.g., KKT systems and variational inequalities, case when
𝐹 = 𝑔 +𝐺 with 𝑔 single valued and 𝐺 set-valued (typically a normal cone mapping), is outside the
scope of the current paper. Computing ‘slopes’ and coderivatives of such mappings (or normal cones to
their graphs) is usually a di�cult job and requires imposing additional assumptions on 𝑔 and 𝐺 . This
is what people working in this area normally do. We want to emphasize that this type of conditions
still fall into the �ve-point scheme described above.

The rest of the paper is organized as follows. The next Section 2 contains some preliminary facts used
throughout the paper. Sections 3 and 4 are dedicated, respectively, to primal and dual su�cient and
necessary conditions for the regularity properties. In Section 5,we illustrate the theory by characterizing
the conventional metric regularity and subregularity of set-valued mappings as well as stability
properties of solution mappings to parametric inclusions.

2 preliminaries

Our basic notation is standard, see, e.g., [22, 45, 57]. Throughout the paper, if not explicitly stated
otherwise, 𝑃 is an arbitrary set, 𝑋 and 𝑌 are either metric or normed/Banach/Asplund spaces. Products
of metric or normed spaces are assumed to be equipped with the maximum distance or norm. The
topological dual of a normed space 𝑋 is denoted by 𝑋 ∗, while 〈·, ·〉 denotes the bilinear form de�ning
the pairing between the two spaces. In a primal space, the open and closed balls with center 𝑥 and
radius 𝛿 ∈]0, +∞] are denoted, respectively, by 𝐵𝛿 (𝑥) and 𝐵𝛿 (𝑥), while 𝔹 and 𝔹 stand for, respectively,
the open and closed unit balls. The open unit ball in the dual space is denoted by 𝔹∗. Symbols ℝ,
ℝ+ and ℕ stand for the real line, the set of all nonnegative reals, and the set of all positive integers,
respectively.
For a set Ω in a normed space, its closure is denoted by clΩ. The distance from a point 𝑥 to Ω is

de�ned by 𝑑 (𝑥,Ω) := inf𝑢∈Ω ‖𝑢 − 𝑥 ‖, and we use the convention 𝑑 (𝑥, ∅) = +∞. The indicator function
of Ω is de�ned by 𝑖Ω (𝑥) = 0 if 𝑥 ∈ Ω, and 𝑖Ω (𝑥) = +∞ if 𝑥 ∉ Ω.
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The dual conditions in the paper are formulated in terms of Fréchet and Clarke normals and
subdi�erentials; cf., e.g., [17, 37].

Given a point 𝑥 ∈ Ω, the sets

𝑁 𝐹
Ω (𝑥) :=

{
𝑥∗ ∈ 𝑋 ∗ | lim sup

Ω3𝑥→𝑥, 𝑥≠𝑥

〈𝑥∗, 𝑥 − 𝑥〉
‖𝑥 − 𝑥 ‖ ≤ 0

}
,(2.1)

𝑁𝐶
Ω (𝑥) :=

{
𝑥∗ ∈ 𝑋 ∗ | 〈𝑥∗, 𝑧〉 ≤ 0 for all 𝑧 ∈ 𝑇𝐶

Ω (𝑥)
}

(2.2)

are, respectively, the Fréchet and Clarke normal cones to Ω at 𝑥 . In de�nition (2.2), 𝑇𝐶
Ω (𝑥) stands for

the Clarke tangent cone to Ω at 𝑥 . The sets (2.1) and (2.2) are nonempty closed convex cones satisfying
𝑁 𝐹
Ω (𝑥) ⊂ 𝑁𝐶

Ω (𝑥). If Ω is a convex set, both cones reduce to the normal cone in the sense of convex
analysis:

𝑁Ω (𝑥) := {𝑥∗ ∈ 𝑋 ∗ | 〈𝑥∗, 𝑥 − 𝑥〉 ≤ 0 for all 𝑥 ∈ Ω} .

For an extended-real-valued function 𝑓 : 𝑋 → ℝ∪{+∞} on a normed space, its domain and epigraph
are de�ned, respectively, by dom 𝑓 := {𝑥 ∈ 𝑋 | 𝑓 (𝑥) < +∞} and epi 𝑓 := {(𝑥, 𝛼) ∈ 𝑋 ×ℝ | 𝑓 (𝑥) ≤ 𝛼}.
The Fréchet and Clarke subdi�erentials of 𝑓 at 𝑥 ∈ dom 𝑓 are de�ned, respectively, as

𝜕𝐹 𝑓 (𝑥) :=
{
𝑥∗ ∈ 𝑋 ∗ | lim inf

𝑥→𝑥, 𝑥≠𝑥

𝑓 (𝑥) − 𝑓 (𝑥) − 〈𝑥∗, 𝑥 − 𝑥〉
‖𝑥 − 𝑥 ‖ ≥ 0

}
,(2.3)

𝜕𝐶 𝑓 (𝑥) := {𝑥∗ ∈ 𝑋 ∗ | 〈𝑥∗, 𝑧〉 ≤ 𝑓 ◦(𝑥, 𝑧) for all 𝑧 ∈ 𝑋 } ,(2.4)

where 𝑓 ◦(𝑥, 𝑧) is the Clarke–Rockafellar directional derivative [55, 56] of 𝑓 at 𝑥 in the direction 𝑧 ∈ 𝑋 .
The sets (2.3) and (2.4) are closed and convex, and satisfy 𝜕𝐹 𝑓 (𝑥) ⊂ 𝜕𝐶 𝑓 (𝑥). If 𝑓 is convex, they reduce
to the subdi�erential in the sense of convex analysis:

𝜕𝑓 (𝑥) := {𝑥∗ ∈ 𝑋 ∗ | 𝑓 (𝑥) − 𝑓 (𝑥) − 〈𝑥∗, 𝑥 − 𝑥〉 ≥ 0 for all 𝑥 ∈ 𝑋 } .

It is easy to check that 𝑁 𝐹
Ω (𝑥) = 𝜕𝐹 𝑖Ω (𝑥), 𝑁𝐶

Ω (𝑥) = 𝜕𝐶𝑖Ω (𝑥), and

𝜕𝐹 𝑓 (𝑥) =
{
𝑥∗ ∈ 𝑋 ∗ | (𝑥∗,−1) ∈ 𝑁 𝐹

epi 𝑓 (𝑥, 𝑓 (𝑥))
}
,

𝜕𝐶 𝑓 (𝑥) =
{
𝑥∗ ∈ 𝑋 ∗ | (𝑥∗,−1) ∈ 𝑁𝐶

epi 𝑓 (𝑥, 𝑓 (𝑥))
}
.

By convention, we set 𝑁 𝐹
Ω (𝑥) = 𝑁𝐶

Ω (𝑥) := ∅ if 𝑥 ∉ Ω and 𝜕𝐹 𝑓 (𝑥) = 𝜕𝐶 𝑓 (𝑥) := ∅ if 𝑥 ∉ dom 𝑓 . We often
use the generic notations 𝑁 and 𝜕 for Fréchet and Clarke objects, specifying wherever necessary the
type of the object by an appropriate superscript, e.g., 𝑁 := 𝑁 𝐹 or 𝑁 := 𝑁𝐶 .
The following fact is an immediate consequence of the de�nition of the Fréchet subdi�erential;

cf. [37, 45].
Lemma 2.1. Suppose 𝑋 is a normed space and 𝑓 : 𝑋 → ℝ ∪ {+∞}. If 𝑥 ∈ dom 𝑓 is a point of local
minimum of 𝑓 , then 0 ∈ 𝜕𝐹 𝑓 (𝑥).
The representation of the (convex) subdi�erential of a norm in the next lemma is of importance;

cf. [62, Corollary 2.4.16].
Lemma 2.2. Let (𝑌, ‖ · ‖) be a normed space. Then

(i) 𝜕‖ · ‖(0) = {𝑦∗ ∈ 𝑌 ∗ | ‖𝑦∗‖ ≤ 1};

(ii) 𝜕‖ · ‖(𝑦) = {𝑦∗ ∈ 𝑌 ∗ | 〈𝑦∗, 𝑦〉 = ‖𝑦 ‖ and ‖𝑦∗‖ = 1}, 𝑦 ≠ 0.
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For an extended real-valued function 𝑓 on a metric space, its slope and nonlocal slope (cf. [7,30,38,48])
at 𝑥 ∈ dom 𝑓 are de�ned, respectively, by

|∇𝑓 | (𝑥) := lim sup
𝑢→𝑥,𝑢≠𝑥

[𝑓 (𝑥) − 𝑓 (𝑢)]+
𝑑 (𝑥,𝑢) and |∇𝑓 |�(𝑥) := sup

𝑢≠𝑥

[𝑓 (𝑥) − 𝑓+(𝑢)]+
𝑑 (𝑥,𝑢) ,

where 𝛼+ := max{0, 𝛼} for any 𝛼 ∈ ℝ. If 𝑥 ∉ dom 𝑓 , we set |∇𝑓 | (𝑥) = |∇𝑓 |�(𝑥) := +∞. The following
simple facts are well known; cf., e.g., [18].
Lemma 2.3. Let 𝑋 be a metric space, 𝑓 : 𝑋 → ℝ ∪ {+∞}, 𝑥 ∈ dom 𝑓 , and 𝑓 (𝑥) > 0.

(i) |∇𝑓 | (𝑥) ≤ |∇𝑓 |�(𝑥).

(ii) If 𝑋 is a normed space and 𝑓 is convex, then |∇𝑓 |�(𝑥) = |∇𝑓 | (𝑥) = 𝑑 (0, 𝜕𝑓 (𝑥)) .

A set-valued mapping 𝐹 : 𝑋 ⇒ 𝑌 between two sets 𝑋 and 𝑌 is a mapping, which assigns to every
𝑥 ∈ 𝑋 a subset (possibly empty) 𝐹 (𝑥) of 𝑌 . We use the notations gph 𝐹 := {(𝑥, 𝑦) ∈ 𝑋 × 𝑌 | 𝑦 ∈ 𝐹 (𝑥)}
and dom 𝐹 := {𝑥 ∈ 𝑋 | 𝐹 (𝑥) ≠ ∅} for the graph and the domain of 𝐹 , respectively, and 𝐹−1 : 𝑌 ⇒ 𝑋

for the inverse of 𝐹 . This inverse (which always exists with possibly empty values at some 𝑦) is de�ned
by 𝐹−1(𝑦) := {𝑥 ∈ 𝑋 | 𝑦 ∈ 𝐹 (𝑥)}, 𝑦 ∈ 𝑌 . Obviously dom 𝐹−1 = 𝐹 (𝑋 ).
If 𝑋 and 𝑌 are normed spaces, the coderivative of 𝐹 at (𝑥, 𝑦) ∈ gph 𝐹 is a set-valued mapping

𝐷∗𝐹 (𝑥, 𝑦) : 𝑌 ∗ ⇒ 𝑋 ∗ de�ned by

𝐷∗𝐹 (𝑥, 𝑦) (𝑦∗) := {𝑥∗ ∈ 𝑋 ∗ | (𝑥∗,−𝑦∗) ∈ 𝑁gph 𝐹 (𝑥, 𝑦)}, 𝑦∗ ∈ 𝑌 ∗.(2.5)

Depending on the type of the normal cone in (2.5), it can de�ne various coderivatives. We use symbols
𝐷∗
𝐹
and 𝐷∗

𝐶
to denote, respectively, the Fréchet and Clarke coderivatives.

The key tools in the proofs of the main results are the celebrated Ekeland variational principle and
several subdi�erential sum rules; cf. [22, 24, 33, 34, 37, 45, 55, 62].
Lemma 2.4. Suppose 𝑋 is a complete metric space, 𝑓 : 𝑋 → ℝ ∪ {+∞} is lower semicontinuous, 𝑥 ∈ 𝑋 ,
𝜀 > 0 and 𝜆 > 0. If 𝑓 (𝑥) < inf𝑋 𝑓 + 𝜀, then there exists an 𝑥 ∈ 𝑋 such that

(i) 𝑑 (𝑥, 𝑥) < 𝜆;

(ii) 𝑓 (𝑥) ≤ 𝑓 (𝑥);

(iii) 𝑓 (𝑢) + (𝜀/𝜆)𝑑 (𝑢, 𝑥) ≥ 𝑓 (𝑥) for all 𝑢 ∈ 𝑋 .

Lemma 2.5. Suppose 𝑋 is a normed space, 𝑓1, 𝑓2 : 𝑋 → ℝ ∪ {+∞}, and 𝑥 ∈ dom 𝑓1 ∩ dom 𝑓2.

(i) Let 𝑓1 and 𝑓2 be convex and 𝑓1 be continuous at a point in dom 𝑓2. Then

𝜕(𝑓1 + 𝑓2) (𝑥) = 𝜕𝑓1(𝑥) + 𝜕𝑓2(𝑥) .

(ii) Let 𝑓1 be Lipschitz continuous and 𝑓2 be lower semicontinuous in a neighbourhood of 𝑥 . Then

𝜕𝐶 (𝑓1 + 𝑓2) (𝑥) ⊂ 𝜕𝐶 𝑓1(𝑥) + 𝜕𝐶 𝑓2(𝑥).

(iii) Let 𝑋 be Asplund, 𝑓1 be Lipschitz continuous and 𝑓2 be lower semicontinuous in a neighbourhood
of 𝑥 . Then, for any 𝑥∗ ∈ 𝜕𝐹 (𝑓1 + 𝑓2) (𝑥) and 𝜀 > 0, there exist 𝑥1, 𝑥2 ∈ 𝑋 with ‖𝑥𝑖 − 𝑥 ‖ < 𝜀,
|𝑓𝑖 (𝑥𝑖) − 𝑓𝑖 (𝑥) | < 𝜀 (𝑖 = 1, 2), such that

𝑥∗ ∈ 𝜕𝐹 𝑓1(𝑥1) + 𝜕𝐹 𝑓2(𝑥2) + 𝜀𝔹∗.

Recall that a Banach space is Asplund if every continuous convex function on an open convex set is
Fréchet di�erentiable on a dense subset [51], or equivalently, if the dual of each its separable subspace
is separable. We refer the reader to [9, 45, 51] for discussions about and characterizations of Asplund
spaces. All re�exive, particularly, all �nite dimensional Banach spaces are Asplund.
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3 slope necessary and sufficient conditions

This section is dedicated to slope necessary and su�cient conditions. For simplicity, we focus on the
uniform subregularity property in De�nition 1.2(ii). The corresponding conditions for the property in
De�nition 1.2(i) can be formulated in a similar way. Besides, in view of Remark 1.3, in normed spaces
(which is our setting in the next section) such conditions can be obtained as consequences of those for
the subregularity.
The necessary conditions are deduced directly from the de�nitions of the respective properties,

while the su�cient ones come from the application of the Ekeland variational principle. In the convex
case, the conditions are necessary and su�cient.

In this section, 𝑃 is a nonempty set, 𝑋 and 𝑌 are metric spaces, and 𝐹 : 𝑃 × 𝑋 ⇒ 𝑌 . We assume the
parameters 𝑥 ∈ 𝑋 , 𝑦 ∈ 𝑌 , 𝛼 > 0, 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] to be �xed. In what follows, we employ a
collection of functions

𝜓𝑝 (𝑢, 𝑣) := 𝑑 (𝑣, 𝑦) + 𝑖gph 𝐹𝑝 (𝑢, 𝑣), 𝑢 ∈ 𝑋, 𝑣 ∈ 𝑌(3.1)

depending on a parameter 𝑝 ∈ 𝑃 . Along with the standard maximum distance on 𝑋 × 𝑌 , we also use a
metric depending on a parameter 𝛾 > 0:

𝑑𝛾 ((𝑢, 𝑣), (𝑥, 𝑦)) := max {𝑑 (𝑢, 𝑥), 𝛾𝑑 (𝑣, 𝑦)} , 𝑢, 𝑥 ∈ 𝑋, 𝑣, 𝑦 ∈ 𝑌 .(3.2)

The next theorem plays a crucial role for the subsequent considerations. The slope and subdi�eren-
tial/normal cone/coderivative conditions for uniform 𝛼−subregularity in this paper are consequences
of this theorem.
Theorem 3.1. (i) If 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇, then

sup
(𝑢,𝑣) ∈gph 𝐹𝑝 , (𝑢,𝑣)≠(𝑥,𝑦)
𝑑 (𝑢,𝑥)<𝛿+𝜇,𝑑 (𝑣,𝑦)<𝛼𝜇

𝑑 (𝑦, 𝑦) − 𝑑 (𝑣, 𝑦)
𝑑𝛾 ((𝑢, 𝑣), (𝑥, 𝑦))

≥ 𝛼(3.3)

for 𝛾 := 𝛼−1, and all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfying

𝑥 ∉ 𝐹−1𝑝 (𝑦), 𝑦 ∈ 𝐹 (𝑝, 𝑥)∩𝐵𝛼𝜇 (𝑦) .(3.4)

(ii) Suppose 𝑋 and 𝑌 are complete, and gph 𝐹𝑝 is closed for all 𝑝 ∈ 𝑃 . If inequality (3.3) holds for some
𝛾 > 0, and all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), then 𝐹 is 𝛼−subregular in 𝑥 uniformly
in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇.

Proof. (i) Suppose 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇. Let 𝑝 ∈ 𝑃 ,
𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfy (3.4), 𝛾 := 𝛼−1, and 𝜂 > 1. By (3.4) and De�nition 1.2(ii), there exist a
𝜉 ∈]1, 𝜂 [ such that 𝜉𝑑 (𝑦, 𝑦) < 𝛼𝜇, and a point 𝑥 ∈ 𝐹−1𝑝 (𝑦) such that 𝛼𝑑 (𝑥, 𝑥) < 𝜉𝑑 (𝑦, 𝑦). Thus,
(𝑥, 𝑦) ∈ gph 𝐹𝑝 , (𝑥, 𝑦) ≠ (𝑥, 𝑦),

𝑑 (𝑥, 𝑥) ≤ 𝑑 (𝑥, 𝑥) + 𝑑 (𝑥, 𝑥) < 𝛼−1𝜉𝑑 (𝑦, 𝑦) + 𝛿 ≤ 𝜇 + 𝛿, and
𝑑𝛾 ((𝑥, 𝑦), (𝑥, 𝑦)) = max{𝑑 (𝑥, 𝑥), 𝛾𝑑 (𝑦, 𝑦)} ≤ 𝛼−1max{𝜉, 1}𝑑 (𝑦, 𝑦) = 𝛼−1𝜉𝑑 (𝑦, 𝑦).

Hence,

sup
(𝑢,𝑣) ∈gph 𝐹𝑝 , (𝑢,𝑣)≠(𝑥,𝑦)
𝑑 (𝑢,𝑥)<𝛿+𝜇,𝑑 (𝑣,𝑦)<𝛼𝜇

𝑑 (𝑦, 𝑦) − 𝑑 (𝑣, 𝑦)
𝑑𝛾 ((𝑢, 𝑣), (𝑥, 𝑦))

≥ 𝑑 (𝑦, 𝑦)
𝑑𝛾 ((𝑥, 𝑦), (𝑥, 𝑦))

≥ 𝛼𝜉−1 > 𝛼𝜂−1.

Letting 𝜂 ↓ 1, we arrive at (3.3).

Cuong and Kruger Uniform regularity of set-valued mappings
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(ii) Suppose 𝐹 is not 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇. By De�ni-
tion 1.2(ii), there exist points 𝑝 ∈ 𝑃 and 𝑥 ∈ 𝐵𝛿 (𝑥) such that

𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼 min{𝑑 (𝑥, 𝐹−1𝑝 (𝑦)), 𝜇}.

Hence, 𝑥 ∉ 𝐹−1𝑝 (𝑦), or equivalently, 𝑦 ∉ 𝐹 (𝑝, 𝑥). Set 𝜇0 := min{𝑑 (𝑥, 𝐹−1𝑝 (𝑦)), 𝜇}. Choose a number
𝜀 such that 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝜀 < 𝛼𝜇0, and a point 𝑦 ∈ 𝐹 (𝑝, 𝑥) such that 𝑑 (𝑦, 𝑦) < 𝜀. The function
𝜓𝑝 : 𝑋 ×𝑌 → ℝ+∪{+∞}, de�ned by (3.1), is lower semicontinuous on 𝐵𝛿+𝜇 (𝑥) ×𝐵𝛼𝜇 (𝑦). Besides,

𝜓𝑝 (𝑥, 𝑦) = 𝑑 (𝑦, 𝑦) < inf
𝐵𝛿+𝜇 (𝑥)×𝐵𝛼𝜇 (𝑦)

𝜓𝑝 + 𝜀.

Let 𝛾 > 0. Applying the Ekeland variational principle (Lemma 2.4) to the restriction of 𝜓𝑝 to
the complete metric space 𝐵𝛿+𝜇 (𝑥) × 𝐵𝛼𝜇 (𝑦) with the metric (3.2), we can �nd a point (𝑥, 𝑦) ∈
𝐵𝛿+𝜇 (𝑥) × 𝐵𝛼𝜇 (𝑦) such that

𝑑𝛾 ((𝑥, 𝑦), (𝑥, 𝑦)) < 𝜇0, 𝜓𝑝 (𝑥, 𝑦) ≤ 𝜓𝑝 (𝑥, 𝑦),(3.5)
𝜓𝑝 (𝑥, 𝑦) ≤ 𝜓𝑝 (𝑢, 𝑣) + (𝜀/𝜇0)𝑑𝛾 ((𝑢, 𝑣), (𝑥, 𝑦))(3.6)

for all (𝑢, 𝑣) ∈ 𝐵𝛿+𝜇 (𝑥) × 𝐵𝛼𝜇 (𝑦). By (3.5), we have 𝑦 ∈ 𝐹 (𝑝, 𝑥), and

𝑑 (𝑥, 𝑥) ≤ 𝑑 (𝑥, 𝑥) + 𝑑 (𝑥, 𝑥) < 𝜇0 + 𝛿 ≤ 𝜇 + 𝛿,

𝑑 (𝑦, 𝑦) ≤ 𝑑 (𝑦, 𝑦) < 𝜀 < 𝛼𝜇0 ≤ 𝛼𝜇.

Besides, 𝑑 (𝑥, 𝑥) < 𝜇0 ≤ 𝑑 (𝑥, 𝐹−1𝑝 (𝑦)). This implies 𝑥 ∉ 𝐹−1𝑝 (𝑦), and consequently, 𝑦 ≠ 𝑦 . It
follows from (3.6) that

sup
(𝑢,𝑣) ∈gph 𝐹𝑝 , (𝑢,𝑣)≠(𝑥,𝑦)
𝑑 (𝑢,𝑥)<𝛿+𝜇,𝑑 (𝑣,𝑦)<𝛼𝜇

𝑑 (𝑦, 𝑦) − 𝑑 (𝑣, 𝑦)
𝑑𝛾 ((𝑢, 𝑣), (𝑥, 𝑦))

≤ 𝜀

𝜇0
< 𝛼.

The last estimate contradicts (3.3).
�

Remark 3.2. (i) The expression in the left-hand side of the inequality (3.3) is the nonlocal𝛾-slope [38,
p. 60] at (𝑥, 𝑦) of the restriction of the function𝜓𝑝 , given by (3.1), to gph 𝐹𝑝 ∩ [𝐵𝛿+𝜇 (𝑥) ×𝐵𝛼𝜇 (𝑦)].

(ii) By the de�nition of the metric (3.2), if inequality (3.3) is satis�ed with a 𝛾 > 0, then it is also
satis�ed with any 𝛾 ′ ∈]0, 𝛾 [. This observation is applicable to all slope inequalities in this section.

(iii) The completeness of the space and closedness assumption in part (ii) of Theorem 3.1 (and the
subsequent statements) can be relaxed: it su�ces to require that gph 𝐹𝑝 ∩ [𝐵𝛿+𝜇 (𝑥) × 𝐵𝛼𝜇 (𝑦)] is
complete for all 𝑝 ∈ 𝑃 .

(iv) The su�cient condition in part (ii) of Theorem 3.1 is often hidden in the proofs of dual su�cient
conditions.

(v) When 𝑋 and 𝑌 are complete, and gph 𝐹𝑝 is closed for all 𝑝 ∈ 𝑃 , the gap between the nonlocal
necessary and su�cient regularity conditions in parts (i) and (ii) of Theorem 3.1 is not big: they
share the same inequality (3.3); with all the other parameters coinciding, the necessity part (i)
guarantees this inequality to hold for all 𝑥 ∈ 𝐵𝛿 (𝑥), while the su�ciency part (ii) requires it to
hold for all 𝑥 in a larger set 𝐵𝛿+𝜇 (𝑥).
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We now illustrate Theorem 3.1 by applying it to the local (in 𝑝) setting in De�nition 1.4(ii). The appli-
cation is straightforward. We provide a single illustration of this kind, although the other statements
in this and the next section are also applicable to this setting.
Corollary 3.3. Let 𝑃 be a metric space, (𝑝, 𝑥, 𝑦) ∈ gph 𝐹 and 𝜂 ∈]0, +∞].

(i) If 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 at (𝑝, 𝑥, 𝑦) with 𝜂, 𝛿 and 𝜇, then inequality (3.3) holds
with 𝛾 := 𝛼−1 for all 𝑝 ∈ 𝐵𝜂 (𝑝), 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4).

(ii) Suppose 𝑋 and 𝑌 are complete, and gph 𝐹𝑝 is closed for all 𝑝 ∈ 𝐵𝜂 (𝑝). If inequality (3.3) holds for
some 𝛾 > 0, and all 𝑝 ∈ 𝐵𝜂 (𝑝), 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), then 𝐹 is 𝛼−subregular in
𝑥 uniformly in 𝑝 at (𝑝, 𝑥, 𝑦) with 𝜂, 𝛿 and 𝜇.

The next statement presents a localized version of Theorem 3.1.
Corollary 3.4. (i) Suppose 𝑋 and 𝑌 are normed spaces, and gph 𝐹𝑝 is convex for all 𝑝 ∈ 𝑃 . If 𝐹 is

𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇, then

lim sup
𝑢→𝑥, 𝑣→𝑦, (𝑢,𝑣) ∈gph 𝐹𝑝 , (𝑢,𝑣)≠(𝑥,𝑦)

𝑑 (𝑢,𝑥)<𝛿+𝜇,𝑑 (𝑣,𝑦)<𝛼𝜇

𝑑 (𝑦, 𝑦) − 𝑑 (𝑣, 𝑦)
𝑑𝛾 ((𝑢, 𝑣), (𝑥, 𝑦))

≥ 𝛼(3.7)

for 𝛾 := 𝛼−1, and all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4).

(ii) Suppose 𝑋 and 𝑌 are complete, and gph 𝐹𝑝 is closed for all 𝑝 ∈ 𝑃 . If inequality (3.7) holds for some
𝛾 > 0, and all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), then 𝐹 is 𝛼−subregular in 𝑥 uniformly
in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇.

Proof. In view of Remark 3.2(i) and Remark 3.5(i), assertion (i) follows from Lemma 2.3(ii) and Theo-
rem 3.1(i), while assertion (ii) is a consequence of Lemma 2.3(i) and Theorem 3.1(ii). �

Remark 3.5. (i) The expression in the left-hand side of inequality (3.7) is the 𝛾-slope [38, p. 61] at
(𝑥, 𝑦) of the restriction of the function𝜓𝑝 , given by (3.1), to gph 𝐹𝑝 ∩ [𝐵𝛿+𝜇 (𝑥) × 𝐵𝛼𝜇 (𝑦)].

(ii) The convexity assumption in part (i) of Corollary 3.4 (and the subsequent statements) can be
relaxed: it su�ces to require that gph 𝐹𝑝 ∩ [𝐵𝛿+𝜇 (𝑥) × 𝐵𝛼𝜇 (𝑦)] is convex for all 𝑝 ∈ 𝑃 .

(iii) In the particular case when 𝑃 is a neighborhood of a point 𝑝 in some metric space, part (ii)
of Corollary 3.4 is a quantitative version of [32, Proposition 3.5]. Ngai et al. [49, Theorem 3]
established a primal su�cient condition for the property under the assumption that the mapping
𝐹 (·, 𝑥) is lower semicontinuous at 𝑝 .

4 dual necessary and sufficient conditions

In this section, we continue studying the mapping 𝐹 : 𝑃 × 𝑋 ⇒ 𝑌 where 𝑃 is a nonempty set, while
𝑋 and 𝑌 are assumed to be normed spaces. We also assume the parameters 𝑥 ∈ 𝑋 , 𝑦 ∈ 𝑌 , 𝛼 > 0,
𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] to be �xed, and the collection of functions𝜓𝑝 be de�ned by (3.1).

The primal and dual parametric product space norms, corresponding to the distance (3.2), have the
following form:

‖(𝑥, 𝑦)‖𝛾 = max{‖𝑥 ‖, 𝛾 ‖𝑦 ‖}, 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌,(4.1)
‖(𝑥∗, 𝑦∗)‖𝛾 = ‖𝑥∗‖ + 𝛾−1‖𝑦∗‖, 𝑥∗ ∈ 𝑋 ∗, 𝑦∗ ∈ 𝑌 ∗.(4.2)

We denote by 𝑑𝛾 the distance in 𝑋 ∗ × 𝑌 ∗ determined by (4.2).
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4.1 dual sufficient conditions

In this subsection, we assume additionally that 𝑋 and 𝑌 are Banach spaces, and gph 𝐹𝑝 is closed for all
𝑝 ∈ 𝑃 .

The next subdi�erential su�cient condition for uniform 𝛼−subregularity is a consequence of Corol-
lary 3.4(ii) thanks to the subdi�erential sum rules in Lemma 2.5.
Proposition 4.1. Let 𝜕 := 𝜕𝐶 . If

𝑑𝛾
(
0, 𝜕𝜓𝑝 (𝑥, 𝑦)

)
≥ 𝛼(4.3)

for some 𝛾 > 0, and all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), then 𝐹 is 𝛼−subregular in 𝑥

uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇.
If 𝑋 and 𝑌 are Asplund, then the above assertion is valid with 𝜕 := 𝜕𝐹 .

Proof. Suppose 𝐹 is not 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇. Let 𝛾 > 0. By
Corollary 3.4(ii), there exist points 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), and an 𝛼 ′ ∈]0, 𝛼 [
such that

‖𝑦 − 𝑦 ‖ − ‖𝑣 − 𝑦 ‖ ≤ 𝛼 ′‖(𝑢, 𝑣) − (𝑥, 𝑦)‖𝛾

for all (𝑢, 𝑣) ∈ gph 𝐹𝑝 ∩ [𝐵𝛿+𝜇 (𝑥) × 𝐵𝛼𝜇 (𝑦)] near (𝑥, 𝑦). In other words, (𝑥, 𝑦) is a local minimizer of
the function

(𝑢, 𝑣) ↦→ 𝜓𝑝 (𝑢, 𝑣) + 𝛼 ′‖(𝑢, 𝑣) − (𝑥, 𝑦)‖𝛾 .(4.4)

By Lemma 2.1, its Fréchet and, as a consequence, Clarke subdi�erential at this point contains 0.
Observe that (4.4) is the sum of the function 𝜓𝑝 and the Lipschitz continuous convex function
(𝑢, 𝑣) ↦→ 𝛼 ′‖(𝑢, 𝑣) − (𝑥, 𝑦)‖𝛾 , and, by Lemma 2.2, at any point all subgradients (𝑥∗, 𝑦∗) of the lat-
ter function satisfy ‖(𝑥∗, 𝑦∗)‖𝛾 ≤ 𝛼 ′. By Lemma 2.5(ii), there exists a subgradient (𝑥∗, 𝑦∗) ∈ 𝜕𝐶𝜓𝑝 (𝑥, 𝑦)
such that ‖(𝑥∗, 𝑦∗)‖𝛾 ≤ 𝛼 ′ < 𝛼 , which contradicts (4.3).

Let 𝑋 and 𝑌 be Asplund. Choose an 𝜀 > 0 such that

𝜀 < min
{
𝛿 + 𝜇 − ‖𝑥 − 𝑥 ‖, 𝛼𝜇 − ‖𝑦 − 𝑦 ‖, 𝛼 − 𝛼 ′, ‖𝑦 − 𝑦 ‖/2, 𝑑 (𝑥, 𝐹−1𝑝 (𝑦))/2

}
.

By Lemma 2.5(iii), there exist points 𝑥 ′ ∈ 𝐵𝜀 (𝑥), 𝑦 ′ ∈ 𝐵𝜀 (𝑦) with (𝑥 ′, 𝑦 ′) ∈ gph 𝐹𝑝 , and a subgradient
(𝑥∗, 𝑦∗) ∈ 𝜕𝐹𝜓𝑝 (𝑥 ′, 𝑦 ′) such that

‖(𝑥∗, 𝑦∗)‖𝛾 < 𝛼 ′ + 𝜀 < 𝛼.(4.5)

Besides, 𝑥 ′ ∈ 𝐵𝛿+𝜇 (𝑥) \ 𝐹−1𝑝 (𝑦), 𝑦 ≠ 𝑦 ′ ∈ 𝐵𝛼𝜇 (𝑦) as

‖𝑦 − 𝑦 ‖/2 < ‖𝑦 ′ − 𝑦 ‖, 𝑑 (𝑥, 𝐹−1𝑝 (𝑦))/2 < 𝑑 (𝑥 ′, 𝐹−1𝑝 (𝑦)),
‖𝑥 ′ − 𝑥 ‖ ≤ ‖𝑥 ′ − 𝑥 ‖ + ‖𝑥 − 𝑥 ‖ < 𝛿 + 𝜇, ‖𝑦 ′ − 𝑦 ‖ ≤ ‖𝑦 ′ − 𝑦 ‖ + ‖𝑦 − 𝑦 ‖ < 𝛼𝜇.

It follows from (4.5) that 𝑑𝛾
(
0, 𝜕𝐹𝜓𝑝 (𝑥 ′, 𝑦 ′)

)
< 𝛼 , which contradicts (4.3). �

Remark 4.2. Condition (4.3) with the Fréchet subdi�erentials is obviously weaker (hence, more e�cient)
than its version with the Clarke ones. However, it is only applicable in Asplund spaces.

The key condition (4.3) in Proposition 4.1 involves subdi�erentials of the function𝜓𝑝 . Subgradients of
this function belong to𝑋 ∗×𝑌 ∗ and have two component vectors 𝑥∗ and 𝑦∗. In view of the representation
(4.2) of the dual norm on 𝑋 ∗ × 𝑌 ∗, the contributions of the vectors 𝑥∗ and 𝑦∗ to the condition (4.3) are
di�erent. The next corollary exposes this di�erence.
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Corollary 4.3. If there exists an 𝜀 > 0 such that ‖𝑥∗‖ ≥ 𝛼 for all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying
(3.4), and all (𝑥∗, 𝑦∗) ∈ 𝜕𝐶𝜓𝑝 (𝑥, 𝑦) with ‖𝑦∗‖ < 𝜀; particularly if

lim inf
𝐹−1
𝑝 (𝑦)∌𝑥→𝑥, 𝐹 (𝑝,𝑥) 3𝑦→𝑦, 𝑦∗→0
𝑝∈𝑃, 𝑦≠𝑦, (𝑥∗,𝑦∗) ∈𝜕𝐶𝜓𝑝 (𝑥,𝑦)

‖𝑥∗‖ > 𝛼,

then 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇.
If 𝑋 and 𝑌 are Asplund, then the above assertion is valid with 𝜕𝐹 in place of 𝜕𝐶 .

Proof. Suppose 𝐹 is not 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇. Let 𝜀 > 0 and
𝛾 := 𝜀/𝛼 . By Proposition 4.1, there exist 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), and a subgradient
(𝑥∗, 𝑦∗) ∈ 𝜕𝐶𝜓𝑝 (𝑥, 𝑦) ((𝑥∗, 𝑦∗) ∈ 𝜕𝐹𝜓𝑝 (𝑥, 𝑦) if𝑋 and𝑌 are Asplund) such that ‖(𝑥∗, 𝑦∗)‖𝛾 < 𝛼 . In view
of the representation of the dual norm (4.2), this implies ‖𝑥∗‖ < 𝛼 and ‖𝑦∗‖ < 𝛼𝛾 = 𝜀, a contradiction.

�

The function𝜓𝑝 involved in the subdi�erential su�cient conditions for the uniform 𝛼−subregularity
in Proposition 4.1, is itself a sum of two functions. We are now going to apply the sum rules again to
obtain su�cient conditions in terms of Clarke and Fréchet normals to gph 𝐹𝑝 .
Theorem 4.4. The mapping 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇 if, for
some 𝛾 > 0, and all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), one of the following conditions is
satis�ed:

(i) with 𝑁 := 𝑁𝐶 ,

𝑑𝛾 ((0,−𝑦∗), 𝑁gph 𝐹𝑝 (𝑥, 𝑦)) ≥ 𝛼(4.6)

for all 𝑦∗ ∈ 𝑌 ∗ satisfying

‖𝑦∗‖ = 1, 〈𝑦∗, 𝑦 − 𝑦〉 = ‖𝑦 − 𝑦 ‖;(4.7)

(ii) 𝑋 and 𝑌 are Asplund, and there exists a 𝜏 ∈]0, 1[ such that inequality (4.6) holds with 𝑁 := 𝑁 𝐹 for
all 𝑦∗ ∈ 𝑌 ∗ satisfying

‖𝑦∗‖ = 1, 〈𝑦∗, 𝑦 − 𝑦〉 > 𝜏 ‖𝑦 − 𝑦 ‖ .(4.8)

Proof. Suppose 𝐹 is not 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇. Let 𝛾 > 0. In
view of Proposition 4.1, there exist 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), and a subgradient
(𝑥∗, 𝑦∗) ∈ 𝜕𝜓𝑝 (𝑥, 𝑦) such that ‖(𝑥∗, 𝑦∗)‖𝛾 < 𝛼 , where either 𝜕 := 𝜕𝐶 (if 𝑋 and 𝑌 are general Banach
spaces) or 𝜕 := 𝜕𝐹 (if 𝑋 and 𝑌 are Asplund). Recall from (3.1) that 𝜓𝑝 is a sum of two functions: the
Lipschitz continuous convex function 𝑣 ↦→ 𝑔(𝑣) := ‖𝑣 − 𝑦 ‖ and the indicator function of the closed set
gph 𝐹𝑝 .

(i) By Lemma 2.5(ii), there exist 𝑦∗ ∈ 𝜕𝑔(𝑦) and (𝑢∗, 𝑣∗) ∈ 𝑁𝐶
gph 𝐹𝑝 (𝑥, 𝑦) such that (𝑥∗, 𝑦∗) =

(0, 𝑦∗) + (𝑢∗, 𝑣∗). Thus,

𝑑𝛾 ((0,−𝑦∗), 𝑁𝐶
gph 𝐹𝑝 (𝑥, 𝑦)) ≤ ‖(0, 𝑦∗) + (𝑢∗, 𝑣∗)‖𝛾 = ‖(𝑥∗, 𝑦∗)‖𝛾 < 𝛼,

which contradicts (4.6). Since 𝑦 ≠ 𝑦 , by Lemma 2.2, 𝑦∗ satis�es conditions (4.7).
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(ii) Let 𝑋 and 𝑌 be Asplund, and 𝜏 ∈]0, 1[. By Lemma 2.5(iii), for any 𝜀 > 0, there exist 𝑥1 ∈ 𝐵𝜀 (𝑥),
𝑦1, 𝑦2 ∈ 𝐵𝜀 (𝑦) with (𝑥1, 𝑦1) ∈ gph 𝐹𝑝 , and 𝑦∗ ∈ 𝜕𝑔(𝑦2), (𝑢∗, 𝑣∗) ∈ 𝑁 𝐹

gph 𝐹𝑝 (𝑥1, 𝑦1) such that

‖(0, 𝑦∗) + (𝑢∗, 𝑣∗) − (𝑥∗, 𝑦∗)‖𝛾 < 𝜀.(4.9)

The number 𝜀 can be chosen small enough to ensure that 𝑥1 ∈ 𝐵𝛿+𝜇 (𝑥) \ 𝐹−1𝑝 (𝑦), 𝑦1 ∈ 𝐵𝛼𝜇 (𝑦),
𝑦2 ≠ 𝑦 , and

‖𝑦1 − 𝑦 ‖ ≥ 1
2 ‖𝑦 − 𝑦 ‖, ‖𝑦2 − 𝑦1‖ <

1 − 𝜏

4 ‖𝑦 − 𝑦 ‖, ‖(𝑥∗, 𝑦∗)‖𝛾 + 𝜀 < 𝛼.

By Lemma 2.2, we have ‖𝑦∗‖ = 1 and 〈𝑦∗, 𝑦2 − 𝑦〉 = ‖𝑦2 − 𝑦 ‖. Moreover,

‖𝑦2 − 𝑦1‖ <
1 − 𝜏

4 ‖𝑦 − 𝑦 ‖ ≤ 1 − 𝜏

2 ‖𝑦1 − 𝑦 ‖,

and consequently,

〈𝑦∗, 𝑦1 − 𝑦〉 ≥ 〈𝑦∗, 𝑦2 − 𝑦〉 − ‖𝑦2 − 𝑦1‖ = ‖𝑦2 − 𝑦 ‖ − ‖𝑦2 − 𝑦1‖
≥ ‖𝑦1 − 𝑦 ‖ − 2‖𝑦2 − 𝑦1‖ > 𝜏 ‖𝑦1 − 𝑦 ‖.

Making use of (4.9), we obtain

𝑑𝛾 ((0,−𝑦∗), 𝑁 𝐹
gph 𝐹𝑝 (𝑥1, 𝑦1)) ≤ ‖(0, 𝑦∗) + (𝑢∗, 𝑣∗)‖𝛾 < ‖(𝑥∗, 𝑦∗)‖𝛾 + 𝜀 < 𝛼.

This contradicts (4.6).

�

Remark 4.5. (i) Condition (4.6) with the Fréchet normal cones is obviously weaker (hence, more
e�cient) than its version with the Clarke ones; cf. Remark 4.2. However, the Asplund space
su�cient condition for uniform 𝛼−subregularity in part (ii) of Theorem 4.4 is not necessarily
weaker than its general Banach space version in part (i), as it replaces the equality in (4.7) with a
less restrictive inequality in (4.8), which involves an additional parameter 𝜏 . Of course, 𝜏 can be
chosen arbitrarily close to 1 making the di�erence between the constraints (4.7) and (4.8) less
signi�cant. The weaker than (4.7) conditions (4.8) employed in part (ii) of Theorem 4.4 are due
to the approximate subdi�erential sum rule (Lemma 2.5(iii)) used in its proof.

(ii) The following alternative su�cient condition has been established half way within the proof of
part (ii) of Theorem 4.4:

𝑋 and 𝑌 are Asplund, and, given any 𝜀 > 0, inequality (4.6) holds with 𝑁 := 𝑁 𝐹 for all 𝑣 ∈ 𝐵𝜀 (𝑦)
and all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7) with 𝑣 in place of 𝑦 .

It employs the stronger equality conditions (4.7) instead of (4.8), but involves an unknown vector
𝑣 (arbitrarily close to 𝑦). Conditions of this type are used by some authors, but we prefer more
explicit ones in Theorem 4.4(ii) and the statements derived from it.

The qualitative su�cient conditions for uniform regularity follow immediately.
Corollary 4.6. The mapping 𝐹 is subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) if one of the following
conditions is satis�ed:

(i) sup
𝛾>0

lim inf
𝐹−1
𝑝 (𝑦)∌𝑥→𝑥, 𝐹 (𝑝,𝑥) 3𝑦→𝑦

𝑝∈𝑃, 𝑦≠𝑦, ‖𝑦∗ ‖=1, 〈𝑦∗,𝑦−𝑦 〉=‖𝑦−𝑦 ‖

𝑑𝛾 ((0,−𝑦∗), 𝑁𝐶
gph 𝐹𝑝 (𝑥, 𝑦)) > 0;

Cuong and Kruger Uniform regularity of set-valued mappings



J. Nonsmooth Anal. Optim. 2 (2021), 6599 page 14 of 24

(ii) 𝑋 and 𝑌 are Asplund, and
sup

𝛾>0,𝜏 ∈]0,1[
lim inf

𝐹−1
𝑝 (𝑦)∌𝑥→𝑥, 𝐹 (𝑝,𝑥) 3𝑦→𝑦

𝑝∈𝑃, 𝑦≠𝑦, ‖𝑦∗ ‖=1, 〈𝑦∗,𝑦−𝑦 〉>𝜏 ‖𝑦−𝑦 ‖

𝑑𝛾 ((0,−𝑦∗), 𝑁 𝐹
gph 𝐹𝑝 (𝑥, 𝑦)) > 0.

The next example illustrates the su�cient conditions for subregularity in Corollary 4.6.
Example 4.7. Let 𝑃 = 𝑋 = 𝑌 := ℝ, 𝐹 (𝑝, 𝑥) := {(𝑝 − 𝑥)2} for all 𝑝 ∈ 𝑃 and 𝑥 ∈ 𝑋 , and let 𝑦 := 0. By
(1.3), 𝐹−1𝑝 (𝑦) = {𝑝}. Thus, 𝑑 (𝑥, 𝐹−1𝑝 (𝑦)) = |𝑥 − 𝑝 | and 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) = (𝑥 − 𝑝)2 for all 𝑝 ∈ 𝑃 and 𝑥 ∈ 𝑋 .
Hence, for any 𝛼 > 0 and 𝑝 ∈ 𝑃 , inequality (1.5) is violated when 𝑥 su�ciently close to 𝑥 := 0, i.e. the
mapping 𝐹 is not subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦). Observe that gph 𝐹𝑝 is closed for all
𝑝 ∈ 𝑃 , and, for any 𝑝 ∈ 𝑃 and (𝑥, 𝑦) ∈ gph 𝐹𝑝 ,

(2(𝑥 − 𝑝),−1) ∈ 𝑁𝐶
gph 𝐹𝑝 (𝑥, 𝑦) = 𝑁 𝐹

gph 𝐹𝑝 (𝑥, 𝑦) .

Let 𝑝 = 0, 𝑥 ≠ 0, 𝑦 = 𝑥2, and 𝑦∗ ∈ ℝ satisfy (4.7) or (4.8), hence, 𝑦∗ = 1, and, for any 𝛾 > 0,
𝑑𝛾 ((0,−𝑦∗), (2𝑥,−1)) = 2|𝑥 | → 0 as 𝑥 ↓ 0. Both inequalities in Corollary 4.6 are not satis�ed.

Theorem 4.4 yields su�cient conditions for uniform 𝛼−subregularity in terms of coderivatives.
Corollary 4.8. The mapping 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇 if, for
some 𝜂 ∈]0, +∞], and all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), one of the following conditions
is satis�ed:

(i) with 𝐷∗ := 𝐷∗
𝐶
, for all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7), it holds

𝑑 (0, 𝐷∗𝐹𝑝 (𝑥, 𝑦) (𝐵𝜂 (𝑦∗))) ≥ 𝛼 ;(4.10)

(ii) 𝑋 and 𝑌 are Asplund, and there exists a 𝜏 ∈]0, 1[ such that inequality (4.10) holds with 𝐷∗ := 𝐷∗
𝐹

for all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.8).

Proof. Given an 𝜂 ∈]0, +∞], set 𝛾 := 𝛼−1𝜂. In view of the representations (2.5) of the coderivative
and (4.2) of the dual norm, condition (4.6) means that ‖𝑢∗‖ + 𝛾−1‖𝑣∗ − 𝑦∗‖ ≥ 𝛼 for all 𝑣∗ ∈ 𝑌 ∗ and
𝑢∗ ∈ 𝐷∗𝐹𝑝 (𝑥, 𝑦) (𝑣∗). The last inequality is obviously satis�ed if either ‖𝑢∗‖ ≥ 𝛼 or ‖𝑣∗ − 𝑦∗‖ ≥ 𝜂, or
equivalently, if ‖𝑢∗‖ ≥ 𝛼 when 𝑣∗ ∈ 𝐵𝜂 (𝑦∗). �

The coderivative su�cient condition (4.10) can be replaced by its ‘normalized’ (and a little stronger!)
version.
Corollary 4.9. The mapping 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇 if, for
some 𝜂 ∈]0, 1[, and all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), one of the following conditions is
satis�ed:

(i) with 𝐷∗ := 𝐷∗
𝐶
,

𝑑

(
0, 𝐷∗𝐹𝑝 (𝑥, 𝑦)

(
𝑣∗

‖𝑣∗‖

))
≥ 𝛼

1 − 𝜂
(4.11)

for all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7) and 𝑣∗ ∈ 𝐵𝜂 (𝑦∗);

(ii) 𝑋 and 𝑌 are Asplund, and there exists a 𝜏 ∈]0, 1[ such that inequality (4.11) holds with 𝐷∗ := 𝐷∗
𝐹

for all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.8) and 𝑣∗ ∈ 𝐵𝜂 (𝑦∗).

Proof. Let 𝜂 ∈]0, 1[, 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfy (3.4), and 𝑦∗ ∈ 𝑌 ∗ satisfy either (4.7) or
(4.8). We need to show that, if inequality (4.11) holds for all 𝑣∗ ∈ 𝐵𝜂 (𝑦∗), then inequality (4.10) holds.
First note that, in view of (4.7) or (4.8), ‖𝑦∗‖ = 1. Let 𝑣∗ ∈ 𝐵𝜂 (𝑦∗) and 𝑢∗ ∈ 𝐷∗𝐹𝑝 (𝑥, 𝑦) (𝑣∗). Then
‖𝑣∗‖ > 1−𝜂 ∈]0, +∞]. Thus, condition (4.11) is well de�ned. Moreover,𝑢∗/‖𝑣∗‖ ∈ 𝐷∗𝐹𝑝 (𝑥, 𝑦) (𝑣∗/‖𝑣∗‖)
and, in view of (4.11), ‖𝑢∗‖ ≥ 𝛼 ‖𝑣∗‖/(1 − 𝜂) > 𝛼 , i.e. inequality (4.10) holds. �
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The next qualitative assertion is an immediate consequence of Corollary 4.8.
Corollary 4.10. The mapping 𝐹 is subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) if one of the following
conditions is satis�ed:

(i) lim
𝛿↓0

inf
𝑥 ∈𝐵𝛿 (𝑥)\𝐹−1

𝑝 (𝑦), 𝑦≠𝑦∈𝐹 (𝑝,𝑥)∩𝐵𝛿 (𝑦)
𝑝∈𝑃, ‖𝑦∗ ‖=1, 〈𝑦∗,𝑦−𝑦 〉=‖𝑦−𝑦 ‖

𝑑 (0, 𝐷∗
𝐶𝐹𝑝 (𝑥, 𝑦) (𝐵𝛿 (𝑦∗))) > 0;

(ii) 𝑋 and 𝑌 are Asplund, and
lim

𝛿↓0, 𝜏↑1
inf

𝑥 ∈𝐵𝛿 (𝑥)\𝐹−1
𝑝 (𝑦), 𝑦≠𝑦∈𝐹 (𝑝,𝑥)∩𝐵𝛿 (𝑦)

𝑝∈𝑃, ‖𝑦∗ ‖=1, 〈𝑦∗,𝑦−𝑦 〉>𝜏 ‖𝑦−𝑦 ‖

𝑑 (0, 𝐷∗
𝐹 𝐹𝑝 (𝑥, 𝑦) (𝐵𝛿 (𝑦∗))) > 0.

Remark 4.11. (i) In the case when 𝑃 is a neighborhood of a given point 𝑝 in a metric space, Corol-
lary 4.10 (taking into account Remark 4.5(ii) in some instances) improves [40, Theorem 3.6], [47,
Theorem 3.4], [41, Theorem 3.2], [29, Theorem 3.5], [28, Theorem 3.1], [50, Corollary 2.2], [14, The-
orem 1] (in the linear setting), and [32, Theorem 4.1(e)].

(ii) Clarke normal cones in this section can be replaced by Io�e’s 𝐺-normal cones [33].

4.2 dual necessary conditions

In this subsection, 𝑋 and 𝑌 are normed spaces, 𝐹 : 𝑃 × 𝑋 ⇒ 𝑌 , 𝑥 ∈ 𝑋 , 𝑦 ∈ 𝑌 , 𝛼 > 0, 𝛿 ∈]0, +∞],
𝜇 ∈]0, +∞], and we assume that gph 𝐹𝑝 is convex for all 𝑝 ∈ 𝑃 .
The next statement provides a necessary condition for uniform 𝛼−subregularity in terms of subdif-

ferentials of the function𝜓𝑝 de�ned by (3.1).
Proposition 4.12. If 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇, then inequality
(4.3) is satis�ed with 𝛾 := 𝛼−1 for all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4).

Proof. Under the assumptions made, the function𝜓𝑝 is convex for all 𝑝 ∈ 𝑃 . Let 𝛾 := 𝛼−1, and 𝑝 ∈ 𝑃 ,
𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfy (3.4). For any (𝑥∗, 𝑦∗) ∈ 𝜕𝜓𝑝 (𝑥, 𝑦), we have

‖(𝑥∗, 𝑦∗)‖𝛾 = sup
(𝑢,𝑣)≠(0,0)

〈(𝑥∗, 𝑦∗), (𝑢, 𝑣)〉
‖(𝑢, 𝑣)‖𝛾

= lim sup
𝑢→𝑥, 𝑣→𝑦

(𝑢,𝑣)≠(𝑥,𝑦)

− 〈(𝑥∗, 𝑦∗), (𝑢, 𝑣) − (𝑥, 𝑦)〉
‖(𝑢, 𝑣) − (𝑥, 𝑦)‖𝛾

≥ lim sup
𝑢→𝑥, 𝑣→𝑦

(𝑢,𝑣)≠(𝑥,𝑦)

𝜓𝑝 (𝑥, 𝑦) −𝜓𝑝 (𝑢, 𝑣)
‖(𝑢, 𝑣) − (𝑥, 𝑦)‖𝛾

= lim sup
𝑢→𝑥, 𝑣→𝑦

(𝑢,𝑣) ∈gph 𝐹𝑝 , (𝑢,𝑣)≠(𝑥,𝑦)

‖𝑦 − 𝑦 ‖ − ‖𝑣 − 𝑦 ‖
‖(𝑢, 𝑣) − (𝑥, 𝑦)‖𝛾

.

By Corollary 3.4(i), we have ‖(𝑥∗, 𝑦∗)‖𝛾 ≥ 𝛼. Taking the in�mum in the left-hand side of the last
inequality over (𝑥∗, 𝑦∗) ∈ 𝜕𝜓𝑝 (𝑥, 𝑦), we obtain inequality (4.3). �

Combining the above statement with Proposition 4.1, we obtain a complete subdi�erential charac-
terization of the uniform subregularity in the convex setting.
Corollary 4.13. Let 𝑋 and 𝑌 be Banach, and gph 𝐹𝑝 be closed for all 𝑝 ∈ 𝑃 . The mapping 𝐹 is subregular
in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) if and only if

sup
𝛾>0

lim inf
𝑥→𝑥, 𝑦→𝑦

𝑝∈𝑃, 𝑥∉𝐹−1
𝑝 (𝑦), 𝑦≠𝑦∈𝐹 (𝑝,𝑥)

𝑑𝛾
(
0, 𝜕𝜓𝑝 (𝑥, 𝑦)

)
> 0.
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The next corollary follows from Proposition 4.12 in view of the representation (4.2) of the dual norm.
Corollary 4.14. If 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇, then ‖𝑥∗‖ ≥
𝛼 (1 − ‖𝑦∗‖) for all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), and all (𝑥∗, 𝑦∗) ∈ 𝜕𝜓𝑝 (𝑥, 𝑦). As a
consequence,

lim inf
𝐹−1
𝑝 (𝑦)∌𝑥→𝑥, 𝐹 (𝑝,𝑥) 3𝑦→𝑦, 𝑦∗→0
𝑝∈𝑃, 𝑦≠𝑦, (𝑥∗,𝑦∗) ∈𝜕𝜓𝑝 (𝑥,𝑦)

‖𝑥∗‖ ≥ 𝛼.

The next statement gives a partial converse to Theorem 4.4.
Theorem 4.15. If 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇, then for all 𝑝 ∈ 𝑃 ,
𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4), and all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7), inequality (4.6) is satis�ed with
𝛾 := 𝛼−1.

Proof. Observe that 𝜓𝑝 is the sum of the convex continuous function 𝑣 ↦→ 𝑔(𝑣) := ‖𝑣 − 𝑦 ‖ and the
indicator function of the convex set gph 𝐹𝑝 . By Lemma 2.5(i), 𝜕𝜓𝑝 (𝑥, 𝑦) = {0} × 𝜕𝑔(𝑦) + 𝑁gph 𝐹𝑝 (𝑥, 𝑦).
The assertion follows from Proposition 4.12 in view of Lemma 2.2(ii). �

Combining Theorems 4.4 and 4.15, we can formulate a necessary and su�cient characterization of
the uniform subregularity in the convex setting.
Corollary 4.16. Let 𝑋 and 𝑌 be Banach, and gph 𝐹𝑝 be closed for all 𝑝 ∈ 𝑃 . The mapping 𝐹 is subregular
in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) if and only if

sup
𝛾>0

lim inf
𝐹−1
𝑝 (𝑦)∌𝑥→𝑥, 𝐹 (𝑝,𝑥) 3𝑦→𝑦

𝑝∈𝑃, 𝑦≠𝑦, ‖𝑦∗ ‖=1, 〈𝑦∗,𝑦−𝑦 〉=‖𝑦−𝑦 ‖

𝑑𝛾 ((0,−𝑦∗), 𝑁gph 𝐹𝑝 (𝑥, 𝑦)) > 0.(4.12)

The next example illustrates the necessary condition in Theorem 4.15.
Example 4.17. Let 𝑃 = 𝑋 = 𝑌 := ℝ, 𝐹 (𝑝, 𝑥) := {𝑝 − 𝑥} for all 𝑝 ∈ 𝑃 and 𝑥 ∈ 𝑋 ,and let 𝑥 = 𝑦 := 0.
By (1.3), 𝐹−1𝑝 (𝑦) = {𝑝}. Thus, 𝑑 (𝑥, 𝐹−1𝑝 (𝑦)) = 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) = |𝑥 − 𝑝 | for all 𝑝 ∈ 𝑃 and 𝑥 ∈ 𝑋 . Hence,
inequality (1.5) is satis�ed for all 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝑋 , and 𝛼 ∈]0, 1], i.e. the mapping 𝐹 is 𝛼−subregular in 𝑥

uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) for any 𝛼 ∈]0, 1]. We have gph 𝐹𝑝 = {(𝑥, 𝑦) | 𝑦 = 𝑝 − 𝑥} is closed and
convex for all 𝑝 ∈ 𝑃 , and 𝑁gph 𝐹𝑝 (𝑥, 𝑦) = {(𝑡, 𝑡) | 𝑡 ∈ ℝ} for any (𝑥, 𝑦) ∈ gph 𝐹𝑝 . Let 𝑦∗ ∈ ℝ satisfy
(4.7). Then 𝑦∗ = 1 if 𝑦 > 0, and 𝑦∗ = −1 if 𝑦 < 0. It is easy to check that, given a 𝛾 > 0, in both cases the
distance 𝑑𝛾 ((0,−𝑦∗), 𝑁gph 𝐹𝑝 (𝑥, 𝑦)) equals 1 if 𝛾 ≤ 1, or 𝛾−1 if 𝛾 > 1. Hence, condition (4.12) is satis�ed,
con�rming the uniform subregularity of 𝐹 .

The next statement is a consequence of Theorem 4.15. It is in a sense a partial converse to Corollary 4.8.
Corollary 4.18. If 𝐹 is 𝛼−subregular in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) with 𝛿 and 𝜇, then
𝑑 (0, 𝐷∗𝐹𝑝 (𝑥, 𝑦) (𝐵𝜂 (𝑦∗))) ≥ 𝛼 (1 − 𝜂) for all 𝜂 ∈]0, 1[, 𝑝 ∈ 𝑃 , 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfying (3.4),
and all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7).

Proof. In view of the representations (2.5) of the coderivative and (4.2) of the dual norm, condition
(4.6) with 𝛾 := 𝛼−1 means that ‖𝑢∗‖ + 𝛼 ‖𝑣∗ − 𝑦∗‖ ≥ 𝛼 for all 𝑣∗ ∈ 𝑌 ∗ and 𝑢∗ ∈ 𝐷∗𝐹𝑝 (𝑥, 𝑦) (𝑣∗). Hence,
it yields ‖𝑢∗‖ > 𝛼 (1 − 𝜂) if ‖𝑣∗ − 𝑦∗‖ < 𝜂. �

Combining the above statement with Corollary 4.8, we obtain a complete coderivative characteriza-
tion of the uniform 𝛼−subregularity in the convex setting. It improves [14, Theorem 3] (in the linear
case).
Corollary 4.19. Let𝑋 and 𝑌 be Banach, and gph 𝐹𝑝 be closed for all 𝑝 ∈ 𝑃 . The mapping 𝐹 is 𝛼−subregular
in 𝑥 uniformly in 𝑝 over 𝑃 at (𝑥, 𝑦) if and only if

lim
𝛿↓0

inf
𝑥 ∈𝐵𝛿 (𝑥)\𝐹−1

𝑝 (𝑦), 𝑦≠𝑦∈𝐹 (𝑝,𝑥)∩𝐵𝛿 (𝑦)
𝑝∈𝑃, ‖𝑦∗ ‖=1, 〈𝑦∗,𝑦−𝑦 〉=‖𝑦−𝑦 ‖

𝑑 (0, 𝐷∗𝐹𝑝 (𝑥, 𝑦) (𝐵𝛿 (𝑦∗))) ≥ 𝛼.
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5 metric subregularity, metric regularity and implicit multifunctions

In this section, we illustrate the necessary and su�cient conditions for the uniform subregularity
established in the preceding sections by characterizing several conventional properties of set-valued
mappings.

5.1 metric subregularity

As observed in the Introduction, the conventional regularity properties in De�nition 1.1 are particular
cases of the uniform regularity properties in De�nition 1.2 corresponding to 𝑃 being a singleton, which
practically means that the set-valued mapping 𝐹 does not involve a parameter.
The next three statements, which are immediate consequences of the corresponding ‘parametric’

ones in Sections 3 and 4, illustrate this observation for the case of subregularity. Here 𝑋 and 𝑌 are
normed spaces, 𝐹 : 𝑋 ⇒ 𝑌 , (𝑥, 𝑦) ∈ gph 𝐹 , 𝛼 > 0, 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞].
Proposition 5.1. (i) Suppose gph 𝐹 is convex. If 𝐹 is 𝛼−subregular at (𝑥, 𝑦) with 𝛿 and 𝜇, then

lim sup
𝑢→𝑥, 𝑣→𝑦, (𝑢,𝑣) ∈gph 𝐹, (𝑢,𝑣)≠(𝑥,𝑦)

𝑑 (𝑢,𝑥)<𝛿+𝜇,𝑑 (𝑣,𝑦)<𝛼𝜇

‖𝑦 − 𝑦 ‖ − ‖𝑣 − 𝑦 ‖
‖(𝑢 − 𝑥, 𝑣 − 𝑦)‖𝛾

≥ 𝛼(5.1)

for 𝛾 := 𝛼−1, and all 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfying

𝑥 ∉ 𝐹−1(𝑦), 𝑦 ∈ 𝐹 (𝑥)∩𝐵𝛼𝜇 (𝑦) .(5.2)

(ii) Suppose 𝑋 and 𝑌 are Banach, and gph 𝐹 is closed. If inequality (5.1) holds for some 𝛾 > 0, and all
𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (5.2), then 𝐹 is 𝛼−subregular at (𝑥, 𝑦) with 𝛿 and 𝜇.

Proof. The statement is a consequence of Corollary 3.4. �

Proposition 5.2. (i) Suppose gph 𝐹 is convex. If 𝐹 is 𝛼−subregular at (𝑥, 𝑦) with 𝛿 and 𝜇, then

𝑑𝛾 ((0,−𝑦∗), 𝑁gph 𝐹 (𝑥, 𝑦)) ≥ 𝛼(5.3)

for 𝛾 := 𝛼−1, all 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfying (5.2), and all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7).

(ii) Suppose 𝑋 and 𝑌 are Banach, and gph 𝐹 is closed. The mapping 𝐹 is 𝛼−subregular at (𝑥, 𝑦) with
𝛿 and 𝜇 if, for some 𝛾 > 0, and all 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (5.2), one of the following
conditions is satis�ed:

(a) inequality (5.3) holds with 𝑁 := 𝑁𝐶 for all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7);
(b) 𝑋 and𝑌 are Asplund, and there exists a 𝜏 ∈]0, 1[ such that inequality (5.3) holds with𝑁 := 𝑁 𝐹

for all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.8).

Proof. The statement is a consequence of Theorems 4.4 and 4.15. �

Proposition 5.3. (i) Suppose gph 𝐹 is convex. If 𝐹 is 𝛼−subregular at (𝑥, 𝑦) with 𝛿 and 𝜇, then
𝑑 (0, 𝐷∗𝐹 (𝑥, 𝑦) (𝐵𝜂 (𝑦∗))) ≥ 𝛼 (1 − 𝜂) for any 𝜂 ∈]0, 1[, all 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑦 ∈ 𝑌 satisfying
(5.2), and all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7).

(ii) Suppose 𝑋 and 𝑌 are Banach, and gph 𝐹 is closed. The mapping 𝐹 is 𝛼−subregular at (𝑥, 𝑦) with 𝛿
and 𝜇 if, for some 𝜂 ∈]0, +∞], and all 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) and 𝑦 ∈ 𝑌 satisfying (5.2), one of the following
conditions is satis�ed:
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(a) with 𝐷∗ := 𝐷∗
𝐶
, for all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7), it holds

𝑑 (0, 𝐷∗𝐹 (𝑥, 𝑦) (𝐵𝜂 (𝑦∗))) ≥ 𝛼 ;(5.4)

(b) 𝑋 and𝑌 are Asplund, and there exists a 𝜏 ∈]0, 1[ such that inequality (5.4) holds with𝐷∗ := 𝐷∗
𝐹

for all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.8).

Proof. The statement is a consequence of Corollaries 4.8 and 4.18. �

Remark 5.4. (i) In Proposition 5.1(ii), it is su�cient to assume that 𝑋 and 𝑌 are complete metric
spaces (with distances in place of norms in condition (5.1)), or even that gph 𝐹 is complete; cf.
Remark 3.2(iii). In this setting, the su�cient condition in Proposition 5.1(ii) can be viewed as a
quantitative version of [38, Corollary 5.8(d)] and [32, Theorem 2.4(a)].

(ii) Proposition 5.3 improves [42, Theorem 5.3]. In the linear setting, part (ii) of this proposition
improves [42, Theorem 3.3], [49, Theorem 6], [14, Theorem 8], [32, Theorem 2.6], and the
corresponding parts of [38, Corollary 5.8]. Proposition 5.3(ii) with condition (a) recaptures [63,
Theorem 3.2].

5.2 metric regularity

The conventional metric regularity is a particular case of the uniform regularity property in De�ni-
tion 1.2(i) corresponding to 𝑃 being a singleton. At the same time, as it follows from the observation in
Remark 1.3, in the normed space setting it can be treated as a particular case of the uniform subregularity
property in De�nition 1.2(ii) for the set-valued mapping 𝐹 (𝑦, 𝑥) := 𝐹 (𝑥) − 𝑦 , (𝑦, 𝑥) ∈ 𝑌 × 𝑋 with 𝑦

considered as a parameter. Obviously (𝑥, 𝑦) ∈ gph 𝐹 if and only if (𝑦, 𝑥, 0) ∈ gph 𝐹 .
The next three statements, which are immediate consequences of the corresponding ‘parametric’

ones in Sections 3 and 4, illustrate the above observation. Here 𝑋 and 𝑌 are normed spaces, 𝐹 : 𝑋 ⇒ 𝑌 ,
(𝑥, 𝑦) ∈ gph 𝐹 , 𝛼 > 0, 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞].
Proposition 5.5. (i) Suppose gph 𝐹 is convex. If 𝐹 is 𝛼−regular at (𝑥, 𝑦) with 𝛿 and 𝜇, then

lim sup
𝑢→𝑥, 𝑣→𝑧, (𝑢,𝑣) ∈gph 𝐹, (𝑢,𝑣)≠(𝑥,𝑧)

𝑑 (𝑢,𝑥)<𝛿+𝜇,𝑑 (𝑣,𝑦)<𝛼𝜇

‖𝑧 − 𝑦 ‖ − ‖𝑣 − 𝑦 ‖
‖(𝑢 − 𝑥, 𝑣 − 𝑧)‖𝛾

≥ 𝛼(5.5)

for 𝛾 := 𝛼−1, and all 𝑥 ∈ 𝐵𝛿 (𝑥), 𝑦 ∈ 𝐵𝛿 (𝑦) and 𝑧 ∈ 𝑌 satisfying

𝑥 ∉ 𝐹−1(𝑦), 𝑧 ∈ 𝐹 (𝑥)∩𝐵𝛼𝜇 (𝑦) .(5.6)

(ii) Suppose 𝑋 and 𝑌 are Banach spaces, and gph 𝐹 is closed. The mapping 𝐹 is 𝛼−regular at (𝑥, 𝑦)
with 𝛿 and 𝜇 if inequality (5.5) holds with some 𝛾 > 0 for all 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥), 𝑦 ∈ 𝐵𝛿 (𝑦) and 𝑧 ∈ 𝑌

satisfying (5.6).

Proof. The statement is a consequence of Corollary 3.4. �

Proposition 5.6. (i) Suppose gph 𝐹 is convex. If 𝐹 is 𝛼−regular at (𝑥, 𝑦) with 𝛿 and 𝜇, then

𝑑𝛾 ((0,−𝑦∗), 𝑁gph 𝐹 (𝑥, 𝑧)) ≥ 𝛼(5.7)

for 𝛾 := 𝛼−1, and all 𝑥 ∈ 𝐵𝛿 (𝑥), 𝑦 ∈ 𝐵𝛿 (𝑦) and 𝑧 ∈ 𝑌 satisfying (5.6), and 𝑦∗ ∈ 𝑌 ∗ satisfying

‖𝑦∗‖ = 1, 〈𝑦∗, 𝑧 − 𝑦〉 = ‖𝑧 − 𝑦 ‖ .(5.8)
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(ii) Suppose 𝑋 and 𝑌 are Banach, and gph 𝐹 is closed. The mapping 𝐹 is 𝛼−regular at (𝑥, 𝑦) with 𝛿 and
𝜇 if, for some 𝛾 > 0, and all 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥), 𝑦 ∈ 𝐵𝛿 (𝑦) and 𝑧 ∈ 𝑌 satisfying (5.6), one of the following
conditions holds:

(a) inequality (5.7) holds with 𝑁 := 𝑁𝐶 for all 𝑦∗ ∈ 𝑌 ∗ satisfying (5.8);
(b) 𝑋 and𝑌 are Asplund, and there exists a 𝜏 ∈]0, 1[ such that inequality (5.7) holds with𝑁 := 𝑁 𝐹

for all 𝑦∗ ∈ 𝑌 ∗ satisfying

‖𝑦∗‖ = 1, 〈𝑦∗, 𝑧 − 𝑦〉 > 𝜏 ‖𝑧 − 𝑦 ‖ .(5.9)

Proof. The statement is a consequence of Theorems 4.4 and 4.15. �

Proposition 5.7. (i) Suppose gph 𝐹 is convex. If 𝐹 is 𝛼−regular at (𝑥, 𝑦) with 𝛿 and 𝜇, then
𝑑 (0, 𝐷∗𝐹 (𝑥, 𝑧) (𝐵𝜂 (𝑦∗))) ≥ 𝛼 (1 − 𝜂) for all 𝜂 ∈]0, 1[, 𝑥 ∈ 𝐵𝛿 (𝑥), 𝑦 ∈ 𝐵𝛿 (𝑦) and 𝑧 ∈ 𝑌 satis-
fying (5.6), and all 𝑦∗ ∈ 𝑌 ∗ satisfying (5.8).

(ii) Suppose 𝑋 and 𝑌 are Banach, and gph 𝐹 is closed. The mapping 𝐹 is 𝛼−regular at (𝑥, 𝑦) with 𝛿

and 𝜇 if, for some 𝜂 ∈]0, +∞] and all 𝑥 ∈ 𝐵𝛿+𝜇𝑥), 𝑦 ∈ 𝐵𝛿 (𝑦) and 𝑧 ∈ 𝑌 satisfying (5.6), one of the
following conditions holds:

(a) with 𝐷∗ := 𝐷∗
𝐶
, for all 𝑦∗ ∈ 𝑌 ∗ satisfying (5.8), it holds

𝑑 (0, 𝐷∗𝐹 (𝑥, 𝑧) (𝐵𝜂 (𝑦∗))) ≥ 𝛼 ;(5.10)

(b) 𝑋 and 𝑌 are Asplund, and there exists a 𝜏 ∈]0, 1[ such that inequality (5.10) holds with
𝐷∗ := 𝐷∗

𝐹
for all 𝑦∗ ∈ 𝑌 ∗ satisfying (5.9).

Proof. The statement is a consequence of Corollaries 4.8 and 4.18. �

Remark 5.8. (i) In the normed space setting, the su�cient condition in Proposition 5.5(ii) can be
viewed as a quantitative version of [30, Theorem 1] and [32, Theorem 2.4(a)].

(ii) Proposition 5.7(ii) enhances [13, Theorem 3.7]. Proposition 5.7(ii) with condition (a) improves [28,
Corollary 3.1] and [13, Theorem 3.5] (in the linear case), while with condition (b) it improves (in
the linear case) [13, Theorem 3.1] and [14, Theorem 7].

5.3 implicit multifunctions

Now we get back to the implicit multifunction (1.3) and consider its particular case corresponding to
the parametric inclusion 𝑦 ∈ 𝐹 (𝑝, 𝑥) (with �xed left-hand side), i.e.

𝐺 (𝑝) := {𝑥 ∈ 𝑋 | 𝑦 ∈ 𝐹 (𝑝, 𝑥)}, 𝑝 ∈ 𝑃,(5.11)

where 𝐹 : 𝑃×𝑋 ⇒ 𝑌 , and 𝑃 ,𝑋 and𝑌 are metric spaces. Stability properties of implicit multifunctions, i.e.
solution sets of parametric inclusions, are of great importance for many applications and have been the
subject of numerous publications; cf., e.g., [6–8,11,13–15,22,25,28,29,32,33,35,40,41,47,49,50,52,54,58,60].
Here, for illustration, we focus on the most well known perturbation stability property of set-valued
mappings called Aubin property; cf. [22, 45].
Definition 5.9. A mapping 𝐺 : 𝑃 ⇒ 𝑋 between metric spaces has the Aubin property at (𝑝, 𝑥) ∈ gph𝐺
with rate 𝑙 > 0 if there exist 𝜂 ∈]0, +∞], 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] such that

𝑑 (𝑥,𝐺 (𝑝)) ≤ 𝑙 𝑑 (𝑝, 𝑝 ′)

for all 𝑝, 𝑝 ′ ∈ 𝐵𝜂 (𝑝) with 𝑑 (𝑝, 𝑝 ′) < 𝜇, and 𝑥 ∈ 𝐺 (𝑝 ′) ∩ 𝐵𝛿 (𝑥).
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Similar to De�nitions 1.1, 1.2 and 1.4, the inequality 𝑑 (𝑝, 𝑝 ′) < 𝜇 is not essential in the above de�nition
and can be dropped together with the constant 𝜇. We keep them for consistency with the de�nitions
and characterizations in the preceding sections. We also establish connections between the constant 𝜇
and the corresponding constants in the other de�nitions.
Given a point (𝑝, 𝑥, 𝑦) ∈ gph 𝐹 and a number 𝛼 > 0, the uniform 𝛼−subregularity property of 𝐹 at

(𝑝, 𝑥, 𝑦) in De�nition 1.4(ii) means that there exist 𝜂 ∈]0, +∞], 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] such that

𝛼𝑑 (𝑥,𝐺 (𝑝)) ≤ 𝑑 (𝑦, 𝐹 (𝑝, 𝑥))(5.12)

for all 𝑝 ∈ 𝐵𝜂 (𝑝) and 𝑥 ∈ 𝐵𝛿 (𝑥) with 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼𝜇. Several primal and dual su�cient and
necessary conditions for this property have been formulated in the preceding sections.

Inequality (5.12) provides an estimate for the distance from 𝑥 to the value of the implicit multifunction
(5.11) at 𝑝 in terms of the residual of the parametric inclusion. However, this estimate does not say
much about the behaviour of the implicit multifunction. An additional assumption on the mapping
𝐹 is needed, which would allow one to get rid of 𝐹 in the right-hand side of the inequality (5.12).
This additional assumption is given in the next de�nition, which is a modi�cation of the second part
of [32, De�nition 3.1], where we borrow the terminology from. A similar property was considered
in [35], where the authors used the name Lipschitz lower semicontinuity.
Definition 5.10. Let 𝑙 > 0. The mapping 𝐹 is said to 𝑙−recede in 𝑝 uniformly in 𝑥 at (𝑝, 𝑥, 𝑦) if there
exist 𝜂 ∈]0, +∞], 𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞] such that

𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) ≤ 𝑙𝑑 (𝑝, 𝑝 ′)(5.13)

for all 𝑥 ∈ 𝐵𝛿 (𝑥) and 𝑝, 𝑝 ′ ∈ 𝐵𝜂 (𝑝) with 𝑑 (𝑝, 𝑝 ′) < 𝜇 and 𝑦 ∈ 𝐹 (𝑝 ′, 𝑥).
In what followswe assume that (𝑝, 𝑥, 𝑦) ∈ gph 𝐹 ,𝛼 > 0, 𝑙 > 0,𝜂 ∈]0, +∞],𝛿 ∈]0, +∞] and 𝜇 ∈]0, +∞].

The next statement is a modi�cation of [32, Theorem 3.2].
Proposition 5.11. Suppose that 𝐹

• is 𝛼−subregular in 𝑥 uniformly in 𝑝 at (𝑝, 𝑥, 𝑦) with 𝜂, 𝛿 and 𝜇;

• 𝑙−recedes in 𝑝 uniformly in 𝑥 at (𝑝, 𝑥, 𝑦) with 𝜂, 𝛿 and 𝜇 ′ := 𝛼𝜇/𝑙 .

Then the mapping 𝐺 given by (5.11) has the Aubin property at (𝑝, 𝑥) with rate 𝑙/𝛼 , and 𝜂, 𝛿 and 𝜇 ′.

Proof. Let 𝑝, 𝑝 ′ ∈ 𝐵𝜂 (𝑝) with 𝑑 (𝑝, 𝑝 ′) < 𝜇 ′, and 𝑥 ∈ 𝐺 (𝑝 ′) ∩ 𝐵𝛿 (𝑥). By (5.11) and (5.13), 𝑦 ∈ 𝐹 (𝑝 ′, 𝑥)
and 𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) < 𝛼𝜇. Using successively (5.12) and (5.13), we obtain

𝑑 (𝑥,𝐺 (𝑝)) ≤ 1
𝛼
𝑑 (𝑦, 𝐹 (𝑝, 𝑥)) ≤ 𝑙

𝛼
𝑑 (𝑝, 𝑝 ′).

The proof is completed. �

Combining Proposition 5.11 with the su�cient conditions for the uniform subregularity formulated
in the preceding sections, we can immediately obtain various su�cient conditions for the Aubin
property of the implicit multifunction (5.11). The next proposition collects three su�cient conditions
arising from Corollary 3.4(ii), Theorem 4.4 and Corollary 4.8, respectively.
Proposition 5.12. Let 𝑃 be a metric space,𝑋 and𝑌 be complete metric spaces, 𝐹 : 𝑃×𝑋 ⇒ 𝑌 and𝐺 : 𝑃 ⇒ 𝑋

be given by (5.11). Suppose that gph 𝐹𝑝 is closed for all 𝑝 ∈ 𝐵𝜂 (𝑝). The mapping𝐺 has the Aubin property
at (𝑝, 𝑥) with rate 𝑙 > 0, and 𝜂, 𝛿 and 𝜇 if, for some 𝑙 ′ > 0, the mapping 𝐹 𝑙 ′−recedes in 𝑝 uniformly in 𝑥
at (𝑝, 𝑥, 𝑦) with 𝜂, 𝛿 and 𝜇, and one of the following conditions holds true:
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(i) there exists a 𝛾 > 0 such that

lim sup
𝑢→𝑥, 𝑣→𝑦, (𝑢,𝑣) ∈gph 𝐹𝑝 , (𝑢,𝑣)≠(𝑥,𝑦)

𝑑 (𝑢,𝑥)<𝛿+𝑙𝜇,𝑑 (𝑣,𝑦)<𝑙 ′𝜇

𝑑 (𝑦, 𝑦) − 𝑑 (𝑣, 𝑦)
𝑑𝛾 ((𝑢, 𝑣), (𝑥, 𝑦))

≥ 𝑙 ′

𝑙

for all 𝑝 , 𝑥 and 𝑦 satisfying

𝑝 ∈ 𝐵𝜂 (𝑝), 𝑥 ∈ 𝐵𝛿+𝜇 (𝑥) \ 𝐹−1𝑝 (𝑦), 𝑦 ∈ 𝐹 (𝑝, 𝑥)∩𝐵𝑙 ′𝜇 (𝑦);(5.14)

(ii) 𝑋 and 𝑌 are Banach, and there exists a 𝛾 > 0 such that, with 𝑁 := 𝑁𝐶 ,

𝑑𝛾 ((0,−𝑦∗), 𝑁gph 𝐹𝑝 (𝑥, 𝑦)) ≥
𝑙 ′

𝑙
(5.15)

for all 𝑝 , 𝑥 and 𝑦 satisfying (5.14), and all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7);

(iii) 𝑋 and 𝑌 are Asplund, and there exist a 𝛾 > 0 and a 𝜏 ∈]0, 1[ such that condition (5.15) is satis�ed
with 𝑁 := 𝑁 𝐹 for all 𝑝 , 𝑥 and 𝑦 satisfying (5.14), and all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.8);

(iv) 𝑋 and 𝑌 are Banach, and

𝑑 (0, 𝐷∗𝐹𝑝 (𝑥, 𝑦) (𝐵𝜂 (𝑦∗))) ≥
𝑙 ′

𝑙
(5.16)

with 𝐷∗ := 𝐷∗
𝐶
for all 𝑝 , 𝑥 and 𝑦 satisfying (5.14), and all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.7);

(v) 𝑋 and𝑌 are Asplund, and there exists a 𝜏 ∈]0, 1[ such that condition (5.16) is satis�ed with𝐷∗ := 𝐷∗
𝐹

for all 𝑝 , 𝑥 and 𝑦 satisfying (5.14), and all 𝑦∗ ∈ 𝑌 ∗ satisfying (4.8).

Remark 5.13. Conditions (i) in Proposition 5.12 can be seen as a quantitative version of [32, Theorem 3.9],
while conditions (iv) and (v) improve [32, Theorem 4.1] and [33, Theorem 7.26]. Conditions (ii) and (iii)
are new. Note that these two conditions are weaker than conditions (iv) and (v), respectively.
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on inner calmness*, generalized calculus, and
derivatives of the normal cone mapping

Matúš Benko∗

Abstract In this paper, we study continuity and Lipschitzian properties of set-valued mappings,
focusing on inner-type conditions. We introduce new notions of inner calmness* and, its relaxation,
fuzzy inner calmness*. We show that polyhedral maps enjoy inner calmness* and examine (fuzzy)
inner calmness* of a multiplier mapping associated with constraint systems in depth. Then we
utilize these notions to develop some new rules of generalized di�erential calculus, mainly for
the primal objects (e.g. tangent cones). In particular, we propose an exact chain rule for graphical
derivatives. We apply these results to compute the derivatives of the normal cone mapping, essential
e.g. for sensitivity analysis of variational inequalities.

Keywords: inner calmness*, generalized di�erential calculus, tangents to image sets, chain rule for
graphical derivatives, normal cone mapping, polyhedral multifunctions

MSC (2010): 49J53, 49J52, 90C31

1 introduction

The normal cone mapping, closely related to variational inequalities, is a standard tool of variational
analysis. Among other things, it plays an important role in the formulation of optimality conditions
for constrained optimization problems. Generalized derivatives of the normal cone mapping, in turn,
enable us to study various stability and sensitivity properties of solutions of such optimization problems.
Moreover, they also o�er a pathway to optimality conditions for di�cult problems, where the normal
cone mapping is used to describe the constraints (mathematical programs with equilibrium constraints,
bilevel programs, etc.). For more information about the normal cone mapping and related issues we
refer to the standard textbooks [12, 30, 39, 44].
Recently, a lot of success has been achieved in the computation of the graphical derivative of the

normal cone mapping 𝑥 ⇒ 𝑁Γ (𝑥), where Γ = {𝑥 | 𝑔(𝑥) ∈ 𝐷} denotes the feasible region of a
constraint system. Here, 𝑔 is continuously di�erentiable and 𝐷 is a closed convex set. For the results
with polyhedral𝐷 see, e.g., [5, 7, 21, 24], while the papers [20, 26] extend the scope beyond polyhedrality.
Let us mention that most of these results actually deal with more challenging cases when the feasible
set depends on the parameter or even when it depends on the parameter as well as on the solution
itself, see Section 5 for more details.
In general, the graphical derivative provides criteria for isolated calmness and the Aubin property,

see [12, Corollary 4E.2 and Theorem 4B.2] for the precise statements and more details. On top of that,
it is also used to characterize tilt stability of a local minimizer of a function, see [8, Theorem 3.3],
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and, in the constrained case, the essential part of this criterion is precisely the graphical derivative
of the normal cone mapping. Interestingly, this criterion seems to be more applicable than a similar
tilt stability criterion based on the (limiting) coderivative; see e.g. [3] for the application to second-
order cone programming. The reason is that the standard calculus provides an upper estimate for
the limiting coderivative of the normal cone mapping, but the estimate becomes exact only under
additional assumptions, see [22]. On the other hand, as suggested above, the graphical derivative can
be often fully computed under very mild assumptions.
The aforementioned results regarding the computation of the graphical derivative of the normal

cone mapping were derived directly from the de�nition. The main motivation for this paper is to
better understand these computations. More precisely, we ask the question, whether there are some
underlying calculus principles in play, which could be identi�ed and brought to light.

Generalized di�erential calculus belongs among the most fundamental apparatus of modern varia-
tional analysis [1, 2, 30, 36, 39, 41, 44]. Arguably, more focus has been placed on the dual constructions
(normal cones, subdi�erentials, coderivatives) and this area is very developed and well-understood.
When it comes to the primal constructions (tangent cones, subderivatives, graphical derivatives), an
obvious problem appears: the lack of a suitable chain rule for graphical derivatives. A closer look
shows that the problem boils down to the following issue regarding tangent cones. Given a closed set
𝐶 and a continuously di�erentiable mapping 𝜑 , let 𝑦 ∈ 𝑄 := 𝜑 (𝐶) and consider the estimate

(1.1) 𝑇𝑄 (𝑦) ⊂
⋃

(𝑥 ∈𝐶,𝜑 (𝑥)=𝑦)
∇𝜑 (𝑥)𝑇𝐶 (𝑥) .

It is well-known that the opposite inclusion always holds true [44, Theorem 6.43]. The question is
whether there exists a reasonable (practically applicable) assumption that guarantees this estimate.
Thus, let us now comment on the standard assumptions accompanying the calculus rules.

Two main patterns can be observed throughout the most of the calculus formulas. The �rst one can
be represented by the image rule, where, as above, the set 𝑄 under investigation is generated as the
(forward) image of set 𝐶 under mapping 𝜑 . The second one can be represented by the pre-image rule,
where the examined set 𝐶 is given as a (backward) pre-image of another given set under a given map
(𝐶 := 𝜑−1(𝑄)). We will refer to these patterns as forward and backward, respectively.

The main assumption utilized in the backward pattern, typically called a quali�cation condition,
is known to be the calmness of the associated perturbation mapping, often equivalently expressed
via the metric subregularity of the feasibility mapping [27, 28, 31]. We point out that calmness can be
viewed as an outer (also called upper) Lipschitzian property of set-valued mappings since, roughly
speaking, it resembles outer semicontinuity with an additional Lipschitzian requirement regarding the
rate of change of the map. Both calmness and metric subregularity are central notions of set-valued
analysis with applications far beyond calculus. Over the years, they drew attention of several renown
researchers, see the aforementioned publications as well as [11, 13, 17, 29, 42] and the references therein.
The less-developed forward pattern seems to be linked with conditions of inner-type. Indeed, the

corresponding estimates for the dual objects are known to hold under inner semicompactness and inner
semicontinuity, see [32, 38]. In order to obtain reasonable rules for the primal constructions, it turns
out that one can proceed by strengthening the above continuity notions of inner-type to suitable inner
(also called lower) Lipschitzian notions, such as inner calmness.

Interestingly, the term inner calmness was already coined in [4], where we proposed calculus rules
for directional limiting normal cones and associated directional constructions. It is not very surprising,
however, since directional limiting normal cone is, in a way, a primal-dual object: it consists of limits
of (dual) normals along (primal) tangent directions. Moreover, inner calmness can be found in the
literature also under other names, such as, e.g., Lipschitz lower semicontinuity [37] or recession with
linear rate/linear recession [9, 30]. In particular, [9] contains a comprehensive study of this property.
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Let us also mention the stronger notion of Lipschitz lower semicontinuity*, recently introduced in [10]
and motivated by a relaxation of the Aubin property from earlier works of Klatte [34, 35].

This paper revolves around two new notions of inner calmness* and, its relaxation, fuzzy inner
calmness*. Both these conditions are milder than inner calmness, since the latter is based on inner
semicontinuity, while inner calmness* is based on (milder) inner semicompactness. All the de�nitions
as well as some basic properties are provided in the preliminary Section 2.

The main part of the paper is Section 3, which contains a justi�cation of the new notions. First,
we show that polyhedral set-valued maps enjoy the inner calmness* property. This provides an
inner counterpart to the famous result on the calmness (the upper Lipschitzness) of polyhedral maps
by Robinson [42]. More importantly, in Theorem 3.9, we look into a general multiplier mapping
associated with constraint systems and, under gradually strengthening assumptions, we show its inner
semicompactness, fuzzy inner calmness* and inner calmness*.

In Section 4,we easily derive several calculus rules of the forward pattern. First, we prove the estimate
(1.1) under fuzzy inner calmness* and then apply it to obtain a chain rule for graphical derivatives
in exact form. We also provide some useful corollaries of the chain rule, such as the product rule in
Theorem 4.10.

Finally, in Section 5, we return to the normal cone mapping associated with constraint systems and
apply our results to compute or estimate its generalized derivatives. In particular, the computation of
the graphical derivative is just a simple corollary of Theorems 3.9 and 4.10. For the most challenging
setting, where the feasible region Γ(𝑝, 𝑥) = {𝑧 ∈ | 𝑔(𝑝, 𝑥, 𝑧) ∈ 𝐷} depends on the parameter 𝑝 as well
as on the decision variable 𝑥 (𝑥 typically corresponds to the solution of an underlying parametrized
variational inequality), we recover the state of the art results from [5]. This suggests that our calculus
based on (fuzzy) inner calmness* is applicable in quite relevant situations. Using the analogous calculus
based on inner calmness is also possible if one signi�cantly strengthens the assumptions imposed on
the constraints (nevertheless, one still recovers the recent results from [24]). Using the standard result
from [44, Theorem 6.43], however, seems completely out of question, since it requires convexity of the
graph of the aforementioned multiplier mapping.

As a speci�c application, we discuss the semismoothness* of the normal cone mapping, based on
the estimates of its directional limiting coderivative. Semismoothness* is an extension of the standard
semismoothness property to set-valued mappings. It was recently introduced in [25] and used to design
a novel Newton method for generalized equations. The notion was then further explored e.g. in [14, 33].

The following notation is employed. Given a set 𝐴 ⊂ ℝ𝑛 , the closure and interior of 𝐴 are denoted,
respectively, by cl𝐴 and int𝐴, sp𝐴 stands for the linear hull of 𝐴 and 𝐴◦ is the (negative) polar
cone of 𝐴. A set is called cone if any nonnegative multiple of its element also belongs to the set. If
𝐴 = {𝑎}, we use just [𝑎] instead of sp {𝑎} and [𝑎]⊥ stands for its orthogonal complement. We denote
by dist(·, 𝐴) := inf𝑦∈𝐴 ‖ · −𝑦 ‖ the usual point to set distance with the convention dist(·, ∅) = ∞ and
〈·, ·〉 stands for the standard scalar product. Further, B, S stand respectively for the closed unit ball and
the unit sphere of the space in question. Given a (su�ciently) smooth function 𝑓 : ℝ𝑛 → ℝ, denote its
gradient and Hessian at 𝑥 by ∇𝑓 (𝑥) and ∇2 𝑓 (𝑥), respectively. Considering further a vector function
𝜑 : ℝ𝑛 → ℝ𝑠 with 𝑠 > 1, denote by ∇𝜑 (𝑥) the Jacobian of 𝜑 at 𝑥 , i.e., the mapping 𝑥 → ∇𝜑 (𝑥) goes
from ℝ𝑛 into the space of 𝑠 × 𝑛 matrices, denoted by (ℝ𝑠)𝑛 . Moreover, for a mapping 𝛽 : ℝ𝑛 → (ℝ𝑠)𝑚
and a vector 𝑦 ∈ ℝ𝑠 , we introduce the scalarized map 〈𝑦, 𝛽〉 : ℝ𝑛 → ℝ𝑚 given by 〈𝑦, 𝛽〉(𝑥) = 𝛽 (𝑥)𝑇 𝑦 .
Following traditional patterns, given a number 𝛼 ≥ 0 we denote by 𝑜 (𝑡𝛼 ) for 𝑡 ≥ 0 a term with the
property that 𝑜 (𝑡𝛼 )/𝑡𝛼 → 0 when 𝑡 ↓ 0. Particularly, 𝑜 (1) stands for a term which converges to 0 as
the variable in question goes to 0. Finally, if no confusion arises, we denote a sequence (𝑥𝑘 )∞𝑘=1 ⊂ ℝ𝑛

simply by (𝑥𝑘 ) and very often we also drop the brackets and write just 𝑥𝑘 .
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2 preliminaries

We begin by recalling several de�nitions and results from variational analysis. Let Ω ⊂ ℝ𝑛 be an
arbitrary closed set and 𝑥 ∈ Ω. The tangent (also called Bouligand or contingent) cone to Ω at 𝑥 is given
by

𝑇Ω (𝑥) := {𝑢 ∈ ℝ𝑛 | ∃(𝑡𝑘 ) ↓ 0, (𝑢𝑘 ) → 𝑢 : 𝑥 + 𝑡𝑘𝑢𝑘 ∈ Ω ∀𝑘}.

We denote by
𝑁Ω (𝑥) := 𝑇Ω (𝑥)◦ = {𝑥∗ ∈ ℝ𝑛 | 〈𝑥∗, 𝑢〉 ≤ 0 ∀𝑢 ∈ 𝑇Ω (𝑥)}

the regular (Fréchet) normal cone to Ω at 𝑥 . The limiting (Mordukhovich) normal cone to Ω at 𝑥 is de�ned
by

𝑁Ω (𝑥) := {𝑥∗ ∈ ℝ𝑛 | ∃(𝑥𝑘 ) → 𝑥, (𝑥∗
𝑘
) → 𝑥∗ : 𝑥∗

𝑘
∈ 𝑁Ω (𝑥𝑘 ) ∀𝑘}.

Finally, given a direction 𝑢 ∈ ℝ𝑛 , we denote by

𝑁Ω (𝑥 ;𝑢) := {𝑥∗ ∈ ℝ𝑛 | ∃(𝑡𝑘 ) ↓ 0, (𝑢𝑘 ) → 𝑢, (𝑥∗
𝑘
) → 𝑥∗ : 𝑥∗

𝑘
∈ 𝑁Ω (𝑥 + 𝑡𝑘𝑢𝑘 ) ∀𝑘}

the directional limiting normal cone to Ω at 𝑥 in direction 𝑢.
If 𝑥 ∉ Ω, we put𝑇Ω (𝑥) = ∅, 𝑁Ω (𝑥) = ∅, 𝑁Ω (𝑥) = ∅ and 𝑁Ω (𝑥 ;𝑢) = ∅. Further note that 𝑁Ω (𝑥 ;𝑢) = ∅

whenever 𝑢 ∉ 𝑇Ω (𝑥). If Ω is convex, then 𝑁Ω (𝑥) = 𝑁Ω (𝑥) amounts to the classical normal cone in the
sense of convex analysis and we will write 𝑁Ω (𝑥). More generally, we say that Ω is Clarke regular at
point 𝑥 , provided 𝑁Ω (𝑥) = 𝑁Ω (𝑥) and we write 𝑁Ω (𝑥) in such case.
The following generalized derivatives of set-valued mappings are de�ned by means of tangents

and normals to the graph of the mapping. Let𝑀 : ℝ𝑛 ⇒ ℝ𝑚 be a set-valued map with closed graph
gph𝑀 := {(𝑥, 𝑦) | 𝑦 ∈ 𝑀 (𝑥)} and let (𝑥, 𝑦) ∈ gph𝑀 . The mapping 𝐷𝑀 (𝑥, 𝑦) : ℝ𝑛 ⇒ ℝ𝑚 , de�ned by

𝐷𝑀 (𝑥, 𝑦) (𝑢) := {𝑣 ∈ ℝ𝑚 | (𝑢, 𝑣) ∈ 𝑇gph𝑀 (𝑥, 𝑦)},

is called the graphical derivative of𝑀 at (𝑥, 𝑦). The mapping 𝐷∗𝑀 (𝑥, 𝑦) : ℝ𝑚 ⇒ ℝ𝑛

𝐷∗𝑀 (𝑥, 𝑦) (𝑣∗) := {𝑢∗ ∈ ℝ𝑛 | (𝑢∗,−𝑣∗) ∈ 𝑁gph𝑀 (𝑥, 𝑦)}

is called the regular (Fréchet) coderivative of𝑀 at (𝑥, 𝑦). The mapping 𝐷∗𝑀 (𝑥, 𝑦) : ℝ𝑚 ⇒ ℝ𝑛

𝐷∗𝑀 (𝑥, 𝑦) (𝑣∗) := {𝑢∗ ∈ ℝ𝑛 | (𝑢∗,−𝑣∗) ∈ 𝑁gph𝑀 (𝑥, 𝑦)}

is called the limiting (Mordukhovich) coderivative of 𝑀 at (𝑥, 𝑦). Given a pair of directions (𝑢, 𝑣) ∈
ℝ𝑛 ×ℝ𝑚 , the mapping 𝐷∗𝑀 ((𝑥, 𝑦); (𝑢, 𝑣)) : ℝ𝑚 ⇒ ℝ𝑛 , given by

𝐷∗𝑀 ((𝑥, 𝑦); (𝑢, 𝑣)) (𝑣∗) := {𝑢∗ ∈ ℝ𝑛 | (𝑢∗,−𝑣∗) ∈ 𝑁gph𝑀 ((𝑥, 𝑦); (𝑢, 𝑣))},

is called the directional limiting coderivative of𝑀 at (𝑥, 𝑦) in direction (𝑢, 𝑣).
In the rest of the section, we recall some well-known continuity and Lipschitzian notions for set-

valued maps and introduce some new ones. As advertised in Introduction, we will mainly focus on
the inner-type properties. In order to de�ne also directional versions of these notions, we employ the
following terminology. Given 𝑥,𝑢 ∈ ℝ𝑛 , we say that a sequence 𝑥𝑘 converges to 𝑥 from direction 𝑢 if
there exist 𝑡𝑘 ↓ 0 and 𝑢𝑘 → 𝑢 with 𝑥𝑘 = 𝑥 + 𝑡𝑘𝑢𝑘 .

Recall that 𝑆 : ℝ𝑚 ⇒ ℝ𝑛 is inner semicompact at 𝑦 with respect to (wrt) Ω ⊂ ℝ𝑚 if for every sequence
𝑦𝑘 → 𝑦 with 𝑦𝑘 ∈ Ω there exists a subsequence 𝐾 of ℕ and a sequence (𝑥𝑘 )𝑘∈𝐾 with 𝑥𝑘 ∈ 𝑆 (𝑦𝑘 ) for
𝑘 ∈ 𝐾 converging to some 𝑥 . Given 𝑥 ∈ 𝑆 (𝑦), we say that 𝑆 is inner semicontinuous at (𝑦, 𝑥) wrt Ω if for
every sequence 𝑦𝑘 → 𝑦 with 𝑦𝑘 ∈ Ω there exists a sequence 𝑥𝑘 → 𝑥 with 𝑥𝑘 ∈ 𝑆 (𝑦𝑘 ) for su�ciently
large 𝑘 . If Ω = ℝ𝑚 , we speak only about inner semicompactness at 𝑦 and inner semicontinuity at
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(𝑦, 𝑥). If we restrict ourselves to sequences 𝑦𝑘 converging to 𝑦 from a �xed direction 𝑣 ∈ ℝ𝑚 , we
speak of inner semicompactness and inner semicontinuity in direction 𝑣 . For more details regarding
these standard notions we refer to [38].

We point out that inner semicompactness is implied by the simpler, more intuitive, local boundedness
condition [44,De�nition 5.14]. In fact, local boundedness is often imposed in the development of calculus
instead of inner semicompactness, see [44]. We believe, however, that the boundedness assumption
is slightly misleading, since, as the name suggests, its purpose is to restrict the mapping, while inner
semicompactness, in a sense, says the opposite - be as unbounded as you like, I just need a convergent
subsequence. In Section 3, we will see the impact of these di�erences when dealing with a multiplier
map.

For the purposes of this paper, it su�ces to say that 𝑆 is outer semicontinuous (osc) if gph 𝑆 is closed,
see [44, Theorem 5.7]. Hence, when dealing with derivatives of set-valued maps, given as normals or
tangents to their graphs, we will use osc as a standing assumption, since we want the graphs to be
closed.
In Section 4, we will be interested in tangents and normals to sets, which are actually domains of

certain maps. The following lemma shows that inner semicompactness of an osc map guarantees local
closedness of its domain. Clearly, local closedness, de�ned below, is su�cient for our needs. See [44,
Theorem 5.25 (b)] for a similar result based on local boundedness.
Lemma 2.1. Let 𝑆 : ℝ𝑚 ⇒ ℝ𝑛 be osc and inner semicompact at 𝑦 wrt dom 𝑆 := {𝑦 ∈ ℝ𝑚 | 𝑆 (𝑦) ≠ ∅}.
Then, dom 𝑆 is locally closed around 𝑦 , i.e., dom 𝑆 ∩𝑉 is closed for some closed neighbourhood of 𝑦 .

Proof. By contraposition, assume that for every 𝑘 the set dom 𝑆 ∩ (𝑦 + (1/𝑘)B) is not closed, i.e., there
exists 𝑦𝑘 ∉ dom 𝑆 with ‖𝑦𝑘 − 𝑦 ‖ ≤ 1/𝑘 , together with a sequence (𝑦𝑙

𝑘
)∞
𝑙=1 ⊂ dom 𝑆 such that 𝑦𝑙

𝑘
→ 𝑦𝑘

as 𝑙 →∞ and ‖𝑦𝑙
𝑘
− 𝑦 ‖ ≤ 1/𝑘 for all 𝑙 ∈ ℕ.

Now if there exists 𝑘0 such that for all 𝑙 there exists some 𝑥𝑙
𝑘0
∈ 𝑆 (𝑦𝑙

𝑘0
) with ‖𝑥𝑙

𝑘0
‖ ≤ 𝑘0, then 𝑥𝑙𝑘0

must converge to some 𝑥𝑘0 along a subsequence. Since (𝑦𝑙
𝑘0
, 𝑥𝑙
𝑘0
) ∈ gph 𝑆 and gph 𝑆 is closed, we infer

(𝑦𝑘0, 𝑥𝑘0) ∈ gph 𝑆 , which contradicts 𝑦𝑘0 ∉ dom 𝑆 . This means that for each 𝑘 there exists 𝑙𝑘 such that
𝑥
𝑙𝑘
𝑘
∈ 𝑆 (𝑦𝑙𝑘

𝑘
) implies ‖𝑥𝑙𝑘

𝑘
‖ > 𝑘 . Then, however, we get dom 𝑆 3 𝑦𝑙𝑘

𝑘
→ 𝑦 as 𝑘 → ∞ and the inner

semicompactness of 𝑆 yields the existence of 𝑥𝑙𝑘
𝑘
∈ 𝑆 (𝑦𝑙𝑘

𝑘
) converging to some 𝑥 along a subsequence,

contradicting ‖𝑥𝑙𝑘
𝑘
‖ > 𝑘 . This completes the proof. �

In [4],we needed to strengthen the above continuity properties by controlling the rate of convergence
𝑥𝑘 → 𝑥 . To this end, we came up with inner calmness based on inner semicontinuity. Here we also
introduce the following milder concept of inner calmness* based on inner semicompactness.
Definition 2.2. A set-valued mapping 𝑆 : ℝ𝑚 ⇒ ℝ𝑛 is called

(i) inner calm* at 𝑦 ∈ ℝ𝑚 wrt Ω ⊂ ℝ𝑚 if there exists 𝜅 > 0 such that for every sequence 𝑦𝑘 → 𝑦

with 𝑦𝑘 ∈ Ω, there exist a subsequence 𝐾 of ℕ, together with a sequence (𝑥𝑘 )𝑘∈𝐾 and 𝑥 ∈ ℝ𝑛
with 𝑥𝑘 ∈ 𝑆 (𝑦𝑘 ) for 𝑘 ∈ 𝐾 and

(2.1) ‖𝑥𝑘 − 𝑥 ‖ ≤ 𝜅‖𝑦𝑘 − 𝑦 ‖;

(ii) inner calm at (𝑦, 𝑥) ∈ gph 𝑆 wrt Ω if there exist 𝜅 > 0 such that for every sequence 𝑦𝑘 → 𝑦 with
𝑦𝑘 ∈ Ω there exists a sequence 𝑥𝑘 satisfying 𝑥𝑘 ∈ 𝑆 (𝑦𝑘 ) and (2.1) for su�ciently large 𝑘 .

As before, if we restrict ourselves to sequences 𝑦𝑘 converging to 𝑦 from a �xed direction 𝑣 ∈ ℝ𝑚 , we
speak of inner calmness* and inner calmness in direction 𝑣 .
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Clearly, we have the implications:

inner calmness*

'/
inner calmness

'/

/7

inner semicompactness

inner semicontinuity

/7

Note that each of the four inner conditions implies that 𝑆 (𝑦) ≠ ∅ for 𝑦 ∈ Ω near 𝑦 . While this can
be desirable in some situations, it can also be quite restrictive. For our purposes, however, we will
often consider these properties wrt to the domain of 𝑆 , adding no restriction at all.
We also consider one important outer Lipschitzian notion. We say that 𝑆 is calm at (𝑦, 𝑥) ∈ gph 𝑆 ,

provided there exists 𝜅 > 0 such that for every sequence 𝑥𝑘 → 𝑥 for which there exists a sequence 𝑦𝑘
with 𝑥𝑘 ∈ 𝑆 (𝑦𝑘 ), there exists a sequence 𝑥𝑘 satisfying 𝑥𝑘 ∈ 𝑆 (𝑦) and

(2.2) ‖𝑥𝑘 − 𝑥𝑘 ‖ ≤ 𝜅‖𝑦𝑘 − 𝑦 ‖

for su�ciently large 𝑘 . Interestingly, in the de�nition of calmness, the crucial sequence is 𝑥𝑘 in the
image space ℝ𝑛 . By the same token, 𝑆 is called calm in direction 𝑢 ∈ ℝ𝑛 if the above holds for all
sequences 𝑥𝑘 converging to 𝑥 from 𝑢. This is also related to the well-known fact that calmness of 𝑆 at
(𝑦, 𝑥) is equivalent to metric subregularity of𝑀 := 𝑆−1 at (𝑥, 𝑦).
Finally, we employ the following terminology. We say that 𝑆 is calm at (𝑦, 𝑥) with constant 𝜅 ≥ 0 if

𝜅 satis�es (2.2). The in�mum of all calmness constants is called the calmness modulus of 𝑆 , which is set
to be +∞ if 𝑆 fails to be calm. Naturally, the same applies to inner calmness* and inner calmness as
well as to the directional versions of these properties.

2.1 elementary results and other notions

Calmness and inner calmness are typically de�ned via neighbourhoods instead of sequences. First, we
show that these de�nitions coincide.
Lemma 2.3. Let 𝑆 : ℝ𝑚 ⇒ ℝ𝑛 and (𝑦, 𝑥) ∈ gph 𝑆 . Then

(i) 𝑆 is inner calm at (𝑦, 𝑥) wrt Ω with modulus 𝜅 if and only if 𝜅 is the in�mum of 𝜅 over all
combinations of 𝜅 and neighbourhoods 𝑉 of 𝑦 satisfying

(2.3) 𝑥 ∈ 𝑆 (𝑦) + 𝜅‖𝑦 − 𝑦 ‖B ∀ 𝑦 ∈ 𝑉 ∩ Ω;

(ii) 𝑆 is calm at (𝑦, 𝑥) with modulus 𝜅 if and only if 𝜅 is the in�mum of 𝜅 over all combinations of 𝜅
and neighbourhoods𝑈 of 𝑥 satisfying

(2.4) 𝑆 (𝑦) ∩𝑈 ⊂ 𝑆 (𝑦) + 𝜅‖𝑦 − 𝑦 ‖B ∀ 𝑦 ∈ ℝ𝑚 .

Proof. Clearly, if 𝜅 satis�es (2.3) for some neighbourhood 𝑉 of 𝑦 , then it also satis�es (2.1) from the
de�nition of inner calmness. On the other hand, if 𝜅 satis�es (2.1), then there exists a neighbourhood
𝑉 of 𝑦 such that (2.3) holds. Indeed, if not, we �nd a sequence Ω 3 𝑦𝑘 → 𝑦 with

dist(𝑥, 𝑆 (𝑦𝑘 )) > 𝜅‖𝑦𝑘 − 𝑦 ‖,

violating (2.1). Hence, the in�mum de�ning modulus equals the in�mum from the statement.
The proof for calmness is analogous. �
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Note that calmness is sometimes de�ned by (2.4) with ℝ𝑚 replaced by a neighbourhood of 𝑦 . As [12,
Exercise 3H.4] clari�es, these de�nitions are in fact equivalent. Clearly, calmness and inner calmness
are implied by the so-called Aubin property [44, De�nition 9.36].

For the sake of completeness, we write down the neighbourhood-based de�nition of metric subreg-
ularity.
Definition 2.4. Let𝑀 : ℝ𝑛 ⇒ ℝ𝑚 and (𝑥, 𝑦) ∈ gph𝑀 . We say that𝑀 is metrically subregular at (𝑥, 𝑦)
provided there exist 𝜅 > 0 and a neighbourhood𝑈 of 𝑥 such that

dist(𝑥,𝑀−1(𝑦)) ≤ 𝜅dist(𝑦,𝑀 (𝑥)) ∀𝑥 ∈ 𝑈 .

Next we look into the relation between the standard and the directional versions of the various
calmness properties. We note that our interest in the directional approach stems from its successful
implementation and development in recent years by Gfrerer [15].
Lemma 2.5. Given 𝑆 : ℝ𝑚 ⇒ ℝ𝑛 , 𝑦 ∈ ℝ𝑚 and Ω ⊂ ℝ𝑚 , let 𝜅 denote the modulus of inner calmness* of 𝑆
at 𝑦 wrt Ω (inner calmness of 𝑆 at (𝑦, 𝑥) ∈ gph 𝑆 wrt Ω , calmness of 𝑆 at (𝑦, 𝑥)) and let 𝜅𝑣 denote the
corresponding modulus in direction 𝑣 ∈ ℝ𝑚 (for calmness 𝜅𝑢 with 𝑢 ∈ ℝ𝑛). Then

(2.5) 𝜅 = max
𝑣∈S

𝜅𝑣 (𝜅 = max
𝑢∈S

𝜅𝑢 for calmness) .

Proof. Let 𝜅 by any constant of inner calmness* of 𝑆 . Then, clearly, for any direction 𝑣 we have 𝜅𝑣 ≤ 𝜅
and hence 𝜅𝑣 ≤ 𝜅 by the de�nition of in�mum and sup𝑣∈S 𝜅𝑣 ≤ 𝜅 follows. Naturally, if 𝜅 = ∞, the
inequality holds as well.
On the other hand, let 𝜅 < 𝜅. Then there exists a sequence 𝑦𝑘 ∈ Ω converging to 𝑦 such that for

any 𝑥 ∈ ℝ𝑛 there exists 𝑘0 such that for all 𝑥𝑘 ∈ 𝑆 (𝑦𝑘 ) with 𝑘 ≥ 𝑘0 one has

‖𝑥𝑘 − 𝑥 ‖ > 𝜅‖𝑦𝑘 − 𝑦 ‖.

By passing to a subsequence, however, we may assume that there exists 𝑣 ∈ S such that (𝑦𝑘 − 𝑦)/‖𝑦𝑘 −
𝑦 ‖ → 𝑣 and hence we conclude that 𝜅 can not be an inner calmness* constant of 𝑆 in direction 𝑣 , i.e.,
𝜅 ≤ 𝜅𝑣 . Thus 𝜅 ≤ 𝜅𝑣 holds as well and (2.5) follows.

The proofs for inner calmness and calmness follow by the same steps. �

We point out that (2.5) yields, in particular, that the standard (nondirectional) version of any of the
calmness properties is equivalent to the validity of that property in every direction from the unit
sphere. Indeed, 𝜅 = +∞ if and only if there exists a direction 𝑣 with 𝜅𝑣 = +∞.

We will also use the following relaxed version of inner calmness*.
Definition 2.6. A set-valued mapping 𝑆 : ℝ𝑚 ⇒ ℝ𝑛 is called inner calm* at 𝑦 ∈ ℝ𝑚 in direction 𝑣 ∈ ℝ𝑚
wrt Ω ⊂ ℝ𝑚 in the fuzzy sense, if, either 𝑣 ∉ 𝑇Ω (𝑦), or there exist 𝜅𝑣 > 0 (constant of fuzzy inner
calmness* in direction 𝑣) together with sequences 𝑦𝑘 ∈ Ω converging to 𝑦 from 𝑣 and 𝑥𝑘 ∈ 𝑆 (𝑦𝑘 ) and
a point 𝑥 ∈ ℝ𝑛 such that

‖𝑥𝑘 − 𝑥 ‖ ≤ 𝜅𝑣 ‖𝑦𝑘 − 𝑦 ‖.
The in�mum 𝜅𝑣 of all such 𝜅𝑣 is called the modulus of fuzzy inner calmness* in direction 𝑣 with the
convention that 𝜅𝑣 := 0 if 𝑣 ∉ 𝑇Ω (𝑦). We say that 𝑆 is inner calm* at 𝑦 wrt Ω ⊂ ℝ𝑚 in the fuzzy sense,
provided it is inner calm* in the fuzzy sense in every direction 𝑣 ∈ S.
The case 𝑣 ∉ 𝑇Ω (𝑦) is included because if there is no sequence 𝑦𝑘 ∈ Ω converging to 𝑦 from 𝑣 , there is
no requirement to meet. Moreover, it is also needed in order to make sure that inner calmness* in the
fuzzy sense is implied by inner calmness*.

Note also that we do not de�ne the (nondirectional) modulus of fuzzy inner calmness*. The reason
is that, unlike in the case of the other calmness properties, it may happen that a map is inner calm* in
the fuzzy sense in every direction, yet the supremum of the moduli over the unit directions blows up.
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Figure 1: Sketch of set 𝐺 .

Example 2.7. Consider the set 𝐺 ⊂ ℝ3 given as a curve 𝑡 → (𝑦1(𝑡), 𝑦2(𝑡), 𝑥 (𝑡)) for 𝑡 ∈ (0, 2𝜋] with

(2.6) 𝑦1(𝑡) = cos(𝑡), 𝑦2(𝑡) = sin(𝑡), 𝑥 (𝑡) = 1
𝑡
− 1
2𝜋
,

see Figure 1. Now let 𝑆 : ℝ2 ⇒ ℝ be the set-valued map whose graph consists of rays starting from
the origin (0, 0, 0) and passing through the points of 𝐺 , i.e., gph 𝑆 = {𝑟𝐺 | 𝑟 ≥ 0}. Consider point
𝑦 = (0, 0). It is easy to see that for any unit direction (cos(𝑡), sin(𝑡)) with 𝑡 ∈ (0, 2𝜋), the modulus of
inner calmness* and fuzzy inner calmness* coincide and equal 1/𝑡 − 1/(2𝜋). Clearly, this quantity goes
to in�nity as 𝑡 goes to 0, while for 𝑡 = 2𝜋 it becomes 0. In fact, this precisely entails the issue with
direction 𝑣 = (1, 0). Indeed, on one hand it means that 𝑆 is inner calm* at 𝑦 in the fuzzy sense (the
modulus in direction 𝑣 is 0). On the other hand, from Lemma 2.5 we conclude that for the modulus of
inner calmness* we have 𝜅 = 𝜅𝑣 = +∞ and hence 𝑆 is not inner calm* at 𝑦 .

Finally, in case of a single-valued mapping 𝜑 : ℝ𝑚 → ℝ𝑛 , calmness at 𝑦 is de�ned as the existence
of 𝜅 > 0 and a neighbourhood 𝑉 of 𝑦 such that

(2.7) ‖𝜑 (𝑦) − 𝜑 (𝑦)‖ ≤ 𝜅‖𝑦 − 𝑦 ‖ ∀ 𝑦 ∈ 𝑉 ,

or, equivalently, the existence of 𝜅 > 0 such that (2.7), with 𝑦 replaced by iterates 𝑦𝑘 of an arbitrary
sequence 𝑦𝑘 → 𝑦 , holds for su�ciently large 𝑘 . If it holds for 𝑦𝑘 converging to 𝑦 from a direction 𝑣 ,
we say 𝜑 is calm at 𝑦 in direction 𝑣 . Interestingly, the above de�nition coincides with the de�nition of
inner calmness of 𝜑 at (𝑦, 𝜑 (𝑦)), but not with calmness (due to neighbourhood𝑈 ) or inner calmness*
(due to not requiring 𝑥 ∈ 𝑆 (𝑦)). Naturally, if we restrict ourselves to continuous mappings, all three
notions coincide. Further, 𝜑 is called Lipschitz continuous near 𝑦 if the inequality

‖𝜑 (𝑦) − 𝜑 (𝑦 ′)‖ ≤ 𝜅‖𝑦 − 𝑦 ′‖ ∀ 𝑦, 𝑦 ′ ∈ 𝑉

is ful�lled with 𝜅 > 0 and 𝑉 being a neighbourhood of 𝑦 .

3 inner semicompactness and inner calmness*

The role of inner calmness* as an assumption is highlighted in the next section dealing with the calculus
rules. In this section, we discuss two interesting cases when it is satis�ed. In both cases, we �rst prove
some basic result in terms of inner semicompactness, which gets improved to inner calmness* (in the
fuzzy sense) after we add suitable polyhedrality assumptions.
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3.1 polyhedral set-valued maps

We begin by the simple example showing the limitations of inner semicontinuity and inner calmness,
namely, that the lack of convexity of the graph can easily lead to violation of these properties.
Example 3.1. Let 𝑆 : ℝ ⇒ ℝ by given by

𝑆 (𝑦) =
{
0 for 𝑦 ≤ 0,
1 for 𝑦 ≥ 0.

It is easy to see that 𝑆 is not inner semicontinuous at (𝑦, 𝑥) = (0, 0), due to 𝑦𝑘 := 1/𝑘 → 𝑦 and
𝑆 (𝑦𝑘 ) = 1 6→ 0, or at (𝑦, 𝑥) = (0, 1), due to 𝑦𝑘 := −1/𝑘 → 𝑦 and 𝑆 (𝑦𝑘 ) = 0 6→ 1.

On the other hand, 𝑆 is clearly inner semicompact (even inner calm*) at 𝑦 . Indeed, given a sequence
𝑦𝑘 → 𝑦 , we can choose 𝑥 to be either 0 or 1, depending on which of the two values is attained by 𝑆 (𝑦𝑘 )
in�nitely many times.

Next, consider a map 𝑆 : ℝ𝑚 ⇒ ℝ𝑛 whose graph is a �nite union of sets𝐺𝑖 for 𝑖 = 1, . . . , 𝑙 and denote
by 𝑆𝑖 the maps with gph 𝑆𝑖 = 𝐺𝑖 , referred to as the components of 𝑆 . If 𝐺𝑖 are closed, i.e., components
𝑆𝑖 are osc, then so is gph 𝑆 and hence 𝑆 is also osc. We will now show that the properties of inner
semicompactness and inner calmness* are also preserved under �nite unions.
Lemma 3.2. Given a map 𝑆 : ℝ𝑚 ⇒ ℝ𝑛 , assume that its components 𝑆𝑖 are inner semicompact (inner
calm*) at 𝑦 ∈ ℝ𝑚 wrt to dom 𝑆𝑖 . Then 𝑆 is inner semicompact (inner calm*) at 𝑦 wrt to its domain.

Proof. Let 𝑦𝑘 → 𝑦 with 𝑦𝑘 ∈ dom 𝑆 . By passing to a subsequence if necessary, we may assume that
there exists 𝑖 with 𝑦𝑘 ∈ dom 𝑆𝑖 for all 𝑘 . The inner semicompactness (inner calmness*) of 𝑆𝑖 yields the
existence of a sequence 𝑥𝑘 ∈ 𝑆𝑖 (𝑦𝑘 ) converging to some 𝑥 (and 𝜅𝑖 ≥ 0 with ‖𝑥𝑘 − 𝑥 ‖ ≤ 𝜅𝑖 ‖𝑦𝑘 − 𝑦 ‖).
Since 𝑥𝑘 ∈ 𝑆 (𝑦𝑘 ), the claim follows (with 𝜅 := max𝑖=1,...,𝑙 𝜅𝑖 ). �

The question is how to apply this lemma. It is known that mappings with convex graphs are inner
semicontinuous at any (𝑦, 𝑥) with 𝑦 in the interior of the domain [44, Theorem 5.9(b)]. The following
example shows, however, that even a map with closed convex graph and domain may fail to be inner
semicompact wrt its domain at every point of the boundary of domain.
Example 3.3. Consider again the set𝐺 ⊂ ℝ3 from Example 2.7. Now let 𝑆 : ℝ2 ⇒ ℝ be the set-valued
map whose graph is the closure of the convex hull of 𝐺 . Note also that the domain of 𝑆 is the closed
unit ball. We claim that 𝑆 is not inner semicompact at 𝑦 = (1, 0) wrt to dom 𝑆 . Indeed, consider a
sequence 𝑡𝑘 ↓ 0 and set 𝑦𝑘 := (cos(𝑡𝑘 ), sin(𝑡𝑘 )) → 𝑦 . We will show that there is no 𝑥𝑘 ∈ 𝑆 (𝑦𝑘 ) with
𝑥𝑘 < 1/𝑡𝑘 →∞. To this end, for every 𝑘 we construct a halfspace containing set𝐺 but no (𝑦𝑘 , 𝑥𝑘 ) with
𝑥𝑘 < 1/𝑡𝑘 . Set 𝑞𝑘 := 𝑡2

𝑘
(1/𝑡𝑘 − 1/(2𝜋)),

𝑏𝑘 :=
(
sin(𝑡𝑘 ) + 𝑞𝑘 cos(𝑡𝑘 ), 1 − cos(𝑡𝑘 ) + 𝑞𝑘 sin(𝑡𝑘 ),−𝑡2𝑘 (1 − cos(𝑡𝑘 ))

)
and consider the halfspace

H𝑘 := {𝑧 ∈ ℝ3 | 〈𝑏𝑘 , 𝑧〉 ≤ sin(𝑡𝑘 ) + 𝑞𝑘 cos(𝑡𝑘 )}.

Clearly, (1, 0, 0) ∈ H𝑘 . Moreover, let us explain that 𝐺 ⊂ H𝑘 , i.e., that every point (𝑦, 𝑥) of the form
(2.6) also belongs toH𝑘 . Consider the function

ℎ𝑘 (𝑡) := 〈𝑏𝑘 , (cos(𝑡), sin(𝑡), 1/𝑡 − 1/(2𝜋))〉.

A simple computation yields ℎ𝑘 (𝑡𝑘 ) = sin(𝑡𝑘 ) + 𝑞𝑘 cos(𝑡𝑘 ). Thus, it su�ces to show that ℎ𝑘 attains its
global maximum over (0, 2𝜋] at 𝑡𝑘 . Since

ℎ′
𝑘
(𝑡) = 〈𝑏𝑘 , (− sin(𝑡), cos(𝑡),−1/𝑡2)〉 and ℎ′′

𝑘
(𝑡) = 〈𝑏𝑘 , (− cos(𝑡),− sin(𝑡), 2/𝑡3)〉,
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we get ℎ′
𝑘
(𝑡𝑘 ) = 0 and ℎ′′

𝑘
(𝑡𝑘 ) = −

(
sin(𝑡𝑘 ) + 𝑞𝑘 + 2(1 − cos(𝑡𝑘 ))/𝑡𝑘

)
and thus ℎ′′

𝑘
(𝑡𝑘 ) < 0 for 𝑡𝑘 < 𝜋 .

In order to see that this maximum is not only local, note that ℎ𝑘 (𝑡) → −∞ as 𝑡 ↓ 0 while ℎ𝑘 (2𝜋) =
sin(𝑡𝑘 ) +𝑞𝑘 cos(𝑡𝑘 ) = ℎ𝑘 (𝑡𝑘 ). Without going into details, taking into account properties of the functions
de�ning ℎ𝑘 , we deduce that there is only one more stationary point of ℎ𝑘 in (0, 2𝜋], corresponding to
a local minimum. Thus, the maximum at 𝑡𝑘 is global.
Finally, since −𝑡2

𝑘
(1 − cos(𝑡𝑘 )) < 0 for 𝑡𝑘 ∈ (0, 2𝜋), a point (𝑦𝑘 , 𝑥) belongs to H𝑘 if and only if

𝑥 ≥ 1/𝑡𝑘 . Since gph 𝑆 is the intersection of all the closed halfspaces containing 𝐺 by [43, Corollary
11.5.1], we conclude that there is no 𝑥𝑘 ∈ 𝑆 (𝑦𝑘 ) with 𝑥𝑘 < 1/𝑡𝑘 . Hence, 𝑆 is not inner semicompact at 𝑦
wrt to dom 𝑆 .

We forgo the details of applying the above lemma to a map whose graph is a union of general
convex sets, since the result inevitably su�ers from the limitations to the interiors of the domains of its
components. Instead, we look into polyhedral mappings. Recall that a set 𝐷 ⊂ ℝ𝑠 is said to be convex
polyhedral if it can be represented as the intersection of �nitely many halfspaces. We say that a set
𝐸 ⊂ ℝ𝑠 is polyhedral if it is a union of �nitely many convex polyhedral sets. A set-valued map is called
(convex) polyhedral, if its graph is a (convex) polyhedral set.

In the polyhedral setting, there is no problem with the points on the boundary of the domain.
Indeed, the prominent result of Walkup and Wets [45], see also [44, Example 9.35], says that a convex
polyhedral map 𝑆 is Lipschitz continuous on its domain, i.e., there exist 𝜅 > 0 such that

𝑆 (𝑦 ′) ⊂ 𝑆 (𝑦) + 𝜅‖𝑦 ′ − 𝑦 ‖B ∀ 𝑦, 𝑦 ′ ∈ dom 𝑆.

Since this property is obviously stronger even than inner calmness at any point, we obtain the following
result. For the sake of completeness, we include also the well-known result regarding (outer) calmness
due to Robinson [42], who used the name upper Lipschitzness. We point out that the calmness below is
not localized to a point 𝑥 , since there is no neighbourhood𝑈 as in (2.4).
Theorem 3.4 (Two-sided calmness of polyhedral maps). Let 𝑆 : ℝ𝑚 ⇒ ℝ𝑛 be a polyhedral set-valued
map. Then there exists a number 𝜅 > 0 such that for every 𝑦 ∈ dom 𝑆 , 𝑆 is inner calm* with constant 𝜅
wrt dom 𝑆 at 𝑦 as well as calm with constant 𝜅 at 𝑦 , i.e.,

𝑆 (𝑦) ⊂ 𝑆 (𝑦) + 𝜅‖𝑦 − 𝑦 ‖B

holds for all 𝑦 near 𝑦 .

Note that, in inner calmness* we have found a suitable inner Lipschitzian property which, from the
Lipschitzness of convex polyhedral maps, extends to polyhedral maps. The key reason is that inner
calmness* is based on inner semicompactness, which is preserved under �nite unions.

3.2 multiplier mappings

In [23, Proposition 4.1], Gfrerer and Outrata showed the following interesting result.
Proposition 3.5. Let𝑀 : ℝ𝑛 ⇒ ℝ𝑚 be a set-valued mapping having locally closed graph around (𝑥, 𝑦) ∈
gph𝑀 and assume that𝑀 is metrically subregular at (𝑥, 𝑦) with modulus 𝜅. Then

(3.1) 𝑁𝑀−1 (𝑦) (𝑥) ⊂
{
𝑥∗ | ∃𝑦∗ ∈ 𝜅‖𝑥∗‖B : (𝑥∗, 𝑦∗) ∈ 𝑁gph𝑀 (𝑥, 𝑦)

}
.

In fact, [23, Proposition 4.1] contains, apart from the additional result for the tangent cone, the stronger,
directional, estimate. For our purposes, however, the important part is the bound ‖𝑦∗‖ ≤ 𝜅‖𝑥∗‖. Let
us mention that the idea that metric subregularity yields this bound appeared already in the proof
of [27, Theorem 4.1]. Moreover, similar arguments were also used in [7, Lemma 3.2] in the setting of
nonlinear programs.
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Corollary 3.6. In the setting of Proposition 3.5, metric subregularity of𝑀 at (𝑥, 𝑦) implies inner semicom-
pactness of the mapping

Λ(𝑥, 𝑥∗) := 𝐷∗𝑀−1(𝑦, 𝑥) (−𝑥∗) = {𝑦∗ | (𝑥∗, 𝑦∗) ∈ 𝑁gph𝑀 (𝑥, 𝑦)}

at (𝑥, 𝑥∗) wrt gph𝑁𝑀−1 (𝑦) for every 𝑥∗ ∈ 𝑁𝑀−1 (𝑦) (𝑥).

Proof. Suppose (𝑥𝑘 , 𝑥∗𝑘 ) → (𝑥, 𝑥
∗) with 𝑥∗

𝑘
∈ 𝑁𝑀−1 (𝑦) (𝑥𝑘 ). Metric subregularity of𝑀 at (𝑥, 𝑦) implies

metric subregularity of𝑀 at (𝑥𝑘 , 𝑦) for all su�ciently large 𝑘 with the modulus𝜅 ′ independent of𝑘 (see,
e.g., [16, Lemma 2] with 𝑢 = 0 and 𝛾 = 1). Hence, Proposition 3.5 yields the existence of 𝑦∗

𝑘
∈ Λ(𝑥𝑘 , 𝑥∗𝑘 )

with ‖𝑦∗
𝑘
‖ ≤ 𝜅 ′‖𝑥∗

𝑘
‖. In particular, by passing to a subsequence we may assume that 𝑦∗

𝑘
→ 𝑦∗ for some

𝑦∗, showing the inner semicompactness of Λ. �

For the constraint mapping 𝑀 (𝑥) = 𝜑 (𝑥) −𝑄 , where 𝑄 ⊂ ℝ𝑚 is a closed set and 𝜑 : ℝ𝑛 → ℝ𝑚 is
continuously di�erentiable, (3.1) gives the standard pre-image calculus rule

(3.2) 𝑁𝐶 (𝑥) ⊂ ∇𝜑 (𝑥)𝑇𝑁𝑄 (𝜑 (𝑥))

where 𝐶 := 𝑀−1(0) = 𝜑−1(𝑄), see, e.g., [4, Lemma 6.1]. Moreover, denoting 𝛽 (𝑥) := ∇𝜑 (𝑥), the
(multiplier) mapping Λ attains the standard form

Λ(𝑥, 𝑥∗) := {𝜆 ∈ 𝑁𝑄 (𝜑 (𝑥)) | 𝛽 (𝑥)𝑇𝜆 = 𝑥∗},

where we use 𝜆 instead of 𝑦∗ to denote the multipliers.
Remark 3.7 (On inner semicompactness of the multiplier mapping). In the area of second-order analysis,
one often deals with a sequence 𝑥∗

𝑘
∈ 𝑁𝜑−1 (𝑄) (𝑥𝑘 ). Under metric subregularity of 𝜑 (𝑥) −𝑄 , one gets

the existence of suitable multipliers 𝜆𝑘 , but needs to �nd also a limit multiplier 𝜆 ← 𝜆𝑘 . Hence, many
authors used to assume boundedness of the multipliers, for which they had to impose some stronger
conditions, such as the generalized Mangasarian-Fromovitz constraint quali�cation (GMFCQ), see also
[18] for more subtle approach. Thanks to the inner semicompactness of Λ from Corollary 3.6, however,
we know that metric subregularity alone is su�cient for this task. This fact has already been utilized
in several recent works, see, e.g., [3, 5, 19, 20].
We conclude this section by showing that Λ is even inner calm* (in the fuzzy sense) provided 𝑄 is

polyhedral. The following lemma will be essential for our proof.
Lemma 3.8. Let 𝐷 be a convex polyhedral set and let 𝑧∗ ∈ 𝑁𝐷 (𝑧). Then there exists a neighbourhood O of
0 such that

(3.3)
(
gph𝑁𝐷 − (𝑧, 𝑧∗)

)
∩ O = {(𝑤,𝑤∗) | 𝑤 ∈ K𝐷 (𝑧, 𝑧∗),𝑤∗ ∈ (K𝐷 (𝑧, 𝑧∗))◦, 〈𝑤,𝑤∗〉 = 0} ∩ O,

where K𝐷 (𝑧, 𝑧∗) := 𝑇𝐷 (𝑧) ∩ [𝑧∗]⊥ stands for the critical cone to 𝐷 at (𝑧, 𝑧∗).

Proof. The reduction lemma [12, Lemma 2E.4] yields the existence of a neighbourhood O of 0 such that

(3.4)
(
gph𝑁𝐷 − (𝑧, 𝑧∗)

)
∩ O = gph𝑁K𝐷 (𝑧,𝑧∗) ∩ O,

and [12, Proposition 2A.3] gives the description of gph𝑁K𝐷 (𝑧,𝑧∗) . �

Theorem 3.9. Let (𝑥, 𝑥∗) ∈ gph𝑁𝐶 for 𝐶 = 𝜑−1(𝑄) with twice continuously di�erentiable 𝜑 and assume
that the constraint mapping𝑀 (𝑥) = 𝜑 (𝑥) −𝑄 is metrically subregular at (𝑥, 0).

(i) If 𝑄 is Clarke regular near 𝜑 (𝑥) (which is the case if 𝑄 is convex), then Λ is inner semicompact at
(𝑥, 𝑥∗) wrt its domain.
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(ii) If 𝑄 is convex polyhedral, then Λ is inner calm* at (𝑥, 𝑥∗) wrt its domain in the fuzzy sense.

(iii) Given (𝑢,𝑢∗) ∈ S, if 𝑄 is convex polyhedral and the system 𝜑 (·) ∈ 𝑄 is non-degenerate at 𝑥 in
direction 𝑢, i.e.,

(3.5) 𝛽 (𝑥)𝑇𝜆 = 0, 𝜆 ∈ sp𝑁𝑇𝑄 (𝜑 (𝑥)) (∇𝜑 (𝑥)𝑢) =⇒ 𝜆 = 0,

then Λ is inner calm* at (𝑥, 𝑥∗) wrt its domain in direction (𝑢,𝑢∗).

Proof. The �rst claim follows from Corollary 3.6 once we justify the use of domΛ instead of gph𝑁𝐶 .
Due to the Clarke regularity, however, we obtain 𝑁𝑄 (𝜑 (𝑥 ′)) = 𝑁𝑄 (𝜑 (𝑥 ′)) for 𝑥 ′ near 𝑥 and [44,
Theorem 6.14] then yields that

𝛽 (𝑥 ′)𝑇𝑁𝑄 (𝜑 (𝑥 ′)) = 𝛽 (𝑥 ′)𝑇𝑁𝑄 (𝜑 (𝑥 ′)) ⊂ 𝑁𝐶 (𝑥 ′) .

Moreover, the opposite inclusion is also true, taking into account (3.2) and the fact that𝑀 is subregular
also at (𝑥 ′, 0) as argued in the proof of Corollary 3.6. Hence, locally around (𝑥, 𝑥∗), one has domΛ =

gph𝑁𝐶 .
To show the second one, assume that 𝑄 is convex polyhedral and consider a sequence (𝑥𝑘 , 𝑥∗𝑘 ) ∈

domΛ converging to (𝑥, 𝑥∗) from a direction (𝑢,𝑢∗) ∈ S, i.e.,

(𝑥𝑘 , 𝑥∗𝑘 ) = (𝑥, 𝑥
∗) + 𝑡𝑘 (𝑢𝑘 , 𝑢∗𝑘 )

for some 𝑡𝑘 ↓ 0 and (𝑢𝑘 , 𝑢∗𝑘 ) → (𝑢,𝑢
∗). The inner semicompactness of Λ wrt domΛ from (i) yields the

existence of 𝜆̃𝑘 ∈ 𝑁𝑄 (𝜑 (𝑥 + 𝑡𝑘𝑢𝑘 )) with

𝑥∗ + 𝑡𝑘𝑢∗𝑘 = 𝛽 (𝑥 + 𝑡𝑘𝑢𝑘 )𝑇 𝜆̃𝑘

as well as 𝜆 ∈ 𝑁𝑄 (𝜑 (𝑥)) with 𝑥∗ = 𝛽 (𝑥)𝑇𝜆 such that 𝜆̃𝑘 → 𝜆. Moreover, the Taylor expansion gives

(3.6) 𝛽 (𝑥)𝑇 𝜆̃𝑘 − 𝜆
𝑡𝑘

= 𝑢∗
𝑘
− ∇〈𝜆, 𝛽〉(𝑥)𝑢 + 𝑜 (1) .

Employing Lemma 3.8 and denoting K := K𝑄 (𝜑 (𝑥), 𝜆) we infer

(3.7) 𝜑 (𝑥 + 𝑡𝑘𝑢𝑘 ) − 𝜑 (𝑥) ∈ K, 𝜆̃𝑘 − 𝜆 ∈ K◦, 〈𝜑 (𝑥 + 𝑡𝑘𝑢𝑘 ) − 𝜑 (𝑥), 𝜆̃𝑘 − 𝜆〉 = 0

for su�ciently large 𝑘 . Thus, F𝑘 := K ∩ [𝜆̃𝑘 − 𝜆]⊥ is a face of the critical cone K , see [12, p. 258], with
𝜑 (𝑥 + 𝑡𝑘𝑢𝑘 ) −𝜑 (𝑥) ∈ F𝑘 . Since there are only �nitely many faces of a polyhedral cone, we may assume
that F𝑘 ≡ F and, in particular, we have

(𝜆̃𝑘 − 𝜆)/𝑡𝑘 ∈ K◦ ∩ (spF )⊥.

Hence, we can now invoke Ho�man’s lemma [6, Theorem 2.200] to �nd for every 𝑘 some 𝜂𝑘 ∈
K◦ ∩ (spF )⊥ satisfying

𝛽 (𝑥)𝑇𝜂𝑘 = 𝛽 (𝑥)𝑇 𝜆̃𝑘 − 𝜆
𝑡𝑘

and ‖𝜂𝑘 ‖ ≤ 𝛼 ‖𝛽 (𝑥)𝑇 (𝜆̃𝑘 − 𝜆)/𝑡𝑘 ‖ for some constant 𝛼 > 0 not depending on 𝑘 . Since the right-hand
side of (3.6) is bounded, so is 𝜂𝑘 and by possibly passing to a subsequence we can assume that 𝜂𝑘
converges to some 𝜂 ∈ K◦ ∩ (spF )⊥ satisfying

𝛽 (𝑥)𝑇𝜂 = 𝑢∗ − ∇〈𝜆, 𝛽〉(𝑥)𝑢
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by (3.6). Since 𝜂𝑘 ∈ K◦ ∩ (spF )⊥ we see that (3.7) remains true with 𝜆̃𝑘 − 𝜆 replaced by 𝑡𝑘𝜂𝑘 . Conse-
quently, Lemma 3.8 yields that for su�ciently large 𝑘 we have

(𝜑 (𝑥 + 𝑡𝑘𝑢𝑘 ), 𝜆 + 𝑡𝑘𝜂𝑘 ) = (𝜑 (𝑥), 𝜆) + (𝜑 (𝑥 + 𝑡𝑘𝑢𝑘 ) − 𝜑 (𝑥), 𝑡𝑘𝜂𝑘 ) ∈ gph𝑁𝑄 .

Hence, setting 𝜆𝑘 := 𝜆 + 𝑡𝑘𝜂𝑘 , for any 𝜅 (𝑢,𝑢∗) > ‖𝜂‖ we get

(3.8) ‖𝜆𝑘 − 𝜆‖ = ‖𝜂𝑘 ‖𝑡𝑘 =
‖𝜂𝑘 ‖

‖(𝑢𝑘 , 𝑢∗𝑘 )‖
‖(𝑥𝑘 , 𝑥∗𝑘 ) − (𝑥, 𝑥

∗)‖ ≤ 𝜅 (𝑢,𝑢∗) ‖(𝑥𝑘 , 𝑥∗𝑘 ) − (𝑥, 𝑥
∗)‖

for 𝑘 large enough, since ‖(𝑢𝑘 , 𝑢∗𝑘 )‖ → 1 and ‖𝜂𝑘 ‖ → ‖𝜂‖.
Finally, denoting

𝑥∗
𝑘
:= 𝛽 (𝑥 + 𝑡𝑘𝑢𝑘 )𝑇𝜆𝑘 = 𝛽 (𝑥)𝑇𝜆 + 𝑡𝑘 (𝛽 (𝑥)𝑇𝜂𝑘 + ∇〈𝜆, 𝛽〉(𝑥)𝑢) + 𝑜 (𝑡𝑘 ) = 𝑥∗ + 𝑡𝑘𝑢∗𝑘 + 𝑜 (𝑡𝑘 ) = 𝑥

∗
𝑘
+ 𝑜 (𝑡𝑘 )

yields, in particular, that (𝑥𝑘 , 𝑥∗𝑘 ) converges to (𝑥, 𝑥
∗) from direction (𝑢,𝑢∗). Hence, the inner calmness*

of Λ in direction (𝑢,𝑢∗) in the fuzzy sense with the modulus not greater than ‖𝜂‖ follows. Since
direction (𝑢,𝑢∗) was arbitrary, Lemma 2.5 yields the inner calmness* in the fuzzy sense of Λ.
The third statement can now be shown easily. If 𝑥𝑘 = 𝑥 for in�nitely many 𝑘 , in the previous

argument we actually get

𝛽 (𝑥)𝑇𝜂𝑘 = 𝛽 (𝑥)𝑇 𝜆̃𝑘 − 𝜆
𝑡𝑘

= 𝑢∗
𝑘
.

Then, however, we obtain
𝛽 (𝑥)𝑇𝜆𝑘 = 𝑥∗ + 𝑡𝑘𝑢∗𝑘 = 𝑥∗

𝑘
,

which means that the newmultipliers 𝜆𝑘 correspond to the same 𝑥∗
𝑘
and this implies the inner calmness*

in direction (𝑢,𝑢∗).
On the other hand, if 𝑥𝑘 ≠ 𝑥 for in�nitely many 𝑘 , we conduct the same arguments as in case (ii)

and then show that we can in fact use the original multipliers 𝜆̃𝑘 . To this end, note that 𝜆̃𝑘 − 𝜆𝑘 ∈
sp𝑁𝑄 (𝜑 (𝑥 + 𝑡𝑘𝑢𝑘 )) and thus [5, Proposition 2.14] says that the assumed directional non-degeneracy
yields the existence of 𝛼 > 0 such that

‖𝜆̃𝑘 − 𝜆𝑘 ‖ ≤ 𝛼 ‖𝛽 (𝑥 + 𝑡𝑘𝑢𝑘 )𝑇 (𝜆̃𝑘 − 𝜆𝑘 )‖ = 𝛼 ‖𝑥∗𝑘 − 𝑥
∗
𝑘
‖ = 𝑜 (𝑡𝑘 ) .

Consequently, we obtain

‖𝜆̃𝑘 − 𝜆‖ ≤ ‖𝜆𝑘 − 𝜆‖ + ‖𝜆̃𝑘 − 𝜆𝑘 ‖ ≤ ‖𝜂𝑘 ‖𝑡𝑘 + 𝑜 (𝑡𝑘 ) = (‖𝜂𝑘 ‖ + 𝑜 (1)) 𝑡𝑘

and we infer that 𝜆̃𝑘 also satis�es the inner calmness* estimate (3.8) for any 𝜅 (𝑢,𝑢∗) > ‖𝜂‖ due to
‖𝜂𝑘 ‖ + 𝑜 (1) → ‖𝜂‖. �

Remark 3.10. Let us brie�y comment on the above results.

1. We only used the fact that 𝛽 (𝑥) := ∇𝜑 (𝑥) in the proof of (iii). More precisely, we only used the
feature of non-degeneracy from [5, Proposition 2.14]. Looking into the proof of this proposition,
however, it is clear that the result remains valid under assumption (3.5) even if 𝛽 (𝑥) ≠ ∇𝜑 (𝑥). In
such case, it is not appropriate to call this assumption non-degeneracy of 𝜑 (·) ∈ 𝑄 , naturally.
This means that for arbitrary su�ciently smooth function 𝛽 (𝑥) it holds that Λ(𝑥, 𝑥∗) is inner
calm* at (𝑥, 𝑥∗) wrt its domain in the fuzzy sense, provided Λ is inner semicompact at (𝑥, 𝑥∗) wrt
gph𝑁𝐶 and 𝑄 is convex polyhedral and it is even inner calm* in direction (𝑢,𝑢∗) if (3.5) holds
as well. This enables us to handle the parametrized setting in Section 5 with ease.
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2. As already mentioned, in order to replace the inner semicompactness in (i) by local boundedness,
one has to impose a stronger assumption, such as GMFCQ. Moreover, in order to obtain analogous
results in terms of inner semicontinuity and inner calmness, one can, e.g., assume uniqueness
of the multiplier. In turn, one needs to strengthen the assumption even more and require, say,
the standard non-degeneracy from [6, Formula 4.17], which corresponds to (3.5) with 𝑢 = 0.
Directional non-degeneracy was introduced in [5, De�nition 2.13] and it is strictly milder than
the standard one, see the example below.

3. If (𝑢,𝑢∗) = (0, 𝑢∗) ∈ S in (iii), (3.5) becomes the standard non-degeneracy assumption. Since
𝑢∗ ∈ 𝐷𝑁𝐶 (𝑥, 𝑥∗) (𝑢), such directions exist if and only if the normal cone mapping 𝑁𝐶 is not
isolatedly calm at (𝑥, 𝑥∗).

4. Finally, note that our proof follows the arguments from the proof of [5, Theorem 5.3].

The following example comes from [5, Example 2.15].
Example 3.11. Consider the constraint system 𝜑 (𝑥) ≤ 0 given by

𝑥1 − 𝑥4 ≤ 0, −𝑥1 − 𝑥4 ≤ 0, 𝑥2 − 𝑥4 ≤ 0, −𝑥2 − 𝑥4 ≤ 0, 𝑥3 + 𝑥21 − 𝑥4 ≤ 0, −𝑥3 − 𝑥4 ≤ 0

and the point 𝑥 = 0. We have ker∇𝜑 (𝑥)𝑇 = ℝ(1, 1, 0, 0,−1,−1)𝑇 +ℝ(0, 0, 1, 1,−1,−1)𝑇 . Denoting𝑄 := ℝ6
−

yields 𝑁𝑄 (𝜑 (𝑥)) = ℝ6
+ and so sp𝑁𝑄 (𝜑 (𝑥)) = ℝ6, implying that the system is degenerate. Moreover,

the so-called constant rank constraint quali�cation is clearly also violated at 𝑥 .
On the other hand, MFCQ holds 𝑥 , as can be seen from ker∇𝜑 (𝑥)𝑇 ∩ 𝑁𝑄 (𝜑 (𝑥)) = {0}. More

interestingly, however, let us explain that the system is actually non-degenerate in every non-zero
direction. Given a direction 𝑢 with ∇𝜑 (𝑥)𝑢 ≤ 0 and denoting I(𝑢) := {𝑖 | ∇𝜑𝑖 (𝑥)𝑢 = 0}, we
have sp𝑁𝑇𝑄 (𝜑 (𝑥)) (∇𝜑 (𝑥)𝑢) = {𝜆 ∈ ℝ6 | 𝜆𝑖 = 0, 𝑖 ∉ I(𝑢)}. Thus, non-degeneracy in direction 𝑢 is
equivalent to the linear independence of the gradients ∇𝜑𝑖 (𝑥), 𝑖 ∈ I(𝑢). For𝑢 ≠ 0, ∇𝜑 (𝑥)𝑢 ≤ 0 readily
implies that 𝑢4 > 0, since 𝑢4 < 0 is not possible and 𝑢4 = 0 enforces 𝑢 = 0. Hence, I(𝑢) can never
contain 1 and 2 simultaneously, 3 and 4 simultaneously or 5 and 6 simultaneously, which ensures the
linear independence of ∇𝜑𝑖 (𝑥), 𝑖 ∈ I(𝑢).
Consequently, the above theorem yields that Λ is inner calm* at (𝑥, 𝑥∗) wrt its domain for any

𝑥∗ ∈ 𝑁𝜑−1 (𝑄) (𝑥).

4 selected calculus rules

In this section, we show some new calculus rules based on (fuzzy) inner calmness* with focus on the
primal objects (tangents and graphical derivatives).

4.1 tangents and directional normals to image sets

In this section, we deal with the rules for image sets, which provide the base for all of the remaining
calculus. Given a closed set 𝐶 ⊂ ℝ𝑛 and a continuous mapping 𝜑 : ℝ𝑛 → ℝ𝑙 , set 𝑄 := 𝜑 (𝐶) and
consider 𝑦 ∈ 𝑄 . Moreover, let Ψ : ℝ𝑙 ⇒ ℝ𝑛 be given by Ψ(𝑦) := 𝜑−1(𝑦) ∩𝐶 and note that domΨ = 𝑄

and gphΨ = gph𝜑−1 ∩ (ℝ𝑙 ×𝐶). Hence gphΨ is closed by the properties of 𝜑 and 𝐶 and, recalling
Lemma 2.1, we suppose that Ψ is also inner semicompact at 𝑦 wrt domΨ.
Theorem 4.1 (Tangents to image sets). If 𝜑 : ℝ𝑛 → ℝ𝑙 is calm at some 𝑥 ∈ Ψ(𝑦), we have

𝑇𝐶 (𝑥) ⊂ {𝑢 | ∃ 𝑣 ∈ 𝑇𝑄 (𝑦) with 𝑣 ∈ 𝐷𝜑 (𝑥)𝑢}.

On the other hand, if Ψ is inner calm* at 𝑦 wrt domΨ in the fuzzy sense, then

𝑇𝑄 (𝑦) ⊂
⋃

𝑥 ∈Ψ(𝑦)
{𝑣 | ∃𝑢 ∈ 𝑇𝐶 (𝑥) with 𝑣 ∈ 𝐷𝜑 (𝑥)𝑢}
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and, moreover, if there exists 𝑥 ∈ Ψ(𝑦) such that Ψ is inner calm at (𝑦, 𝑥) wrt domΨ, then the estimate
holds with this 𝑥 , i.e., the union over Ψ(𝑦) is super�uous.

Proof. Pick 𝑢 ∈ 𝑇𝐶 (𝑥). We will show a slightly stronger statement, namely that 𝐷𝜑 (𝑥)𝑢 ∩𝑇𝑄 (𝑦) ≠ ∅,
provided 𝜑 is calm at 𝑥 in direction 𝑢. Indeed, consider 𝑡𝑘 ↓ 0 and𝑢𝑘 → 𝑢 with 𝑥 + 𝑡𝑘𝑢𝑘 ∈ 𝐶 and observe
that

(4.1) 𝑄 3 𝜑 (𝑥 + 𝑡𝑘𝑢𝑘 ) = 𝑦 + 𝑡𝑘𝑣𝑘 ,

where 𝑣𝑘 := (𝜑 (𝑥 + 𝑡𝑘𝑢𝑘 ) − 𝑦)/𝑡𝑘 is bounded by the assumed calmness in direction 𝑢 and we may
assume that 𝑣𝑘 → 𝑣 for some 𝑣 ∈ 𝑇𝑄 (𝑦). Moreover, (4.1) can be written as (𝑥 + 𝑡𝑘𝑢𝑘 , 𝑦 + 𝑡𝑘𝑣𝑘 ) ∈ gph𝜑 ,
showing also 𝑣 ∈ 𝐷𝜑 (𝑥)𝑢.
Consider now 𝑣 ∈ 𝑇𝑄 (𝑦). The inner calmness* of Ψ at 𝑦 wrt domΨ = 𝑄 in the fuzzy sense in

direction 𝑣 yields the existence of 𝑡𝑘 ↓ 0, 𝑣𝑘 → 𝑣 with 𝑦 + 𝑡𝑘𝑣𝑘 ∈ 𝑄 as well as 𝑥𝑘 ∈ 𝐶 and 𝑥 with

𝑦 + 𝑡𝑘𝑣𝑘 = 𝜑 (𝑥𝑘 ) and ‖𝑥𝑘 − 𝑥 ‖ ≤ 𝜅𝑣𝑡𝑘 ‖𝑣𝑘 ‖

for some 𝜅𝑣 > 0. This means, however, that (𝑥 + 𝑡𝑘𝑢𝑘 , 𝑦 + 𝑡𝑘𝑣𝑘 ) ∈ gph𝜑 for the bounded sequence
𝑢𝑘 := (𝑥𝑘 − 𝑥)/𝑡𝑘 and the existence of 𝑢 ∈ 𝑇𝐶 (𝑥) with 𝑣 ∈ 𝐷𝜑 (𝑥)𝑢 follows. Finally, the closedness of 𝐶
and the continuity of 𝜑 imply 𝑥 ∈ Ψ(𝑦).

The last statement now follows easily from the de�nition of inner calmness. �

If 𝜑 is di�erentiable, 𝐷𝜑 (𝑥)𝑢 = {∇𝜑 (𝑥)𝑢} is a singleton and we obtain the following simpler
estimates.
Corollary 4.2 (Tangents to image sets - di�erentiable case). If 𝜑 is continuously di�erentiable, then

𝑇𝑄 (𝑦) ⊃
⋃

𝑥 ∈Ψ(𝑦)
∇𝜑 (𝑥)𝑇𝐶 (𝑥).

The above inclusion becomes equality if Ψ is inner calm* at 𝑦 wrt domΨ in the fuzzy sense.

In [44, Theorem 6.43], the upper estimate for𝑇𝑄 (𝑦) is obtained only in quite a special setting, namely
for𝐶 convex and 𝜑 linear. As the previous section shows, our approach is applicable in a much broader
context. On the other hand, our result also does not cover the estimate from [44, Theorem 6.43], which
reads

(4.2) 𝑇𝑄 (𝑦) = cl
(
𝜑 (𝑇𝐶 (𝑥))

)
for every 𝑥 ∈ 𝜑−1(𝑦) ∩𝐶.

To see this, consider again the mapping 𝑆 from Example 3.3 and set𝐶 = gph 𝑆 ,𝑄 = dom 𝑆 , i.e.,𝑄 = 𝜑 (𝐶),
where 𝜑 is just the projection: 𝜑 (𝑥) = 𝑦 for 𝑥 = (𝑦, 𝑧) ∈ ℝ2 × ℝ. While this setting �ts into [44,
Theorem 6.43], Corollary 4.2 cannot be applied. Indeed, among the standing assumptions, we ask Ψ to
be inner semicompact at 𝑦 , but it is not since Ψ(𝑦) = {𝑦} × 𝑆 (𝑦) and 𝑆 is not inner semicompact at 𝑦 ,
as clari�ed in Example 3.3.

Let us look more closely into the two approaches. Since it is not essential for our argument, however,
we omit the details. For 𝑦 = (1, 0), we clearly have 𝑇𝑄 (𝑦) = ℝ− ×ℝ, since 𝑄 is the closed unit sphere.
On the other hand, one can show that 𝑆 (𝑦) = ℝ+, and thus Ψ(𝑦) = 𝜑−1(𝑦) ∩𝐶 = {𝑦} ×ℝ+, and

𝜑 (𝑇𝐶 (𝑦, 𝑧)) = {𝑣 ∈ ℝ2 | ∃𝑤 ∈ ℝ : (𝑣,𝑤) ∈ 𝑇𝐶 (𝑦, 𝑧)} = {(0, 0)} ∪ {𝑣 ∈ ℝ2 | 𝑣1 < 0}

for any 𝑧 ∈ ℝ+. This shows the importance of the closure in (4.2). Moreover, it also shows that
the estimate from Corollary 4.2 is actually false, since vectors (0,±1) ∈ 𝑇𝑄 (𝑦) do not belong to
∇𝜑 (𝑥)𝑇𝐶 (𝑥) = 𝜑 (𝑇𝐶 (𝑥)) for any 𝑥 = (𝑦, 𝑧) ∈ Ψ(𝑦).
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Naturally, the estimates for directional normals to image sets from [4, Theorem 3.2] can also be
enriched by the inner calmness* assumption. The next theorem shows how these estimates di�er based
on the assumption used. Given a direction 𝑣 ∈ ℝ𝑙 , let us denote

Σ(𝑣) := {𝑦∗ | 𝐷∗𝜑 (𝑥 ; (𝑢, 𝑣)) (𝑦∗) ∩ 𝑁𝐶 (𝑥 ;𝑢) ≠ ∅}.

Trivial modi�cations of the proof of [4, Theorem 3.2] yield the following result.
Theorem 4.3 (Directional normals to image sets). Consider a direction 𝑣 ∈ ℝ𝑙 and assume that 𝜑 is
Lipschitz continuous near every 𝑥 ∈ Ψ(𝑦). Then

(i) if Ψ is inner semicompact at 𝑦 wrt domΨ in direction 𝑣 , one has

𝑁𝑄 (𝑦 ; 𝑣) ⊂
⋃

𝑥 ∈Ψ(𝑦)

( ⋃
𝑢∈𝐷Ψ(𝑦,𝑥) (𝑣)

Σ(𝑣) ∪
⋃

𝑢∈𝐷Ψ(𝑦,𝑥) (0)∩S
Σ(0)

)
and the union over Ψ(𝑦) is super�uous if Ψ is inner semicontinuous at (𝑦, 𝑥) wrt domΨ in 𝑣 ;

(ii) if Ψ is inner calm* at 𝑦 wrt domΨ in 𝑣 , one has

𝑁𝑄 (𝑦 ; 𝑣) ⊂
⋃

𝑥 ∈Ψ(𝑦)

⋃
𝑢∈𝐷Ψ(𝑦,𝑥) (𝑣)

{𝑦∗ | 𝐷∗𝜑 (𝑥 ; (𝑢, 𝑣)) (𝑦∗) ∩ 𝑁𝐶 (𝑥 ;𝑢) ≠ ∅}

and the union over Ψ(𝑦) is super�uous if Ψ is inner calm at (𝑦, 𝑥) wrt domΨ in 𝑣 .

In fact, 𝜑 needs to be Lipschitz continuous only in relevant directions, see [4, Theorem 3.2]. The
following example shows that inner calmness* in the fuzzy sense is not enough for (ii).
Example 4.4. Let 𝐶 ∈ ℝ3 be given by

𝐶 = ℝ− ×ℝ × {0} ∪ {𝑥 = (𝑥1, 𝑥2, 𝑥3) | 𝑥1 > 0, 𝑥2 =
√
𝑥1, 𝑥3 =

√
𝑥2},

let 𝜑 : ℝ3 → ℝ2 be given by 𝜑 (𝑥) = (𝑥1, 𝑥2) and set

𝑄 := 𝜑 (𝐶) = ℝ− ×ℝ ∪ {(𝑥1, 𝑥2) | 𝑥1 > 0, 𝑥2 =
√
𝑥1}.

In order to be consistent with our notation, we use 𝑦 for (𝑥1, 𝑥2). First, we claim that

Ψ(𝑦) = 𝜑−1(𝑦) ∩𝐶 = {𝑥 = (𝑦, 𝑥3) | 𝑥 ∈ 𝐶}

is not inner calm* at 𝑦 = (0, 0) in direction 𝑣 = (0, 1) wrt 𝑄 , but in the fuzzy sense, it is.
Indeed, the sequence 𝑄 3 𝑦𝑘 = (1/𝑘2, 1/𝑘) = (0, 0) + 1/𝑘 (1/𝑘, 1) converges to 𝑦 from 𝑣 , but Ψ(𝑦𝑘 ) =
(1/𝑘2, 1/𝑘, 1/

√
𝑘) → (0, 0, 0) = Ψ(𝑦) = 𝑥 and thus

‖Ψ(𝑦𝑘 ) − Ψ(𝑦)‖/‖𝑦𝑘 − 𝑦 ‖ ≥
√
𝑘 →∞.

On the other hand, the sequence 𝑄 3 𝑦̃𝑘 = (0, 1/𝑘) = (0, 0) + 1/𝑘 (0, 1) also converges to 𝑦 from 𝑣 with
Ψ(𝑦̃𝑘 ) = Ψ(𝑦).
We have 𝑦∗ = (−1, 0) ∈ 𝑁𝑄 (𝑦, 𝑣). The only direction 𝑢 ∈ 𝑇𝐶 (𝑥) = ℝ− ×ℝ × {0} ∪ {0} × {0} ×ℝ+

with ∇𝜑 (𝑥)𝑢 = 𝑣 , however, is 𝑢 = (0, 1, 0) and ∇𝜑 (𝑥)𝑇 𝑦∗ = (−1, 0, 0) ∉ 𝑁𝐶 (𝑥 ;𝑢) = ℝ+ × {0} ×ℝ. This
shows that the estimate from (ii) does not hold.
In the remaining part of this section we will use the above results to derive other calculus rules

for graphical derivatives of set-valued mappings. Let us just mention that one can also obtain the
corresponding estimates, based on inner calmness*, for the dual constructions de�ned via directional
normals, such as the directional subdi�erentials of value (or marginal) functions, see [4, Theorem 4.2],
or the directional coderivatives of compositions or sums of set-valued maps, see [4, Theorems 5.1 and
5.2].
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4.2 chain rule and sum rule for graphical derivatives of set-valued maps

Let us begin with the chain rule. To this end, consider the mappings 𝑆1 : ℝ𝑛 ⇒ ℝ𝑚, 𝑆2 : ℝ𝑚 ⇒ ℝ𝑠

with closed graphs, i.e., 𝑆1 and 𝑆2 are osc, and set 𝑆 = 𝑆2 ◦ 𝑆1. Let (𝑥, 𝑧) ∈ gph 𝑆 and (𝑢,𝑤) ∈ ℝ𝑛 ×ℝ𝑠
be a pair of directions. Finally, consider the “intermediate” map Ξ : ℝ𝑛 ×ℝ𝑠 ⇒ ℝ𝑚 de�ned by

Ξ(𝑥, 𝑧) := 𝑆1(𝑥) ∩ 𝑆−12 (𝑧) = {𝑦 ∈ 𝑆1(𝑥) | 𝑧 ∈ 𝑆2(𝑦)}.

Following the approach from [44, Theorem 10.37] one has

(4.3) domΞ = gph 𝑆 = 𝜑 (gphΞ), gphΞ = 𝜙−1(gph 𝑆1 × gph 𝑆2),

where 𝜑 : (𝑥, 𝑧, 𝑦) ↦→ (𝑥, 𝑧) and 𝜙 : (𝑥, 𝑧, 𝑦) ↦→ (𝑥, 𝑦, 𝑦, 𝑧). This suggests applying �rst the image set
rule from Corollary 4.2 and then the pre-image set rule.

Note also that
Ψ(𝑥, 𝑧) := 𝜑−1(𝑥, 𝑧) ∩ gphΞ = {(𝑥, 𝑧, 𝑦) | 𝑦 ∈ Ξ(𝑥, 𝑧)},

so it is not surprising that the fuzzy inner calmness* assumption, needed for the image set rule, can be
imposed on Ξ, instead of Ψ. As before, we note that gphΞ is closed by continuity of 𝜙 and osc of 𝑆1
and 𝑆2. Taking into account Lemma 2.1, let us assume that Ξ is inner semicompact at (𝑥, 𝑧) wrt domΞ.

On the other hand, for the pre-image set rule we will need metric subregularity of the mapping

𝐹 (𝑥, 𝑧, 𝑦) := gph 𝑆1 × gph 𝑆2 − 𝜙 (𝑥, 𝑧, 𝑦) =
[
gph 𝑆1 − (𝑥, 𝑦)
gph 𝑆2 − (𝑦, 𝑧)

]
.

Theorem 4.5 (Chain rule for graphical derivatives). If Ξ is inner calm* at (𝑥, 𝑧) wrt domΞ in the fuzzy
sense, then

(4.4) 𝐷𝑆 (𝑥, 𝑧) ⊂
⋃

𝑦∈Ξ(𝑥,𝑧)
𝐷𝑆2(𝑦, 𝑧) ◦ 𝐷𝑆1(𝑥, 𝑦).

On the other hand, for any 𝑦 ∈ Ξ(𝑥, 𝑧),

(4.5) 𝐷𝑆2(𝑦, 𝑧) ◦ 𝐷𝑆1(𝑥, 𝑦) ⊂ 𝐷𝑆 (𝑥, 𝑧)

holds provided 𝐹 is metrically subregular at ((𝑥, 𝑦, 𝑧), (0, 0)) and

(4.6) (𝑢, 𝑣, 𝑣,𝑤) ∈ 𝑇gph𝑆1×gph𝑆2 (𝑥, 𝑦, 𝑦, 𝑧) ⇐⇒ (𝑢, 𝑣) ∈ 𝑇gph𝑆1 (𝑥, 𝑦), (𝑣,𝑤) ∈ 𝑇gph𝑆2 (𝑦, 𝑧) .

Proof. Instead of proving the two estimates one by one, we rather propose a proof that emphasizes the
role of the graphical derivative of Ξ. To this end, recall (4.3). First, we claim that, given 𝑦 ∈ Ξ(𝑥, 𝑧) and
𝑣 ∈ 𝐷Ξ((𝑥, 𝑧), 𝑦) (𝑢,𝑤), we have

𝑤 ∈ 𝐷𝑆 (𝑥, 𝑧) (𝑢) and 𝑤 ∈ 𝐷𝑆2(𝑦, 𝑧) ◦ 𝐷𝑆1(𝑥, 𝑦) (𝑢) .

Indeed, since (𝑢,𝑤) = ∇𝜑 (𝑥, 𝑦, 𝑧) (𝑢, 𝑣,𝑤), Corollary 4.2 yields𝑤 ∈ 𝐷𝑆 (𝑥, 𝑧) (𝑢). On the other hand,
∇𝜙 (𝑥, 𝑦, 𝑧) (𝑢, 𝑣,𝑤) = (𝑢, 𝑣, 𝑣,𝑤) and [44, Theorem 6.31] implies (𝑢, 𝑣, 𝑣,𝑤) ∈ 𝑇gph𝑆1×gph𝑆2 (𝑥, 𝑦, 𝑦, 𝑧).
Hence,𝑤 ∈ 𝐷𝑆2(𝑦, 𝑧) ◦ 𝐷𝑆1(𝑥, 𝑦) (𝑢) follows from the forward implication⇒ of (4.6), which always
holds by [44, Proposition 6.41].

Note that we have used the image set and the pre-image set rule, but we have not needed any of the
assumptions. The assumptions are in fact needed to get 𝑦 ∈ Ξ(𝑥, 𝑧) and 𝑣 ∈ 𝐷Ξ((𝑥, 𝑧), 𝑦) (𝑢,𝑤).
Consider𝑤 ∈ 𝐷𝑆 (𝑥, 𝑧) (𝑢). Thanks to the fuzzy inner calmness* of Ξ, Corollary 4.2 precisely gives

𝑦 ∈ Ξ(𝑥, 𝑧) and 𝑣 ∈ 𝐷Ξ((𝑥, 𝑧), 𝑦) (𝑢,𝑤) and (4.4) follows.
Given now 𝑤 ∈ 𝐷𝑆2(𝑦, 𝑧) ◦ 𝐷𝑆1(𝑥, 𝑦) (𝑢), using (4.6) and then the subregularity of 𝐹 (which is

equivalent to the calmness of 𝐹−1), [28, Proposition 1] again yields 𝑣 ∈ 𝐷Ξ((𝑥, 𝑧), 𝑦) (𝑢,𝑤). �
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We point out that the subregularity assumption and (4.6) can be replaced by asking directly for the
implication

(4.7) 𝑤 ∈ 𝐷𝑆2(𝑦, 𝑧) ◦ 𝐷𝑆1(𝑥, 𝑦) (𝑢) =⇒ ∃ 𝑣 ∈ 𝐷Ξ((𝑥, 𝑧), 𝑦) (𝑢,𝑤) .

Thus, if this is satis�ed for every 𝑦 ∈ Ξ(𝑥, 𝑧), we get the exact chain rule

𝐷𝑆 (𝑥, 𝑧) =
⋃

𝑦∈Ξ(𝑥,𝑧)
𝐷𝑆2(𝑦, 𝑧) ◦ 𝐷𝑆1(𝑥, 𝑦) .

Note that in [44, p. 454], the authors argue that it is di�cult to obtain a reasonable chain rule for
graphical derivatives, since the image set and pre-image set rules for tangent cones in general work in
“opposite direction”, see [44, Theorems 6.31 and 6.43]. More precisely, the upper estimate of the tangent
cone to image set in [44, Theorem 6.43] was obtained only under quite restrictive assumptions, see the
discussion after Corollary 4.2. Here we see that it can be done using (fuzzy) inner calmness*, which
can be applied in relevant situations, as the previous (and even more so the next) section shows.

Next we brie�y discuss the situation when one of the mappings is single-valued.
Corollary 4.6. If 𝑆1 is single-valued and calm at 𝑥 , then 𝐷𝑆 (𝑥, 𝑧) ⊂ 𝐷𝑆2(𝑆1(𝑥), 𝑧) ◦ 𝐷𝑆1(𝑥). If 𝑆1 is even
di�erentiable at 𝑥 , the opposite inclusion holds as well provided the map

(𝑥, 𝑧, 𝑦) ⇒ (𝑆1(𝑥) − 𝑦) × (gph 𝑆2 − (𝑦, 𝑧))

is metrically subregular at ((𝑥, 𝑧, 𝑆1(𝑥)), (0, 0, 0)).

Proof. If 𝑆1 is single-valued and calm at 𝑥 , then Ξ, given by Ξ(𝑥, 𝑧) = 𝑆1(𝑥) if 𝑧 ∈ 𝑆2(𝑆1(𝑥)) and
Ξ(𝑥, 𝑧) = ∅ otherwise, is single- (or empty-) valued and inner calm at (𝑥, 𝑧) ∈ gph 𝑆 . This shows the
�rst statement.
To prove the second, let us �rst argue that (4.6) holds for di�erentiable 𝑆1. Indeed, given (𝑢, 𝑣,𝑤)

with 𝑣 = ∇𝑆1(𝑥) (𝑢) and (𝑣,𝑤) ∈ 𝑇gph𝑆2 (𝑆1(𝑥), 𝑧), consider 𝑡𝑘 ↓ 0, (𝑣𝑘 ,𝑤𝑘 ) → (𝑣,𝑤) with 𝑧 + 𝑡𝑘𝑤𝑘 ∈
𝑆2(𝑆1(𝑥) + 𝑡𝑘𝑣𝑘 ). We get 𝑆1(𝑥 + 𝑡𝑘𝑢) = 𝑆1(𝑥) + 𝑡𝑘𝑣𝑘 for 𝑣𝑘 = ∇𝑆1(𝑥)𝑢 + 𝑜 (1) → 𝑣 . Thus

(𝑥, 𝑆1(𝑥), 𝑆1(𝑥), 𝑧) + 𝑡𝑘 (𝑢, 𝑣𝑘 , 𝑣𝑘 ,𝑤𝑘 ) ∈ gph 𝑆1 × gph 𝑆2

and (4.6) follows. Finally, it is known and easy to check that the assumed subregularity is equivalent
to the subregularity required by Theorem 4.5 (instead of gph 𝑆1 − (𝑥, 𝑦) we use 𝑆1(𝑥) − 𝑦). �

Corollary 4.7. Assume that 𝑆2 is single-valued. Then (4.4) holds if Ξ is inner calm* at (𝑥, 𝑧) wrt domΞ in
the fuzzy sense. On the other hand, given 𝑦 ∈ Ξ(𝑥, 𝑧), (4.5) holds if 𝑆2 is di�erentiable at 𝑦 .

Proof. We show that if 𝑆2 is di�erentiable at 𝑦 , (4.7) holds. Consider (𝑢, 𝑣,𝑤) with (𝑢, 𝑣) ∈ 𝑇gph𝑆1 (𝑥, 𝑦)
and𝑤 = ∇𝑆2(𝑦) (𝑣) and let 𝑡𝑘 ↓ 0, (𝑢𝑘 , 𝑣𝑘 ) → (𝑢, 𝑣) with 𝑦 + 𝑡𝑘𝑣𝑘 ∈ 𝑆1(𝑥 + 𝑡𝑘𝑢𝑘 ). We get 𝑆2(𝑦 + 𝑡𝑘𝑣𝑘 ) =
𝑆2(𝑦) +𝑡𝑘𝑤𝑘 for𝑤𝑘 = ∇𝑆2(𝑦)𝑣 +𝑜 (1) → 𝑤 . Thus (𝑥, 𝑧, 𝑦) +𝑡𝑘 (𝑢𝑘 ,𝑤𝑘 , 𝑣𝑘 ) ∈ gphΞ and (4.7) follows. �

Before we present the sum rule, we propose an auxiliary result, interesting on its own. Consider
two osc mappings 𝑆𝑖 : ℝ𝑛 ⇒ ℝ𝑚𝑖 for 𝑖 = 1, 2 and let P : ℝ𝑛 ⇒ ℝ𝑚1 × ℝ𝑚2 be given by P(𝑥) =
𝑆1(𝑥) × 𝑆2(𝑥). Note that P = 𝑆𝑜 ◦ 𝐹1 for 𝐹1 : 𝑥 → (𝑥, 𝑥) and 𝑆𝑜 : (𝑞1, 𝑞2) ⇒ 𝑆1(𝑞1) × 𝑆2(𝑞2) and �x
(𝑥, 𝑦) = (𝑥, (𝑦1, 𝑦2)) ∈ gphP.
Proposition 4.8.We have

𝐷P(𝑥, 𝑦) ⊂ 𝐷𝑆1(𝑥, 𝑦1) × 𝐷𝑆2(𝑥, 𝑦2)

and the opposite inclusion holds if the mapping

(4.8) (𝑥, 𝑦, 𝑞) ⇒ ((𝑥, 𝑥) − (𝑞1, 𝑞2)) × (gph 𝑆1 − (𝑞1, 𝑦1)) × (gph 𝑆2 − (𝑞2, 𝑦2))
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is metrically subregular at
(
(𝑥, 𝑦, (𝑥, 𝑥)), (0, . . . , 0)

)
and we have

(4.9) 𝑇gph𝑆1×gph𝑆2 (𝑥, 𝑦1, 𝑥, 𝑦2) = 𝑇gph𝑆1 (𝑥, 𝑦1) ×𝑇gph𝑆2 (𝑥, 𝑦2) .

This is true, in particular, if one of the mappings 𝑆1, 𝑆2 is single-valued and di�erentiable at 𝑥 .

Proof. Since 𝑥 → (𝑥, 𝑥) is di�erentiable and

gph 𝑆0 = {(𝑞1, 𝑞2, 𝑦1, 𝑦2) | (𝑞1, 𝑦1) ∈ gph 𝑆1, (𝑞2, 𝑦2) ∈ gph 𝑆2} = 𝜎 (gph 𝑆1 × gph 𝑆2),

where 𝜎 merely permutes the variables, Corollary 4.6 readily yields the estimates.
If one of the maps is single-valued and di�erentiable, (4.9) follows by the same arguments as used

in the proof of Corollary 4.6. Moreover, the subregularity of mapping (4.8) is implied by its metric
regularity, which reads

𝑥∗1 ∈ 𝐷∗𝑆1(𝑥, 𝑦1) (0), 𝑥∗2 ∈ 𝐷∗𝑆2(𝑥, 𝑦2) (0), 𝑥∗1 + 𝑥∗2 = 0 =⇒ 𝑥∗1 , 𝑥
∗
2 = 0,

see e.g. [4, page 737]. This is clearly true if one of the maps is single-valued and di�erentiable. �

Mapping P naturally appears whenever one is dealing with a mapping given by some binary
operation, as we will see next. In order to state the sum rule, let 𝑆1, 𝑆2 be as before but with𝑚1 =𝑚2 =:𝑚
and consider 𝑆 = 𝑆1 + 𝑆2 and (𝑥, 𝑧) ∈ gph 𝑆 . Clearly 𝑆 can be written via P as 𝑆 = 𝐹2 ◦ P for
𝐹2 : (𝑦1, 𝑦2) → 𝑦1 +𝑦2. Thus, the following result follows from Proposition 4.8 and Corollary 4.7, where
the corresponding “intermediate” mapping Ξ : ℝ𝑛 ×ℝ𝑚 ⇒ ℝ𝑚 ×ℝ𝑚 is given by

Ξ(𝑥, 𝑧) := P(𝑥) ∩ 𝐹−12 (𝑧) = {𝑦 = (𝑦1, 𝑦2) ∈ ℝ𝑚 ×ℝ𝑚 | 𝑦1 ∈ 𝑆1(𝑥), 𝑦2 ∈ 𝑆2(𝑥), 𝑦1 + 𝑦2 = 𝑧}.

Theorem 4.9 (Sum rule for graphical derivatives). If Ξ is inner calm* at (𝑥, 𝑧) wrt domΞ in the fuzzy
sense, then

(4.10) 𝐷𝑆 (𝑥, 𝑧) ⊂
⋃

𝑦∈Ξ(𝑥,𝑧)
𝐷𝑆1(𝑥, 𝑦1) + 𝐷𝑆2(𝑥, 𝑦2).

Given 𝑦 ∈ Ξ(𝑥, 𝑧) such that the mapping (4.8) is metrically subregular at
(
(𝑥, 𝑦, (𝑥, 𝑥)), (0, . . . , 0)

)
and

(4.9) holds, we have

(4.11) 𝐷𝑆1(𝑥, 𝑦1) + 𝐷𝑆2(𝑥, 𝑦2) ⊂ 𝐷𝑆 (𝑥, 𝑧) .

In particular, if 𝑆1 is single-valued and di�erentiable, we get

𝐷𝑆 (𝑥, 𝑧) = ∇𝑆1(𝑥) + 𝐷𝑆2(𝑥, 𝑧 − 𝑆1(𝑥)).

We conclude this section by another application of map P, namely a product rule, where 𝑆 = 𝑆1 · 𝑆2
for an osc mapping 𝑆2 : ℝ𝑛 ⇒ ℝ𝑚 and a single-valued and di�erentiable 𝑆1 : ℝ𝑛 → (ℝ𝑚)𝑙 . More
precisely, 𝑆1(𝑥) is a matrix of𝑚 rows and 𝑙 columns and so

𝑆 (𝑥) =
⋃

𝑦∈𝑆2 (𝑥)
𝑆1(𝑥)𝑇 𝑦 =

⋃
𝑦∈𝑆2 (𝑥)

〈𝑦, 𝑆1〉(𝑥) = 𝐹3 ◦ P(𝑥)

for 𝐹3 : (ℝ𝑚)𝑙 ×ℝ𝑚 → ℝ𝑙 given by 𝐹 (𝐴, 𝑦) = 𝐴𝑇 𝑦 . Taking into account the single-valuedness of 𝑆1,
instead ofP(𝑥)∩𝐹−13 (𝑧),we can use the following simpli�ed “intermediate” mapping Ξ̃ : ℝ𝑛×ℝ𝑙 ⇒ ℝ𝑚 ,
given by

(4.12) Ξ̃(𝑥, 𝑧) := {𝑦 ∈ 𝑆2(𝑥) | 𝑆1(𝑥)𝑇 𝑦 = 𝑧}.

Let (𝑥, 𝑧) ∈ gph 𝑆 and (𝑢,𝑤) ∈ ℝ𝑛 × ℝ𝑙 be a pair of directions. We also provide estimates for the
coderivatives, since they are new and, more importantly, we will use them in the next section.
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Theorem 4.10 (Product rule). If Ξ̃ is inner calm* at (𝑥, 𝑧) wrt dom Ξ̃ in the fuzzy sense, then

𝐷𝑆 (𝑥, 𝑧) (𝑢) =
⋃

𝑦∈Ξ̃(𝑥,𝑧)

∇〈𝑦, 𝑆1〉(𝑥)𝑢 + 𝑆1(𝑥)𝑇𝐷𝑆2(𝑥, 𝑦) (𝑢) .

Moreover, if Ξ̃ is inner calm* at (𝑥, 𝑧) in direction (𝑢,𝑤) wrt dom Ξ̃, then

𝐷∗𝑆 ((𝑥, 𝑧); (𝑢,𝑤)) (𝑧∗) ⊂
⋃

𝑦∈Ξ̃(𝑥,𝑧)

⋃
𝑣∈𝐷Ξ̃( (𝑥,𝑧),𝑦) (𝑢,𝑤)

∇〈𝑦, 𝑆1〉(𝑥)𝑇𝑧∗ + 𝐷∗𝑆2((𝑥, 𝑦); (𝑢, 𝑣)) (𝑆1(𝑥)𝑧∗)

holds for all 𝑧∗ ∈ ℝ𝑙 . Finally, under just the inner semicompactness of Ξ̃, we have

𝐷∗𝑆 (𝑥, 𝑧) (𝑧∗) ⊂
⋃

𝑦∈Ξ̃(𝑥,𝑧)

∇〈𝑦, 𝑆1〉(𝑥)𝑇𝑧∗ + 𝐷∗𝑆2(𝑥, 𝑦) (𝑆1(𝑥)𝑧∗) .

Proof. The statement about the graphical derivative again comes from Corollary 4.7 and Proposition
4.8, taking into account the simple structure of 𝐹3.

On the basis of Theorem 4.3, mimicking the approach from [4, Theorem 5.1], one can derive the
chain rule for the directional coderivatives based on inner calmness*, which looks like [4, formula (26)],
but without the additional union (see the di�erence between the estimates in (i) and (ii) of Theorem
4.3). The proof then follows by applying [4, Corollary 5.1] and the corresponding inner calm* version
of [4, Corollary 5.2]. �

5 application: generalized derivatives of the normal cone mapping

In this section, we apply the proposed calculus rules to compute the graphical derivative of the normal
cone mapping and to estimate its directional limiting coderivative. We will show that our calculus-based
approach is very robust and easy to use in the case of simple constraints as well as in the parametrized
setting. We then use the estimates to derive some results regarding the semismoothness* of the normal
cone mapping.

5.1 simple constraints

Consider the simple constraint system 𝑔(𝑥) ∈ 𝐷 , where 𝐷 ⊂ ℝ𝑠 is a convex polyhedral set and
𝑔 : ℝ𝑛 → ℝ𝑠 is twice continuously di�erentiable and denote

(5.1) Γ := 𝑔−1(𝐷) = {𝑥 ∈ ℝ𝑛 | 𝑔(𝑥) ∈ 𝐷}.

Moreover, �x 𝑥 ∈ Γ and assume that the constraint map 𝑔(𝑥) − 𝐷 is metrically subregular at 𝑥 , which,
in turn, means that the subregularity holds at all 𝑥 near 𝑥 and thus

𝑁Γ (𝑥) = ∇𝑔(𝑥)𝑇𝑁𝐷 (𝑔(𝑥)) .

This shows that the normal cone mapping 𝑥 ′ ⇒ 𝑁Γ (𝑥 ′) can be written as the product of two maps,
the single-valued ∇𝑔 and the set-valued 𝑁𝐷 ◦ 𝑔.

Since the set-valued part contains a composition, let us �rst address this issue. To this end, consider
the mapping 𝐹 : ℝ𝑛 ×ℝ𝑠 ⇒ ℝ𝑠 ×ℝ𝑠 given by

𝐹 (𝑥 ′, 𝜆′) := (𝑔(𝑥 ′), 𝜆′) − gph𝑁𝐷

and note that gph (𝑁𝐷 ◦ 𝑔) = 𝐹−1(0, 0).
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Lemma 5.1. Given 𝜆 ∈ 𝑁𝐷 (𝑔(𝑥)), we have

𝜂 ∈ 𝐷 (𝑁𝐷 ◦ 𝑔) (𝑥, 𝜆) (𝑢) =⇒ 𝜂 ∈ 𝐷𝑁𝐷 (𝑔(𝑥), 𝜆) (∇𝑔(𝑥)𝑢) .

If 𝐹 is metrically subregular at
(
(𝑥, 𝜆), (0, 0)

)
in direction (𝑢, 𝜂), the reverse implication holds true as well

and for every 𝜉∗ ∈ ℝ𝑠 we have

𝐷∗(𝑁𝐷 ◦ 𝑔) ((𝑥, 𝜆); (𝑢, 𝜂)) (𝜉∗) ⊂ ∇𝑔(𝑥)𝑇𝐷∗𝑁𝐷 ((𝑔(𝑥), 𝜆); (∇𝑔(𝑥)𝑢, 𝜂)) (𝜉∗) .

Proof. Since gph (𝑁𝐷 ◦ 𝑔) = 𝐹−1(0, 0), [23, Proposition 4.1] yields that

𝜂 ∈ 𝐷 (𝑁𝐷 ◦ 𝑔) (𝑥, 𝜆) (𝑢) =⇒ (0, 0) ∈ 𝐷𝐹 ((𝑥, 𝜆), (0, 0)) (𝑢, 𝜂)

always holds and that the reverse implication, as well as

𝐷∗(𝑁𝐷 ◦ 𝑔) ((𝑥, 𝜆); (𝑢, 𝜂)) (𝜉∗) ⊂ {𝜉 | ∃(𝑎, 𝑏) : (𝜉,−𝜉∗) ∈ 𝐷∗𝐹 (((𝑥, 𝜆), (0, 0)); ((𝑢, 𝜂), 0, 0)) (𝑎, 𝑏)},

hold if 𝐹 is metrically subregular at
(
(𝑥, 𝜆), (0, 0)

)
in direction (𝑢, 𝜂). The claims now follow from the

estimates of derivatives of 𝐹 . Indeed, employing the sum rule from Theorem 4.9 and [4, Corollary 5.3],
respectively, yields

(0, 0) ∈ 𝐷𝐹 ((𝑥, 𝜆), (0, 0)) (𝑢, 𝜂) = (∇𝑔(𝑥)𝑢, 𝜂) −𝑇gph𝑁𝐷
(𝑔(𝑥), 𝜆) ⇐⇒ 𝜂 ∈ 𝐷𝑁𝐷 (𝑔(𝑥), 𝜆) (∇𝑔(𝑥)𝑢)

and

(𝜉,−𝜉∗) ∈ 𝐷∗𝐹 (((𝑥, 𝜆), (0, 0)); ((𝑢, 𝜂), 0, 0)) (𝑎, 𝑏)
=⇒ 𝜉 ∈ ∇𝑔(𝑥)𝑇𝐷∗𝑁𝐷 ((𝑔(𝑥), 𝜆); (∇𝑔(𝑥)𝑢, 𝜂)) (𝜉∗) .

Here, we used the simple formulas for derivatives of the constant mapping (𝑥 ′, 𝜆′) ⇒ gph𝑁𝐷 with
the graph ℝ𝑛+𝑠 × gph𝑁𝐷 , see [4, Lemma 6.1] for more details. �

Now, we can proceed with the estimates for the normal cone mapping.
Theorem 5.2. Given 𝑥∗ ∈ 𝑁Γ (𝑥) for 𝑥 near 𝑥 , for all 𝑢 ∈ ℝ𝑛 we have

𝐷𝑁Γ (𝑥, 𝑥∗) (𝑢) ⊂
⋃

𝜆∈Λ(𝑥,𝑥∗)
∇2〈𝜆,𝑔〉(𝑥)𝑢 + ∇𝑔(𝑥)𝑇𝑁K𝐷 (𝑔 (𝑥),𝜆) (∇𝑔(𝑥)𝑢)

=
⋃

𝜆∈Λ(𝑥,𝑥∗)
∇2〈𝜆,𝑔〉(𝑥)𝑢 + 𝑁KΓ (𝑥,𝑥∗) (𝑢),

where
Λ(𝑥, 𝑥∗) = {𝜆 ∈ 𝑁𝐷 (𝑔(𝑥)) | ∇𝑔(𝑥)𝑇𝜆 = 𝑥∗}.

The opposite inclusion holds if 𝐹 is metrically subregular at
(
(𝑥, 𝜆), (0, 0)

)
for every 𝜆 ∈ Λ(𝑥, 𝑥∗) in

direction (𝑢, 𝜂) for every 𝜂 ∈ 𝑁K𝐷 (𝑔 (𝑥),𝜆) (∇𝑔(𝑥)𝑢). This is true, in particular, if the following non-
degeneracy condition in direction 𝑢

(5.2) ∇𝑔(𝑥)𝑇 𝜇 = 0, 𝜇 ∈ sp𝑁𝑇𝐷 (𝑔 (𝑥)) (∇𝑔(𝑥)𝑢) =⇒ 𝜇 = 0

holds. Then, however, for all𝑤∗ ∈ ℝ𝑛 and 𝑢∗ ∈ 𝐷𝑁Γ (𝑥, 𝑥∗) (𝑢), we also get

𝐷∗𝑁Γ ((𝑥, 𝑥∗); (𝑢,𝑢∗)) (𝑤∗)
⊂

⋃
𝜆∈Λ(𝑥,𝑥∗)

⋃
𝜂∈𝐷Λ( (𝑥,𝑥∗),𝜆) (𝑢,𝑢∗)

∇2〈𝜆,𝑔〉(𝑥)𝑤∗ + ∇𝑔(𝑥)𝑇𝐷∗𝑁𝐷 ((𝑔(𝑥), 𝜆); (∇𝑔(𝑥)𝑢, 𝜂)) (∇𝑔(𝑥)𝑤∗).
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Proof. Theorem 3.9 (ii) yields that the multiplier mapping Λ(𝑥, 𝑥∗) is inner calm* at (𝑥, 𝑥∗) wrt its
domain in the fuzzy sense. Noting thatΛ is precisely the “intermediate”mapping Ξ̃ from (4.12) appearing
in the product rule from Theorem 4.10, we obtain

(5.3) 𝐷𝑁Γ (𝑥, 𝑥∗) (𝑢) =
⋃

𝜆∈Λ(𝑥,𝑥∗)
∇2〈𝜆,𝑔〉(𝑥)𝑢 + ∇𝑔(𝑥)𝑇𝐷 (𝑁𝐷 ◦ 𝑔) (𝑥, 𝜆) (𝑢).

Next, Lemma 5.1 gives

(5.4) 𝐷 (𝑁𝐷 ◦ 𝑔) (𝑥, 𝜆) (𝑢) ⊂ 𝐷𝑁𝐷 (𝑔(𝑥), 𝜆) (∇𝑔(𝑥)𝑢) = 𝑁K𝐷 (𝑔 (𝑥),𝜆) (∇𝑔(𝑥)𝑢),

where the equality corresponds to an equivalent reformulation of the reduction lemma (3.4). Moreover,
for every 𝜆 ∈ Λ(𝑥, 𝑥∗) it holds that

KΓ (𝑥, 𝑥∗) = ∇𝑔(𝑥)−1K𝐷 (𝑔(𝑥), 𝜆).

Since𝑢 ⇒ ∇𝑔(𝑥)𝑢−K𝐷 (𝑔(𝑥), 𝜆) is a polyhedral map and hence metrically subregular by the Robinson’s
results [42, Proposition 1], we obtain

𝑁KΓ (𝑥,𝑥∗) (𝑢) = ∇𝑔(𝑥)𝑇𝑁K𝐷 (𝑔 (𝑥),𝜆) (∇𝑔(𝑥)𝑢)

and the �rst claim follows.
The opposite inclusion follows from the opposite inclusion in (5.4), which holds true under the

subregularity assumption by Lemma 5.1.
The claim that the non-degeneracy condition implies the subregularity assumption was proven in [5,

Theorem 2.11]. Moreover, from Theorem 3.9 (iii) we get that the non-degeneracy also implies the inner
calmness* of Λ at (𝑥, 𝑥∗) in direction (𝑢,𝑢∗) wrt its domain. Theorem 4.10 thus gives the estimate

𝐷∗𝑁Γ ((𝑥, 𝑥∗); (𝑢,𝑢∗)) (𝑤∗)
⊂

⋃
𝜆∈Λ(𝑥,𝑥∗)

⋃
𝜂∈𝐷Λ( (𝑥,𝑥∗),𝜆) (𝑢,𝑢∗)

∇2〈𝜆,𝑔〉(𝑥)𝑤∗ + 𝐷∗(𝑁𝐷 ◦ 𝑔) ((𝑥, 𝜆); (𝑢, 𝜂)) (∇𝑔(𝑥)𝑤∗)

and using Lemma 5.1 again completes the proof. �

Note that the auxiliary formula (5.3) holds without additional assumptions. Moreover, Theorem 3.9
(i) yields that the analogous estimate for the standard limiting coderivative holds for any closed set 𝐷 ,
which is Clarke regular near 𝑔(𝑥), in particular for any closed convex set 𝐷 . Finally, note also that the
formula for the graphical derivative reveals that the reduction lemma for polyhedral set 𝐷 , see (5.4), is
carried over to set Γ with the additional curvature term ∪𝜆∈Λ(𝑥,𝑥∗)∇2〈𝜆,𝑔〉(𝑥)𝑢.

As a speci�c application we derive the following result regarding the semismoothness* of 𝑁Γ .
Corollary 5.3. If the non-degeneracy condition (5.2) is satis�ed for some 𝑥,𝑢 ∈ ℝ𝑛 , then the normal cone
mapping 𝑥 ′ ⇒ 𝑁Γ (𝑥 ′) is semismooth* at (𝑥, 𝑥∗) in direction (𝑢,𝑢∗) for every 𝑥∗, 𝑢∗ ∈ ℝ𝑛 , i.e.,

〈𝑢,𝑤〉 = 〈𝑢∗,𝑤∗〉 ∀ (𝑤∗,𝑤) ∈ gph𝐷∗𝑁Γ ((𝑥, 𝑥∗); (𝑢,𝑢∗)).

Proof. Clearly, if 𝑥∗ ∉ 𝑁Γ (𝑥) or 𝑢∗ ∉ 𝐷𝑁Γ (𝑥, 𝑥∗) (𝑢), then 𝐷∗𝑁Γ ((𝑥, 𝑥∗); (𝑢,𝑢∗)) = ∅ and there is
nothing to prove. Hence, let𝑢∗ ∈ 𝐷𝑁Γ (𝑥, 𝑥∗) (𝑢) and consider𝑤 ∈ 𝐷∗𝑁Γ ((𝑥, 𝑥∗); (𝑢,𝑢∗)) (𝑤∗). Theorem
5.2 yields the existence of 𝜆 ∈ Λ(𝑥, 𝑥∗), 𝜂 ∈ 𝐷𝑁𝐷 (𝑔(𝑥), 𝜆) (∇𝑔(𝑥)𝑢) and

𝜁 ∈ 𝐷∗𝑁𝐷 ((𝑔(𝑥), 𝜆); (∇𝑔(𝑥)𝑢, 𝜂)) (∇𝑔(𝑥)𝑤∗)

such that
𝑢∗ = ∇2〈𝜆,𝑔〉(𝑥)𝑢 + ∇𝑔(𝑥)𝑇𝜂 and 𝑤 = ∇2〈𝜆,𝑔〉(𝑥)𝑤∗ + ∇𝑔(𝑥)𝑇 𝜁 .
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Since the polyhedral map (𝑦, 𝜆) ⇒ 𝑁𝐷 (𝑦, 𝜆) is semismooth* at every point of its graph, see [25, page
7], we obtain

〈𝑢,𝑤〉 = 〈𝑢,∇2〈𝜆,𝑔〉(𝑥)𝑤∗〉 + 〈𝑢,∇𝑔(𝑥)𝑇 𝜁 〉 = 〈∇2〈𝜆,𝑔〉(𝑥)𝑢,𝑤∗〉 + 〈∇𝑔(𝑥)𝑢, 𝜁 〉
= 〈∇2〈𝜆,𝑔〉(𝑥)𝑢,𝑤∗〉 + 〈𝜂,∇𝑔(𝑥)𝑤∗〉 = 〈∇2〈𝜆,𝑔〉(𝑥)𝑢 + ∇𝑔(𝑥)𝑇𝜂,𝑤∗〉 = 〈𝑢∗,𝑤∗〉.

�

Remark 5.4. In order to show the semismoothness* of the normal come mapping, we need to show
the semismoothness* in every direction (𝑢,𝑢∗). Clearly, the zero direction (𝑢,𝑢∗) = (0, 0) causes no
problem. In order to deal with direction (0, 𝑢∗) ≠ (0, 0), however, we require the non-degeneracy
condition to hold for the zero direction 𝑢 = 0, which is equivalent to the standard non-degeneracy,
see Remark 3.10. This, in turn, quite signi�cantly simpli�es the situation, in particular, it implies
uniqueness of 𝜆 and 𝜂, see [24]. This can be avoided if we assume that 𝑢∗ ∈ 𝐷𝑁Γ (𝑥, 𝑥∗) (0) implies
𝑢∗ = 0, which is equivalent with the isolated calmness of the normal cone mapping at (𝑥, 𝑥∗). In such
case we only need the non-degeneracy in all non-zero directions, which is strictly milder than the
standard non-degeneracy as demonstrated in Example 3.11.

5.2 constraints depending on the parameter and the solution

Given again a convex polyhedral set 𝐷 ⊂ ℝ𝑠 and a twice continuously di�erentiable function 𝑔 :
ℝ𝑙 ×ℝ𝑛 ×ℝ𝑛 → ℝ𝑠 , consider the feasible set

(5.5) Γ(𝑝, 𝑥) := {𝑧 ∈ ℝ𝑛 | 𝑔(𝑝, 𝑥, 𝑧) ∈ 𝐷}

depending on the parameter 𝑝 as well as on the decision variable 𝑥 . Here, given a reference point
(𝑝, 𝑥) with 𝑔(𝑝, 𝑥, 𝑥) ∈ 𝐷 , we require the existence of 𝜅 > 0 such that for all (𝑝, 𝑥, 𝑧) belonging to a
neighbourhood of (𝑝, 𝑥, 𝑥) the metric inequality

(5.6) dist(𝑧, Γ(𝑝, 𝑥)) ≤ 𝜅dist(𝑔(𝑝, 𝑥, 𝑧), 𝐷)

holds. This yields, in particular, that for all (𝑝, 𝑥, 𝑧) ∈ gph Γ su�ciently close to (𝑝, 𝑥, 𝑥) the mapping
𝑔(𝑝, 𝑥, ·) − 𝐷 is metrically subregular at (𝑧, 0) with modulus 𝜅. Hence, the normal cone mapping
(𝑝, 𝑥) ⇒ 𝑁Γ (𝑝,𝑥) (𝑥) =: N Γ (𝑝, 𝑥) can be again written as the product

N Γ (𝑦) = 𝛽 (𝑦)𝑇𝑁𝐷 (𝑔(𝑦))

for 𝑔(𝑝, 𝑥) = 𝑔(𝑝, 𝑥, 𝑥), 𝛽 (𝑝, 𝑥) = ∇3𝑔(𝑝, 𝑥, 𝑥) and 𝑦 = (𝑝, 𝑥). Given 𝑥∗ ∈ N Γ (𝑦), we denote

Λ(𝑦, 𝑥∗) = {𝜆 ∈ 𝑁𝐷 (𝑔(𝑦)) | 𝛽 (𝑦)𝑇𝜆 = 𝑥∗}.

Since themodulus𝜅 of subregularity of𝑔(𝑝, 𝑥, ·)−𝐷 does not depend of 𝑝 and𝑥 , we infer the existence
of 𝜆 ∈ Λ(𝑦, 𝑥∗) with ‖𝜆‖ ≤ 𝜅‖𝑥∗‖ and the proof of Corollary 3.6 yields inner semicompactness of Λ at
(𝑦, 𝑥∗) wrt its domain. Moreover, Theorem 3.9 and Remark 3.10 (1.) then imply even inner calmness* of
Λ in the fuzzy sense. The same arguments as in the previous case thus yield the following estimates.
Theorem 5.5. For every 𝑣 ∈ ℝ𝑙 ×ℝ𝑛 we have

𝐷N Γ (𝑦, 𝑥∗) (𝑣) ⊂
⋃

𝜆∈Λ(𝑦,𝑥∗)
∇〈𝜆, 𝛽〉(𝑦)𝑣 + 𝛽 (𝑦)𝑇𝑁K𝐷 (𝑔 (𝑦),𝜆) (∇𝑔(𝑦)𝑣).

On the other hand, given 𝑣 ∈ ℝ𝑙 ×ℝ𝑛 , 𝜆 ∈ Λ(𝑦, 𝑥∗) and 𝜂 ∈ 𝑁K𝐷 (𝑔 (𝑦),𝜆) (∇𝑔(𝑦) (𝑣)), we have

∇〈𝜆, 𝛽〉(𝑦)𝑣 + 𝛽 (𝑦)𝑇𝜂 ∈ 𝐷N Γ (𝑦, 𝑥∗) (𝑣),
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provided the mapping (𝑦 ′, 𝜆′) ⇒
(
𝑔(𝑦 ′), 𝜆′

)
− gph𝑁𝐷 is metrically subregular at

(
(𝑦, 𝜆), (0, 0)

)
in

direction (𝑣, 𝜂), in particular, if

(5.7) ∇𝑔(𝑦)𝑇 𝜇 = 0, 𝜇 ∈ sp𝑁𝑇𝐷 (𝑔 (𝑦)) (∇𝑔(𝑦)𝑣) =⇒ 𝜇 = 0.

Moreover, if also

(5.8) 𝛽 (𝑦)𝑇 𝜇 = 0, 𝜇 ∈ sp𝑁𝑇𝐷 (𝑔 (𝑦)) (∇𝑔(𝑦)𝑣) =⇒ 𝜇 = 0

holds, then for 𝑢∗ ∈ 𝐷N Γ (𝑦, 𝑥∗) (𝑣) and arbitrary𝑤∗ ∈ ℝ𝑛 we get the estimate

𝐷∗N Γ ((𝑦, 𝑥∗); (𝑣,𝑢∗)) (𝑤∗)
⊂

⋃
𝜆∈Λ(𝑦,𝑥∗)

⋃
𝜂∈𝐷Λ( (𝑦,𝑥∗),𝜆) (𝑣,𝑢∗)

∇〈𝜆, 𝛽〉(𝑦)𝑇𝑤∗ + ∇𝑔(𝑦)𝑇𝐷∗𝑁𝐷 ((𝑔(𝑦), 𝜆); (∇𝑔(𝑦)𝑣, 𝜂)) (𝛽 (𝑦)𝑤∗) .

We point out that here we need to impose the two non-degeneracy conditions (5.8) and (5.7). In
general, these two conditions are mutually incomparable, as can be seen from

∇𝑔(𝑝, 𝑥) = (∇1𝑔(𝑝, 𝑥, 𝑥),∇2𝑔(𝑝, 𝑥, 𝑥) + 𝛽 (𝑝, 𝑥)) .

If, however, ∇2𝑔 = 0, in particular if the feasible set Γ depends only of 𝑝 but not on 𝑥 , we get ∇𝑔(𝑝, 𝑥) =
(∇1𝑔(𝑝, 𝑥, 𝑥), 𝛽 (𝑝, 𝑥)) and, in this case, (5.8) implies (5.7). Naturally, these conditions become equivalent
if also ∇1𝑔 = 0, which covers the previous case of non-parametrized constraints.
Let us add a few comments on existing results on the topic. This model was investigated already

in [40] by using the classical calculus of Mordukhovich. Recently, in [24], Gfrerer and Outrata also
computed the derivatives of the normal cone mapping (𝑝 ′, 𝑥 ′) ⇒ 𝑁Γ (𝑝′,𝑥′) (𝑥 ′). Instead of (5.6) or
(5.8), however, they imposed the standard non-degeneracy condition (5.8) for 𝑣 = 0, which guarantees
uniqueness of the multipliers 𝜆 and 𝜂. The reason was that they were in fact relying on inner calmness
when using calculus rules, see, e.g., [24, Lemmas 4.1 and 4.2].

On the other hand, in [5], we worked with the same assumption (5.6) and proved the same result
for the graphical derivative. The explicit estimation of the coderivative was, however, bypassed by
addressing the related stability issues directly, see [5, Theorem 6.1].

Let us also mention the paper [20] dealing with the constraints depending on 𝑝 , but not on 𝑥 . This
paper delivers stronger results even in a more general setting that goes beyond polyhedrality. In
particular, the formula for the graphical derivative is in fact valid without the additional subregularity
assumption, see [20, Theorem 3.3]. Naturally, the same applies to the non-parametrized setting.
We point out that in [5, 24] the formula for the graphical derivative is derived from [20, Theorem

5.3]. Our calculus-based approach seems to be a bit simpler and it is easily applicable regardless of
whether Γ is a �xed set or it depends on 𝑝 and 𝑥 .

We conclude this section by the corresponding semismoothness* result.
Corollary 5.6. Under (5.7) and (5.8), the normal cone mapping (𝑝 ′, 𝑥 ′) ⇒ 𝑁Γ (𝑝′,𝑥′) (𝑥 ′) is semismooth* at
(𝑦, 𝑥∗) = (𝑝, 𝑥, 𝑥∗) in direction (𝑣,𝑢∗) = (𝑞,𝑢,𝑢∗) for every 𝑥∗, 𝑢∗ ∈ ℝ𝑛 .

Proof. The proof follows by the same arguments as the proof of Corollary 5.3. We only brie�y clarify
that the di�erence between ∇𝑔 and 𝛽 causes no problem. Indeed, looking at the above theorem and
the proof of Corollary 5.3, we now get

𝜁 ∈ 𝐷∗𝑁𝐷 ((𝑔(𝑦), 𝜆); (∇𝑔(𝑦)𝑣, 𝜂)) (𝛽 (𝑦)𝑤∗)

such that
𝑢∗ = ∇〈𝜆, 𝛽〉(𝑦)𝑣 + 𝛽 (𝑦)𝑇𝜂 and 𝑤 = ∇〈𝜆, 𝛽〉(𝑦)𝑇𝑤∗ + ∇𝑔(𝑦)𝑇 𝜁 .
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The computation then goes as follows

〈𝑣,𝑤〉 = 〈𝑣,∇〈𝜆, 𝛽〉(𝑦)𝑇𝑤∗〉 + 〈𝑣,∇𝑔(𝑦)𝑇 𝜁 〉 = 〈∇〈𝜆, 𝛽〉(𝑦)𝑣,𝑤∗〉 + 〈∇𝑔(𝑦)𝑣, 𝜁 〉
= 〈∇〈𝜆, 𝛽〉(𝑦)𝑣,𝑤∗〉 + 〈𝜂, 𝛽 (𝑦)𝑤∗〉 = 〈∇〈𝜆, 𝛽〉(𝑦)𝑣 + 𝛽 (𝑦)𝑇𝜂,𝑤∗〉 = 〈𝑢∗,𝑤∗〉.

�

final remarks

Motivated by the recent success in the computation of the graphical derivative of the normal cone
mapping to sets with constraint structure, in this paper, we identi�ed the role played by (fuzzy) inner
calmness* and the underlying calculus principles. We hope that it provides some helpful insights into
the matter. We also hope that the new notions will turn out useful also in other circumstances. We
believe that some reasonable topics for further study are readily available: Can isolated calmness be
e�ectively used as a su�cient condition for inner calmness? Is fuzzy inner calmness* also necessary
for validity of the estimate (1.1)? Can the new formulas for tangent cones yield useful estimates for
regular normal cones by polarization and, in turn, enrich the theory of stationarity conditions? We
plan to address these issues in the forthcoming paper.
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Abstract Implicit variables of a mathematical program are variables which do not need to be
optimized but are used to model feasibility conditions. They frequently appear in several di�erent
problem classes of optimization theory comprising bilevel programming, evaluated multiobjective
optimization, or nonlinear optimization problems with slack variables. In order to deal with implicit
variables, they are often interpreted as explicit ones. Here, we �rst point out that this is a light-
headed approach which induces arti�cial locally optimal solutions. Afterwards, we derive various
Mordukhovich-stationarity-type necessary optimality conditions which correspond to treating
the implicit variables as explicit ones on the one hand, or using them only implicitly to model the
constraints on the other. A detailed comparison of the obtained stationarity conditions as well
as the associated underlying constraint quali�cations will be provided. Overall, we proceed in a
fairly general setting relying on modern tools of variational analysis. Finally, we apply our �ndings
to di�erent well-known problem classes of mathematical optimization in order to visualize the
obtained theory.

Keywords: Implicit variables, Local minimizers, Metric subregularity, M-stationarity, Variational
analysis
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1 introduction

In this paper, we consider the mathematical program

𝑓 (𝑧) → min
𝑧

0 ∈ 𝐻 (𝑧)
𝑧 ∈ 𝑀

(P)

where 𝑓 : ℝ𝑛 → ℝ is a given locally Lipschitz continuous objective function and the set-valued
mapping 𝐻 : ℝ𝑛 ⇒ ℝ𝑠 attains the form

𝐻 (𝑧) :=
⋃

𝜆∈𝐹 (𝑧)
𝐺 (𝑧, 𝜆)

for set-valuedmappings 𝐹 : ℝ𝑛 ⇒ ℝ𝑚 and𝐺 : ℝ𝑛×ℝ𝑚 ⇒ ℝ𝑠 which possess a closed graph, respectively.
Furthermore,𝑀 ⊂ ℝ𝑛 is a nonempty and closed set of simple structure, e.g., a typical constraint set
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de�ned via standard inequality and equality constraints satisfying a suitable constraint quali�cation.
The feasible set of (P) will be denoted by 𝑍 ⊂ ℝ𝑛 . We emphasize that the objective in (P) is only
minimized w.r.t. 𝑧 and not w.r.t. 𝜆 although the latter variable is used implicitly in order to model 𝑍 .
That is why we call 𝜆 an implicit variable. Let us note that the rather general model (P) covers several
problem classes from optimization theory, which are modeled with the aid of implicit variables, e.g.,
bilevel programming problems, evaluated multiobjective programs, or programs with slack variables,
see Section 2 as well. In these examples, the implicit variables are given by means of the lower level
Lagrange multipliers, scalarization parameters, or the introduced slack variables, respectively.

The main di�culty in (P) is the appearing union of image sets associated with the given set-valued
mappings 𝐹 and 𝐺 . An easy approach which can be used to handle this issue is to interpret 𝜆 as a
meaningful variable. This leads to the consideration of

𝑓 (𝑧) → min
𝑧,𝜆

𝜆 ∈ 𝐹 (𝑧)
0 ∈ 𝐺 (𝑧, 𝜆)
𝑧 ∈ 𝑀

(Q)

where 𝜆 now takes the role of an explicit variable. We denote the feasible set of this program by
𝑍 ⊂ ℝ𝑛 ×ℝ𝑚 . As we will see in Section 4.1, there is a one-to-one correspondence between the global
minimizers of (P) and (Q). However, the relationship between local minimizers is far more delicate.
Particularly, there may exist local minimizers of (Q) which do not correspond to local minimizers of
(P). Similar issues are pointed out in the context of bilevel programming, see [2, 20, 22, 23, 43], w.r.t.
the use of slack variables in logical programming, see [44, 46], or cardinality-constrained optimization,
see [17], and will be generalized in this paper.
Let us brie�y mention that the concept of implicit variables can be extended to related areas of

optimization theory like the numerical solution of generalized equations resulting from optimality
conditions of convex optimization programs. Here, it is also common to introduce intermediate or
slack variables in order to state the convex chain rule for compositions, see e.g. [15, Section 4], or to
decompose the inclusion to make it more tractable, see [35, Section 5]. It sometimes may be bene�cial,
however, to formulate the assumptions ensuring convergence in the implicit-variable-free setting.

Observing that the computation of localminimizers of (Q) does not generally yield localminimizers of
(P) while noting that (Q) is likely to be a nonconvex program due to the underlying applications we have
in mind, a direct treatment of (P) seems to be reasonable. With the aid of modern variational analysis, in
particular limiting coderivatives of set-valued mappings, see [48, 53], we will infer necessary optimality
conditions of Mordukhovich-stationarity-type (subsequently, we will use the term M-stationarity
for brevity) for (P) under mild constraint quali�cations. More precisely, we �rst derive optimality
conditions comprising the implicitly known coderivative of the mapping 𝐻 under metric subregularity
of 𝐻 . Afterwards, we study assumptions which allow us to state these optimality conditions in terms
of the coderivatives associated with 𝐹 and 𝐺 . Clearly, this makes the utilization of a coderivative
chain rule necessary, so we discuss weak conditions ensuring its applicability. Therefore, we make
use of the recent results from [6, 9] which are mainly based on the presence of metric subregularity
for so-called “feasibility” mappings and inner semicompactness for so-called “intermediate” mappings.
Interestingly, these assumptions are mainly inherent for the example problems from Section 2 which
underlines the power of this approach. On the other hand, using problem (Q) as the starting point
enables us to avoid the (coderivative of) the mapping 𝐻 . A similar role is then played by an auxiliary
mapping, which depends on both, 𝑧 and 𝜆. As it will turn out, the procedures sketched above lead
to three stationarity systems and diverse constraint quali�cations which di�er from each other w.r.t.
their degree of explicitness. We will provide a detailed comparison of all these stationarity conditions
and constraint quali�cations, and we will comment on their respective relation to the problem (Q). In
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[1], the authors discuss related issues by means of an equilibrium-constrained mathematical problem
with lower level inequality constraints. It turns out that there is a signi�cant di�erence between the
M-stationarity conditions for problem (P), which are formulated without taking into account the special
structure of 𝐻 and, hence, without the variable 𝜆, and the M-stationarity conditions of (Q). Moreover,
the di�erence between the corresponding constraint quali�cations, i.e., the conditions that guarantee
the validity of the two types of M-stationarity at local minimizers, is even more striking. Here, we
generalize and deepen the approach from [1]. Let us brie�y note that the theory of this paper can be
extended directly to the situation where ℝ𝑛 , ℝ𝑚 , and ℝ𝑠 are replaced by arbitrary Euclidean spaces.
For simplicity, however, we focus on the most elementary setting.

The remaining parts of this paper are organized as follows: In Section 2, we present three prototypical
example classes of optimization problems where implicit variables are used to model the feasible set,
namely bilevel optimization problems, evaluated multiobjective optimization problems, and mathe-
matical programs with cardinality constraints. We provide an overview of the notation used in this
manuscript before recalling the de�nitions and some background information about the fundamental
tools of variational analysis we are going to exploit here in Section 3. Furthermore, we motivate a rather
abstract notion of M-stationarity for mathematical problems with generalized equation constraints and
provide some calculus rules for the coderivative of compositions and products of set-valued mappings.
Afterwards, Section 4 is dedicated to the abstract analysis of the program (P) via (Q). First, we study
the relationship between the solutions of (P) and (Q) in Section 4.1. Second, we derive three potentially
distinct notions of M-stationarity for (P) as well as associated constraint quali�cations in Section 4.2.
Furthermore, we clarify how to obtain explicit M-stationarity conditions in terms of initial problem
data from the abstract M-stationarity conditions of (P). As we will demonstrate in Section 4.3, the
necessary assumptions are inherently satis�ed in many practically relevant settings. Finally, we brie�y
comment on the su�ciency of the introduced M-stationarity notions in the presence of convexity in
Section 4.4. In Section 5, we apply some of our �ndings to the aforementioned example problems. As
it will turn out, we recover or even enhance available results from the literature with our approach.
Finally, we present some concluding remarks in Section 6.

2 motivating examples

In this section, we present three prototypical classes of optimization problems whose respective feasible
sets can be modeled with the aid of implicit variables.

2.1 bilevel programming

Quite often, hierarchical decision making appears naturally in real world problems raising in economics,
logistics, natural sciences, or engineering. In case where two decision makers are involved, so-called
bilevel optimization problems can be used to model and study the underlying applications theoretically
and numerically, see [4, 19, 21, 48, 54]. For given parameters 𝑥 ∈ ℝ𝑛1 , let us consider the parametric
optimization problem

𝑗 (𝑥, 𝑦) → min
𝑦

𝑔(𝑦) ∈ 𝐶
(LL)

where 𝑗 : ℝ𝑛1 ×ℝ𝑛2 → ℝ is twice continuously di�erentiable and convex w.r.t. 𝑦 for each 𝑥 ∈ ℝ𝑛1 while
𝑔 : ℝ𝑛2 → ℝ𝑚 is twice continuously di�erentiable and convex w.r.t. the closed, convex cone 𝐶 ⊂ ℝ𝑚 .
Let us set Γ := {𝑦 ∈ ℝ𝑛2 | 𝑔(𝑦) ∈ 𝐶}. One generally refers to (LL) as the lower level or follower’s problem.
It is well known that due to the convexity of 𝑗 (𝑥, ·) and Γ, the set of optimal solutions associated with
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(LL) is equivalently characterized by

−∇𝑦 𝑗 (𝑥, 𝑦) ∈ N̂Γ (𝑦).

Under a suitable constraint quali�cation, we can characterize the set of optimal solutions associated
with (LL) equivalently by the generalized equation

−∇𝑦 𝑗 (𝑥, 𝑦) ∈ ∇𝑔(𝑦)>N̂𝐶 (𝑔(𝑦)) .

Above, we exploited the notion of the regular normal cone which coincides with the normal cone of
convex analysis due to convexity of Γ and 𝐶 , see Section 3.

The superordinate so-called upper level or leader’s problem, given by

𝑓 (𝑥, 𝑦) → min
𝑥,𝑦

𝑥 ∈ 𝑆

𝑦 ∈ Ψ(𝑥),

where 𝑆 ⊂ ℝ𝑛1 is a closed set and Ψ : ℝ𝑛1 ⇒ ℝ𝑛2 is the solution mapping associated with (LL), is
equivalent to

𝑓 (𝑥, 𝑦) → min
𝑥,𝑦

𝑥 ∈ 𝑆

0 ∈
⋃

𝜆∈N̂𝐶 (𝑔 (𝑦))

{
∇𝑦 𝑗 (𝑥, 𝑦) + ∇𝑔(𝑦)>𝜆

}(BPP)

whenever the aforementioned assumptions are valid. The latter is a program of type (P) in the sense

(2.1) 𝐹 (𝑧) := N̂𝐶 (𝑔(𝑦)), 𝐺 (𝑧, 𝜆) := ∇𝑦 𝑗 (𝑥, 𝑦) + ∇𝑔(𝑦)>𝜆, 𝑀 := 𝑆 ×ℝ𝑛2

where we used 𝑧 := (𝑥, 𝑦) and𝑛 := 𝑛1+𝑛2. Particularly, the implicit variable 𝜆 is the Lagrange multiplier
associated with the constraints in (LL). It is well known that interpreting 𝜆 as a variable in (BPP) may
cause di�culties w.r.t. local minimizers, see e.g. [2, 20, 22, 43]. The authors in [1], where the particular
setting 𝐶 := ℝ𝑚

− is discussed, focused on a qualitative comparison of the reformulation

𝑓 (𝑥, 𝑦) → min
𝑥,𝑦

𝑥 ∈ 𝑆

−∇𝑦 𝑗 (𝑥, 𝑦) ∈ N̂Γ (𝑦),

which is fully equivalent to the original bilevel programming problem, and the problem (Q) associated
with (BPP) regarding constraint quali�cations and M-stationarity-type optimality conditions. They
came upwith the observation that the respective stationarity systems as well as constraint quali�cations
di�er signi�cantly. The analysis in this paper will put their results into a more general context.

2.2 evaluating weakly efficient points in multicriteria optimization

For a twice continuously di�erentiable componentwise convex function 𝑗 : ℝ𝑛 → ℝ𝑚 with𝑚 ≥ 2
components and a nonempty, closed, convex set Γ ⊂ ℝ𝑛 , we consider the following multicriteria
optimization problem which is a standard model from vector optimization, see [26, 41]:

𝑗 (𝑧) → “min ”
𝑧 ∈ Γ.

(MOP)
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The quotation marks emphasize that classical minimization is not possible since the componentwise
natural ordering in ℝ𝑚 only provides a partial order which is not total. In order to overcome this
problem, several di�erent notions of so-called e�ciency have been derived in order to characterize
reasonable feasible points of (MOP). In this context, a point 𝑧 ∈ Γ is called weakly e�cient for (MOP)
if the condition (

𝑗 (𝑧) −ℝ𝑚
++
)
∩ 𝑗 (Γ) = ∅

holds where we used ℝ𝑚
++ := {𝑦 ∈ ℝ𝑚 | ∀𝑖 ∈ {1, . . . ,𝑚} : 𝑦𝑖 > 0}. Let Γwe ⊂ ℝ𝑛 be the set of weakly

e�cient points associated with (MOP). Using a classical linear scalarization approach, see [26], one
obtains the characterization

𝑧 ∈ Γwe ⇐⇒ ∃𝜆 ∈ Δ∀𝑧 ∈ Γ : 𝜆> 𝑗 (𝑧) ≤ 𝜆> 𝑗 (𝑧)

of weak e�ciency since the problem data in (MOP) is convex. Above, Δ ⊂ ℝ𝑚 given by

Δ :=
{
𝜆 ∈ ℝ𝑚 | 𝜆 ≥ 0,

∑𝑚
𝑖=1𝜆𝑖 = 1

}
denotes the standard simplex. In practice, the set Γwe will be quite large in general which is why it is
desirable to shrink it for applicability purposes using another decision criterion given in form of a
scalar function, see e.g. [10, 12, 13, 39]. Here, we investigate the evaluated multiobjective optimization
problem

𝑓 (𝑧) → min
𝑧 ∈ Γwe.

Invoking the above arguments, this is equivalent to

𝑓 (𝑧) → min

0 ∈
⋃
𝜆∈Δ

Ψ(𝜆) − 𝑧(EMOP)

where Ψ : ℝ𝑚 ⇒ ℝ𝑛 is the set-valued mapping de�ned by

Ψ(𝜆) :=

argmin

𝑧

{𝜆> 𝑗 (𝑧) | 𝑧 ∈ Γ} 𝜆 ∈ Δ,

∅ 𝜆 ∉ Δ.

Obviously, this is a program of type (P) where the scalarization parameter takes the role of the implicit
variable. Particularly, the data from (P) takes the form

(2.2) 𝐹 (𝑧) := Δ, 𝐺 (𝑧, 𝜆) := Ψ(𝜆) − 𝑧, 𝑀 := ℝ𝑛 .

It has been reported in [23] that interpreting scalarization parameters as variables is generally delicate
in multiobjective bilevel programming, and this observation clearly extends to (EMOP) as well.

2.3 cardinality-constrained programming

For some vector 𝑧 ∈ ℝ𝑛 , let ‖𝑧‖0 denote the number of non-zero entries of 𝑧. In order to guarantee
sparsity of solutions to optimization problems, one may consider the so-called cardinality-constrained
mathematical program

𝑓 (𝑧) → min
𝑧 ∈ 𝑀

‖𝑧‖0 ≤ 𝜅

(CCMP)
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where 𝜅 ∈ ℕ satis�es 1 ≤ 𝜅 ≤ 𝑛 − 1, see e.g. [11, 16, 17, 18, 45, 50, 51] for an overview of existing
reformulations, optimality conditions, solution algorithms, and further references.

Let us rewrite the cardinality constraint ‖𝑧‖0 ≤ 𝜅 as a constraint of type𝑞(𝑧) ∈ 𝐷 where𝑞 : ℝ𝑛 → ℝℓ

is continuously di�erentiable and𝐷 ⊂ ℝℓ is the union of �nitely many convex polyhedral sets, allowing
us to interpret (CCMP) as a so-called disjunctive optimization problem, see e.g. [7, 28, 45]. Therefore,
we introduce J𝜅 := {𝛼 ∈ {0, 1}𝑛 | ∑𝑛

𝑖=1 𝛼𝑖 = 𝜅}. Furthermore, for each 𝛼 ∈ {0, 1}𝑛 , we set

ℝ𝑛
𝛼 := span{e𝑖 | 𝑖 = 1, . . . , 𝑛, 𝛼𝑖 = 1}

where e𝑖 ∈ ℝ𝑛 denotes the 𝑖-th unit vector in ℝ𝑛 . Finally, we set 𝐷𝜅 :=
⋃

𝛼 ∈J𝜅 ℝ
𝑛
𝛼 . Then we easily see

(2.3) ∀𝑧 ∈ ℝ𝑛 : ‖𝑧‖0 ≤ 𝜅 ⇐⇒ 𝑧 ∈ 𝐷𝜅 .

The variational geometry of 𝐷𝜅 has been explored in [50, 51]. Particularly, exploiting the limiting and
regular normal cone to 𝐷𝜅 , reasonable notions of M- and strong stationarity are available for (CCMP).

It has been observed in [17, Theorem 3.2] that we have

∀𝑧 ∈ ℝ𝑛 : ‖𝑧‖0 ≤ 𝜅 ⇐⇒ ∃𝜆 ∈ ℝ𝑛 : e>𝜆 ≥ 𝑛 − 𝜅, (𝑧𝑖 , 𝜆𝑖) ∈ C ∀𝑖 ∈ {1, . . . , 𝑛}

where we used
C := {(𝑎, 𝑏) ∈ ℝ2 | 𝑎𝑏 = 0, 𝑏 ∈ [0, 1]},

and that gave rise to the reformulation of (CCMP) as

(2.4)

𝑓 (𝑧) → min
𝑧,𝜆

𝑧 ∈ 𝑀

e>𝜆 ≥ 𝑛 − 𝜅
(𝑧𝑖 , 𝜆𝑖) ∈ C 𝑖 = 1, . . . , 𝑛.

Above, e ∈ ℝ𝑛 denotes the all-ones vector. Clearly, the variable 𝜆 plays the role of an explicit variable
in (2.4) although it is not relevant for the purpose of minimization. In order to state (2.4) in the form
(P), one may choose

(2.5) 𝐹 (𝑧) ≡
{
𝜆 ∈ ℝ𝑛

��e>𝜆 ≥ 𝑛 − 𝜅
}
, 𝐺 (𝑧, 𝜆) :=

𝑛∏
𝑖=1

(C − (𝑧𝑖 , 𝜆𝑖)),

i.e., 𝑠 = 2𝑛 holds in this particular case.
It has been reported in [17] that (CCMP) and (2.4) are equivalent w.r.t. global minimizers, that the

local minimizers of (CCMP) can be found among the local minimizers of (2.4), and that for a local
minimizer (𝑧, 𝜆) ∈ ℝ𝑛 ×ℝ𝑛 of (2.4), which satis�es ‖𝑧‖0 = 𝜅, 𝑧 is a local minimizer of (CCMP). The
situation where ‖𝑧‖0 < 𝜅 holds, however, has been shown to be crucial since, in this case, 𝑧 does not
need to be locally optimal for (CCMP). First- and second-order optimality conditions for (CCMP) via
its surrogate (2.4) have been derived in [16, 17, 18] while the authors in [45, 50, 51] exploited (2.3) in
order to infer optimality conditions for (CCMP) without relying on implicit variables. To the best
of our knowledge, a detailed comparison of both approaches does not exist in the literature. Some
regarding remarks, however, can be found in the papers [16, 45]. We also refer the interested reader to
[5] where yet another approach to cardinality-constrained optimization is discussed which also avoids
the appearance of implicit variables.

3 notation and preliminaries

3.1 notation

Throughout the manuscript, we make use of the standard concepts of variational analysis, see [48, 53].
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basic notation

In this manuscript, we equipℝ𝑛 with the common Euclidean inner product and the common Euclidean
norm ‖·‖ . In order to extend the notion of norms to product spaces, we use the sum of the underlying
Euclidean norms to induce a norm in the product space. Due to notational purposes, for arbitrary
𝑧 ∈ ℝ𝑛 and𝑤 ∈ ℝ𝑚 , we use both notations(

𝑧

𝑤

)
and (𝑧,𝑤)

in order to represent elements of ℝ𝑛 ×ℝ𝑚 . We use 𝔹 in order to denote the closed unit ball around 0.
For a set 𝐴 ⊂ ℝ𝑛 and 𝑧 ∈ ℝ𝑛 , we exploit 𝑧 +𝐴 = 𝐴 + 𝑧 := {𝑧 + 𝑎 | 𝑎 ∈ 𝐴} for brevity. Furthermore, we
use

𝐴◦ :=
{
𝜉 ∈ ℝ𝑛

��∀𝑎 ∈ 𝐴 : 𝜉>𝑎 ≤ 0}, 𝐴⊥ :=
{
𝜉 ∈ ℝ𝑛

��∀𝑎 ∈ 𝐴 : 𝜉>𝑎 = 0}

in order to represent the polar cone and the annihilator of 𝐴. We make use of 𝑧⊥ := {𝑧}⊥. We set

dist(𝑧,𝐴) := inf{‖𝑎 − 𝑧‖ | 𝑎 ∈ 𝐴}

in order to denote the distance of 𝑧 to 𝐴. Throughout the manuscript, we exploit ℝ+ := {𝑠 ∈ ℝ | 𝑠 ≥ 0}
and ℝ− := {𝑠 ∈ ℝ | 𝑠 ≤ 0}.

set-valued mappings

For a set-valued mapping Υ : ℝ𝑛 ⇒ ℝ𝑚 , the sets gph Υ := {(𝑧,𝑤) ∈ ℝ𝑛 × ℝ𝑚 |𝑤 ∈ Υ(𝑧)}, dom Υ :=
{𝑧 ∈ ℝ𝑛 | Υ(𝑧) ≠ ∅}, rge Υ := {𝑤 ∈ ℝ𝑚 | ∃𝑧 ∈ ℝ𝑛 : 𝑤 ∈ Υ(𝑧)}, and ker Υ := {𝑧 ∈ ℝ𝑛 | 0 ∈ Υ(𝑧)} are
called graph, domain, range, and kernel of Υ, respectively. The set-valued mapping Υ−1 : ℝ𝑚 ⇒ ℝ𝑛 ,
given by Υ−1(𝑤) := {𝑧 ∈ ℝ𝑛 |𝑤 ∈ Υ(𝑧)} for all𝑤 ∈ ℝ𝑚 , is referred to as the inverse of Υ.
The mapping Υ is called locally bounded at 𝑧 ∈ dom Υ whenever we �nd a neighborhood 𝑈 ⊂ ℝ𝑛

of 𝑧 and a bounded set 𝐵 ⊂ ℝ𝑚 such that Υ(𝑧) ⊂ 𝐵 holds for all 𝑧 ∈ 𝑈 . Furthermore, Υ is said to be
inner semicompact at 𝑧 w.r.t. Ω ⊂ ℝ𝑛 if for each sequence {𝑧𝑘 }𝑘∈ℕ ⊂ Ω such that 𝑧𝑘 → 𝑧, there is a
convergent sequence {𝑤𝑙 }𝑙 ∈ℕ ⊂ ℝ𝑚 and a subsequence {𝑧𝑘𝑙 }𝑙 ∈ℕ such that 𝑤𝑙 ∈ Υ(𝑧𝑘𝑙 ) holds for all
𝑙 ∈ ℕ. Clearly, whenever Υ is locally bounded at 𝑧, it is inner semicompact w.r.t. dom Υ at this point.
Similarly, Υ is called inner semicontinuous at (𝑧, 𝑤̄) ∈ gph Υ w.r.t. Ω if for each sequence {𝑧𝑘 }𝑘∈ℕ ⊂ Ω
satisfying 𝑧𝑘 → 𝑧, there exists a sequence {𝑤𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that 𝑤𝑘 → 𝑤̄ and 𝑤𝑘 ∈ Υ(𝑧𝑘 ) for all
su�ciently large 𝑘 ∈ ℕ.

We call Υ convex whenever the property

∀𝑧1, 𝑧2 ∈ ℝ𝑛, ∀𝛼 ∈ [0, 1] : 𝛼Υ(𝑧1) + (1 − 𝛼)Υ(𝑧2) ⊂ Υ(𝛼𝑧1 + (1 − 𝛼)𝑧2)

holds, i.e., whenever gph Υ is convex. This property particularly holds for set-valued mappings of the
form Υ(𝑧) := 𝑔(𝑧) −𝐶 , 𝑧 ∈ ℝ𝑛 , where 𝐶 ⊂ ℝ𝑚 is a closed, convex cone and the single-valued mapping
𝑔 : ℝ𝑛 → ℝ𝑚 is convex w.r.t. 𝐶 , i.e.,

∀𝑧1, 𝑧2 ∈ ℝ𝑛, ∀𝛼 ∈ [0, 1] : 𝑔(𝛼𝑧1 + (1 − 𝛼)𝑧2) − 𝛼𝑔(𝑧1) − (1 − 𝛼)𝑔(𝑧2) ∈ 𝐶.

Let us recall some essential Lipschitzian properties of set-valued mappings. Therefore, we �x a point
(𝑧, 𝑦) ∈ gph Υ. Recall that Υ possesses the Aubin property at (𝑧, 𝑤̄) whenever there are a constant
𝜅 > 0 and neighborhoods𝑈 of 𝑧 and 𝑉 of 𝑤̄ such that

∀𝑧1, 𝑧2 ∈ 𝑈 ∀𝑤 ∈ Υ(𝑧1) ∩𝑉 : dist(𝑤, Υ(𝑧2)) ≤ 𝜅 ‖𝑧1 − 𝑧2‖ .
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Furthermore, Υ is calledmetrically regular at (𝑧, 𝑤̄) whenever there are 𝜅 > 0 as well as neighborhoods
𝑈 and 𝑉 of 𝑧 and 𝑤̄ , respectively, such that

∀𝑧 ∈ 𝑈 , ∀𝑤 ∈ 𝑉 : dist(𝑧, Υ−1(𝑤)) ≤ 𝜅 dist(𝑤, Υ(𝑧)) .

It is well known that Υ is metrically regular at (𝑧, 𝑤̄) if and only if Υ−1 possesses the Aubin property
at (𝑤̄, 𝑧). Finally, recall that Υ is referred to as metrically subregular at (𝑧, 𝑤̄) whenever there exist a
constant 𝜅 > 0 and a neighborhood𝑈 of 𝑧 satisfying

∀𝑧 ∈ 𝑈 : dist(𝑧, Υ−1(𝑤̄)) ≤ 𝜅 dist(𝑤̄, Υ(𝑧)) .

The in�mum of all such constants 𝜅 is referred to as the modulus of metric subregularity. Let us
mention that Υ is metrically subregular at (𝑧, 𝑤̄) if and only if the inverse Υ−1 is so-called calm at (𝑤̄, 𝑧),
see [37, 38] for a de�nition and further details. It has turned out that metric subregularity is of essential
importance in order to guarantee applicability of the prominent calculus for the limiting constructions
of generalized di�erentiation. This is one of the reasons why su�cient conditions for its presence
were studied, see e.g. [3, 7, 27, 30, 40, 60] and the references therein as well as the aforementioned
papers dealing with calmness. We would like to mention that each polyhedral set-valued mapping, i.e.,
a set-valued mapping whose graph is the union of �nitely many convex polyhedral sets, is metrically
subregular at each point of its graph. This result dates back to [52].

variational analysis

For a closed set 𝐴 ⊂ ℝ𝑛 and some point 𝑧 ∈ 𝐴, we refer to

T𝐴 (𝑧) := {𝑑 ∈ ℝ𝑛 | ∃{𝑧𝑘 }𝑘∈ℕ ⊂ 𝐴, ∃{𝑡𝑘 }𝑘∈ℕ ⊂ ℝ+ : 𝑧𝑘 → 𝑧, 𝑡𝑘 ↓ 0, (𝑧𝑘 − 𝑧)/𝑡𝑘 → 𝑑}

as the (Bouligand) tangent cone to 𝐴 at 𝑧. Based on that, let us introduce

N̂𝐴 (𝑧) := T𝐴 (𝑧)◦,

N𝐴 (𝑧) :=
{
𝜉 ∈ ℝ𝑛

�����∃{𝑧𝑘 }𝑘∈ℕ ⊂ 𝐴, ∃{𝜉𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 :
𝑧𝑘 → 𝑧, 𝜉𝑘 → 𝜉, 𝜉𝑘 ∈ N̂𝐴 (𝑧𝑘 ) ∀𝑘 ∈ ℕ

}
,

the so-called regular (or Fréchet) and limiting (or Mordukhovich) normal cone to 𝐴 at 𝑧, respectively.
In case where 𝐴 is convex, these normal cones correspond to the normal cone in the sense of convex
analysis, i.e., N̂𝐴 (𝑧) = N𝐴 (𝑧) = (𝐴 − 𝑧)◦.
For a locally Lipschitz continuous function 𝜑 : ℝ𝑛 → ℝ, we de�ne its limiting subdi�erential at

some point 𝑧 ∈ ℝ𝑛 by means of

𝜕𝜑 (𝑧) :=
{
𝜉 ∈ ℝ𝑛

�� (𝜉,−1) ∈ Nepi𝜑 (𝑧, 𝜑 (𝑧))
}

where epi𝜑 := {(𝑧, 𝑠) ∈ ℝ𝑛 ×ℝ | 𝑠 ≥ 𝜑 (𝑧)} denotes the epigraph of 𝜑 . In case where 𝜑 is convex, the
above arguments yield that 𝜕𝜑 (𝑧) coincides with the subdi�erential in the sense of convex analysis,
i.e.,

𝜕𝜑 (𝑧) =
{
𝜉 ∈ ℝ𝑛

��∀𝑧 ∈ ℝ𝑛 : 𝜑 (𝑧) ≥ 𝜑 (𝑧) + 𝜉>(𝑧 − 𝑧)
}

holds in this case.
For a set-valued mapping Υ : ℝ𝑛 ⇒ ℝ𝑚 with closed graph and some point (𝑧, 𝑤̄) ∈ gph Υ, the

set-valued mapping 𝐷∗Υ(𝑧, 𝑤̄) : ℝ𝑚 ⇒ ℝ𝑛 given by

∀𝜂 ∈ ℝ𝑚 : 𝐷∗Υ(𝑧, 𝑤̄) (𝜂) :=
{
𝜉 ∈ ℝ𝑛

�� (𝜉,−𝜂) ∈ Ngph Υ (𝑧, 𝑤̄)
}
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is referred to as the (limiting) coderivative of Υ at (𝑧, 𝑤̄). For a single-valued mapping 𝜐 : ℝ𝑛 → ℝ𝑚 ,
we exploit the notation 𝐷∗𝜐 (𝑧) := 𝐷∗𝜐 (𝑧,𝜐 (𝑧)). Whenever 𝜐 is continuously di�erentiable at 𝑧, then
𝐷∗𝜐 (𝑧) (𝜂) = ∇𝜐 (𝑧)>𝜂 holds for all 𝜂 ∈ ℝ𝑚 where ∇𝜐 (𝑧) denotes the Jacobian of 𝜐 at 𝑧.

Let us recall that Υ possesses the Aubin property at (𝑧, 𝑤̄) if and only if the condition

𝐷∗Υ(𝑧, 𝑤̄) (0) = {0}

holds. Thus, Υ is metrically regular at (𝑧, 𝑤̄) if and only if we have

ker𝐷∗Υ(𝑧, 𝑤̄) = {0}.

Both criteria are referred to as Mordukhovich criterion in the literature, see [48, Theorem 3.3].

3.2 m-stationarity for optimization problem with generalized equation constraints

The following result can be found in [37, Theorem 4.1] and [33, Proposition 4.1]. It provides a calculus
rule for the computation of the limiting normal cone to the pre-image associated with a set-valued
mapping which is metrically subregular at a certain point of interest.
Proposition 3.1. Let Υ : ℝ𝑛 ⇒ ℝ𝑚 be a set-valued mapping having locally closed graph around (𝑧, 𝑤̄) ∈
gph Υ and assume that Υ is metrically subregular at (𝑧, 𝑤̄) with modulus 𝜅 . Then the following estimate
is valid for each 𝜅 > 𝜅:

(3.1) NΥ−1 (𝑤̄) (𝑧) ⊂
{
𝜉 ∈ ℝ𝑛

��∃𝜂 ∈ 𝜅 ‖𝜉 ‖ 𝔹 : 𝜉 ∈ 𝐷∗Υ(𝑧, 𝑤̄) (𝜂)
}
.

This motivates the subsequently stated extension of the de�nition of M-stationarity to abstract
optimization programs of the form

𝜑 (𝑧) → min
0 ∈ Υ(𝑧),

(G)

where 𝜑 : ℝ𝑛 → ℝ is a locally Lipschitz continuous function and Υ : ℝ𝑛 ⇒ ℝ𝑚 is a set-valued mapping
with closed graph, observing that Υ−1(0) is the feasible set of (G). A similar stationarity condition has
been studied in the literature, see [57, Section 3].
Definition 3.2.We say that a feasible point 𝑧 ∈ Υ−1(0) of the program (G) is M-stationary provided
there exists 𝜂 ∈ ℝ𝑚 such that

0 ∈ 𝜕𝜑 (𝑧) + 𝐷∗Υ(𝑧, 0) (𝜂) .
In case where the constraint mapping Υ is given in the form of a so-called “feasibility” mapping, i.e.,

Υ(𝑧) := Φ(𝑧) − Ω for all 𝑧 ∈ ℝ𝑛 , where, for simplicity, Φ : ℝ𝑛 → ℝ𝑚 is a continuously di�erentiable
mapping and Ω ⊂ ℝ𝑚 is a closed set, Proposition 3.1 yields the standard pre-image calculus rule

NΦ−1 (Ω) (𝑧) ⊂ ∇Φ(𝑧)>NΩ (Φ(𝑧))

for each 𝑧 ∈ ℝ𝑛 such that Υ is metrically subregular at (𝑧, 0) ∈ gph Υ. This also justi�es the M-
stationarity terminology in De�nition 3.2. Moreover, the additional bound ‖𝜂‖ ≤ 𝜅 ‖𝜉 ‖ in (3.1) implies
that for every 𝜉 ∈ NΦ−1 (Ω) (𝑧), there exists a multiplier 𝜂 ∈ NΩ (Φ(𝑧)) ∩ 𝜅 ‖𝜉 ‖ 𝔹 with 𝜉 = ∇Φ(𝑧)>𝜂.
This observation, however, brings forth the following important property of the associated multiplier
mapping which has been discussed in [6, Theorem 3.9] recently.
Proposition 3.3. Let Φ : ℝ𝑛 → ℝ𝑚 be continuously di�erentiable and let Ω ⊂ ℝ𝑚 be closed. We consider
Υ : ℝ𝑛 ⇒ ℝ𝑚 given by Υ(𝑧) := Φ(𝑧) − Ω for each 𝑧 ∈ ℝ𝑛 . Let (𝑧, 𝑧∗) ∈ gphN𝐶 for𝐶 := Φ−1(Ω) be �xed
and assume that the feasibility mapping Υ is metrically subregular at (𝑧, 0). Then the multiplier mapping
Λ : ℝ𝑛 ×ℝ𝑛 ⇒ ℝ𝑚 , given by

∀(𝑧, 𝑧∗) ∈ ℝ𝑛 ×ℝ𝑛 : Λ(𝑧, 𝑧∗) :=
{
𝜂 ∈ NΩ (Φ(𝑧))

��∇Φ(𝑧)>𝜂 = 𝑧∗
}
,

is inner semicompact at (𝑧, 𝑧∗) w.r.t. gphN𝐶 . Moreover, gphN𝐶 = domΛ holds provided Ω is convex.
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For comparison, it is well known that the stronger assumption of metric regularity yields local
boundedness of the multiplier mapping Λ, and this has indeed been often used to guarantee its inner
semicompactness, see Section 5.1 as well. While it may seem that local boundedness is notmuch stronger
than inner semicompactness, when the underlying assumptions are compared, the gap is noteworthy.
In case of standard nonlinear programs, metric regularity equals the prominentMangasarian–Fromovitz
constraint quali�cation (MFCQ), while in case of the more general class of geometric constraints as
discussed in Proposition 3.3, metric regularity of the feasibility mapping Υ at (𝑧, 0) ∈ gph Υ boils down
to

∇Φ(𝑧)>𝜂 = 0, 𝜂 ∈ NΩ (Φ(𝑧)) =⇒ 𝜂 = 0,

which is called generalized Mangasarian–Fromovitz constraint quali�cation (GMFCQ) or no nonzero
abnormal multiplier constraint quali�cation (NNAMCQ). The above propositions often enable us to
relax the metric regularity requirement to the so-called metric subregularity constraint quali�cation
(MSCQ) demanding Υ to be metrically subregular at (𝑧, 0).

3.3 calculus of set-valued mappings

Throughout this section, we assume that all considered set-valued mappings possess closed graphs.
We �rst review the chain rule for the computation of coderivatives of compositions. Therefore,

let us consider set-valued mappings 𝑆1 : ℝ𝑛 ⇒ ℝ𝑚 and 𝑆2 : ℝ𝑚 ⇒ ℝ𝑠 as well as their composition
𝑆2 ◦ 𝑆1 : ℝ𝑛 ⇒ ℝ𝑠 given by

∀𝑧 ∈ ℝ𝑛 : (𝑆2 ◦ 𝑆1) (𝑧) :=
⋃

𝑦∈𝑆1 (𝑧)
𝑆2(𝑦) .

In order to estimate the coderivative of 𝑆2 ◦ 𝑆1, we introduce the standard “intermediate” mapping
Ξ : ℝ𝑛 ×ℝ𝑠 ⇒ ℝ𝑚 given by

(3.2) ∀𝑧 ∈ ℝ𝑛, ∀𝑤 ∈ ℝ𝑠 : Ξ(𝑧,𝑤) := 𝑆1(𝑧) ∩ 𝑆−12 (𝑤) = {𝑦 ∈ 𝑆1(𝑧) |𝑤 ∈ 𝑆2(𝑦)},

together with the “feasibility” mapping Υ : ℝ𝑛 ×ℝ𝑠 ×ℝ𝑚 ⇒ ℝ𝑚 ×ℝ𝑠 in the following form:

∀𝑧 ∈ ℝ𝑛, ∀𝑤 ∈ ℝ𝑠 , ∀𝑦 ∈ ℝ𝑚 : Υ(𝑧,𝑤, 𝑦) :=
(
𝑆1(𝑧) − 𝑦
𝑆2(𝑦) −𝑤

)
.

The following chain rule is taken from [9, Theorem 5.2].
Lemma 3.4. Fix (𝑧, 𝑤̄) ∈ gph(𝑆2 ◦ 𝑆1). Let Ξ be inner semicompact w.r.t. domΞ at (𝑧, 𝑤̄) and let Υ be
metrically subregular at all points ((𝑧, 𝑤̄, 𝑦), (0, 0)) such that 𝑦 ∈ Ξ(𝑧, 𝑤̄). Then we have

∀𝑤∗ ∈ ℝ𝑠 : 𝐷∗(𝑆2 ◦ 𝑆1) (𝑧, 𝑤̄) (𝑤∗) ⊂
⋃

𝑦∈Ξ(𝑧,𝑤̄)

(
𝐷∗𝑆1(𝑧, 𝑦) ◦ 𝐷∗𝑆2(𝑦, 𝑤̄)

)
(𝑤∗) .

In [9, Theorem 5.2], the subregularity assumption is replaced by the equivalent calmness assumption
associated with the inverse mapping of Υ given by

Υ−1(𝑎, 𝑏) = {(𝑧,𝑤, 𝑦) | 𝑦 + 𝑎 ∈ 𝑆1(𝑧),𝑤 + 𝑏 ∈ 𝑆2(𝑦)}.

Furthermore, note that Υ is slightly di�erent from the typical feasibility mapping used in the chain
rule, see e.g. [53, proof of Theorem 10.37]. However, it is worth to mention that the respective metric
subregularity assumptions, which need to be postulated on these maps in order to infer the chain rule,
are actually equivalent due to [9, Proposition 2.6].
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The proof of Lemma 3.4 is based on the essential relations

(3.3) gph(𝑆2 ◦ 𝑆1) = domΞ, gphΞ = Υ−1(0, 0) .

Roughly speaking, the inner semicompactness of Ξ provides a connection between the graph of 𝑆2 ◦ 𝑆1
and the graph of Ξ while the metric subregularity of Υ connects the graph of Ξ with the graph of Υ
via Proposition 3.1, see [9, Sections 3 and 5.3] for details. The combination of these two assumptions,
hence, yields a way to estimate the coderivative of 𝑆2 ◦ 𝑆1 via the coderivative of Υ, namely

𝑧∗ ∈ 𝐷∗(𝑆2 ◦ 𝑆1) (𝑧, 𝑤̄) (𝑤∗)
=⇒ ∃𝑦 ∈ Ξ(𝑧, 𝑤̄), ∃𝜉1 ∈ ℝ𝑚, ∃𝜉2 ∈ ℝ𝑠 : (𝑧∗,−𝑤∗, 0) ∈ 𝐷∗Υ((𝑧, 𝑤̄, 𝑦), (0, 0)) (𝜉1, 𝜉2) .

Finally, the coderivative of Υ can be expressed via its components as

𝐷∗Υ((𝑧, 𝑤̄, 𝑦), (0, 0)) (𝜉1, 𝜉2) = 𝐷∗𝑆1(𝑧, 𝑦) (𝜉1) × {0} × 𝐷∗𝑆2(𝑦, 𝑤̄) (𝜉2) − (0, 𝜉2, 𝜉1) .

This can be seen from Lemma 3.7 (b) (whose proof does not depend on the chain rule) where one can
split (𝑧,𝑤, 𝑦) either as ((𝑧,𝑤), 𝑦) or as (𝑧, (𝑤, 𝑦)). The above formulas now readily yield the desired
chain rule via the coderivatives of 𝑆1 and 𝑆2.

Naturally, in speci�c situations, one may prefer to use di�erent intermediate and feasibility mappings
satisfying (3.3). The question then remains whether one can handle the coderivative of the chosen
feasibility mapping to derive the chain rule without additional assumptions.
For set-valued mappings Γ1 : ℝ𝑛 ⇒ ℝ𝑚1 and Γ2 : ℝ𝑛 ⇒ ℝ𝑚2 , we consider the product mapping

Γ : ℝ𝑛 ⇒ ℝ𝑚1 ×ℝ𝑚2 given by

∀𝑧 ∈ ℝ𝑛 : Γ(𝑧) := Γ1(𝑧) × Γ2(𝑧) .

For later use, we need to compute or at least estimate the coderivative of this mapping. From [9,
Section 5.4], we obtain the next result.
Lemma 3.5. Fix (𝑧, (𝑤̄1, 𝑤̄2)) ∈ gph Γ. Assume that Υ̃ : ℝ𝑛×ℝ𝑚1×ℝ𝑚2×ℝ𝑛×ℝ𝑛 ⇒ ℝ𝑛×ℝ𝑛×ℝ𝑚1×ℝ𝑚2 ,
given by

∀𝑧, 𝑞1, 𝑞2 ∈ ℝ𝑛, ∀𝑤1 ∈ ℝ𝑚1, ∀𝑤2 ∈ ℝ𝑚2 : Υ̃(𝑧,𝑤1,𝑤2, 𝑞1, 𝑞2) :=
©­­­«

𝑧 − 𝑞1
𝑧 − 𝑞2

Γ1(𝑞1) −𝑤1
Γ2(𝑞2) −𝑤2

ª®®®¬ ,
is metrically subregular at ((𝑧, 𝑤̄1, 𝑤̄2, 𝑧, 𝑧), (0, 0, 0, 0)). Then we have

(3.4) 𝐷∗Γ(𝑧, (𝑤̄1, 𝑤̄2)) (𝜉1, 𝜉2) ⊂ 𝐷∗Γ1(𝑧, 𝑤̄1) (𝜉1) + 𝐷∗Γ2(𝑧, 𝑤̄2) (𝜉2) .

Moreover, Υ̃ is metrically subregular at ((𝑧, 𝑤̄1, 𝑤̄2, 𝑧, 𝑧), (0, 0, 0, 0)) whenever Γ1 and Γ2 are polyhedral or
if the quali�cation condition

(3.5) 𝐷∗Γ1(𝑧, 𝑤̄1) (0) ∩
(
−𝐷∗Γ2(𝑧, 𝑤̄2) (0)

)
= {0}

holds, in which case Υ̃ is even metrically regular at the point of interest.

The quali�cation condition (3.5) is clearly satis�ed if one of the mappings Γ𝑖 , 𝑖 = 1, 2, possesses
the Aubin property at (𝑧, 𝑤̄𝑖). In the following lemmas, we review more results from [9, Section 5.4]
concerning some exemplary settings where (3.5) holds naturally.
Lemma 3.6. Fix (𝑧, (𝑤̄1, 𝑤̄2)) ∈ gph Γ and assume that one of the following conditions holds. Then (3.5) is
satis�ed and, thus, the estimate (3.4) is valid.
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(a) There are a locally Lipschitz continuous function 𝛾 : ℝ𝑛 → ℝ𝑚2 as well as a closed set Ω ⊂ ℝ𝑚2

such that Γ2 is given by Γ2(𝑧) := 𝛾 (𝑧) − Ω for all 𝑧 ∈ ℝ𝑛 (an analogous statements holds if Γ1
admits such a representation).

(b) The variables 𝑧 can be decomposed as 𝑧 = (𝑧1, 𝑧2) ∈ ℝ𝑛1 ×ℝ𝑛2 . Furthermore, there are set-valued
mappings Γ̃1 : ℝ𝑛1 ⇒ ℝ𝑚1 and Γ̃2 : ℝ𝑛2 ⇒ ℝ𝑚2 as well as locally Lipschitz continuous functions
𝛾1 : ℝ𝑛2 → ℝ𝑚1 and 𝛾2 : ℝ𝑛1 → ℝ𝑚2 such that

∀𝑧 = (𝑧1, 𝑧2) ∈ ℝ𝑛1 ×ℝ𝑛2 : Γ1(𝑧) := Γ̃1(𝑧1) + 𝛾1(𝑧2), Γ2(𝑧) := Γ̃2(𝑧2) + 𝛾2(𝑧1).

We note that, in principle, the setting (a) can be viewed as an extreme case of setting (b) with 𝑛1 = 𝑛
and 𝑛2 = 0. Naturally, this does not �t formally, but one could regard a set as a set-valued mapping
from a zero-dimensional space and propose a suitable relation for its coderivative via the normal cone
to the set.
In the speci�c settings outlined above, we can, in fact, get equality in (3.4) instead of inclusion

if we strengthen the Lipschitzness of the single-valued parts to continuous di�erentiability, see [9,
Lemma 5.7].
Lemma 3.7. Fix (𝑧, (𝑤̄1, 𝑤̄2)) ∈ gph Γ. Then the following statements hold.

(a) Consider the setting (a) from Lemma 3.6 and assume that the function𝛾 is continuously di�erentiable.
Then we have

𝐷∗Γ(𝑧, (𝑤̄1, 𝑤̄2)) (𝜉1, 𝜉2) =
{
𝐷∗Γ1(𝑧, 𝑤̄1) (𝜉1) + ∇𝛾 (𝑧)>𝜉2 if 𝜉2 ∈ NΩ (𝛾 (𝑧) − 𝑤̄2),
∅ otherwise.

(b) Consider the setting (b) from Lemma 3.6 and assume that the functions 𝛾1 and 𝛾2 are continuously
di�erentiable. Then we have

𝐷∗Γ(𝑧, (𝑤̄1, 𝑤̄2)) (𝜉1, 𝜉2) =
(
𝐷∗Γ̃1(𝑧1, 𝑤̄1 − 𝛾1(𝑧2)) (𝜉1) + ∇𝛾2(𝑧1)>𝜉2
𝐷∗Γ̃2(𝑧2, 𝑤̄2 − 𝛾2(𝑧1)) (𝜉2) + ∇𝛾1(𝑧2)>𝜉1

)
.

Up to now, we discussed the auxiliary issue of how to guarantee metric subregularity of Υ̃, while
the main target is to justify the upper estimate for the coderivative of Γ. Later, we will also employ
metric subregularity of the product mapping Γ itself, which is, however, often a more di�cult issue.
We conclude the preliminary part by a simple result regarding how to ensure metric subregularity of
Γ from metric subregularity of its factors Γ1 and Γ2. Let us mention that there exists a much deeper
result by Klatte and Kummer, see [42, Theorem 3.6], on calmness of an intersection of mappings, which
can be equivalently stated in terms of metric subregularity of a product of mappings, and which has
several very interesting applications. In particular, since Υ̃ also has the structure of a product, it can be
utilized even in situations when (3.5) fails to hold. Moreover, as demonstrated in [1], it applies quite
nicely to the setting discussed in Section 2.1. Nevertheless, for the purposes of this paper, we will only
need the following result.
Lemma 3.8. Fix (𝑧, (𝑤̄1, 𝑤̄2)) ∈ gph Γ and assume that Γ𝑖 is metrically subregular at (𝑧, 𝑤̄𝑖) for 𝑖 = 1, 2
and, moreover, that the mapping Σ : ℝ𝑛 ⇒ ℝ𝑛 ×ℝ𝑛 given by

(3.6) ∀𝑧 ∈ ℝ𝑛 : Σ(𝑧) := (𝑧 − Γ−11 (𝑤̄1)) × (𝑧 − Γ−12 (𝑤̄2))

is metrically subregular at (𝑧, (0, 0)). Then Γ is metrically subregular at (𝑧, (𝑤̄1, 𝑤̄2)).
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Proof. By assumption, we �nd neighborhoods𝑈 ,𝑈1,𝑈2 ⊂ ℝ𝑛 of 𝑧 and reals 𝜅, 𝜅1, 𝜅2 > 0 satisfying

∀𝑧 ∈ 𝑈 : dist(𝑧, Σ−1(0, 0)) ≤ 𝜅 dist((0, 0), Σ(𝑧))

as well as
∀𝑧 ∈ 𝑈𝑖 : dist(𝑧, Γ−1𝑖 (𝑤̄𝑖)) ≤ 𝜅𝑖 dist(𝑤̄𝑖 , Γ𝑖 (𝑧))

for 𝑖 = 1, 2. Due to Γ−1(𝑤̄1, 𝑤̄2) = Σ−1(0, 0), we obtain

dist(𝑧, Γ−1(𝑤̄1, 𝑤̄2)) ≤ 𝜅
(
dist(𝑧, Γ−11 (𝑤̄1)) + dist(𝑧, Γ−12 (𝑤̄2))

)
≤ 𝜅max{𝜅1, 𝜅2} dist((𝑤̄1, 𝑤̄2), Γ(𝑧))

for each 𝑧 ∈ 𝑈 ∩𝑈1 ∩𝑈2, and this shows the claim. �

Since Σ from (3.6) has a simpler structure than Γ, its coderivative can be readily computed by
Lemma 3.7. Particularly, we note that metric regularity of Σ at (𝑧, (0, 0)) reads

NΓ−11 (𝑤̄1) (𝑧) ∩
(
−NΓ−12 (𝑤̄2) (𝑧)

)
= {0},

and, by metric subregularity of Γ𝑖 at (𝑧, 𝑤̄𝑖), 𝑖 = 1, 2, as well as the pre-image rule from Proposition 3.1,
the condition

rge𝐷∗Γ1(𝑧, 𝑤̄1) ∩ (− rge𝐷∗Γ2(𝑧, 𝑤̄2)) = {0}

is su�cient to guarantee its validity.

4 abstract analysis with and without implicit variables

In this section, we �rst address the relationship between the minimizers of (P) and (Q), respectively.
Afterwards, we will deal with the derivation of necessary optimality conditions and constraint quali�-
cations for (P) with the aid of limiting variational analysis. In order to infer optimality conditions in
terms of initial problem data (particularly, in terms of the generalized derivatives of 𝐹 and 𝐺), we use
the chain and product rule of coderivative calculus from Section 3.3. As we will see, the associated
assumptions for their respective application are valid in several practically relevant settings, which
shows that the essential constraint quali�cation boils down to one subregularity assumption. We close
the section with some brief remarks regarding su�ciency of the derived optimality conditions for
convex problems of type (P).

4.1 solution behavior

Here, we want to study the relationship between the local and global minimizers of (P) and (Q),
respectively. To this end, the intermediate mapping 𝐾 : ℝ𝑛 ⇒ ℝ𝑚 given by

∀𝑧 ∈ ℝ𝑛 : 𝐾 (𝑧) := {𝜆 ∈ 𝐹 (𝑧) | 0 ∈ 𝐺 (𝑧, 𝜆)}

will be of essential importance. Note that we have 𝑍 = 𝑀 ∩ dom𝐾 by de�nition.
Lemma 4.1. If 𝐹 is a locally bounded set-valued mapping, then 𝐻 possesses a closed graph.

Proof. Let {(𝑧𝑘 ,𝑤𝑘 )}𝑘∈ℕ ⊂ gph𝐻 be a sequence converging to some (𝑧, 𝑤̄) ∈ ℝ𝑛 × ℝ𝑠 . Then, by
de�nition of 𝐻 , for each 𝑘 ∈ ℕ, we �nd 𝜆𝑘 ∈ 𝐹 (𝑧𝑘 ) such that𝑤𝑘 ∈ 𝐺 (𝑧𝑘 , 𝜆𝑘 ) holds. Since 𝐹 is locally
bounded at 𝑧, {𝜆𝑘 }𝑘∈ℕ must be bounded. Thus, along a subsequence (without relabeling) it converges
to some 𝜆 ∈ ℝ𝑚 . Recalling that 𝐹 and 𝐺 are set-valued mappings with a closed graph, 𝜆 ∈ 𝐹 (𝑧) and
𝑤̄ ∈ 𝐺 (𝑧, 𝜆) follow, i.e., 𝑤̄ ∈ 𝐻 (𝑧) is obtained. This shows the closedness of gph𝐻 . �
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Exemplary, let us mention that in the setting of Section 2.1, the mapping 𝐹 is cone-valued and not
likely to be locally bounded. However, one can check that the associated mapping 𝐻 still possesses a
closed graph by closedness of the normal cone mapping associated with a convex set.

Subsequently, we discuss some properties of the mapping 𝐾 .
Lemma 4.2. The following assertions hold.

(a) The mapping 𝐾 possesses a closed graph.

(b) Fix 𝑧 ∈ dom𝐾 . If 𝐹 is locally bounded at 𝑧, then 𝐾 is inner semicompact at 𝑧 w.r.t. dom𝐾 .

Proof. Let us start with the proof of assertion (a). Let {(𝑧𝑘 , 𝜆𝑘 )}𝑘∈ℕ ⊂ gph𝐾 be chosen such that
𝑧𝑘 → 𝑧 and 𝜆𝑘 → 𝜆 hold. By de�nition, we have 𝜆𝑘 ∈ 𝐹 (𝑧𝑘 ) and 0 ∈ 𝐺 (𝑧𝑘 , 𝜆𝑘 ) for each 𝑘 ∈ ℕ. The
closedness of gph 𝐹 and gph𝐺 yields 𝜆 ∈ 𝐹 (𝑧) and 0 ∈ 𝐺 (𝑧, 𝜆), respectively. Hence, we have 𝜆 ∈ 𝐾 (𝑧),
i.e., gph𝐾 is closed.
In order to show (b), let {𝑧𝑘 }𝑘∈ℕ ⊂ dom𝐾 be chosen such that 𝑧𝑘 → 𝑧 holds. Then we �nd a sequence
{𝜆𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that 𝜆𝑘 ∈ 𝐾 (𝑧𝑘 ) holds for all 𝑘 ∈ ℕ. Noting that 𝐾 is locally bounded at 𝑧 since
𝐹 enjoys this property by assumption, {𝜆𝑘 }𝑘∈ℕ is bounded and possesses a convergent subsequence.
Thus, 𝐾 is inner semicompact at 𝑧 w.r.t. dom𝐾 . �

In the upcoming theorem, we take a look at the global minimizers of (P) and (Q).
Theorem 4.3.

(a) Let 𝑧 ∈ ℝ𝑛 be a global minimizer of (P). Then, for each 𝜆 ∈ 𝐾 (𝑧), (𝑧, 𝜆) is a global minimizer of
(Q).

(b) Let (𝑧, 𝜆) ∈ ℝ𝑛 ×ℝ𝑚 be a global minimizer of (Q). Then 𝑧 is a global minimizer of (P).

Proof. Both statements of the theorem follow from the observation that for given 𝑧 ∈ ℝ𝑛 , we have the
equivalences

𝑧 ∈ 𝑍 ⇐⇒ 𝑧 ∈ 𝑀 ∩ dom𝐾 ⇐⇒ ∃𝜆 ∈ ℝ𝑚 : (𝑧, 𝜆) ∈ 𝑍,

while the objective function of (Q) does not depend on the variable 𝜆. �

The above theorem shows that the relationship between (P) and (Q) is straight whenever global
minimizers are under consideration. Thus, whenever these problems actually do not possess local
minimizers which are not globally optimal, then (P) and (Q) are equivalent w.r.t. their minimizers in
the sense of Theorem 4.3.
Corollary 4.4. Consider the situation where 𝐹 and𝐺 are convex set-valued mappings. One can easily check
that this implies convexity of 𝐻 . Particularly, whenever 𝑓 is a convex function and𝑀 is a convex set, then
(P) and (Q) are both convex optimization problems (i.e., their objective function and feasible set are convex,
respectively) whose minimizers correspond to each other in the sense of Theorem 4.3.

A quite popular and nearby situation which is addressed by Corollary 4.4 arises in the context of
(conic) linear programming where slack variables are used to transfer a given problem instance into
standard normal form. It is well known that the original problem and its surrogate are equivalent w.r.t.
their minimizers.
Next, we investigate the relationship between local minimizers of (P) and (Q). As we will see, this

issue is much more delicate in comparison with the situation where globally optimal solutions of these
programs are under consideration.
Theorem 4.5.

(a) Let 𝑧 ∈ ℝ𝑛 be a local minimizer of (P). Then, for each 𝜆 ∈ 𝐾 (𝑧), (𝑧, 𝜆) is a local minimizer of (Q).
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(b) Let (𝑧, 𝜆) ∈ ℝ𝑛 ×ℝ𝑚 be a local minimizer of (Q) for each 𝜆 ∈ 𝐾 (𝑧). Furthermore, let 𝐾 be inner
semicompact at 𝑧 w.r.t. dom𝐾 . Then 𝑧 is a local minimizer of (P).

Proof. For the proof of (a), suppose that, for some local minimizer 𝑧 ∈ 𝑍 of (P), there is some 𝜆 ∈ 𝐾 (𝑧)
such that (𝑧, 𝜆) is not a local minimizer of (Q). Then there is a sequence {(𝑧𝑘 , 𝜆𝑘 )}𝑘∈ℕ ⊂ 𝑍 such
that 𝑧𝑘 → 𝑧, 𝜆𝑘 → 𝜆, and 𝑓 (𝑧𝑘 ) < 𝑓 (𝑧) holds for each 𝑘 ∈ ℕ. Since we have 𝑧𝑘 ∈ 𝑀 ∩ dom𝐾 by
de�nition of 𝐾 , 𝑧𝑘 is feasible to (P) for each 𝑘 ∈ ℕ. Thus, 𝑧 cannot be a local minimizer of (P) which is
a contradiction. This shows (a).
For the proof of (b), let (𝑧, 𝜆) ∈ ℝ𝑛 × ℝ𝑚 be a local minimizer of (Q) for each 𝜆 ∈ 𝐾 (𝑧) and let 𝐾 be
inner semicompact at 𝑧 w.r.t. dom𝐾 . From 𝑧 ∈ 𝑀 ∩ dom𝐾 we infer the feasibility of 𝑧 to (P). Suppose
now that 𝑧 is not a local minimizer of (P). Then we �nd a sequence {𝑧𝑘 }𝑘∈ℕ ⊂ 𝑍 such that 𝑧𝑘 → 𝑧

while 𝑓 (𝑧𝑘 ) < 𝑓 (𝑧) is satis�ed for all 𝑘 ∈ ℕ. From 𝑧𝑘 ∈ 𝑍 we deduce 𝑧𝑘 ∈ 𝑀 ∩ dom𝐾 for each 𝑘 ∈ ℕ.
Due to the inner semicompactness of 𝐾 at 𝑧 w.r.t. dom𝐾 , there are a subsequence {𝑧𝑘𝑙 }𝑙 ∈ℕ and a
sequence {𝜆𝑙 }𝑙 ∈ℕ ⊂ ℝ𝑚 converging to some 𝜆 ∈ ℝ𝑚 such that 𝜆𝑙 ∈ 𝐾 (𝑧𝑘𝑙 ) holds for all 𝑙 ∈ ℕ . Since
we have 𝑧𝑘𝑙 → 𝑧, we can deduce 𝜆 ∈ 𝐾 (𝑧) from the closedness of gph𝐾 , see Lemma 4.2. Thus, the
points from {(𝑧𝑘𝑙 , 𝜆𝑙 )}𝑙 ∈ℕ as well as (𝑧, 𝜆) are feasible to (Q). Since we have 𝑓 (𝑧𝑘𝑙 ) < 𝑓 (𝑧) for all 𝑙 ∈ ℕ,
(𝑧, 𝜆) cannot be a local minimizer of (Q). This, however, contradicts our assumptions. �

Naturally, when dealing with the reformulated problem (Q), one can hardly expect to �nd 𝑧 such that
(𝑧, 𝜆) is a local minimizer for all 𝜆 ∈ 𝐾 (𝑧). Typically, one simply �nds a point (𝑧, 𝜆) which is locally
optimal (even this is often too optimistic and one only gets a stationary point instead). This underlines
that the approach via problem (Q) is indeed quite far from ideal. The proof of the previous theorem
yields that the situation can be saved if the stronger inner semicontinuity of 𝐾 is assumed.
Corollary 4.6. Let (𝑧, 𝜆) ∈ ℝ𝑛 × ℝ𝑚 be a local minimizer of (Q) and let 𝐾 be inner semicontinuous at
(𝑧, 𝜆) w.r.t. dom𝐾 . Then 𝑧 is a local minimizer of (P).
Due to Lemma 4.2, the inner semicompactness of 𝐾 can be guaranteed via local boundedness of

𝐹 . In the context of bilevel programming, see Section 2.1, we already mentioned that the mapping
𝐹 does not enjoy this property. However, 𝐾 is the Lagrange multiplier mapping associated with the
lower level problem in this context, and the latter is known to be locally bounded under validity of the
Mangasarian–Fromovitz constraint quali�cation which, thus, implies its inner semicompactness as well.
Hence, Theorem 4.5 recovers the popular result [20, Theorem 3.2]. However, exploiting Proposition 3.3,
we are in position to weaken this constraint quali�cation such that the resulting multiplier mapping still
possesses the necessary inner semicompactness, i.e., we will keep the essential result of Theorem 4.5
in this case, see Section 5.1 for details.
Remark 4.7. We point out that, in several exemplary cases, the inner semicompactness assumption will
be automatically ful�lled (or will be a consequence of some initial assumption on the data, such as
validity of a constraint quali�cation for the lower level program in bilevel programming). In fact, even
a stronger form of inner semicompactness considered in Section 4.2 (i.e., inner semicompactness w.r.t.
another intermediate mapping) will hold true, see Section 5.1 as well.
Below, we illustrate that none of the assumptions which are necessary in order to identify a local

minimizer of (P) via local minimizers of (Q) can be dropped in Theorem 4.5.
Example 4.8.

(a) Let us consider the setting 𝑛 =𝑚 = 𝑠 = 1 with 𝑓 := id,

∀𝑧, 𝜆 ∈ ℝ : 𝐹 (𝑧) :=


{0} 𝑧 > 0,
{0, 1} 𝑧 = 0,
{1} 𝑧 < 0,

𝐺 (𝑧, 𝜆) := [−𝑧 − 𝜆,∞),
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as well as𝑀 := ℝ. Obviously, we have 𝑍 = [−1,∞), i.e., 𝑧 := −1 is the uniquely determined local
and global minimizer of the associated problem (P). It holds

∀𝑧 ∈ ℝ : 𝐾 (𝑧) =


{0} 𝑧 > 0,
{0, 1} 𝑧 = 0,
{1} 𝑧 ∈ [−1, 0),
∅ 𝑧 < −1.

At 𝑧 := 0, 𝐾 is inner semicompact w.r.t. dom𝐾 = 𝑍 . It can be easily checked that (𝑧, 0) is a local
minimizer of (Q) while (𝑧, 1) is not. Thus, assertion (b) of Theorem 4.5 does not generally hold
whenever the local optimality for (Q) cannot be guaranteed for all realizations of the implicit
variables in question.

(b) For 𝑛 =𝑚 = 𝑠 = 1, we set 𝑓 := id,

∀𝑧, 𝜆 ∈ ℝ : 𝐹 (𝑧) :=
{
{0} 𝑧 ≥ 0,
{−1/𝑧} 𝑧 < 0,

𝐺 (𝑧, 𝜆) := [−1, 1 + 𝑧],

as well as𝑀 := ℝ. Again, we �nd 𝑍 = [−1,∞), and 𝑧 := −1 is the uniquely determined local and
global minimizer of the associated problem (P). One easily computes

∀𝑧 ∈ ℝ : 𝐾 (𝑧) =


{0} 𝑧 ≥ 0,
{−1/𝑧} 𝑧 ∈ [−1, 0),
∅ 𝑧 < −1.

Let us consider 𝑧 := 0. At 𝑧, 𝐾 is not inner semicompact w.r.t. dom𝐾 . On the other hand, (𝑧, 0)
is a local minimizer of (Q) since for 𝑧 ↑ 0, we have 𝜆 → ∞ for any 𝜆 ∈ 𝐾 (𝑧). Consequently, we
cannot abstain from postulating inner semicompactness of 𝐾 in order to guarantee validity of
assertion (b) of Theorem 4.5.

The issues regarding the relationship between local minimizers of (P) and (Q) result from the fact
that the variable 𝜆 is equipped with a metric structure in (Q). This is quite natural when treating (Q)
as an optimization problem and forms the base for the derivation of necessary optimality conditions,
constraint quali�cations, and solution algorithms. In the context of bilevel optimization, the authors
of [58] used a di�erent approach by disregarding the metric structure w.r.t. the lower level Lagrange
multipliers in a reformulation of the bilevel programming problem which exploits the optimal value
function as well as the Karush–Kuhn–Tucker-conditions of the lower level problem simultaneously,
see [58, Proposition 3.1]. In the more general setting considered here, this amounts to saying that a
feasible point (𝑧, 𝜆) ∈ ℝ𝑛 ×ℝ𝑚 of (Q) is a local minimizer whenever there is a neighborhood 𝑈 ⊂ ℝ𝑛

of 𝑧 such that

(4.1) ∀(𝑧, 𝜆) ∈ 𝑍 ∩ (𝑈 ×ℝ𝑚) : 𝑓 (𝑧) ≤ 𝑓 (𝑧)

holds. One can easily check that whenever 𝑧 ∈ ℝ𝑛 is a local minimizer of (P), then, for each 𝜆 ∈ 𝐾 (𝑧),
(𝑧, 𝜆) is a local minimizer of (Q) in the sense of (4.1). Conversely, if (𝑧, 𝜆) ∈ ℝ𝑛×ℝ𝑚 is a local minimizer
of (Q) in the sense of (4.1), then 𝑧 is a local minimizer of (P). At the �rst glance, this approach seems to
solve all the issues observed in Theorem 4.5. However, it is completely unclear how local minimizers
of (Q) in the sense of (4.1) can be characterized or numerically identi�ed. In [58], the authors do
not comment on this shortcoming at all. Thus, although faced with the disadvantages carved out in
Theorem 4.5, we will stick to the classical notion of local optimality in (Q), i.e., we impose a metric
structure on 𝜆 there.

We conclude this section with a brief remark regarding su�cient optimality conditions.
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Remark 4.9. In optimization theory, su�cient optimality conditions generally imply local linear or
quadratic growth, i.e., they impose local isolatedness of the characterized minimizer. Now, consider a
local minimizer 𝑧 ∈ 𝑍 of (P). Even if it is a locally isolated minimizer of (P), this property fails to hold
for the respective local minimizer (𝑧, 𝜆) for each 𝜆 ∈ 𝐾 (𝑧) as soon as 𝐾 (𝑧) is a connected set which is
not a singleton since the objective of (Q) does not depend on the variable 𝜆. As a consequence, one
cannot rely on classical �rst- or second-order su�cient optimality conditions in order to characterize
the minimizers of (Q) as soon as𝐾 is multivalued. In the light of Theorem 4.5, it is, thus, di�cult to infer
local optimality of a feasible point of (P) via (Q). In the context of bilevel and cardinality-constrained
programming, this phenomenon has been mentioned recently in [47, Remark 4.21] and [16, Section 3.2],
respectively.

4.2 necessary optimality conditions

Here, we are going to investigate three notions of necessary optimality conditions of M-stationarity-
type for program (P). Two of them correspond to (standard) M-stationarity de�ned in De�nition 3.2
applied either directly to (P) or to its reformulation (Q), while the third notion o�ers conditions in
a completely explicit form. Without mentioning it again, we assume throughout the section that
gph𝐻 is (locally) closed. As we have seen in Lemma 4.1 this is inherent if 𝐹 is locally bounded, but
it also holds in far more general but practically relevant situations. In particular, gph𝐻 is locally
closed around (𝑧, 0) ∈ gph𝐻 if the mapping 𝐾 from (4.3) below is inner semicompact at (𝑧, 0) w.r.t.
dom𝐾 = gph𝐻 . For later use, let us de�ne set-valued mappings H : ℝ𝑛 × ℝ𝑚 ⇒ ℝ𝑚 × ℝ𝑠 and
ℌ : ℝ𝑛 ×ℝ𝑚 ⇒ ℝ𝑛+𝑚 ×ℝ𝑛+𝑚+𝑠 by means of

∀𝑧 ∈ ℝ𝑛, ∀𝜆 ∈ ℝ𝑚 : H(𝑧, 𝜆) :=
(
𝐹 (𝑧) − 𝜆
𝐺 (𝑧, 𝜆)

)
, ℌ(𝑧, 𝜆) :=

(
(𝑧, 𝜆) − gph 𝐹
(𝑧, 𝜆, 0) − gph𝐺

)
.

In order to incorporate the constraints 𝑧 ∈ 𝑀 , we will exploit the mappings 𝐻𝑀 : ℝ𝑛 ⇒ ℝ𝑠 × ℝ𝑛 ,
H𝑀 : ℝ𝑛 × ℝ𝑚 ⇒ ℝ𝑚 × ℝ𝑠 × ℝ𝑛 , as well as ℌ𝑀 : ℝ𝑛 × ℝ𝑚 ⇒ ℝ𝑛+𝑚 × ℝ𝑛+𝑚+𝑠 × ℝ𝑛 obtained from
𝐻 , H , and ℌ by adding (𝑧 −𝑀) as a component, i.e., we exemplary have 𝐻𝑀 (𝑧) := 𝐻 (𝑧) × (𝑧 −𝑀)
for all 𝑧 ∈ ℝ𝑛 . Observe that we have 𝑧 ∈ 𝑍 if and only if (0, 0) ∈ 𝐻𝑀 (𝑧) and (𝑧, 𝜆) ∈ 𝑍 if and only if
(0, 0, 0) ∈ H𝑀 (𝑧, 𝜆) if and only if ((0, 0), (0, 0, 0), 0) ∈ ℌ𝑀 (𝑧, 𝜆).
Definition 4.10. Let 𝑧 ∈ ℝ𝑛 be a feasible point of (P). Then 𝑧 is said to be

(i) implicitly M-stationary if there exists 𝜈 ∈ ℝ𝑠 such that

0 ∈ 𝜕𝑓 (𝑧) + 𝐷∗𝐻 (𝑧, 0) (𝜈) + N𝑀 (𝑧),

(ii) fuzzily M-stationary (or fuzzily M-stationary w.r.t. 𝜆) if there exist 𝜆 ∈ 𝐾 (𝑧), 𝜇 ∈ ℝ𝑚 , and 𝜈 ∈ ℝ𝑠

such that
(0, 0) ∈ 𝜕𝑓 (𝑧) × {0} + 𝐷∗H((𝑧, 𝜆), (0, 0)) (𝜇, 𝜈) + N𝑀 (𝑧) × {0}

holds, i.e., if (𝑧, 𝜆) is M-stationary for (Q),

(iii) explicitly M-stationary (or explicitly M-stationary w.r.t. 𝜆) if there exist 𝜆 ∈ 𝐾 (𝑧), 𝜇 ∈ ℝ𝑚 , and
𝜈 ∈ ℝ𝑠 such that

0 ∈ 𝜕𝑓 (𝑧) + 𝐷∗𝐹 (𝑧, 𝜆) (𝜇) + {𝜉 ∈ ℝ𝑛 | (𝜉, 𝜇) ∈ 𝐷∗𝐺 ((𝑧, 𝜆), 0) (𝜈)} + N𝑀 (𝑧) .

Proposition 3.1 now immediately provides constraint quali�cations for the above M-stationarity
notions.
Proposition 4.11. Let 𝑧 ∈ ℝ𝑛 be a local minimizer of (P). Then the following assertions hold.
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(a) If 𝐻𝑀 is metrically subregular at (𝑧, (0, 0)), then 𝑧 is implicitly M-stationary.

(b) IfH𝑀 is metrically subregular at ((𝑧, 𝜆), (0, 0, 0)) for some 𝜆 ∈ 𝐾 (𝑧), then 𝑧 is fuzzily M-stationary
w.r.t. 𝜆.

(c) If ℌ𝑀 is metrically subregular at ((𝑧, 𝜆), ((0, 0), (0, 0, 0), 0)) for some 𝜆 ∈ 𝐾 (𝑧), then 𝑧 is explicitly
M-stationary w.r.t. 𝜆.

Proof. Since 𝑧 is a local minimizer of (P), [48, Theorem 6.1] guarantees validity of

0 ∈ 𝜕𝑓 (𝑧) + N𝐻−1
𝑀
(0,0) (𝑧) .

Noting that for each 𝜆 ∈ 𝐾 (𝑧), (𝑧, 𝜆) is a local minimizer of (Q), see Theorem 4.5, [48, Theorem 6.1]
furthermore implies

(0, 0) ∈ 𝜕𝑓 (𝑧) × {0} + NH−1
𝑀
(0,0,0) (𝑧, 𝜆),(4.2a)

(0, 0) ∈ 𝜕𝑓 (𝑧) × {0} + Nℌ−1
𝑀
( (0,0),(0,0,0),0) (𝑧, 𝜆) .(4.2b)

For the proof of (a), we exploit the metric subregularity of 𝐻𝑀 at (𝑧, (0, 0)) and Proposition 3.1 in order
to �nd 0 ∈ 𝜕𝑓 (𝑧) + 𝐷∗𝐻𝑀 (𝑧, (0, 0)) (𝜈, 𝜉) for some 𝜈 ∈ ℝ𝑠 and 𝜉 ∈ ℝ𝑛 . Now, we can exploit assertion
(a) of Lemma 3.7 in order to �nd

𝐷∗𝐻𝑀 (𝑧, (0, 0)) (𝜈, 𝜉) =
{
𝐷∗𝐻 (𝑧, 0) (𝜈) + 𝜉 𝜉 ∈ N𝑀 (𝑧),
∅ otherwise,

and this shows that 𝑧 is implicitly M-stationary.
The proof for (b) works in analogous way exploiting (4.2a).
In order to verify statement (c), we �rst introduce a continuously di�erentiable single-valued mapping
𝔥𝑀 : ℝ𝑛 ×ℝ𝑚 → ℝ𝑛+𝑚 ×ℝ𝑛+𝑚+𝑠 ×ℝ𝑛 and a set Ω ⊂ ℝ𝑛+𝑚 ×ℝ𝑛+𝑚+𝑠 ×ℝ𝑛 by means of

∀𝑧 ∈ ℝ𝑛, ∀𝜆 ∈ ℝ𝑚 : 𝔥𝑀 (𝑧, 𝜆) := ((𝑧, 𝜆), (𝑧, 𝜆, 0), 𝑧), Ω := gph 𝐹 × gph𝐺 ×𝑀

and observe thatℌ𝑀 (𝑧, 𝜆) = 𝔥𝑀 (𝑧, 𝜆)−Ω holds for all𝑧 ∈ ℝ𝑛 and𝜆 ∈ ℝ𝑚 . Thus, themetric subregularity
of the feasibility mapping ℌ𝑀 at the reference point guarantees applicability of the pre-image rule, see
Section 3.2. Together with the product rule for the limiting normal cone, see [53, Proposition 6.41], we
obtain

Nℌ−1
𝑀
( (0,0),(0,0,0),0) (𝑧, 𝜆)
⊂ ∇𝔥𝑀 (𝑧, 𝜆)>NΩ (𝔥𝑀 (𝑧, 𝜆))
= ∇𝔥𝑀 (𝑧, 𝜆)>

(
Ngph 𝐹 (𝑧, 𝜆) × Ngph𝐺 (𝑧, 𝜆, 0) × N𝑀 (𝑧)

)
=

{
(𝜉1 + 𝜉2 + 𝜉3, 𝜇1 + 𝜇2)

�����∃𝜈 ∈ ℝ𝑠 : 𝜉1 ∈ 𝐷∗𝐹 (𝑧, 𝜆) (−𝜇1),
(𝜉2, 𝜇2) ∈ 𝐷∗𝐺 ((𝑧, 𝜆), 0) (𝜈), 𝜉3 ∈ N𝑀 (𝑧)

}
.

Now, the claim follows from (4.2b). �

Remark 4.12. Taking into account Lemma 3.8 as well as the fact that the simple mapping 𝑧 ⇒ 𝑧 −𝑀 is
trivially metrically subregular at all points of its graph, metric subregularity of 𝐻𝑀 at (𝑧, (0, 0)) can be
ensured by metric subregularity of𝐻 at (𝑧, 0) and metric subregularity of 𝑧 ⇒ (𝑧−𝐻−1(0)) × (𝑧−𝑀) at
(𝑧, (0, 0)). Note that the latter implies applicability of the intersection rule for the set 𝑍 = 𝐻−1

𝑀
(0, 0) =

𝐻−1(0) ∩𝑀 , namely
N𝐻−1

𝑀
(0,0) (𝑧) ⊂ N𝐻−1 (0) (𝑧) + N𝑀 (𝑧)

and, hence, combined with the metric subregularity of 𝐻 , also provides a constraint quali�cation for
implicit M-stationarity, see Proposition 3.1.
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Let us brie�y comment on how to ensure the above metric subregularity assumptions via su�cient
conditions in terms of coderivatives. Let 𝑧 ∈ ℝ𝑛 be a feasible point for (P) and let 𝜆 ∈ 𝐾 (𝑧) be chosen
arbitrarily.

(i) If, for all 𝜈 ∈ ℝ𝑠 and 𝜉 ∈ ℝ𝑛 , the implication

−𝜉 ∈ 𝐷∗𝐻 (𝑧, 0) (𝜈) ∩
(
− N𝑀 (𝑧)

)
=⇒ 𝜉, 𝜈 = 0

holds, then 𝐻𝑀 is metrically subregular at (𝑧, (0, 0)).

(ii) If, for all 𝜇 ∈ ℝ𝑚 , 𝜈 ∈ ℝ𝑠 , and 𝜉 ∈ ℝ𝑛 , the implication

(−𝜉, 0) ∈ 𝐷∗H((𝑧, 𝜆), (0, 0)) (𝜇, 𝜈), 𝜉 ∈ N𝑀 (𝑧) =⇒ 𝜉, 𝜇, 𝜈 = 0

holds, then H𝑀 is metrically subregular at ((𝑧, 𝜆), (0, 0, 0)).

(iii) If, for all 𝜁 ∈ ℝ𝑛 , 𝜇 ∈ ℝ𝑚 , 𝜈 ∈ ℝ𝑠 , and 𝜉 ∈ ℝ𝑛 , the implication

𝜁 ∈ 𝐷∗𝐹 (𝑧, 𝜆) (𝜇), (−𝜁 − 𝜉, 𝜇) ∈ 𝐷∗𝐺 ((𝑧, 𝜆), 0) (𝜈), 𝜉 ∈ N𝑀 (𝑧) =⇒ 𝜉, 𝜁 , 𝜇, 𝜈 = 0

holds, then ℌ𝑀 is metrically subregular at ((𝑧, 𝜆), ((0, 0), (0, 0, 0), 0)).

Observe that the above conditions correspond to the famous Mordukhovich criterion applied to the
respective situation at hand. This can be seen from statement (a) of Lemma 3.7, the sum rule for
coderivative calculus, see e.g. [48, Theorem 3.9], and the product rule for limiting normals, see [53,
Proposition 6.41]. Thus, the above conditions already imply metric regularity of the mappings 𝐻𝑀 ,
H𝑀 , and ℌ𝑀 at the respective point of interest. Weaker su�cient conditions for the presence of
metric subregularity in terms of limiting normal cones and coderivatives can exemplary be found in
[37, 38, 40, 60]. Even �ner su�cient conditions can be obtained using the directional limiting approach,
namely the �rst-order su�cient condition for metric subregularity from [30] or the directional pseudo-
and quasi-normality conditions from [3, 7]. For more details on the directional limiting approach in
variational analysis, we exemplary refer to [8, 33] and the references therein.

Next, we are going to compare the three approaches on how to come up with necessary optimality
conditions for (P). First, we look at the quali�cation conditions and, afterwards, we deal with the
stationarity conditions. For that purpose, let us de�ne another intermediate mapping𝐾 : ℝ𝑛×ℝ𝑠 ⇒ ℝ𝑚 ,
closely related to 𝐾 , given by

(4.3) ∀𝑧 ∈ ℝ𝑛, ∀𝑤 ∈ ℝ𝑠 : 𝐾 (𝑧,𝑤) := {𝜆 ∈ 𝐹 (𝑧) |𝑤 ∈ 𝐺 (𝑧, 𝜆)}.

Proposition 4.13. Let 𝑧 ∈ ℝ𝑛 be a feasible point of (P). Consider the following two assumptions:

(a) H𝑀 is metrically subregular at ((𝑧, 𝜆), (0, 0, 0)) for each 𝜆 ∈ 𝐾 (𝑧) and 𝐾 is inner semicompact at
(𝑧, 0) w.r.t. dom𝐾 ,

(b) H𝑀 is metrically subregular at ((𝑧, 𝜆), (0, 0, 0)) for some 𝜆 ∈ 𝐾 (𝑧) and 𝐾 is inner semicontinuous
at ((𝑧, 0), 𝜆) w.r.t. dom𝐾 .

Then each of the conditions (a) and (b) implies that 𝐻𝑀 is metrically subregular at (𝑧, (0, 0)).

Proof. Let us �rst show the statement under validity of (a). Suppose that𝐻𝑀 is not metrically subregular
at (𝑧, (0, 0)). Hence, for each 𝑘 ∈ ℕ, we �nd 𝑧𝑘 ∈ ℝ𝑛 and some𝑤𝑘 ∈ 𝐻 (𝑧𝑘 ) satisfying

dist(𝑧𝑘 , 𝑍 ) = dist(𝑧𝑘 , 𝐻−1
𝑀 (0, 0)) > 𝑘 dist((0, 0), 𝐻𝑀 (𝑧𝑘 )) = 𝑘 (‖𝑤𝑘 ‖ + dist(𝑧𝑘 , 𝑀))
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such that 𝑧𝑘 → 𝑧. Particularly,𝑤𝑘 → 0 follows. By de�nition of 𝐻 and 𝐾 , we have (𝑧𝑘 ,𝑤𝑘 ) ∈ dom𝐾

for each 𝑘 ∈ ℕ. The assumed inner semicompactness of 𝐾 at (𝑧, 0) w.r.t. dom𝐾 yields the existence of
a sequence {𝜆𝑘 }𝑘∈ℕ and some 𝜆 ∈ ℝ𝑚 such that 𝜆𝑘 → 𝜆 and 𝜆𝑘 ∈ 𝐾 (𝑧𝑘 ,𝑤𝑘 ) hold along a subsequence
(without relabeling). Recalling that 𝐹 and 𝐺 are mappings with closed graphs, the above convergences
yield 𝜆 ∈ 𝐹 (𝑧) and 0 ∈ 𝐺 (𝑧, 𝜆), i.e., 𝜆 ∈ 𝐾 (𝑧, 0) = 𝐾 (𝑧). Consequently, we obtain

dist((𝑧𝑘 , 𝜆𝑘 ),H−1
𝑀 (0, 0, 0)) = dist((𝑧𝑘 , 𝜆𝑘 ), 𝑍 ) ≥ dist(𝑧𝑘 , 𝑍 )

> 𝑘
(
‖𝑤𝑘 ‖ + dist(𝑧𝑘 , 𝑀)

)
≥ 𝑘

(
dist(0,𝐺 (𝑧𝑘 , 𝜆𝑘 )) + dist(𝑧𝑘 , 𝑀)

)
= 𝑘

(
dist(0, 𝐹 (𝑧𝑘 ) − 𝜆𝑘 ) + dist(0,𝐺 (𝑧𝑘 , 𝜆𝑘 )) + dist(𝑧𝑘 , 𝑀)

)
= 𝑘 dist((0, 0, 0),H𝑀 (𝑧𝑘 , 𝜆𝑘 )),

showing thatH𝑀 is not metrically subregular at ((𝑧, 𝜆), (0, 0, 0)). This, however, contradicts the propo-
sition’s assumptions from (a).
The proof works similarly under validity of (b) observing that the sequence {𝜆𝑘 }𝑘∈ℕ can be chosen to
be convergent to the �xed implicit variable 𝜆 ∈ 𝐾 (𝑧, 0) by inner semicontinuity of 𝐾 w.r.t. dom𝐾 at
((𝑧, 0), 𝜆). �

Proposition 4.14. Let 𝑧 ∈ ℝ𝑛 be a feasible point of (P) and �x 𝜆 ∈ 𝐾 (𝑧). Assume that ℌ𝑀 is metrically
subregular at ((𝑧, 𝜆), ((0, 0), (0, 0, 0), 0)). Then H𝑀 is metrically subregular at ((𝑧, 𝜆), (0, 0, 0)).

Proof. The proof follows easily from H−1
𝑀
(0, 0, 0) = ℌ−1

𝑀
((0, 0), (0, 0, 0), 0) = 𝑍 , together with the

simple estimates

∀ (𝑧, 𝜆′) ∈ gph 𝐹, ∀𝜆 ∈ ℝ𝑚 : dist((𝑧, 𝜆), gph 𝐹 ) ≤ ‖𝜆 − 𝜆′‖ ,
∀ ((𝑧, 𝜆),𝑤) ∈ gph𝐺 : dist(((𝑧, 𝜆), 0), gph𝐺) ≤ ‖𝑤 ‖

which yield that dist(((0, 0), (0, 0, 0), 0),ℌ𝑀 (𝑧, 𝜆)) ≤ dist((0, 0, 0),H𝑀 (𝑧, 𝜆)) holds. �

Next, we investigate the relationship between the three stationarity notions from De�nition 4.10 in
more detail. Let us �rst address the relationship between fuzzy and explicit M-stationarity.
Remark 4.15. Lemmas 3.5 to 3.7 yield that, under suitable conditions, the coderivative ofH at some
point ((𝑧, 𝜆), (0, 0)) of its graph can be estimated or computed via its components, i.e.,

(Inc(𝜆)) 𝐷∗H((𝑧, 𝜆), (0, 0)) (𝜇, 𝜈) ⊂ 𝐷∗𝐹 (𝑧, 𝜆) (𝜇) × {−𝜇} + 𝐷∗𝐺 ((𝑧, 𝜆), 0) (𝜈)

for all 𝜇 ∈ ℝ𝑚 and 𝜈 ∈ ℝ𝑠 . A su�cient condition for validity of (Inc(𝜆)) is given by

𝜉 ∈ 𝐷∗𝐹 (𝑧, 𝜆) (0), (−𝜉, 0) ∈ 𝐷∗𝐺 ((𝑧, 𝜆), 0) (0) =⇒ 𝜉 = 0,

see Lemma 3.5, and this is inherent if either 𝐹 possesses the Aubin property at (𝑧, 𝜆) or 𝐺 possesses
the Aubin property at ((𝑧, 𝜆), 0). Another situation where (Inc(𝜆)) naturally holds is given in the case
where 𝐹 and𝐺 are polyhedral set-valued mappings. Note that (Inc(𝜆)) does not hold for free in general
due to fact that the variable 𝑧 enters both set-valued parts 𝐹 and 𝐺 . Combining validity of (Inc(𝜆))
with simple computations provides conditions that guarantee that fuzzy M-stationarity implies or
even coincides with explicit M-stationarity. We will show in Section 4.3 that the latter is automatically
ful�lled for all of our example problems from Section 2, so we skip further details and consider these
two notions to be basically identical.
Let us now tackle the more interesting question when an implicitly M-stationary point is fuzzily

or explicitly M-stationary as well. The latter question can be easily answered by the chain rule since
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𝐻 (𝑧) = (𝐺 ◦ 𝐹 ) (𝑧) holds for all 𝑧 ∈ ℝ𝑛 where 𝐹 : ℝ𝑛 ⇒ ℝ𝑛 ×ℝ𝑚 is the set-valued mapping given by
𝐹 (𝑧) := {𝑧} × 𝐹 (𝑧) for all 𝑧 ∈ ℝ𝑛 . Taking into account that

𝐷∗𝐹 (𝑧, (𝑧, 𝜆)) (𝜉, 𝜇) = 𝜉 + 𝐷∗𝐹 (𝑧, 𝜆) (𝜇)

holds by Lemma 3.7 (a), Lemma 3.4 immediately yields the following result.
Proposition 4.16. Let 𝑧 ∈ ℝ𝑛 be an implicitly M-stationary point for (P). Then 𝑧 is explicitly M-stationary
provided the mapping

(4.4) (𝑧,𝑤) ⇒ 𝐹 (𝑧) ∩𝐺−1(𝑤) = {(𝑧, 𝜆) | 𝜆 ∈ 𝐹 (𝑧), 𝑤 ∈ 𝐺 (𝑧, 𝜆)}

is inner semicompact at (𝑧, 0) w.r.t. its domain while the mapping

(4.5) (𝑧,𝑤, 𝑞, 𝜆) ⇒
(
𝑧 − 𝑞, 𝐹 (𝑧) − 𝜆,𝐺 (𝑞, 𝜆) −𝑤

)
is metrically subregular at ((𝑧, 0, 𝑧, 𝜆), (0, 0, 0)) for each 𝜆 ∈ 𝐾 (𝑧).
On the other hand, using the intermediate mapping 𝐾 from (4.3), one obtains

gph𝐻 = dom𝐾, gph𝐾 = Ĥ−1(0, 0)

for the feasibility mapping Ĥ : ℝ𝑛 ×ℝ𝑠 ×ℝ𝑚 ⇒ ℝ𝑚 ×ℝ𝑠 given by

(4.6) ∀𝑧 ∈ ℝ𝑛, ∀𝑤 ∈ ℝ𝑠 , ∀𝜆 ∈ ℝ𝑚 : Ĥ (𝑧,𝑤, 𝜆) :=
(
𝐹 (𝑧) − 𝜆

𝐺 (𝑧, 𝜆) −𝑤

)
= H(𝑧, 𝜆) −

(
0
𝑤

)
.

Keeping Lemma 3.4 and the subsequently stated remarks in mind, the coderivative of 𝐻 can be
estimated via the coderivative of Ĥ under suitable assumptions. More precisely, for (𝑎, 𝑏) satisfying
𝑎 ∈ 𝐷∗𝐻 (𝑧, 0) (𝑏), the above approach yields the existence of 𝜆 ∈ 𝐾 (𝑧) together with 𝜇 ∈ ℝ𝑚 and
𝜈 ∈ ℝ𝑠 such that

(𝑎,−𝑏, 0) ∈ 𝐷∗Ĥ ((𝑧, 0, 𝜆), (0, 0)) (𝜇, 𝜈).

Consequently, the decoupled sum rule from [9, Section 5.4] implies that the relations 𝜈 = 𝑏 and
(𝑎, 0) ∈ 𝐷∗H((𝑧, 𝜆), (0, 0)) (𝜇, 𝜈) need to hold, and for the particular choice 𝑎 ∈ −𝜕𝑓 (𝑧) − N𝑀 (𝑧), we
end up with fuzzy M-stationarity.

We summarize these observations in the subsequent proposition.
Proposition 4.17. Let𝑧 ∈ ℝ𝑛 be an implicitlyM-stationary point of (P). Assume that𝐾 is inner semicompact
at (𝑧, 0) w.r.t. dom𝐾 , and let Ĥ be metrically subregular at ((𝑧, 0, 𝜆), (0, 0)) for each 𝜆 ∈ 𝐾 (𝑧). Then 𝑧 is
fuzzily M-stationary. Moreover, 𝑧 is also explicitly M-stationary if (Inc(𝜆)) holds for each 𝜆 ∈ 𝐾 (𝑧).
The metric subregularity assumption in Proposition 4.17 can again be replaced by the stronger

Mordukhovich criterion.
Corollary 4.18. Let 𝑧 ∈ ℝ𝑛 be an implicitly M-stationary point for (P). Let 𝐾 be inner semicompact at
(𝑧, 0) w.r.t. dom𝐾 .

(a) Assume that, for each 𝜆 ∈ 𝐾 (𝑧), the constraint quali�cation

(4.7) (0, 0) ∈ 𝐷∗H((𝑧, 𝜆), (0, 0)) (𝜇, 0) =⇒ 𝜇 = 0

holds, which is inherent whenever H is metrically regular at ((𝑧, 𝜆), (0, 0)). Then 𝑧 is fuzzily
M-stationary. If, additionally, (Inc(𝜆)) holds for each 𝜆 ∈ 𝐾 (𝑧), then 𝑧 is explicitly M-stationary.
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(b) Assume that (Inc(𝜆)) holds for each 𝜆 ∈ 𝐾 (𝑧) and let

(4.8) 𝜉 ∈ 𝐷∗𝐹 (𝑧, 𝜆) (𝜇), (−𝜉, 𝜇) ∈ 𝐷∗𝐺 ((𝑧, 𝜆), 0) (0) =⇒ 𝜇 = 0

be valid for each 𝜆 ∈ 𝐾 (𝑧) which is inherent whenever 𝐺 posseses the Aubin property at ((𝑧, 𝜆), 0)
for each 𝜆 ∈ 𝐾 (𝑧). Then 𝑧 is explicitly M-stationary.

(c) Assume that

(4.9) 𝜉 ∈ 𝐷∗𝐹 (𝑧, 𝜆) (𝜇), (−𝜉, 𝜇) ∈ 𝐷∗𝐺 ((𝑧, 𝜆), 0) (0) =⇒ 𝜉, 𝜇 = 0

is valid for each 𝜆 ∈ 𝐾 (𝑧) which is inherent whenever 𝐺 posseses the Aubin property at ((𝑧, 𝜆), 0)
for each 𝜆 ∈ 𝐾 (𝑧). Then 𝑧 is explicitly M-stationary.

Proof. Let us start with the proof of statement (a). The relation between the coderivatives ofH and
Ĥ , which has been discussed above Proposition 4.17, yields

ker𝐷∗Ĥ ((𝑧, 0, 𝜆), (0, 0)) =
{
(𝜇, 0)

�� (𝜇, 0) ∈ ker𝐷∗H((𝑧, 𝜆), (0, 0))
}

for each 𝜆 ∈ 𝐾 (𝑧). Thus, the constraint quali�cation (4.7) implies metric regularity of Ĥ at the point
((𝑧, 0, 𝜆), (0, 0)) for each 𝜆 ∈ 𝐾 (𝑧) by means of the Mordukhovich criterion. Thus, the assertion follows
from Proposition 4.17. For the proof of (b), we observe that due to validity of (Inc(𝜆)) for each 𝜆 ∈ 𝐾 (𝑧),
(4.8) implies (4.7) for each 𝜆 ∈ 𝐾 (𝑧), i.e., the assertion follows from statement (a). Finally, (c) follows
from (b) observing that (4.9) implies validity of (4.8) as well as (Inc(𝜆)) by means of Remark 4.15. �

Let us mention that, in general, explicitly M-stationary points do not need to be implicitly M-
stationary, see e.g. Section 5.3 and [44, Section 4] where this issue is visualized in the context of
cardinality- and or-constrained programming, respectively.

As a consequence of Propositions 4.11, 4.16 and 4.17, we obtain the following constraint quali�cations
which guarantee that a given local minimizer of (P) is explicitly M-stationary.
Theorem 4.19. Let 𝑧 ∈ ℝ𝑛 be a local minimizer of (P) and consider the following assumptions:

(a) 𝐻𝑀 is metrically subregular at (𝑧, (0, 0)), 𝐾 is inner semicompact at (𝑧, 0) w.r.t. dom𝐾 , and for
each 𝜆 ∈ 𝐾 (𝑧), Ĥ is metrically subregular at ((𝑧, 0, 𝜆), (0, 0)) while the inclusion (Inc(𝜆)) holds,

(b) 𝐻𝑀 is metrically subregular at (𝑧, (0, 0)), the mapping de�ned in (4.4) is inner semicompact at
(𝑧, 0) w.r.t. its domain, and for each 𝜆 ∈ 𝐾 (𝑧), the mapping de�ned in (4.5) is metrically subregular
at ((𝑧, 0, 𝑧, 𝜆), (0, 0, 0)),

(c) H𝑀 is metrically subregular at ((𝑧, 𝜆), (0, 0, 0)) for some 𝜆 ∈ 𝐾 (𝑧) and the inclusion (Inc(𝜆)) holds,

(d) ℌ𝑀 is metrically subregular at ((𝑧, 𝜆), ((0, 0), (0, 0, 0), 0)) for some 𝜆 ∈ 𝐾 (𝑧).

Then each of (a), (b), (c), and (d) implies that 𝑧 is explicitly M-stationary.

Once more, let us emphasize that validity of the inclusion (Inc(𝜆)) can be guaranteed under not too
restrictive conditions which can be found in Lemmas 3.6 and 3.7, see Remark 4.15 as well.
In Section 4.3, we will see that the most essential ingredients from Theorem 4.19 are the metric

subregularity assumptions on 𝐻𝑀 , H𝑀 , and ℌ𝑀 , respectively, while the other requirements can often
be guaranteed by simpler structure of the problem or by suitable quali�cation conditions.

A general purpose of necessary optimality conditions is to shrink the feasible set down to a (hopefully)
small number of points which are potential candidates for local minimizers. Since we are interested
in �nding local minimizers 𝑧 ∈ ℝ𝑛 of (P) even if (Q) is under consideration, Theorem 4.5 underlines
that validity of explicit M-stationarity w.r.t. each 𝜆 ∈ 𝐾 (𝑧) is desirable for that purpose since this
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corresponds to standard M-stationarity for (Q) at its local minimizers (𝑧, 𝜆) under mild assumptions,
see Remark 4.15 again. In order to infer this directly from (Q), one has to impose metric subregularity of
ℌ𝑀 at all points ((𝑧, 𝜆), ((0, 0), (0, 0, 0), 0)) such that 𝜆 ∈ 𝐾 (𝑧) holds. Postulating that the intermediate
mapping𝐾 from (4.3) is inner semicompactw.r.t. dom𝐾 at (𝑧, 0) (which is inherent in several underlying
applications), Propositions 4.13 and 4.14 guarantee that 𝐻𝑀 is metrically subregular at (𝑧, (0, 0)). Due
to Proposition 4.11, this is already enough to ensure that the local minimizer 𝑧 of (P) is implicitly
M-stationary. In this regard, the constraint quali�cations one has to impose on (Q) in order to �nd
potential candidates for local minimizers of (P) via the associated M-stationarity conditions are in
several situations notweaker than the constraint quali�cations one has to impose directly on (P) in order
to infer implicitM-stationarity as a necessary optimality condition. In the context of bilevel optimization,
the counterexamples in [1, Section 3.1] depict that the converse statement of Proposition 4.13 does not
hold in general. This also shows that, in some situations, the conditions in statement (a) of Theorem 4.19
might be weaker than the condition from statement (d) (but for all 𝜆 ∈ 𝐾 (𝑧)) in this regard. Let us sum
up some important points:

(i) it may happen that 𝑧 is implicitly M-stationary while it is not explicitly M-stationary w.r.t. all
elements of 𝐾 (𝑧) (in case where the chain rule is applicable in order to compute the coderivative
of𝐻 , one can only ensure explicit M-stationarity w.r.t. those implicit variables which are active in
the union appearing in the chain rule), however, under mild assumptions, explicit M-stationarity
for some instance of the implicit variable can be derived,

(ii) if 𝑧 is a local minimizer of (P), then due to Theorem 4.5, explicit M-stationarity w.r.t. all ele-
ments of 𝐾 (𝑧) is a reasonable necessary optimality condition for (P) (under suitable constraint
quali�cations), and

(iii) the constraint quali�cations needed to infer implicit M-stationarity of a local minimizer 𝑧 of
(P) (𝐻𝑀 metrically subregular at some reference point) and to obtain explicit M-stationarity
from that, see Propositions 4.16 and 4.17 as well as Corollary 4.18, might still be weaker than the
constraint quali�cations needed to infer explicit M-stationarity w.r.t. all 𝜆 ∈ 𝐾 (𝑧) directly from
(Q).

These observations underline that although the use of implicit variables as explicit ones might be
bene�cial for computational purposes, this transformation is disadvantageous since it comes for the
price of additional arti�cial local minimizers and potentially stronger constraint quali�cations. Instead
of treating implicit variables as explicit ones, one should keep them implicit while exploiting the
inherent underlying problem structure as long as possible in order to infer reasonably weak constraint
quali�cations ensuring validity of useful necessary optimality conditions at local minimizers.

Let us mention some positive features of implicit variables regarding optimality conditions. Clearly,
whenever we are given some 𝑧 ∈ ℝ𝑛 feasible to (P) and some 𝜆̃ ∈ 𝐾 (𝑧) such that ℌ𝑀 is metrically
subregular at ((𝑧, 𝜆̃), ((0, 0), (0, 0, 0), 0)) while 𝑧 is not explicitly M-stationary w.r.t. 𝜆̃, then 𝑧 cannot
be a local minimizer of (P), see Proposition 4.11. This means that implicit variables can be used to infer
suboptimality conditions for (P). Secondly, let us mention that it might happen that a practically useful
representation of the coderivative of 𝐻 is not available for some underlying applications while the
computation of the coderivative of 𝐹 and 𝐺 might be possible in terms of initial problem data, see e.g.
Section 5.2. Then the explicit M-stationarity conditions of (P) might be applicable while the implicit
counterpart is of limited practical use. Of course, under rather mild assumptions one can estimate the
coderivative of 𝐻 via the coderivatives of 𝐹 and 𝐺 , but this is not completely for free in general.

4.3 necessary optimality conditions under additional structural assumptions

In this section, we show how the situation from Section 4.2 simpli�es in speci�c settings that cover
our example problems from Section 2. To this end, we impose that the following assumption on the
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problem data holds throughout the section.
Assumption 4.20. The set gph𝐻 is closed, and the problem data satis�es one of the following assump-
tions on the set-valued mapping 𝐺 :

(i) 𝐺 (𝑧, 𝜆) := 𝑔(𝑧, 𝜆) −Θ holds for all 𝑧 ∈ ℝ𝑛 and 𝜆 ∈ ℝ𝑚 where 𝑔 : ℝ𝑛×ℝ𝑚 → ℝ𝑠 is a continuously
di�erentiable function and Θ ⊂ ℝ𝑠 is a closed set,

(ii) 𝐺 (𝑧, 𝜆) := 𝐺 (𝜆) + 𝑔(𝑧) holds for all 𝑧 ∈ ℝ𝑛 and 𝜆 ∈ ℝ𝑚 where 𝐺 : ℝ𝑚 ⇒ ℝ𝑠 is a set-valued
mapping with a closed graph and 𝑔 : ℝ𝑛 → ℝ𝑠 is a continuously di�erentiable function.

Let us point out that (i) covers the setting of bilevel programming from (2.1) as well as the setting of
cardinality-constrained optimization from (2.5), while (ii) covers the setting of evaluated multiobjective
programming from (2.2).

Statements (a) and (b) of Lemma 3.7 yield that the inclusion (Inc(𝜆)) holds with equality under any
of the assumptions (i) or (ii). Thus, due to Remark 4.15, fuzzy M-stationarity in fact coincides with
explicit M-stationarity and so we can work only with the latter. Particularly, we will only consider
the implicit and explicit M-stationarity conditions with the respective constraint quali�cation being
metric subregularity of 𝐻𝑀 and H𝑀 .
For the remaining part, let us add the inner semicompactness of 𝐾 w.r.t. dom𝐾 at (𝑧, 0) for some

feasible point𝑧 ∈ ℝ𝑛 of (P) to the standing assumption. Then the comparison of themetric subregularity
conditions reduces to simply saying that 𝐻𝑀 is metrically subregular at (𝑧, (0, 0)) provided H𝑀 is
metrically subregular at ((𝑧, 𝜆), (0, 0, 0)) for all 𝜆 ∈ 𝐾 (𝑧), see Proposition 4.13.

Finally,we discuss when implicitM-stationarity implies explicit M-stationarity. Again, the statements
(a) and (b) of Lemma 3.7 show that there is now no problem with the computation of the coderivative
of the mapping H and the same applies to the mapping Ĥ from (4.6) due to the arguments above
Proposition 4.17. Particularly, we infer that Ĥ is metrically regular at ((𝑧, 0, 𝜆), (0, 0)) for 𝜆 ∈ 𝐾 (𝑧) if
and only if the constraint quali�cation (4.8) is valid. One can check that the latter is inherently satis�ed
in the setting (i) since 𝐺 possesses the Aubin property in this case. If (ii) holds, (4.8) boils down to

ker𝐷∗𝐹 (𝑧, 𝜆) ∩ 𝐷∗𝐺 (𝜆,−𝑔(𝑧)) (0) = {0}.

We sum up all these arguments in the following proposition.
Proposition 4.21. Let 𝑧 ∈ ℝ𝑛 be implicitly M-stationary for problem (P) and let 𝐾 be inner semicompact
w.r.t. dom𝐾 at (𝑧, 0). Then the following assertions hold.

(a) Let 𝐺 be given as stated in (i). Then 𝑧 is explicitly M-stationary, i.e., there exist 𝜆 ∈ 𝐾 (𝑧) and
𝜈 ∈ NΘ(𝑔(𝑧, 𝜆)) such that

0 ∈ 𝜕𝑓 (𝑧) + 𝐷∗𝐹 (𝑧, 𝜆) (∇𝜆𝑔(𝑧, 𝜆)>𝜈) + ∇𝑧𝑔(𝑧, 𝜆)>𝜈 + N𝑀 (𝑧) .

(b) Let 𝐺 be given as stated in (ii) and let Ĥ be metrically subregular at ((𝑧, 0, 𝜆), (0, 0)) for each
𝜆 ∈ 𝐾 (𝑧). Then 𝑧 is explicitly M-stationary, i.e., there exist 𝜆 ∈ 𝐾 (𝑧) and 𝜈 ∈ ℝ𝑠 such that

0 ∈ 𝜕𝑓 (𝑧) +
(
𝐷∗𝐹 (𝑧, 𝜆) ◦ 𝐷∗𝐺 (𝜆,−𝑔(𝑧))

)
(𝜈) + ∇𝑔(𝑧)>𝜈 + N𝑀 (𝑧) .

The above proposition shows that in the setting (i) from Assumption 4.20, one only has to impose
metric subregularity of 𝐻𝑀 at some reference point (𝑧, (0, 0)), where 𝑧 is a local minimizer of (P), and
some inner semicompactness of 𝐾 in order to come up with fully explicit optimality conditions in
terms of initial problem data. In the setting (ii), an additional metric subregularity requirement on Ĥ
is necessary for that purpose. As we will see, inner semicompactness of 𝐾 is inherent under reasonable
assumptions in the context of the problem settings from Section 2. Thus, one might be tempted to say
that in any of the settings from Assumption 4.20, an implicitly M-stationary point of (P) is likely to be
explicitly M-stationary w.r.t. at least one choice of the implicit variable.
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4.4 convexity and sufficient optimality conditions

We want to close our theoretical analysis of the abstract model (P) with a brief look at su�cient
optimality conditions in the presence of convexity. More precisely, we investigate the problem of
interest under the subsequently stated standing assumption.
Assumption 4.22. Let 𝑓 be a convex function, let 𝐹 and𝐺 be convex set-valued mappings, and let𝑀 be
a convex set.
As we already mentioned in Corollary 4.4, Assumption 4.22 ensures that 𝐻 is convex as well.

Observing that the graphs of 𝐹 ,𝐺 , and 𝐻 are convex, their coderivatives are given via the normal cone
in the sense of convex analysis. That is why we obtain the following result.
Theorem 4.23. Let 𝑧 ∈ ℝ𝑛 be an implicitly, fuzzily, or explicitly M-stationary point of (P). Then 𝑧 is a
minimizer of (P).

Proof. We only show the statement for explicitly M-stationary points. The remaining assertions can
be derived similarly.
Let 𝑧 be explicitly M-stationary. Then we �nd 𝜆 ∈ 𝐾 (𝑧), 𝜇 ∈ ℝ𝑚 , and 𝜈 ∈ ℝ𝑠 as well as 𝜉1 ∈ 𝜕𝑓 (𝑧),
𝜉2 ∈ 𝐷∗𝐹 (𝑧, 𝜆) (𝜇), (𝜉3, 𝜇) ∈ 𝐷∗𝐺 ((𝑧, 𝜆), 0) (𝜈), and 𝜉4 ∈ N𝑀 (𝑧) with 0 = 𝜉1 + 𝜉2 + 𝜉3 + 𝜉4. For each
(𝑧, 𝜆) ∈ 𝑍 , we obtain

𝑓 (𝑧) ≥ 𝑓 (𝑧) + 𝜉>1 (𝑧 − 𝑧) = 𝑓 (𝑧) − 𝜉>2 (𝑧 − 𝑧) − 𝜉>3 (𝑧 − 𝑧) − 𝜉>4 (𝑧 − 𝑧)
≥ 𝑓 (𝑧) − 𝜉>2 (𝑧 − 𝑧) − (−𝜇)>(𝜆 − 𝜆) − 𝜉>3 (𝑧 − 𝑧) − 𝜇>(𝜆 − 𝜆) − (−𝜈)>(0 − 0)
≥ 𝑓 (𝑧)

by de�nition of the subdi�erential and the normal cone in the sense of convex analysis. This shows
that (𝑧, 𝜆) is a global minimizer of (Q), i.e., 𝑧 is a global minimizer of (P) due to Theorem 4.3. �

5 consequences for certain problem classes

In this section, we discuss some of the results obtained in Section 4 by means of the example problems
introduced in Section 2.

5.1 bilevel programming

In this section, we take a look back at the bilevel programming problem (BPP) from Section 2.1.
Throughout the section, the following additional standing assumption may hold.
Assumption 5.1. The lower level feasibility mapping 𝑦 ⇒ 𝑔(𝑦) −𝐶 is metrically subregular at all points
(𝑦, 0) belonging to its graph.
Clearly, the requirements from Assumption 5.1 are inherent whenever a Robinson-type constraint

quali�cation holds at all lower level feasible points. In case 𝐶 := ℝ𝑚
− , this amounts to validity of

MFCQ at all points from Γ. However, in many situations, the metric subregularity assumption from
Assumption 5.1 might be weaker.

Consulting Section 3.2 and [53, Theorem 6.14], we �nd that the pre-image formula

N̂Γ (𝑦) = ∇𝑔(𝑦)>N̂𝐶 (𝑔(𝑦)) = ∇𝑔(𝑦)>
[
𝐶◦ ∩ 𝑔(𝑦)⊥

]
holds for all 𝑦 ∈ Γ. Thus, the associated intermediate mapping 𝐾 : ℝ𝑛1 ×ℝ𝑛2 ⇒ ℝ𝑚 is given by

𝐾 (𝑥, 𝑦) =
{
𝜆 ∈ 𝐶◦ ��∇𝑦 𝑗 (𝑥, 𝑦) + ∇𝑔(𝑦)>𝜆 = 0, 𝜆>𝑔(𝑦) = 0

}
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which is nothing else but the so-called Lagrange multiplier mapping associated with (LL). Keeping
Proposition 3.3 and the continuity of ∇𝑦 𝑗 (·, ·) in mind, 𝐾 is inner semicompact w.r.t. its domain
everywhere. Thus, our Theorems 4.3 and 4.5 recover the results obtained in [20, 22] under validity of
weaker constraint quali�cations at the lower level. Indeed,we do not exploit the local boundedness of the
intermediate mapping𝐾 , whichwas the key idea in the latter papers, but only its inner semicompactness.
For that purpose, metric subregularity of the feasibility mapping is enough. Let us inspect the assertion
of Corollary 4.6 in the light of the present setting. Therefore, we �x a point ((𝑥, 𝑦), 𝜆) ∈ gph𝐾 .
Relying on [14, Lemma 4.44, Proposition 4.47] and observing that𝐶 is a cone, we obtain that 𝐾 is inner
semicontinuous at ((𝑥, 𝑦), 𝜆) if the condition

(5.1) ∇𝑔(𝑦)>𝜆 = 0, 𝜆>𝑔(𝑦) = 0, 𝜆 ∈ (𝐶 ∩ 𝜆⊥)◦ =⇒ 𝜆 = 0

is valid. Actually, this already implies 𝐾 (𝑥, 𝑦) = {𝜆} and that 𝐾 is so-called locally upper Lipschitz
continuous at (𝑥, 𝑦), see [14, Section 2.3] for a de�nition. In general, (5.1) is more restrictive than
validity of GMFCQ at 𝑦 . Noting that (5.1) depends on the multiplier 𝜆 and, thus, implicitly on the
objective function 𝑗 , this condition is not a constraint quali�cation in the narrower sense. In the
setting of standard nonlinear programming, i.e., where 𝐶 := ℝ𝑚

− holds, (5.1) is referred to as the strict
Mangasarian–Fromovitz condition which is known to be the weakest condition implying uniqueness of
Lagrange multipliers, see [55]. In the more general setting where 𝐶 is a polyhedral, convex cone, (5.1)
is implied by the so-called non-degeneracy condition

∇𝑔(𝑦)>𝜆 = 0, 𝜆 ∈
(
𝐶◦ ∩ 𝑔(𝑦)⊥ −𝐶◦ ∩ 𝑔(𝑦)⊥

)
=⇒ 𝜆 = 0

which corresponds to the prominent linear independence constraint quali�cation (LICQ) in standard
nonlinear programming. It can be distilled from [20, Theorem 3.2] that a bilevel optimization problem
and its reformulated single-level counterpart, where lower level multipliers are treated as explicit
variables, are equivalent w.r.t. local minimizers whenever LICQ is valid at each point which is feasible
for the lower level problem. In this regard, the above observations provide another generalization
of the results from [20]. Let us also mention that if 𝐶 is polyhedral, we can actually obtain stronger
properties of 𝐾 which correspond to inner semicontinuity and inner semicompactness but with linear
rate of change (called inner calmness and inner calmness*, respectively, in [6, 9], where more details
can be found).
Recalling the setting from (2.1), we have 𝐻 (𝑧) := ∇𝑦 𝑗 (𝑧) + N̂Γ (𝑦) for all 𝑧 := (𝑥, 𝑦). In this regard,

the implicit M-stationarity conditions of (BPP) at some feasible point 𝑧 := (𝑥, 𝑦) reduce to the existence
of 𝜈 ∈ ℝ𝑛2 such that

(0, 0) ∈ 𝜕𝑓 (𝑧) + ∇2
𝑦𝑧 𝑗 (𝑧)>𝜈 + {0} × 𝐷∗N̂Γ (𝑦,−∇𝑦 𝑗 (𝑧)) (𝜈) + N𝑆 (𝑥) × {0}.

Some recent progress in the �eld of variational analysis even allows to calculate or estimate the
appearing coderivative of the normal cone mapping N̂Γ : ℝ𝑛2 ⇒ ℝ𝑛2 in terms of initial data under
suitable assumptions, see e.g. [31, 32, 34]. On the other hand, the explicit M-stationarity conditions of
(BPP) reduce to the existence of 𝜆 ∈ 𝐾 (𝑧) and 𝜈 ∈ ℝ𝑛2 which satisfy

(0, 0) ∈ 𝜕𝑓 (𝑧) + ∇2
𝑦𝑧 𝑗 (𝑧)>𝜈 +

{(
0,
∑𝑚

𝑖=1𝜆𝑖∇2𝑔𝑖 (𝑦)𝜈
)}

+ {0} × 𝐷∗(N̂𝐶 ◦ 𝑔) (𝑦, 𝜆) (∇𝑔(𝑦)𝜈) + N𝑆 (𝑥) × {0},

see statement (a) of Proposition 4.21. Above, 𝑔1, . . . , 𝑔𝑚 : ℝ𝑛2 → ℝ denote the component functions
of 𝑔. Naturally, this stationarity system might be deduced directly from the above system of implicit
M-stationarity with the aid of the chain rule from Lemma 3.4. Consulting Proposition 3.3 once more,
however, we see that the intermediate mapping 𝐾 from (4.3), which takes the form

𝐾 ((𝑥, 𝑦),𝑤) =
{
𝜆 ∈ 𝐶◦ �� −𝑤 + ∇𝑦 𝑗 (𝑥, 𝑦) + ∇𝑔(𝑦)>𝜆 = 0, 𝜆>𝑔(𝑦) = 0

}
,
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is also inner semicompactw.r.t. its domain at all points ((𝑥, 𝑦), 0) that satisfy the relation (𝑥, 𝑦) ∈ dom𝐾 .
In this regard, statement (a) of Proposition 4.21 guarantees that each implicitly M-stationary point of
(BPP) is automatically explicitly M-stationary as well. This observation generalizes the classical results
from [49].

Note that the coderivative of N̂𝐶 ◦𝑔might be computed or estimated using again a suitable chain rule
while observing that the associated intermediate mapping from (3.2) is naturally inner semicontinuous
w.r.t. its domain at each point of its graph by continuity of 𝑔. This way, one might be tempted to call
the stationarity system

(0, 0) ∈ 𝜕𝑓 (𝑧) + ∇2
𝑦𝑧 𝑗 (𝑧)>𝜈 +

{(
0,
∑𝑚

𝑖=1𝜆𝑖∇2𝑔𝑖 (𝑦)𝜈
)}

+ {0} × ∇𝑔(𝑦)>𝐷∗N̂𝐶 (𝑔(𝑦), 𝜆) (∇𝑔(𝑦)𝜈) + N𝑆 (𝑥) × {0}

the fully explicit M-stationarity system of (BPP) (w.r.t. 𝜆). We want to point out that this system can
be written equivalently as

(0, 0) ∈ 𝜕𝑓 (𝑧) + ∇2
𝑦𝑧 𝑗 (𝑧)>𝜈 +

{(
0,
∑𝑚

𝑖=1𝜆𝑖∇2𝑔𝑖 (𝑦)𝜈 + ∇𝑔(𝑦)>𝜇
)}

+ N𝑆 (𝑥) × {0}
(𝜇,−∇𝑔(𝑦)𝜈) ∈ Ngph N̂𝐶

(𝑔(𝑦), 𝜆),

corresponding to the M-stationarity system of the optimization problem

(5.2)

𝑓 (𝑥, 𝑦) → min
𝑥,𝑦,𝜆

𝑥 ∈ 𝑆

∇𝑦 𝑗 (𝑥, 𝑦) + ∇𝑔(𝑦)>𝜆 = 0
(𝑔(𝑦), 𝜆) ∈ gph N̂𝐶 .

Observing that 𝐶 is a convex cone, we have

gph N̂𝐶 =
{
(𝑎, 𝑏) ∈ 𝐶 ×𝐶◦ ��𝑎>𝑏 = 0

}
,

and this motivates us to call (5.2) a generalized mathematical problem with complementarity constraints,
see [29, Section 4] or [56]. Following the above arguments and keeping Section 3.2 in mind, we obtain
the following result.
Corollary 5.2. Let 𝑧 := (𝑥, 𝑦) ∈ ℝ𝑛1 × ℝ𝑛2 be a local minimizer of (BPP) and assume that, for some
𝜆 ∈ 𝐾 (𝑧), the mapping

(𝑥, 𝑦, 𝜆) ⇒
(
𝑥 − 𝑆,∇𝑦 𝑗 (𝑥, 𝑦) + ∇𝑔(𝑦)>𝜆, (𝑔(𝑦), 𝜆) − gph N̂𝐶

)
is metrically subregular at ((𝑥, 𝑦, 𝜆), (0, 0, (0, 0))). Then 𝑧 is fully explicitly M-stationary for (BPP) w.r.t.
𝜆.

Using the above terminology, we would like to mention that the authors in [1] discussed the implicit
and fully explicit M-stationarity conditions of (BPP) in case 𝐶 := ℝ𝑚

− . They came up with re�ned
conditions ensuring that the feasibility mapping from Corollary 5.2 is indeed metrically subregular at
some reference point, see [1, Theorem 8]. From the viewpoint of applicability, the system of fully explicit
M-stationarity might be the most useful one among the stated ones since the appearing coderivative of
the normal cone mapping N̂𝐶 is computable in some situations where the set 𝐶 is simple, see e.g. the
proof of [24, Theorem 2] and [33, Theorem 2.12]. Let us mention that yet another M-stationarity-type
system associated with (BPP) has been derived in the recent paper [36].
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5.2 evaluating weakly efficient points in multicriteria optimization

Let us consider (EMOP) under the assumptions from Section 2.2. Particularly, we consider problem (P)
with the setting from (2.2). The associated intermediate mapping 𝐾 : ℝ𝑛 ⇒ ℝ𝑚 reads as

∀𝑧 ∈ ℝ𝑛 : 𝐾 (𝑧) = {𝜆 ∈ Δ | 𝑧 ∈ Ψ(𝜆)}.

The subsequent lemma provides essential foundations of our analysis.
Lemma 5.3. The mapping𝐺 from (2.2) possesses a closed graph while 𝐾 from above is inner semicompact
w.r.t. its domain everywhere.

Proof. First, we show that𝐺 possesses a closed graph. Choose sequences {𝑧𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 , {𝜆𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 ,
and {𝑤𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 such that 𝑧𝑘 → 𝑧, 𝜆𝑘 → 𝜆, and𝑤𝑘 → 𝑤 for some 𝑧 ∈ ℝ𝑛 , 𝜆 ∈ ℝ𝑚 , and𝑤 ∈ ℝ𝑛 are
valid while𝑤𝑘 ∈ 𝐺 (𝑧𝑘 , 𝜆𝑘 ) holds for all 𝑘 ∈ ℕ. Particularly, we �nd {𝜆𝑘 }𝑘∈ℕ ⊂ Δ and 𝑧𝑘 +𝑤𝑘 ∈ Ψ(𝜆𝑘 ),
i.e.,

∀𝑘 ∈ ℕ, ∀𝑧 ′ ∈ Γ : 𝜆>
𝑘
𝑗 (𝑧𝑘 +𝑤𝑘 ) ≤ 𝜆>

𝑘
𝑗 (𝑧 ′)

and 𝑧𝑘 +𝑤𝑘 ∈ Γ for all 𝑘 ∈ ℕ. Taking the limit 𝑘 → ∞ and observing that 𝑗 is continuous while Γ and
Δ are closed, we infer 𝑧 +𝑤 ∈ Γ and 𝜆> 𝑗 (𝑧 +𝑤) ≤ 𝜆> 𝑗 (𝑧 ′) for all 𝑧 ′ ∈ Γ. This yields 𝑧 +𝑤 ∈ Ψ(𝜆)
which equals𝑤 ∈ 𝐺 (𝑧, 𝜆), i.e., ((𝑧, 𝜆),𝑤) ∈ gph𝐺 . Particularly, gph𝐺 is closed.

By de�nition, 𝐹 is locally bounded everywhere which is why the lemma’s assertion regarding 𝐾
follows directly from Lemma 4.2. �

Now, Theorems 4.3 and 4.5 can be used to infer the precise relationship between (EMOP) and
its associated counterpart (Q) w.r.t. global and local minimizers, respectively. Related results can be
obtained in the slightly more general context of semivectorial bilevel programming where the lower
level decision maker has to solve a multiobjective optimization problem, see [23].

Let us now focus on optimality conditions for (EMOP). Clearly, the associated implicit M-stationarity
conditions take the form

0 ∈ 𝜕𝑓 (𝑧) + NΓwe (𝑧)

for an arbitrary feasible point 𝑧 ∈ ℝ𝑛 . However, these conditions are of limited practical use due to an
essential lack of knowledge regarding the variational geometry of Γwe. On the other hand, invoking
Proposition 4.21, we �nd that the explicit M-stationarity conditions of (EMOP) take the following form:
there exist 𝜆 ∈ 𝐾 (𝑧) and 𝜈 ∈ ℝ𝑛 such that

𝜈 ∈ 𝜕𝑓 (𝑧), 0 ∈ 𝐷∗Ψ(𝜆, 𝑧) (𝜈) + NΔ (𝜆).

Taking into account that

∀𝜆 ∈ Δ : Ψ(𝜆) =
{
𝑧 ∈ ℝ𝑛

��� 0 ∈ ∇ 𝑗 (𝑧)>𝜆 + N̂Γ (𝑧)
}

holds, we refer to [25, 33] for a broader view on solution mappings of parametrized variational systems
and estimates of their generalized derivatives. Particularly, in case where 𝑗 is twice continuously
di�erentiable, we obtain the additional estimate

𝐷∗Ψ(𝜆, 𝑧) (𝜈) ⊂
{
∇ 𝑗 (𝑧)𝜇

���−𝜈 ∈ ∑𝑚
𝑖=1𝜆𝑖∇2 𝑗𝑖 (𝑧)𝜇 + 𝐷∗N̂Γ

(
𝑧,−∇ 𝑗 (𝑧)>𝜆

)
(𝜇)

}
+ NΔ (𝜆)

applying the pre-image rule to

gphΨ =

{
(𝜆, 𝑧)

��� (𝑧,−∇ 𝑗 (𝑧)>𝜆, 𝜆) ∈ gph N̂Γ × Δ
}
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which is possible whenever the feasibility mapping (𝜆, 𝑧) ⇒ (𝑧,−∇ 𝑗 (𝑧)>𝜆, 𝜆)−gph N̂Γ×Δ is metrically
subregular at ((𝜆, 𝑧), (0, 0, 0)), see Section 3.2. The coderivative of the normal cone mapping associated
with Γ can be estimated from above in several interesting situations covering the setting where Γ
is the pre-image of a closed and convex (polyhedral) set under a su�ciently smooth mapping, see
the references mentioned in Section 5.1. Using a related approach, fully explicit necessary optimality
condition for semivectorial bilevel optimization problems are derived in [59].
Observing that 𝐹 and 𝐺 are metrically subregular mappings in the present setting (2.2), metric

subregularity of the mapping Σ̃ : ℝ𝑛 ×ℝ𝑚 ⇒ ℝ𝑚 ×ℝ𝑚+𝑛 given by

∀𝑧 ∈ ℝ𝑛, ∀𝜆 ∈ ℝ𝑚 : Σ̃(𝑧, 𝜆) :=
(
𝜆 − Δ

)
×
(
(𝜆, 𝑧) − gphΨ

)
at ((𝑧, 𝜆), (0, (0, 0))) for some 𝜆 ∈ 𝐾 (𝑧) is already enough to obtain that the associated mappingH𝑀 is
metrically subregular at ((𝑧, 𝜆), (0, 0)), see Lemma 3.8. Note that Σ̃ results from the mapping Σ given in
Lemma 3.8 by deleting the trivial factor ℝ𝑛 which does not in�uence the metric subregularity property.
In the presence of this metric subregularity, 𝑧 is an explicitly M-stationary point of (EMOP) provided
𝑧 is a local minimizer of this program, see Proposition 4.11 and the arguments in Section 4.3.

5.3 cardinality-constrained programming

Finally, we investigate the setting of cardinality-constrained optimization from Section 2.3. In the
context of (2.5), the mapping 𝐾 : ℝ𝑛 ⇒ ℝ𝑛 is given by

∀𝑧 ∈ ℝ𝑛 : 𝐾 (𝑧) =
{
𝜆 ∈ [0, 1]𝑛

�� ∑
𝑖∈𝐼 0 (𝑧)𝜆𝑖 ≥ 𝑛 − 𝜅, ∀𝑖 ∈ 𝐼±(𝑧) : 𝜆𝑖 = 0

}
where we used

𝐼±(𝑧) := {𝑖 ∈ {1, . . . , 𝑛} | 𝑧𝑖 ≠ 0}, 𝐼 0(𝑧) := {𝑖 ∈ {1, . . . , 𝑛} | 𝑧𝑖 = 0}

for arbitrary 𝑧 ∈ ℝ𝑛 . Obviously, 𝐾 is locally bounded and, thus, inner semicompact w.r.t. the set
dom𝐾 = {𝑧 ∈ ℝ𝑛 | ‖𝑧‖0 ≤ 𝜅} at all points of its domain. The images of 𝐾 are polytopes (i.e.,
bounded polyhedrons). Furthermore, 𝐾 (𝑧) is a singleton if and only if 𝑧 satis�es ‖𝑧‖0 = 𝜅. In this
regard, Theorem 4.3 recovers [17, Theorem 3.2]. On the other hand, the results [17, Proposition 3.5,
Theorem 3.6] are consequences of Theorem 4.5. However, our result even applies to settings where
‖𝑧‖0 < 𝜅 is valid, and, thus, clari�es the situation in [17, Examples 1 and 2].
Let us mention �rst that due to the arguments from Section 2.3, the mapping 𝐻 takes the form

𝑧 ⇒ 𝐷𝜅 − 𝑧 in the situation at hand, see (2.3), and we note that it is polyhedral by nature of 𝐷𝜅 (since
𝐷𝜅 is the union of �nitely many convex, polyhedral sets). The implicit M-stationarity conditions of
(CCMP) w.r.t. a feasible point 𝑧 ∈ ℝ𝑛 are given by

0 ∈ 𝜕𝑓 (𝑧) + N𝐷𝜅
(𝑧) + N𝑀 (𝑧) .

By means of the formula

N𝐷𝜅
(𝑧) = {𝜈 ∈ ℝ𝑛 | ‖𝜈 ‖0 ≤ 𝑛 − 𝜅, ∀𝑖 ∈ 𝐼±(𝑧) : 𝜈𝑖 = 0},

which can be distilled from [50, Lemma 2.3], we obtain a reasonable optimality condition as soon as
the variational structure of𝑀 is nice enough. Let us point out that whenever𝑀 is the union of �nitely
many convex polyhedral sets, then each local minimizer of the associated problem (CCMP) is implicitly
M-stationary by Remark 4.12 since the feasibility mapping 𝑧 ⇒ (𝑧 − 𝐷𝜅) × (𝑧 −𝑀) is polyhedral in
this situation and, thus, metrically subregular at all points of its graph. In case where the variational
geometry of 𝑀 is more di�cult, metric subregularity of this feasibility mapping at (𝑧, (0, 0)) is still
enough to infer implicit M-stationarity whenever 𝑧 is a local minimizer of (CCMP). In case where
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𝑀 := {𝑧 ∈ ℝ𝑛 | Φ(𝑧) ∈ Ω} holds for a continuously di�erentiable mapping Φ : ℝ𝑛 → ℝ𝑝 and a closed
set Ω ⊂ ℝ𝑝 , the associated Mordukhovich criterion, which ensures metric regularity of the feasibility
mapping and validity of the pre-image rule for the estimation of the limiting normal cone to 𝐷𝜅 ∩𝑀
at 𝑧, takes the form

∇Φ(𝑧)>𝜂

0 ≤ 𝑛 − 𝜅, 𝜂 ∈ NΩ (Φ(𝑧)), ∀𝑖 ∈ 𝐼±(𝑧) :

(
∇Φ(𝑧)>𝜂

)
𝑖
= 0 =⇒ 𝜂 = 0.

As we pointed out in Section 4.3, the fuzzy and explicit M-stationarity conditions of (CCMP) which
follow from the setting (2.5) coincide. Performing some calculations and keeping statement (a) of
Proposition 4.21 in mind, these explicit M-stationarity conditions take the following form at a reference
point 𝑧: there exists some 𝜆 ∈ 𝐾 (𝑧) such that

0 ∈ 𝜕𝑓 (𝑧) + {𝜈 ∈ ℝ𝑛 | ∀𝑖 ∈ 𝐼±(𝑧) : 𝜈𝑖 = 0} + N𝑀 (𝑧).

We note that this condition does not depend on 𝜆 at all. It corresponds to the M-stationarity notion
discussed in [16, 17, 18]. At the �rst glance, we observe that the implicit M-stationarity condition is
more restrictive than its explicit counterpart. In light of statement (a) of Proposition 4.21, this is not
surprising since the intermediate mapping 𝐾 associated with the present setting is inner semicompact
w.r.t. its domain at each point of the latter. Recall that the explicit M-stationarity system does not
depend on the precise choice of the implicit variable from 𝐾 (𝑧), i.e., implicit M-stationarity of 𝑧 implies
explicit M-stationarity w.r.t. all implicit variables from 𝐾 (𝑧). On the other hand, let us mention that in
case of 𝑧 := 0 being feasible to (CCMP), it is always an explicitly M-stationary point of (CCMP) w.r.t.
each implicit variable from 𝐾 (𝑧) while this point is not necessarily implicitly M-stationary.

6 conclusions

The essentialmessage of this paper says thatwhenever optimization problemswith implicit variables are
under consideration, it is better to leave them implicit as long as possible. In many practically relevant
situations like cardinality-constrained programming, see Section 5.3, this procedure leads to more
restrictive necessary optimality conditions which hold under less restrictive constraint quali�cations
(in a certain sense). Furthermore, the implicit formulation avoids the appearance of arti�cial local
minimizers, and this might be bene�cial not only from a theoretical but also from a numerical point of
view. It is, thus, always desirable to explore the inherent problem structure of the original problem
instead of making its implicit variables explicit for a non-negligible price. Exemplary, let us mention
that a convincing variational description of the weakly e�cient set of a multiobjective optimization
problem which avoids the use of scalarization variables is likely to enhance the results from Section 5.2.
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inexact and stochastic generalized conditional
gradient with augmented lagrangian and proximal

step

Antonio Silveti-Falls∗ Cesare Molinari∗ Jalal Fadili∗

Abstract In this paper we propose and analyze inexact and stochastic versions of the CGALP

algorithm developed in [34], which we denote ICGALP , that allow for errors in the computation

of several important quantities. In particular this allows one to compute some gradients, proximal

terms, and/or linear minimization oracles in an inexact fashion that facilitates the practical appli-

cation of the algorithm to computationally intensive settings, e.g., in high (or possibly infinite)

dimensional Hilbert spaces commonly found in machine learning problems. The algorithm is

able to solve composite minimization problems involving the sum of three convex proper lower-

semicontinuous functions subject to an affine constraint of the form 𝐴𝑥 = 𝑏 for some bounded

linear operator 𝐴. Only one of the functions in the objective is assumed to be differentiable, the

other two are assumed to have an accessible proximal operator and a linear minimization oracle.

As main results, we show convergence of the Lagrangian values (so-called convergence in the

Bregman sense) and asymptotic feasibility of the affine constraint as well as strong convergence of

the sequence of dual variables to a solution of the dual problem, in an almost sure sense. Almost

sure convergence rates are given for the Lagrangian values and the feasibility gap for the ergodic

primal variables. Rates in expectation are given for the Lagrangian values and the feasibility gap

subsequentially in the pointwise sense. Numerical experiments verifying the predicted rates of

convergence are shown as well.

1 introduction

1.1 problem statement

We consider the following composite minimization problem,

(𝒫) min

𝑥 ∈H𝑝

{𝑓 (𝑥) + 𝑔 (𝑇𝑥) + ℎ (𝑥) : 𝐴𝑥 = 𝑏} ,

and its associated dual problem,

(𝒟) min

𝜇∈H𝑑

(𝑓 + 𝑔 ◦𝑇 + ℎ)∗ (−𝐴∗𝜇) + ⟨𝜇, 𝑏⟩ ,

where we have denoted by ∗ both the Legendre-Fenchel conjugate and the adjoint operator, to be

understood from context. We considerH𝑝 ,H𝑑 , andH𝑣 to be arbitrary real Hilbert spaces, possibly

infinite-dimensional, whose indices correspond to a primal, dual, and auxiliary space, respectively;
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𝐴 : H𝑝 →H𝑑 and𝑇 : H𝑝 →H𝑣 to be bounded linear operators with 𝑏 ∈ ran(𝐴); functions 𝑓 , 𝑔, and ℎ
to all be convex, closed, and proper real-valued functions. Additionally, we will assume that the function

𝑓 satisfies a certain differentiability condition generalizing Lipschitz-smoothness, Hölder-smoothness,

etc (see Definition 2.7), that the function 𝑔 has a proximal mapping which is accessible, and that the

function ℎ admits an accessible linearly-perturbed minimization oracle with C def

= dom (ℎ) a weakly
compact subset ofH𝑝 .

In fact, the problem under consideration here is exactly the same as that of [34], however, in this

work, we consider an inexact extension of the algorithm presented and analyzed in [34] to solve (𝒫).

The extension amounts to allowing either deterministic or stochastic errors in the computation of

several quantities, including the gradient or proximal terms, e.g. ∇𝑓 , prox𝛽𝑔, and the linearminimization

oracle itself.

1.2 contribution and prior work

The primary contribution of this work is to analyze inexact and stochastic variants of the CGALP

algorithm presented in [34] to address (𝒫). We coin this algorithm Inexact Conditional Gradient with
Augmented Lagrangian and Proximal-step (ICGALP ). Although there has been a great deal of work on

developing and analyzing Frank-Wolfe or conditional gradient style algorithms,first studied in the 1950’s

in [17] and later in [24], in both the stochastic and deterministic case, e.g. [20, 21, 32, 18, 16, 35, 27, 19],

or [26], little to no work has been done to analyze the generalized version of these algorithms for

nonsmooth problems or problems involving an affine constraint, as we consider here. To the best of our

knowledge, the only such work is [25], where the authors consider a stochastic conditional gradient

algorithm applied to a composite problem of the form

min

𝑥 ∈X⊂ℝ𝑛
𝔼 [𝑓 (𝑥, 𝜂)] + 𝑔 (𝐴𝑥)

where the expectation is over the random variable 𝜂 and with 𝑔 possibly nonsmooth. The nonsmooth

term is possibly an affine constraint but, in such cases, it is addressed through smoothing rather than

through an augmented Lagrangian with a dual variable, in contrast to our work. They consider only

finite-dimensional problems and their problem formulation doesn’t allow for inexactness with respect

to 𝑔.

We show asymptotic feasibility of the primal iterates for the affine constraint, convergence of the

Lagrangian values at each iteration to an optimum value, strong convergence of the sequence of dual

iterates, and provide worst-case rates of convergence for the feasibility gap and the Lagrangian values;

all these results are in an almost sure sense. The rates of convergence for both the Lagrangian and the

feasibility gap are given globally, i.e., for the entire sequence of iterates, in the ergodic sense where the

Cesáro means are taken with respect to the primal step size, in an almost sure sense. We also show

rates in expectation which hold pointwise but subsequentially. In the case where (𝒫) admits a unique

solution, we furthermore have that the sequence of primal iterates converges weakly to the solution

almost surely. These results are established for a family of parameters satisfying abstract open loop

conditions, i.e. sequences of parameters which do not depend on the iterates themselves. We exemplify

the framework on problem instances involving a smooth risk minimization where the gradient is

computed inexactly either with stochastic noise or a deterministic error. In the stochastic case, we

show that our conditions outlined in Section 3 for convergence are satisfied via increasing batch size or

variance reduction. In the deterministic setting for minimizing an empirical risk, a sweeping approach

is described.

1.3 motivation

Conditional gradientmethods have seen increased interest in the last decade, due to their applicability to

solving a large variety of problems, in particular in large-scale signal/image processing and statistical

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient . . .
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learning. A chief advantage of conditional gradient is its ability to take advantage of the atomic

structure of the set (or level sets of the function) that come into play, and they can do so for problems

posed even in an infinite-dimensional setting. Besides this, conditional gradient methods offer an

alternative to projecting onto a closed convex set in constrained optimization by instead utilizing a

linear minimization oracle (lmo). The difference in complexity for these two operations depends on

the set in question; a survey comparing the two for sets commonly found in practice can be found

in [11]. Note that for some constraint sets, projection may not be even possible in closed form while

solving a linear minimization oracle is. One of the main motivations behind this work is to be able to

handle composite problems where not only one atomic constraint set is involved, but finitely many of

them. There are many problems in data processing and/or machine learning where such situation is

encountered, typically when one uses several regularizers or constraints in a variational formulation

(e.g., recover a sparse low rank matrix). We are also motivated by composite problems where it is

favourable to hybridize conditional gradient involving an lmo step on some (or several) atomic set,

and a proximal/projection step on another set; see [10] where the constraint is the intersection of

the semidefinite positive cone and the set of Toeplitz matrices to solve a semidefinite relaxation of

the Beurling lasso [15]. Our interest in the infinite-dimensional setting is motivated by the ability of

conditional gradient type algorithms to handle infinite-dimensional problems, most notably sparse

inverse problems [7], the Beurling lasso [15] to recover sparse Radonmeasures, training neural networks

with one hidden layer [4, 14], and optimal transport problems [8]. In the latter instances, the problems

are posed over infinite dimensional nonreflexive Banach spaces, a nontrivial endeavor. In this sense,

our work can be seen as an important intermediary step towards this goal, with proofs that provide

insight to how the infinite-dimensional case might be handled.

1.4 organization

The remainder of the paper is divided into four sections. In Section 2 the necessary notation and prior

results are recalled, consisting primarily of convex analysis, real analysis, and elementary probability. In

Section 3 the assumptions on the problem structure and the parameters are noted, the ICGALP algorithm

itself is presented. In Section 4, the main results, e.g. feasibility, Lagrangian convergence, and rates, are

established. The analysis and results are far-reaching extensions of those in [34] to the inexact and

stochastic setting, and require quite delicate new arguments. In Section 5 and Section 6, we consider

different problem instances where inexact deterministic or stochastic computations are involved.

Numerical results are reported in Section 7 to support our theoretical findings. Finally, in Section 8, we

summarize the work and provide some closing remarks.

2 notation and preliminaries

Many of the following notations for probabilistic concepts are adopted from [13]. A sequence (𝑥𝑘 )𝑘∈ℕ ∈
Hℕ

will be called strongly convergent to 𝑥 ∈ H , denoted 𝑥𝑘 → 𝑥 , iff ∥𝑥𝑘 − 𝑥 ∥ → 0; it will be

called weakly convergent to 𝑥 ∈ H , denoted 𝑥𝑘 ⇀ 𝑥 , iff, for any 𝑢 ∈ H , ⟨𝑥𝑘 , 𝑢⟩ → ⟨𝑥,𝑢⟩ . We

denote by (Ω, F ,ℙ) a probability space with set of events Ω, 𝜎-algebra F , and probability measure

ℙ. When discussing random variables we will assume that any Hilbert space H is endowed with

the Borel 𝜎-algebra, B (H). We denote a filtration by𝔉 = (ℱ𝑘 )𝑘∈ℕ, i.e. a sequence of sub-𝜎-algebras
which satisfies ℱ𝑘 ⊂ ℱ𝑘+1 for all 𝑘 ∈ ℕ. Given a set of random variables {𝑎0, . . . , 𝑎𝑛}, we denote

by 𝜎 (𝑎0, . . . , 𝑎𝑛) the 𝜎-algebra generated by 𝑎0, . . . , 𝑎𝑛 . An expression (𝑃) is said to hold (ℙ-a.s.) if
ℙ ({𝜔 ∈ Ω : (𝑃) holds}) = 1. Throughout the paper, both equalities and inequalities involving random

quantities should be understood as holding ℙ-almost surely, whether or not it is explicitly written.

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient . . .
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Definition 2.1. Given a filtration𝔉, we denote by ℓ+ (𝔉) the set of sequences of [0, +∞[-valued random

variables (𝑎𝑘 )𝑘∈ℕ such that, for each 𝑘 ∈ ℕ, 𝑎𝑘 isℱ𝑘 measurable. Then, we also define the following

set,

ℓ 1

+ (𝔉)
def

=

{
(𝑎𝑘 )𝑘∈ℕ ∈ ℓ+ (𝔉) :

∑︁
𝑘∈ℕ

𝑎𝑘 < +∞ (ℙ-a.s.)
}

Lemma 2.2. Given a filtration𝔉 and the sequences of random variables (𝑟𝑘 )𝑘∈ℕ ∈ ℓ+ (𝔉), (𝑎𝑘 )𝑘∈ℕ ∈ ℓ+ (𝔉),
and (𝑧𝑘 )𝑘∈ℕ ∈ ℓ 1

+ (𝔉) satisfying,

𝔼 [𝑟𝑘+1 | ℱ𝑘 ] − 𝑟𝑘 ≤ −𝑎𝑘 + 𝑧𝑘 (ℙ-a.s.)

then (𝑎𝑘 )𝑘∈ℕ ∈ ℓ 1

+ (𝔉) and (𝑟𝑘 )𝑘∈ℕ converges (ℙ-a.s.) to a random variable with value in [0, +∞[.

Proof. See [33, Theorem 1]. □

Lemma 2.3. Given a filtration𝔉 and a sequence of random variables (𝑤𝑘 )𝑘∈ℕ ∈ ℓ+ (𝔉) and a sequence of
real numbers (𝛾𝑘 )𝑘∈ℕ ∈ ℓ+ such that (𝛾𝑘𝑤𝑘 )𝑘∈ℕ ∈ ℓ 1

+ (𝔉) and (𝛾𝑘 )𝑘∈ℕ ∉ ℓ 1, then:

(i) There exists a subsequence
(
𝑤𝑘 𝑗

)
𝑗 ∈ℕ

such that lim inf𝑘 𝑤𝑘 = 0 (ℙ-a.s.) ,

(ii) Furthermore, if there exists a constant 𝛼 > 0 such that 𝑤𝑘 − 𝔼 [𝑤𝑘+1 | ℱ𝑘 ] ≤ 𝛼𝛾𝑘 (ℙ-a.s.) for
every 𝑘 ∈ ℕ, then

lim

𝑘
𝑤𝑘 = 0 (ℙ-a.s.) .

Proof. The second result is directly from [5, Lemma 2.2] and the first follows from [1] trivially extended

to the stochastic setting. □

Lemma 2.4. Consider the real sequences (𝑟𝑘 )𝑘∈ℕ ∈ ℓ+, (𝑝𝑘 )𝑘∈ℕ ∈ ℓ+, (𝑤𝑘 )𝑘∈ℕ ∈ ℓ+, and (𝑧𝑘 )𝑘∈ℕ ∈ ℓ 1

+.
Suppose further that (𝑝𝑘 )𝑘∈ℕ ∉ ℓ 1 and that, for some 𝛼 > 0, the following inequalities are satisfied for
every 𝑘 ∈ ℕ:

(2.1)

{
𝑟𝑘+1 ≤ 𝑟𝑘 − 𝑝𝑘𝑤𝑘 + 𝑧𝑘 ;

𝑤𝑘 −𝑤𝑘+1 ≤ 𝛼𝑝𝑘 .

Then,

(i) (𝑟𝑘 )𝑘∈ℕ is convergent and (𝑝𝑘𝑤𝑘 )𝑘∈ℕ ∈ ℓ 1

+.

(ii) lim𝑘 𝑤𝑘 = 0.

(iii) For every 𝑘 ∈ ℕ, inf 1≤𝑖≤𝑘 𝑤𝑖 ≤ (𝑟0 + 𝐸)/𝑃𝑘 , where, again, 𝑃𝑛 =
∑𝑛

𝑘=1
𝑝𝑘 and 𝐸 =

∑+∞
𝑘=1

𝑧𝑘 .

(iv) There exists a subsequence
(
𝑤𝑘 𝑗

)
𝑗 ∈ℕ

such that, for all 𝑗 ∈ ℕ,𝑤𝑘 𝑗
≤ 𝑃−1

𝑘 𝑗
.

Proof. See [1] for the proof. □
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We denote by Γ0 (H) the set of proper, convex, and lower semi-continuous functions 𝑓 : H →
ℝ ∪ {+∞}. We also consider the domain of a function 𝑓 to be dom (𝑓 ) def

= {𝑥 ∈ H : 𝑓 (𝑥) < +∞} and
the Legendre-Fenchel conjugate of 𝑓 to be the function 𝑓 ∗ : H → ℝ ∪ {+∞} such that, ∀𝑦 ∈ H ,

𝑓 ∗ (𝑦) def

= sup

𝑥 ∈H

{
⟨𝑦, 𝑥⟩ − 𝑓 (𝑥)

}
.

Throughout, differentiability will be intended in Fréchet sense, and we denote ∇𝑓 the (Fréchet) gradient
of a differentiable function 𝑓 . The proximal mapping (or proximal operator) associated to the function

𝑓 with parameter 𝛽 is given by

prox𝛽 𝑓 (𝑥)
def

= argmin

𝑦∈H

{
𝑓 (𝑦) + 1

2𝛽
∥𝑥 − 𝑦 ∥2

}
.

The following elementary result from convex analysis regarding proximal mappings will be used in

the proof of optimality.

Proposition 2.5. Let 𝑓 ∈ Γ0 (H) and denote 𝑥+ = prox𝑓 (𝑥). Then, for all 𝑦 ∈ H ,

2

(
𝑓

(
𝑥+

)
− 𝑓 (𝑥)

)
+



𝑥+ − 𝑦

2 − ∥𝑥 − 𝑦 ∥2 +


𝑥+ − 𝑥

2 ≤ 0.

Proof. The result is classical and the proof is readily available, e.g. in [30, Chapter 6.2.1]. □

The subdifferential of a function 𝑓 is the set-valued operator 𝜕𝑓 : H → 2
H
such that, for every

𝑥 ∈ H ,

(2.2) 𝜕𝑓 (𝑥) def

=
{
𝑢 ∈ H : 𝑓 (𝑦) ≥ 𝑓 (𝑥) + ⟨𝑢, 𝑦 − 𝑥⟩ ∀𝑦 ∈ H

}
We denote dom (𝜕𝑓 ) def

= {𝑥 ∈ H : 𝜕𝑓 (𝑥) ≠ ∅} as the domain of the subdifferential. For 𝑥 ∈ dom (𝜕𝑓 ), the
minimal norm selection of 𝜕𝑓 (𝑥) is denoted by [𝜕𝑓 (𝑥)]0 def

= argmin𝑦∈𝜕𝑓 (𝑥) ∥𝑦 ∥ . The Moreau envelope
of the function 𝑓 with parameter 𝛽 is given by,

𝑓 𝛽 (𝑥) def

= inf

𝑦∈H

{
𝑓 (𝑦) + 1

2𝛽
∥𝑥 − 𝑦 ∥2

}
.

The following proposition recalls some key properties of the Moreau envelope which we will utilize in

the analysis of the algorithm.

Proposition 2.6 (Moreau envelope properties). Given a function 𝑓 ∈ Γ0 (H), the following holds:

(i) The Moreau envelope, 𝑓 𝛽 , is convex, real-valued, and continuous.

(ii) Lax-Hopf formula: the Moreau envelope is the viscosity solution to the following Hamilton Jacobi
equation:

(2.3)

{
𝜕
𝜕𝛽
𝑓 𝛽 (𝑥) = − 1

2



∇𝑓 𝛽 (𝑥)

2 (𝑥, 𝛽) ∈ H × (0, +∞)
𝑓 0 (𝑥) = 𝑓 (𝑥) 𝑥 ∈ H .

(iii) The gradient of the Moreau envelope, ∇𝑓 𝛽 , is 1

𝛽
-Lipschitz continuous and is given by the expression

∇𝑓 𝛽 (𝑥) =
𝑥 − prox𝛽 𝑓 (𝑥)

𝛽
.

(iv) ∀𝑥 ∈ dom(𝜕𝑓 ),


∇𝑓 𝛽 (𝑥)

 ↗ 

[𝜕𝑓 (𝑥)]0

 as 𝛽 ↘ 0.

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient . . .



J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 6 of 41

(v) ∀𝑥 ∈ H , 𝑓 𝛽 (𝑥) ↗ 𝑓 (𝑥) as 𝛽 ↘ 0. In addition, given two positive real numbers 𝛽 ′ < 𝛽 , for all
𝑥 ∈ H we have

0 ≤ 𝑓 𝛽′ (𝑥) − 𝑓 𝛽 (𝑥) ≤ 𝛽 − 𝛽 ′
2




∇𝑓 𝛽′ (𝑥)


2

;

0 ≤ 𝑓 (𝑥) − 𝑓 𝛽 (𝑥) ≤ 𝛽

2



[𝜕𝑓 (𝑥)]0

2

.

Proof. (i): see [6, Proposition 12.15]. The proof for (ii) can be found in [3, Lemma 3.27 and Remark 3.32]

(see also [22] or [2, Section 3.1]). The proof for claim (iii) can be found in [6, Proposition 12.29] and the

proof for claim (iv) can be found in [6,Corollary 23.46]. For the first part in (v), see [6, Proposition 12.32(i)].

To show the first inequality in (v), combine (ii) and convexity of the function 𝛽 ↦→ 𝑔𝛽 (𝑥) for every
𝑥 ∈ H . The second inequality follows from the first one and (iv), taking the limit as 𝛽 ′→ 0. □

Given a closed, convex set C, we write 𝑑C
def

= sup𝑥,𝑦∈C ∥𝑥 − 𝑦 ∥ to denote the diameter of C. We

denote the Bregman divergence of a differentiable function 𝐹 by

𝐷𝐹 (𝑥, 𝑦)
def

= 𝐹 (𝑥) − 𝐹 (𝑦) − ⟨∇𝐹 (𝑦) , 𝑥 − 𝑦⟩ .

Definition 2.7 ((𝐹, 𝜁 )-smoothness). Let 𝐹 : H → ℝ ∪ {+∞} and 𝜁 :]0, 1] → ℝ+. The pair (𝑓 , C), where
𝑓 : H → ℝ ∪ {+∞} and C ⊂ dom (𝑓 ), is said to be (𝐹, 𝜁 )-smooth if there exists an open set C0 such

that C ⊂ C0 ⊂ int (dom (𝐹 )) and
(i) 𝐹 and 𝑓 are differentiable on C0;

(ii) 𝐹 − 𝑓 is convex on C0;

(iii) it holds

(2.4) 𝐾(𝐹,𝜁 ,C)
def

= sup

𝑥,𝑠∈C;𝛾 ∈]0,1]
𝑧=𝑥+𝛾 (𝑠−𝑥)

𝐷𝐹 (𝑧, 𝑥)
𝜁 (𝛾) < +∞.

Remark 2.8. An important consequence of Definition 2.7(i) and Definition 2.7(ii) in (𝐹, 𝜁 )-smoothness

is the following. Let (𝑓 , C) be (𝐹, 𝜁 ) smooth. Then, for any 𝑥, 𝑦 ∈ C, we have

𝑓 (𝑦) ≤ 𝑓 (𝑥) + ⟨∇𝑓 (𝑥) , 𝑦 − 𝑥⟩ + 𝐷𝐹 (𝑦, 𝑥) .

Moreover, by Definition 2.7(iii), if 𝑦 = 𝑥 + 𝛾 (𝑠 − 𝑥) for some 𝑠 ∈ C and 𝛾 ∈]0, 1], we have,

(2.5) 𝐷𝐹 (𝑦, 𝑥) ≤ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾) .

Definition 2.9 (𝜔-smoothness). Consider a function 𝜔 : ℝ+ → ℝ+ such that 𝜔 (0) = 0 and 𝜉 (𝑠) def

=∫
1

0
𝜔 (𝑠𝑡) 𝑑𝑡 is nondecreasing. A differentiable function 𝑔 : H → ℝ is said to be 𝜔-smooth if, for every

𝑥, 𝑦 ∈ H ,

∥∇𝑔 (𝑥) − ∇𝑔 (𝑦)∥ ≤ 𝜔
(
∥𝑥 − 𝑦 ∥

)
Remark 2.10. A classical consequence of 𝜔-smoothness is the following. If 𝑔 : H → ℝ is 𝜔-smooth, for

every 𝑥, 𝑦 ∈ H we have

𝑓 (𝑦) ≤ 𝑓 (𝑥) + ⟨∇𝑓 (𝑥) , 𝑦 − 𝑥⟩ + 𝜉
(
∥𝑦 − 𝑥 ∥

)
∥𝑦 − 𝑥 ∥ .

Remark 2.11. Note that being 𝜔-smooth is a stronger condition than being (𝐹, 𝜁 )-smooth since every

𝜔-smooth function 𝑓 is also (𝐹, 𝜁 )-smooth with 𝐹 = 𝑓 , 𝜁 (𝑡) = 𝑑C𝑡𝜉 (𝑑C𝑡) and 𝐾(𝐹,𝜁 ,C) ≤ 1. Addi-

tionally, the assumptions on 𝜉 being nondecreasing can be replaced by the sufficient condition that

lim𝑡→0
+ 𝜔 (𝑡) = 𝜔 (0) = 0.

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient . . .
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3 algorithm and assumptions

For each 𝑘 ∈ ℕ, we denote by 𝜆𝑘 and 𝜆𝑠
𝑘
random variables from (Ω, F ,ℙ) toH𝑝 and ℝ+ respectively.

In this context, 𝜆𝑘 will represent the error in the gradient or proximal terms and 𝜆𝑠
𝑘
will represent the

error in the linear minimization oracle itself.

Algorithm 1: Inexact Conditional Gradient with Augmented Lagrangian and Proximal-step

(ICGALP )

Input: 𝑥0 ∈ C
def

= dom (ℎ); 𝜇0 ∈ ran(𝐴); (𝛾𝑘 )𝑘∈ℕ, (𝛽𝑘 )𝑘∈ℕ, (𝜃𝑘 )𝑘∈ℕ, (𝜌𝑘 )𝑘∈ℕ ∈ ℓ+.
𝑘 = 0

repeat
𝑦𝑘 = prox𝛽𝑘𝑔

(𝑇𝑥𝑘 )

𝑧𝑘 = ∇𝑓 (𝑥𝑘 ) +𝑇 ∗ (𝑇𝑥𝑘 − 𝑦𝑘 ) /𝛽𝑘 +𝐴∗𝜇𝑘 + 𝜌𝑘𝐴∗ (𝐴𝑥𝑘 − 𝑏) + 𝜆𝑘
𝑠𝑘 ∈ Argmin𝑠∈H𝑝

{ℎ (𝑠) + ⟨𝑧𝑘 , 𝑠⟩}

𝑠̂𝑘 ∈
{
𝑠 ∈ H𝑝 : ℎ (𝑠) + ⟨𝑧𝑘 , 𝑠⟩ ≤ ℎ (𝑠𝑘 ) + ⟨𝑧𝑘 , 𝑠𝑘⟩ + 𝜆𝑠𝑘

}
𝑥𝑘+1 = 𝑥𝑘 − 𝛾𝑘 (𝑥𝑘 − 𝑠̂𝑘 )
𝜇𝑘+1 = 𝜇𝑘 + 𝜃𝑘 (𝐴𝑥𝑘+1 − 𝑏)
𝑘 ← 𝑘 + 1

until convergence;
Output: 𝑥𝑘+1.
To improve readability, we list some notation for the functionals we will employ throughout the

analysis of the algorithm,

(3.1) Φ (𝑥) def

= 𝑓 (𝑥) + 𝑔 (𝑇𝑥) + ℎ (𝑥) ;

L (𝑥, 𝜇) def

= 𝑓 (𝑥) + 𝑔 (𝑇𝑥) + ℎ (𝑥) + ⟨𝜇,𝐴𝑥 − 𝑏⟩ ;

L𝑘 (𝑥, 𝜇)
def

= 𝑓 (𝑥) + 𝑔𝛽𝑘 (𝑇𝑥) + ℎ (𝑥) + ⟨𝜇,𝐴𝑥 − 𝑏⟩ + 𝜌𝑘
2

∥𝐴𝑥 − 𝑏∥2 ;

E𝑘 (𝑥, 𝜇)
def

= 𝑓 (𝑥) + 𝑔𝛽𝑘 (𝑇𝑥) + ⟨𝜇,𝐴𝑥 − 𝑏⟩ + 𝜌𝑘
2

∥𝐴𝑥 − 𝑏∥2 ;

Φ𝑘 (𝑥)
def

= 𝑓 (𝑥) + 𝑔𝛽𝑘 (𝑇𝑥) + ℎ (𝑥) .

We can recognize L (𝑥, 𝜇) as the classical Lagrangian, L𝑘 (𝑥, 𝜇) as the augmented Lagrangian with

smoothed 𝑔, E𝑘 (𝑥, 𝜇) as the smooth part ofL𝑘 (𝑥, 𝜇), and Φ𝑘 (𝑥) as the primal objective with smoothed

𝑔. With this notation in mind, we can see 𝑧𝑘 as ∇𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) and 𝜆𝑘 as the error in the computation of

∇𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ).
We define the following filtration

(3.2) 𝔖
def

= (𝒮𝑘 )𝑘∈ℕ where 𝒮𝑘
def

= 𝜎 (𝑥0, 𝜇0, 𝑠̂0, . . . , 𝑠̂𝑘 )

and 𝜎 (𝑥0, 𝜇0, 𝑠̂0, . . . , 𝑠̂𝑘 ) is the 𝜎-algebra generated by the random variables 𝑥0, 𝜇0, 𝑠̂0, . . . , 𝑠̂𝑘 defined in

Algorithm 1. Furthermore, due to the error terms being contained in the direction finding step, we have

that 𝑥𝑘+1 and 𝜇𝑘+1 are completely determined by 𝒮𝑘 . Another noteworthy consequence of the error

terms being contained in the direction finding step is that the primal iterates (𝑥𝑘 )𝑘∈ℕ remain in C, as
in the classical Frank-Wolfe algorithm, while the dual iterates (𝜇𝑘 )𝑘∈ℕ remain in ran (𝐴).

Finally, we define the notation for the set of solutions for (𝒫) and (𝒟) to be

(3.3)

𝑺𝒫
def

= Argmin

𝑥 ∈H𝑝

{𝑓 (𝑥) + 𝑔 (𝑥) + ℎ (𝑥) : 𝐴𝑥 = 𝑏} and 𝑺𝒟
def

= Argmin

𝜇∈H𝑑

{
(𝑓 + 𝑔 + ℎ)∗ (−𝐴∗𝜇) + ⟨𝜇, 𝑏⟩

}
Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient . . .
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and the notation for the set of weak cluster points of a sequence (𝑥𝑘 )𝑘∈ℕ inH𝑝 to be

(3.4) 𝔚 [(𝑥𝑘 )𝑘∈ℕ]
def

=

{
𝑥 ∈ H𝑝 : ∃

(
𝑥𝑘 𝑗

)
𝑗 ∈ℕ
, 𝑥𝑘 𝑗

⇀ 𝑥

}
.

3.1 assumptions

3.1.1 assumptions on the functions

We impose the following assumptions on the problem we consider; for some results, only a subset of

them will be necessary:

(A.1) The functions 𝑓 , 𝑔 ◦𝑇 , and ℎ belong to Γ0

(
H𝑝

)
.

(A.2) The pair (𝑓 , C) is (𝐹, 𝜁 )-smooth (see Definition 2.7), where we recall C def

= dom (ℎ).

(A.3) The set C is weakly compact (and thus contained in a ball of radius 𝑅 > 0).

(A.4) It holds 𝑇C ⊂ dom(𝜕𝑔) and sup

𝑥 ∈C



[𝜕𝑔 (𝑇𝑥)]0

 = 𝑀 < ∞.

(A.5) The function ℎ is Lipschitz continuous relative to its domain C with constant 𝐿ℎ ≥ 0, i.e.,

∀(𝑥, 𝑧) ∈ C2
, |ℎ(𝑥) − ℎ(𝑧) | ≤ 𝐿ℎ ∥𝑥 − 𝑧∥ .

(A.6) There exists a saddle-point

(
𝑥★, 𝜇★

)
∈ H𝑝 ×H𝑑 for the Lagrangian L.

(A.7) The set ran(𝐴) is closed.

(A.8) One of the following holds:

(a) 𝐴−1 (𝑏) ∩ int (dom (𝑔 ◦𝑇 )) ∩ int (C) ≠ ∅, where 𝐴−1 (𝑏) is the pre-image of 𝑏 under 𝐴.

(b) H𝑝 andH𝑑 are finite-dimensional and

(3.5)


𝐴−1 (𝑏) ∩ ri (dom (𝑔 ◦𝑇 )) ∩ ri (C) ≠ ∅
and

ran (𝐴∗) ∩ par (dom (𝑔 ◦𝑇 ) ∩ C)⊥ = {0} .

(A.9) The spaceH𝑑 is separable.

(A.10) The set-valued mappings

(
𝜕

(
Φ∗
𝑘
◦ (−𝐴∗)

))
𝑘∈ℕ

satisfy the following property: for any sequence

((𝑝𝑘 , 𝑞𝑘 ))𝑘∈ℕ satisfying, for each 𝑘 ∈ ℕ,

𝑝𝑘 ∈ 𝜕
(
Φ∗
𝑘
◦ (−𝐴∗)

)
(𝑞𝑘 ) ,

with 𝑝𝑘 → 𝑝 and 𝑞𝑘 ⇀ 𝑞, the sequence (𝑞𝑘 )𝑘∈ℕ admits a strong cluster point.

The following lemmas outline sufficient conditions ensure that assumption (A.4) holds for 𝑔 and

show why it’s unnecessary to make a similar assumption for 𝑓 in light of (A.1) and (A.2).

Lemma 3.1. Let 𝑇 : H𝑝 →H𝑣 be a bounded linear operator. Assume that one of the following holds:

(i) 𝑔 ∈ Γ0 (H𝑣), 𝑇C ⊂ int (dom (𝑔)) and C is a nonempty compact subset ofH𝑝 .

(ii) 𝑔 : H𝑣 → ℝ is continuous, convex and bounded on bounded sets of H𝑣 , and C is a nonempty
bounded subset ofH𝑝 .
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(iii) H𝑣 andH𝑝 are finite dimensional, and either 𝑔 ∈ Γ0 (H𝑣),𝑇C ⊂ int (dom (𝑔)) and C is closed and
bounded, or 𝑔 : H𝑣 → ℝ is continuous and convex and C is a nonempty bounded subset ofH𝑝 .

Then (A.4) holds.

Proof. (i) Since 𝑔 ∈ Γ0

(
H𝑝

)
, it follows from [6, Proposition 16.21] that

𝑇C ⊂ int (dom (𝑔)) ⊂ dom(𝜕𝑔) .

Moreover, by [6, Corollary 8.30(ii) and Proposition 16.14], we have that 𝜕𝑔 is locally bounded

on int (dom (𝑔)). In particular, as we assume that C is bounded, so is 𝑇C, and since 𝑇C ⊂
int (dom (𝑔)), it means that for each 𝑧 ∈ 𝑇C there exists an open neighborhood of 𝑧, denoted

by𝑈𝑧 , such that 𝜕𝑔 (𝑈𝑧) is bounded. Since (𝑈𝑧)𝑧∈C is an open cover of 𝑇C and 𝑇C is compact,

there exists a finite subcover

(
𝑈𝑧𝑘

)𝑛
𝑘=1

. Then,⋃
𝑥 ∈C

𝜕𝑔 (𝑇𝑥) ⊂
𝑛⋃
𝑘=1

𝜕𝑔
(
𝑈𝑧𝑘

)
.

Since the right-hand-side is bounded (as it is a finite union of bounded sets),

sup

𝑥 ∈C, 𝑢∈𝜕𝑔 (𝑇𝑥)
∥𝑢∥ < +∞,

whence the desired conclusion trivially follows.

(ii) From the equivalence [6, Proposition 16.17(i)⇐⇒ (iii)], it follows that dom(𝜕𝑔) = H𝑣 and thus

𝑇C ⊂ dom(𝜕𝑔) trivially holds. Moreover, 𝜕𝑔 is bounded on every bounded set of H𝑣 , and in

particular on C.

(iii) In finite dimension, the claim follows trivially from (i) for the first case by a simple compactness

argument, and from (ii) in the second case since a continuous and convex is bounded on bounded

sets in finite dimension; see [6, Proposition 16.17].

□

Lemma 3.2. The assumptions (A.1) and (A.2) are sufficient to ensure that

sup

𝑥 ∈C
∥∇𝑓 (𝑥)∥ ≤ 𝐷

for some 𝐷 < +∞.

Proof. Fix 𝑠 ∈ C and let 𝑥 ∈ C. We have

𝑓 ∗ (∇𝑓 (𝑥)) + 𝑓 (𝑠) − ⟨∇𝑓 (𝑥) , 𝑠⟩ = 𝑓 (𝑠) − 𝑓 (𝑥) − ⟨∇𝑓 (𝑥) , 𝑠 − 𝑥⟩ = 𝐷 𝑓 (𝑠, 𝑥) ≤ 𝐷𝐹 (𝑠, 𝑥)
≤ 𝐾(𝐹,𝜁 ,C)𝜁 (1) ,

where we used the Fenchel identity ([6, Proposition 17.27]) in the first equality, Remark 2.8 in the first

inequality and Definition 2.7 in the second one. By [6, Corollary 9.20], 𝑓 is bounded from below on C
which entails

𝑓 ∗ (∇𝑓 (𝑥)) − ⟨∇𝑓 (𝑥) , 𝑠⟩ ≤ 𝐷𝐹 (𝑠, 𝑥) ≤ 𝐾(𝐹,𝜁 ,C)𝜁 (1) + 𝑐,

for some real constant 𝑐 . Now, since

𝑠 ∈ C ⊂ dom∇𝑓 ⊂ int (dom𝑓 )

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient . . .
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by Definition 2.7 and [6, Proposition 17.41], we infer from [6, Theorem 14.17 and Proposition 14.16] (recall

that 𝑠 is fixed), that there exists 𝑎1 > 0 and 𝑎2 ∈ ℝ such that, for all 𝑥 ∈ C,

𝑎1 ∥∇𝑓 (𝑥)∥ + 𝑎2 ≤ 𝐾(𝐹,𝜁 ,C)𝜁 (1) + 𝑐.

Taking the supremum over 𝑥 ∈ C entails the desired claim with 𝐷 = 𝑎−1

1

(
𝐾(𝐹,𝜁 ,C)𝜁 (1) + 𝑐 − 𝑎2

)
. □

Remark 3.3. If the dimension ofH𝑑 is finite, then (A.10) is satisfied because weakly compact sets are

compact in such spaces. Alternatively, another sufficient condition is to impose that the sublevel sets

of the functions

(
Φ∗
𝑘
◦ (−𝐴∗)

)
𝑘∈ℕ

are compact, for instance if the functions are uniformly convex,

uniformly in 𝑘 .

3.1.2 assumptions on the parameters and error terms

We impose the following assumptions on the parameters and error terms and, as with the assumptions

above, for some results only a subset will be necessary:

(P.1) (𝛾𝑘 )𝑘∈ℕ ⊂]0, 1] and the sequences (𝜁 (𝛾𝑘 ))𝑘∈ℕ,
(
𝛾2

𝑘
/𝛽𝑘

)
𝑘∈ℕ

and (𝛾𝑘𝛽𝑘 )𝑘∈ℕ belong to ℓ 1

+.

(P.2) (𝛾𝑘 )𝑘∈ℕ ∉ ℓ 1
.

(P.3) (𝛽𝑘 )𝑘∈ℕ ∈ ℓ+ is nonincreasing and converges to 0.

(P.4) (𝜌𝑘 )𝑘∈ℕ ∈ ℓ+ is nondecreasing with 0 < 𝜌 ≤ 𝜌𝑘 ≤ 𝜌 < +∞.

(P.5) For some positive constants𝑀 and𝑀 ,𝑀 ≤ (𝛾𝑘/𝛾𝑘+1) ≤ 𝑀 .

(P.6) (𝜃𝑘 )𝑘∈ℕ satisfies 𝜃𝑘 =
𝛾𝑘
𝑐
for some 𝑐 > 0 such that

𝑀
𝑐
−

𝜌

2
< 0.

(P.7) The sequences (𝜌𝑘 )𝑘∈ℕ and (𝛾𝑘 )𝑘∈ℕ satisfy (1 − 𝛾𝑘+1) 𝜌𝑘+1 − 𝜌𝑘 + 2

𝑐
𝛾𝑘 −

𝛾2

𝑘

𝑐
≤ 0 with 𝑐 as in (P.6).

(P.8) (𝛾𝑘+1𝔼 [∥𝜆𝑘+1∥ | 𝒮𝑘 ])𝑘∈ℕ ∈ ℓ 1

+ (𝔖) and

(
𝛾𝑘+1𝔼

[
𝜆𝑠
𝑘+1 | 𝒮𝑘

] )
𝑘∈ℕ
∈ ℓ 1

+ (𝔖).

(P.9) (𝛾𝑘+1𝔼 [∥𝜆𝑘+1∥])𝑘∈ℕ ∈ ℓ 1

+ and

(
𝛾𝑘+1𝔼

[
𝜆𝑠
𝑘+1

] )
𝑘∈ℕ
∈ ℓ 1

+.

Remark 3.4. To satisfy (P.7), it suffices to take (𝜌𝑘 )𝑘∈ℕ to be a constant sequence, i.e. 𝜌𝑘 ≡ 𝜌 , with 𝜌
sufficiently large to satisfy 2

𝑀
𝑐
< 𝜌 , a similar requirement as in (P.6). The condition (P.7) would then

be satisfied as follows,

(1 − 𝛾𝑘+1) 𝜌 − 𝜌 +
2

𝑐
𝛾𝑘 −

𝛾2

𝑘

𝑐
= −𝛾𝑘+1𝜌 +

𝛾𝑘

𝑐
(2 − 𝛾𝑘 )

≤ −𝛾𝑘+1𝜌 +
2𝛾𝑘

𝑐

≤ 𝛾𝑘+1

(
2

𝑀

𝑐
− 𝜌

)
< 0.

Remark 3.5.We will also denote the gradient of E𝑘 with errors as

∇̂𝑥E𝑘 (𝑥, 𝜇)
def

= ∇𝑥E𝑘 (𝑥, 𝜇) + 𝜆𝑘 .
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It is possible to further decompose the error term 𝜆𝑘 , for instance, into 𝜆
𝑓

𝑘
−𝑇 ∗𝜆𝑔

𝑘
/𝛽𝑘 where 𝜆

𝑓

𝑘
is the

error in computing ∇𝑓 (𝑥𝑘 ) and 𝜆𝑔𝑘 is the error in evaluating prox𝛽𝑘𝑔
(𝑇𝑥𝑘 ). In this case, the condition

(𝛾𝑘+1𝔼 [∥𝜆𝑘+1∥ | 𝒮𝑘 ])𝑘∈ℕ ∈ ℓ 1

+ (𝔖) in (P.8) is sufficiently satisfied by demanding that(
𝛾𝑘+1𝔼

[


𝜆𝑓
𝑘+1




 | 𝒮𝑘

] )
𝑘∈ℕ
∈ ℓ 1

+ (𝔖) and
(
𝛾𝑘+1
𝛽𝑘+1

𝔼
[

𝜆𝑔

𝑘+1


 | 𝒮𝑘

] )
𝑘∈ℕ
∈ ℓ 1

+ (𝔖).

4 main results

4.1 preparatory results

Lemma 4.1. Suppose (A.1), (A.2) and (P.1) hold. For each 𝑘 ∈ ℕ, define the quantity

(4.1) 𝐿𝑘
def
=
∥𝑇 ∥2
𝛽𝑘
+ ∥𝐴∥2𝜌𝑘 .

Then, for each 𝑘 ∈ ℕ, we have the following inequality,

E𝑘 (𝑥𝑘+1, 𝜇𝑘 ) ≤ E𝑘 (𝑥𝑘 , 𝜇𝑘 ) + ⟨∇𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) , 𝑥𝑘+1 − 𝑥𝑘⟩ + 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 )

+ 𝐿𝑘
2

∥𝑥𝑘+1 − 𝑥𝑘 ∥2.

Proof. See [34, Lemma 4.5] □

Lemma 4.2. Suppose (A.1) and (A.2) hold. Then, for each 𝑘 ∈ ℕ and for every 𝑥 ∈ H𝑝 ,

E𝑘 (𝑥, 𝜇𝑘 ) ≥ E𝑘 (𝑥𝑘 , 𝜇𝑘 ) + ⟨∇𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) , 𝑥 − 𝑥𝑘⟩ +
𝜌𝑘

2

∥𝐴(𝑥 − 𝑥𝑘 )∥2.

Proof. See [34, Lemma 4.6]. □

Lemma 4.3. Assume that (A.3) and (P.4) hold. Let (𝑥𝑘 )𝑘∈ℕ be the sequence of primal iterates generated by
Algorithm 1 and𝔖 = (𝒮𝑘 )𝑘∈ℕ as given by (3.2). Then, for each 𝑘 ∈ ℕ, we have the following estimate,

𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 −
𝜌𝑘+1

2

𝔼
[
∥𝐴𝑥𝑘+1 − 𝑏∥2 | 𝒮𝑘−1

]
≤ 𝜌𝑑C ∥𝐴∥ (∥𝐴∥ 𝑅 + ∥𝑏∥) 𝛾𝑘 (ℙ-a.s.) .

Proof. For each 𝑘 ∈ ℕ, by convexity of the function
𝜌𝑘+1

2
∥𝐴 · −𝑏∥2 and the assumption (P.4) that

(𝜌𝑘 )𝑘∈ℕ is nondecreasing, we have,

𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 −
𝜌𝑘+1

2

∥𝐴𝑥𝑘+1 − 𝑏∥2 ≤
𝜌𝑘+1

2

∥𝐴𝑥𝑘 − 𝑏∥2 −
𝜌𝑘+1

2

∥𝐴𝑥𝑘+1 − 𝑏∥2

≤
〈
∇

(𝜌𝑘+1
2

∥𝐴 · −𝑏∥2 (𝑥𝑘 ) , 𝑥𝑘 − 𝑥𝑘+1
)〉

= 𝜌𝑘+1 ⟨𝐴𝑥𝑘 − 𝑏,𝐴 (𝑥𝑘 − 𝑥𝑘+1)⟩ .

Recall that, for each 𝑘 ∈ ℕ, 𝑥𝑘+1 = 𝑥𝑘 − 𝛾𝑘 (𝑥𝑘 − 𝑠̂𝑘 ) and take the expectation to find,

𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 − 𝔼
[𝜌𝑘+1

2

∥𝐴𝑥𝑘+1 − 𝑏∥2 | 𝒮𝑘−1

]
≤ 𝜌𝛾𝑘𝔼 [⟨𝐴𝑥𝑘 − 𝑏,𝐴 (𝑥𝑘 − 𝑠̂𝑘 )⟩ | 𝒮𝑘−1]

≤ 𝜌𝛾𝑘𝑑C ∥𝐴∥ (∥𝐴∥ 𝑅 + ∥𝑏∥) ,

where we have used the Cauchy-Schwarz inequality and the boundedness of C, assumed in (A.3), in

the last inequality. □

Remark 4.4. The above result still holds if we replace both 𝜌𝑘 and 𝜌𝑘+1 by the constant 2 and shift the

index by 1, i.e., for each 𝑘 ∈ ℕ,

∥𝐴𝑥𝑘+1 − 𝑏∥2 − 𝔼
[
∥𝐴𝑥𝑘+2 − 𝑏∥2 | 𝒮𝑘

]
≤ 2𝑑C ∥𝐴∥ (∥𝐴∥ 𝑅 + ∥𝑏∥) 𝛾𝑘+1 (ℙ-a.s.)
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Lemma 4.5. Suppose that (A.1)-(A.6) hold. Let (𝑥𝑘 )𝑘∈ℕ be the sequence of primal iterates generated by
Algorithm 1 and 𝜇★ a solution, which exists by (A.6), of the dual problem, and recall the constant 𝐷 from
Lemma 3.2. Then, using the filtration𝔖 given in (3.2), for each 𝑘 ∈ ℕ, we have the following estimate,

L
(
𝑥𝑘 , 𝜇

★
)
− 𝔼

[
L

(
𝑥𝑘+1, 𝜇

★
)
| 𝒮𝑘−1

]
≤ 𝛾𝑘𝑑C

(
𝑀 ∥𝑇 ∥ + 𝐷 + 𝐿ℎ +



𝜇★

 ∥𝐴∥ ) (ℙ-a.s.) .
Proof. We recall the proof from [34, Lemma 4.7] with a slightmodification to account for the inexactness

of the algorithm. Define𝑢𝑘
def

= [𝜕𝑔(𝑇𝑥𝑘 )]0 and recall that, by (A.4) and the fact that for all 𝑘 ∈ ℕ, 𝑥𝑘 ∈ C,
we have ∥𝑢𝑘 ∥ ≤ 𝑀 . By (𝐴.1), the function Φ (𝑥) def

= 𝑓 (𝑥) + 𝑔 (𝑇𝑥) + ℎ (𝑥) is convex. Then, for each
𝑘 ∈ ℕ,

L
(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥𝑘+1, 𝜇

★
)
= Φ(𝑥𝑘 ) − Φ(𝑥𝑘+1) + ⟨𝜇★, 𝐴 (𝑥𝑘 − 𝑥𝑘+1)⟩
≤ ⟨𝑢𝑘 , 𝑇 (𝑥𝑘 − 𝑥𝑘+1)⟩ + ⟨∇𝑓 (𝑥𝑘 ), 𝑥𝑘 − 𝑥𝑘+1⟩
+ 𝐿ℎ ∥𝑥𝑘 − 𝑥𝑘+1∥ + ∥𝜇★∥ ∥𝐴∥ ∥𝑥𝑘 − 𝑥𝑘+1∥,

where we used the subdifferential inequality (2.2) on 𝑔 and 𝑓 , the 𝐿ℎ-Lipschitz continuity of ℎ relative

to C (see (A.5)), and the Cauchy-Schwarz inequality on the inner product. Since, for each 𝑘 ∈ ℕ,

𝑥𝑘+1 = 𝑥𝑘 + 𝛾𝑘 (̂𝑠𝑘 − 𝑥𝑘 ), we obtain, for each 𝑘 ∈ ℕ,

L
(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥𝑘+1, 𝜇

★
)
≤ 𝛾𝑘

(
⟨𝑢𝑘 , 𝑇 (𝑥𝑘 − 𝑠̂𝑘 )⟩ + ⟨∇𝑓 (𝑥𝑘 ), 𝑥𝑘 − 𝑠̂𝑘⟩ + 𝐿ℎ ∥𝑥𝑘 − 𝑠̂𝑘 ∥

+ ∥𝜇★∥ ∥𝐴∥ ∥𝑥𝑘 − 𝑠̂𝑘 ∥
)

Now take the expectation with respect to the filtration 𝒮𝑘−1, such that 𝑥𝑘 is completely determined, to

get, for each 𝑘 ∈ ℕ,

L
(
𝑥𝑘 , 𝜇

★
)
− 𝔼

[
L

(
𝑥𝑘+1, 𝜇

★
)
| 𝒮𝑘−1

]
≤ 𝛾𝑘

(
𝔼 [⟨𝑢𝑘 , 𝑇 (𝑥𝑘 − 𝑠̂𝑘 )⟩ | 𝒮𝑘−1] + 𝔼 [⟨∇𝑓 (𝑥𝑘 ), 𝑥𝑘 − 𝑠̂𝑘⟩ | 𝒮𝑘−1]

+ 𝐿ℎ𝔼 [∥𝑥𝑘 − 𝑠̂𝑘 ∥ | 𝒮𝑘−1] + ∥𝜇★∥ ∥𝐴∥ 𝔼 [∥𝑥𝑘 − 𝑠̂𝑘 ∥ | 𝒮𝑘−1]
)

≤ 𝛾𝑘𝑑C
(
𝑀 ∥𝑇 ∥ + 𝐷 + 𝐿ℎ + ∥𝜇★∥ ∥𝐴∥

)
,

where we have used the Cauchy-Schwarz inequality, the boundedness of the set C by (A.3), the

boundedness of 𝑢𝑘 by𝑀 by (A.4), and the boundedness of ∥∇𝑓 (𝑥)∥ by 𝐷 , the constant in (A.4). □

4.2 asymptotic feasibility

Lemma 4.6 (Feasibility estimate). Suppose that (A.1) - (A.4) and (A.6) all hold. Consider the sequence of
iterates (𝑥𝑘 )𝑘∈ℕ generated by Algorithm 1 with parameters satisfying (P.1) and (P.3)-(P.6). For each 𝑘 ∈ ℕ,
define the two quantities, Δ𝑝

𝑘
and Δ𝑑

𝑘
in the following way,

Δ
𝑝

𝑘

def
= L𝑘 (𝑥𝑘+1, 𝜇𝑘 ) − ˜L𝑘 (𝜇𝑘 ) , Δ𝑑

𝑘

def
= ˜L − ˜L𝑘 (𝜇𝑘 ) ,

where we have denoted ˜L𝑘 (𝜇𝑘 )
def
= min𝑥 L𝑘 (𝑥, 𝜇𝑘 ) and ˜L def

= L
(
𝑥★, 𝜇★

)
. Furthermore, for each 𝑘 ∈ ℕ,

denote the sum Δ𝑘
def
= Δ

𝑝

𝑘
+ Δ𝑑

𝑘
. We then have, using the filtration𝔖 given in (3.2), for each 𝑘 ∈ ℕ,

(4.2) 𝔼 [Δ𝑘+1 | 𝒮𝑘 ] − Δ𝑘 ≤ −𝛾𝑘+1
(
𝑀

𝑐
∥𝐴𝑥𝑘+1 − 𝑏∥2 + 𝛿 ∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2

)
+ 𝛾2

𝑘+1
𝐿𝑘+1

2

𝑑2

C

+ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘+1) +
𝛽𝑘 − 𝛽𝑘+1

2

𝑀2 + (𝜌𝑘+1 − 𝜌𝑘 )
(
∥𝐴∥2 𝑅2 + ∥𝑏∥2

)
+ 𝛾𝑘+1𝔼

[
𝜆𝑠
𝑘+1 | 𝒮𝑘

]
+ 𝑑C𝛾𝑘+1𝔼 [∥𝜆𝑘+1∥ | 𝒮𝑘 ] .

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient . . .



J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 13 of 41

Proof. The proof here is adapted from the analogous result found in [34, Theorem4.1]. As before,

the quantity Δ
𝑝

𝑘
≥ 0 and can be seen as a primal gap at iteration 𝑘 while Δ𝑑

𝑘
may be negative but is

uniformly bounded from below by our assumptions (see [34, Theorem 4.1]). We denote a minimizer of

L𝑘 (𝑥, 𝜇𝑘 ) by 𝑥𝑘 ∈ Argmin

𝑥 ∈H𝑝

L𝑘 (𝑥, 𝜇𝑘 ), which exists and belongs to C by (A.1)-(A.3). We have, for each

𝑘 ∈ ℕ,

Δ𝑘+1 − Δ𝑘 = L𝑘+1 (𝑥𝑘+2, 𝜇𝑘+1) − L𝑘 (𝑥𝑘+1, 𝜇𝑘+1) + 𝜃𝑘 ∥𝐴𝑥𝑘+1 − 𝑏∥2

+ 2 [L𝑘 (𝑥𝑘 , 𝜇𝑘 ) − L𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1)] .

Recall that 𝑥𝑘 ∈ Argmin

𝑥 ∈H𝑝

L𝑘 (𝑥, 𝜇𝑘 ), that 𝑔𝛽𝑘 ≤ 𝑔𝛽𝑘+1 due to (P.3) and Proposition 2.6(v), and that

𝜌𝑘 ≤ 𝜌𝑘+1 by (P.4). Then, for each 𝑘 ∈ ℕ,

L𝑘 (𝑥𝑘 , 𝜇𝑘 ) − L𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) ≤ L𝑘 (𝑥𝑘+1, 𝜇𝑘 ) − L𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1)

=

[
𝑔𝛽𝑘 − 𝑔𝛽𝑘+1

]
(𝑇𝑥𝑘+1) +

1

2

[𝜌𝑘 − 𝜌𝑘+1] ∥𝐴𝑥𝑘+1 − 𝑏∥2

+ ⟨𝜇𝑘 − 𝜇𝑘+1, 𝐴𝑥𝑘+1 − 𝑏⟩
≤ −𝜃𝑘 ⟨𝐴𝑥𝑘+1 − 𝑏,𝐴𝑥𝑘+1 − 𝑏⟩ ,

where we have used the fact that 𝜇𝑘+1 = 𝜇𝑘 + 𝜃𝑘 (𝐴𝑥𝑘+1 − 𝑏) coming from Algorithm 1. So we get, for

each 𝑘 ∈ ℕ,

Δ𝑘+1 − Δ𝑘 ≤ L𝑘+1 (𝑥𝑘+2, 𝜇𝑘+1) − L𝑘 (𝑥𝑘+1, 𝜇𝑘+1) + 𝜃𝑘 ∥𝐴𝑥𝑘+1 − 𝑏∥2

− 2𝜃𝑘 ⟨𝐴𝑥𝑘+1 − 𝑏,𝐴𝑥𝑘+1 − 𝑏⟩ .

Note that, for each 𝑘 ∈ ℕ,

L𝑘 (𝑥𝑘+1, 𝜇𝑘+1) = L𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) −
[
𝑔𝛽𝑘+1 − 𝑔𝛽𝑘

]
(𝑇𝑥𝑘+1) −

(𝜌𝑘+1 − 𝜌𝑘
2

)
∥𝐴𝑥𝑘+1 − 𝑏∥2 .

Then, for each 𝑘 ∈ ℕ,

Δ𝑘+1 − Δ𝑘 ≤ L𝑘+1 (𝑥𝑘+2, 𝜇𝑘+1) − L𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) + 𝑔𝛽𝑘+1 (𝑇𝑥𝑘+1) − 𝑔𝛽𝑘 (𝑇𝑥𝑘+1)

+
(𝜌𝑘+1 − 𝜌𝑘

2

)
∥𝐴𝑥𝑘+1 − 𝑏∥2 + 𝜃𝑘 ∥𝐴𝑥𝑘+1 − 𝑏∥2 − 2𝜃𝑘 ⟨𝐴𝑥𝑘+1 − 𝑏,𝐴𝑥𝑘+1 − 𝑏⟩ .

We denote by T1 def

= L𝑘+1 (𝑥𝑘+2, 𝜇𝑘+1) − L𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) and the remaining part of the right-hand side

by T2. For the moment, we focus our attention on T1. Recall that L𝑘 (𝑥, 𝜇𝑘 ) = E𝑘 (𝑥, 𝜇𝑘 ) + ℎ (𝑥) and
apply Lemma 4.1 between points 𝑥𝑘+2 and 𝑥𝑘+1, to get, for each 𝑘 ∈ ℕ,

T1 ≤ ℎ (𝑥𝑘+2) − ℎ (𝑥𝑘+1) + ⟨∇𝑥E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) , 𝑥𝑘+2 − 𝑥𝑘+1⟩

+ 𝐿𝑘+1
2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1) .

By (A.1) we have that ℎ is convex and thus, since 𝑥𝑘+2 is a convex combination of 𝑥𝑘+1 and 𝑠̂𝑘+1, we get,
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for each 𝑘 ∈ ℕ,

T1 ≤ 𝛾𝑘+1
(
ℎ (̂𝑠𝑘+1) − ℎ (𝑥𝑘+1) + ⟨∇𝑥E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) , 𝑠̂𝑘+1 − 𝑥𝑘+1⟩

)
+ 𝐿𝑘+1

2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1)

= 𝛾𝑘+1
(
ℎ (̂𝑠𝑘+1) − ℎ (𝑥𝑘+1) +

〈
∇̂𝑥E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) , 𝑠̂𝑘+1 − 𝑥𝑘+1

〉
+

〈
∇𝑥E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) − ∇̂𝑥E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) , 𝑠̂𝑘+1 − 𝑥𝑘+1

〉 )
+ 𝐿𝑘+1

2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1)

= 𝛾𝑘+1
(
ℎ (̂𝑠𝑘+1) − ℎ (𝑥𝑘+1) +

〈
∇̂𝑥E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) , 𝑠̂𝑘+1 − 𝑥𝑘+1

〉
− ⟨𝜆𝑘+1, 𝑠̂𝑘+1 − 𝑥𝑘+1⟩

)
+ 𝐿𝑘+1

2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1) .

Applying the definition of 𝑠̂𝑘 as the approximate minimizer of the linear minimization oracle gives, for

each 𝑘 ∈ ℕ,

T1 ≤ 𝛾𝑘+1
(
ℎ (𝑠𝑘+1) − ℎ (𝑥𝑘+1) +

〈
∇̂𝑥E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) , 𝑠𝑘+1 − 𝑥𝑘+1

〉
+ 𝜆𝑠

𝑘+1

− ⟨𝜆𝑘+1, 𝑠̂𝑘+1 − 𝑥𝑘+1⟩
)
+ 𝐿𝑘+1

2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1) .

We can apply the definition of 𝑠𝑘+1 as the minimizer of the linear minimization oracle and Lemma 4.2

to get, for each 𝑘 ∈ ℕ,

T1 ≤ 𝛾𝑘+1
(
ℎ (𝑥𝑘+1) − ℎ (𝑥𝑘+1) +

〈
∇̂𝑥E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) , 𝑥𝑘+1 − 𝑥𝑘+1

〉
+ 𝜆𝑠

𝑘+1

− ⟨𝜆𝑘+1, 𝑠̂𝑘+1 − 𝑥𝑘+1⟩
)
+ 𝐿𝑘+1

2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1)

= 𝛾𝑘+1
(
ℎ (𝑥𝑘+1) − ℎ (𝑥𝑘+1) + ⟨∇𝑥E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) , 𝑥𝑘+1 − 𝑥𝑘+1⟩ + 𝜆𝑠𝑘+1

− ⟨𝜆𝑘+1, 𝑠̂𝑘+1 − 𝑥𝑘+1⟩
)
+ 𝐿𝑘+1

2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1)

≤ 𝛾𝑘+1
(
ℎ (𝑥𝑘+1) − ℎ (𝑥𝑘+1) + E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) − E𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) −

𝜌𝑘+1
2

∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2

+ 𝜆𝑠
𝑘+1 − ⟨𝜆𝑘+1, 𝑠̂𝑘+1 − 𝑥𝑘+1⟩

)
+ 𝐿𝑘+1

2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1)

= 𝛾𝑘+1
(
L𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) − L𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) −

𝜌𝑘+1
2

∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2 + 𝜆𝑠𝑘+1

− ⟨𝜆𝑘+1, 𝑠̂𝑘+1 − 𝑥𝑘+1⟩
)
+ 𝐿𝑘+1

2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1)

≤ −𝛾𝑘+1𝜌𝑘+1
2

∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2 + 𝛾𝑘+1
(
𝜆𝑠
𝑘+1 + ⟨𝜆𝑘+1, 𝑥𝑘+1 − 𝑠̂𝑘+1⟩

)
+ 𝐿𝑘+1

2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1) ,

where we used that 𝑥𝑘+1 is a minimizer of L𝑘+1 (·, 𝜇𝑘+1) in the last inequality. Combining T1 and T2
and using the Pythagoras identity we have, for each 𝑘 ∈ ℕ,

(4.3) Δ𝑘+1 − Δ𝑘 ≤ −𝜃𝑘 ∥𝐴𝑥𝑘+1 − 𝑏∥2 +
(
𝜃𝑘 − 𝛾𝑘+1

𝜌𝑘+1
2

)
∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2

+ 𝐿𝑘+1
2

∥𝑥𝑘+2 − 𝑥𝑘+1∥2 + 𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1) +
[
𝑔𝛽𝑘+1 − 𝑔𝛽𝑘

]
(𝑇𝑥𝑘+1)

+ 𝜌𝑘+1 − 𝜌𝑘
2

∥𝐴𝑥𝑘+1 − 𝑏∥2 + 𝛾𝑘+1
(
𝜆𝑠
𝑘+1 + ⟨𝜆𝑘+1, 𝑥𝑘+1 − 𝑠̂𝑘+1⟩

)
.
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Now take the expectation with respect to 𝒮𝑘 = 𝜎 (𝑥0, 𝜇0, 𝑠̂0, . . . , 𝑠̂𝑘 ), which completely determines 𝑥𝑘+1,
𝑥𝑘+1, and 𝜇𝑘+1. We are also going to perform the following estimations.

• Under (P.5) and (P.6), we have that, for each 𝑘 ∈ ℕ, 𝜃𝑘 = 𝛾𝑘/𝑐 with𝑀𝛾𝑘+1 ≤ 𝛾𝑘 and so that

−𝜃𝑘 ≤ −
𝑀

𝑐
𝛾𝑘+1.

• Again by (P.6), we have, for each 𝑘 ∈ ℕ, 𝜃𝑘 = 𝛾𝑘/𝑐 for some 𝑐 > 0 such that

∃𝛿 > 0,
𝑀

𝑐
−
𝜌

2

= −𝛿 < 0,

where𝑀 is the constant such that, for each 𝑘 ∈ ℕ, 𝛾𝑘 ≤ 𝑀𝛾𝑘+1 (see (P.5)). Then, using again (P.5)

and the above inequality, for each 𝑘 ∈ ℕ,

(4.4) 𝜃𝑘 − 𝛾𝑘+1
𝜌𝑘+1

2

≤
(
𝑀

𝑐
− 𝜌𝑘+1

2

)
𝛾𝑘+1 ≤

(
𝑀

𝑐
−
𝜌

2

)
𝛾𝑘+1 = −𝛿𝛾𝑘+1.

• By Algorithm 1, for each 𝑘 ∈ ℕ, 𝑥𝑘+2 − 𝑥𝑘+1 = 𝛾𝑘+1 (̂𝑠𝑘+1 − 𝑥𝑘+1). Since 𝑠̂𝑘+1 and 𝑥𝑘+1 are both in C
and C is bounded due to (A.3), for each 𝑘 ∈ ℕ,

𝐿𝑘+1
2

𝔼
[
∥𝑥𝑘+2 − 𝑥𝑘+1∥2 | 𝒮𝑘

]
=
𝐿𝑘+1

2

𝛾2

𝑘+1𝔼
[
∥𝑠̂𝑘+1 − 𝑥𝑘+1∥2 | 𝒮𝑘

]
≤ 𝐿𝑘+1

2

𝛾2

𝑘+1𝑑
2

C .

• Recall that, by (A.2), 𝑓 is (𝐹, 𝜁 )-smooth and invoke Remark 2.8, to get

𝔼 [𝐷𝐹 (𝑥𝑘+2, 𝑥𝑘+1) | 𝒮𝑘 ] ≤ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘+1) .

• By Proposition 2.6(v) and assumption (A.4),

𝔼
[ [
𝑔𝛽𝑘+1 − 𝑔𝛽𝑘

]
(𝑇𝑥𝑘+1) | 𝒮𝑘

]
≤ 𝛽𝑘 − 𝛽𝑘+1

2

𝔼
[

[𝜕𝑔 (𝑇𝑥𝑘+1)]0

2 | 𝒮𝑘

]
≤ 𝛽𝑘 − 𝛽𝑘+1

2

𝑀2.

• We also have, using Jensen’s inequality and (A.3), for each 𝑘 ∈ ℕ,(𝜌𝑘+1 − 𝜌𝑘
2

)
𝔼

[
∥𝐴𝑥𝑘+1 − 𝑏∥2 | 𝒮𝑘

]
≤ (𝜌𝑘+1 − 𝜌𝑘 )

(
∥𝐴∥2 𝑅2 + ∥𝑏∥2

)
.

In total, for each 𝑘 ∈ ℕ,

𝔼 [Δ𝑘+1 | 𝒮𝑘 ] − Δ𝑘 ≤ −
𝑀

𝑐
𝛾𝑘+1 ∥𝐴𝑥𝑘+1 − 𝑏∥2 − 𝛿𝛾𝑘+1 ∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2

+ 𝐿𝑘+1
2

𝛾2

𝑘+1𝑑
2

C + 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘+1)

+ 𝛽𝑘 − 𝛽𝑘+1
2

𝑀2 + (𝜌𝑘+1 − 𝜌𝑘 )
(
∥𝐴∥2 𝑅2 + ∥𝑏∥2

)
+ 𝛾𝑘+1

(
𝔼

[
𝜆𝑠
𝑘+1 | 𝒮𝑘

]
+ 𝔼 [⟨𝜆𝑘+1, 𝑥𝑘+1 − 𝑠̂𝑘+1⟩ | 𝒮𝑘 ]

)
.

Using Cauchy-Schwarz together with the fact that 𝑥𝑘+1 and 𝑠̂𝑘+1 are in C, which is bounded by (A.3),

we also have, for each 𝑘 ∈ ℕ,

(4.5) 𝛾𝑘+1𝔼 [⟨𝜆𝑘+1, 𝑥𝑘+1 − 𝑠̂𝑘+1⟩ | 𝒮𝑘 ] ≤ 𝛾𝑘+1𝑑C𝔼 [∥𝜆𝑘+1∥ | 𝒮𝑘 ] ,
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which gives, for each 𝑘 ∈ ℕ,

(4.6) 𝔼 [Δ𝑘+1 | 𝒮𝑘 ] − Δ𝑘 ≤ −
𝑀

𝑐
𝛾𝑘+1 ∥𝐴𝑥𝑘+1 − 𝑏∥2 − 𝛿𝛾𝑘+1 ∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2 + 𝛾2

𝑘+1
𝐿𝑘+1

2

𝑑2

C

+ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘+1) +
𝛽𝑘 − 𝛽𝑘+1

2

𝑀2 + (𝜌𝑘+1 − 𝜌𝑘 )
(
∥𝐴∥2 𝑅2 + ∥𝑏∥2

)
+ 𝛾𝑘+1𝔼

[
𝜆𝑠
𝑘+1 | 𝒮𝑘

]
+ 𝛾𝑘+1𝑑C𝔼 [∥𝜆𝑘+1∥ | 𝒮𝑘 ] ,

and (4.2) follows by trivial manipulations. □

Theorem 4.7 (Feasibility). Suppose that (A.1)-(A.4) and (A.6) all hold and recall Γ𝑘
def
=

𝑘∑
𝑖=0

𝛾𝑖 . For a sequence

(𝑥𝑘 )𝑘∈ℕ generated by Algorithm 1 using parameters satisfying (P.1) - (P.6) and (P.8) we have,

(i) Asymptotic feasibility: lim

𝑘→∞
∥𝐴𝑥𝑘 − 𝑏∥ = 0 (ℙ-a.s.) .

(ii) Ergodic rate: let 𝑥𝑘
def
=

∑𝑘
𝑖=0
𝛾𝑖𝑥𝑖/Γ𝑘 . Then

∥𝐴𝑥𝑘 − 𝑏∥ = 𝑂
(

1

√
Γ𝑘

)
(ℙ-a.s.) .(4.7)

(iii) It holds
(
𝛾𝑘+1 ∥𝐴𝑥𝑘+1 − 𝑏∥2

)
𝑘∈ℕ ∈ ℓ 1

+ (𝔖) and
(
𝛾𝑘+1 ∥𝐴𝑥𝑘+1 − 𝑏∥2

)
𝑘∈ℕ ∈ ℓ 1

+ (𝔖) where𝔖 is given in
(3.2).

Additionally, if (P.9) also holds then we have the following pointwise rates in expectation,

(iv) It holds inf

0≤𝑖≤𝑘
𝔼 [∥𝐴𝑥𝑖 − 𝑏∥] ∈ 𝑂

(
1√
Γ𝑘

)
.

(v) There exists a subsequence
(
𝑥𝑘 𝑗

)
𝑗 ∈ℕ

such that 𝔼
[

𝐴𝑥𝑘 𝑗

− 𝑏


] ≤ 1√

Γ𝑘𝑗
.

(vi) It holds
(
𝛾𝑘𝔼

[
∥𝐴𝑥𝑘 − 𝑏∥2

] )
𝑘∈ℕ ∈ ℓ

1

+ and
(
𝛾𝑘𝔼

[
∥𝐴𝑥𝑘 − 𝑏∥2

] )
𝑘∈ℕ ∈ ℓ

1

+.

Proof. Our goal is to first apply Lemma 2.2 and then apply Lemma 2.3. By Lemma 4.6, we have, for

each 𝑘 ∈ ℕ,

(4.8) 𝔼 [Δ𝑘+1 | 𝒮𝑘 ] − Δ𝑘 ≤ −𝛾𝑘+1
(
𝑀

𝑐
∥𝐴𝑥𝑘+1 − 𝑏∥2 + 𝛿 ∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2

)
+ 𝛾2

𝑘+1
𝐿𝑘+1

2

𝑑2

C

+ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘+1) +
𝛽𝑘 − 𝛽𝑘+1

2

𝑀2 + (𝜌𝑘+1 − 𝜌𝑘 )
(
∥𝐴∥2 𝑅2 + ∥𝑏∥2

)
+ 𝛾𝑘+1𝔼

[
𝜆𝑠
𝑘+1 | 𝒮𝑘

]
+ 𝑑C𝛾𝑘+1𝔼 [∥𝜆𝑘+1∥ | 𝒮𝑘 ] .

Because of (P.1) and (P.4), and in view of the definition of 𝐿𝑘+1 in (4.1), we have the following,(
𝐿𝑘+1

2

𝛾2

𝑘+1𝑑
2

C

)
𝑘∈ℕ

=

(
1

2

(
∥𝑇 ∥2

𝛽𝑘+1
+ ∥𝐴∥2 𝜌𝑘+1

)
𝛾2

𝑘+1𝑑
2

C

)
𝑘∈ℕ
∈ ℓ 1

+.

For the telescopic terms from the right hand side of (4.8) we have(
𝛽𝑘 − 𝛽𝑘+1

2

𝑀2

)
𝑘∈ℕ
∈ ℓ 1

+ and

(
(𝜌𝑘+1 − 𝜌𝑘 )

(
∥𝐴∥2 𝑅2 + ∥𝑏∥2

) )
𝑘∈ℕ ∈ ℓ

1

+,

where 𝑅 is the constant arising from (A.3). Under (P.1) we also have that(
𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘+1)

)
𝑘∈ℕ ∈ ℓ

1

+.
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Finally, due to (P.8), we also have(
𝛾𝑘+1𝔼

[
𝜆𝑠
𝑘+1 | 𝒮𝑘

] )
𝑘∈ℕ ∈ ℓ

1

+ (𝔖) and (𝑑C𝛾𝑘+1𝔼 [∥𝜆𝑘+1∥ | 𝒮𝑘 ])𝑘∈ℕ ∈ ℓ 1

+ (𝔖) .

Using the notation of Lemma 2.2, we set, for each 𝑘 ∈ ℕ,

𝑟𝑘 = Δ𝑘 , 𝑎𝑘 = 𝛾𝑘+1

(
𝑀

𝑐
∥𝐴𝑥𝑘+1 − 𝑏∥2 + 𝛿 ∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2

)
, and

𝑧𝑘 =
𝐿𝑘+1

2

𝛾2

𝑘+1𝑑
2

C + 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘+1) +
𝛽𝑘 − 𝛽𝑘+1

2

𝑀2 +
(𝜌𝑘+1 − 𝜌𝑘

2

)
∥𝐴𝑥𝑘+1 − 𝑏∥2

+ 𝛾𝑘+1𝔼
[
𝜆𝑠
𝑘+1 | 𝒮𝑘

]
+ 𝑑C𝛾𝑘+1𝔼 [∥𝜆𝑘+1∥ | 𝒮𝑘 ] .

We have shown above that , for each 𝑘 ∈ ℕ,

𝔼 [𝑟𝑘+1 | 𝒮𝑘 ] − 𝑟𝑘 ≤ −𝑎𝑘 + 𝑧𝑘 ,

where (𝑧𝑘 )𝑘∈ℕ ∈ ℓ 1

+ (𝔖), and 𝑟𝑘 is bounded from below. We then deduce using Lemma 2.2 that (𝑟𝑘 )𝑘∈ℕ
is convergent (ℙ-a.s.) and

(4.9)

(
𝛾𝑘+1 ∥𝐴𝑥𝑘+1 − 𝑏∥2

)
𝑘∈ℕ ∈ ℓ

1

+ (𝔖) and

(
𝛾𝑘+1 ∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2

)
𝑘∈ℕ ∈ ℓ

1

+ (𝔖)

satisfying (iii). Consequently,

(4.10)

(
𝛾𝑘+1 ∥𝐴𝑥𝑘+1 − 𝑏∥2

)
𝑘∈ℕ ∈ ℓ

1

+ (𝔖) ,

since by the Cauchy-Schwarz inequality,

∞∑︁
𝑘=1

𝛾𝑘 ∥𝐴𝑥𝑘 − 𝑏∥2 ≤ 2

∞∑︁
𝑘=1

𝛾𝑘
(
∥𝐴 (𝑥𝑘 − 𝑥𝑘 )∥2 + ∥𝐴𝑥𝑘 − 𝑏∥2

)
< +∞.

To finish proving (i) we simply apply Lemma 4.3 (with Remark 4.4) and the conditions of Lemma 2.3

are satisfied. Then, (ii) follows directly from the application of Jensen’s inequality as in the results of

[34, Theorem 4.1].

We now assume that (P.9) holds. By Lemma 4.6, we can take the total expectation and use the law of

total expectation to have, for each 𝑘 ∈ ℕ,

𝔼 [Δ𝑘+1] − 𝔼 [Δ𝑘 ] ≤ −𝛾𝑘+1
(
𝑀

𝑐
𝔼

[
∥𝐴𝑥𝑘+1 − 𝑏∥2

]
+ 𝛿𝔼

[
∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2

] )
+ 𝛾2

𝑘+1
𝐿𝑘+1

2

𝑑2

C

+ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘+1) +
𝛽𝑘 − 𝛽𝑘+1

2

𝑀2 + (𝜌𝑘+1 − 𝜌𝑘 )
(
∥𝐴∥2 𝑅2 + ∥𝑏∥2

)
+ 𝛾𝑘+1𝔼

[
𝜆𝑠
𝑘+1

]
+ 𝑑C𝛾𝑘+1𝔼 [∥𝜆𝑘+1∥] .

Define the following, for each 𝑘 ∈ ℕ,

𝑟𝑘 = 𝔼 [Δ𝑘 ] , 𝑝𝑘 = 𝛾𝑘+1, 𝑤̃𝑘 =

(
𝑀

𝑐
𝔼

[
∥𝐴𝑥𝑘+1 − 𝑏∥2

]
+ 𝛿𝔼

[
∥𝐴 (𝑥𝑘+1 − 𝑥𝑘+1)∥2

] )
, and

𝑧𝑘 =
𝐿𝑘+1

2

𝛾2

𝑘+1𝑑
2

C + 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘+1) +
𝛽𝑘 − 𝛽𝑘+1

2

𝑀2 +
(𝜌𝑘+1 − 𝜌𝑘

2

)
𝔼

[
∥𝐴𝑥𝑘+1 − 𝑏∥2

]
+ 𝛾𝑘+1𝔼

[
𝜆𝑠
𝑘+1

]
+ 𝑑C𝛾𝑘+1𝔼 [∥𝜆𝑘+1∥] .

By the argument of the previous paragraph, in conjunction with (P.9), we have that (𝑧𝑘 )𝑘∈ℕ ∈ ℓ 1

+. We

can apply the total expectation to the results of both Lemma 4.3 and Lemma 4.5 and then the claims

of interest follow from Lemma 2.4 applied with (𝑟𝑘 )𝑘∈ℕ, (𝑝𝑘 )𝑘∈ℕ, (𝑤̃𝑘 )𝑘∈ℕ, and (𝑧𝑘 )𝑘∈ℕ defined as

above. □
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4.3 optimality

The following lemmas regard the boundedness of the sequence of dual iterates (𝜇𝑘 )𝑘∈ℕ and the uniform

boundedness of the Lagrangian. They were shown in the deterministic setting in [34] and easily extend

to the stochastic case in light of Theorem 4.7.

Lemma 4.8. Suppose that (A.1)-(A.3), (A.6)-(A.8), and (P.1)-(P.6) all hold and define, for each 𝑘 ∈ ℕ,

(4.11) 𝜑𝑘 (𝜇)
def
= − inf

𝑥 ∈H𝑝

L𝑘 (𝑥, 𝜇) and 𝜑
def
= 𝑓 (𝑥) + 𝑔 (𝑇𝑥) + ℎ (𝑥) + 𝜌

2

∥𝐴𝑥 − 𝑏∥2 .

Then the sequence of dual iterates (𝜇𝑘 )𝑘∈ℕ generated by Algorithm 1 is bounded (ℙ-a.s.), for each 𝑘 ∈ ℕ
the function 𝜑𝑘 (𝜇) is convex and differentiable with gradient

(4.12) ∇𝜑𝑘 (𝜇) = 𝜌−1

𝑘

(
𝜇 − prox𝜌𝑘Φ

∗
𝑘
◦(−𝐴∗) (𝜇 − 𝜌𝑘𝑏)

)
,

and it holds, for each 𝑘 ∈ ℕ,

(4.13) ∇𝜑𝑘 (𝜇𝑘 ) = 𝐴𝑥𝑘 − 𝑏.

Proof. Note that here we have denoted, for each 𝑘 ∈ ℕ, Φ𝑘 (𝑥) = 𝑓 (𝑥) +𝑔𝛽𝑘 (𝑥) +ℎ (𝑥) while in [34] it

is defined differently with 𝜙𝑘 (𝑥) = 𝑓 (𝑥) + 𝑔𝛽𝑘 (𝑥) + ℎ (𝑥) and Φ𝑘 (𝑥) having different meaning.

For brevity, we defer to the proof in [34, Lemma 4.11], noting that since

(
𝛾𝑘+1 ∥𝑥𝑘+1 − 𝑏∥2

)
𝑘∈ℕ ∈ ℓ 1

+ (𝔖)
and

(
𝛾𝑘+1 ∥𝑥𝑘+1 − 𝑏∥2

)
𝑘∈ℕ ∈ ℓ 1

+ (𝔖), there exists Ω̃ ⊂ F with ℙ
(
Ω̃
)
= 1 such that (𝜑𝑘 (𝜇𝑘 (𝜔)))𝑘∈ℕ is

convergent and thus bounded, and the uniform coercivity of (𝜑𝑘 )𝑘∈ℕ is unaffected by the inexactness,

i.e., (𝜇𝑘 (𝜔))𝑘∈ℕ is bounded. □

Lemma 4.9. Under (A.1)-(A.8) and (P.1)-(P.6), the composite function 𝑓 +𝑔 ◦𝑇 +ℎ is uniformly bounded on
C and we have

(4.14)
˜𝑀

def
= sup

𝑥 ∈C
|𝑓 (𝑥) + 𝑔 (𝑇𝑥) + ℎ (𝑥) | + sup

𝑘∈ℕ
∥𝜇𝑘 ∥ (∥𝐴∥ 𝑅 + 𝑏) < +∞ (ℙ-a.s.) ,

where 𝑅 is the radius from (A.3).

Proof. The proof follows in a (ℙ-a.s.) sense from [34, Lemma 4.12] with the addition of Theorem 4.7. □

We now begin with the main energy estimate needed to show the convergence of the Lagrangian

values to optimality.

Lemma 4.10 (Optimality estimate). Recall the constants 𝑐 , 𝐿𝑘 ,𝑀 , 𝐷 , and 𝐿ℎ from (P.6), Lemma 4.1, (A.4),
Lemma 4.3, and (A.5), respectively. Define, for each 𝑘 ∈ ℕ,

𝑟𝑘
def
= (1 − 𝛾𝑘 ) L𝑘 (𝑥𝑥 , 𝜇𝑘 ) +

𝑐

2



𝜇𝑘 − 𝜇★

2

and

𝐶𝑘
def
=
𝐿𝑘

2

𝑑2

C + 𝑑C
(
𝑀 ∥𝑇 ∥ + 𝐷 + 𝐿ℎ + ∥𝜇★∥ ∥𝐴∥

)
.

Then, under (A.1)-(A.8) and (P.1)-(P.7) with𝑀 ≥ 1, for the sequences (𝑥𝑘 )𝑘∈ℕ and (𝜇𝑘 )𝑘∈ℕ generated by
Algorithm 1, using the filtration𝔖′ = (𝒮𝑘−1)𝑘∈ℕ with 𝒮𝑘

def
= 𝜎 (𝑥0, 𝜇0, 𝑠̂0, . . . , 𝑠̂𝑘 ) as before, the following

inequality holds, for each 𝑘 ∈ ℕ with 𝑘 > 0,

(4.15) 𝔼 [𝑟𝑘+1 | 𝒮𝑘−1] − 𝑟𝑘 ≤ −𝛾𝑘
(
L

(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥★, 𝜇★

)
+ 𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2
)
+ (𝛽𝑘 − 𝛽𝑘+1)

𝑀2

2

+ (𝛾𝑘 − 𝛾𝑘+1) ˜𝑀 + 𝛾𝑘𝛽𝑘
𝑀2

2

+ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘 ) + 𝛾2

𝑘
𝐶𝑘 + 𝑑C𝛾𝑘𝔼 [∥𝜆𝑘 ∥ | 𝒮𝑘−1]

+ 𝛾𝑘𝔼
[
𝜆𝑠
𝑘
| 𝒮𝑘−1

]
(ℙ-a.s.) .
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Proof. Applying Lemma 4.2 to the points 𝑥★ and 𝑥𝑘 we have, for each 𝑘 ∈ ℕ,

E𝑘
(
𝑥★, 𝜇𝑘

)
≥ E𝑘 (𝑥𝑘 , 𝜇𝑘 ) + ⟨∇𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) , 𝑥★ − 𝑥𝑘⟩ +

𝜌𝑘

2



𝐴(𝑥★ − 𝑥𝑘 )

2

= E𝑘 (𝑥𝑘 , 𝜇𝑘 ) +
〈
∇̂𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) , 𝑥★ − 𝑥𝑘

〉
+

〈
𝜆𝑘 , 𝑥𝑘 − 𝑥★

〉
+ 𝜌𝑘

2



𝐴(𝑥★ − 𝑥𝑘 )

2

= E𝑘 (𝑥𝑘 , 𝜇𝑘 ) +
〈
∇̂𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) , 𝑥★ − 𝑥𝑘

〉
+ ℎ

(
𝑥★

)
− ℎ

(
𝑥★

)
+

〈
𝜆𝑘 , 𝑥𝑘 − 𝑥★

〉
+ 𝜌𝑘

2



𝐴(𝑥★ − 𝑥𝑘 )

2

.

By the definition of 𝑠𝑘 as a minimizer and the definition of 𝑠̂𝑘 we further have, for each 𝑘 ∈ ℕ,

(4.16) E𝑘
(
𝑥★, 𝜇𝑘

)
≥ E𝑘 (𝑥𝑘 , 𝜇𝑘 ) +

〈
∇̂𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) , 𝑠𝑘 − 𝑥𝑘

〉
+ ℎ (𝑠𝑘 ) − ℎ

(
𝑥★

)
+

〈
𝜆𝑘 , 𝑥𝑘 − 𝑥★

〉
+ 𝜌𝑘

2



𝐴(𝑥★ − 𝑥𝑘 )

2

≥ E𝑘 (𝑥𝑘 , 𝜇𝑘 ) +
〈
∇̂𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) , 𝑠̂𝑘 − 𝑥𝑘

〉
+ ℎ (̂𝑠𝑘 ) − 𝜆𝑠𝑘 − ℎ

(
𝑥★

)
+

〈
𝜆𝑘 , 𝑥𝑘 − 𝑥★

〉
+ 𝜌𝑘

2



𝐴(𝑥★ − 𝑥𝑘 )

2

.

From Lemma 4.1 applied to the points 𝑥𝑘+1 and 𝑥𝑘 and by definition of 𝑥𝑘+1
def

= 𝑥𝑘 + 𝛾𝑘 (̂𝑠𝑘 − 𝑥𝑘 ) in
Algorithm 1, we also have, for each 𝑘 ∈ ℕ,

E𝑘 (𝑥𝑘+1, 𝜇𝑘 ) ≤ E𝑘 (𝑥𝑘 , 𝜇𝑘 ) + ⟨∇𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) , 𝑥𝑘+1 − 𝑥𝑘⟩ + 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) +
𝐿𝑘

2

∥𝑥𝑘+1 − 𝑥𝑘 ∥2

= E𝑘 (𝑥𝑘 , 𝜇𝑘 ) + 𝛾𝑘 ⟨∇𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) , 𝑠̂𝑘 − 𝑥𝑘⟩ + 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) + 𝛾2

𝑘

𝐿𝑘

2

∥𝑠̂𝑘 − 𝑥𝑘 ∥2

= E𝑘 (𝑥𝑘 , 𝜇𝑘 ) + 𝛾𝑘 ⟨∇̂𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) , 𝑠̂𝑘 − 𝑥𝑘⟩ + 𝛾𝑘 ⟨𝜆𝑘 , 𝑥𝑘 − 𝑠̂𝑘⟩ + 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 )

+ 𝛾2

𝑘

𝐿𝑘

2

∥𝑠̂𝑘 − 𝑥𝑘 ∥2 .

We combine the latter with (4.16), to get, for each 𝑘 ∈ ℕ,

(4.17) E𝑘 (𝑥𝑘+1, 𝜇𝑘 ) ≤ E𝑘 (𝑥𝑘 , 𝜇𝑘 ) + 𝛾𝑘
〈
𝜆𝑘 , 𝑥

★ − 𝑠̂𝑘
〉
+ 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) + 𝛾2

𝑘

𝐿𝑘

2

∥𝑠̂𝑘 − 𝑥𝑘 ∥2

+ 𝛾𝑘
(
E𝑘

(
𝑥★, 𝜇𝑘

)
+ ℎ(𝑥★) − E𝑘 (𝑥𝑘 , 𝜇𝑘 ) − ℎ (̂𝑠𝑘 ) −

𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 + 𝜆𝑠𝑘
)
.

By convexity of ℎ from (A.1) and the definition of 𝑥𝑘+1, we have, for each 𝑘 ∈ ℕ,

(4.18) L𝑘 (𝑥𝑘+1, 𝜇𝑘 ) − L𝑘 (𝑥𝑘 , 𝜇𝑘 ) = E𝑘 (𝑥𝑘+1, 𝜇𝑘 ) − E𝑘 (𝑥𝑘 , 𝜇𝑘 ) + ℎ (𝑥𝑘+1) − ℎ (𝑥𝑘 )
≤ E𝑘 (𝑥𝑘+1, 𝜇𝑘 ) − E𝑘 (𝑥𝑘 , 𝜇𝑘 ) + 𝛾𝑘 (ℎ (̂𝑠𝑘 ) − ℎ (𝑥𝑘 ))

Combining (4.17) and (4.18), we obtain, for each 𝑘 ∈ ℕ,

(4.19) L𝑘 (𝑥𝑘+1, 𝜇𝑘 ) − L𝑘 (𝑥𝑘 , 𝜇𝑘 ) ≤ 𝛾𝑘
(
E𝑘

(
𝑥★, 𝜇𝑘

)
+ ℎ(𝑥★) − E𝑘 (𝑥𝑘 , 𝜇𝑘 ) − ℎ (𝑥𝑘 )

)
+ 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) +

𝛾2

𝑘

𝐿𝑘

2

∥𝑠̂𝑘 − 𝑥𝑘 ∥2 + 𝛾𝑘
(〈
𝜆𝑘 , 𝑥

★ − 𝑠̂𝑘
〉
− 𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 + 𝜆𝑠𝑘
)

= 𝛾𝑘
(
L𝑘

(
𝑥★, 𝜇𝑘

)
− L𝑘 (𝑥𝑘 , 𝜇𝑘 )

)
+ 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) + 𝛾2

𝑘

𝐿𝑘

2

∥𝑠̂𝑘 − 𝑥𝑘 ∥2

+ 𝛾𝑘
(〈
𝜆𝑘 , 𝑥

★ − 𝑠̂𝑘
〉
− 𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 + 𝜆𝑠𝑘
)

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient . . .



J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 20 of 41

Recalling the definition of 𝜇𝑘+1
def

= 𝜇𝑘 +𝐴 (𝑥𝑘+1 − 𝑏) in Algorithm 1, we have, for each 𝑘 ∈ ℕ,

L𝑘 (𝑥𝑘+1, 𝜇𝑘+1) − L𝑘 (𝑥𝑘+1, 𝜇𝑘 ) = ⟨𝜇𝑘+1 − 𝜇𝑘 , 𝐴𝑥𝑘+1⟩ = 𝜃𝑘 ∥𝐴𝑥𝑘+1 − 𝑏∥2 .

We combine the above and (4.19) to get, for each 𝑘 ∈ ℕ,
(4.20)

L𝑘 (𝑥𝑘+1, 𝜇𝑘+1) − L𝑘 (𝑥𝑘 , 𝜇𝑘 ) ≤ 𝜃𝑘 ∥𝐴𝑥𝑘+1 − 𝑏∥2 + 𝛾𝑘
(
L𝑘

(
𝑥★, 𝜇𝑘

)
− L𝑘 (𝑥𝑘 , 𝜇𝑘 )

)
+ 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 )

+ 𝛾2

𝑘

𝐿𝑘

2

∥𝑠̂𝑘 − 𝑥𝑘 ∥2 + 𝛾𝑘
(〈
𝜆𝑘 , 𝑥

★ − 𝑠̂𝑘
〉
− 𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 + 𝜆𝑠𝑘
)
.

Notice that the update of the dual variable 𝜇 can be interpreted as a proximal operator in the following

way,

𝜇𝑘+1 = argmin

𝜇∈H𝑑

{
−L𝑘 (𝑥𝑘+1, 𝜇) +

1

2𝜃𝑘
∥𝜇 − 𝜇𝑘 ∥2

}
.

Then, using Lemma 2.5, we get, for each 𝑘 ∈ ℕ,

(4.21) 0 ≥ 𝜃𝑘
(
L𝑘

(
𝑥𝑘+1, 𝜇

★
)
− L𝑘 (𝑥𝑘+1, 𝜇𝑘+1)

)
+ 1

2

(

𝜇𝑘+1 − 𝜇★

2 −


𝜇𝑘 − 𝜇★

2 + ∥𝜇𝑘+1 − 𝜇𝑘 ∥2

)
= 𝜃𝑘

(
L𝑘

(
𝑥𝑘+1, 𝜇

★
)
− L𝑘 (𝑥𝑘+1, 𝜇𝑘+1)

)
+ 1

2

(

𝜇𝑘+1 − 𝜇★

2 −


𝜇𝑘 − 𝜇★

2 + 𝜃2

𝑘
∥𝐴𝑥𝑘+1 − 𝑏∥2

)
.

Recall that, by (P.6), 𝜃𝑘 = 𝛾𝑘/𝑐 . Multiply (4.21) by 𝑐 and sum with (4.20), to obtain, for each 𝑘 ∈ ℕ,

(1 − 𝑐𝜃𝑘 )L𝑘 (𝑥𝑘+1, 𝜇𝑘+1) − (1 − 𝑐𝜃𝑘 )L𝑘 (𝑥𝑘 , 𝜇𝑘 ) + 𝑐
2

(

𝜇𝑘+1 − 𝜇★

2 −


𝜇𝑘 − 𝜇★

2

)
≤

(
𝜃𝑘 −

𝑐𝜃 2

𝑘

2

)
∥𝐴𝑥𝑘+1 − 𝑏∥2 + 𝛾𝑘

(
L𝑘

(
𝑥★, 𝜇𝑘

)
− L𝑘 (𝑥𝑘 , 𝜇𝑘 )

)
− 𝑐𝜃𝑘 (L𝑘 (𝑥𝑘+1, 𝜇) − L𝑘 (𝑥𝑘 , 𝜇𝑘 ))

− 𝜌𝑘𝛾𝑘
2
∥𝐴𝑥𝑘 − 𝑏∥2 + 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) + 𝛾2

𝑘

𝐿𝑘
2
∥𝑠̂𝑘 − 𝑥𝑘 ∥2 + 𝛾𝑘

(〈
𝜆𝑘 , 𝑥

★ − 𝑠̂𝑘
〉
+ 𝜆𝑠

𝑘

)
.

The previous inequality can be re-written, by trivial manipulations, as, for each 𝑘 ∈ ℕ,

(1 − 𝑐𝜃𝑘+1)L𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) − (1 − 𝑐𝜃𝑘 )L𝑘 (𝑥𝑘 , 𝜇𝑘 ) +
𝑐

2

(

𝜇𝑘+1 − 𝜇★

2 −


𝜇𝑘 − 𝜇★

2

)
≤ (1 − 𝑐𝜃𝑘+1)L𝑘+1 (𝑥𝑘+1, 𝜇𝑘+1) − (1 − 𝑐𝜃𝑘 )L𝑘 (𝑥𝑘+1, 𝜇𝑘+1) +

(
𝜃𝑘 −

𝑐𝜃 2

𝑘

2

)
∥𝐴𝑥𝑘+1 − 𝑏∥2

+ 𝛾𝑘
(
L𝑘

(
𝑥★, 𝜇𝑘

)
− L𝑘 (𝑥𝑘 , 𝜇𝑘 )

)
− 𝑐𝜃𝑘

(
L𝑘

(
𝑥𝑘+1, 𝜇

★
)
− L𝑘 (𝑥𝑘 , 𝜇𝑘 )

)
− 𝜌𝑘𝛾𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2

+ 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) + 𝛾2

𝑘

𝐿𝑘

2

∥𝑠̂𝑘 − 𝑥𝑘 ∥2 + 𝛾𝑘
(〈
𝜆𝑘 , 𝑥

★ − 𝑠̂𝑘
〉
+ 𝜆𝑠

𝑘

)
= 𝑐 (𝜃𝑘 − 𝜃𝑘+1) (𝑓 + ℎ + ⟨𝜇𝑘+1, 𝐴 · −𝑏⟩) (𝑥𝑘+1) +

(
(1 − 𝑐𝜃𝑘+1) 𝑔𝛽𝑘+1 − (1 − 𝑐𝜃𝑘 ) 𝑔𝛽𝑘

)
(𝑇𝑥𝑘+1)

+ 1

2

(
(1 − 𝑐𝜃𝑘+1) 𝜌𝑘+1 − (1 − 𝑐𝜃𝑘 ) 𝜌𝑘 + 2𝜃𝑘 − 𝑐𝜃 2

𝑘

)
∥𝐴𝑥𝑘+1 − 𝑏∥2 + 𝛾𝑘

(
L𝑘

(
𝑥★, 𝜇𝑘

)
− L𝑘 (𝑥𝑘 , 𝜇𝑘 )

)
− 𝑐𝜃𝑘

(
L𝑘

(
𝑥𝑘+1, 𝜇

★
)
− L𝑘 (𝑥𝑘 , 𝜇𝑘 )

)
− 𝜌𝑘𝛾𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 + 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) + 𝛾2

𝑘

𝐿𝑘

2

∥𝑠̂𝑘 − 𝑥𝑘 ∥2

+ 𝛾𝑘
(〈
𝜆𝑘 , 𝑥

★ − 𝑠̂𝑘
〉
+ 𝜆𝑠

𝑘

)
.

(4.22)

By (P.5), (P.6) and the assumption that 𝑀 ≥ 1, we have 𝜃𝑘+1 ≤ 𝑀−1𝜃𝑘 ≤ 𝜃𝑘 . In view of (P.3), we also

have 𝛽𝑘+1 ≤ 𝛽𝑘 . In particular, 𝑔𝛽𝑘 ≤ 𝑔𝛽𝑘+1 ≤ 𝑔 pointwise. By Proposition 2.6(iv) and assumption (A.4),
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we are able to, for each 𝑘 ∈ ℕ, estimate the quantity(
(1 − 𝑐𝜃𝑘+1) 𝑔𝛽𝑘+1 − (1 − 𝑐𝜃𝑘 ) 𝑔𝛽𝑘

)
(𝑇𝑥𝑘+1)

=

(
𝑔𝛽𝑘+1 − 𝑔𝛽𝑘

)
(𝑇𝑥𝑘+1) + 𝑐

(
𝜃𝑘𝑔

𝛽𝑘 − 𝜃𝑘+1𝑔𝛽𝑘+1
)
(𝑇𝑥𝑘+1)

≤ 1

2

(𝛽𝑘 − 𝛽𝑘+1)


(𝜕𝑔(𝑇𝑥𝑘+1))0

2 + 𝑐

(
𝜃𝑘𝑔

𝛽𝑘 − 𝜃𝑘+1𝑔𝛽𝑘
)
(𝑇𝑥𝑘+1)

≤ 1

2

(𝛽𝑘 − 𝛽𝑘+1)


(𝜕𝑔(𝑇𝑥𝑘+1))0

2 + 𝑐 (𝜃𝑘 − 𝜃𝑘+1) 𝑔(𝑇𝑥𝑘+1).

Then, for each 𝑘 ∈ ℕ,

(4.23) 𝑐 (𝜃𝑘 − 𝜃𝑘+1) (𝑓 + ℎ + ⟨𝜇𝑘+1, 𝐴 · −𝑏⟩) (𝑥𝑘+1) +
(
(1 − 𝑐𝜃𝑘+1) 𝑔𝛽𝑘+1 − (1 − 𝑐𝜃𝑘 ) 𝑔𝛽𝑘

)
(𝑇𝑥𝑘+1)

≤ 𝑐 (𝜃𝑘 − 𝜃𝑘+1) L (𝑥𝑘+1, 𝜇𝑘+1) +
1

2

(𝛽𝑘 − 𝛽𝑘+1)


(𝜕𝑔(𝑇𝑥𝑘+1))0

2

.

Recall the definition of 𝑟𝑘 in (4.10). Coming back to (4.22) and using (4.23), we obtain, for each 𝑘 ∈ ℕ,
(4.24)

𝑟𝑘+1 − 𝑟𝑘 ≤
1

2

(
(1 − 𝛾𝑘+1) 𝜌𝑘+1 − (1 − 𝛾𝑘 ) 𝜌𝑘 +

2

𝑐
𝛾𝑘 −

𝛾2

𝑘

𝑐

)
∥𝐴𝑥𝑘+1 − 𝑏∥2

+ 𝛾𝑘
(
L𝑘

(
𝑥★, 𝜇𝑘

)
− L𝑘

(
𝑥𝑘+1, 𝜇

★
) )
− 𝜌𝑘𝛾𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 +
𝛽𝑘 − 𝛽𝑘+1

2



(𝜕𝑔(𝑇𝑥𝑘+1))0

2

+ (𝛾𝑘 − 𝛾𝑘+1) L (𝑥𝑘+1, 𝜇𝑘+1) + 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) + 𝛾2

𝑘

𝐿𝑘

2

∥𝑠̂𝑘 − 𝑥𝑘 ∥2 + 𝛾𝑘
(〈
𝜆𝑘 , 𝑥

★ − 𝑠̂𝑘
〉
+ 𝜆𝑠

𝑘

)
.

Recall that, by feasibility of 𝑥★ for the affine constraint, L
(
𝑥★, 𝜇𝑘

)
= L

(
𝑥★, 𝜇★

)
and thus, for each

𝑘 ∈ ℕ,

L𝑘

(
𝑥★, 𝜇𝑘

)
− L𝑘

(
𝑥𝑘+1, 𝜇

★
)
= L

(
𝑥★, 𝜇★

)
− L

(
𝑥𝑘+1, 𝜇

★
)
+

(
𝑔𝛽𝑘 − 𝑔

)
(𝑇𝑥★) +

(
𝑔 − 𝑔𝛽𝑘

)
(𝑇𝑥𝑘+1)

− 𝜌𝑘
2

∥𝐴𝑥𝑘+1 − 𝑏∥2

= L
(
𝑥★, 𝜇★

)
− L

(
𝑥𝑘 , 𝜇

★
)
+ L

(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥𝑘+1, 𝜇

★
)(

𝑔𝛽𝑘 − 𝑔
)
(𝑇𝑥★) +

(
𝑔 − 𝑔𝛽𝑘

)
(𝑇𝑥𝑘+1) −

𝜌𝑘

2

∥𝐴𝑥𝑘+1 − 𝑏∥2

≤ L
(
𝑥★, 𝜇★

)
− L

(
𝑥𝑘 , 𝜇

★
)
+ L

(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥𝑘+1, 𝜇

★
)
+ 𝛽𝑘

2



(𝜕𝑔(𝑇𝑥𝑘+1))0

2

− 𝜌𝑘
2

∥𝐴𝑥𝑘+1 − 𝑏∥2 ,

where in the inequality we have used the fact that 𝑔𝛽𝑘 ≤ 𝑔 pointwise and that, by Proposition 2.6(v),

for each 𝑘 ∈ ℕ, (
𝑔 − 𝑔𝛽𝑘

)
(𝑇𝑥𝑘+1) ≤

𝛽𝑘

2



(𝜕𝑔(𝑇𝑥𝑘+1))0

2

.

Substituting the above into (4.24) we have, for each 𝑘 ∈ ℕ,

(4.25) 𝑟𝑘+1 − 𝑟𝑘 ≤
1

2

(
(1 − 𝛾𝑘+1) 𝜌𝑘+1 − 𝜌𝑘 +

2

𝑐
𝛾𝑘 −

𝛾2

𝑘

𝑐

)
∥𝐴𝑥𝑘+1 − 𝑏∥2

+ 𝛾𝑘
(
L

(
𝑥★, 𝜇★

)
− L

(
𝑥𝑘 , 𝜇

★
) )
+ 𝛾𝑘

(
L

(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥𝑘+1, 𝜇

★
) )

− 𝜌𝑘𝛾𝑘
2

∥𝐴𝑥𝑘 − 𝑏∥2 +
𝛽𝑘 − 𝛽𝑘+1

2



(𝜕𝑔(𝑇𝑥𝑘+1))0

2 + (𝛾𝑘 − 𝛾𝑘+1) L (𝑥𝑘+1, 𝜇𝑘+1)

+ 𝛾𝑘
𝛽𝑘

2



(𝜕𝑔(𝑇𝑥𝑘+1))0

2 + 𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) + 𝛾2

𝑘

𝐿𝑘

2

∥𝑠̂𝑘 − 𝑥𝑘 ∥2

+ 𝛾𝑘
(〈
𝜆𝑘 , 𝑥

★ − 𝑠̂𝑘
〉
+ 𝜆𝑠

𝑘

)
.
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Take the expectation with respect to𝒮𝑘−1

def

= 𝜎 (𝑥0, 𝜇0, 𝑠̂0, . . . , 𝑠̂𝑘−1), which will completely determine 𝑥𝑘
and 𝜇𝑘 , and perform the following estimations.

• From (P.7), we have, for each 𝑘 ∈ ℕ,

(1 − 𝛾𝑘+1) 𝜌𝑘+1 − 𝜌𝑘 +
2

𝑐
𝛾𝑘 −

𝛾2

𝑘

𝑐
≤ 0.

• By assumption (A.4), for each 𝑘 ∈ ℕ,

𝔼
[

(𝜕𝑔(𝑇𝑥𝑘+1))0

2 | 𝒮𝑘−1

]
≤ 𝑀2.

• By Lemma 4.9, for each 𝑘 ∈ ℕ,

𝔼 [L (𝑥𝑘+1, 𝜇𝑘+1) | 𝒮𝑘−1] ≤ ˜𝑀.

• Recall that, by (A.2), 𝑓 is (𝐹, 𝜁 )-smooth and invoke Remark 2.8, to get, for each 𝑘 ∈ ℕ,

𝔼 [𝐷𝐹 (𝑥𝑘+1, 𝑥𝑘 ) | 𝒮𝑘−1] ≤ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘 ) .

• Since, for each 𝑘 ∈ ℕ, 𝑠̂𝑘 and 𝑥𝑘 are both in C, we have

𝔼 [∥𝑠̂𝑘 − 𝑥𝑘 ∥ | 𝒮𝑘−1] ≤ 𝑑C .

We have, for each 𝑘 ∈ ℕ,

𝔼 [𝑟𝑘+1 | 𝒮𝑘−1] − 𝑟𝑘 ≤ 𝛾𝑘
(
L

(
𝑥★, 𝜇★

)
− L

(
𝑥𝑘 , 𝜇

★
) )
+ 𝛾𝑘

(
L

(
𝑥𝑘 , 𝜇

★
)
− 𝔼

[
L

(
𝑥𝑘+1, 𝜇

★
)
| 𝒮𝑘−1

] )
− 𝜌𝑘𝛾𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 +
𝛽𝑘 − 𝛽𝑘+1

2

𝑀2 + (𝛾𝑘 − 𝛾𝑘+1) ˜𝑀 + 𝛾𝑘
𝛽𝑘

2

𝑀2

+ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘 ) + 𝛾2

𝑘

𝐿𝑘

2

𝑑2

C + 𝛾𝑘𝔼
[〈
𝜆𝑘 , 𝑥

★ − 𝑠̂𝑘
〉
+ 𝜆𝑠

𝑘
| 𝒮𝑘−1

]
.

We can bound the inner product involving the error terms using the Cauchy-Schwarz inequality and

the boundedness of C. Applying Lemma 4.5 and regrouping terms with 𝛾2

𝑘
we get, for each 𝑘 ∈ ℕ,

𝔼 [𝑟𝑘+1 | 𝒮𝑘−1] − 𝑟𝑘 ≤ 𝛾𝑘
(
L

(
𝑥★, 𝜇★

)
− L

(
𝑥𝑘 , 𝜇

★
) )
− 𝜌𝑘𝛾𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2 + (𝛽𝑘 − 𝛽𝑘+1)
𝑀2

2

+ 𝛾2

𝑘
𝐶𝑘

+ (𝛾𝑘 − 𝛾𝑘+1) 𝑀̃ + 𝛾𝑘𝛽𝑘
𝑀2

2

+ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘 ) + 𝛾𝑘𝔼
[
𝑑C ∥𝜆𝑘 ∥ + 𝜆𝑠𝑘 | 𝒮𝑘−1

]
.

We conclude by trivial manipulations. □

We now proceed to prove the main theorem regarding optimality, recalling the notation of (3.3) for

the terms 𝑺𝒫 and 𝑺𝒟 and (3.4) for𝔚 [(𝑥𝑘 )𝑘∈ℕ]. The convergence and rates of the Lagrangian values

will be shown in terms L
(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥★, 𝜇★

)
, which is non-negative since (𝑥★, 𝜇★) is a saddle point.

This is however not a primal-dual gap. Nevertheless, observe that in view of [6, Proposition 19.21(v)],

we have

L
(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥★, 𝜇★

)
= Φ(𝑥) − Φ(𝑥★) + ⟨𝐴∗𝜇★, 𝑥𝑘 − 𝑥★⟩,

which is nothing but the Bregman divergence of Φ with the subgradient −𝐴∗𝜇 between 𝑥𝑘 and 𝑥★. This

Bregman divergence appears then as a good candidate to quantify the convergence rate of Algorithm 1

given that it captures both the discrepancy of the primal objective to the optimal value and violation

of the affine constraint.
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Theorem 4.11 (Optimality). Suppose that (A.1)-(A.10) and (P.1)-(P.8) hold, with𝑀 ≥ 1. Let (𝑥𝑘 )𝑘∈ℕ be the
sequence of primal iterates generated by Algorithm 1 and (𝑥★, 𝜇★) a saddle-point pair for the Lagrangian.
Then, in addition to the results of Theorem 4.7, the following holds

(i) Convergence of the Lagrangian:

(4.26) lim

𝑘→∞
L

(
𝑥𝑘 , 𝜇

★
)
= L

(
𝑥★, 𝜇★

)
(ℙ-a.s.) .

(ii) The sequence (𝑥𝑘 )𝑘∈ℕ satisfies 𝔚 [(𝑥𝑘 )𝑘∈ℕ] ⊂ 𝑺𝒫 (ℙ-a.s.) and there exists 𝜇, an 𝑺𝒟-valued
random variable, such that 𝜇𝑘 → 𝜇 (ℙ-a.s.).

(iii) Ergodic rate: for each 𝑘 ∈ ℕ, let 𝑥𝑘
def
=

∑𝑘
𝑖=0
𝛾𝑖𝑥𝑖+1/Γ𝑘 . Then, for each 𝑘 ∈ ℕ,

L
(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥★, 𝜇★

)
∈ 𝑂

(
1

Γ𝑘

)
(ℙ-a.s.) .(4.27)

(iv) If the problem (𝒫) admits a unique solution 𝑥★, then (𝑥𝑘 )𝑘∈ℕ converges weakly (ℙ-a.s.) to 𝑥★ a
solution of (𝒫). Moreover, ifΦ is uniformly convex on C withmodulus of convexity𝜓 : ℝ+ → [0,∞],
then (𝑥𝑘 )𝑘∈ℕ converges strongly (ℙ-a.s.) to 𝑥★ at the ergodic rate, for each 𝑘 ∈ ℕ,

𝜓

(

𝑥𝑘 − 𝑥★

) ∈ 𝑂 (
1

Γ𝑘

)
(ℙ-a.s.) .

Furthermore, if (P.9) holds then we have the following pointwise rates in expectation, for any
(
𝑥★, 𝜇★

)
∈

𝑺𝒫 × 𝑺𝒟,

(v) It holds inf

0≤𝑖≤𝑘
𝔼

[
L

(
𝑥𝑘 , 𝜇

★
) ]
− L

(
𝑥★, 𝜇★

)
∈ 𝑂

(
1

Γ𝑘

)
.

(vi) There exists a subsequence
(
𝑥𝑘 𝑗

)
𝑗 ∈ℕ

such that 𝔼
[
L

(
𝑥𝑘 𝑗
, 𝜇★

)]
− L

(
𝑥★, 𝜇★

)
≤ 1

Γ𝑘𝑗
.

Proof. As in the proof of Theorem 4.7, our goal is to first apply Lemma 2.2 and then apply Lemma 2.3.

By (4.15) in Lemma 4.10 we have, using the same notation, for each 𝑘 ∈ ℕ,

𝔼 [𝑟𝑘+1 | 𝒮𝑘−1] − 𝑟𝑘 ≤ −𝛾𝑘
(
L

(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥★, 𝜇★

)
+ 𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2
)

+ (𝛽𝑘 − 𝛽𝑘+1)
𝑀2

2

+ (𝛾𝑘 − 𝛾𝑘+1) ˜𝑀 + 𝛾𝑘𝛽𝑘
𝑀2

2

+ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘 ) + 𝛾2

𝑘
𝐶𝑘

+ 𝑑C𝛾𝑘𝔼 [∥𝜆𝑘 ∥ | 𝒮𝑘−1] + 𝛾𝑘𝔼
[
𝜆𝑠
𝑘
| 𝒮𝑘−1

]
.

Let, for each 𝑘 ∈ ℕ, 𝑎𝑘 = 𝛾𝑘
(
L

(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥★, 𝜇★

)
+ 𝜌𝑘

2
∥𝐴𝑥𝑘 − 𝑏∥2

)
and denote what remains on

the r.h.s. by 𝑧𝑘 . Then, to apply Lemma 2.2, we must show (𝑧𝑘 )𝑘∈ℕ ∈ ℓ 1

+ (𝔖′). The terms (𝛽𝑘 − 𝛽𝑘+1) 𝑀
2

2

and (𝛾𝑘 − 𝛾𝑘+1) ˜𝑀 are bounded and telescopic, hence in ℓ 1

+. The terms 𝛾𝑘𝛽𝑘
𝑀2

2
and 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘 ) are in

ℓ 1

+ by (P.1). Recalling the definition of 𝐶𝑘 , we have, for each 𝑘 ∈ ℕ,

𝛾2

𝑘
𝐶𝑘 = 𝛾2

𝑘

(
𝐿𝑘

2

𝑑2

C + 𝑑C
(
𝑀 ∥𝑇 ∥ + 𝐷 + 𝐿ℎ + ∥𝜇★∥ ∥𝐴∥

) )
=

(
𝑑2

C ∥𝑇 ∥
2

2

)
𝛾2

𝑘

𝛽𝑘
+

(
𝑑2

C ∥𝐴∥
2 𝜌𝑘

2

+ 𝑑C
(
𝑀 ∥𝑇 ∥ + 𝐷 + 𝐿ℎ + ∥𝜇★∥ ∥𝐴∥

))
𝛾2

𝑘

≤
(
𝑑2

C ∥𝑇 ∥
2

2

)
𝛾2

𝑘

𝛽𝑘
+

(
𝑑2

C ∥𝐴∥
2 𝜌

2

+ 𝑑C
(
𝑀 ∥𝑇 ∥ + 𝐷 + 𝐿ℎ + ∥𝜇★∥ ∥𝐴∥

))
𝛾2

𝑘
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which is in ℓ 1

+ by (P.1) and (P.3). The remaining terms,

𝑑C𝛾𝑘𝔼 [∥𝜆𝑘 ∥ | 𝒮𝑘−1] + 𝛾𝑘𝔼
[
𝜆𝑠
𝑘
| 𝒮𝑘−1

]
,

coming from the inexactness of the algorithm, are in ℓ 1

+ (𝔖′) by (P.8). Thus, the r.h.s. belongs to ℓ 1

+ (𝔖′)
and so by Lemma 2.2 we have,

𝑎𝑘 = 𝛾𝑘

(
L

(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥★, 𝜇★

)
+ 𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2
)
∈ ℓ 1

+ (𝔖′) (ℙ-a.s.) ,

and also that (𝑟𝑘 )𝑘∈ℕ converges (ℙ-a.s.).

The first claim (i) follows by applying Lemma 2.3, the conditions of which are satisfied directly from

Lemma 4.3 and Lemma 4.5.

The second claim, (ii), follows from the same arguments as in [34, Theorem 4.2(ii)] but adapted

to the stochastic case. For the claims about (𝑥𝑘 )𝑘∈ℕ, the proof is trivially extended to the stochastic

setting (ℙ-a.s.). However, the claims about (𝜇𝑘 )𝑘∈ℕ are more delicate to adapt so we write explicitly

the arguments below.

By Theorem4.7(iii) we have

(
𝛾𝑘 ∥𝐴𝑥𝑘 − 𝑏∥2

)
𝑘∈ℕ ∈ ℓ 1

+ (𝔖) which, by Lemma 2.4 implies that there

exists a subsequence

(
𝐴𝑥𝑘 𝑗

)
𝑗 ∈ℕ

with



𝐴𝑥𝑘 𝑗
− 𝑏



 → 0 (ℙ-a.s.). Since the sequence (𝜇𝑘 )𝑘∈ℕ is bounded

(ℙ-a.s.) by Lemma 4.8, the subsequence

(
𝜇𝑘 𝑗

)
𝑗 ∈ℕ

is bounded (ℙ-a.s.) as well and thus admits a weakly

(ℙ-a.s.) convergent subsequence
(
𝜇𝑘 𝑗𝑖

)
𝑖∈ℕ

with 𝜇𝑘 𝑗𝑖
⇀ 𝜇 for someH𝑑 -valued random variable 𝜇. By

Fermat’s rule ([6, Theorem 16.2]), the weak (ℙ-a.s.) sequential cluster point 𝜇 is a solution to (𝒟) iff

0 ∈ 𝜕 (Φ∗ ◦ (−𝐴∗)) (𝜇) + 𝑏 (ℙ-a.s.) .

The proximal operator is the resolvent of the subdifferential and so it follows that (4.12) is equivalent,

for each 𝑖 ∈ ℕ, to

(4.28) ∇𝜑𝑘 𝑗𝑖

(
𝜇𝑘 𝑗𝑖

)
− 𝑏 ∈ 𝜕

(
Φ∗
𝑘 𝑗𝑖
◦ (−𝐴∗)

) (
𝜇𝑘 𝑗𝑖
− 𝜌𝑘 𝑗𝑖

∇𝜑𝑘 𝑗𝑖

(
𝜇𝑘 𝑗𝑖

))
(ℙ-a.s.) .

Since

(
𝐴𝑥𝑘 𝑗

)
𝑗 ∈ℕ

converges strongly to𝑏 (ℙ-a.s.), and in view of (4.13), it holds that∇𝜑𝑘 𝑗

(
𝜇𝑘 𝑗

)
converges

strongly to 0 (ℙ-a.s.). However, 𝜇𝑘 𝑗𝑖
− 𝜌𝑘 𝑗𝑖

∇𝜑𝑘 𝑗𝑖

(
𝜇𝑘 𝑗𝑖

)
converges weakly to 𝜇 (ℙ-a.s.). We henceforth

argue that we can pass to the limit in (4.28) by sequential closedness using a Mosco convergence

(weak-strong epigraphical convergence) argument (see [9] and [3, Definition 3.7]). Indeed, it was shown

in the proof of [34, Theorem 4.2], which defer to for brevity, that Φ∗
𝑘 𝑗𝑖

◦ −(𝐴∗) Mosco-converges to

(Φ)∗◦ (−𝐴∗). This implies, via [3, Theorem 3.66], that 𝜕Φ∗
𝑘 𝑗𝑖

◦ (−𝐴∗) graph-converges to 𝜕Φ∗◦ (−𝐴∗), and

[3, Proposition 3.59] shows that

(
𝜕Φ𝑘 𝑗𝑖

◦ (−𝐴∗)
)
𝑖∈ℕ

is sequentially closed for graph-convergence in the

weak-strong topology onH𝑑 , i.e., for any sequence

((
𝑣𝑘 𝑗𝑖

, 𝜂𝑘 𝑗𝑖

))
𝑖∈ℕ

in the graph of 𝜕

(
Φ∗
𝑘 𝑗𝑖

◦ (−𝐴∗)
)
𝑖∈ℕ

such that 𝑣𝑘 𝑗𝑖
converges weakly to 𝑣 and 𝜂𝑘 𝑗𝑖

converges strongly to 𝜂, we have 𝜂 ∈ 𝜕Φ∗ ◦ (−𝐴∗) (𝑣). Let,
for each 𝑖 ∈ ℕ, 𝑣𝑘 𝑗𝑖

= ∇𝜑𝑘 𝑗𝑖

(
𝜇𝑘 𝑗𝑖

)
−𝑏 and 𝜂𝑘 𝑗𝑖

= 𝜇𝑘 𝑗𝑖
−𝜌𝑘 𝑗𝑖

∇𝜑𝑘 𝑗𝑖

(
𝜇𝑘 𝑗𝑖

)
, which converge strongly (ℙ-a.s.)

and weakly (ℙ-a.s.) respectively, and let Ω̃ ⊂ F such that ℙ
(
Ω̃
)
= 1 and, for all 𝜔 ∈ Ω̃, 𝑣𝑘 𝑗𝑖

(𝜔) → 𝑏

and 𝜂𝑘 𝑗𝑖
(𝜔) ⇀ 𝜇 (𝜔). We conclude that, for each 𝜔 ∈ Ω̃,

0 ∈ 𝜕 (Φ∗ ◦ (−𝐴∗)) (𝜇 (𝜔)) + 𝑏 (ℙ-a.s.) ,

i.e., 𝜇 is a solution of the dual problem (𝒟) (ℙ-a.s.).
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We now prove the existence of a set Ω̃ ⊂ F such that ℙ
(
Ω̃
)
= 1 and, for all 𝜔 ∈ Ω̃, for any 𝜇★ ∈ 𝑺𝒟,

Θ
(
𝜇★, 𝜔

)
def

= lim

𝑘



𝜇𝑘 (𝜔) − 𝜇★

2

exists. This does indeed hold (ℙ-a.s.) for each fixed 𝜇★ ∈ 𝑺𝒟 by the argument in the proof of [34,

Theorem 4.2] but 𝑺𝒟 may be uncountable and so the entire statement for any 𝜇★ ∈ 𝑺𝒟 may not

necessarily hold (ℙ-a.s.) . To rectify this situation, we make the assumption (A.9) and argue as in [12,

Proposition 2.3(iii)].

First repeat the argument made in the proof of [34, Theorem 4.2] to show that, for each fixed 𝜇★ ∈ 𝑺𝒟,
there exists Ω𝜇★ ⊂ F with ℙ

(
Ω𝜇★

)
= 1 such that, for any 𝜔 ∈ Ω𝜇★ , Θ

(
𝜇★, 𝜔

)
exists. Let 𝜇★ ∈ 𝑺𝒟 and

recall (𝑟𝑘 )𝑘∈ℕ in (4.10), for each 𝑘 ∈ ℕ,

𝑟𝑘
def

= (1 − 𝛾𝑘 ) L𝑘 (𝑥𝑘 , 𝜇𝑘 ) +
𝑐

2



𝜇𝑘 − 𝜇★

2

.

We have already shown that (𝑟𝑘 )𝑘∈ℕ is convergent (ℙ-a.s.). We also have, for each 𝑘 ∈ ℕ,

−L𝑘 (𝑥𝑘 , 𝜇𝑘 ) =
(
L(𝑥𝑘 , 𝜇★) − L𝑘 (𝑥𝑘 , 𝜇𝑘 )

)
− L(𝑥𝑘 , 𝜇★)

= 𝑔(𝑇𝑥𝑘 ) − 𝑔𝛽𝑘 (𝑇𝑥𝑘 ) +
〈
𝜇★ − 𝜇𝑘 , 𝐴𝑥𝑘 − 𝑏

〉
− 𝜌𝑘

2

∥𝐴𝑥𝑘 − 𝑏∥2

− L(𝑥𝑘 , 𝜇★) .

We have from Theorem 4.7 that
𝜌𝑘
2
∥𝐴𝑥𝑘 − 𝑏∥2 → 0 (ℙ-a.s.). Therefore,〈

𝜇★ − 𝜇𝑘 , 𝐴𝑥𝑘 − 𝑏
〉
→ 0

since (𝜇𝑘 )𝑘∈ℕ is bounded (ℙ-a.s.). We also have, by claim (i) of this theorem, thatL
(
𝑥𝑘𝜇

★
)
→ L

(
𝑥★, 𝜇★

)
(ℙ-a.s.). By Lemma 2.6 and (A.4), we get

0 ≤
(
𝑔 (𝑇𝑥𝑘 ) − 𝑔𝛽𝑘 (𝑇𝑥𝑘 )

)
≤ 𝛽𝑘

2

𝑀2 (ℙ-a.s.)

which implies, in light of (P.3), that𝑔 (𝑇𝑥𝑘 )−𝑔𝛽𝑘 (𝑇𝑥𝑘 ) → 0 (ℙ-a.s.). Altogether, it holds thatL𝑘 (𝑥𝑘 , 𝜇𝑘 ) →
L

(
𝑥★, 𝜇★

)
(ℙ-a.s.) and thus the limit

lim

𝑘



𝜇𝑘 − 𝜇★

2

= 2/𝑐
(
lim

𝑘
𝑟𝑘 − L

(
𝑥★, 𝜇★

) )
exists (ℙ-a.s.) for each 𝜇★ ∈ 𝑺𝒟.

SinceH𝑑 is separable by (A.9), there exists a countable set 𝑆 such that ¯𝑆 = 𝑺𝒟. The previous paragraph
has shown that, for every 𝜇★ ∈ 𝑺𝒟, there exists Ω𝜇★ ⊂ F such that ℙ

(
Ω𝜇★

)
= 1 and, for any 𝜔 ∈ Ω𝜇★ ,

Θ
(
𝜇★, 𝜔

)
exists. Set Ω̃ =

⋂
𝜇★∈𝑆

Ω𝜇★ and let Ω̃𝑐
be its set-theoretic complement. By the countability of 𝑆 ,

ℙ
(
Ω̃
)
= 1 − ℙ

(
Ω̃𝑐

)
= 1 − ℙ ©­«

⋃
𝜇★∈𝑆

Ω𝑐
𝜇★

ª®¬ ≥ 1 −
∑︁
𝜇★∈𝑆

ℙ
(
Ω𝑐
𝜇★

)
= 1,

i.e., ℙ
(
Ω̃
)
= 1. Fix 𝜇★ ∈ 𝑺𝒟; since ¯𝑆 = 𝑺𝒟, there exists a sequence

(
𝜇★𝑛

)
𝑛∈ℕ such that, for each 𝑛 ∈ ℕ,

𝜇★𝑛 ∈ 𝑆 and 𝜇★𝑛 → 𝜇★. As was already shown, for each 𝑛 ∈ ℕ, for any 𝜔 ∈ Ω𝜇★𝑛
, Θ

(
𝜇★𝑛 , 𝜔

)
exists. Let

𝜔 ∈ Ω̃, then we have, for each 𝑛 ∈ ℕ, for each 𝑘 ∈ ℕ,

−


𝜇★𝑛 − 𝜇★

 ≤ 

𝜇𝑘 (𝜔) − 𝜇★

 − 

𝜇𝑘 (𝜔) − 𝜇★𝑛 

 ≤ 

𝜇★𝑛 − 𝜇★
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and thus, for each 𝑛 ∈ ℕ,

−


𝜇★𝑛 − 𝜇★

 ≤ lim inf

𝑘



𝜇𝑘 (𝜔) − 𝜇★

 − lim

𝑘



𝜇𝑘 (𝜔) − 𝜇★𝑛 


= lim inf

𝑘



𝜇𝑘 (𝜔) − 𝜇★

 − Θ (
𝜇★𝑛 , 𝜔

)
≤ lim sup

𝑘



𝜇𝑘 (𝜔) − 𝜇★

 − Θ (
𝜇★𝑛 , 𝜔

)
= lim sup

𝑘



𝜇𝑘 (𝜔) − 𝜇★

 − lim

𝑘



𝜇𝑘 (𝜔) − 𝜇★𝑛 


≤



𝜇★𝑛 − 𝜇★

 .
Taking the limit as 𝑛 →∞ then gives that the sequence

(
Θ

(
𝜇★𝑛 , 𝜔

) )
𝑛∈ℕ converges to Θ

(
𝜇★, 𝜔

)
for any

𝜔 ∈ Ω̃ where Ω̃ does not depend on 𝜇★.

We now aim to use (A.10), for which we denote (𝑝𝑖)𝑖∈ℕ =

(
∇𝜑𝑘 𝑗𝑖

(
𝜇𝑘 𝑗𝑖

)
− 𝑏

)
𝑖∈ℕ

and (𝑞𝑖)𝑖∈ℕ =(
𝜇𝑘 𝑗𝑖
− 𝜌𝑘 𝑗𝑖

∇𝜑𝑘 𝑗𝑖

(
𝜇𝑘 𝑗𝑖

))
𝑖∈ℕ

. We’ve shown that (𝑝𝑖)𝑖∈ℕ converges strongly to 0 (ℙ-a.s.) and that (𝑞𝑖)𝑖∈ℕ
converges weakly to 𝜇 (ℙ-a.s.) and so there exists Ω̃ ⊂ F with ℙ

(
Ω̃
)
= 1 such that, for any 𝜔 ∈ Ω̃,

𝑝𝑖 (𝜔) → 𝑝 (𝜔) and 𝑞𝑖 (𝜔) ⇀ 𝑞 (𝜔). Due to (4.28), we furthermore have, for each 𝜔 ∈ Ω̃, for each
𝑖 ∈ ℕ,

𝑝𝑖 (𝜔) ∈ 𝜕
(
Φ∗
𝑘 𝑗𝑖
◦ (−𝐴∗)

)
(𝑞𝑖 (𝜔)) (ℙ-a.s.) ,

and thus by (A.10), for each 𝜔 ∈ Ω̃, (𝑞𝑖 (𝜔))𝑖∈ℕ admits a subsequence

(
𝑞𝑖𝑙 (𝜔)

)
𝑖∈ℕ such that 𝑞𝑖𝑙 (𝜔) →

𝑞 (𝜔), i.e., the sequence
(
𝜇𝑘 𝑗𝑖𝑙
− 𝜌𝑘 𝑗𝑖𝑙

∇𝜑𝑘 𝑗𝑖𝑙

(
𝜇𝑘 𝑗𝑖𝑙

))
𝑖∈ℕ

is strongly convergent (ℙ-a.s.). Thus, the sub-

sequence

(
𝜇𝑘 𝑗𝑖𝑙

)
𝑖∈ℕ

is strongly convergent to 𝜇 (ℙ-a.s.). Since 𝜇 is a solution to (𝒟), it holds that

lim

𝑘
∥𝜇𝑘 − 𝜇∥ exists (ℙ-a.s.). At the same time, we have shown that lim

𝑙




𝜇𝑘 𝑗𝑖𝑙
− 𝜇




 = 0 (ℙ-a.s.) and so

the whole sequence (𝜇𝑘 )𝑘∈ℕ converges strongly to 𝜇 ∈ 𝑺𝒟 (ℙ-a.s.).

Meanwhile the third claim, (iii), follows from the argument of [34, Theorem 4.2(iv)] directly applied

to the (ℙ-a.s.) setting and similarly for (iv) following from the argument of [34, Corollary 4.3].

Finally, assume that (P.9) holds. By taking the total expectation of (4.15) in Lemma 4.10 and using

the law of total expectation we have, for each 𝑘 ∈ ℕ,

𝔼 [𝑟𝑘+1] − 𝔼 [𝑟𝑘 ] ≤ −𝛾𝑘
(
𝔼

[
L

(
𝑥𝑘 , 𝜇

★
) ]
− L

(
𝑥★, 𝜇★

)
+ 𝜌𝑘

2

𝔼
[
∥𝐴𝑥𝑘 − 𝑏∥2

] )
+ (𝛽𝑘 − 𝛽𝑘+1)

𝑀2

2

+ (𝛾𝑘 − 𝛾𝑘+1) ˜𝑀 + 𝛾𝑘𝛽𝑘
𝑀2

2

+ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘 ) + 𝛾2

𝑘
𝐶𝑘 + 𝑑C𝛾𝑘𝔼 [∥𝜆𝑘 ∥]

+ 𝛾𝑘𝔼
[
𝜆𝑠
𝑘

]
(ℙ-a.s.) .

Define the following, for each 𝑘 ∈ ℕ,

𝑟𝑘 = 𝔼 [𝑟𝑘 ] and 𝑝𝑘 = 𝛾𝑘 and 𝑤̃𝑘 = 𝔼
[
L

(
𝑥𝑘 , 𝜇

★
) ]
− L

(
𝑥★, 𝜇★

)
+ 𝜌𝑘

2

𝔼
[
∥𝐴𝑥𝑘 − 𝑏∥2

]
and denote what remains, for each 𝑘 ∈ ℕ,

𝑧𝑘 = (𝛽𝑘 − 𝛽𝑘+1)
𝑀2

2

+ (𝛾𝑘 − 𝛾𝑘+1) ˜𝑀 + 𝛾𝑘𝛽𝑘
𝑀2

2

+ 𝐾(𝐹,𝜁 ,C)𝜁 (𝛾𝑘 ) + 𝛾2

𝑘
𝐶𝑘 + 𝑑C𝛾𝑘𝔼 [∥𝜆𝑘 ∥] + 𝛾𝑘𝔼

[
𝜆𝑠
𝑘

]
By repeating the arguments of the previous paragraph, we have that (𝑧𝑘 )𝑘∈ℕ ∈ ℓ 1

+. Invoking Lemma 2.4,

again noting Lemma 4.3 and Lemma 4.5 hold with the total expectation as well, with (𝑟𝑘 )𝑘∈ℕ, (𝑝𝑘 )𝑘∈ℕ,
(𝑤̃𝑘 )𝑘∈ℕ, and (𝑧𝑘 )𝑘∈ℕ defined as above, we obtain the remaining claims. □
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Remark 4.12. The assumption (A.9) is only necessary for showing that the sequence of dual variables

(𝜇𝑘 )𝑘∈ℕ admits an optimal weak cluster point. The other results, e.g., convergence of the Lagrangian

values, the containment𝔚 [(𝑥𝑘 )𝑘∈ℕ] ⊂ 𝑺𝒫 (ℙ-a.s.) , etc, do not require the separability imposed by

(A.9). Likewise, something similar can be said for (A.10), which is only necessary for ensuring the

strong convergence of the sequence of dual variables (𝜇𝑘 )𝑘∈ℕ and can otherwise be omitted.

Remark 4.13. The combination of the Lagrangian convergence rate (4.27) with convexity and the

feasibility rate (4.7) leads directly to a rate for the objective itself evaluated at the ergodic iterate,��Φ (𝑥𝑘 ) − Φ (
𝑥★

) �� = 𝑂 (
1/

√︁
Γ𝑘

)
(ℙ-a.s.) .

5 stochastic examples

We examine the problem of risk minimization using two different ways to inexactly calculate the

gradient with stochastic noise to demonstrate that the assumptions on the error can be satisfied in

order to apply ICGALP .

Consider the following,

(𝒫1) min

𝑥 ∈C⊂H
𝐴𝑥=𝑏

{
𝑓 (𝑥) def

= 𝔼 [𝐿 (𝑥, 𝜂)]
}
,

where 𝐿 (·, 𝜂) is differentiable for every 𝜂, and 𝜂 is a random variable.

We will impose the following assumptions, or a subset of them depending on the context.Indeed,

only (E.1) and (E.2) will be used for risk minimization with increasing batch size while (E.3) and (E.4)

will be needed for the results on risk minimization with variance reduction.

(E.1) It holds, for all 𝑥 ∈ H𝑝 , ∇𝑓 (𝑥) = 𝔼 [∇𝑥𝐿 (𝑥, 𝜂)].

(E.2) For all 𝜂, the function 𝐿 (·, 𝜂) is 𝜔-smooth (see Definition 2.9) with 𝜔 nondecreasing.

(E.3) The function 𝑓 is 𝜔-smooth with 𝜔 nondecreasing.

(E.4) The function 𝑓 is Hölder-smooth with constant 𝐶𝑓 and exponent 𝜏 .

Remark 5.1. In practical contexts, it’s unrealistic that one will have access to the function 𝑓 or knowledge
of its regularity. To this end, we note that the assumptions (E.1) and (E.2), which depend only on

the function 𝐿 (𝑥, 𝜂), are sufficient to ensure that (E.3) holds and similarly for (E.4) if one adjusts

(E.2) for Hölder-smoothness. Moreover, since Hölder-smoothness is a special case of 𝜔-smoothness,

(E.4) =⇒ (E.3).

Remark 5.2.With the above choice for 𝜆𝑘 , the terms in ∇𝑥E𝑘 (𝑥𝑘 , 𝜇𝑘 ) coming from the augmented

Lagrangian are computed exactly, however our analysis extends to the case where∇𝑥
( 𝜌𝑘

2
∥𝐴𝑥𝑘 − 𝑏∥2

)
=

𝜌𝑘𝐴
∗ (𝐴𝑥𝑘 − 𝑏) is computed inexactly as well, as this function is always Lipschitz-continuous. We

demonstrate this alternative choice in Section 7 by sampling the components 𝜌𝑘𝐴
∗ (𝐴𝑥𝑘 − 𝑏) (𝑖) in the

numerical experiments.

For the sake of clarity, we demonstrate only the case where, for each 𝑘 ∈ ℕ, 𝜆𝑘 ≡ 𝜆𝑓𝑘 with 𝜆
𝑓

𝑘
=

∇̂𝑓 𝑘−∇𝑓 (𝑥𝑘 ) and ∇̂𝑓 𝑘 is our inexact computation of∇𝑓 (𝑥𝑘 ), to be defined in the following subsections.

5.1 risk minimization with increasing batch size

Consider (𝒫1) and define, for each 𝑘 ∈ ℕ,

∇̂𝑓 𝑘
def

=
1

𝑛 (𝑘)

𝑛 (𝑘)∑︁
𝑖=1

∇𝑥𝐿 (𝑥𝑘 , 𝜂𝑖)
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where 𝑛 (𝑘) is the number of samples to be taken at iteration 𝑘 . We assume that each 𝜂𝑖 is i.i.d.,

according to some fixed distribution, and that 𝑛 is a function of 𝑘 , i.e., the number of samples taken to

estimate the expectation is dependent on the iteration number itself.

Lemma 5.3. Under assumptions (E.1) and (E.2), denote

𝐶 = 2

(
𝜔 (𝑑C)2 + 𝔼

[

∇𝐿 (
𝑥★, 𝜂

)

2

] )
where 𝑥★ is a solution to (𝒫1) and, for each 𝑘 ∈ ℕ, 𝒮𝑘 = 𝜎 (𝑥0, 𝜇0, 𝑠̂0, . . . , 𝑠̂𝑘 ) as in (3.2). Then, for each
𝑘 ∈ ℕ, the following holds,

𝔼
[


𝜆𝑓

𝑘+1




 | 𝒮𝑘

]
≤

√︄
𝐶

𝑛 (𝑘 + 1) .

Proof. By Jensen’s inequality, for each 𝑘 ∈ ℕ,

𝔼
[


𝜆𝑓

𝑘+1




 | 𝒮𝑘

]
2

≤ 𝔼

[


𝜆𝑓
𝑘+1




2

| 𝒮𝑘

]
= 𝔼

[


∇𝑓 (𝑥𝑘+1) − ∇̂𝑓 𝑘+1


2

| 𝒮𝑘

]
.

Then, since ∇̂𝑓 𝑘+1 is an unbiased estimator for ∇𝑓 (𝑥𝑘+1), we have, for each 𝑘 ∈ ℕ,

𝔼

[


∇𝑓 (𝑥𝑘+1) − ∇̂𝑓 𝑘+1


2

| 𝒮𝑘

]
= 𝔼

[


𝔼 [
∇̂𝑓 𝑘+1

]
− ∇̂𝑓 𝑘+1




2

| 𝒮𝑘

]
= Var

[
∇̂𝑓 𝑘+1 | 𝒮𝑘

]
= Var

[
1

𝑛 (𝑘 + 1)

𝑛 (𝑘+1)∑︁
𝑖=1

∇𝐿 (𝑥𝑘+1, 𝜂𝑖) | 𝒮𝑘

]
=

1

𝑛 (𝑘 + 1)Var [∇𝐿 (𝑥𝑘+1, 𝜂) | 𝒮𝑘 ] ,

where the last equality follows from the independence and identical distribution of 𝜂𝑖 . Applying the

definition of conditional variance yields, for each 𝑘 ∈ ℕ,
1

𝑛 (𝑘 + 1)Var [∇𝐿 (𝑥𝑘+1, 𝜂) | 𝒮𝑘 ] =
1

𝑛 (𝑘 + 1)
(
𝔼

[
∥∇𝐿 (𝑥𝑘+1, 𝜂)∥2 | 𝒮𝑘

]
− ∥𝔼 [∇𝐿 (𝑥𝑘+1, 𝜂) | 𝒮𝑘 ] ∥2

)
≤ 1

𝑛 (𝑘 + 1)𝔼
[
∥∇𝐿 (𝑥𝑘+1, 𝜂)∥2 | 𝒮𝑘

]
.

We again use Jensen’s inequality, then 𝜔-smoothness, and finally the fact that 𝜔 is nondecreasing

together with the fact that 𝑥𝑘+1 and 𝑥
★
are both in C to find, for each 𝑘 ∈ ℕ,

1

𝑛 (𝑘 + 1)𝔼
[
∥∇𝐿 (𝑥𝑘+1, 𝜂)∥2 | 𝒮𝑘

]
≤ 2

𝑛 (𝑘 + 1)

(
𝔼

[

∇𝐿 (𝑥𝑘+1, 𝜂) − ∇𝐿 (
𝑥★, 𝜂

)

2 | 𝒮𝑘

]
+𝔼

[

∇𝐿 (
𝑥★, 𝜂

)

2

] )
≤ 2

𝑛 (𝑘 + 1)

(
𝔼

[
𝜔

(

𝑥𝑘+1 − 𝑥★

)2

| 𝒮𝑘

]
+ 𝔼

[

∇𝐿 (
𝑥★, 𝜂

)

2

] )
≤ 2

𝑛 (𝑘 + 1)

(
𝜔 (𝑑C)2 + 𝔼

[

∇𝐿 (
𝑥★, 𝜂

)

2

] )
=

𝐶

𝑛 (𝑘 + 1) .

The above shows that, for each 𝑘 ∈ ℕ, 𝔼
[


𝜆𝑓

𝑘+1




 | 𝒮𝑘

]
2

≤ 𝐶
𝑛 (𝑘+1) and so 𝔼

[


𝜆𝑓
𝑘+1




 | 𝒮𝑘

]
≤

√︃
𝐶

𝑛 (𝑘+1) as

desired. □
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Proposition 5.4. Under (E.1) and (E.2), assume that the number of samples 𝑛 (𝑘) at iteration 𝑘 is lower

bounded by
(

𝛾𝑘
𝜁 (𝛾𝑘 )

)
2

, i.e. for some 𝛼 > 0, 𝑛 (𝑘) ≥ 𝛼
(

𝛾𝑘
𝜁 (𝛾𝑘 )

)
2

. Then, the summability of the error in (P.8)
is satisfied; namely,

𝛾𝑘+1𝔼
[


𝜆𝑓

𝑘+1




 | 𝒮𝑘

]
∈ ℓ 1 (𝔖) .

Proof. By Lemma 5.3 we have, for each 𝑘 ∈ ℕ,

𝛾𝑘+1𝔼
[


𝜆𝑓

𝑘+1




 | 𝒮𝑘

]
≤ 𝛾𝑘+1

√︄
𝐶

𝑛 (𝑘 + 1) ≤
√︂
𝐶

𝛼
𝜁 (𝛾𝑘+1) .

The summability of 𝜁 (𝛾𝑘+1) is given by (P.1) and thus 𝛾𝑘=1𝔼
[


𝜆𝑓

𝑘+1




 | 𝒮𝑘

]
∈ ℓ 1 (𝔖) □

Remark 5.5. The lower bound 𝑛 (𝑘) ≥ 𝛼
(

𝛾𝑘
𝜁 (𝛾𝑘 )

)
2

is sufficient but not necessary; one can alternatively

choose 𝑛 (𝑘) to be lower bounded by 𝛼

(
𝛽𝑘
𝛾𝑘

)
2

or 𝛼

(
1

𝛽𝑘

)
2

and, due to (P.1), the result will still hold.

5.2 risk minimization with variance reduction

We reconsider (𝒫1) as before but now with a different ∇̂𝑓 . We define a stochastic-averaged gradient,

which will serve as a form of variance reduction, such that the number of samples at each iteration

need not increase as in the previous subsection. For each 𝑘 ∈ ℕ, let 𝜈𝑘 ∈ [0, 1] and define

(5.1) ∇̂𝑓 𝑘
def

= (1 − 𝜈𝑘 ) ∇̂𝑓 𝑘−1
+ 𝜈𝑘∇𝑥𝐿 (𝑥𝑘 , 𝜂𝑘 )

with ∇̂𝑓 −1
= 0 and with each 𝜂𝑖 i.i.d.. We call ∇̂𝑓 𝑘 the stochastic average of sampled gradients with

weight 𝜈𝑘 . This method of approximating ∇𝑓 (𝑥𝑘 ) is reminiscent of both the SARAH estimator [28]

and the SVRG estimator [23], although distinct from both since the SARAH estimator is biased and the

SVRG estimator requires and inner and outer loops.

In the previous section, we have used the number of batches 𝑛(𝑘) to ensure the error summability

condition. This in turn means that the number of gradient evaluations increases with 𝑘 (in particular,

for finite-sum objectives, one has to evaluate all gradients after finitely many iterations). This is in

stark contrast with variance reduction proposed in this section where we are able to take a single

(or a larger but fixed batch size) gradient sample at each iteration, while taking full advantage of the

flexibility offered by the choice of 𝜈𝑘 to reduce the stochastic error variance as we now show.

Lemma 5.6. Under (E.1) and (E.3), denote, for each 𝑘 ∈ ℕ,

(5.2) 𝜎2

𝑘

def
= 𝔼

[
∥∇𝑥𝐿 (𝑥𝑘 , 𝜂𝑘 ) − ∇𝑓 (𝑥𝑘 )∥2 | 𝒮𝑘−1

]
where 𝒮𝑘 is defined in (3.2) and assume that 𝜎2 = sup𝑘 𝜎

2

𝑘
< ∞. Then, for each 𝑘 ∈ ℕ, the following

inequality holds,

𝔼

[


𝜆𝑓
𝑘+1




2

| 𝒮𝑘

]
≤

(
1 − 𝜈𝑘+1

2

) 


𝜆𝑓
𝑘




2

+ 𝜈2

𝑘+1𝜎
2 + 2

𝜔 (𝑑C𝛾𝑘 )2

𝜈𝑘+1
.

Remark 5.7. Since (E.2) implies (E.3), see Remark 5.1, it is clear that Lemma 5.6 holds under (E.1)-(E.2).

Moreover, by arguing similarly to the end of the proof of Lemma 5.3, it can be easily shown that the

uniform boundedness assumption on 𝜎2

𝑘
is in force under (E.2).
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Proof. The proof of this theorem is inspired by a similar construction found in [29, Lemma 2]. By

definition of 𝜆
𝑓

𝑘+1 and ∇̂𝑓 𝑘+1, we have, for all 𝑘 ∈ ℕ,


𝜆𝑓
𝑘+1




2

=




∇̂𝑓 𝑘+1 − ∇𝑓 (𝑥𝑘+1)


2

=




(1 − 𝜈𝑘+1) ∇̂𝑓 𝑘 + 𝜈𝑘+1∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1)


2

.

We add and subtract (1 − 𝜈𝑘+1) ∇𝑓 (𝑥𝑘 ) to get,


𝜆𝑓
𝑘+1




2

=




(1 − 𝜈𝑘+1) 𝜆𝑓𝑘 + 𝜈𝑘+1 (∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1)) + (1 − 𝜈𝑘+1) (∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1))


2

.

Applying the pythagorean identity then gives,


𝜆𝑓
𝑘+1




2

= (1 − 𝜈𝑘+1)2



𝜆𝑓

𝑘




2

+ 𝜈2

𝑘+1 ∥∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1)∥
2

+ (1 − 𝜈𝑘+1)2 ∥∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1)∥2

+ 2

〈
(1 − 𝜈𝑘+1)

(
𝜆
𝑓

𝑘
+ ∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1)

)
, 𝜈𝑘+1 (∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1))

〉
+ 2

〈
(1 − 𝜈𝑘+1) 𝜆𝑓𝑘 , (1 − 𝜈𝑘+1) (∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1))

〉
.

Using Young’s inequality on the last inner product, we find,


𝜆𝑓
𝑘+1




2

≤ (1 − 𝜈𝑘+1)2



𝜆𝑓

𝑘




2

+ 𝜈2

𝑘+1 ∥∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1)∥
2

+ (1 − 𝜈𝑘+1)2 ∥∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1)∥2

+ 2

〈
(1 − 𝜈𝑘+1)

(
𝜆
𝑓

𝑘
+ ∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1)

)
, 𝜈𝑘+1 (∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1))

〉
+ 𝜈𝑘+1

2




𝜆𝑓
𝑘




2

+ 2

𝜈𝑘+1



(1 − 𝜈𝑘+1)2 (∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1))

2

.

Notice that 1 − 𝜈𝑘+1 ≤ 1 and thus (1 − 𝜈𝑘+1)4 ≤ 1 − 𝜈𝑘+1 for all 𝑘 ∈ ℕ. This leads to


𝜆𝑓
𝑘+1




2

≤
(
1 − 𝜈𝑘+1

2

) 


𝜆𝑓
𝑘




2

+ 𝜈2

𝑘+1 ∥∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1)∥
2 + ∥∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1)∥2

+ 2

〈
(1 − 𝜈𝑘+1)

(
𝜆
𝑓

𝑘
+ ∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1)

)
, 𝜈𝑘+1 (∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1))

〉
+ 2 (1 − 𝜈𝑘+1)

𝜈𝑘+1
∥(∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1))∥2

≤
(
1 − 𝜈𝑘+1

2

) 


𝜆𝑓
𝑘




2

+ 𝜈2

𝑘+1 ∥∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1)∥
2 +

(
2

𝜈𝑘+1

)
∥∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1)∥2

+ 2

〈
(1 − 𝜈𝑘+1)

(
𝜆
𝑓

𝑘
+ ∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1)

)
, 𝜈𝑘+1 (∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1))

〉
.

Recall that, by (E.3), 𝑓 is 𝜔-smooth with 𝜔 is nondecreasing. Furthermore, using the fact that 𝑥𝑘+1 =
𝑥𝑘 − 𝛾𝑘 (𝑥𝑘 − 𝑠̂𝑘 ), we find


𝜆𝑓

𝑘+1




2

≤
(
1 − 𝜈𝑘+1

2

) 


𝜆𝑓
𝑘




2

+ 𝜈2

𝑘+1 ∥∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1)∥
2 +

(
2

𝜈𝑘+1

)
𝜔 (∥𝑥𝑘 − 𝑥𝑘+1∥)2

+ 2

〈
(1 − 𝜈𝑘+1)

(
𝜆
𝑓

𝑘
+ ∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1)

)
, 𝜈𝑘+1 (∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1))

〉
≤

(
1 − 𝜈𝑘+1

2

) 


𝜆𝑓
𝑘




2

+ 𝜈2

𝑘+1 ∥∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1)∥
2 +

(
2

𝜈𝑘+1

)
𝜔 (𝑑C𝛾𝑘 )2

+ 2

〈
(1 − 𝜈𝑘+1)

(
𝜆
𝑓

𝑘
+ ∇𝑓 (𝑥𝑘 ) − ∇𝑓 (𝑥𝑘+1)

)
, 𝜈𝑘+1 (∇𝑥𝐿 (𝑥𝑘+1, 𝜂𝑘+1) − ∇𝑓 (𝑥𝑘+1))

〉
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We take the expectation on both sides, recalling the definition of 𝜎𝑘 (see (5.2)), 𝜎 , and that

𝔼 [∇𝑥𝐿 (𝑥𝑘 , 𝜂𝑘 ) | 𝒮𝑘−1] = ∇𝑓 (𝑥𝑘 ) ,

to find

𝔼

[


𝜆𝑓
𝑘+1




2

| 𝒮𝑘

]
≤

(
1 − 𝜈𝑘+1

2

) 


𝜆𝑓
𝑘




2

+ 𝜈2

𝑘+1𝜎
2 +

(
2

𝜈𝑘+1

)
𝜔 (𝑑C𝛾𝑘 )2 . □

In the following proposition, we analyze a particular case of parameter choices under the assumption

(E.4) of Hölder smoothness of 𝑓 , i.e. ∃𝐶𝑓 , 𝜏 > 0 such that 𝜔 : 𝑡 → 𝐶𝑓 𝑡
𝜏
.

Proposition 5.8. Under (E.1) and (E.4), for each 𝑘 ∈ ℕ, let ∇̂𝑓 𝑘 be defined as in (5.1) with weight 𝜈𝑘 = 𝛾𝛼
𝑘

for some 𝛼 ∈]0, 𝜏 [. If the following conditions on the sequence (𝛾𝑘 )𝑘∈ℕ hold,

(5.3)

(
𝛾

1+min{ 𝛼
2
,𝜏−𝛼}

𝑘

)
𝑘∈ℕ
∈ ℓ 1,

and, for 𝑘 sufficiently large,

(5.4)

𝛾𝑘

𝛾𝑘+1
≤ 1 + 𝑜

(
𝛾𝛼
𝑘

)
,

then the summability condition in (P.8) is satisfied; namely,

𝛾𝑘+1𝔼
[


𝜆𝑓

𝑘+1




 | 𝒮𝑘

]
∈ ℓ 1 (𝔖) .

Proof. Since (E.4) =⇒ (E.3), the assumptions (E.1) and (E.3) are satisfied and Lemma 5.6 gives, for all

𝑘 ∈ ℕ,

𝔼

[


𝜆𝑓
𝑘+1




2

| 𝒮𝑘

]
≤

(
1 −

𝛾𝛼
𝑘+1
2

) 


𝜆𝑓
𝑘




2

+ 𝜎2𝛾2𝛼
𝑘+1 +

2𝐶2

𝑓
𝑑2𝜏
C 𝛾

2𝜏
𝑘

𝛾𝛼
𝑘+1

.

By (P.5) we have, for all 𝑘 ∈ ℕ, 𝛾𝑘 ≤ 𝑀𝛾𝑘+1. It follows that, for each 𝑘 ∈ ℕ,

𝔼

[


𝜆𝑓
𝑘+1




2

| 𝒮𝑘

]
≤

(
1 −

𝛾𝛼
𝑘+1
2

) 


𝜆𝑓
𝑘




2

+ 𝜎2𝛾2𝛼
𝑘+1 + 2𝑀

2𝜏
𝐶2

𝑓
𝑑2𝜏
C 𝛾

2𝜏−𝛼
𝑘+1 .

Consolidating higher order terms gives, for each 𝑘 ∈ ℕ,

𝔼

[


𝜆𝑓
𝑘+1




2

| 𝒮𝑘

]
≤

(
1 −

𝛾𝛼
𝑘+1
2

) 


𝜆𝑓
𝑘




2

+
(
𝜎2 + 2𝑀

2𝜏
𝐶2

𝑓
𝑑2𝜏
C

)
𝛾

min{2𝛼,2𝜏−𝛼 }
𝑘+1 .

Since 𝛼 < 𝜏 ≤ 1 by 5.3, it holds that 𝛼 < min {1, 2𝜏 − 𝛼}, and the first condition of Lemmaa.1 is satisfied.

Additionally, by (5.4), we have that the second condition, (a.2), of Lemmaa.1 is satisfied as well and we

can apply Lemmaa.1 with

𝑢𝑘 =




𝜆𝑓
𝑘




2

, 𝑐 =
1

2

, 𝑠 = 𝛼, 𝑑 =

(
𝜎2 + 2𝑀

2𝜏
𝐶2

𝑓
𝑑2𝜏
C

)
, and 𝑡 = min {2𝛼, 2𝜏 − 𝛼} ,

to find, for 𝑘 sufficiently large,

𝔼

[


𝜆𝑓
𝑘+1




2

| 𝒮𝑘

]
≤ 2

˜𝐶𝛾
min{𝛼,2(𝜏−𝛼) }
𝑘+1 + 𝑜

(
𝛾

min{𝛼,2(𝜏−𝛼) }
𝑘+1

)
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and, by extension, for 𝑘 sufficiently large,

𝔼
[


𝜆𝑓

𝑘+1




 | 𝒮𝑘

]
≤

√︁
2𝐶𝛾

min{ 𝛼
2
,𝜏−𝛼}

𝑘+1 + 𝑜
(
𝛾

min{ 𝛼
2
,𝜏−𝛼}

𝑘+1

)
.

Then, for 𝑘 sufficiently large,

𝛾𝑘+1𝔼
[


𝜆𝑓

𝑘+1




 | 𝒮𝑘

]
≤ 𝛾𝑘+1

(√︁
2

˜𝐶𝛾
min{ 𝛼

2
,𝜏−𝛼}

𝑘+1 + 𝑜
(
𝛾

min{ 𝛼
2
,𝜏−𝛼}

𝑘+1

))
≤

√︁
2

˜𝐶𝛾
1+min{ 𝛼

2
,𝜏−𝛼}

𝑘+1 + 𝑜
(
𝛾

1+min{ 𝛼
2
,𝜏−𝛼}

𝑘+1

)
.

Under the assumptions 5.3 we have 𝛾
1+min{ 𝛼

2
,𝜏−𝛼}

𝑘
∈ ℓ 1

and thus the summability condition of (P.8) is

satisfied. □

Example 5.9. The condition (5.3) in Proposition 5.8 can be satisfied, for example, by taking 𝛾𝑘 = 1

(𝑘+1)1−𝑏 ,

𝑏 > 0. In this case, the condition (5.3) reduces to picking 𝑏 such that the following holds,

(1 − 𝑏)
(
1 +min

{𝛼
2

, 𝜏 − 𝛼
})

> 1.

Rearranging, we find that this is equivalent to,

(5.5) 𝑏 < 1 −
(
1 +min

{𝛼
2

, 𝜏 − 𝛼
})−1

.

The condition (5.4) in Proposition 5.8 can be satisfied under this choice of 𝛾𝑘 as well. We have,

𝛾𝑘

𝛾𝑘+1
=

(
𝑘 + 2

𝑘 + 1

)
1−𝑏

=

(
1 + 1

𝑘 + 1

)
1−𝑏
≈ 1 + 1 − 𝑏

𝑘 + 1

= 1 + 𝑜
(
𝛾𝜖
𝑘

)
for any 0 < 𝜖 < 1, for 𝑘 sufficiently large.

Using [34, Example 19], the predicted convergence rates for the ergodic iterates 𝑥𝑘 given by Theo-

rem 4.7 and Theorem 4.11 under the above choice of 𝛾𝑘 read,

∥𝐴𝑥𝑘 − 𝑏∥ = 𝑂
(

1

(𝑘 + 2)𝑏

)
(ℙ-a.s.) and L

(
𝑥𝑘 , 𝜇

★
)
− L

(
𝑥★, 𝜇★

)
= 𝑂

(
1

(𝑘 + 2)𝑏

)
(ℙ-a.s.) .

Thus, choosing 𝑏 to be as large as possible is desired. For a given value of 𝜏 corresponding to the

Hölder exponent of the gradient, the best choice for 𝛼 is
2

3
𝜏 . In turn, the largest possible choice of 𝑏

is 𝜏/(3 + 𝜏). If the function 𝑓 is Lipschitz-smooth, then 𝜏 = 1, and we get 𝛼 = 2

3
and 𝑏 = 1/4 (to be

compared with the strict upper-bound 1/3 in the exact case, see [34, Example 15]).

Notice that the choice of 𝛼 does not directly affect the predicted rates of convergence, which now

depends only on the constant 𝑏. However, the choice of 𝛼 dictates the largest possible choice for 𝑏

satisfying the assumptions and thus, indirectly, the rates of convergence as well.

6 sweeping

We now consider an example in which the errors in the computation of ∇𝑓 are deterministic; a finite

sum minimization problem,

(𝒫2) min

𝑥 ∈C⊂H
𝐴𝑥=𝑏

1

𝑛

𝑛∑︁
𝑖=1

𝑓𝑖 (𝑥)

where 𝑛 > 1 is fixed. We assume that:
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(F.1) 𝑓𝑖 is 𝜔-smooth (see Definition 2.9) for 1 ≤ 𝑖 ≤ 𝑛 with 𝜔 nondecreasing.

(F.2) (𝛾𝑘 )𝑘∈ℕ a nonincreasing sequence.

As in the previous section, Section 5, we examine only the case where, for each 𝑘 ∈ ℕ, 𝜆𝑘 ≡ 𝜆𝑓𝑘 =

∇𝑓 (𝑥𝑘 ) − ∇̂𝑓 𝑘 , with ∇̂𝑓 𝑘 to be defined below, although our analysis is straightforward to adapt to the

more general case where one computes 𝜌𝑘𝐴
∗ (𝐴𝑥𝑘 − 𝑏) inexactly as well, at the expense of brevity

(see Remark 5.2). We will sweep, or cycle, through the functions 𝑓𝑖 , taking the gradient of a single

one at each iteration and recursively averaging with the past gradients. For notation, fixed 𝑛, we take

𝑚𝑜𝑑 (𝑘) def

= (𝑘 mod 𝑛) with the convention that𝑚𝑜𝑑 (𝑛) def

= 𝑛. We define the inexact gradient in the

following way,

∇̂𝑓 𝑘
def

=
1

𝑛

𝑘∑︁
𝑖=1

∇𝑓𝑖 (𝑥𝑖) (∀𝑘 ≤ 𝑛)

and

∇̂𝑓 𝑘
def

= ∇̂𝑓 𝑘−1
+ 1

𝑛

(
∇𝑓𝑚𝑜𝑑 (𝑘) (𝑥𝑘 ) − ∇𝑓𝑚𝑜𝑑 (𝑘) (𝑥𝑘−𝑛)

)
(∀𝑘 ≥ 𝑛 + 1) .

For 𝑘 ≥ 𝑛 + 1 it can also be written in closed form as,

∇̂𝑓 𝑘 =
1

𝑛

©­«
𝑚𝑜𝑑 (𝑘)∑︁

𝑖=1

∇𝑓𝑖
(
𝑥𝑖+𝑘−𝑚𝑜𝑑 (𝑘)

)
+

𝑛∑︁
𝑖=𝑚𝑜𝑑 (𝑘)+1

∇𝑓𝑖
(
𝑥𝑖+𝑘−𝑛−𝑚𝑜𝑑 (𝑘)

)ª®¬ .
Lemma 6.1. Let 𝐵 = 1

𝑛
(𝑛 (𝑛 − 1) + (𝑛 − 1) (2𝑛 − 1)). Under (F.1) and (F.2), we then have, for all 𝑘 ≥ 2𝑛 − 1,

the following, 


𝜆𝑓
𝑘+1




 ≤ 𝐵𝜔 (𝛾𝑘+2−2𝑛𝑑C) .

Proof. Using the definition of 𝜆
𝑓

𝑘+1 for 𝑘 ≥ 2𝑛 − 1 ≥ 𝑛 + 1, we have


𝜆𝑓
𝑘+1




 =




∇𝑓 (𝑥𝑘+1) − ∇̂𝑓 𝑘+1



=

1

𝑛







(
𝑚𝑜𝑑 (𝑘+1)∑︁

𝑖=1

∇𝑓𝑖 (𝑥𝑘+1) − ∇𝑓𝑖
(
𝑥𝑖+𝑘+1−𝑚𝑜𝑑 (𝑘+1)

))
+ ©­«

𝑛∑︁
𝑖=𝑚𝑜𝑑 (𝑘+1)+1

∇𝑓𝑖 (𝑥𝑘+1) − ∇𝑓𝑖
(
𝑥𝑖+𝑘+1−𝑛−𝑚𝑜𝑑 (𝑘+1)

)ª®¬






 .

Then, we apply the triangle inequality and 𝜔-smoothness of 𝑓𝑖 assumed in (F.1),


𝜆𝑓
𝑘+1




 ≤ 1

𝑛

(
𝑚𝑜𝑑 (𝑘+1)∑︁

𝑖=1



∇𝑓𝑖 (𝑥𝑘+1) − ∇𝑓𝑖 (𝑥𝑖+𝑘+1−𝑚𝑜𝑑 (𝑘+1)
)



+
𝑛∑︁

𝑖=𝑚𝑜𝑑 (𝑘+1)+1



∇𝑓𝑖 (𝑥𝑘+1) − ∇𝑓𝑖 (𝑥𝑖+𝑘+1−𝑛−𝑚𝑜𝑑 (𝑘+1)
)

ª®¬

≤ 1

𝑛

(
𝑚𝑜𝑑 (𝑘+1)∑︁

𝑖=1

𝜔

(

𝑥𝑘+1 − 𝑥𝑖+𝑘+1−𝑚𝑜𝑑 (𝑘+1)


)

+
𝑛∑︁

𝑖=𝑚𝑜𝑑 (𝑘+1)+1
𝜔

(

𝑥𝑘+1 − 𝑥𝑖+𝑘+1−𝑛−𝑚𝑜𝑑 (𝑘+1)


)ª®¬ .
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J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 34 of 41

Now we add and subtract the iterates in between 𝑥𝑘+1 and 𝑥𝑖+𝑘+1−𝑚𝑜𝑑 (𝑘+1) then use the definition

𝑥𝑘+1 = 𝑥𝑘 + 𝛾𝑘 (̂𝑠𝑘 − 𝑥𝑘 ) and the fact that, for all 𝑘 ∈ ℕ, 𝑠̂𝑘 and 𝑥𝑘 are in C,


𝜆𝑓
𝑘+1




 ≤ 1

𝑛

(
𝑚𝑜𝑑 (𝑘+1)∑︁

𝑖=1

𝑚𝑜𝑑 (𝑘+1)−𝑖∑︁
𝑗=1

𝜔

(

𝑥𝑘+2−𝑗 − 𝑥𝑘+1−𝑗

)
+

𝑛∑︁
𝑖=𝑚𝑜𝑑 (𝑘+1)+1

𝑚𝑜𝑑 (𝑘+1)−𝑖+𝑛∑︁
𝑗=1

𝜔

(

𝑥𝑘+2−𝑗 − 𝑥𝑘+1−𝑗

)ª®¬
≤ 1

𝑛

(
𝑚𝑜𝑑 (𝑘+1)∑︁

𝑖=1

𝑚𝑜𝑑 (𝑘+1)−𝑖∑︁
𝑗=1

𝜔
(
𝛾𝑘+1−𝑗𝑑C

)
+

𝑛∑︁
𝑖=𝑚𝑜𝑑 (𝑘+1)+1

𝑚𝑜𝑑 (𝑘+1)−𝑖+𝑛∑︁
𝑗=1

𝜔
(
𝛾𝑘+1−𝑗𝑑C

)ª®¬ .
Recall that, by (F.2), (𝛾𝑘 )𝑘∈ℕ is nonincreasing, by (F.1), 𝜔 is a nondecreasing function, and, for each

𝑘 ∈ ℕ,𝑚𝑜𝑑 (𝑘) ≤ 𝑛. Then,


𝜆𝑓
𝑘+1




 ≤ 1

𝑛

(
𝑚𝑜𝑑 (𝑘+1)∑︁

𝑖=1

(−𝑖 +𝑚𝑜𝑑 (𝑘 + 1))𝜔
(
𝛾𝑘+1+𝑖−𝑚𝑜𝑑 (𝑘+1)𝑑C

)
+

𝑛∑︁
𝑖=𝑚𝑜𝑑 (𝑘+1)+1

(−𝑖 + 𝑛 +𝑚𝑜𝑑 (𝑘 + 1))𝜔
(
𝛾𝑘+1+𝑖−𝑛−𝑚𝑜𝑑 (𝑘+1)𝑑C

)ª®¬
≤ 1

𝑛

(
𝑚𝑜𝑑 (𝑘 + 1) (−1 +𝑚𝑜𝑑 (𝑘 + 1))𝜔

(
𝛾𝑘+2−𝑚𝑜𝑑 (𝑘+1)𝑑C

)
+ (𝑛 −𝑚𝑜𝑑 (𝑘 + 1)) (−1 + 𝑛 +𝑚𝑜𝑑 (𝑘 + 1))𝜔

(
𝛾𝑘+2−𝑛−𝑚𝑜𝑑 (𝑘+1)𝑑C

) )
≤ 1

𝑛
(𝑛 (𝑛 − 1)𝜔 (𝛾𝑘+2−𝑛𝑑C) + (𝑛 − 1) (2𝑛 − 1)𝜔 (𝛾𝑘+2−2𝑛𝑑C))

≤ 1

𝑛
(𝑛 (𝑛 − 1) + (𝑛 − 1) (2𝑛 − 1))𝜔 (𝛾𝑘+2−2𝑛𝑑C) .

□

Proposition 6.2. Under (F.1) and (F.2), and assuming that (𝛾𝑘𝜔 (𝑑C𝛾𝑘 ))𝑘∈ℕ ∈ ℓ 1, the summability condition
of (P.8) holds; namely,

𝛾𝑘+1




𝜆𝑓
𝑘+1




 ∈ ℓ 1.

Proof. By Lemma 6.1, we have, for all 𝑘 ≥ 2𝑛 − 1,

𝛾𝑘+1




𝜆𝑓
𝑘+1




 ≤ 𝐵𝛾𝑘+1𝜔 (𝑑C𝛾𝑘+2−2𝑛) ≤ 𝐵𝛾𝑘+2−2𝑛𝜔 (𝑑C𝛾𝑘+2−2𝑛)

where we have used the fact that (𝛾𝑘 )𝑘∈ℕ is a nonincreasing sequence by (F.2). Since (𝛾𝑘𝜔 (𝑑C𝛾𝑘 ))𝑘∈ℕ ∈
ℓ 1
, the desired claim follows. □

6.1 comparison of complexities

We summarize here the complexity of the three methods we have proposed. To make things clear and

concrete, we consider a Lipschitz-smooth function 𝑓 (𝑥) = 1

𝑛

𝑛∑
𝑖=1

𝑓𝑖 (𝑥) with all 𝑓𝑖 Lipschitz-smooth as
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well, such that all of our relevant assumptions hold. We take 𝛾𝑘 = 1/(𝑘 + 1)1−𝑏 with the rest of the

parameters chosen to satisfy the assumptions laid out in the algorithm (see Section 7 for more details),

and all fixed batch sizes to be 1.

Maximum 𝑏 Iterations 𝑘 # ∇𝑓𝑖 calls per iter. Total # ∇𝑓𝑖 calls

Increasing Batch Size ≈ 1

3
Ω

(
𝜖−3

)
(𝑘 + 1) 4

3 𝑂

(
𝜖−3∑
𝑖=1

(𝑖 + 1) 4

3

)
Variance Reduction ≈ 1

4
Ω

(
𝜖−4

)
1 𝑂

(
𝜖−4

)
Sweeping ≈ 1

3
Ω

(
𝜖−3

)
1 𝑂

(
𝜖−3

)
Deterministic (CGALP) ≈ 1

3
Ω

(
𝜖−3

)
𝑛 𝑂

(
(𝑛𝜖)−3

)
7 numerical experiments

We apply the sweeping method and the variance reduction method to solve the following projection

problem,

(7.1) min

∥𝑥 ∥
1
≤1

𝐴𝑥=0

1

2𝑛
∥𝑥 − 𝑦 ∥2 ,

where 𝑥 and 𝑦 are in ℝ𝑛
. Notice that this problem fits both the risk minimization and the sweeping

problem structures. By choosing 𝑓𝑖 (𝑥) = 1

2
(𝑥𝑖 − 𝑦𝑖)2 we can rewrite the problem to apply the sweeping

method of Section 6. Alternatively, we can let 𝜂 be a random variable taking values in the set {1, . . . , 𝑛}
and write 𝐿(𝑥, 𝜂) = 1

2

(
𝑥𝜂 − 𝑦𝜂

)
2

to cast the problem as risk minimization as in Section 5. In both of

these cases, it is possible by our analysis to consider also sampling components of the components of

the gradient term ∇𝑥 𝜌𝑘
2
∥𝐴𝑥𝑘 ∥2 = 𝜌𝑘𝐴

∗𝐴𝑥𝑘 .
The assumptions (E.1) - (E.4) and (F.1) all hold as the function 𝑓 is Lipschitz-smooth and the functions

𝐿 (·, 𝜂) are all Lipschitz-smooth for every 𝜂 as well. The assumptions ((A.1)) to ((a)) all hold as 𝑓 is

Lipschitz-smooth and has full domain.

For parameters, we take 𝛾𝑘 = 1/(𝑘 + 1)1−𝑏 , 𝜌𝑘 ≡ 𝜌 = 2
2−𝑏 + 1, 𝜃𝑘 = 𝛾𝑘 . If we take 𝑏 < 1

2
then all the

assumptions (P.1) to (P.7) are satisfied, as well as (F.2). In particular, to satisfy (P.8) in the variance

reduction case, we will take 𝑏 ∈
{

1

4
− 0.15, 1

4
− 0.01

}
. With this choice of 𝑏, we have𝑂

(
1

Γ𝑘

)
= 𝑂

(
𝑘−0.1

)
and 𝑂

(
1

Γ𝑘

)
= 𝑂

(
𝑘−0.24

)
, respectively. The weight 𝜈𝑘 in the variance reduction is chosen to be 𝜈𝑘 = 𝛾𝛼

𝑘

with 𝛼 = 2/3 since the problem is Lipschitz-smooth, i.e. the Hölder exponent is 𝜏 = 1. With this choice,

the condition (5.3) in Proposition 5.8 is satisfied as was discussed in Example 5.9.

Since the problem (7.1) is strongly convex, we show



𝑥𝑘 − 𝑥★

2

in addition to the feasibility gap,

∥𝐴𝑥𝑘 ∥2 where 𝑥𝑘 is the ergodic variable; for each 𝑘 ∈ ℕ,

𝑥𝑘
def

=

𝑘∑︁
𝑖=0

𝛾𝑖𝑥𝑖+1/Γ𝑘 .

The result in Theorem 4.11 ensures convergence of



𝑥𝑘 − 𝑥★

2

with a𝑂

(
1

Γ𝑘

)
rate since strong convexity

is a special case of uniform convexity with𝜓 (𝑡) = 1

2
𝑡2
.

We initialize 𝑦 ∈ ℝ𝑛
and 𝐴 ∈ ℝ2×𝑛

randomly. To find the solution 𝑥★ to high precision, we use

generalized forward-backward before running the experiments. As a baseline, we run CGALP, the

exact counterpart to ICGALP , and display the results. We run the sweeping method on ∇𝑓 (𝑥𝑘 ) for
two different step size choices, displayed in Figures 1 and 2. For the variance reduction, we examine

both the case where ∇𝐿 (𝑥𝑘 , 𝜂𝑘 ) is sampled and the case where the gradient of the quadratic term is

sampled (see Remark 5.2), for two different step size and weight choices as well as different batch sizes

(1, 64, or 256), displayed in Figures 1 and 2.
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102 103 104 105

k

10−2

|
̄x k
−
x

⋆
|2

Optimality
CGALP
Sweep̄∇xfi(xk)
VR  ingle ∇xfi(xk)
VR  mall batch ∇xfi(xk)
VR big batch ∇xfi(xk)
VR  mall batch ∇xfi(xk) + ρk(A *Axk)(i)

VR big batch ∇xfi(xk) + ρk(A *Axk)(i)

O( 1
(k+1)0.24)

102 103 104 105

k

10−5

10−4

|A
̄x k
|2

Feasibility
CGALP
Sweep ∇xfi(xk)
VR  ingle ∇xfi(xk)
VR 64 batch ∇xfi(xk)
VR 256 batch ∇xfi(xk)
VR 64 batch ∇xfi(xk) + ρk(A *Axk)(i)

VR 256 batch ∇xfi(xk) + ρk(A *Axk)(i)

O( 1
(k+1)0.24)

Figure 1: Ergodic convergence profiles for ICGALP applied to the projection problem (7.1) with𝑛 = 1024.

The step size is, for each 𝑘 ∈ ℕ, 𝛾𝑘 = (𝑘 + 1)−(1−
1

4
+0.01)

and the weight for variance reduction

is, for each 𝑘 ∈ ℕ, 𝜈𝑘 = 𝛾
2/3
𝑘

.
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102 103 104 105
k

10−2

10−1

|
̄x k
−
x
⋆
|2

Optimality
CGALP
Sweep ∇xfi(xk)
VR 1 batch ∇xfi(xk)
VR 64 batch ∇xfi(xk)
VR 256 batch ∇xfi(xk)
VR 64 batch ∇xfi(xk) + ρk(A *Axk)(i)

VR 256 batch ∇xfi(xk) + ρk(A *Axk)(i)

O( 1
(k+ 1)0.24)

102 103 104 105
k

10−5

10−4

|A
̄x k
|2

Feasibility
CGALP
Sweep ∇xfi(xk)
VR 1 batch ∇xfi(xk)
VR 64 batch ∇xfi(xk)
VR 256 batch ∇xfi(xk)
VR 64 batch ∇xfi(xk) + ρk(A *Axk)(i)

VR 256 batch ∇xfi(xk) + ρk(A *Axk)(i)

O( 1
(k+ 1)0.24)

Figure 2: Ergodic convergence profiles for ICGALP applied to the projection problem (7.1) with𝑛 = 1024.

The step size is, for each 𝑘 ∈ ℕ, 𝛾𝑘 = (𝑘 + 1)−(1−
1

4
+0.15)

and the weight for variance reduction

is, for each 𝑘 ∈ ℕ, 𝜈𝑘 = 𝛾
2/3
𝑘

.
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8 conclusion

We introduced an inexact extension of the CGALP algorithm, given in [34], which allows for either

stochastic or deterministic errors in the computation of several important quantities. The main benefit

of this extension will be in the high-dimensional setting, where computing the terms ∇𝑓 , prox𝛽𝑔, or

the linear minimization oracle can be impractical. Several different methods were considered which

demonstrated how the gradient ∇𝑓 could be computed in such a way that the summability conditions

of ICGALPwould be satisfied. The main drawbacks of using the inexact variant of the algorithm

emerge from the restrictions on the parameters one is free to choose. Indeed, here the choices of step

sizes are more strict than in the CGALP setting. However, the predicted convergence rates for both the

optimality and feasibility maintain the same dependence on parameters as was observed for CGALP

in an almost sure sense.

appendix a

Lemma a.1. Consider a positive sequence (𝑢𝑘 )𝑘∈ℕ which satisfies, for each 𝑘 ∈ ℕ,

(a.1) 𝑢𝑘+1 ≤
(
1 − 𝑐𝛾𝑠

𝑘

)
𝑢𝑘 + 𝑑𝛾𝑡𝑘 ,

for some real numbers 𝑠 and 𝑡 satisfying 0 < 𝑠 < min {1, 𝑡}. If, in addition, the sequence (𝛾𝑘 )𝑘∈ℕ satisfies,
for each 𝑘 ∈ ℕ,

(a.2)

𝛾𝑘

𝛾𝑘+1
≤ 1 + 𝑜

(
𝛾𝑠
𝑘

)
,

then, for 𝑘 sufficiently large, it holds,

𝑢𝑘 ≤
𝑑

𝑐
𝛾𝑡−𝑠
𝑘
+ 𝑜

(
𝛾𝑡−𝑠
𝑘

)
Proof. For each 𝑘 ∈ ℕ, we denote 𝜈𝑘

def

= 𝛾𝑠−𝑡
𝑘
𝑢𝑘 − 𝑑

𝑐
such that 𝑢𝑘 = 𝛾𝑡−𝑠

𝑘

(
𝜈𝑘 + 𝑑

𝑐

)
. Then, by (a.1),

𝜈𝑘+1 = 𝛾
𝑠−𝑡
𝑘+1𝑢𝑘+1 −

𝑑

𝑐
≤ 𝛾𝑠−𝑡

𝑘+1
( (

1 − 𝑐𝛾𝑠
𝑘

)
𝑢𝑘 + 𝑑𝛾𝑡𝑘

)
− 𝑑
𝑐
= 𝛾𝑠−𝑡

𝑘

(
𝛾𝑘

𝛾𝑘+1

)𝑡−𝑠 ( (
1 − 𝑐𝛾𝑠

𝑘

)
𝑢𝑘 + 𝑑𝛾𝑡𝑘

)
− 𝑑
𝑐
.

By (a.2), we then have, for each 𝑘 ∈ ℕ,

𝜈𝑘+1 ≤ 𝛾𝑠−𝑡𝑘

(
1 + 𝑜

(
𝛾𝑠
𝑘

) )𝑡−𝑠 ( (
1 − 𝑐𝛾𝑠

𝑘

)
𝑢𝑘 + 𝑑𝛾𝑡𝑘

)
− 𝑑
𝑐
.

Substituting for 𝑢𝑘 using the definition of 𝜈𝑘 we find, for each 𝑘 ∈ ℕ,

𝜈𝑘+1 ≤ 𝛾𝑠−𝑡𝑘

(
1 + 𝑜

(
𝛾𝑠
𝑘

) )𝑡−𝑠 ( (
1 − 𝑐𝛾𝑠

𝑘

) (
𝜈𝑘 +

𝑑

𝑐

)
𝛾𝑡−𝑠
𝑘
+ 𝑑𝛾𝑡

𝑘

)
− 𝑑
𝑐
.

Now, we take a Taylor expansion for the term (1 + 𝑜 (𝛾𝑘 )𝑠)𝑡−𝑠 ≈
(
1 + 𝑜

(
𝛾𝑠
𝑘

))
to get, for 𝑘 sufficiently

large,

𝜈𝑘+1 ≤ 𝛾𝑠−𝑡𝑘

(
1 + 𝑜

(
𝛾𝑠
𝑘

) ) ( (
1 − 𝑐𝛾𝑠

𝑘

) (
𝜈𝑘 +

𝑑

𝑐

)
𝛾𝑡−𝑠
𝑘
+ 𝑑𝛾𝑡

𝑘

)
− 𝑑
𝑐
.
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We distribute the 𝛾𝑠−𝑡
𝑘

and then expand parentheses,

𝜈𝑘+1 ≤
(
1 + 𝑜

(
𝛾𝑠
𝑘

) ) ( (
1 − 𝑐𝛾𝑠

𝑘

) (
𝜈𝑘 +

𝑑

𝑐

)
+ 𝑑𝛾𝑠

𝑘

)
− 𝑑
𝑐

=
(
1 − 𝑐𝛾𝑠

𝑘

)
𝜈𝑘 +

(
1 − 𝑐𝛾𝑠

𝑘

) 𝑑
𝑐
+ 𝑑𝛾𝑠

𝑘
+ 𝑜

(
𝛾𝑠
𝑘

) ( (
1 − 𝑐𝛾𝑠

𝑘

) (
𝜈𝑘 +

𝑑

𝑐

)
+ 𝑑𝛾𝑠

𝑘

)
− 𝑑
𝑐

=
(
1 − 𝑐𝛾𝑠

𝑘

)
𝜈𝑘 +

(
1 − 𝑐𝛾𝑠

𝑘

) 𝑑
𝑐
+ 𝑑𝛾𝑠

𝑘
+ 𝑜

(
𝛾𝑠
𝑘

) (
1 − 𝑐𝛾𝑠

𝑘

)
𝜈𝑘 + 𝑜

(
𝛾𝑠
𝑘

) (
1 − 𝑐𝛾𝑠

𝑘

) 𝑑
𝑐
+ 𝑜

(
𝛾𝑠
𝑘

)
𝑑𝛾𝑠

𝑘
− 𝑑
𝑐

=
(
1 − 𝑐𝛾𝑠

𝑘
+ 𝑜

(
𝛾𝑠
𝑘

) )
𝜈𝑘 + 𝑜

(
𝛾𝑠
𝑘

)
.

Fix 0 < 𝑐 < 𝑐 . Then, by definition of 𝑜

(
𝛾𝑠
𝑘

)
, ∃𝑘0 ∈ ℕ such that, ∀𝑘 > 𝑘0, 𝑜

(
𝛾𝑠
𝑘

)
≤ (𝑐 − 𝑐)𝛾𝑠

𝑘
. Then,(

1 − 𝑐𝛾𝑠
𝑘
+ 𝑜

(
𝛾𝑠
𝑘

) )
𝜈𝑘 ≤

(
1 − 𝑐𝛾𝑠

𝑘

)
𝜈𝑘 .

From this we conclude, by [31, Ch.2, Lemma 3], that lim sup

𝑘

𝜈𝑘 ≤ 0. Thus, by definition of 𝜈𝑘 ,

𝑢𝑘+1 ≤
𝑑

𝑐
𝛾𝑡−𝑠
𝑘
+ 𝑜

(
𝛾𝑡−𝑠
𝑘

)
. □
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a new elementary proof for m-stationarity under
mpcc-gcq for mathematical programs with

complementarity constraints

Felix Harder ∗

Abstract It is known in the literature that local minimizers of mathematical programs with
complementarity constraints (MPCCs) are so-called M-stationary points, if a weak MPCC-tailored
Guignard constraint quali�cation (called MPCC-GCQ) holds. In this paper we present a new
elementary proof for this result. Our proof is signi�cantly simpler than existing proofs and does
not rely on deeper technical theory such as calculus rules for limiting normal cones. A crucial
ingredient is a proof of a (to the best of our knowledge previously open) conjecture, which was
formulated in a Diploma thesis by Schinabeck.

Keywords: Mathematical programwith complementarity constraints,Necessary optimality
conditions, M-stationarity, Guignard constraint quali�cation

MSC (2020): 90C33, 90C30

1 introduction

We consider mathematical programs with complementarity constraints, or MPCCs for short, which
are nonlinear optimization problems of the form

(MPCC)

min
𝑥 ∈ℝ𝑛

𝑓 (𝑥)

s.t. 𝑔(𝑥) ≤ 0, ℎ(𝑥) = 0,
𝐺 (𝑥) ≥ 0, 𝐻 (𝑥) ≥ 0, 𝐺 (𝑥)>𝐻 (𝑥) = 0.

Here, 𝑓 : ℝ𝑛 → ℝ, 𝑔 : ℝ𝑛 → ℝ𝑙 , ℎ : ℝ𝑛 → ℝ𝑚 , 𝐺,𝐻 : ℝ𝑛 → ℝ𝑝 are di�erentiable functions.
MPCCs have been studied extensively in the literature, both from a numerical and a theoretical

perspective. Various problem-tailored stationarity conditions and constraint quali�cations have been
developed. One (necessary, �rst-order) stationarity condition for MPCCs is the so-called strong sta-
tionarity (which is equivalent to the KKT conditions). However, the strong stationarity condition is
often too strong, as there are examples of MPCCs where the data is linear, but the unique minimizer is
not strongly stationary, see [11, Example 3].
In this article we will focus on M-stationarity (see De�nition 2.1), which is another prominent

stationarity condition for MPCCs in the literature. We mention that there are other stationarity
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conditions between M- and strong stationarity, such as extended M-stationarity, strong M-stationarity,
Q𝑀 -stationarity, and linearized M-stationarity, see [6, 2, 7]. However, these conditions are used less
frequently than M-stationarity and are more complicated to formulate.

As shown in [5], M-stationarity holds for local minimizers of (MPCC) under MPCC-GCQ, see also
[4]. MPCC-GCQ, de�ned in De�nition 2.3, is a relatively weak constraint quali�cation. These proofs
for M-stationarity under MPCC-GCQ rely on advanced techniques from variational analysis such as
the concept of the so-called limiting normal cone. In particular, calculus rules for limiting normal cones
are used, which are based on deeper technical theory and require to verify the calmness of certain
set-valued mappings.
We mention that there is also a weaker constraint quali�cation in [8, (6)], which is the weakest

constraint quali�cation under which local minimizers are M-stationary. An advantage is that the proof
of M-stationarity under this constraint quali�cation is very simple, but on the other hand the proof
that MPCC-GCQ implies this constraint quali�cation (or that this constraint quali�cation is satis�ed
for MPCCs with a�ne data) relies on deeper results from variational analysis. Since MPCC-GCQ and
MPCC-ACQ (which trivially implies MPCC-GCQ) are used more frequently, we focus on MPCC-GCQ
in this article.
In this paper we want to present a new proof for the result from [5] that M-stationarity holds for

local minimizers under MPCC-GCQ. Our new proof does not rely on advanced theory such as the
properties of limiting normal cones. Our proof is signi�cantly simpler than any existing proofs that
we are aware of. The main ingredient of the new proof is a result which can be found in Lemma 3.2.
This result was already conjectured in [12, Section 4.4.2], and, to the best of our knowledge there
has not been a proof of this conjecture so far. With the knowledge that Lemma 3.2 holds, the rest of
the proof of M-stationarity under MPCC-GCQ will not be particularly surprising for readers familiar
with the implications of MPCC-GCQ. For the convenience of the reader we give a self-contained
presentation, which only requires familiarity with the basic theory of nonlinear optimization. Since the
constraint quali�cation in [8, (6)] is the weakest constraint quali�cation under which local minimizers
are M-stationary, the new proof also leads to a completely elementary proof that MPCC-GCQ implies
[8, (6)].
The structure of this paper is as follows: In Section 2, we introduce classical de�nitions related

to MPCCs. Then we use MPCC-GCQ to construct various multipliers that satisfy some auxiliary
stationarity systems, see Proposition 3.1. Afterwards, these multipliers are combined into a multiplier
which is M-stationary with the help of Lemma 3.2. The main result is then stated in Theorem 3.3.
Finally, we discuss conclusions and perspectives in Section 4.

2 definitions

It will be convenient to work with the index sets

𝐼 𝑙 := {1, . . . , 𝑙}, 𝐼𝑚 := {1, . . . ,𝑚}, 𝐼𝑝 := {1, . . . , 𝑝},
𝐼𝑔 (𝑥) := {𝑖 ∈ 𝐼 𝑙 | 𝑔𝑖 (𝑥) = 0},
𝐼+0(𝑥) := {𝑖 ∈ 𝐼𝑝 |𝐺𝑖 (𝑥) > 0 ∧ 𝐻𝑖 (𝑥) = 0},
𝐼 0+(𝑥) := {𝑖 ∈ 𝐼𝑝 |𝐺𝑖 (𝑥) = 0 ∧ 𝐻𝑖 (𝑥) > 0},
𝐼 00(𝑥) := {𝑖 ∈ 𝐼𝑝 |𝐺𝑖 (𝑥) = 0 ∧ 𝐻𝑖 (𝑥) = 0},

where 𝑥 ∈ ℝ𝑛 is a feasible point of (MPCC). Note that 𝐼+0(𝑥), 𝐼 0+(𝑥), 𝐼 00(𝑥) form a partition of 𝐼𝑝 . We
continue with the de�nition of M-, A- and S-stationarity.
Definition 2.1. Let 𝑥 ∈ ℝ𝑛 be a feasible point of (MPCC). We call 𝑥 an M-stationary point of (MPCC) if

Harder A new elementary proof for M-stationarity
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there exist multipliers 𝜆 ∈ ℝ𝑙 , 𝜂 ∈ ℝ𝑚 , 𝜇, 𝜈 ∈ ℝ𝑝 with

∇𝑓 (𝑥) +
∑︁
𝑖∈𝐼 𝑙

𝜆𝑖∇𝑔𝑖 (𝑥) +
∑︁
𝑖∈𝐼𝑚

𝜂𝑖∇ℎ𝑖 (𝑥) −
∑︁
𝑖∈𝐼𝑝

(
𝜇𝑖∇𝐺𝑖 (𝑥) + 𝜈𝑖∇𝐻𝑖 (𝑥)

)
= 0,(2.1a)

∀𝑖 ∈ 𝐼𝑔 (𝑥) : 𝜆𝑖 ≥ 0,(2.1b)
∀𝑖 ∈ 𝐼 𝑙 \ 𝐼𝑔 (𝑥) : 𝜆𝑖 = 0,(2.1c)
∀𝑖 ∈ 𝐼+0(𝑥) : 𝜇𝑖 = 0,(2.1d)
∀𝑖 ∈ 𝐼 0+(𝑥) : 𝜈𝑖 = 0,(2.1e)
∀𝑖 ∈ 𝐼 00(𝑥) : (𝜇𝑖 > 0 ∧ 𝜈𝑖 > 0) ∨ 𝜇𝑖𝜈𝑖 = 0.(2.1f)

If the multipliers 𝜆, 𝜂, 𝜇, 𝜈 only satisfy (2.1a)–(2.1e) and 𝜇𝑖 ≥ 0 ∨ 𝜈𝑖 ≥ 0 holds for all 𝑖 ∈ 𝐼 00(𝑥), then 𝑥 is
called an A-stationary point of (MPCC). If, additionally, 𝜇𝑖 ≥ 0 ∧ 𝜈𝑖 ≥ 0 holds for all 𝑖 ∈ 𝐼 00(𝑥), then 𝑥

is called a strongly stationary or S-stationary point of (MPCC).
These stationarity conditions can be found in [13, De�nitions 2.5–2.7]. Other known stationarity

conditions B-, W- and C-stationarity, see [13, De�nitions 2.2–2.4].
In preparation for the de�nition of MPCC-GCQ we de�ne some cones.

Definition 2.2. Let 𝑥 ∈ ℝ𝑛 be a feasible point of (MPCC).
(a) We de�ne the tangent cone of (MPCC) at 𝑥 via

T (𝑥) :=
{
𝑑 ∈ ℝ𝑛

����� ∃{𝑥𝑘 }𝑘∈ℕ ⊂ 𝐹, ∃{𝑡𝑘 }𝑘∈ℕ ⊂ (0,∞) :
𝑥𝑘 → 𝑥, 𝑡𝑘 ↓ 0, 𝑡−1

𝑘
(𝑥𝑘 − 𝑥) → 𝑑

}
,

where 𝐹 ⊂ ℝ𝑛 denotes the feasible set of (MPCC).
(b) We de�ne the MPCC-linearized tangent cone T lin

MPCC(𝑥) ⊂ ℝ𝑛 at 𝑥 via

T lin
MPCC(𝑥) :=


𝑑 ∈ ℝ𝑛

�����������������

∇𝑔𝑖 (𝑥)>𝑑 ≤ 0 ∀𝑖 ∈ 𝐼𝑔 (𝑥),
∇ℎ𝑖 (𝑥)>𝑑 = 0 ∀𝑖 ∈ 𝐼𝑚,

∇𝐺𝑖 (𝑥)>𝑑 = 0 ∀𝑖 ∈ 𝐼 0+(𝑥),
∇𝐻𝑖 (𝑥)>𝑑 = 0 ∀𝑖 ∈ 𝐼+0(𝑥),
∇𝐺𝑖 (𝑥)>𝑑 ≥ 0 ∀𝑖 ∈ 𝐼 00(𝑥),
∇𝐻𝑖 (𝑥)>𝑑 ≥ 0 ∀𝑖 ∈ 𝐼 00(𝑥),

(∇𝐺𝑖 (𝑥)>𝑑) (∇𝐻𝑖 (𝑥)>𝑑) = 0 ∀𝑖 ∈ 𝐼 00(𝑥)


.

Note that in general T (𝑥) and T lin
MPCC(𝑥) are nonconvex cones.

We also recall that the polar cone 𝐶◦ of a set 𝐶 ⊂ ℝ𝑛 is de�ned via

𝐶◦ := {𝑑 ∈ ℝ𝑛 | 𝑑>𝑦 ≤ 0 ∀𝑦 ∈ 𝐶}.

Now we are ready to give the de�nition of MPCC-GCQ, which can also be found in [5, (41)], where it
is called MPEC-GCQ.
Definition 2.3. Let 𝑥 ∈ ℝ𝑛 be a feasible point of (MPCC). We say that 𝑥 satis�es the MPCC-tailored
Guignard constraint quali�cation, or MPCC-GCQ, if

T (𝑥)◦ = T lin
MPCC(𝑥)◦

holds. Additionally, if T (𝑥) = T lin
MPCC(𝑥) holds then we say that 𝑥 satis�es MPCC-ACQ.

Clearly, MPCC-ACQ implies MPCC-GCQ. We mention that there are also other stronger constraint
quali�cations (such as MPCC-MFCQ if 𝑔, ℎ, 𝐺 , 𝐻 are continuously di�erentiable, de�ned in [3, De�-
nition 2.1]) which imply MPCC-ACQ or MPCC-GCQ and are sometimes easier to verify, see e.g. [13,
Theorem 3.2]. In particular, we emphasize that MPCC-GCQ (and MPCC-ACQ) are satis�ed at every
feasible point of (MPCC) if the functions 𝑔, ℎ, 𝐺 , 𝐻 are a�ne, see [3, Theorem 3.2].
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3 m-stationarity under mpcc-gcq

We start with a proposition that generates several multipliers which satisfy a slightly stronger station-
arity condition than A-stationarity. The result can also be obtained from the proof of [3, Theorem 3.4],
with the minor di�erence that we only require MPCC-GCQ and not MPCC-ACQ.
Proposition 3.1. Let 𝑥 ∈ ℝ𝑛 be a local minimizer of (MPCC) that satis�es MPCC-GCQ and let 𝛼 ∈ {1, 2}𝑝
be given. Then there exist multipliers 𝜆𝛼 ∈ ℝ𝑙 , 𝜂𝛼 ∈ ℝ𝑚 , 𝜇𝛼 , 𝜈𝛼 ∈ ℝ𝑝 with

∇𝑓 (𝑥) +
∑︁
𝑖∈𝐼 𝑙

𝜆𝛼𝑖 ∇𝑔𝑖 (𝑥) +
∑︁
𝑖∈𝐼𝑚

𝜂𝛼𝑖 ∇ℎ𝑖 (𝑥) −
∑︁
𝑖∈𝐼𝑝

(
𝜇𝛼𝑖 ∇𝐺𝑖 (𝑥) + 𝜈𝛼𝑖 ∇𝐻𝑖 (𝑥)

)
= 0,(3.1a)

∀𝑖 ∈ 𝐼𝑔 (𝑥) : 𝜆𝛼𝑖 ≥ 0,(3.1b)
∀𝑖 ∈ 𝐼 𝑙 \ 𝐼𝑔 (𝑥) : 𝜆𝛼𝑖 = 0,(3.1c)
∀𝑖 ∈ 𝐼+0(𝑥) : 𝜇𝛼𝑖 = 0,(3.1d)
∀𝑖 ∈ 𝐼 0+(𝑥) : 𝜈𝛼𝑖 = 0,(3.1e)
∀𝑖 ∈ 𝐼 00(𝑥), 𝛼𝑖 = 1 : 𝜇𝛼𝑖 ≥ 0,(3.1f)
∀𝑖 ∈ 𝐼 00(𝑥), 𝛼𝑖 = 2 : 𝜈𝛼𝑖 ≥ 0.(3.1g)

Proof. From De�nition 2.2 (a) and the fact that 𝑥 is a local minimizer of (MPCC) it can be concluded
that the condition

∇𝑓 (𝑥)>𝑑 ≥ 0 ∀𝑑 ∈ T (𝑥)

is satis�ed. Using polar cones and MPCC-GCQ, we obtain

−∇𝑓 (𝑥) ∈ T (𝑥)◦ = T lin
MPCC(𝑥)◦.

Furthermore, we de�ne the cone T lin
NLP(𝛼) (𝑥) ⊂ T lin

MPCC(𝑥) via

T lin
NLP(𝛼) (𝑥) :=

{
𝑑 ∈ T lin

MPCC(𝑥)
����� (𝛼𝑖 = 1 ⇒ ∇𝐻𝑖 (𝑥)>𝑑 = 0) ∀𝑖 ∈ 𝐼 00(𝑥),
(𝛼𝑖 = 2 ⇒ ∇𝐺𝑖 (𝑥)>𝑑 = 0) ∀𝑖 ∈ 𝐼 00(𝑥)

}
.

Using the de�nition of polar cones, the inclusion T lin
MPCC(𝑥)◦ ⊂ T lin

NLP(𝛼) (𝑥)
◦ follows from T lin

NLP(𝛼) (𝑥) ⊂
T lin
MPCC(𝑥). In particular,we have−∇𝑓 (𝑥) ∈ T lin

NLP(𝛼) (𝑥)
◦. Note that the condition (∇𝐺𝑖 (𝑥)>𝑑) (∇𝐻𝑖 (𝑥)>𝑑) =

0 ∀𝑖 ∈ 𝐼 00(𝑥) from T lin
MPCC(𝑥) is redundant in T lin

NLP(𝛼) (𝑥), and therefore T lin
NLP(𝛼) (𝑥) is a convex and

polyhedral cone (unlike T lin
MPCC(𝑥)). Thus, one can calculate its polar cone (e.g. using Farkas’ Lemma),

which results in

T lin
NLP(𝛼) (𝑥)

◦ =



∑︁
𝑖∈𝐼𝑔 (𝑥)

𝜆𝛼𝑖 ∇𝑔𝑖 (𝑥) +
∑︁
𝑖∈𝐼𝑚

𝜂𝛼𝑖 ∇ℎ𝑖 (𝑥)

−
∑︁

𝑖∈𝐼 0+ (𝑥)∪𝐼 00 (𝑥)
𝜇𝛼𝑖 ∇𝐺𝑖 (𝑥)

−
∑︁

𝑖∈𝐼+0 (𝑥)∪𝐼 00 (𝑥)
𝜈𝛼𝑖 ∇𝐻𝑖 (𝑥)

��������������

𝜆𝛼𝑖 ≥ 0, 𝑖 ∈ 𝐼𝑔 (𝑥),
𝜂𝛼𝑖 ∈ ℝ, 𝑖 ∈ 𝐼𝑚,

𝜇𝛼𝑖 ∈ ℝ, 𝑖 ∈ 𝐼 0+(𝑥) ∪ 𝐼 00(𝑥),
𝜈𝛼𝑖 ∈ ℝ, 𝑖 ∈ 𝐼+0(𝑥) ∪ 𝐼 00(𝑥),
𝜇𝛼𝑖 ≥ 0, if 𝛼𝑖 = 1, 𝑖 ∈ 𝐼 00(𝑥),
𝜈𝛼𝑖 ≥ 0, if 𝛼𝑖 = 2, 𝑖 ∈ 𝐼 00(𝑥)


.

Then the result follows from −∇𝑓 (𝑥) ∈ T lin
NLP(𝛼) (𝑥)

◦ by setting the remaining components of the
multipliers (i.e. 𝜆𝛼

𝑖
for 𝑖 ∈ 𝐼𝑝 \ 𝐼𝑔 (𝑥), 𝜇𝛼

𝑖
for 𝑖 ∈ 𝐼+0(𝑥), 𝜈𝛼

𝑖
for 𝑖 ∈ 𝐼 0+(𝑥)) to zero. �

We mention that if 𝑥 satis�es (3.1) for some 𝛼 ∈ {1, 2}𝑝 and suitable multipliers, then 𝑥 is an A-
stationary point of (MPCC). However, the statement of Proposition 3.1 is stronger than A-stationarity,
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namely for each index in 𝐼 00(𝑥) we can choose whether 𝜇𝛼
𝑖
or 𝜈𝛼

𝑖
is nonnegative. Note that (2.1a)–(2.1e)

are already satis�ed by all 2𝑝 possible choices for the multipliers and any convex combination of these.
Thus, the question naturally arises whether a convex combination of these multipliers can be found
that also satis�es (2.1f). As the next result shows, this is indeed possible. The following lemma was
already stated as a conjecture in [12, Section 4.4.2]. To the best of our knowledge, this conjecture has
not been proven before.
Lemma 3.2. Let 𝐼 ⊂ 𝐼𝑝 be an index set. For all 𝛼 ∈ {1, 2}𝑝 , let points (𝜇𝛼 , 𝜈𝛼 ) ∈ 𝐴𝛼 be given, where the set
𝐴𝛼 is described via

𝐴𝛼 := {(𝜇, 𝜈) ∈ ℝ2𝑝 | 𝜇𝑖 ≥ 0 if 𝛼𝑖 = 1, 𝜈𝑖 ≥ 0 if 𝛼𝑖 = 2 ∀𝑖 ∈ 𝐼 }.

Then there exists a point (𝜇, 𝜈) in the set

𝐵 := conv
{
(𝜇𝛼 , 𝜈𝛼 )

�� 𝛼 ∈ {1, 2}𝑝
}
⊂ ℝ2𝑝

of convex combinations of these points, such that for all 𝑖 ∈ 𝐼 we have the condition

(3.2) (𝜇𝑖 > 0 ∧ 𝜈𝑖 > 0) ∨ 𝜇𝑖𝜈𝑖 = 0.

Proof. Let us choose points (𝜇𝛼 , 𝜈𝛼 ) ∈ 𝐵 ∩𝐴𝛼 , a vector 𝛽 ∈ {1, 2}𝑝 , and points 𝜇, 𝜈 ∈ ℝ𝑝 that satisfy

(𝜇𝛼 , 𝜈𝛼 ) ∈ argmin
(𝜇,𝜈) ∈𝐵∩𝐴𝛼

‖(𝜇, 𝜈)‖22 ∀𝛼 ∈ {1, 2}𝑝 ,(3.3)

𝛽 ∈ argmax
𝛼 ∈{1,2}𝑝

‖(𝜇𝛼 , 𝜈𝛼 )‖22,(3.4)

(𝜇, 𝜈) := (𝜇𝛽 , 𝜈𝛽 ) ∈ ℝ2𝑝 .(3.5)

These choices are possible because the sets 𝐵∩𝐴𝛼 is compact and nonempty (the nonemptiness follows
from (𝜇𝛼 , 𝜈𝛼 ) ∈ 𝐵 ∩𝐴𝛼 ) and the set {1, 2}𝑝 is �nite. Furthermore, we have (𝜇, 𝜈) ∈ 𝐵, i.e. it is a convex
combination as claimed.
It remains to show that our choice (𝜇𝛽 , 𝜈𝛽 ) for (𝜇, 𝜈) satis�es (3.2). By contradiction, we assume

that there exists an 𝑖 ∈ 𝐼 such that (3.2) is not satis�ed, i.e. 𝜇𝛽
𝑖
≠ 0, 𝜈𝛽

𝑖
≠ 0, and 𝜇

𝛽

𝑖
< 0 ∨ 𝜈

𝛽

𝑖
< 0 hold.

Without loss of generality we can assume that 𝛽𝑖 = 1 holds (otherwise one would exchange the roles
of 𝜇 and 𝜈 in the rest of the proof). Therefore, we have 𝜇𝛽

𝑖
≥ 0 due to (𝜇𝛽 , 𝜈𝛽 ) ∈ 𝐴𝛽 . Since (3.2) is not

satis�ed this implies 𝜇𝛽
𝑖
> 0 and 𝜈𝛽

𝑖
< 0. We de�ne

𝛾 ∈ {1, 2}𝑝 , 𝛾 𝑗 :=
{
2 if 𝑗 = 𝑖,

𝛽 𝑗 if 𝑗 ∈ 𝐼𝑝 \ {𝑖}
∀𝑗 ∈ 𝐼𝑝 .

Due to 𝜇
𝛽

𝑖
> 0 we can choose 𝑡 ∈ (0, 1) such that the convex combination

(𝜇𝑡 , 𝜈𝑡 ) := 𝑡 (𝜇𝛾 , 𝜈𝛾 ) + (1 − 𝑡) (𝜇𝛽 , 𝜈𝛽 ) ∈ ℝ2𝑝

still satis�es 𝜇𝑡𝑖 > 0. Since 𝛾 𝑗 = 𝛽 𝑗 holds for 𝑗 ≠ 𝑖 we also have (𝜇𝑡 , 𝜈𝑡 ) ∈ 𝐴𝛽 ∩ 𝐵. However, 𝜈𝛾
𝑖
≥ 0

implies (𝜇𝛽 , 𝜈𝛽 ) ≠ (𝜇𝛾 , 𝜈𝛾 ). Thus, by also using (3.4), we have

‖(𝜇𝑡 , 𝜈𝑡 )‖22 < max
{
‖(𝜇𝛽 , 𝜈𝛽 )‖22, ‖(𝜇𝛾 , 𝜈𝛾 )‖22

}
= ‖(𝜇𝛽 , 𝜈𝛽 )‖22.

Due to (𝜇𝑡 , 𝜈𝑡 ) ∈ 𝐵 ∩𝐴𝛽 this is a contradiction to (3.3), which completes the proof. �
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Instead of the function (𝜇, 𝜈) ↦→ ‖(𝜇, 𝜈)‖22, any strictly convex function on ℝ2𝑝 would have worked
in the proof.

We mention that it was recognized already in [12, Section 4.4.2] that this lemma would signi�cantly
simplify the already existing proofs for M-stationarity. We further mention that the idea to combine
various multipliers of the form (𝜇𝛼 , 𝜈𝛼 ) was also used for the concept of Q-stationarity in [1].

A straightforward combination of Proposition 3.1 and Lemma 3.2 yields the desired M-stationarity
result.
Theorem 3.3. Let 𝑥 ∈ ℝ𝑛 be a local minimizer of (MPCC) that satis�es MPCC-GCQ. Then 𝑥 is an
M-stationary point.

Proof. For all 𝛼 ∈ {1, 2}𝑝 , let (𝜆𝛼 , 𝜂𝛼 , 𝜇𝛼 , 𝜈𝛼 ) ∈ ℝ𝑙+𝑚+2𝑝 be the multipliers generated by Proposition 3.1.
By applying Lemma 3.2 with 𝐼 = 𝐼 00(𝑥), we �nd a convex combination (𝜆, 𝜂, 𝜇, 𝜈) ∈ ℝ𝑙+𝑚+2𝑝 of
these multipliers such that (2.1f) is satis�ed. The conditions (2.1a)–(2.1e) follow from (3.1a)–(3.1e) by
convexity. �

4 conclusion and outlook

We provided a new proof for the M-stationarity of local minimizers of MPCCs under MPCC-GCQ.
Although this result was already known, the new proof uses only basic and well-known tools from
nonlinear programming theory. This new elementary proof for M-stationarity was enabled by proving
a (to the best of our knowledge previously open) conjecture from [12] in Lemma 3.2.
In the future, it would also be interesting to apply this approach to other problem classes from

disjunctive programming and to investigate to what extend the ideas from this paper can be generalized.
In Sobolev or Lebesgue spaces, the limiting normal cone turned out to be not as e�ective as in �nite

dimensional spaces for obtaining stationarity conditions for complementarity-type optimization prob-
lems, see [9, 10]. Thus, it would be interesting to know whether the new elementary method from this
paper can provide ideas for possible approaches for better stationarity conditions of complementarity-
type optimization problems in Sobolev and Lebesgue spaces.
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optimal control of plasticity with inertia

Stephan Walther∗

Abstract The paper is concerned with an optimal control problem governed by the equations of

elasto plasticity with linear kinematic hardening and the inertia term at small strain. The objective

is to optimize the displacement field and plastic strain by controlling volume forces. The idea

given in [11] is used to transform the state equation into an evolution variational inequality (EVI)

involving a certain maximal monotone operator. Results from [18] are then used to analyze the

EVI. A regularization is obtained via the Yosida approximation of the maximalmonotone operator,

this approximation is smoothed further to derive optimality conditions for the smoothed optimal

control problem.

1 introduction

We consider the following optimal control problem governed by the equations of elasto plasticity with

linear kinematic hardening and the inertia term at small strain:

(1.1)




min � (D,
.

D, I, 5 ) = Ψ(D,
.

D, I) +
U

2
‖ 5 ‖2

X2
,

s.t. d
..

D − divℂ(∇BD − I) = 5 ,
.

I ∈ �(ℂ∇BD − (ℂ + B)I),

(D,
.

D, I) (0) = (D0, E0, I0),

D ∈ � 1 (� 1
� (Ω;ℝ

3)) ∩ � 2 (!2(Ω;ℝ3 )),

I ∈ � 1 (!2(Ω;ℝ3×3
B )),

5 ∈ X2 .

Herein, Ω ⊂ ℝ
3 is the body under consideration with density d , where 3 ∈ ℕ is the dimension.

Its boundary is split into two disjoints parts Γ� and Γ# . Furthermore, D : [0,) ] × Ω → ℝ
3 is the

displacement field and I : [0,) ] × Ω → ℝ
3×3
B the plastic strain. The initial data (D0, E0, I0) is given

and fixed. The volume force is given by 5 : [0,) ] × Ω → ℝ
3 . The time derivative of, for instance,

the plastic strain is denoted by
.

I and the symmetric gradient by ∇B = 1/2(∇ + ∇⊤). Moreover, ℂ is

the elasticity tensor and B the hardening parameter. The flow rule is represented by the maximal

monotone operator �, in Section 5 below we will choose the von-Mises flow rule. The control space

X2 is a nonempty and closed subspace of� 1 ([0,) ];!2 (Ω;ℝ3)) and U > 0 a fixed Tikhonov parameter.

Note that higher time regularity of the controlwas also requiredwhen analyzing other problemswith a

non-smooth hyperbolic evolution structure, e.g. in [28]. The precise definitions and assumptions are

presented in Section 2 below. Note that the problem (1.1) is formulated only with the displacement
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and plastic strain as state variables. The stress is normally given by f = ℂ(∇BD − I) (and can thus be

easily integrated in Ψ), however, we eliminated it in (1.1) for convenience. Additionally, the Dirichlet

displacement and Neumann boundary forces (see the definition of the div-operator in Section 2) are

set to zero, cf. Remark 3.8 below. Regarding a detailed description and derivation of the plasticity

model, we refer to [16, 20, 22].

Let us put our work into perspective. Optimal control problems governed by plasticity were con-

sider in [6,15,17–19,23–26]. The articles [15,17] are concernedwith the static case of elasto plasticity, for

further articles of the static case we refer to the references therein. For the time dependent quasi-static

case we are only aware of [6,18,19,23–26]. The articles [23–26] and the application in [18] are devoted

to the case of elasto plasticity with linear kinematic hardening, whereas [6,19] are concerned with the

case of perfect plasticity, that is,with nohardening. In contrast,we consider the case of elasto plasticity

with the inertia term (and linear kinematic hardening), that is, the second time derivative of the dis-

placement (the accelaration) multiplied by the density d is present in the balance of momentum. Due

to this inertia term, the equations are physically more reasonable than the quasi-static case (of course,

the solution to both systems might not differ much when the accelaration of the body is small, which

is the reasoning when neglecting the inertia term). As said above, the application in [18] investigates

quasi-static (homogenized) plasticity with hardening. This application is analyzed by applying results

concerned with an abstract optimal control problem governed by an first-order evolution variational

inequality (EVI) involving a maximal monotone operator. As we will see below, the state equation in

(1.1) can also be transformed into such an abstract EVI. Let us note that the existence of a solution was

already proven in [11, Theorem 5.1] by using essentially the same transformation into an EVI as we

will do. However, there it was transformed into a second order EVI and the maximal monotonicity

of the (slightly different) operator given therein was proven in another way. In contrast, we consider

a first order EVI and will provide the concrete form of the resolvent in Proposition 3.11 (which will

also be used later in Section 4.2 to provide optimality conditions), the maximal monotonicity of our

operator will then follow easily. Having transformed the state equation, we can apply the results from

[18]. We only have to heed two differences between our EVI and the EVI analyzed in [18]. First, our

maximal monotone operator does not fulfill some properties required in [18], second, the given data

are more regular in time than in [18], as we will elaborate on at the end of Section 3.2. However, the

better regularity in time will compensate the missing properties of our maximal monotone operator,

so that the unique existence of a solution can still be shown (Theorem 3.15) and thus we can apply

results from [18]. There is a large list of literature on plasticity with inertia, we only refer to [1–3,7–9]

and the references therein. However, to best of the author’s knowledge, there exists no contribution

to optimal control of plasticity with the inertia term, except in [27]. We emphasize that this paper is

essentially based on [27, Part IV] and on the transformation idea from [11].

The paper is organized as follows. After introducing our notation and standing assumptions in

Section 2, we transform the state equation in (1.1) into a first-order EVI, prove the unique existence for

given data and provide regularization and convergence results in Section 3. Afterwards, in Section 4,

we analyze the optimal control problem (1.1), show the existence of a global solution, provide an ap-

proximation result via a regularized problem and finally present optimality conditions.

2 notation and standing assumptions

Notation When - is a normed vector space we denote its norm by ‖ · ‖- . For normed vector spaces

- and . we denote the space of linear and continuous functions on - with values in . by L(- ;. ).

We abbreviateL(- ) ≔ L(- ;- ). The dual space of- is denoted by- ∗ = L(- ;ℝ). The inner product

of a Hilber space� is denoted by (·, ·)� . For the whole paper, we fix the final time) > 0. For C > 0we

denote the Bochner space of square-integrable functions on the time interval [0, C] by !2 ([0, C];- ),

the Bochner-Sobolev space by � 1 ([0, C];- ) and the space of continuous functions by� ([0, C];- ). We
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furthermore abbreviate !2 (- ) := !2 ([0,) ];- ), � 1 (- ) := � 1 ([0,) ];- ) and � (- ) := � ([0,) ];- ).

When� ∈ L(- ;. ) is a linear and continuous operator,we can define an operator inL(!2(- );!2 (. ))

by � (D) (C) := � (D (C)) for all D ∈ !2 (- ) and for almost all C ∈ [0,) ], we denote this operator also by

� , that is, � ∈ L(!2(- );!2 (. )), and analog for Bochner-Sobolev spaces, i.e.,� ∈ L(� 1 (- );� 1 (. )).

Given a coercive and symmetric operator� ∈ L(� ) in a real Hilbert space� , we denote its coercivity

constant by W� , i.e., (�ℎ, ℎ)� ≥ W� ‖ℎ‖
2
� for all ℎ ∈ � . With this operator we can define a new scalar

product, which induces an equivalent norm, by � × � ∋ (ℎ1, ℎ2) ↦→ (�ℎ1, ℎ2)� ∈ ℝ. We denote the

Hilbert space equippedwith this scalar product by�� , that is (ℎ1, ℎ2)��
= (�ℎ1, ℎ2)� for allℎ1, ℎ2 ∈ � .

If ? ∈ [1,∞], then we denote its conjugate exponent by ? ′, that is 1
? +

1
?′ = 1. Throughout the paper, by

!? (Ω;") we denote Lebesgue spaces with values in" , where ? ∈ [1,∞] and" is a finite dimensional

space. By, 1,? (Ω;") we denote Sobolev spaces and,
1,?

�
(Ω;") is the subspace containing functions

which traces are zero on Γ� . For the dual spaces of,
1,?′ (Ω;") and,

1,?′

�
(Ω;") wewrite, −1,? (Ω;")

and,
−1,?

�
(Ω;"). We use the usual abbreviations� 1 (Ω;") ≔, 1,2(Ω;"), � 1

� (Ω;") ≔, 1,2
�

(Ω;"),

�−1 (Ω;") ≔, −1,2(Ω;") and �−1
� (Ω;") ≔, −1,2

� (Ω;"). Finally, by ℝ
3×3
B , we denote the space of

symmetric matrices and 2,� > 0 are generic constants.

standing assumptions

The following standing assumptions are tacitly assumed for the rest of the paper without mentioning

them every time.

Domain The domain Ω ⊂ ℝ
3 , 3 ∈ ℕ, is bounded with Lipschitz boundary Γ. The boundary consists

of two disjoint measurable parts Γ# and Γ� such that Γ = Γ# ∪Γ� . While Γ# is a relatively open subset,

Γ� is a relatively closed subset of Γ with positive boundary measure. In addition, the set Ω ∪ Γ# is

regular in the sense of Gröger, cf. [12].

Furthermore, the density of Ω is given by d > 0.

Coefficients The elasticity tensor and the hardening parameter satisfy ℂ,B ∈ L(ℝ3×3
B ) and are

symmetric and coercive, i.e., there exist constants 2 > 0 and 1 > 0 such that (ℂf, f)
ℝ
3×3
B

≥ 2 ‖f ‖2
ℝ
3×3
B

and (Bf, f)
ℝ
3×3
B

≥ 1 ‖f ‖2
ℝ
3×3
B

for all f ∈ ℝ
3×3
B .

We abbreviate further

D := B(ℂ + B)−1ℂ ∈ L(ℝ3×3
B ) and E := ℂ(ℂ + B)−1 ∈ L(ℝ3×3

B )(2.1)

and note that D is symmetric and coercive, according to [11, Lemma 4.2]. Moreover, for instance, we

denote the adjoint of E by E
⊤.

Initial data We choose D0, E0 ∈ � 1
� (Ω;ℝ

3) and I0 ∈ !2 (Ω;ℝ3×3
B ) and define @0 ≔ ℂ∇BD0 − (ℂ +

B)I0 ∈ !2 (Ω;ℝ3×3
B ). Moreover, we assume that (D0, E0, @0) is an element of � (A), where � (A) is

given in Definition 3.5.

Operators Throughout the paper, ∇B := 1
2 (∇ + ∇⊤) : , 1,? (Ω;ℝ3 ) → !? (Ω;ℝ3×3

B ) denotes the

linearized strain. Its restriction to,
1,?

�
(Ω;ℝ3×3

B ) is denoted by the same symbol and, for the adjoint

of this restriction, we write − div := (∇B )∗ : !?
′
(Ω;ℝ3×3

B ) →,
−1,?′

� (Ω;ℝ3 ).

The operator � : !2 (Ω;ℝ3×3
B ) → 2!

2 (Ω;ℝ3×3
B ) is maximal monotone with domain � (�). Further-

more, by �_ : !
2 (Ω;ℝ3×3

B ) → !2 (Ω;ℝ3×3
B ), _ > 0, we denote the Yosida approximation of � and by
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'_ = (� + _�)−1 the resolvent of �, so that�_ = 1
_ (� −'_). Moreover, for every _ > 0 the resolvent '_

can be expressed pointwise, that is, there exists '̃_ : ℝ3×3
B → ℝ

3×3
B such that

'_ (g) (G) = '̃_ (g (G)) f.a.a. G ∈ Ω and ∀g ∈ !2 (Ω;ℝ3×3
B ).(2.2)

With a slight abuse of notation we denote also '̃_ by '_ . It is to be noted that this is the case for the

subdifferential of an indicator function of a pointwise defined set, where the resolvent is simply the

projection onto this set, this example will be considered in Section 5 below. For further reference on

maximal monotone operators, we refer to [5], [29, Ch. 32], [4, Ch. 55], and [21, Ch. 55].

Optimization problem By � : !2 (H) × X2 → ℝ, � (D, E, I, 5 ) ≔ Ψ(D, E, I) + U
2 ‖ 5 ‖

2
X2

we denote the

objective function, whereH is given in Definition 3.5 and the control space X2 is a Hilbert space and

embedded into � 1 (!2(Ω;ℝ3)). We assume that Ψ : !2 (H) → ℝ is weakly lower semicontinuous,

continuous and bounded from below and that the Tikhonov parameter U is a positive constant.

3 state equation

Webegin our investigationwith the state equation. At firstwe give the definition of a solution and then

transform the state equation into an EVI with a new (maximal monotone) operatorA. In Section 3.2

we prove the existence of a solution by showing that the operatorA ismaximalmonotone, thenwe can

apply [4, Theorem 55.A]. Finally, in Section 3.3 we can use some results in [18] to obtain convergence

results.

The formal strong formulation of the state equation reads

d
..

D − ∇ · ℂ(∇BD − I) = 5 in Ω,(3.1a)

a · ℂ(∇BD − I) = 0 on Γ# ,(3.1b)

D = 0 on Γ� ,(3.1c)
.

I ∈ �(ℂ∇BD − (ℂ + B)I) in Ω,(3.1d)

(D,
.

D, I) (0) = (D0, E0, I0) in Ω.(3.1e)

Note that we have assumed in the standing assumptions above that the density is constant in Ω. It is

possible to consider a density which has a spatial dependency (that is, a function from Ω to (0,∞)),

one has then in particular to verify that the operator & , given in Definition 3.5, is well defined, that

is, the multiplication of d (and also 1/d) with a Sobolev function is again a Sobolev function. However,

for simplicity we assume that d is constant.

We impose the following assumption for the rest of this section.

Assumption 3.1 (Standing assumption for Section 3). Let 5 ∈ � 1 (!2 (Ω;ℝ3×3
B )) be given.

3.1 definition and transformation

Let us begin with the definition of a solution to the state equation (3.1).

Definition 3.2 (Solution to plasticity with inertia).We call D ∈ � 1 (� 1
� (Ω;ℝ

3)) ∩ � 2 (!2 (Ω;ℝ3)) and

I ∈ � 1 (!2 (Ω;ℝ3×3
B )) solution of (3.1) if

d
..

D − divℂ(∇BD − I) = 5 ,
.

I ∈ �(ℂ∇BD − (ℂ + B)I),

(D,
.

D, I) (0) = (D0, E0, I0)

(3.2)

holds.
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Before we can transform the state equation into an EVI we need to reformulate it, to this end we

introduce the following

Definition 3.3 (I to @ mapping).We define

Q : � 1 (Ω;ℝ3) × !2 (Ω;ℝ3×3
B ) → !2 (Ω;ℝ3×3

B ), (D, I) ↦→ ℂ∇BD − (ℂ + B)I

and its inverse (for fixed D)

ℨ : � 1 (Ω;ℝ3 ) × !2 (Ω;ℝ3×3
B ) → !2 (Ω;ℝ3×3

B ), (D, @) ↦→ (ℂ + B)−1 (ℂ∇BD − @).

These operators will also be used to transform the optimal control problem in Section 4.1 below.

For the following lemma, we recall the definition of D and E given in the standing assumptions

above, that is, D = B(ℂ + B)−1ℂ and E = ℂ(ℂ + B)−1.

Lemma 3.4 (Transformation of I to @). We consider

d
..

D − div(D∇BD + E@) = 5 ,

(ℂ + B)−1
.

@ +�(@) − E
⊤∇B .

D ∋ 0,

(D,
.

D, @) (0) = (D0, E0, @0) = (D0, E0,Q(D0, I0))

(3.3)

for functions D ∈ � 1 (� 1
� (Ω;ℝ

3)) ∩� 2 (!2(Ω;ℝ3 )), @ ∈ � 1 (!2(Ω;ℝ3×3
B )). Recall that E⊤ is the adjoint

of E. Then the following holds:

When (D, I) is a solution of (3.1), then (D, @) = (D,Q(D, I)) solves (3.3). Vice versa, when (D, @) solves

(3.3), then (D, I) = (D,ℨ(D, @)) is a solution of (3.1).

Proof. Both implications can be immediately obtained by using the definition ofQ andℨ and inserting

I in (3.2) and @ in (3.3), respectively (note thatℂ−ℂ(ℂ+B)−1ℂ = (� −ℂ(ℂ+B)−1)ℂ = B(ℂ+B)−1ℂ =

D). �

We are now in the position to introduce the EVI, respectively the operatorA.

Definition 3.5 (The operator A). For ? ∈ [1,∞] we set

Y? ≔,
1,?

�
(Ω;ℝ3 ) × !2 (Ω;ℝ3) × !? (Ω;ℝ3×3

B ) and H ≔ Y2 .

The scalar product onH is defined by

((D1, E1, @1), (D2, E2, @2))H

≔ (D∇BD1,∇
BD2)!2 (Ω;ℝ3×3

B ) + (E1, E2)!2 (Ω;ℝ3 ) + (@1, @2)!2 (Ω;ℝ3×3
B )

(recall that D is symmetric and coercive). We define

A : � (A) → 2H, (D, E, @) ↦→
©­«

−E

− div(D∇BD + E@)

�(@) − E
⊤∇BE

ª®¬
with the domain

� (A) ≔ {(D, E, @) ∈ � 1
� (Ω;ℝ

3) ×� 1
� (Ω;ℝ

3) × � (�) : div(D∇BD + E@) ∈ !2 (Ω;ℝ3 )}.

Moreover, we set

' : !2 (Ω;ℝ3) → Y∞, 5 ↦→ (0, 5 , 0)

and

& := (�, (1/d)�,ℂ + B).
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Lemma 3.6 (Transformation into an EVI). The tuple (D, @) solves (3.3) if and only if (D, E, @) = (D,
.

D, @) ∈

� 1 (H) is a solution of

&−1 (
.

D,
.

E,
.

@) + A(D, E, @) ∋ '5 , (D, E, @) (0) = (D0, E0, @0).(3.4)

Proof. This follows immediately from the definition of A. �

Remark 3.7 (Consequences of the transformation). We note that this transformation has some conse-

quences for the optimal control problem and its regularization discussed in Section 4. A first approach

to regularize (3.1) would be to simply regularize the operator�, as we did in the case of elasto plastic-

ity in [27, Part III]. However, our approach is different, due to the transformation into an EVI we can

regularize the operator A, this is our method in Section 3.3 and Section 4. We also mention that the

fact that E =
.

D will be lost after the regularization (cf. Corollary 4.5 and Definition 4.7) and that we

will transform our objective function in Definition 4.1, so that we obtain an optimal control problem

with respect to the state (D, E, @) in (4.1). The optimality conditions given in Theorem 4.14 below are

then also formulated for this transformed problem.

Remark 3.8 (Neumann surface forces and Dirichlet displacement). Let us shortly discuss some issues

with possible surface forces and Dirichlet displacements. Regarding surface forces, they are currently

equal to zero and contained in the domain � (A) by the requirement div(D∇BD + E@) ∈ !2 (Ω;ℝ3 ).

Allowing now surface forces which are time dependent, the domain, and thus A itself, would also

depend on the time.

An approach for Dirichlet displacements would be to exchange the displacement with a “new”

displacement minus the Dirichlet displacement, then one could still define the domain � (A) as a

subset of � 1
� (Ω;ℝ

3) × � 1
� (Ω;ℝ

3) × � (�). However, this would again make the domain and the

operator itself time dependent (the Dirichlet displacement would occur also in the operator).

In both cases one could still show that the arising operator is maximal monotone for a fixed time,

but for different points in time the monotonicity would be perturbed by the time dependent functions.

Having now a closer look at Theorem 3.15 below, respectively [4, Theorem 55.A], we see that a com-

parison of two different points in time is used to derive a priori estimates. Following this proof, the

time depend functions would occur and a straightforward adaption is not possible.

At this juncture, let us also elaborate on the underlying spaces of the operator A. One might try

to exchange !2 (ℝ;Ω) with a negative Sobolev space in the definition of H to allow surface forces.

However, with this definition of H , for instance, the proof of Lemma 3.12 (which is used to show the

monotonicity of A) would not be valid anymore. Thus, our choice of H seems reasonable.

3.2 existence of a solution

We prove now the existence of a solution to (3.1) by using an existence result for EVIs involving a

maximal monotone operator given in [4, Theorem 55.A], thus we need to show that A is maximal

monotone. Since the monotonicity of A can be easily obtained (cf. Lemma 3.12), it remains to prove

that the resolvent exists (cf. the proof of Proposition 3.13). For this it is sufficient to show the existence

of a solution to (3.9) in the case ? = 2. However, since the existence and Lipschitz continuity for ? > 2

is needed to derive optimality conditions in Section 4.2, we already provide the following corollary

for later needed results.

Corollary 3.9 (Extended nonlinear elasticity). Let _ > 0 and ? ∈ [2, ?], where ? is from [14, Theorem

1.1], with 2− 3
2 ≥ −3

?
. We assume that there exist<,", � ∈ ℝ, � ≥ 0 << ≤ " , such that the family of
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functions {1f : Ω ×ℝ
3×3
B → ℝ

3×3
B }f∈ℝ3×3

B
has the following properties:

10 (·, 0) ∈ !∞ (Ω;ℝ3×3
B ),(3.5)

1f (·, g) is measurable,(3.6)

(1f (G, g) − 1f (G, g)) : (g − g) + � ( |f − f | + |g − g |) |f − f | ≥< |g − g |2,(3.7)

|1f (G, g) − 1f (G, g) | ≤ "
(
|g − g | + |f − f |

)
(3.8)

for almost all G ∈ Ω and all f, f, g, g ∈ ℝ
3×3
B .

Then for everyi ∈ !? (Ω;ℝ3×3
B ) and! ∈,

−1,?

�
(Ω;ℝ3 ) there exists a unique solutionD ∈,

1,?

�
(Ω;ℝ3 )

of

− div1i (·,∇
BD) +

D

_2
= !.

Moreover, there exists a constant � such that the inequality

‖D1 − D2‖, 1,? (Ω;ℝ3 ) ≤ �
(
‖i1 − i2‖!? (Ω;ℝ3×3

B ) + ‖!1 − !2‖, −1,?

�
(Ω;ℝ3 )

)

holds for all i1, i2 ∈ !? (Ω;ℝ3×3
B ) and !1, !2 ∈ ,

−1,?

�
(Ω;ℝ3 ), where D1 and D2 are the solutions with

respect to (i1, !1) and (i2, !2).

Proof. Note that 1f (·, g) ∈ !? (Ω;ℝ3×3
B ) holds for all g, f ∈ !? (Ω;ℝ3×3

B ) (and in fact for all ? ∈ [1,∞]),

which follows from (3.5), (3.6) and (3.8) (taking into account that a pointwise limit of measurable

functions is also measurable, see [23, Corollary 3.1.5]).

Let us at first consider the case ? = 2. Then the existence of a solution follows from the Browder-

Minty theorem, Korn’s inequality and the Poincaré inequality. In order to verify the inequality, let

i1, i2 ∈ !2 (Ω;ℝ3×3
B ), !1, !2 ∈ �−1

�
(Ω;ℝ3) and D1, D2 ∈ � 1

�
(Ω;ℝ3) the corresponding solutions. Then

we obtain

〈!1 − !2, D1 − D2〉 =
(
1i1 ( ·) (·,∇

BD1 (·)) − 1i2 ( ·) (·,∇
BD2 (·)),∇

B (D1 − D2)
)
!2 (Ω;ℝ3×3

B )

+




D1 − D2

_




2
!2 (Ω;ℝ3 )

≥ <‖∇B (D1 − D2)‖
2

!2 (Ω;ℝ3×3
B )

− � ‖i1 − i2‖
2

!2 (Ω;ℝ3×3
B )

− �

∫
Ω

|∇B (D1 − D2) | |i1 − i2 | +
1

_2
‖D1 − D2‖

2
!2 (Ω;ℝ3 )

.

Using now

〈!1 − !2, D1 − D2〉 ≤ ‖!1 − !2‖, −1,2
�

(Ω;ℝ3 ) ‖D1 − D2‖, 1,2 (Ω;ℝ3 )

and

�

∫
Ω

|∇B (D1 − D2) | |i1 − i2 | ≤ � ‖∇B (D1 − D2)‖!2 (Ω;ℝ3 ) ‖i1 − i2‖!2 (Ω;ℝ3 )

and Young’s inequality, yields

‖D1 − D2‖
2
, 1,2 (Ω;ℝ3 )

≤ �
(
‖i1 − i2‖

2

!2 (Ω;ℝ3×3
B )

+ ‖!1 − !2‖
2

, −1,2
�

(Ω;ℝ3 )

)
≤ �

(
‖i1 − i2‖!2 (Ω;ℝ3×3

B ) + ‖!1 − !2‖, −1,2
�

(Ω;ℝ3 )

)2
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for a certain positive constant �, hence, the asserted inequality is fulfilled.

For the general case let now i ∈ !∞(Ω;ℝ3×3
B ) and ! ∈,

−1,?

� (Ω;ℝ3), we define 1 : Ω × ℝ
3×3
B →

ℝ
3×3
B by

1 (G, g) ≔ 1i (G) (G, g)

and !D ∈,
−1,?

� (Ω;ℝ3 ) by

〈!D, E〉 ≔ 〈!, E〉 −
1

_2
(D, E)!2 (Ω;ℝ3 ) ,

where D ∈ � 1
� (Ω;ℝ

3 ) ↩→ !@ (Ω;ℝ3 ), with 1− 3
2 = −3

@ when 3 > 2, @ = 2 when 3 = 2 and @ = ∞ when

3 = 1, is the solution in the case ? = 2 and E ∈ , 1,?′ (Ω;ℝ3 ) ↩→ !@
′
(Ω;ℝ3) (note that 1 − 3

?′ +
3
@′ =

1 + 3
?
− 3

@
= 2 + 3

?
− 3

2
≥ 0 when 3 > 2 and 1− 3

?′
+ 3

@′
> 0 otherwise). We can now apply [14, Theorem

1.1] (here we need i ∈ !∞ (Ω;ℝ3×3
B ) to satisfy [14, (1.6a)], the other requirements in [14, Assumption

1.5] are obviously fulfilled due to (3.5)–(3.8)) to obtain D ∈,
1,?

�
(Ω;ℝ3 ) such that

(1 (·,∇BD),∇BE)!2 (Ω;ℝ3×3
B ) = 〈!D, E〉,

that is,

(
1i (·,∇

BD),∇BE
)
!2 (Ω;ℝ3×3

B )
+

1

_2
(D, E)!2 (Ω;ℝ3 ) = 〈!, E〉,

holds for all E ∈,
1,?′

�
(Ω;ℝ3), we get in particularD = D ∈,

1,?

�
(Ω;ℝ3 ) since D is the unique solution

of the equation above for all E ∈ � 1
� (Ω;ℝ

3).

To prove the asserted inequality let i1, i2 ∈ !∞ (Ω;ℝ3×3
B ), !1, !2 ∈ ,

−1,?

�
(Ω;ℝ3) and D1, D2 ∈

, 1,? (Ω;ℝ3 ) the corresponding solutions and define !D1
, !D2

as before. Having a closer look at the

proof of [14, Theorem 1.1], respectively [12, Theorem 1], one can see that there exists a constant 2 > 0,

depending only on ?,< and" (thus not on !1, !2, i1, i2), such that

‖D1 − D2‖, 1,? (Ω;ℝ3 ) ≤ 2‖�1 (D2) −�2 (D2) − !D1
+ !D2

‖
,

−1,?

�
(Ω;ℝ3 )

,

where �8 :,
1,? (Ω;ℝ3) →,

−1,?

�
(Ω;ℝ3) is defined by

〈�8 (E1), E2〉 ≔
(
1i8

(·,∇BE1),∇
BE2

)
!2 (Ω;ℝ3×3

B )

for all E1 ∈,
1,? (Ω;ℝ3 ), E2 ∈,

1,?′ (Ω;ℝ3) and for 8 ∈ {1, 2}. We finally obtain

‖D1 − D2‖, 1,? (Ω;ℝ3 ) ≤ 2
(
‖�1 (D2) −�2 (D2)‖, −1,?

�
(Ω;ℝ3 )

+ ‖!D1
− !D2

‖
,

−1,?

�
(Ω;ℝ3 )

)
≤ 2

(
" ‖i1 − i2‖!? (Ω;ℝ3×3

B ) + ‖!1 − !2‖, −1,?

�
(Ω;ℝ3 )

+
�

_2
‖D1 − D2‖� 1 (Ω;ℝ3 )

)
,

where we have used again the embeddings� 1 (Ω;ℝ3) ↩→ !@ (Ω;ℝ3) and, 1,?′ (Ω;ℝ3) ↩→ !@
′
(Ω;ℝ3 ).

Taking into account that the assertion is already proven in the case ? = 2, we see that the desired

inequality holds.

One can now obtain the result for all i1, i2 ∈ !? (Ω;ℝ3×3
B ) by an approximation (using the just

proven inequality to see that the corresponding sequence D= is a Cauchy sequence). �
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The operator '0 in the following proposition will later be the resolvent, or a smoothed version of

the resolvent, of � and should not be confused with ' from Definition 3.5.

Proposition 3.10 (Solution operator T'0
). Let _ > 0 and ? ≥ 2 as in Corollary 3.9 and ℎ = (ℎ1, ℎ2, ℎ3) ∈

Y? . Moreover, let '0 : ℝ
3×3
B → ℝ

3×3
B be Lipschitz continuous and monotone. Then there exists a unique

solution D ∈,
1,?

�
(Ω;ℝ3 ) of

− div(D∇BD + E'0 (E
⊤∇B (D − ℎ1) + ℎ3)) =

ℎ2

_
+
ℎ1 − D

_2
.(3.9)

We denote the solution operator of this equation by T'0
: Y? → ,

1,?

�
(Ω;ℝ3), that is, T'0

(ℎ) = D.

Furthermore, T'0
is Lipschitz continuous. Note that the dependency of T'0

on _ and ? will always be clear

from the context.

Proof. For all f ∈ ℝ
3×3
B we define 1f : Ω ×ℝ

3×3
B → ℝ

3×3
B by

1f (G, g) ≔ Dg + E'0 (E
⊤g + f),

then the assertion follows from Corollary 3.9 (with i ≔ −E⊤∇Bℎ1 +ℎ3 for a given ℎ ∈ Y? ), let us only

prove that (3.7) is fulfilled, the other requirements can be easily checked. To this end let f, f, g, g ∈

ℝ
3×3
B , then

(1f (G, g) − 1f (G, g)) : (g − g)

≥ WD |g − g |2 +
(
'0 (E

⊤g + f) − '0 (E
⊤g + f)

)
:
(
E
⊤(g − g) + (f − f)

)
−
(
'0 (E

⊤g + f) − '0 (E
⊤g + f)

)
: (f − f)

≥ WD |g − g |2 − !'0
|f − f |2 − !'0

‖E‖ |g − g | |f − f |

holds, where !'0
is the Lipschitz constant of '0. �

Note that'_ : ℝ3×3
B → ℝ

3×3
B fulfills the requirements in Proposition 3.10 since'_ : !2 (Ω;ℝ3×3

B ) →

!2 (Ω;ℝ3×3
B ) is Lipschitz continuous and also monotone (cf. [4, Proposition 55.1 (ii) and Proposition

55.2 (a)]) and due to (2.2) these properties carry over to '_ : ℝ3×3
B → ℝ

3×3
B .

Let us also mention that '0 in Proposition 3.10 does not have to be monotone, the inequality

('0(0) − '0 (1)) : (0 − 1) ≥ −Y |0 − 1 |2

for 0,1 ∈ ℝ
3×3
B with Y < WD/‖E⊤ ‖2 would be sufficient.

We can now prove the existence of the resolvent ofA, from whichwe can then derive the maximal

monotonicity of A in Proposition 3.13 below.

Proposition 3.11 (Existence of the resolvent of A). For every _ > 0 and ℎ = (ℎ1, ℎ2, ℎ3) ∈ H , the tuple

©­«
D

E

@

ª®¬
=
©­«

T'_
(ℎ)

1
_ (T'_

(ℎ) − ℎ1)

'_ (E
⊤∇B (T'_

(ℎ) − ℎ1) + ℎ3)

ª®¬
is contained in � (A) and the unique solution of (D, E, @) + _A(D, E, @) ∋ ℎ.

Proof. Using the definition of T'_
we get

−_ div(D∇BD + E@) = ℎ2 − E,
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which is the second row in (D, E, @) + _A(D, E, @) ∋ ℎ and we also get (D, E, @) ∈ � (A) (note that

A6('_) ⊂ � (�)). That the first and last row in (D, E, @) + _A(D, E, @) ∋ ℎ is also fulfilled follows

immediately from the definitions of D, E and @.

Furthermore, when (D, E, @) is a solution of (D, E, @) + _A(D, E, @) ∋ ℎ, then one verifies analog

that (D, E, @) must have the claimed form, therefore the uniqueness follows from the uniqueness of a

solution to (3.9). �

Lemma 3.12 (Monotonicity of A). The equation

(A(D1, E1, @1) − A(D2, E2, @2), (D1, E1, @1) − (D2, E2, @2))H

= (�(@1) −�(@2), @1 − @2)!2 (Ω;ℝ3×3
B )

holds for all (D1, E1, @1), (D2, E2, @2) ∈ � (A).

Proof. Using the definition of A and the scalar product inH we obtain

(A(D1, E1, @1), (D1, E1, @1) − (D2, E2, @2))H

= − (D∇BE1,∇
B (D1 − D2))!2 (Ω;ℝ3×3

B ) − (div(D∇BD1 + E@1), E1 − E2)!2 (Ω;ℝ3 )

+
(
�(@1) − E

⊤,∇BE1
)
@1−@2

!2 (Ω;ℝ3×3
B )

= (D∇BE1,∇
BD2)!2 (Ω;ℝ3×3

B ) − (D∇BD1,∇
BE2)!2 (Ω;ℝ3×3

B ) −
(
E
⊤∇BE2, @1

)
!2 (Ω;ℝ3×3

B )

+
(
E
⊤∇BE1, @2

)
!2 (Ω;ℝ3×3

B )
+ (�(@1), @1 − @2)!2 (Ω;ℝ3×3

B ) ,

evaluating now (A(D2, E2, @2), (D1, E1, @1) − (D2, E2, @2))H and taking the difference yields the assertion.

�

Proposition 3.13 (A is maximal monotone). The operator A : H → 2H is maximal monotone.

Proof. The monotonicity of A follows immediately from Lemma 3.12 and the monotonicity of �.

To prove that A is maximal monotone, it is, according to [4, Proposition 55.1 (B)], sufficient that

'(� + A) = H , that is, we have to show that for every (ℎ1, ℎ2, ℎ3) ∈ H there exists (D, E, @) ∈ � (A)

such that (D, E, @) + A(D, E, @) ∋ (ℎ1, ℎ2, ℎ3). This follows from Proposition 3.11 with _ = 1. �

In what follows it is convenient to give the integration operator a name.

Definition 3.14 (Integration operator). We define F : � 1 (!2 (Ω;ℝ3)) → � 2 (!2(Ω;ℝ3)) by (F 5 ) (C) ≔∫ C

0
5 (B)3B for all 5 ∈ � 1 (!2(Ω;ℝ3)). Moreover, we abbreviate Fd ≔ F/d. As usual, we denote the oper-

atorswith different inverse images and rangeswith the same symbol, for instanceF : !2 (!2(Ω;ℝ3)) →

� 1 (!2(Ω;ℝ3)).

Theorem 3.15 (Existence of a solution to the state equation). There exists a unique solution (D, E, @) ∈

� 1 (H) of (3.4). Moreover, the inequality

‖(
.

D,
.

E,
.

@)‖!2 (H) ≤ � (1 + ‖ 5 ‖� 1 (!2 (Ω;ℝ3 )) )

holds, where the constant � does not depend on 5 .

Proof. The tuple (D, E, @) is a solution of (3.4) if and only ifF := (D, E, @) solves

.

F + Ã(F ) ∋
1

d
'5 , F (0) = (D0, E0, @0),
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with Ã := &A. One easily verifies that Ã is a maximal monotone operator with respect toH&−1 (that

is, the spaceH equipped with the scalar product
(
&−1·, ·

)
H&−1

), thus we can apply [4, Theorem 55.A]

to obtain a solutionF ∈ � 1 (H). Moreover, as can be seen in the proof of [4, Theorem 55.A] we get

√
W&−1 ‖

.

F_ ‖� (H) ≤ ‖
.

F_‖� (H&−1 ) ≤ � (1 +
1

d
‖'5 ‖� 1 (H) )) = � (1 +

1

d
‖ 5 ‖� 1 (!2 (Ω;ℝ3 )) )

for all _ > 0, whereF_ is the solution of

.

F_ + Ã_ (F_) =
1

d
'5 , F_ (0) = (D0, E0, @0).

SinceF_ ⇀ F in � 1 (H), we obtain the desired inequality. �

Remark 3.16 (A is not a subdifferential). Let us show that the maximal monotone operatorA : H →

H is not a subdifferential, that is, there exists no proper, convex and lower semicontinuous function

Φ : H → (−∞,∞] such that

A(D, E, @) = mΦ(D, E, @) = {(2, 3, 4) ∈ H : Φ(D̂, Ê, @̂) ≥ Φ(D, E, @)

+ ((2, 3, 4), (D̂ − D, Ê − E, @̂ − @))H ∀(D̂, Ê, @̂) ∈ H}

holds for all (D, E, @) ∈ H . In fact, there exists even not any function Φ : H → (−∞,∞] such that the

equation above holds, which can be seen as follows:

Let us assume that such a Φ exists and recall that (D0, E0, @0) ∈ � (A). Then, using Lemma 3.12 with

(D1, E1, @1) = (D + D0, E, @0) and (D2, E2, @2) = (D0, 0, @0),

Φ(D0, 0, @0) ≥ Φ(D + D0, E, @0) − (A(D + D0, E, @0), (D, E, 0))H

= Φ(D + D0, E, @0) − (A(D0, 0, @0), (D, E, 0))H

≥ Φ(D0, 0, @0) + (A(D0, 0, @0), (D, E, 0))H − (A(D0, 0, @0), (D, E, 0))H

= Φ(D0, 0, @0)

holds for all (D, E) such that (D + D0, E, @0) ∈ � (A), hence,

(A(D0, 0, @0), (D̂ − D, Ê − E, 0))H = Φ(D̂ + D0, Ê, @0) − Φ(D + D0, E, @0)

≥ (A(D + D0, E, @0), (D̂ − D, Ê − E, 0))H

which gives

0 ≥ (D∇BD,∇B Ê)H − (D∇BD̂,∇BE)H

for all (D̂, Ê), (D, E) such that (D + D0, E, @0), (D̂ + D0, Ê, @0) ∈ � (A). Choosing now an arbitrary D ∈

�∞
2 (Ω;ℝ3), D ≠ 0, Ê = D and D̂ = E = 0, we obtain the desired contradiction.

In light of Remark 3.16, the case of plasticity with inertia essentially differs from the EVI analyzed

in [18] in two aspects. First, we have more regularity in time as explained after Lemma 3.6. Second,

we lose a certain boundedness of the maximal monotone operator, which was assumed in [18, Sect. 2],

and it is not a subdifferential.

It is also to be noted that Remark 3.16 is independent of the operator�.
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3.3 regularization and convergence results

As already pointed out earlier, (3.4) can be transformed into the EVIwhichwas analyzed in [18], namely
.

? ∈ A('Fd 5 −&?), ? (0) = ?0,(3.10)

where we set ?0 := −&−1 (D0, E0, @0). We can observe that when (D, E, @) is a solution of (3.4), then ? :=

'F 5 −&−1 (D, E, @) is a solution of (3.10) and when ? is a solution of (3.10), then (D, E, @) := 'Fd 5 −&?

is a solution of (3.4).

Thanks to this transformation we can use several results from [18] (namely Lemma 3.7, Lemma

3.8 and Proposition 3.5), with which the derivation of convergence results will be an easy task. Let us

emphasize that the maximal monotone operator therein was assumed to have a closed domain and

that

�0 : � (�) → H , ℎ ↦→ argmin
E∈�(ℎ)

‖E ‖H

is bounded on bounded sets. Clearly, both assumptions are not fulfilled for A, however, they were

only needed to prove [18, Theorem 3.3], which can be replaced by Theorem 3.15, cf. also [18, Remark

3.13]. Therefore we can still apply the above mentioned results.

Theorem 3.17 (Weak convergence of the state). Let 5 ∈ � 1 (!2(Ω;ℝ3 )), {5=}=∈ℕ ⊂ � 1 (!2 (Ω;ℝ3)) such

that 5= ⇀ 5 in � 1 (!2 (Ω;ℝ3)) and F 5= → F � in !1 (!2(Ω;ℝ3 )). Moreover, let (D, E, @) ∈ � 1 (H) be the

solution of (3.4) and (D=, E=, @=) ∈ � 1 (H), for every = ∈ ℕ, either the solution of

&−1 (
.

D=,
.

E=,
.

@=) + A(D=, E=, @=) ∋ '5=, (D=, E=, @=) (0) = (D0, E0, @0)

or

&−1 (
.

D=,
.

E=,
.

@=) + A_= (D=, E=, @=) = '5=, (D=, E=, @=) (0) = (D0, E0, @0),

where {_=}=∈ℕ ⊂ (0,∞), _= ց 0.

Then (D=, E=, @=) ⇀ (D, E, @) in� 1 (H) and (D=, E=, @=) → (D, E, @) in� (� 1 (Ω;ℝ3))×!1(!2 (Ω;ℝ3))×

� (!2(Ω;ℝ3×3
B )). If additionally F 5= → F 5 in � (!2 (Ω;ℝ3×3

B )), then E= → E in � (!2(Ω;ℝ3 )).

Proof. The function ? := 'F 5 − &−1 (D, E, @) ∈ � 1 (H) is the unique solution of (3.10) and ?= :=

'F 5= −&−1 (D=, E=, @=) ∈ � 1 (H) either the unique solution of
.

?= ∈ A('Fd 5= −&?=), ?= (0) = ?0 .

or
.

?= = A_= ('Fd 5= −&?=), ?= (0) = ?0.

Thanks to Theorem 3.15, (
.

D=,
.

E=,
.

@=) is bounded in!
2 (H). We can now apply [18, Lemma 3.7]with�= =

A and �= = A_= (note that we can choose �= = A_= according to [18, Lemma 3.8]) to obtain the de-

sired result. Note that the convergence in [18, Lemma 3.7] thenmeans'F 5=−&
−1 (D=, E=, @=) → 'F 5 −

&−1 (D, E, @) in� (H), so that the convergence (D=, E=, @=) → (D, E, @) in� (� 1(Ω;ℝ3 ))×!1 (!2(Ω;ℝ3))×

� (!2(Ω;ℝ3×3
B )) follows from the fact that the range of ' is a subset of {0} × !2 (Ω;ℝ3) × {0}. �

Proposition 3.18 (Strong convergence for fixed forces). Let 5 ∈ � 1 (!2(Ω;ℝ3 )) and (D, E, @) ∈ � 1 (H)

be the solution of (3.4) and (D=, E=, @=) ∈ � 1 (H), for every = ∈ ℕ, the solution of

&−1 (
.

D=,
.

E=,
.

@=) + A_= (D=, E=, @=) = '5 ,

(D=, E=, @=) (0) = (D0, E0, @0).

where {_=}=∈ℕ ⊂ (0,∞), _= ց 0.

Then (D=, E=, @=) → (D, E, @) in � 1 (H).

Proof. We can argue as in the proof of Theorem 3.17, the assertion follows then directly from [18,

Proposition 3.5]. �
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4 optimal control

Also in this section we will make use of [18]. Since the smoothed operatorAB , given in Definition 4.7,

possesses the required properties for �B in [18, Assumption 5.1 (ii)] with Z = H (as we will see in

Definition 4.7 and Proposition 4.10 below), we can apply the finding concerned with the differentiabil-

ity of the solution operator associated with the EVI therein. Before we give the details in Section 4.2,

we tend to the existence and approximation of optimal controls.

4.1 existence and approximation of optimal controls

Let us now consider the optimal control problem (1.1). Note that we assumed in Section 2 that Ψ is

defined on !2 (H) and not on � 1 (H), which excludes for example evaluations at certain points in

time. Similar as in [18], we could also consider an objective function on � 1 (H), then we would only

obtain a (possible) weak solution of the adjoint state in Theorem 4.14, see also [18, Theorem 5.12]. We

decided to define Ψ on !2 (H) only for simplicity and to keep the discussion concise.

Since we have transformed our state equation (3.1) into (3.3) by introducing the new variable @, it

is reasonable to do the same with the optimal control problem. To this end, we need the following

Definition 4.1 (Transformed objective function). We define

ΨI : !
2 (H) → ℝ, (D, E, @) ↦→ Ψ(D, E,ℨ(D, @))

and the transformed objective function

�I : !
2 (H) × X2 → ℝ, (D, E, @, 5 ) ↦→ ΨI (D, E, @) +

U

2
‖ 5 ‖2

X2

Using the definition above and the transformation of the state equation into (3.4), we obtain the

equivalence of (1.1) and

(4.1)




min �I (D, E, @, 5 ) = ΨI (D, E, @) +
U

2
‖ 5 ‖2

X2
,

s.t. &−1 (
.

D,
.

E,
.

@) + A(D, E, @) ∋ '5 , (D, E, @) (0) = (D0, E0, @0),

(D, E, @) ∈ � 1 (� 1
� (Ω;ℝ

3 ) × !2 (Ω;ℝ3) × !2 (Ω;ℝ3×3
B )),

5 ∈ X2 .

Let us now select a sequence {_=}=∈ℕ ⊂ (0,∞) such that _= ց 0. We consider the regularized

optimization problem

(4.2)




min �I (D, E, @, 5 ) = ΨI (D, E, @) +
U

2
‖ 5 ‖2

X2
,

s.t. &−1 (
.

D,
.

E,
.

@) + A_= (D, E, @) = '5 , (D, E, @) (0) = (D0, E0, @0)

(D, E, @) ∈ � 1 (� 1
� (Ω;ℝ

3) × !2 (Ω;ℝ3) × !2 (Ω;ℝ3×3
B )),

5 ∈ X2 .

Theorem 4.2 (Existence and approximation of optimal solutions). Suppose that the control space X2 is

such that F : � 1 (!2 (Ω;ℝ3)) → � 2 (!2(Ω;ℝ3 )) with F ( 5 ) (C) =
∫ C

0
5 (B)3B is compact from X2 into

!1 (!2 (Ω;ℝ3)).

Then there exists a global solution of (4.1) (and thus of (1.1)) and of (4.2) for every = ∈ ℕ.

Moreover, let (D=, E=, @=, 5 =)=∈ℕ be a sequence of global solution of (4.2). Then there exists a weak accu-

mulation point (D, E, @, 5 ) and every weak accumulation point is a global solution of (4.1). The subsequence

of states which converges weakly towards (D, E, @) in � 1 (H), converges also strongly in � (� 1 (Ω;ℝ3)) ×
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!1 (!2 (Ω;ℝ3)) × � (!2 (Ω;ℝ3×3
B )) and, when F is compact from X2 into � (!

2 (Ω;ℝ3)), then the subse-

quence of E= converges also strongly in � (!2(Ω;ℝ3×3
B )). Moreover, the subsequence of controls converges

strongly to 5 in X2 .

Proof. The existence of a global solution to (4.1) follows from the standard directmethod of thecalculus

of variations using Theorem 3.17 and the assumed compactness of F , the proof is for instance analog

to the proof of [18, Theorem 4.2]. The existence of a global solution to (4.2) follows easily using the

Lipschitz continuity of A_= (which implies the Lipschitz continuity of the corresponding solution

operator).

The convergence result can also be obtained by standard arguments using again Theorem 3.17

and Proposition 3.18, the proof is again analog to [18, Theorem 4.5 & Corollary 4.6]. Note that the

strong convergence of the states in� (� 1 (Ω;ℝ3)) ×!1 (!2 (Ω;ℝ3)) ×� (!2(Ω;ℝ3×3
B )), and also of E= in

� (!2(Ω;ℝ3×3
B )) when F is compact from X2 into � (!

2(Ω;ℝ3)), follows directly from Theorem 3.17.

�

A strong convergence result of the states (in � 1 (H)) is not provided in the theorem above. In

[18, Corollary 4.6] we were able to prove the strong convergence either when the associated maximal

monotone operator is a subdifferential, which is here not the case (Remark 3.16), or when it can be

deduced from the weak convergence and the convergence of the evaluations of Ψ. Since we supposed

thatΨ is defined on !2 (H), this cannot be the case. However, as elaborated on at the beginning of this

section, it is possible for instance to consider a different Ψ defined on � 1 (H) such that this property

holds.

Let us shortly interrupt the discussion and give two examples for the control space X2 .

Example 4.3 (Control space). In order to satisfy the assumption on X2 in Theorem 4.2, we can use the

lemma of Lions-Aubin (cf. [21, III. Proposition 1.3]) and for instance choose X2 = � 1 (!2(Ω;ℝ3)) ∩

!2 (� 1 (Ω;ℝ3)) or X2 = {5 ∈ � 1 (!2(Ω;ℝ3)) : F 5 ∈ !2 (� 1 (Ω;ℝ3))} with corresponding norms.

Having dealt with the existence and approximation of optimal solutions we turn to the optimality

condition for a further smoothed problem.

4.2 optimality conditions

In order to derive first order optimality conditions we smoothen at first the optimal control problem

further. Thenwe prove the differentiability of the smoothed solution operator andcan after thatfinally

present our main result, the optimality conditions for the smoothed optimization problem.

We impose the following assumptions for the rest of this subsection.

Assumption 4.4 (Standing assumptions for Section 4.2). (i) Let 'B : ℝ3×3
B → ℝ

3×3
B be mono-

tone, Lipschitz continuous and Fréchet differentiable.

(ii) We fix 2 < ?̂ < ? < ? , where ? is from Corollary 3.9 (respectively [14, Theorem 1.1]), such

that 2 − 3
2 ≥ −3

?
.

(iii) Let the initial data (D0, E0, @0) be an element of Y? , where ? is given in (ii).

Thanks to Proposition 3.11, we can give the precise form of the resolvent and Yosida approximation

of A in the following

Corollary 4.5 (Precise form of the resolvent). Let _ > 0 and denote the resolvent of A by R_ . Then

R_ (ℎ) =
©­«

T'_
(ℎ)

1
_T'_

(ℎ) − ℎ1
_

'_ (E
⊤∇B (T'_

(ℎ) − ℎ1) + ℎ3)

ª®¬
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so that

A_ (ℎ) =
1

_

©­«
ℎ1 − T'_

(ℎ)

ℎ2 −
1
_T'_

(ℎ) + ℎ1
_

ℎ3 − '_ (E
⊤∇B (T'_

(ℎ) − ℎ1) + ℎ3)

ª®¬
for every ℎ = (ℎ1, ℎ2, ℎ3) ∈ H .

The Yosida approximation A_ is in view of Proposition 3.10 Lipschitz continuous from Y? to Y? ,

where ? is given in Assumption 4.4 (ii). Therefore the state equation in (4.2) admits a solution in Y?

(note that'maps intoY∞). However, since this regularity is not present in (1.1),we did not use it. In con-

trast, the same is true for the smoothed Yosida approximation, which is given below in Definition 4.7

(see Definition 4.11), but here this additional regularity will be used to prove the differentiability of the

smoothed solution operator in Proposition 4.12.

In order to smoothen the Yosida approximation, respectively the resolvent, ofA, we smoothen the

resolvent of � and then define the smoothed resolvent for A analog to R_. We denote this smoothed

resolvent of � by 'B : ℝ
3×3
B → ℝ

3×3
B (which indicates that the resolvent of � can be expressed point-

wise), from the properties given in Assumption 4.4 (i) one can easily derive the following inequalities,

which will be useful when proving the differentiability of T'B in Lemma 4.9 below.

Lemma 4.6 (Properties of '′
B ). There exists a constant � such that |'′

B (f)g | ≤ � |g | and 0 ≤ '′
B (f)g : g

holds for all f, g ∈ ℝ
3×3
B . Moreover, the same is true for '′

B (·)
∗.

Proof. Let f, g ∈ ℝ
3×3
B be arbitrary. The Lipschitz continuity and Fréchet differentiability of 'B gives

���A (Cg)
C

+ '′
B (f)g

��� = |'B (f + Cg) − 'B (f) |

C
≤ ! |g |

for all C ∈ ℝ \ {0}, where A is the remainder term of 'B . The limit C → 0 yields the first assertion.

The second claim follows using the monotonicity,

0 ≤
'B (f + Cg) − 'B (f)

C
: g → '′

B (f)g : g

as 0 ≠ C → 0.

Now, by definition we have '′
B (f)g : [ = g : '′

B (f)
∗[ for all f, g, [ ∈ ℝ

3×3
B , so that the second

assertion also holds for '′
B (·)

∗. Choosing in particular g = 'B (f)
∗[ we get

|'′
B (f)

∗[ |2 = |'′
B (f)'

′
B (f)

∗[ : [ | ≤ � |'′
B (f)

∗[ | |[ |,

which yields the first assertion for '′
B (·)

∗. �

Definition 4.7 (Smoothed resolvent). Let _B ∈ (0,∞). We define

RB : Y? → Y? , ℎ = (ℎ1, ℎ2, ℎ3) ↦→
©­­«

T'B (ℎ)
1
_B
T'B (ℎ) −

ℎ1
_B

'B (E
⊤∇B (T'B (ℎ) − ℎ1) + ℎ3)

ª®®¬
andAB ≔

1
_B
(�−RB ) (see Assumption 4.4 (ii) for?). According to Proposition 3.10 andAssumption 4.4

(i), RB andAB are well defined and Lipschitz continuous. As usual, with a slight abuse of notation, we

denote operators for different ? with the same symbol.
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Let us now consider the smoothed optimization problem

(4.3)




min �I (D, E, @, 5 ) = ΨI (D, E, @) +
U

2
‖ 5 ‖2

X2
,

s.t. &−1 (
.

D,
.

E,
.

@) + AB (D, E, @) = '5 , (D, E, @) (0) = (D0, E0, @0)

(D, E, @) ∈ � 1 (� 1
� (Ω;ℝ

3) × !2 (Ω;ℝ3) × !2 (Ω;ℝ3×3
B )),

5 ∈ X2 .

Analog to Theorem 4.2 one can analogously prove that there exists a global solution of (4.3).

As was done in [18, Theorem 4.5 & Corollary 4.6], whenAB and A_B are globally “close together”,

one can prove a result analog to the convergence result in Theorem 4.2with a sequence (DB, EB , @B , 5 B )B>0
of global solutions to (4.3) when supℎ∈H ‖A_B (ℎ) − AB (ℎ)‖H tends fast enough to zero relative to _B .

The following lemma shows that this is the case when the same is true for 1
_B

supg∈!2 (Ω;ℝ3×3
B ) ‖�_B (g)−

�B (g)‖!2 (Ω;ℝ3×3
B ) with �B = 1

_B
(� − 'B ), which holds in the case of the von-Mises flow rule inves-

tigated in Section 5 below for suitable sequences {_B }_B>0 and {B}B>0 , cf. (5.2). Note also that [18,

Lemma 3.15] was used in [18, Theorem 4.5 & Corollary 4.6], so that it was in particular required that

supg∈!2 (Ω;ℝ3×3
B ) ‖�_B (g) −�B (g)‖!2 (Ω;ℝ3×3

B ) tends faster to zero than exp(
1
_B
), thus the additional factor

1
_B

does not play a big role.

Lemma 4.8 (Convergence of the smoothed resolvent). The inequality

‖A_B (ℎ) − AB (ℎ)‖H ≤ �

√
1 +

1

_2B
sup

g∈!2 (Ω;ℝ3×3
B )

‖�_B (g) −�B (g)‖!2 (Ω;ℝ3×3
B )

holds for all ℎ ∈ !2 (Ω;ℝ3×3
B ), where �B ≔

1
_B
(� − 'B ) and the constant does only depend on ℂ and B,

� = � (ℂ,B).

Proof. Let us abbreviate

" ≔ sup
g∈!2 (Ω;ℝ3×3

B )

‖'_B (g) − 'B (g)‖!2 (Ω;ℝ3×3
B ) .

Due to the definitions of AB and �B we only have to prove that

‖R_B (ℎ) − RB (ℎ)‖H ≤ �

√
1 +

1

_2B
"(4.4)

holds for all ℎ ∈ H . To this end let ℎ ∈ H be arbitrary and abbreviate D ≔ T'_B
(ℎ),DB ≔ T'B (ℎ) ∈

� 1
� (Ω;ℝ

3), hence, D is the solution of (3.9) with respect to '_B and DB with respect to 'B , testing both

equations with D − DB and subtracting the second from the first, we get

‖∇B (D − DB )‖
2

!2 (Ω;ℝ3×3
B )D

+





D − DB

_B






2

!2 (Ω;ℝ3 )

= −
(
E('_B (F ) − 'B (FB)),∇

B (D − DB )
)
!2 (Ω;ℝ3×3

B )

= −
(
('_B (FB) − 'B (FB)),F −FB

)
!2 (Ω;ℝ3×3

B )

−
(
('_B (F ) − '_B (FB)),F −FB

)
!2 (Ω;ℝ3×3

B )

≤ −
(
D

−1
E('_B (FB) − 'B (FB)),∇

B (D − DB)
)
!2 (Ω;ℝ3×3

B )D

≤
1

2
‖D−1

E('_B (F ) − 'B (FB))‖
2

!2 (Ω;ℝ3×3
B )D

+
1

2
‖∇B (D − DB)‖

2

!2 (Ω;ℝ3×3
B )D

≤
‖E⊤

D
−1
E‖

2
"2 +

1

2
‖∇B (D − DB )‖

2

!2 (Ω;ℝ3×3
B )D
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with F ≔ E
⊤∇B (D − ℎ1) + ℎ3) and FB ≔ E

⊤∇B (DB − ℎ1) + ℎ3), where we used in particular the

monotonicity of '_B . Thus we obtain

‖∇B (D − DB )‖
2

!2 (Ω;ℝ3×3
B )D

+





D − DB

_B






2

!2 (Ω;ℝ3 )

≤ �"2.(4.5)

We get further

‖'_B (F ) − 'B (FB)‖!2 (Ω;ℝ3×3
B )

≤ ‖'_B (F ) − '_B (FB)‖!2 (Ω;ℝ3×3
B ) + ‖'_B (FB) − 'B (FB)‖!2 (Ω;ℝ3×3

B )

≤
�

_B
" +"

where we have used (4.5). We arrive at

‖R_B (ℎ) − RB (ℎ)‖
2
H ≤ �"2 +

�

_2B
"2

which implies (4.4). �

Let us now turn to optimality conditions. We first need to prove the Fréchet differentiability of the

smoothed solution operator of the constraint in (4.3). To this end,we need twonormgaps in Lemma 4.9

and Proposition 4.10, recall that the corresponding coefficients are fixed in Assumption 4.4 (ii).

Lemma 4.9 (Fréchet differentiability of T'B ). The operator T'B is from Y? into,
1,?̂

�
(Ω;ℝ3) Fréchet dif-

ferentiable and, for ℎ, 6 ∈ Y? , [ ≔ T ′
'B
(ℎ)6 is of class,

1,?

�
(Ω;ℝ3 ) and the unique solution of

− div(D∇B[ + E'′
B (E

⊤∇B (D − ℎ1) + ℎ3) (E
⊤∇B ([ − 61) + 63))) =

62

_B
+
61 − [

_2B
(4.6)

for all i ∈,
1,?′

�
(Ω;ℝ3), where D ≔ T'B (ℎ).

Moreover, there exists a constant� such that the extension ofT ′
'B
(ℎ) to an element ofL(H ;� 1

� (Ω;ℝ
3))

fulfills ‖T ′
'B
(ℎ)6‖� 1

�
(Ω;ℝ3 ) ≤ � ‖6‖H for all ℎ ∈ Y? and 6 ∈ H .

Proof. Let ℎ,6 ∈ Y? . At first we prove that (4.6) has a unique solution [ ∈ ,
1,?

�
(Ω;ℝ3) with respect

to ℎ and 6. For f ∈ ℝ
3×3
B we define 1f : Ω ×ℝ

3×3
B → ℝ

3×3
B by

1f (G, g) ≔ Dg + E'′
B (E

⊤∇B (D (G) − ℎ1 (G)) + ℎ3 (G))) (E
⊤g + f)

for almost all G ∈ Ω and all g ∈ ℝ
3×3
B . The existence of [ follows now from Corollary 3.9 (with

i ≔ −E⊤∇B61 + 63), when we have verified the requirements on 1f therein. Moreover, Corollary 3.9

also shows that the solution operator of (4.6) is continuous with respect to 6 ∈ Y? (clearly, it is also

linear).

Clearly, 10 (G, 0) = 0 ∈ !∞(Ω;ℝ3×3
B ) and 1f (·, g) is measurable as a pointwise limit of measurable

functions (see [23, Corollary 3.1.5]), for all g, f ∈ ℝ
3×3
B . Moreover, we have

(1f (G, g) − 1f (G, g)) : (g − g)

≥ WD |g − g |2 + '′
B (F (G)) (E⊤(g − g) + (f − f)) : E⊤(g − g)

≥ WD |g − g |2 −� |f − f | |g − g |,

withF ≔ E
⊤∇B (D − ℎ) + ℎ3), and

|1f (G, g) − 1f (G, g) | ≤ �
(
|g − g | + |f − f |

)
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for all f, f, g, g ∈ ℝ
3×3
B and almost all G ∈ Ω, where we have used Lemma 4.6 in both estimations.

Therefore (3.5)–(3.8) are fulfilled.

Considering now the equations for D6 ≔ T'B (ℎ + 6) and D ≔ T'B (ℎ), we see that

− div(D∇B (D6 − D − [)) +
D6 − D − [

_2B
= div(E('B (` + a6) − 'B (`) − '′

B (`)a6))

+ div(E'′
B (`) ((E

⊤∇B (D6 − D − [))),

where

` ≔ E
⊤∇B (D − ℎ1) + ℎ3),

a6 ≔ E
⊤∇B (D6 − D − 61) + 63) ∈ !? (Ω;ℝ3×3

B ),

hence,

− div(D∇B (D6 − D − [) − E'′
B (`) ((E

⊤∇B (D6 − D − [))) +
D6 − D − [

_2B
= divEA` (a6),

where A` (a6) is the remainder term of 'B at ` in direction a6. Applying Corollary 3.9 once again with

1f (G, g) ≔ Dg + E'′
B (` (G))E

⊤g

(and ? = ?̂) we obtain

‖D6 − D − [‖, 1,?̂ (Ω;ℝ3 )

‖6‖Y?

≤ �
‖A` (a6)‖!?̂ (Ω;ℝ3×3

B )

‖6‖Y?

≤ �
‖A` (a6)‖!?̂ (Ω;ℝ3×3

B )

‖a6‖!? (Ω;ℝ3×3
B )

→ 0,

as6 → 0 inY? ,wherewe also used the Lipschitz continuity ofT'B and the fact that'B : !
? (Ω;ℝ3×3

B ) →

!?̂ (Ω;ℝ3×3
B ) is Fréchet differentiable (cf. [10, Theorem 7]).

That the extension of T ′
'B
(ℎ) to an element of !(H ;� 1

� (Ω;ℝ
3 )) fulfills the asserted inequality, can

be proven as above (one can simply test (4.6) with [ ∈ � 1
� (Ω;ℝ

3) and use Lemma 4.6). �

Proposition 4.10 (Fréchet differentiability ofAB ). The mapping RB is fromY? toH Fréchet differentiable

and there exists a constant� such that the extension ofR ′
B (ℎ) ∈ L(Y? ;H) to an element ofL(H) fulfills

‖R ′
B (ℎ)6‖H ≤ � ‖6‖H for all ℎ ∈ Y? and 6 ∈ H .

For ℎ ∈ Y? and 6 ∈ H we have

R ′
B (ℎ)6 =

©­­«
T ′
'B
(ℎ)6

1
_B
T ′
'B
(ℎ)6 −

61
_B

'′
B (E

⊤∇B (T'B (ℎ) − ℎ1) + ℎ3) (E
⊤∇B (T ′

'B
(ℎ)6 − 61) + 63)

ª®®¬
The same is true for AB =

1
_B
(� − RB ) with A ′

B (ℎ)6 = 1
_B
(6 − R ′

B (ℎ)6) for all ℎ ∈ Y? and 6 ∈ H .

Proof. The assertion follows from Lemma 4.9, Lemma 4.6 for the estimate of (R ′
B (ℎ)6)3, the fact that

'B : !
?̂ (Ω;ℝ3×3

B ) → !2 (Ω;ℝ3×3
B ) is Fréchet differentiable (cf. [10, Theorem 7]) and the chain rule. �

Now, we can use [18, Theorem 5.5] to derive the differentiability of the solution operator of the

constraint in (4.3) from the differentiability ofAB . To this end, we first introduce the solution operator

in
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Definition 4.11 (Smoothed solution operator). We denote the solution operator of

&−1 (
.

D,
.

E,
.

@) + AB (D, E, @) = '5 , (D, E, @) (0) = (D0, E0, @0)(4.7)

by SB : !2 (!2 (Ω;ℝ3)) → � 1 (Y?), that is, SB ( 5 ) = (D, E, @), which existence follows from Banachs

contraction principle since AB is Lipschitz continuous according to Definition 4.7. Here we use the

improved regularity of (D0, E0, @0), see Assumption 4.4 (iii).

Proposition 4.12 (Fréchet differentiability of the smoothed solution operator). The solution operator

SB : !2 (!2(Ω;ℝ3 )) → � 1 (Y?) is Lipschitz continuous, SB : � 1 (!2(Ω;ℝ3)) → � 1 (H) is Fréchet

differentiable and, for 5 , 6 ∈ � 1 (!2(Ω;ℝ3 )), [ ≔ S ′
B ( 5 )6 ∈ � 1 (H) is the unique solution of

&−1 .[ + A ′
B (F )[ = '6, [ (0) = 0,(4.8)

where F ≔ SB ( 5 ). Moreover, there exists a constant � , such that ‖S ′
B ( 5 )6‖� 1 (H) ≤ � ‖6‖!2 (!2 (Ω;ℝ3 ))

holds for all 5 , 6 ∈ � 1 (!2 (Ω;ℝ3)).

Proof. Our goal is to use [18, Theorem 5.5], to this end we first consider the transformed equation from

Section 3.3. We again set ?0 ≔ −&−1 (D0, E0, @0) and denote the solution operator of

.

? = AB ('� −&?), ? (0) = ?0(4.9)

by S̃B : !
2 (!2(Ω;ℝ3)) → � 1 (Y?), that is, S̃B (� ) = ?. Thus we have SB ( 5 ) = 'Fd 5 −&S̃B (Fd 5 ) for all

5 ∈ !2 (!2(Ω;ℝ3 )).

We can now apply [18, Lemma 5.3 & Theorem 5.5] (with X = !2 (Ω;ℝ3), Y = Y? , Z = H ,

I = ? and I0 = ?0), note that the assumptions in [18, Assumption 5.1 (ii)] are satisfied thanks to

Proposition 4.10. Thus the solution operator S̃B : !2 (!2 (Ω;ℝ3)) → � 1 (Y?) is Lipschitz continuous

and S̃B : � 1 (!2 (Ω;ℝ3)) → � 1 (H) is Fréchet differentiable, hence, the desired Lipschitz continuity

and Fréchet differentiability also hold for SB . Furthermore, the asserted inequality holds and we have

[ = 'Fd6 −&[̃, where [ ≔ S ′
B ( 5 )6 and [̃ ≔ S̃ ′

B (Fd 5 )Fd6. [18, Theorem 5.5] also shows that [̃ is the

unique solution of

mC[̃ = A ′
B ('Fd 5 −&?) ('Fd6 −&[̃), [̃ (0) = 0,

where ? ≔ S̃B (Fd 5 ). Taking into account that [̃ = 'F6 − &−1[ and mCF6 = 6, we see that [ is the

solution of (4.8). �

Remark 4.13 (Control space). As seen in the proposition above, the smoothed solution operator de-

fined on � 1 (!2 (Ω;ℝ3)) is Fréchet differentiable. The norm gaps, which arise from the exponents

in Assumption 4.4 (ii), are only needed for the differentiability of T'B but not in the control space.

Unfortunately, we still require the compactness property imposed on X2 in Theorem 4.2 to use the

convergence results in Section 3.3. However, we can avoid taking a subspace of � 1 (!?̃ (Ω;ℝ3)), for a

certain ?̃ > 2, as the control space.

Let us now consider the following reduced optimization problem

min
5 ∈X2

�I ( 5 ),(4.10)

where the reduced objective function �I : X2 → ℝ is defined by �I ( 5 ) ≔ �I (SB ( 5 ), 5 ). Clearly, (4.10)

and (4.3) are equivalent.

We can finally present our main result.
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Theorem 4.14 (Optimality conditions for (4.10)). Let 5 ∈ X2 and abbreviate (D, E, @) ≔ SB ( 5 ) ∈ � 1 (Y?)

and F ≔ T'B (D, E, @) ∈ � 1 (,
1,?

� (Ω;ℝ3×3
B )). Then the variational equation

� ′
I ( 5 )6 = Ψ

′
I (SB ( 5 ))S

′
B ( 5 )6 + U

(
5 , 6

)
X2

= 0(4.11)

holds for all 6 ∈ X2 if and only if there exists an unique adjoint state (i,[∗) = (i1, i2, i3, [
∗) ∈ � 1 (H ×

� 1
� (Ω;ℝ

3)) such that the following optimality system is satisfied:

State equation:

©­­«

.

D
.

E
.

@

ª®®¬
=

1

_B

©­«
F − D

(F−D)/(d_B ) − E/d

(ℂ + B) (? − @)

ª®¬
+
©­«
0
5/d

0

ª®¬
(4.12a)

− div(D∇BF + E?) = E/_B + (F−D)/_B(4.12b)

? = 'B (E∇
B (F − D) + @)(4.12c)

(D, E, @) (0) = (D0, E0, @0)(4.12d)

Adjoint equation:

©­«
.

i1
.

i2
.

i3

ª®¬
=

1

_B

©­«
[∗ − i1

([∗−i1)/(d_B ) − i2/d

(ℂ + B) (A ∗ − i3)

ª®¬
−&Ψ

′
I (D, E, @)(4.12e)

− div(D∇B[∗ + EA ∗) = i2/_B + ([∗−i1)/_B(4.12f)

A ∗ = '′
B (E

⊤∇B (F − D) + @)∗(E⊤∇B ([∗ − i1) + i3)(4.12g)

(i1, i2, i3) () ) = 0(4.12h)

Gradient equation:

(i2, 6)!2 (!2 (Ω;ℝ3 )) = U
(
5 , 6

)
X2

∀6 ∈ X2 .(4.12i)

In particular, if 5 is locally optimal for (4.10), then there exists a unique adjoint state (i,[∗) ∈ � 1 (H×

� 1
� (Ω;ℝ

3)) such that (4.12) is fulfilled.

Proof. At first we proof that the assertion holds when we exchange (4.12) with

&−1 (
.

D,
.

E,
.

@) + AB (D, E, @) = '5 , (D, E, @) (0) = (D0, E0, @0),

&−1 .i + A ′
B (D, E, @)

∗i = −Ψ′
I (D, E, @), i () ) = 0,

(i2, 6)!2 (!2 (Ω;ℝ3 )) = U
(
5 , 6

)
X2

∀6 ∈ X2 .

(4.13)

To this end, let i be the solution of the second equation in (4.13) (which unique existence follows as

in [18, Lemma 5.11]) and [ ≔ S ′
B ( 5 )6 ∈ � 1 (H) for an arbitrary 6 ∈ X2 , then

(i2, 6)!2 (!2 (Ω;ℝ3 )) = (i, '6)!2 (H) =
(
i,&−1 .[

)
!2 (H)

+
(
i,A ′

B (D, E, @)[
)
!2 (H)

=
(
&−1 .i, [

)
!2 (H)

+
(
A ′

B (D, E, @)
∗i,[

)
!2 (H)

= −
(
Ψ

′
I (SB ( 5 )), [

)
!2 (H)
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holds for all 6 ∈ X2 , which implies the equivalence between (4.11) and the last equation in (4.13).

Moreover, it is well known that if 5 is locally optimal for (4.3), then (4.11) must hold.

Let us now prove the equivalence between (4.13) and (4.12). We choose ℎ, b ∈ H and denote by

[∗ ∈ � 1
� (Ω;ℝ

3×3
B ) the solution of

− div(D∇B[∗ + E'′
B (E

⊤∇B (T'B (ℎ) − ℎ1) + ℎ3)
∗(E⊤∇B ([∗ − b1) + b3))) =

b2

_B
+
b1 − [∗

_2B
(4.14)

for all q ∈ � 1
� (Ω;ℝ

3 ) (the existence of [∗ follows as in Lemma 4.9, note that the inequalities in

Lemma 4.6 hold also for the adjoint operator). Then

R ′
B (ℎ)

∗b =
©­­«

[∗

1
_B
[∗ −

b1
_B

'′
B (E

⊤∇B (T'B (ℎ) − ℎ1) + ℎ3)
∗(E⊤∇B ([∗ − b1) + b3)

ª®®¬
holds, which can be seen as follows: Let 6 ∈ H and abbreviate

[ ≔ T ′
'B
(ℎ)6, [E ≔

[ − 61

_B
, [@ ≔ '′

B (E
⊤∇B (T'B (ℎ) − ℎ1) + ℎ3) (E

⊤∇B ([ − 61) + 63),

[∗E ≔
[∗ − b1

_B
, [∗@ ≔ '′

B (E
⊤∇B (T'B (ℎ) − ℎ1) + ℎ3)

∗(E⊤∇B ([∗ − b1) + b3).

Testing (4.6) with q = b1 − [∗ gives

(D∇B[,∇B (b1 − [∗))!2 (Ω;ℝ3×3
B ) +

(
[E − 62, [

∗
E

)
!2 (Ω;ℝ3 )

=
(
E[@,∇

B ([∗ − b1)
)
!2 (Ω;ℝ3×3

B )

=
(
E
⊤∇B ([ − 61) + 63, [

∗
@

)
!2 (Ω;ℝ3×3

B )
−
(
[@, b3

)
!2 (Ω;ℝ3×3

B )
,

and testing (4.14) with q = [ − 61 yields

(D∇B[∗,∇B ([ − 61))!2 (Ω;ℝ3×3
B ) +

(
b2 − [∗E, [E

)
!2 (Ω;ℝ3 )

=
(
E[∗@,∇

B (61 − [)
)
!2 (Ω;ℝ3×3

B )
,

thus, adding both equations together, we arrive at

(D∇B[,∇Bb1)� 1 (Ω;ℝ3 ) + ([E, b2)!2 (Ω;ℝ3×3
B ) +

(
[@, b3

)
!2 (Ω;ℝ3×3

B )

= (D∇B[∗,∇B61)� 1 (Ω;ℝ3 ) +
(
[∗E, 62

)
!2 (Ω;ℝ3×3

B )
+
(
[∗@, 63

)
!2 (Ω;ℝ3×3

B )
,

which is equivalent to

(
R ′
B (ℎ)6, b

)
H

=
(
6,R ′

B (ℎ)
∗b
)
H
.

Now one only has to use the definitions of AB and ' to obtain the equivalence between (4.12) and

(4.13). �

5 examples

Let us concludewith examples about a concrete objective function, the gradient equation in Theorem 4.14

regarding a concrete control space and finally a realization of the maximal monotone operator �

(which will be the von-Mises flow rule).
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Objective function Let us consider a tracking type objective function, that is,

Ψ(D, E, I) =
1

2
‖(D, E, I) − (D3 , E3, I3)‖

2
!2 (H)

with a desired state (D3, E3 , I3) ∈ !2 (H). Then

ΨI (D, E, @) =
1

2
‖(D, E, (ℂ + B)−1 (ℂ∇BD − @)) − (D3 , E3, I3)‖

2
!2 (H)

and

Ψ
′
I (D, E, @) =

©­«
D̂

E − E3
(ℂ + B)−1 (ℂ∇BD − @)) − I3,

ª®¬
where D̂ is such that − div(D∇B (D̂ − D + D3 ) − ((ℂ + B)−1 (ℂ∇BD − @) − I3 )) = 0, hence, in this ex-

ample the adjoint equation in (4.12) has to be completed by this equation. Note that when one uses

a finite element approach to solve (4.12) numerically, then one can eliminate this additional equation

after multiplying (4.12e) with a test function, that is, taking theH -scalar product. When theH -scalar

product of&Ψ
′
I (D, E, @) and a test function ([1, [2, [3) is evaluated, the term (D∇BD̂, [1)!2 (Ω;ℝ3×3

B ) arises,

then one can use the additional equation to eliminate D̂ (respectively the equation).

Control space Let us consider the space

X2 ≔ {5 ∈ � 1 (!2 (Ω;ℝ3)) ∩ !2 (� 1 (Ω;ℝ3 )) : 5 (0) = 5 () ) = 0}

with the scalar product

( 5 , 6)X2
=
(
.

5 ,
.

6
)
!2 (!2 (Ω;ℝ3 ))

+ (∇5 ,∇6)!2!2 (Ω;ℝ3×3 ) ,

see Example 4.3. The Gradient equation in (4.12) then becomes

U
(
.

5 ,
.

6
)
!2 (!2 (Ω;ℝ3 ))

+ U (∇5 ,∇6)!2!2 (Ω;ℝ3×3 ) = (i2, 6)!2 (!2 (Ω;ℝ3 ))

for all 6 ∈ X2 , which is the weak formulation of

..

5 + Δ5 = −
i2

U
.

Maximal monotone operator � We consider the case of linear kinematic hardening with the von

Mises yield condition, cf. [13] for a detailed description of this model. In this case, � is the convex

subdifferential of the indicator functional �K(Ω) of the following set of admissible stresses

K(Ω) := {g ∈ !2 (Ω;ℝ3×3
B ) : |g� (G) | ≤ W f.a.a. G ∈ Ω},

where g� := g − 1
3 tr(g)� is the deviator of g ∈ ℝ

3×3
B and W denotes the initial uni-axial yield stress,

a given material parameter. The domain of � = m�K(Ω) is trivially K(Ω), which is nonempty, closed

and convex. For the Yosida approximation of m�K(Ω) , one obtains by a straightforward calculation

(5.1) �_ (g) =
1

_
(g − cK (g)) =

1

_
max

{
0, 1 −

W

|g� |

}
g� ,
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with the resolvent '_ = cK(Ω) , where cK(Ω) denotes the projection on K(Ω) in !2 (Ω;ℝ3×3
B ), i.e.,

cK (f) := argming∈K (Ω) ‖g − f ‖2
!2 (Ω;ℝ3×3

B )
. We get in particular

'_ (g) = cK(Ω) (g) = g −max
{
0, 1 −

W

|g� |

}
g� ,

so that (2.2) is fulfilled.

To smoothen this function let B > 0 and

maxB : ℝ → ℝ A ↦→

{
max{0, A }, |A | ≥ B,
1
4B (A + B)

2, |A | < B,

we then set

'B : ℝ
3×3
B → ℝ

3×3
B , g ↦→ g −maxB

(
1 −

W

|g� |

)
g� .

One easily checks that maxB ∈ �1 (ℝ) and we obtain

‖m�_,B (g) − m�_ (g)‖!2 (Ω;ℝ3×3
B )

≤
1

_

( ∫
Ω

���maxB

(
1 −

W

|g (G)� |

)
−max

(
0, 1 −

W

|g (G)� |

)���2 |g (G)� |2) 1/2
≤

|Ω |WB

4_(1 − B)

(5.2)

for all g ∈ !2 (Ω;ℝ3×3
B ). Moreover, it is also easy to verify that 'B : ℝ

3×3
B → ℝ

3×3
B is Fréchet differen-

tiable with

'′
B (g)ℎ = ℎ −max′B

(
1 −

W

|g� |

) W

|g� |3
(g� : ℎ� )g� −maxB

(
1 −

W

|g� |

)
ℎ�

and the following lemma shows that 'B is monotone and Lipschitz continuous, thus Assumption 4.4

(i) is satisfied. Note also that '′
B (g) is self adjoint for every g ∈ ℝ

3×3
B , hence, R ′

B (ℎ) is also self adjoint

for all ℎ ∈ H (cf. the proof of Theorem 4.14).

Lemma 5.1. For every B ∈ (0, 1), the mapping 'B is monotone and Lipschitz continuous with constant 1.

Proof. It is well known that, since maxB is continuously differentiable and convex,

maxB (G) −maxB (H) ≥ maxB (H)
′(G − H)(5.3)

holds for all G, H ∈ ℝ.

Let g, f ∈ ℝ
3×3
B , w.l.o.g. we can assume that |f� | ≥ |g� | > 0 and

maxB

(
1 −

W

|f� |

)
≥ maxB

(
1 −

W

|g� |

)
,

then, using (5.3) with G = 1 −
W

|g� |
and H = 1 −

W

|f� |
, we get

|maxB

(
1 −

W

|g� |

)
g� −maxB

(
1 −

W

|f� |

)
f� |

≤ (maxB

(
1 −

W

|f� |

)
−maxB

(
1 −

W

|g� |

)
) |g� | +maxB

(
1 −

W

|f� |

)
|g� − f� |

≤ W max′B

(
1 −

W

|f� |

)
|g� | |

1

|g� |
−

1

|f� |
| +maxB

(
1 −

W

|f� |

)
|g� − f� |,
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taking into account that

W |g� | |
1

|g� |
−

1

|f� |
| = W

��� |g� | − |f� |

|f� |

��� ≤ W

|f� |
|g� − f� |

we obtain

|maxB

(
1 −

W

|g� |

)
g� −maxB

(
1 −

W

|f� |

)
f� |

≤
(
max′B

(
1 −

W

|f� |

) W

|f� |
+maxB

(
1 −

W

|f� |

))
|g� − f� |

≤ maxB (1) |g − f | = |g − f |,

where we used (5.3) again with G = 1 and H = 1 −
W

|f� |
, and the fact that |g� − f� | ≤ |g − f |. This

proves the Lipschitz continuity of 'B . We also get

('B (g) − 'B (f)) : (g − f)

= |g − f |2 −
(
maxB

(
1 −

W

|g� |

)
g� −maxB

(
1 −

W

|f� |

)
f�

)
: (g − f)

≥ |g − f |2 − |g − f |2 = 0

which shows the monotonicity of 'B . �
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