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RELATIONS BETWEEN ABS-NORMAL NLPS AND MPCCS.
PART 1: STRONG CONSTRAINT QUALIFICATIONS

L.C. Hegerhorst-Schultchen” C. Kirches™ M.C. Steinbach*

Abstract  This work is part of an ongoing effort of comparing non-smooth optimization problems
in abs-normal form to MPCCs. We study the general abs-normal NLP with equality and inequality
constraints in relation to an equivalent MPCC reformulation. We show that kink qualifications and
MPCC constraint qualifications of linear independence type and Mangasarian-Fromovitz type are
equivalent. Then we consider strong stationarity concepts with first and second order optimality
conditions, which again turn out to be equivalent for the two problem classes. Throughout we also
consider specific slack reformulations suggested in [9], which preserve constraint qualifications of
linear independence type but not of Mangasarian-Fromovitz type.

1 INTRODUCTION

Nonsmoothness arises frequently in practical optimization problems from various areas. In finite
dimensions, certain nonsmooth functions like ¢ and #,, norms can be avoided by smooth remodeling,
but models that involve (possibly nested) absolute value, maximum, and minimum functions, models
with piecewise definitions and models with equilibrium conditions or complementarity conditions lead
to genuine nonsmoothness. An important sub-class of such nonsmooth finite-dimensional optimization
problems is essentially characterized as “NLPs with finitely many kinks”, which gives rise to more
general standard problem classes like MPCCs [10] and optimization problems in abs-normal form [2].
The latter are non-smooth nonlinear optimization problems of the form

(NLP) mxin f(x) st g(x)=0,
h(x) >0,

where D* C R" is open, the objective f € C%(D*,R) is a smooth function (d > 1) and the equality
and inequality constraints g € Cjbs (D*,R™) and h € Cjbs (D*, R™2) are non-smooth functions with

the non-smoothness exposed in abs-normal form [2]. Thus, there exist functions cg € C¢(D%/?l, R™),
c; € C4D* Il ™) and cz € Cc4(D*VF R®) with D%l = D* x DI?I, D?l ¢ R open and symmetric
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(ie., z € Dl implies Xz € D?! for every signature matrix %, see Definition 1.1) such that

9(x) = ce(x, |z]),
(ANF) h(x) = czr(x, |2]),

z=cz(x,|z|) with dscz(x, |z]) strictly lower triangular.

Note that we introduce one joint switching constraint ¢z for g and h and reuse switching variables z; if
the same argument occurs inside an absolute value in g and h. Here, components of z can be computed
one by one from x and z;, i < j, since dycz(x, |z]|) is strictly lower triangular. In the following we
write z(x) to denote this dependence explicitly. However, z is implicitly defined by z = ¢z (x, |z|). To
consider solvability of this system, we use the reformulation |z;| = sign(z;)z;.

Definition 1.1 (Signature of z). Let x € D*. We define the signature o(x) and the associated signature
matrix 2(x) as

o(x) = sign(z(x)) € {-1,0,1}°, 3(x) := diag(o(x)).

A signature vector o(x) € {—1,1}° is called definite, otherwise indefinite.

With Definition 1.1, we can write |z(x)| = 2(x)z(x) and consider the system z = ¢z (x, 2z), which
for any fixed signature X = X(x) becomes a differentiable system. Then, application of the implicit
function theorem yields the existence of a locally unique solution z(x) with Jacobian

dxz(%) = [I = d2cz (%, |2(R)NZ] ez (%, |2(%)]) € R™™.

Definition 1.2 (Active Switching Set). We call the switching variable z; active if z;(x) = 0. The active
switching set o consists of all indices of active switching variables, i.e.

a(x)={ie{l,...,s}: zi(x) = 0}.

We denote the number of active switching variables by |a(x)| and the number of inactive ones by
lo(x)| = s = |a(x)].

Unconstrained optimization problems in abs-normal form have recently been introduced by [3], and
have been shown to come with favorable theoretical properties that lead to globally convergent solution
methods based on piecewise linearizations that can be generated by algorithmic differentiation [, 6].
When nonsmooth equality and inequality constraints are added, the resulting abs-normal NLPs can be
compared to MPCCs, for which a well-established theoretical framework has been developed over
the past decades [10]. Comparing the two classes of nonsmooth optimization problems, the authors
reported in [8] that they basically form the same problem class, although with a different representation
of nonsmoothness and not necessarily with the same regularity properties.

LITERATURE

The abs-normal NLPs considered here are a direct generalization of unconstrained abs-normal problems
developed by Griewank and Walther [2, 3]. These problems offer particularly attractive theoretical fea-
tures when generalizing KKT theory and stationarity concepts, and they are tractable by sophisticated
algorithms with guaranteed convergence based on piecewise linearizations and using algorithmic
differentiation techniques [5, 6].

Another important class of nonsmooth optimization problems are Mathematical Programs with
Complementarity (or Equilibrium) Constraints (MPCCs, MPECs); an overview can be found in the
book [10]. Since standard theory for smooth optimization problems cannot be applied, new constraint
qualifications and corresponding optimality conditions were introduced. By now, there is a large body
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of literature on MPCCs, and we refer to [12] for an overview of the basic concepts and theory. In
this paper, constraint qualifications for MPCCs in the sense of linear independence and Mangasarian
Fromowitz are considered. Further, the corresponding stationarity concept (S-stationarity) as well as
first and second order optimality conditions are studied. Details can be found in [11], [10] and [1].

In [8] we have shown that unconstrained optimization problems in abs-normal form are a subclass of
MPCCs and we have studied regularity concepts of linear independence type, Mangasarian-Fromovitz
type and Abadie type. We have also shown that abs-normal NLPs with general constraints are equivalent
to the class of MPCCs. In [9] we have generalized optimality conditions of unconstrained abs-normal
problems to the case with equality and inequality constraints under the linear independence kink
qualification. More details and additional information about these results as well as about the results
in this paper can be found in [7].

CONTRIBUTIONS

We develop a deeper understanding of the commonalities of these problem classes of NLPs in abs-
normal form on the one hand, and MPCCs on the other. We provide a detailed comparative study of
general abs-normal NLPs and MPCCs, considering constraint qualifications of linear independence
type and Mangasarian Fromovitz type for the standard formulation and for a reformulation with
absolute value slacks that was suggested in [9]. In particular, we show that corresponding constraint
qualifications of abs-normal NLPs and MPCCs are equivalent and that the linear independence type
constraint qualifications are preserved by the slack reformulation while this is not the case for a
Mangasarian-Fromovitz type constraint qualification. We then compare optimality conditions of first
and second order for abs-normal NLPs and MPCCs under the respective linear independence type
constraint qualifications. We show equivalence of the respective first order necessary conditions, kink
stationarity and strong stationarity. We also show how second order conditions for MPCCs can be
carried over to abs-normal NLPs. Under suitable additional assumptions, we prove equivalence of
positive (semi-)definiteness of the associated reduced Hessians, which gives correspondences of second
order necessary and sufficient conditions.

We expect that our theoretical results will contribute to the understanding and further development
of rigorous solution algorithms for abs-normal NLPs. We also expect the results to facilitate a possible
transferral of active-signature methods for abs-normal forms, such as SALMIN [5], to MPCCs.

STRUCTURE

The remainder of this article is structured as follows. In Section 2 we present the general abs-normal
NLP and its slack reformulation, and we formulate the associated kink qualifications and compare
them. In Section 3 we introduce counterpart MPCCs for the two formulations of abs-normal NLPs and
compare the associated MPCC-constraint qualifications. Then, we show equivalence of the regularity
concepts for abs-normal NLPs and MPCCs in Section 4. Finally, in Section 5 we state optimality
conditions of first and second-order for abs-normal NLPs and MPCCs and prove equivalence relations
between them. We conclude in Section 6 and give a brief outlook.

2 ABS-NORMAL NLPS

In this section we consider two formulations for non-smooth NLPs in abs-normal form that differ in
the treatment of inequality constraints.
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2.1 GENERAL ABS-NORMAL NLPS

In this paragraph we consider abs-normal NLPs with equalities and inequalities, obtained by substituting
the constraints representation in abs-normal form (ANF) into the general non-smooth problem (NLP).
Note that we use the variables (¢, z%) instead of (x, z).

Definition 2.1 (Abs-Normal NLP). Let D' be an open subset of R™. A non-smooth NLP is called
an abs-normal NLP if functions f € C%(D',R), cg € C4(D"¥'I,R™), ¢; e c4(D"*'| R™), and
cz € Cd(D”zt', R*t) with d > 1 exist such that the NLP reads

min f(t) st cg(t|z']) =0,
t,zt
(I-NLP) cr(t,|Z']) > 0,
cz(t,|2']) = 2" =0,

where D#'| is open and symmetric and d;c z(x,|2"]) is strictly lower triangular.
The feasible set of (I-NLP) is denoted by

ce(t,12°) =0, cr(t,12"]) > 0,
cz(t]2') -2z =0

Fabs = {(t’ Zt)

={(t,2"(1)): t € D', cg(t,12'(1)]) = 0, ez (1, 12" (1)]) > 0}.

In contrast to standard NLP theory, we do not count equalities as active constraints.

Definition 2.2 (Active Inequality Set). Let (t,z'(t)) € Faps. We call the constraint i € I active if
ci(t, 12" (t)|) = 0. The active set A(t) consists of all indices of active constraints,

A(t) = {i € T: ci(t, ]2 (1)]) = 0}.

We denote the number of active inequality constraints by |A(t)].

To define the linear independence kink qualification as well as the interior direction kink qualification
for (I-NLP) we need its Jacobians.

Definition 2.3 (Jacobians). Consider the abs-normal NLP (I-NLP). For (t,z'(t)) € Faps set A = A(t),
a=a(t), o =o(t), X = diag(o), and ¢4 = [c;];en. The equality-constraints Jacobian is
Je(t) = dree (1, 22" (1) = dice (1,22 (1)) + dace (1,22 (1)) Za,2' (t)
= dics (1, 12° (1)) + dzcs (1, |2° (1)) a2 (),

the active inequality Jacobian is
Ja(t) = aea(t, 32 (1) = diea(t, 32 (1) + dpea(t, 32 (1)) 20,2 (1)
= aica(t, |2 ()]) + dca(t, |2 (D)) 2,2 (1),

and the active switching Jacobian is

Ja(t) = €] 92" (1)) o, = €] [T = dacz (1, |2 ()21 "Ahez (2, 12 ()] 1oy -

ica
Definition 2.4 (Linear Independence Kink Qualification). Let (¢, z/(t)) € Faps. We say that the linear
independence kink qualification (LIKQ) holds for (I-NLP) at ¢ if

Je(t) drcg(t, 12 (1)])
Jabs(t) = |Ja(t) | = |drca(t, |2 (2)]) | € RUmHAllaDxn.
Ja(t) [l 9:2" (1)]ica

has full row rank m; + |A| + |a|.
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Definition 2.5 (Interior Direction Kink Qualification). Let (t,z'(t)) € Faps. We say that the interior
direction kink qualification (IDKQ) holds for (I-NLP) at ¢ if

Je )] _ [oree(t O] _ o (misiabn
[]a(t) - [[ezatzt(t)]iea} e R(mitlal)

has full row rank m; + || and if there exists a vector d € R™ such that
Je()d =0, Ju(t)d=0, and Jz(t)d > 0.

For the general abs-normal NLP (I-NLP) considered here, IDKQ actually generalizes MFCQ from the
smooth case and corresponds to MPCC-MFCQ, as we will show below. We cannot use the canonical
name MFKQ, however, since Griewank and Walther have already defined MFKQ as a different weakening
of LIKQ in [4]. We believe that other possible names like “Abs-normal MFKQ” or “Constrained MFKQ”
would produce confusion rather than clarification and hence suggest the descriptive name “Interior
Direction KQ”.

The following example from [11] (converted from MPCC form to abs-normal NLP form) shows that
IDKQ is weaker than LIKQ in the presence of inequality constraints.

Example 2.6 (IDKQ is weaker than LIKQ). Consider the problem
min h4t,—t3 st t+t,— || =0,
teR3,z1eR
4t —t3 > 0,
4ty — 13 > 0,
h—1t) — Zt =0,
with solution t* = (0,0, 0) and (z')* = 0. We compute

4 0 -1

]ﬂ(t*)=[0 4 -1

], Je(t)=[1 1 0], and J(t)=[1 -1 o0].

Here, LIKQ is not satisfied but IDKQ is satisfied with d = (0, 0, —1).

2.2 ABS-NORMAL NLPS WITH INEQUALITY SLACKS

In this paragraph we consider abs-normal NLPs with slack variables introduced for all inequalities. We
make use of the absolute value of a slack variable, an idea due to Griewank. This results in a class of
purely equality-constrained abs-normal NLPs, which simplifies the derivation of optimality conditions
under the LIKQ, see [9] and Section 5.

Using slack variables w € R™2, we obtain the following reformulation of (NLP):

ntnin f() st g(t)=0,
W
h(t) —|w| = 0.
Then, we express g and h in abs-normal form as in (ANF) and introduce additional switching variables
z* to handle |w|. This approach leads to the next definition.

Definition 2.7 (Abs-Normal NLP with Inequality Slacks). An abs-normal NLP posed in the following
form is called an abs-normal NLP with inequality slacks:

min f(t) st cg(t|Z']) =0,

t,w,zt,zW ;
(E-NLP) cr(t]2']) - 12" =0,
CZ(t’ |Zt|) - Zt =0,
w—2z" =0,

where D#'l is open and symmetric and d;c z(x,|2"]) is strictly lower triangular.
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The feasible set of (E-NLP) is a lifting of Fyps,

Ca(t, |Zt|) = 09 C[(t, |Zt|) - |ZW| = O’
cz(t|2)—2'=0, w—2"=0

Fe-abs = { (t,w,z',z")

= {(t, w,z',z2%): (7)) € Faps, w=2", |2¥] = cr(t, |zt|)}.

Using the dependence of z* and z* of t and w, the feasible set can be written as

cr(t 12" (D)) = 1z¥(w)[ =0, w = 2"(w) = 0

= {(t,w, 2" (1), 2" (w)): (.2 (1)) € Faps, w = 2" (w), |2¥ (W) = cr (1,2 (1))} .

7_~e—abs = { (t, w, Zt(t),zw(w)) te Dt’ C.g(t, |Zt(t)|) =0, }

We split the active switching set into subsets for variables t and w as a = (a!, a").

Remark 2.8. Note that introducing |w| converts inequalities to pure equalities without a nonnegativity
condition for the slack variables w. However, the slack reformulation has some subtle issues. Subse-
quently we will show that, in contrast to LIKQ, IDKQ is not preserved. Moreover, one cannot eliminate
the equation w — z" = 0 (and hence z" or w) in (E-NLP) since this would destroy the abs-normal
form. Finally, the slack w is not uniquely determined since the signs of nonzero components w; can be
chosen arbitrarily, yielding a set of 2™271%"| choices, W (t) = {w: |w| = c7(t, |25 (1)])}.

Lemma 2.9. Consider (t, w, z'(t),z"(w)) € Fe-abs. Then, LIKQ for (E-NLP) at (t, w) is full row rank of

drce(t, |25 (1)]) 0
drer(t, 125 (1)) - (mytma+lat |+]a™ )X (np+ms)
~ t — R 1 2 t 2 .
Jears bW = T o2 () 0 | €
0 [eiTI]ieaW

Proof. Set x = (t,w),z = (z,2%), f(x) = f(t), ce(x,|z]) = (cs(t,|2']),cr(t,|2"]) = |2¥]), and
cz(x,1z]) = (cz(t,|2*]), w). Then, we can write (E-NLP) compactly as

(ENTP) min f() st sl =0,
X,z
EZ(x’ |Z|) —z= 0’

and compute Jg and J, from Definition 2.3 using the special structure of (E-NLP). The resulting matrix
Je-abs(x) = [Je ()T Jo(x)T] T in Definition 2.4 has the form above. m|

Remark 2.10. Clearly, the rank of J.,ps does not depend on the signs of +1 entries in * but only on
their positions. Hence, LIKQ does not depend on the particular choice of w. Otherwise it would not
make sense to consider (E-NLP).

Note that, since the abs-normal NLP (E-NLP) does not contain any inequalities, the concept of IDKQ
is equivalent to LIKQ here. This is in contrast to the standard reformulation of smooth NLP inequalities
as equalities with nonnegative slacks where the validity of LICQ and MFCQ are both unaffected.

2.3 RELATIONS OF KINK QUALIFICATIONS FOR ABS-NORMAL NLPS

In this paragraph we discuss the relations of kink qualifications for the two different formulations of
abs-normal NLPs. We use the set W (t) from above.

Theorem 2.11. LIKQ for (I-NLP) holds at (t,z'(t)) € Faps if and only if LIKQ for (E-NLP) holds at
(t, w, 2" (t), 2" (w)) € Fe-abs for any (and hence all) w € W (t).
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Proof. This follows immediately by comparison of Jps and Je-aps using that
a¥’(wy={iel:w;=0}y={ieTl:c(tz'(t) =0} =A()

and

0, i € A(L),
XY =diag(c") with ¢" =sign(w;) = L€ A) O
+1, i¢ A).

Theorem 2.12. IDKQ for (I-NLP) holds at (t,z'(t)) € Faps if IDKQ for (E-NLP) holds at the lifted point
(t,w, 2" (t), 2" (w)) € Fe-abs for any (and hence all) w € W (t). The converse is not true.

Proof. Since (E-NLP) has no inequalities, the concepts of IDKQ and LIKQ coincide. LIKQ for (E-NLP)
is equivalent to LIKQ for (I-NLP) by Theorem 2.11, and LIKQ for (I-NLP) implies IDKQ for (I-NLP).
The converse does not hold since LIKQ for (I-NLP) is stronger then IDKQ as we have shown in
Example 2.6. m|

3 COUNTERPART MPCCS

In this section we introduce MPCC counterpart problems for the two formulations (I-NLP) and (E-NLP).
Then, we have a quick look at relations between them.

3.1 COUNTERPART MPCC FOR THE GENERAL ABS-NORMAL NLP

To reformulate (I-NLP) as an MPCC, we partition z’ into its nonnegative part and the modulus of
its nonpositive part, u’ := [z']* := max(z’,0) and o’ := [2z']” := max(-z’,0). Then, we require
complementarity of these two variables to replace |z!| by u! + v’ and z* itself by u’ — o’.

Definition 3.1 (Counterpart MPCC of (I-NLP)). The counterpart MPCC of the abs-normal NLP (I-NLP)
reads

min f(1) st cg(tu' +0') =0,
tut,v
(I-MPCC) cr(t,u' +0') >0,
cz(tu' +0') = (u' -o') =0,

OSutJ_thO,

where u?, 0! € R,
The feasible set of (I-MPCC) is denoted by

cz(tbut+ot)=u' =o', 0<ul Lo >0

Tmpcc = { (t, ut’ Ut)

cg(t,ut +0') =0, cr(t,ul +o') > 0, }
Lemma 3.2. Given an abs-normal NLP (I-NLP) and its counterpart MPCC (I-MPCC), we have a homeo-
morphism ¢: Fpec — Fabs defined as

p(t,u',0") = (t,u’ — o), ¢~ (t,2") = (1, [2']%, [Z']).

Proof. Obvious. O
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Just like the active switching set of the abs-normal NLP, we define index sets of the counterpart
MPCC.

Definition 3.3 (Index Sets). We denote by U} := {i € {1,...,s;}: u} = 0} the set of indices of active
inequalities u; > 0, and by U; := {i € {1,...,s;}: u! > 0} the set of indices of inactive inequalities
u! > 0. Analogous definitions hold of V{ and V/. By D* := U NV} we denote the set of indices of non-
strict (degenerate) complementarity pairs. Thus we have the partitioning {1,...,s;} = UL U VI U D’

In the following we define constraint qualifications for the counterpart MPCC. The standard defi-
nitions say that MPCC-LICQ and MPCC-MFCQ are LICQ and MFCQ), respectively, for the so-called
tightened NLP (see [11]) with associated Jacobian

(91(38 azc‘gP(Zi 82C5P,Zg 8203P,TV+, 82C8P(7‘;0,
alcﬂ azcqu,Zi aZCﬂPLg azcﬂP(TVf azcy[P(Tvot
t .\ _
J@u',0') = |ocy [dhez — I]P,Zi [0yc7 — I]P,Zé [92c7 + I]P(va [0sc7 +I]P(Tvot ,
0 0 I 0 0
0 0 0 0 I

where Ps € RIS denotes the projector onto the subspace defined by S C {1,...,s;} and all partial
darivatives are evaluated at (¢, u’ + v"). This Jacobian will be needed in Section 5.2 to formulate second
order conditions. Here we exploit the two unit blocks to state constraint qualifications in a more
compact form as in [8].

Definition 3.4 (MPCC-LICQ for (I-MPCC), see [11]). We say that the MPCC-LICQ holds for (I-MPCC)
at a feasible point (¢, u’,0") if

Jicg 6208P(€Lf achP(va
]mpcc(t’ ut; Ut) = |dica aZC.?lPth aZCﬂPrTvt
oicz [5202 - I]Pgli [aZCZ + I]Pg/,,

€ RUmHA+s)X (| UL | VE])

has full row rank m; + |A| + s;. Here all partial derivatives are evaluated at (¢, u’ + 0").

Definition 3.5 (MPCC-MFCQ for (I-MPCC), see [11]). We say that the MPCC-MFCQ holds for (I-MPCC)
at a feasible point (¢, u’, ") if

T T
ace  aceby el | g st i)
aicz [aZCZ - I]P;t [aZCZ + I]PrTVt

has full row rank m; + s, and if there exists a vector d € R+ U HIVI 1 guch that

alc(g' aZCgP?Z:(+€ aZCgP(ij _
ez [doez — I]P,Zi [dyc7 + I]P&,

oica 32071P,Z+t 9zCﬂP£,+t d> 0.

Again all partial derivatives are evaluated at (¢, u’ +0%).

As with LIKQ and IDKQ for (I-NLP), MPCC-MFCQ is weaker then MPCC-LICQ for the counterpart
MPCC of (I-NLP). The latter fact is well known, and can also be seen easily by rewriting Example 2.6
as the counterpart MPCC and checking the above conditions.
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3.2 COUNTERPART MPCC FOR THE ABS-NORMAL NLP WITH INEQUALITY SLACKS
Using the same approach as in the preceding paragraph, we formulate the counterpart MPCC of
(E-NLP).

Definition 3.6 (Counterpart MPCC of (E-NLP)). The counterpart MPCC of the abs-normal NLP (E-NLP)
reads:

min f(t) st cg(t,u' +0') =0,
t,wul ot uv, oW t t
cr(t,u" +0") — (W +0v) =0,
(E-MPCC) cz(tu'+0") - (' -0') =0,
w—(u"-0")=0,
0<u' Lo >0,

o<uY Lo¥ >0,

where u!, 0! € R% and u™, 0" € R™2,

The feasible set of (E-MPCC) is a lifting of Fypee:

cg(t,ut +0') =0, cr(t,ul +o') =u" +0",
Fe-mpee =3 (LW, ul o u™ o) | ez (tut +of) = ul —of, w=u" -0,
0<u'Lot>0,0<u”Lo”>0

(t,u',0") € Fnpees cr(t,ul +0') =u™ +0",
w=u"¥—-oY, 0<u¥ LoV >0 '

{(t, w,u o, u”,0")

Clearly, the homeomorphism between Frpec and Faps extends to Fe-mpee and Fe-aps-

Lemma 3.7. Given an abs-normal NLP (E-NLP) and its counterpart MPCC (E-MPCC), we have a homeo-
morphism ¢ : Fempec — Fe-abs defined as

¢§(t, w,ul oh u™,0%) = (t,w,u’ =o' u™ —o%),

¢~ (tw, 2", 2") = (tw, [2]7 [21]7, [2"]", [2"]).
Proof. Obvious. O

Lemma 3.8. MPCC-LICQ for (E-MPCC) at a feasible point y = (t, w,u’,v",u™,v") is full row rank of

dice 0 azc(ngL, 82C5P(Tv+t 0 0
_|oer 0 dsc [P(Tu, drc ]P,Tvt —P(Ly —P(TV+W
]e—mpcc()’) = * T * T
81cz 0 [62cz - I]P(LL{ [azC_Z +I]P(V+t 0 0
T T
0 I 0 0 Pl +PL.
c R(m1+mz+s,+m2)><(n,+m2+|fL{f_|+|q/+t|+|(Ll+“'|+|q/+wl)
where all partial derivatives are evaluated at (t,u’ +o").
Proof. We set x = (t,w), u = (u’,u"), v = (v),0%) as well as f(x) = f(¢),
) ce(t,u’ +o') _ cz(t,ut +o")
3 + = ) 5 + = *
cs(x,u+0) (C[(t, ut +o) — (u¥ +0v)) cz(x,u+o) w
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Then, (E-MPCC) becomes

min f(x) st ég(x,u+0) =0,
X,U,0
(E-MPCC) Cz(x,u+0)—(u—-0v)=0,
0<ulo>0,
and we can compute the Jacobian from Definition 3.4 using the special structure of (E-MPCC). The

resulting matrix has the stated form, except that the last four columns belong to variables (v, v, u™, ")
rather than (u,0) = (uf,u™,0?,0"). O

Like LIKQ for (E-NLP), MPCC-LICQ for (E-MPCC) does not depend on the particular choice of w,
and like IDKQ for (E-NLP), the concept of MPCC-MFCQ for (E-MPCC) is equivalent to MPCC-LICQ
since no inequalities are present besides the complementarities.

3.3 RELATIONS OF MPCC CONSTRAINT QUALIFICATIONS

In this paragraph we state the relations of constraint qualifications for the two different formulations

introduced in the previous paragraphs. They follow from the results in the previous section and in the
w

two following sections. For an illustration see Figure 1 below. We set W (¢, u’,v") := {(w,u",0"): |w| =
cr(t,u' +o"),u¥ = [w]*, 0" = [w]"}.

Theorem 3.9. MPCC-LICQ for (I-MPCC) holds at (t,u’,0") € Fmpec if and only if MPCC-LICQ for
(E-MPCC) holds at (t,w,u,u™,v",0") € Feompee for any (and hence all) (w,u*,0"™) € W(t,u’,0").
Proof. This follows directly from Theorem 2.11, Theorem 4.1 and Theorem 4.3. m|

Theorem 3.10. MPCC-MFCQ for (I-MPCC) holds at (t,u*,v") € Fmpee if MPCC-MFCQ for (E-MPCC)
holds at (t,w,u',u",v",0") € Fempce for any (and hence all) (w,u",v") € W(t,u’,0"). The converse is
not true.

Proof. This follows directly from Theorem 2.12, Theorem 4.2 and Corollary 4.4. O

4 KINK QUALIFICATIONS AND MPCC CONSTRAINT QUALIFICATIONS

In this section we have a closer look at relations between abs-normal NLPs and counterpart MPCCs in
both formulations.

4.1 RELATIONS OF GENERAL ABS-NORMAL NLP AND MPCC

Here we use the variables x and z instead of ¢ and z’ to shorten notation because we do not consider
inequality slacks. Then the general abs-normal NLP (I-NLP) becomes:

min f(x) st cg(x,|z]) =0,
X,z
cr(x,lz]) 20,
ez(x,]z)) =z = 0.
The counterpart MPCC (I-MPCC) reads:
min f(x) st cg(x,u+v)=0,
X,U,0
cr(x,u+v) >0,
cz(x,u+v)—(u—v) =0,
0<ulo>0.
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We obtain the following relations of kink qualifications and MPCC constraint qualifications.

Theorem 4.1 (LIKQ &= MPCC-LICQ). LIKQ for (I-NLP) at x € Fops is equivalent to MPCC-LICQ for
(I-MPCC) at (x,u,v) = (x, [2(x)]*, [2(x)]7) € Fmpee-

Proof. Setting y := (x,u +v) and r := my + |A| + s, MPCC-LICQ for the counterpart MPCC is

dice(y) 8208(3/)ng+ 9208(J/)P(TV+
rank |dicqa(y)  daca(y)Py, dea(y)Py, | =T

aez(y) [oecz(y) —11Py,  [dcz(y) +11PF,

By negating the second column and combining it with the third column, this is equivalent to

dicg(y) _aZCS(y)ZPf?Lu%
rank |d,c4(y) —920&71()’)2P€(+uq/+ =r

dhez(y) [I=aez(NIIPY, .,

and, by non-singularity of I — d,cz(y)Z, to

aice(y) ~9scg()EPY, o,
rank aca(y) —azcﬂ(y)ZP,ZN(V+ =r.
[I = d2cz(1)Z] " dicz(y) Pl o,
Next, we use the third row to eliminate the entries above P'€{+u(v+ to obtain

dicg(y) + e (Y)E = ez ()] " diez (y) 0
rank |dica(y) + dsca(V)E[ — decz(1)Z] ' dcz (y) 0 |=r
[I = d2cz(y)Z] ez (y) Pl oy,
which we can write with u + 0 = |z| = |z(x)| as
dxce(x,]z(x)]) 0
rank | dxca(x, |z(x)]) 0 |=r.
Oxz(x) P%au%

Finally, since @ = D is the complement of U, U V,, this is equivalent to

dxcg(x, |z(x)|)
rank |dyca(x, |z(x)])| = my + |A| + ||,

[e] 0xz(x)]ica
which is LIKQ for the abs-normal NLP. O
Theorem 4.2 (IDKQ &= MPCC-MFCQ). IDKQ for (I-NLP) at x € Faps is equivalent to MPCC-MFCQ
fOY‘ (I-MPCC) at (x,u,v) = (x, [Z(x)]+; [z(x)]7) € 7:mpcc~
Proof. Again with y := (x,u + v), MPCC-MFCQ for the counterpart MPCC is

1. full row rank of

acs(y) dce(y)Py, drce(y)PF,
ez (y) loxez(y) =11Py,  [drez(y) +I1P,

As in the proof of Theorem 4.1, this is seen to be full row rank of

c R(m1+s)><(n+|(LI+U(V+|)

dcce(x, |z(x)]) (my+|ee])xn
[ [e] axz<x>Ji6a] <R '
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2. the existence of a vector d = (d, dy, d,) € R ULV guch that

ace(y)  dce(y)Py, drce(y)PF,
ez (y) [o:cz(y) =11Py,  [9rez(y) +11P,

|orea(y) dca(n)Py, drea(nP], |d>o0.

- Y%

We combine d,, and —d,, to d,,, € RIU+YV+l Then this is equivalent to

dicg(y)dyx + aZCS(y)EP?lﬂLrUrVeruv =0,
ez (y)dx — [T = 926 2()ZIPY, oy, duv = 0,
oca(y)dy + azcﬂ(y)ZP%U%dm, > 0.

The second condition can be written as
(41) [1 = dpez ()3 drez (y)dx = Py oy, duo.

Multiplying this by Pg) = P! yields

[eiT [I - aZCZ(y)Z]_lach(y)]iea dy = [eiTaxz(x)]iEadx =0.

With u + v = |z| = |z(x)|, substituting the right-hand side of (4.1) into the first and third condition
finally gives

axCS(x’ |Z(x)|)dx =0,
[eiTaxz(x)]iEadx =0,
dxca(x,|z(x))dx > 0,

which is IDKQ for the abs-normal NLP. O

4.2 RELATIONS OF ABS-NORMAL NLP AND MPCC WITH INEQUALITY SLACKS

As the reformulation with inequality slacks is just a specialization of the general case, we do without
proofs and give remarks where differences occur.

Using the short notation (E-NLP) for (E-NLP) (see proof of Lemma 2.9) and similarly (E-MPCC) for
the counterpart MPCC (E-MPCC) (see proof of Lemma 3.8), we obtain the same relation between LIKQ
and MPCC-LICQ as in the previous paragraph.

Theorem 4.3 (LIKQ <= MPCC-LICQ). LIKQ for (E-NLP) at x € Fe-abs is equivalent to MPCC-LICQ
for (E-MPCC) at (x,u,0) = (x, [2(x)]", [2(x)]7) € Fe-mpee-

Proof. This follows as in the proof of Theorem 4.1. O

Note that this directly implies the next result since LIKQ and IDKQ as well as MPCC-LICQ and
MPCC-MFCQ coincide in the purely equality constrained setting.

Corollary 4.4 (IDKQ &= MPCC-MFCQ). IDKQ for (E-NLP) at x € Fe-abs is equivalent to MPCC-MFCQ
for (E-MPCC) at (x,u,v) = (x, [Z(X)]+, [z(x)]7) € 7—-e-rnpcc-
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Reformulation 1‘ T _Cz)r_oilz;r;/_4._4 """ ﬂ Reformulation
(E-NLP) < > (E-MPCC)
, ) Theorem 4.3 L ,
, A A ,
1 ’_] H 1
H z F] 3
: I
Y ) Theorem 4.1 ( Y Y

Abs-normal NLP [T "I General MPCC
(I-NLP) _____Theoremg2 (I-MPCC)

Figure 1: Solid arrows: relations between LIKQ and MPCC-LICQ); dashed arrows: relations between
IDKQ and MPCC-MFCQ.

5 OPTIMALITY CONDITIONS

In this section we consider first and second order optimality conditions for (I-MPCC) under MPCC-LICQ
and for (I-NLP) under LIKQ, respectively, and discuss their relations. Since both regularity conditions
are invariant under the slack reformulation by Theorem 2.11 and Theorem 3.9, the results hold also for
(E-MPCC) and (E-NLP). Conditions for general MPCCs can be found in the literature; in case of first
order conditions for example in [10, 11]. Second order conditions stated in [10, 11] however have to be
adapted to our different setting. For the abs-normal NLP (E-NLP) we have derived first and second
order conditions in [9]. Since LIKQ is preserved under the slack reformulation by Theorem 2.11, we
can transfer these results directly to (I-NLP).

5.1 FIRST ORDER OPTIMALITY CONDITIONS

In this paragraph, we compare stationarity concepts and first order optimality conditions for (I-MPCC)
and (I-NLP). First, we define strong stationarity for (I-MPCC) and state the corresponding first order
conditions.

Definition 5.1 (Strong Stationarity, see [10, §3.3], [11, Thm. 2]). A feasible point y* = (¢*, (u")*, (v")*) of
(I-MPCC) is strongly stationary (S-stationary) if there exist multipliers A = (Ag, A7, A7) and p = (py, fo)
such that the following conditions are satisfied:

(5.12) iy Li(y' Ap =0,
(5.1b) ()i 2 0, ()i 20, i€ D(t"),
(5.10) ()i =0, i€ UL,
(5.1d) ()i =0, i€V,
(5.1e) Ar >0,
(5.1f) A§c[(t*, uH* + (H*) =o.

Herein, £, is the MPCC-Lagrangian function associated with (I-MPCC):

L (y, A p) = f(1) +A(Tgca(t,ut +0') - Af—c[(t,ut +0h)
T, t

+/1Tz[cz(t,ut +0!) — (u' = 0Y)] —,u,fut — pyvt.
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Theorem 5.2 (First Order Optimality Conditions for (I-MPCC)). Assume that (t*, (u')*, (v")*) is a local
minimizer of (I-MPCC) and that MPCC-LICQ holds at (t*, (u')*, (v')*). Then, (t*, (u")*, (v")*) is an
S-stationary point.

Proof. The proof is due to [10, §3.3] and is presented in [11, Thm. 2] in the form used here. O

Now, kink stationarity is defined and the corresponding first order optimality conditions are formu-
lated.

Definition 5.3 (Kink Stationarity, see [9]). A feasible point (¢*, (z*)*) of (I-NLP) is kink stationary if
there exist multipliers A = (Ag, A7, A7) such that the following conditions are satisfied:

(5.2a) fI(£) + Agoree — Ardier + Azdiez = 0,
(5.2b) [Agd2ce — Ardner + Aydocz]i 2 [(A2)il, iea(t),
(5.2¢) [)%9208 - /1§(9ch + Agazcz]i = (A2)i(d");, i¢al(th),
(5.2d) Ar =0,
(5.2€) /If.c] =0.

Here, the constraints and the partial derivatives are evaluated at (¢, |(z*)*]).

Theorem 5.4 (First Order Conditions for (I-NLP)). Assume that (t*, (z")*) is a local minimizer of (I-NLP)
and that LIKQ holds at t*. Then, (t*, (z')*) is a kink stationary point.

Proof. By Theorem 2.11 we may consider the slack reformulation (E-NLP) instead of (I-NLP). In [o9,
Theorem 5.10], conditions (5.2) were proven for (E-NLP) using a splitting of the switching variables z
and the switching constraints ¢ z. Without the splitting they read:

F/(x) + Agaee(x", |2°]) + A ez (x*, |2°]) = 0,
[Agosts (x*, |2°]) + Az duez (x*, |2°D)]: = [(A2)il, i€ a(x),
[Agsce (x*, |2°]) + Ay duez (x*, |2])]; = (A2)i0], i¢a(x’).

We rewrite these conditions in the original notation of (E-NLP) with g = (1g,—-A7) and Az =
Az, /1%), where all derivatives are evaluated at (t*,|(z")*]):

fI(£) + A dreg — Arorer + A ez = 0,

A’ =o,
[A§dace — Ardrer + Az drez]i = |(AZ)il, iea(th),
[A§dsce — Ardrer + Az dhcz]i = (Az)i(0h)], i¢al(th),
Ar = 1O i€ a(w),
Ar = (AZ)io}, i¢a”(wh).
The claim follows by eliminating )L% = 0 and noting that ¢ (w*) = A(t%). O

The next theorem shows that the two stationarity concepts coincide.

Theorem 5.5 (S-Stationarity is Kink Stationarity). A feasible point (t*, (z')*) of (I-NLP) is kink stationary
if and only if (t*, (u")*, (v")*) = (¢*, [2'(t*)]*, [2'(t*)]7) of (I-MPCC) is S-stationary.
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Proof. Comparison of the stationarity conditions of (I-NLP) and (I-MPCC) shows directly that (5.1e)
and (5.2d) as well as (5.1f) and (5.2¢) coincide. Thus, we have to compare the remaining conditions
(5.1a) to (5.1d) for (I-MPCC) with (5.2a) to (5.2¢) for (I-NLP). Condition (5.1a) of (I-MPCC), where all
derivatives are evaluated at (¢*, (u’)* + (0%)*), is
FI(t) + Agdres — Arder + Azdiez =0,
/%8205 - )Lf—azcj- + Ag[azcz -I] - ,ug =0,
/128203 - /1?,620] + Ag[azcz +1I] - ,uz =0.

The first condition coincides with (5.2a). We combine the second and the third condition with conditions
(5.1b) to (5.1d), yielding

[Agdace — ALdacr + Ay doez . =+2)s ie U (th),
[A5dace = ALdacr +A5dcz ] = —(Az) i€V,
[A§0ace — Ardrer + A5 [d2cz + 1. =0 i€ DI(th).

These are precisely conditions (5.2b) and (5.2c) for (I-NLP) by definition of the index sets and of ¢*. O

As LIKQ for (I-NLP) is equivalent to MPCC-LICQ for (I-MPCC), the previous theorem provides a
different perspective on Theorem 5.4 and Theorem 5.2: one can be obtained from the other directly via
Theorem 5.5 and vice versa.

5.2 SECOND ORDER CONDITIONS

In this paragraph, we compare second-order conditions for MPCCs and abs-normal NLPs.

First, we formulate them for (I-MPCC). This is based on material from [11] for MPCCs, but some
additional assumptions on the Lagrange multipliers need to be made. These are given in the next
definition.

Definition 5.6 (MPCC-Strict Complementarity). Consider a strongly stationary point (¢*, (u”)*, (v%)*)
with Lagrange multipliers (1%, y*). We say that MPCC-strict complementarity holds if A7 > 0 for all
i€ Aaswellas (i); > 0and (1); > 0 forall i € D',

We will show in the next lemma that under MPCC-LICQ and MPCC-strict complementarity the
critical cone reduces to the nullspace of the Jacobian of the tightened NLP (with columns reordered
according to the index sets UL, U, VI, V),

-(9108 8205P(€ﬁ azc(gP(Zé 82CgP,Tv+t achP(TVOt
31Cﬂ azcﬂP,Zi 32Cﬂpaé 32CﬂP,7;/f agcﬂPZ‘;Ot
J(¥*) =|owez [dez - I]PqTﬁ [0rcz — I]P?;(é (0207 +I]PTW [02c7 + I]PZ;O, ;
0 0 I 0 0
|0 0 0 0 I

as introduced in Section 3.1. Here, all partial derivatives are evaluated at the point (¢*, (u")* + (0)*). It
is readily verified that the nullspace of J(y*) is spanned by the matrix

1
+Prui (I - achZt)_lach
(5'3) Umpcc(y*) = 0 U(y*)
_Per (I - achZt)_lach
0
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where U(y*) spans the nullspace of

dicg + azc(gzt(f — 02z Zt)_lalcz
(5.4) 61031 + azcﬂzt(l — 32CZ Zt)_lalcz .
[eiT(I — 9cz3) e z] e

Second order necessary and sufficient conditions for a slightly more general class of MPCCs are
given in [11, Theorem 7] using the concept of critical directions. We first specialize the definition from
[11] to our setting.

Definition 5.7 (Critical Direction). A vector d = (dt,du’,dv’) € R™ x R% x R is called a critical
direction at a weakly stationary point y* of (I-MPCC) if

(5.52) min(dul,dvl) =0, i€ D,
(5.5b) dut =0, ieV,
(5.5¢) dot =0, ieU,
(5.5d) dicadu’ + dycq(du’ +do') > 0,
(5.5€) dcsdu’ + dyeg(du +do') =0,
(5.5) orczdu’ + [dycz — INdu' + [d,c7 +I]dv’ =0,
(5.58) f'(t*)dt =0,

where all constraint derivatives are evaluated at (¢*, (u)* + (0")*).

The set of critical directions is just the nullspace of J(y*) under stronger assumptions.
Lemma 5.8. Assume that MPCC-LICQ and MPCC-strict complementarity hold at an S-stationary point
y* = (t*, (uh)*, (v")*) of (I-MPCC) with Lagrange multipliers (A*, ii*). Then, the set of critical directions
isker J(y*).
Proof. First consider a critical direction d = (dt, du’, do’) at the strongly (hence weakly) stationary

point y*. Then, (5.5¢) and (5.5f) imply that rows one and three of J(y*)d vanish, and by (5.1a) and (5.5g)
we further have

0=0rur o Li(y" A" p")d
= f/(t*)dt + (X)) [dicgdt + drce (du’ + do')]
- (A})T [icrdt + drcr (du' + dv')]
+ ()L})T[alczdt + (dyez — Ddu' + (dyc7 +)do']
— () du" = ()T do’
= —(A})T[alc[dt + dycr (du' +do")] — () du’ — (i) do’.

With (A*])ch =0 (5.f), ()i = 0 fori € UL (5.1¢), ()i = 0 for i € V! (51d), and (5.5b), (5.5¢) we
obtain (A%); = 0 for i ¢ A and further

0= (M) [dreadu’ +drea(du’ +do')] + )" [(u)iduf + (13):do!].
ieD?t
All factors in this sum of products are nonnegative by (5.1b), (5.1e), (5.5d), and (5.5a), which implies
0= (A*ﬂ)T[c?lcﬂdut + dycq(du’ +do")],
0= (p,)idul = (1)idv;, i€ D"
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Finally, by MPCC-strict complementarity we have

0 = dicqdu’ + dycn(du’ + do'),
0= duf = dvl-t, ie D

and du! = 0 for i € U} as well as do} = 0 for i € V{ follow since U} = V{ U D" and V] = U U D',
Thus d is a nullspace vector of J(y*).

Conversely, given any nullspace vector d = (dt, du’, dv'), the first three rows of J(y*)d = 0 yield
conditions (5.5¢), (5.5d), and (5.5f), with equality “= 0” in case of (5.5d). The last two rows yield du} = 0
for i € U} and do! = 0 for i € V{, hence (5.5b), (5.5¢), and du} = dv! = 0 for i € D’ (5.5a). Moreover,
we have (p); = 0 for i € U’ (5.1¢), (12); = 0 for i € V! (5.1d), and (A7)i = 0 for i ¢ A (5.1f), so that
(5.12) becomes (5.5g):

0= 0yt ot Li(y" A p)d = f()dt.

Thus d is a critical direction. m]

Now we use [11, Theorem 7] to prove second order necessary and sufficient conditions for our setting.

Theorem 5.9 (Second Order Necessary Conditions for (I-MPCC)). Assume that y* = (t*, (u")*, (v)*) is
a local minimizer of (I-MPCC) and that MPCC-LICQ holds at y*. Denote by (A, yi*) the unique Lagrange
multiplier vector and assume further that MPCC-strict complementarity holds. Then,

Umpcc(y*)THmpcc(y*’ )L*)Umpcc(y*) =0

where Hppee (y*, A) = aiy.&(y*, A%, 1*). (Note that 3§,y-£¢ does not depend on yi*.)

Proof. The first part of Theorem 7 in [11] asserts that every critical direction d satisfies the inequality
dTHmpCC(y*, A*)d > 0 at alocal minimizer y* if MPCC-SMFCQ (cf. [10]) holds at y*. Since MPCC-LICQ
implies MPCC-SMFCQ and the set of critical directions is ker J(y*) under our stronger assumptions,
the claim follows directly from [11, Theorem 7]. O

Remark 5.10. Here we have simplified the exposition by making the assumption of MPCC-strict
complementarity, so that we can directly rely on [11, Theorem 7]. However, the second order necessary
conditions can also be proved without MPCC-strict complementarity by considering branch problems
of (I-MPCC). The corresponding approach for (I-NLP) has been taken in [9], so that Theorem 5.12
below does not require strict complementarity.

Theorem 5.11 (Second Order Sufficient Conditions for (I-MPCC)). Assume that y* = (t*, (u’)*, (v%)*)
is strongly stationary for (I-MPCC) with Lagrange multiplier vector (A", u*) satisfying MPCC-strict
complementarity. Assume further that MPCC-LICQ holds at y*, and that

Umpcc(y*)THmpcc(y*, A*)Umpcc(y*) > 0.

Then, y* is a strict local minimizer of (I-MPCC).

Proof. In the second part of [11, Theorem 7], our assertion is proved under the weaker assumption
that y* is strongly stationary and for every critical direction d # 0 there exists a Lagrange multiplier
vector (A*, ii*) such that d” Hypee(y*, 4%)d > 0. Under our additional assumptions of MPCC-LICQ and
MPCC-strict complementarity, the set of critical directions is spanned by the matrix Unpcc(y*), see
proof of the previous lemma. Thus, the claim follows directly from [11, Theorem 7]. O
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We proceed by formulating second-order conditions for (I-NLP). To this end, we denote by (a*)¢
the complement of a, and we need the Lagrangian

L(t 12", 1) = () + Aee(t,|2']) = Arer(t,]2']) + /@(Cz(t, |2']) - P(Tat)cﬂat)cztlztl)
and the matrix

Ul(t)

(5.6) Uaps (1) = [e] Z0:z" (U ()] igar |

where U(t) spans the nullspace of Jps(t). We also use the Lagrangian
L(x, |21, 2) = f(x) + Ases(x, |2]) + A% (62 (x, |2]) — PrePacZlzl),
= f(1) + Agce(t, |2°]) = A7 (er (8 12]) = 12"1)
+ 25 (ez(t12]) = Py ePlanye ! |2"])
+ (AN (W = Pl Pla)e="2"]).
Theorem 5.12 (Second Order Necessary Conditions for (I-NLP)). Assume that y* = (t*, (z")*) is a local
minimizer of (I-NLP) and that LIKQ holds at t*. Denote by A* the unique Lagrange multiplier and set

a' = a (t*). Then,
Uabs(t*)THabs(y*, A*)Uabs(t*) =0

1 0 811£(y*, /1*) 3121:(3/*,1*) I 0
o PL..I

where Habs(y ,A ) = [0 P(at)c 821.1:(_')/*,).*) azz-l:(y*>/1*) (ate

Proof. As in Theorem 5.4, we can consider (E-NLP) instead of (I-NLP) by Theorem 2.11. In [9, Theorem
5.15] the second order necessary conditions for (E-NLP) have been derived using a variable splitting.
Without the splitting they read

Ue—abs(X*)THe—abs()_/*a/i*)Ue—abs(X*) =0

with y* = (x*,2%), Ag = (As, -A1), Az = ()LZ,A%), and the Hessian

I 0 } [anjj(y*,i*) alzj(y*,i*)] [I 0 }

He—abs(.)_/ ’/1 ) = 0 Pa" (921.[:(_')_/*,1*) 822-[:()7*’/1*) 0 PZ‘

where ¢ is the complement of a and the matrix Up_aps is defined as

_ o U(x*)
Uers0) = [[e? Z*axz(x*m(x*)]iea]

with U (x) spanning ker (Je-aps(x)). Using the special structure of (E-NLP) and comparing the derivatives
of £(7*,1%) and L(y*, 1*), the Hessian becomes:

I 0 o0 0 J[oul 0 oL O] O O 0
] o1 o 0 0 0 o ofj0 I 0 0
H_ -k A* —
e-abs (7" ) 0 0 P(af)c 0 onLl 0 9L 00 O P(Ta‘)c 0
00 0 Pewe[ 0 0 0 0fj0 0 0 P,

All partial derivatives of £ are evaluated at (y*, 1*). Moreover, Je-abs(X) = Je-abs(, w) has the form
derived in Lemma 2.9, and thus its nullspace is spanned by

U(t) ]

ZwatC[

U(x) = [
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where U (t) spans the nullspace of J,ps(#) from Definition 2.4. Using this and 9;z"(w) = I, the matrix
U,._aps reads

U(t)
ZwatC[
T~t t .
e; 210z (1)U (1) ligar
le] drcr]igaw

Ue—abs (x) = [

Finally, we have
0< Ue—abs (x*)THe—abs ()7*: Z*)Ue—abs (X*) = Uabs (t*)THabs(y*a A*)Uabs (t*)

with Uyps(t) from (5.6) and

o [l D) gLyMH||I 0O
Habs(y9/1) - |:0 P(at)f] |:621£(y’ /‘l) 322-5()/,/1)] [0 P{O(t)c

This proves the claim. O
Theorem 5.13 (Second Order Sufficient Conditions for (I-NLP)). Assume that y* = (t*, (z)*) is kink
stationary for (I-NLP) with a Lagrange multiplier vector A* that satisfies strict complementarity for A’;
and strict normal growth,
[Agdzce — Af—ach +/1232CZ]1' > |(Az)il,  i€a'(th).

Assume further that LIKQ holds at t*, and that

Uabs(t*)THabs(y*: A*)Uabs(t*) > 0.
Then, (t*, (z)*) is a strict local minimizer of (I-NLP).
Proof. As before we consider the slack reformulation (E-NLP) of (I-NLP). The assumption of strict
complementarity for A7 and strict normal growth for (I-NLP) implies strict normal growth for (E-NLP).
Moreover, the previous proof shows that the condition

Uabs(t*)THabs(y*, A*)Uabs (t*) >0
is equivalent to

Ue—abs(X*)THe—abs(J_/*’A_*)Ue—abs(X*) > 0,

which can be reformulated using the variable splitting of [9]. Then, [9, Theorem 5.19] can be applied,
which gives the assertion. O

Theorem 5.14. Assume that (t*, (z')*) is kink stationary for (I-NLP) with Lagrange multiplier vector A*
such that strict complementarity and strict normal growth are satisfied. Assume further that LIKQ holds
at t*. Then,

UmPCc(y*)THmPCC(y*’A*)UmPCc(y*) 20 — Uabs(t*)THabs(t*’ (Zt)*3A*)Uabs(x*) 20,

where y* = (t*, (u')*, (v")*) = (t*, [(z")*]", [(z")*]7). The equivalence holds also with strict inequalities.
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Proof. Using that u* + 0" = |(z")*| and (z")* = z*(*) the matrix Unpcc(y*) in (5.3) reads

I
+Pru£3tzt(t*)

Umpcc(y*) = 0 U(y*)
—Prvfatlt(t*)
0

with U(y*) defined in (5.4). The Lagrangians of (I-MPCC) and (I-NLP), respectively, are

Li(y, 1) =f(t) +/1£Cg(t,ut +0') - A§c1(t, u' +0") +/1Tz[cz(t, u' +0") — (u' =0Y)],
Lt 12 2) = f(1) + Ages (L 12']) = Afer (4 12"]) + A% [ez (4 |2"]) — PoePacE 2]

Thus Umpcc(y*)THmpcc(y*s A*)Umpcc(}/*) = Umpcc(y*)TVnyJ_(y*: A*)Umpcc(y*) can be written with
(z")* = (u")* — (v")* and using that U(y*) = U(t*), as

U(y") T[  Hy HotPys HiPy,, U(y")
+Pru+tat2t(t*)U(y*) Pruile P’L(jHZZP;Jf P‘LIjHZZPZ‘;f +P.u£atzt(t*)U(y*)

—Poy;0,z' (tYU(Y")| |PysHyp PoyHpPT, Pq,szng/j —Pyr9,2" (t)U(y*)

where H;; := 9;0; L(t*, (z)", 1*). Now, since UL U V| = (a")¢, the left-hand inequality of the claim
reads

U(y*) Hy HZIP(Tat)c U(y")
P(at)czatzt(t*)U(y*) P(at)cle P(a’)CHZZP{at)c P(at)czatzt(t*)U(y*) B
This is Uyps (£*) T Haps (t*, (21)*, 1) Uyps (£¥) > 0. o

Note that the previous theorem can be used to transfer the second order conditions for (I-NLP) and
(I-MPCC) into each other. This follows from the equivalence of LIKQ and MPCC-LICQ by Theorem 4.1
and from the equivalence of stationarity concepts by Theorem s5.5.

6 CONCLUSIONS AND OUTLOOK

We have shown that general abs-normal NLPs are essentially the same problem class as MPCCs. The
two problem classes have corresponding constraint qualifications, stationarity concepts, and optimality
conditions of first and second order. We have also shown that the slack reformulation from [9], which is
useful to simplify derivations under LIKQ, does not preserve IDKQ and has other subtle drawbacks like
non-uniqueness of slack variables. We have not considered counterpart abs-normal NLPs of general
MPCCs as in [8]. This would provide a different perspective on the equivalence of the two problem
classes but no additional insight. It is hoped that the identities revealed may serve to transfer algorithms
for the solution of MPCCs to the young field of abs-normal forms and abs-normal NLP. Vice versa,
active signature algorithms for abs-normal forms, such as SALMIN [5], may be applicable to MPCCs.
Relations between the two problem classes under weaker constraint qualifications of Abadie type and
Guignard type are the subject of part two of this research and are put forward in a companion article.
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RELATIONS BETWEEN ABS-NORMAL NLPS AND MPCCS.
PART 2: WEAK CONSTRAINT QUALIFICATIONS

L.C. Hegerhorst-Schultchen” C. Kirches® M.C. Steinbach*

Abstract  This work continues an ongoing effort to compare non-smooth optimization problems
in abs-normal form to Mathematical Programs with Complementarity Constraints (MPCCs). We
study general Nonlinear Programs with equality and inequality constraints in abs-normal form,
so-called Abs-Normal NLPs, and their relation to equivalent MPCC reformulations. We introduce
the concepts of Abadie’s and Guignard’s kink qualification and prove relations to MPCC-ACQ
and MPCC-GCQ for the counterpart MPCC formulations. Due to non-uniqueness of a specific
slack reformulation suggested in [10], the relations are non-trivial. It turns out that constraint
qualifications of Abadie type are preserved. We also prove the weaker result that equivalence
of Guginard’s (and Abadie’s) constraint qualifications for all branch problems hold, while the
question of GCQ preservation remains open. Finally, we introduce M-stationarity and B-stationarity
concepts for abs-normal NLPs and prove first order optimality conditions corresponding to MPCC
counterpart formulations.

1 INTRODUCTION
Non-smooth nonlinear optimization problems of the form

(NLP) min f(x) st g(x)=0, h(x)=>0,

where D* C R" is open, the objective f € C?(D*,R) is a smooth function and the equality and
inequality constraints g € Cng(Dx ,R™)and h € Cgbs (D*, R™2) are level-1 non-smooth functions that
can be written in abs-normal form [3] have been considered by the authors in [10]. In this problem
class, the non-smoothness is caused by finitely many occurrences of the absolute value function,
the branches of which we represent by signature matrices ¥ = diag(o) with ¢ € {-1,0,1}*. We find
functions cg € C*(D*I,R™), ¢; € C4(D*I?I,R™) and cz € C¥(D*FI, R%) with D*FI = D* x DI?],
DIl € R® open and symmetric (i.e., z € D?l implies 3z € DI?! for every signature matrix %) such that

g(x) = cs(x,|2),
(ANF) h(x) = cz(x, |z]),

z=cz(x|z|]) with dscz(x,|z|) strictly lower triangular.
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Here we use a single joint switching constraint ¢ z for both g and h, and reuse switching variables z; if
the same argument repeats as an absolute value argument in g or h. Due to the strictly lower triangular
form of d,c 7 (x, |z|), component z; of z can be computed from x and the components z;, i < j. Hence,
the variable z is implicitly defined by z = ¢z (x, |z|), and to denote this dependence explicitly, we write
z(x) in the following. Whenever we address questions of solvability of this system, we make use of
the reformulation |z;| = sign(z;)z;.

Definition 1.1 (Signature of z). Let x € D*. We define the signature o(x) and the associated signature
matrix 2(x) as

o(x) :==sign(z(x)) € {-1,0,1}° and X(x) :=diag(o(x)).

A signature vector o(x) € {—1,1}° is called definite, otherwise indefinite.

For signatures g, 6 € {—1,0,1}°, it is convenient to use the partial order
0>0 & 06i0; > al-z for i=1...,s,

i.e., 6; is arbitrary if o; = 0 and 6; = o0; otherwise. Thus, we may write |z(x)| = 2z(x) for every
o > o(x). Further, we may consider the system z = ¢z (x, 2z) for fixed signature ¥ = ¥(x) around a
point of interest x. By the implicit function theorem, the system has a locally unique solution z(x) for
fixed signature ¥, and the associated Jacobian at x reads

axz(%) = [I = d2cz (%, |2()DZ] " arez (%, |2(%)]) € R™.

Definition 1.2 (Active Switching Set). We call the switching variable z; active if z;(x) = 0. The active
switching set a consists of all indices of active switching variables,

a(x) ={1<i<s:z(x) =0}

The numbers of active and inactive switching variables are |@(x)| and |o(x)| := s — |a(x)|.

LITERATURE

Griewank and Walther have developed a class of unconstrained abs-normal problems in [3, 4]. These
problems offer particularly attractive theoretical features when generalizing KKT theory and stationar-
ity concepts to non-smooth problems. Under certain regularity conditions, they are computationally
tractable by active-set type algorithms with guaranteed convergence based on piecewise linearizations
and using algorithmic differentiation techniques [s5, 6].

Another important class of non-smooth optimization problems are Mathematical Programs with
Complementarity (or Equilibrium) Constraints (MPCCs, MPECs); an overview can be found in the
book [12]. Since standard theory for smooth optimization problems cannot be applied, new constraint
qualifications and corresponding optimality conditions were introduced. By now, there is a large body
of literature on MPCCs, and we refer to [16] for an overview of the basic concepts and theory. In this
paper, constraint qualifications for MPCCs in the sense of Abadie and Guignard and corresponding
stationarity concepts (in particular M-stationarity and MPCC-linearized B-stationarity) are considered.
Details can be found in [14], [12] and [1].

In [8] we have shown that unconstrained abs-normal problems constitute a subclass of MPCCs. In
addition, we have studied regularity concepts of linear independence and of Mangasarian-Fromovitz
type. As a direct generalization of unconstrained abs-normal problems we have considered NLPs with
abs-normal constraints, which turned out to be equivalent to the class of MPCCs. In [10] we have
extended optimality conditions of unconstrained abs-normal problems to general abs-normal NLPs
under the linear independence kink qualification using a reformulation of inequalities with absolute
value slacks. We have compared these optimality conditions to concepts of MPCCs in [9]. We have
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also shown that the above slack reformulation preserves kink qualifications of linear independece type
but not of Mangasarian-Fromovitz type. More details and additional information about these results as
well as about the results in this paper can be found in [7].

CONTRIBUTIONS.

In the present article we extend our detailed comparative study of general abs-normal NLPs and MPECs,
considering constraint qualifications of Abadie and Guignard type both for the standard formulation and
for the reformulation with absolute value slacks. In particular, we show that constraint qualifications
of Abadie type are equivalent for abs-normal NLPs and MPCCs and that they are preserved under
the slack reformulation. For constraint qualifications of Guignard type we cannot prove equivalence
but only certain implications. However, when considering branch problems of abs-normal NLPs and
MPCCs, we again obtain equivalence of constraint qualifications of Abadie and Guignard type, even
under the slack reformulation. Finally we introduce Mordukhovich and Bouligand stationarity concepts
for abs-normal NLPs and prove first order optimality conditions using the corresponding concepts for
MPCCs.

STRUCTURE.

The remainder of this article is structured as follows. In Section 2 we state the general abs-normal
NLP and its reformulation with absolute value slacks that permits to dispose of inequalities. We
also present the branch structure of both formulations and introduce appropriate definitions of the
tangent cone and the linearized cone. Using these tools, we introduce kink qualifications in the sense
of Abadie and Guignard. In terms of these two kink qualifications, we then compare the regularity of
the equality-constrained form of an abs-normal NLP to the inequality-constrained one. In Section 3 we
introduce counterpart MPCCs for the two formulations of abs-normal NLPs and discuss the associated
MPCC-constraint qualifications, namely MPCC-ACQ and MPCC-GCQ. In Section 4 we investigate
the interrelation of the regularity concepts for abs-normal NLPs and MPECs and find the situation
to be more intricate than under LICQ and MFCQ discussed in [10]. Finally, in Section 5 we introduce
abs-normal variants of M-stationarity and B-stationarity as first order necessary optimality conditions
for abs-normal NLPs and prove equivalence relations for the respective MPCC stationarity conditions.
We conclude with Section 6.

2 INEQUALITY AND EQUALITY CONSTRAINED FORMULATIONS

In this section we consider two different treatments of inequality constraints for non-smooth NLPs in
abs-normal form.

2.1 GENERAL ABS-NORMAL NLPS

Substituting the representation (ANF) of constraints in abs-normal form into the general problem
(NLP), we obtain a general abs-normal NLP. Here, we use the variables (¢, z") instead of (x, z) and
analogously o/ () and a’(t) instead of o(x) and a(x).
Definition 2.1 (Abs-Normal NLP). Let D’ be an open subset of R™. A non-smooth NLP is called
an abs-normal NLP if functions f € C4(D!,R), cg € Cd(D“Zt‘, R™) c; € Cd(D”zt', R™2), and
cz € cd(DtI' I Rst) with d > 1 exist such that it reads

(I-NLP) min f(t) st cs(t|2) =0, cr(tlzf) 20, cz(t|e]) -2 =0,
t,z
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where D¥'| is open and symmetric and dyc 7 (x, |z']) is strictly lower triangular. The feasible set of
(INLP) is Faps = {(t,2"): ce(t,12']) = 0,c7 (L |2']) 2 0,z (1, ]2]) = 2'}.

Definition 2.2 (Active Inequality Set). Let (t,2'(t)) € Faps. We call the inequality constraint i € 7
active if ¢;(t, |z"(t)|) = 0. The active set A(t) consists of all indices of active inequality constraints,
A(t) ={i € I:ci(t, |z (t)]) = 0}. We set ¢ = [ci]ic(r) and denote the number of active inequality
constraints by |A(t)|.

With the goal of considering kink qualifications in the spirit of Abadie and Guignard, we define the
tangent cone and the abs-normal-linearized cone.

Definition 2.3 (Tangent Cone and Abs-Normal-Linearized Cone for (I-NLP)). Consider a feasible point
(t,2") of (I-NLP). The tangent cone to Faps at (t,z") is

A t
ﬂbs(t’z ) T {(5t’ bz ) lel(tk —t, Z]l; _Zt) — (5t, 5Zt)

At N\ 0, Fabs > (tr, 2p) — (t,2): }

With 8; := |8z} if i € &' (t) and 8; := o (¢)8z! if i ¢ a'(t), the abs-normal-linearized cone is

dics(t, |21)8t + dyes(t, |28)SC = 0,
Tin(t,2") =1 (8t,82") | dyeal(t, |2)St + drcal(t, |26 = 0,
dicz (t,12"])8t + dac 7 (8, |2%]) 8¢ = 82

To prove that the tangent cone is a subset of the abs-normal-linearized cone, we follow an idea from
[1], where an analogous result for MPCCs was obtained. First, we need the definition of the smooth
branch NLPs for (I-NLP) with their standard tangent cones and linearized cones.

Definition 2.4 (Branch NLPs for (I-NLP)). Consider a feasible point (%, z’) of (I-NLP). Choose ¢’ €
{-1,1}% with ¢’ > o'(f) and set 3! = diag(c’). The branch problem NLP(X!) is defined as

min f(t) st cg(t,22) =0, cr(t,22") >0,
t,z
(NLP(Z?)) cz (1,22 -2z =0, 32 >o0.

The feasible set of (NLP(2")), which always contains (£, £), is denoted by Fs:.

Definition 2.5 (Tangent Cone and Linearized Cone for (NLP(2?))). Given (NLP(Z")), consider a feasible
point (t,z"). The tangent cone to Fs: at (t,z") is

Is: (t, B = ot, o t
>(62) {( 7) T\t — t,2; — 2') — (6t,62")

3\ 0, For 3 (1 2L) — (1,2): }

The linearized cone is

dics(t, 2125t + drcg(t, 212121628 = 0,
dca(t, 2zt + dycn(t, 212N 2182 > 0,
dicz (1, 21218t + dhc 7 (1, 2122152 = 67,
0l6z! >0, i € a'(t)

Toan(t,2") =4 (8t,62")

Remark 2.6. Observe that |z'| = 3!z’ in Definition 2.4 and Definition 2.5, and for every X! we have
Tt C Fabs: Tse (1,2") C Tans(t,2"), and Th2(t, 2') € T30(t,2%).

Lemma 2.7. Consider a feasible point (f,2") of (I-NLP) with associated branch problems (NLP(2?)). Then,
the following decompositions of the tangent cone and of the abs-normal-linearized cone of (I-NLP) hold:

Tavs(i.2) = | | (1,2") and TR(E2%) = (2.
»t >t
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Proof. We first consider the tangent cones and show that a neighborhood N of (£, £!) exists such that

Faos VN = J (7 0 N).
>t

The inclusion 2 holds for every neighborhood N since ¥t € Fops for all Z¢. To show the inclusion C
we consider an index i ¢ & (f). Then, by continuity, €; > 0 exists with 67 (t) = ¢! (f) € {-1,+1} for all
t € B, (). Now set € := MiNg,e ;) €, N = Be X R™, and consider (t, z') € N N Faps. With the choice
of =0/ (t) fori ¢ a'(t) and o =1fori € a(t) we find 3* = diag(o’) such that (t,z") € N'N F5; since
al(t) C a!(t). Thus,

Fars VN =] (For O N).

>t

Now, let 7°(£, 2; ¥) generically denote the tangent cone to F at (,2"). Then,

ﬁbs(f’ ét) = T(f’ ét; %bs) = T(f’ ét; %bs m N) = T(f’ it; UZ‘ (ﬁf m N))
= UT(f, 3 F AN = Ufr(f, 3 Fr) = Uf/g,(f, 3.
>t >t

»t

Here the fourth equality holds since the number of branch problems is finite. The decomposition of
7;%)‘;‘ follows directly by comparing definitions of 7;]13‘;‘ and ‘7;}“. O

Lemma 2.8. Let (t,z") be feasible for (I-NLP). Then,
Tavs(1.2') € Tyl (1,2') and - Tops(.2')" 2 Tyl (1,2)".

Proof. The branch NLPs are smooth, hence the inclusion 75:(t, z") C ‘7;}“(@ z") holds by standard NLP
theory. Then, the first inclusion follows directly from Lemma 2.7 and the second inclusion follows by
dualization of the cones. O

In general, the reverse inclusions do not hold. This leads to the following definitions.

Definition 2.9 (Abadie’s and Guignard’s Kink Qualifications for (I-NLP)). Consider a feasible point
(t,2(t)) of (I-NLP). We say that Abadie’s Kink Qualification (AKQ) holds at t if we have Tos(t, 2' () =
Tlin(t, 2% (t)), and that Guignard’s Kink Qualification (GKQ) holds at t if Tops(t, 2% (t))* = T (t, 2% (t))*.

abs abs
The decomposition of cones in Lemma 2.7 and its dualization immediately lead to the next theorem.
Theorem 2.10 (ACQ/GCQ for all (NLP(Z!)) implies AKQ/GKQ for (I-NLP)). Consider a feasible point
(t,2'(t)) of (I-NLP) with associated branch problems (NLP(3?)). Then, AKQ respectively GKQ holds for
(I-NLP) at t if ACQ respectively GCQ holds for all (NLP(Z')) at (t, 2" (t)).

2.2 ABS-NORMAL NLPS WITH INEQUALITY SLACKS

Here, we use absolute values of slack variables to get rid of the inequality constraints. This idea is
due to Griewank. It has been introduced in [10] and has been further investigated in [9]. With slack
variables w € R™2, we reformulate (NLP) as follows:

r?in f() st g(t)=0, h(t)—-|w|=0.

Then, we express g and h in abs-normal form as in (ANF) and introduce additional switching variables
z* to handle |w|. We obtain a class of purely equality-constrained abs-normal NLPs.
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Definition 2.11 (Abs-Normal NLP with Inequality Slacks). An abs-normal NLP posed in the following
form is called an abs-normal NLP with inequality slacks:

min f(t) st cg(t]2']) =0, cr(t12']) - 2] =0,
t,w,ztzW

(E-NLP) cz(t12') =2, w=2z",

where D'l is open and symmetric and d.cz (¢, |z!|) is strictly lower triangular. The feasible set of
(E-NLP) is denoted by Fe.aps and is a lifting of Fyps.

Remark 2.12. Introducing |w| converts inequalities to pure equalities without a nonnegativity condition
for the slack variables w. In [10] we have used this formulation to simplify the presentation of first
and second order conditions for the general abs-normal NLP under the linear independence kink
qualification (LIKQ). Later we will see that constraint qualifications of Abadie type are preserved
under reformulation. Nevertheless, this representation causes some problems. In [9] we have shown
that, in contrast to LIKQ, constraint qualifications of Mangasarian-Fromovitz type are not preserved.
Moreover, we cannot prove compatibility of constraint qualifications of Guignard type. Also, note that
the equation w — z" = 0 (and hence w) cannot be eliminated as this would destroy the abs-normal
form. Finally, the signs of nonzero components w; can be chosen arbitrarily and thus the slack w is
not uniquely determined. This needs to be taken into account when formulationg kink qualifications
(KQ) for (E-NLP).

We are now interested in deriving Abadie’s and Guignard’s KQ for (E-NLP). To this end, we observe
that the formulation (E-NLP) can be seen as a special case of (I-NLP): Let x = (t,w), z = (z',z"),
flx) = f(t), ee(x |2l) = (ce(t. |2']), ez (t,12]) = [2"]), and ez (x, |z]) = (cz (% |2"]), w). Then, we can
rewrite (E-NLP) as

n;izn f(x) st Ce(xz]) =0, cz(x|z]) —z=0.

Hence, the following material is readily obtained by specializing the definitions and results in the
previous section.

With § = (8¢, dw, 6z, §z"), Definition 2.3 and w = z* give the tangent cone to Fe-aps at (¢, w, 2%, %)
as

%—abs(ts w, Zt, ZW) = { 6

e N 0, Feeabs > (b, Who 21, 2) — (L w, 25, 2Y):
T (t = towe — w, 2t — 2) > (8t, 0w, 82"), 62" = dw |

and the abs-normal-linearized cone reads

e-abs

g lin (t,w, 2", z") = {5

dier (t, |28])St + der (8, |2°])8¢ = S,
(6t,82") € ‘7;5;‘(1‘, zh), 6z% = Sw ’

where a = (o, a") and

_ ol )3z, igat(t) (o (w)dzY, igav(w)
0 = { |6z;], ieadit) |’ dwi = |62}, ica(w)|"

In Definition 2.4, consider a feasible point (£, w, £, 2%) of (E-NLP). Choose ¢’ € {-1,1}* with ¢’ >
o!(t) and o¥ € {~1,1}" with ¢¥ > ¢"(w). Set = = diag(c’) and =¥ = diag(c"). Then, the branch
problem NLP(Z"%) for %" := diag(>?, X%) reads
“anitnzw f(t) st cg(t,22") =0, cr(t,2'2) -3¥z" =0,
(NLP(Z5W)) T cz (32 -z =0, w-2z"=0,
>0, Wz >o.
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The feasible set of (NLP(X"")), which always contains (, w, 2/, 2%), is denoted by Fsrw and is a lifting
of F5:. By Definition 2.5, the tangent cone to Fse.w at (¢, w, 2%, z") reads

Trew(t,w, z',2") = {5

A \, 0, Fxrw 3 (tk, wk,zl’;,z;”) — (t,w,z!,z"):
r;l(tk — Wi —w, zltC -z — (8t, 6w, 82%), 6zY = Sw

with § = (6t, Sw, 5z!, 5z%). The linearized cone reads

Toin (tw, 2", 2") = {5

o1cr8t + dyc 728z — V62V = 0, 8z = Sw,
(8t,62") € 7;,“‘(1‘, z'), 06z >0, i€ a™(w) |’

Here, all partial derivatives are evaluated at (¢, %z").
Moreover, we obtain the following decompositions by applying Lemma 2.7 to (E-NLP) at y =
(t,w, 2!, z") with associated branch problems (NLP(2:")):

Teans(y) = ) Toew(y) and 710 () = | ) i (y).

Stw Stw

As before, the tangent cone is a subset of the linearized cone and the reverse inclusion holds for the
dual cones:

%—abs(y) c Tlin (y) and %—abs(y)* =2 Tlin (Y)*

e-abs e-abs

This follows directly by applying Lemma 2.8 to (E-NLP). Again, equality does not hold in general, and
we consider Abadie’s Kink Qualification (AKQ) and Guignard’s Kink Qualification (GKQ) for (E-NLP).

Given a feasible point y = (¢, w, z*(t), 2" (w)) of (E-NLP), Definition 2.9 gives AKQ and GKQ at
(¢, w), respectively, as

Teabs(¥) = T2 (y)  and  Teans(y)* = T2 (3)".

Remark 2.13. The possible slack values w € W(t) := {w: |w| = ¢ (¢, |2 (¢)])} just differ by the signs of
components w; for i € A(t). Thus, neither AKQ nor GKQ depends on the particular choice of w, and
both conditions are well-defined for (E-NLP).

Now Theorem 2.10 takes the following form.

Theorem 2.14 (ACQ/GCQ for all (NLP(2%")) implies AKQ/GKQ for (E-NLP)). Consider a feasible point
y = (t,w,z'(t), 2% (w)) of (E-NLP) with associated branch problems (NLP(Z"")). Then, AKQ respectively
GKQ for (E-NLP) holds at (t, w) if ACQ respectively GCQ holds for all (NLP(2"")) at y.

2.3 RELATIONS OF KINK QUALIFICATIONS FOR ABS-NORMAL NLPS

In this paragraph we discuss the relations of kink qualifications for the two different formulations
introduced above. Here, equality of the cones and of the dual cones just needs to be considered for one
element of the set W(t) = {w: |w| = ¢z (¢, |z"(t)|)}. Then, it holds directly for all other elements by
Remark 2.13.

Theorem 2.15. AKQ for (I-NLP) holds at (t,z'(t)) € Faps if and only if AKQ for (E-NLP) holds at
(t,w, 2! (t), 2" (w)) € Fe-abs for any (and hence all) w € W (t).

Proof. As Taps(t,2") C 7;%};‘(1,‘, z!) and Te_aps(t, 2°) C 7;1111

(¢, 2") always hold, we just need to prove

Tabs(t,2)) 2 ‘7;11;;10, ') = Teans(t,w,z',2") 2 ‘7:;’11)5(1‘, w, 2!, z").
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We start with the implication “=”. Let § = (6t, dw, §z',58z") € g lin

- ] e-abs
5 = (6t,67") € 7;{)‘;‘0, z') = Tabs(t, 2"). Hence, there exist sequences (1, z;) € Faps and 7 N\ 0 with
(tr, z;) — (t,2") and 7' (tx — t, 2, — 2") — (8t,62"). Now, define

(t,w,z!,z"). Then, we have

>" = diag(c) with o;= {O' (wi), iga”(w),

- sign(dz}”), i€ a¥(w),
and set 2, := wg := 2"c7 (t, |2f]). Then, we have 2" = w = Z"c(t,|z'|) and obtain

z = 2" =3"[er(t 7)) —cr(t,12'])]
=Z"[awer (8 12 ) (te = ) + dper (412" (2] = 12'D) + oIl (t = ¢, 2] = 12 DID]-

Further, for k large enough we have |z} | - |2'| = 2} 2} — %'z’ using 3 = diag(o7) with o; = o(#) and
¥! = diag(o*) with o’ = o(t). Then, we obtain for z! # 0

7 (1(zp)il = 12i1) = 7' 0f ((20)i = 21) — 07},
For z{ = 0 we have 7, '(z}); — 6z; and hence
7 (12l = 128]) = 7 (20l = 16711
Thus, 7;'(|(z;)| = |2*]) — 6 holds, and in total
r,;l(z,tv —2z%) = S¥[dicr(t, |2 )6t + dsc 7 (¢, |2])8L] = V6L = 82"

Additionally, we obtain 7, Y(wr —w) — Sw and finally d € Te_aps(t, w, 2%, z%). To prove the implication
“&”, consider § = (8t, 6z%) € 7;5;‘(1‘, z'). We define

+1, i € At),

>¥ =diag(oc) with o; =1 , , ]

sign([dicr (¢, 12" )0t + d2c7 (2, |2])61:), 1 ¢ At),
and set Sw = 0z = X™[aics(t, |2'])0t + dec1 (¢, |2'])5C]. Then we have 5 = (8t,6w,87',62") €
Z};%S(t, w,z!,z%) for w = z% = ZYcz(t,|z']). By assumption, § € Te_aps(t, w, 2, 2") holds, and this

directly implies & = (6t, 8z") € Taps(t, 2%). |

Theorem 2.16. GKQ for (I-NLP) holds at (t, z* (t)) € Faps if GKQ for (E-NLP) holds at (t, w, z* (t), 2% (w)) €
Fe-abs for any (and hence all) w € W (t).

Proof. The inclusion Tps(t, z')* 2 Zgg(t, z')* is always satisfied. Thus, we just have to show

7;bs(t, Zt)* C Tlin(t, Zt)*,

abs

Let o = (wt,wz') € Taps(t,2")", ie. 0§ >0 for all § = (6t,62") € Taps(t,2'). Then, set & =
(wt, 0, wz',0) and obtain &TS = wls > 0 for all § € Teaps(t, w, z!,z"%) where w € W(t) is arbi-
trary. By assumption, then 78 > 0 forall § € 7:13)5(1‘, w, 2%, z%) holds. This implies ©*6 = ®T6 > 0
forall § € ‘7;%};‘@, zh). O

The converse is unlikely to hold, but we are, at the same time, not aware of a counterexample. Next,
we consider the branch problems and relations of ACQ and GCQ for all branch problems. Here, we can
exploit sign information to show equivalence of GCQ for the branch problems of (I-NLP) and (E-NLP).

Theorem 2.17. ACQ for (NLP(2)) holds at (t,z'(t)) € Fs: if and only if ACQ for (NLP(Z"")) holds at
(t,w, 2! (), 2" (w)) € Fsew for any (and hence all) w € W (t).
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Proof. The proof proceeds as in Theorem 2.15. O

Theorem 2.18. GCQ for (NLP(X!)) holds at (t,z"(t)) € Fz: if and only if GCQ for (NLP(X"")) holds at
(t,w,z! (), 2" (w)) € Fsew for any (and hence all) w € W (1).

Proof. The inclusions 75 (t,z")* 2 7;}“(& z!)* and T5ew(t, 2H)* D 7;},‘}”0, z')* are always satisfied.
Thus, we just need to prove

Toe (t,2")" CTI(1,2")" &= Toen(t, w,2",2%)" C T8, (1w, 2", 2")".

We start with the implication “=”. Let v = (0t, 0w, wz!, wz%) € Tyew(t, w, 2%, 2%)*, ie. 0’8 > 0 for
all § = (5t, 6w, 62! 6z%) € Tyew(t, w, 2!, 2"). Set

& = (&, 07" = (wt, wz") + (ww + wz") Y (dicr (1,212, e (1, 2121 ).

Then, we have &8 = 0!8 > 0 for all § = (5t, 6z") € T5(t, z") and thus & € 7;}“(1?, z"). Then, w78 > 0
for all § = (5t, 6w, 52'6z") € gli?v(t, w,z!,z%) as T8 = &7 & holds. The reverse implication may be
proved as shown in Theorem 2.16. O

3 COUNTERPART MPCCS

In this section we restate the MPCC counterpart problems for the two formulations (I-NLP) and (E-NLP)
and we present the relations between them.

3.1 COUNTERPART MPCC FOR THE GENERAL ABS-NORMAL NLP

To reformulate (I-NLP) as an MPCC, we split z* into its nonnegative part and the modulus of its non-
positive part, u’ := [z']* := max(z’, 0) and o’ := [z']” := max(—z’, 0). Then, we add complementarity
of these two variables to replace |z’| by u’ + o’ and z* itself by u’ — 0.

Definition 3.1 (Counterpart MPCC of (I-NLP)). The counterpart MPCC of the non-smooth NLP (I-NLP)
reads

min f(t) st cg(t,u +0) =0, cr(t,u’ +0") 20,
tut,u
(I-MPCC) cz(t,ul +0') — (ut —o") =0,
0<u’ Lo > 0,

where u’, 0" € R*. The feasible set of (I-MPCC) is denoted by Fmpce-

Given an abs-normal NLP (I-NLP) and its counterpart MPCC (I-MPCC), the mapping ¢: Fmpcc —
Fabs defined by
p(t,ul,0") = (t,u' —o') and ¢t 2") = (¢, [2']", [2])

is a homeomorphism. This result was obtained in [9, Lemma 31].
Corresponding to the active switching set in the previous section, we introduce index sets for
MPCCs.

Definition 3.2 (Index Sets). We denote by U} := {i € {1,...,s,;}: u} = 0} the set of indices of active
inequalities u; > 0, and by Uy = {i € {1,...,s,}: u! > 0} the set of indices of inactive inequalities
u! > 0. Analogous definitions hold of V} and V/. By D' := U NV} we denote the set of indices of non-
strict (degenerate) complementarity pairs. Thus we have the partitioning {1,...,s;} = UL U VI U D’

In order to define MPCC-CQs in the spirit of Abadie and Guignard, we introduce the tangent cone,
the complementarity cone, and the MPCC-linearized cone.
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Definition 3.3 (Tangent Cone and MPCC-Linearized Cone for (I-MPCC), see [1]). Consider a feasible
point (t,u’,v") of (I-MPCC) with associated index sets UL, V/} and D’. The tangent cone to Fpcc at
(t,u',0") is

7;11pcc(t, ut, Ut) = { (5t, 5ut, 5Ut)

A1 N\ 0, Frupee 3 (toup,0p) — (t,uf,0%):
Tt — toup —u' 0, —0f) — (8t,8ut,80") |

The MPCC-linearized cone at (t,u’,v?) is

dicgdt + dycg (Sul + Svt) = 0,

ot
ghin (¢t ul oty = { | Sut dicadt + dyc 7 (Sut + Svt) > 0,
mpcc\*> “ > 50[ alcz5t + azcz(éut + 5Ut) _ 5ut _ 501"

(Sul, 50" € 71 (u!, v")

with complementarity cone

T1(u',0") = {(5ut, Soh)

Sul =0, i€V, 6l =0, i € U,
0<déul Lot >0 ieD ‘

Here, all partial derivatives are evaluated at (¢, u’ + 0*).

Note that the MPCC-linearized cone was originally stated in [11] and [14], but was not further
investigated there. Moreover, we modified the definition in [1] by introducing the complementarity
cone which is studied in the next lemma.

Lemma 3.4. The complementarity cone 7, (4, 4") is the tangent cone and also the linearized cone to the
complementarity set {(u’,v"): 0 < u’ 1L o' > 0} at (@, 9").

Proof. Given a tangent vector (du’, 6v’) = lim 7, (u; — @', 0] —0"') where 0 < u; 1 o > 0and 7 \, 0,
we have for k large enough:

t t _ . t (At At
u,; >0, 0, =0, ieU, (a; >0, 9; =0),
t _ t . t (At _ At
U, =0, v, >0, i€V, (a;=0,9; >0),
t t . t (At _ At
0<u, Lo, >0, ieD" (4; =0, 9; =0).

This implies (§u’,ov’) € T (@', 0"). Conversely, every (éu,80') € T, (4!,4") is a tangent vector
generated by the sequence (uf,vy) = (&', 6") + 7 (6u’, §v*) with 7 = 1/k, k € N1. The linearized cone
clearly coincides with the tangent cone. O

Lemma 3.5. Given (I-NLP) with counterpart MPCC (I-MPCC), consider (t,z") € Faps with o' = o' (t) and
(t,u,0") = ¢7(t,2") € Fpec With associated index sets UL, V| and D'. Define : Tppec(t, ut,0’) —
Tabs(t, 2) and Z&gﬁzc(t, ul,o’) — ‘7;};‘(1‘, z') as

Y(St, 8u', 8u') = (8t,0u' — Su') and Y(5t,82") = (8, (82')", (52°)").

Here, (6z')*,(8z')~ map 8z' into the complementarity cone via

+6z!, ieU! (ol >0) 0, i€ UL (of >0)
528yt =14 o, ieVi(of <0) ¢, (8z)" =4 -6z, ieV(sf<0)
[821%, i€ D' (of = 0) [62]]7, i€ D' (o =0)

Then, both functions  are homeomorphisms.
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Proof. First, consider ¢: Tmpec(t, u*,0") — Tans(t, 2*): Given a vector (6t, Su’, §o*) = lim 7' (t — t, u; —
u',0p = 0') € Tpee(t, uf, 0%), set (tx, z;) = Ptk up, 0f) = (tr, uf —v;) € Fabs to obtain

Pz i (up —u') = (v
= lim
Tk Tk

t _Ut)

z
k =Sul — vt = (8t,8u — 50') € Tons(t, 20).

lim

Conversely, given a vector (8t, 6z') = lim 7, (tx—t, z;, —z") € Taps(t, 2"), define (tg, uf, 0f) = ¢~ (1, z}) =
(tk> [2,]%, [2;]7) € Funpee- Then, 7' ((ug — u) = (0x —0)) — (dz')* — (6z')™ holds. Thus, it remains to
show 7' (ux — u, 0 — 0) — ((82")*, (8z")”) which is done componentwise:

« i € U{: v = 0 holds by feasibility and (§z*)~ = 0 by definition. Thus, (u;); > 0 holds for k large
enough and by complementarity (v;); = 0 holds. Then, 7, ((u}); — uj) — (5z')} follows.

« i € Vi ((vp)i —vf) — (8z"); follows as in the previous case.

« i € D' and (6z')] > 0: (5z'); = 0 holds by complementarity and so 7, (! )x — (0})x) — (5z")}.
Then, 7, (uf)r — (8z'){ and 7, (v})r — 0 because of sign constraints.

« i€ D" and (52"); > 0: 7 (uf)p — 0 and 7' (v])x — (8z'); follow as in the previous case.

i € D' and (§2")] = (6z"'); = 0: Then, 7' ((u})x — (v])x) — 0 holds. Because of sign constraints
and complementarity, this can only hold if 7, (u})r — 0, 7' (v} ) — 0.

Altogether, this implies

te — t,ul —uf, vl —of
lim (t k ) = (8t,(82")*,(62")7) € Tmpee(t, u', 0%).

Tk

By construction, { and /! are both continuous and inverse to each other.
Second, consider ¥: 712 (¢, ut,0') — 7;5;1(& z'): Given (8t, dut, 50%) € TH (¢, ut,0?), the vectors

mpcc mpcc

8z' = Su' — v’ and 8¢ = Su’ + S’ satisfy

Sut, ieUt Su; = 0,6z, ieut

t_ t - t _ t_ tst . t
8z; = 4 —ovl, ieV ¢, 6§i=1 v =06z, i€V
Sul —bvl, ie D! Sul + 6vt = |62, i€ D!

Thus, (8t,8z%) = y(5t, dut, Sv*) € TH (¢, 2Y).

abs

Conversely, the same case distinction yields (5t, Su’, 5o’) = y~1(6t, 62") € 7;{;% t,4',d") for every

5t, 8z%) € 7n(, 31). Again, 1/ and /! are both continuous and inverse to each other by construction.
abs g Yy
O

Definition 3.6 (Branch NLPs for (I-MPCC), see [11]). Consider a feasible point (£, #?, 4’) of (I-MPCC)
with associated index sets U?, V!, and D! and choose P! C D! with complement P? = D!\ P*. The
branch problem NLP(P?) is defined as

min f(t) st cg(t,u’ +0') =0,
tul ot ; ‘
cr(t,u* +0") >0,
(NLP(P?)) cz(t,u' +0°) — (u' —0") =0,
0=ul, 0<o}, i€ VIUP,
0<uj, 0=0l, icU UPL

The feasible set of (NLP(P")), which always contains (£, @’, "), is denoted by Fp:.
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Clearly, the homeomorphism ¢ can be restricted to the branch problems (NLP(2!)) and (NLP(P?))
where P! = {i € a!(): 6! = —1}. Thus, the mapping ¢p:: Fp: — F: defined by

$p = Plpe and g = ¢

is a homeomorphism. The tangent cone to Fp: at (¢, u’,0’) is

Tpe(t,u', v = { (8t, su’, Sv")

A 0, Fpr > (1, u]i, vltc) — (t,u’,0"):
Ttk — tup —ut, 0, —o') — (8t, 6ut, Su’)

The linearized cone is

dicgdt + dyeg (Sul + So') = 0,

St | dicadt + dyeq(Sul + Svt) > 0,
‘7;3“(& ut,of) =4 | Sul | | diczdt + dyez (Sul + Su') = Sul — &0,

Sot 0=5uffori€(V+tU7),0=5vffori€(LIﬁU75,
0£5uffori€73, 0 < 6ol forie P

Here, all partial derivatives are evaluated at (¢, u’ + 0*).
Lemma 3.7. Given (NLP(2')) and (NLP(P")) with P* = {i € a’(t): o! = —1}. Consider (t,2") € Fs+ and
(.4,0) = 974 (1,2). Define Y = Y1z, Uik = s, andipe 3= Yl Yk 5= Y. Then,

Yp: Tpr (Lt o) o T (4,8 and  yps TN 0,6) — T (8, 2°)
are homeomorphisms.

Proof. By construction and since a’(f) = D, the following equalities of sets hold:

Pt ={iea(i):of =-1}, Vi={iga (i) : o =-1},
Pt ={iea(i): o =+1}, UL ={i¢a' (i) : of =+1}.
Thus, the claim follows directly from Lemma 3.5. O

Consider a feasible point (¢, u’,v") of (I-MPCC) with associated branch problems (NLP(#")). Then,
the following decompositions of the tangent cone and of the abs-normal-linearized cone of (I-MPCC)

hold (for a proof see [1]):

(3.1) Tapee (£, u',0°) = U Tpe(t,u',0") and ﬁ;ﬁc(t u', o) = U hn(t u',o")

The following inclusions are also proved in [1]:

7I’anC(t: uta Ut) C 71’-1%32:(:(L uta Ut) and 71-IlpCC(t7 ut; Ut)* 2 7;r111)rlcc(ta uts Ut)*'

In general, the converses do not hold. This motivates the definition of MPCC-ACQ and MPCC-GCQ.

Definition 3.8 (Abadie’s and Guignard’s Constraint Qualifications for (I-MPCC), see [1]). Consider a
feasible point (t,u’,0") of (I- MPCC) We say that Abadie’s Constraint Qualification for MPCC (MPCC-
ACQ) holds at (t,u’,v") if Tpec(t, u?,0") = pcc(t u',v"), and that Guignard’s Constraint Qualification
for MPCC (MPCC-GCQ) holds at (t,u’,v") if Tpec(t, u’,0%)* = T (t,u!,0")".

mpcc
The decomposition (3.1) and its dualization imply that both MPCC-CQs hold if the corresponding
CQ holds for all branch problems.

Theorem 3.9 (ACQ/GCQ for all (NLP(#?)) implies MPCC-ACQ/MPCC-GCQ for (I-MPCC)). Consider
a feasible point (t,u’,0") of (I-MPCC). Then, MPCC-ACQ respectively MPCC-GCQ holds at (t,u",0") if
ACQ respectively GCQ holds for all (NLP(P")) at (t,u’,0").
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3.2 COUNTERPART MPCC FOR THE ABS-NORMAL NLP WITH INEQUALITY SLACKS

By Definition 3.1, the counterpart MPCC of the non-smooth NLP (E-NLP) reads:

min f(t) st cg(t,u’ +0°) =0,
t,w,ul of uv,ow ' ‘
cr(t,u" +0) — (W +o%) =0,
(E-MPCC) cz(t,u' +0') — (u' —o') =0,
w—(u"-0")=0,

o<ul Lo'>0, 0<u™ Lo¥>0,

where u’,0" € R* and u,v"™ € R™. The feasible set is denoted by Fe.mpcc and is a lifting of Fypec.
Clearly, the homeomorphism between Fpcc and Faps extends to Fempee and Fe-aps. It is given by

qg(t, w,ul, 0t u™,0%) = (t,w,u' =o' u™ —o%),
¢ (1w, 2", 2Y) = (tw, [2']7, [2']7, [2¥]%, [2¥]7).
Just like in the abs-normal case, problem (E-MPCC) is a special case of (I-MPCC). Hence, we obtain

the following material by specializing the definitions and results for (I-MPCC).
By Definition 3.3, the tangent cone to Fe mpcc at y reads

3 0, Fe- Sy=(t Lol uY oY :
%_mpcc(y) — {5 Tk \ ) ﬁ mpcc Yk ( k! Wk: uk’ Uk; uk ;Uk) - y }

T,:l(yk —y) — & = (6, 5w, Su’, §vt, du™, 5v™)

The MPCC-linearized cone reads

(8t,6utsot) € T (t,ul,0t), (Su™,d0™) € TL(4Y,5")

mpcc

T e (9) = {5 orcr St + docr (Su' + So') = Su™ + Sv", dw = du® — Sv", }
e-mpcc

Here, all partial derivatives are evaluated at (¢, u’ +0"). The associated homeomorphisms of Lemma 3.5,

t t w oW t _w
Te-mpee (8, w, u', 0", u™, 0") — Teaps(t, w, 2, 2%),

VE
lﬁ: Z};gpcc(t’ w,ul, 0, u®, v") > Z%;%s(t’ w,z',z"),

now take the form

lﬁ((St, Sw, sul, 5v', su™, Sv™) = (8t, Sw, Su’ — Sv*, Su™ — Sv™),
(8t w, 62, 62%) = (8t, Sw, (82")*, (82") 7, (82™)*, (62™)7).

Given y = (f, w,@,4%, 4", "), a feasible point of (E-MPCC) with associated index sets U’, V!, D!,
UY, VY, and DY, choose P! C D' as wellas P¥ C DY and set P* = P UP™. The branch problem
NLP(P"") of Definition 3.6 then reads

twutmv%rliw o f(t) st cg(t,u'+0") =0, cr(t,u' +0")— (W +0¥) =0,
R cz(tu' +0) — (W' —0") =0, w-(u"-0")=0,
0=ul, 0<ol, iecVIuP,
(NLP(PHY)) 0<ul,0=0,icU VP,
0=u", 0<0, ieVYUPY,

0<u”, 0=0 icU’UPY.

i

The feasible set of (NLP(#"")), which always contains 7y, is denoted by Fp«.w and is a lifting of Fp:.
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Again, the homeomorphism between feasible sets can be restricted to the respective branch problems
(NLP(2*")) and (NLP(P"")) where ' = {i € a'(i): of = ~1} and P = {i € a"(W): 0} = ~1}.
Thus, the mapping ¢prw: Fprw — Frrw given as

qut,w = q;lpt,w and qg;)lt,w = glg_llzt,w

is a homeomorphism.
The tangent cone to Fp+w at y reads

-1 t tot ot
T (tk—t,wk—w,uk—u UL =0 ,ulz”—uw,vlzv—vw) — 0

Tpew(y) = {5

I \, 0, Fprw 3 (t, wk,u,tc, UII;, w’,0) = (t,w, ul ot u”, ov): }

where § = (6t, Sw, Sul, Sv’, Su™, 5v"). The linearized cone reads

(8¢, 6ut, S0') € 7;&“,
dicr Ot + dpcr (Sul + Sot) = Su¥ + Sv¥, Sw = du" — Svv,
0=0ou) forie V¥ UPY, 0=256v forie UYUPY,

0§5ul?"fori€P_W, 0 < v} fori e Pv

T () =16

Here, all partial derivatives are evaluated at (¢, u’ + 0"). The associated cone homeomorphisms of
Lemma 3.7 are now obtained as follows. Given (NLP(2"")) and (NLP(P"")) with P! = {i € a’ (): o} =
-1} and P = {i € a¥(W): 0} = —1}, consider (t,w,z,z") € Feaps and (¢, w,u’, 0", u",0") =
37t w,21,2). Define Ypron 1= P17, Vphos = Pl and Pipisw = Pl Uk 3= Pl Then,
we have

Uptow: Tpew(t, w,ul, o', u™, 0%) — Tyew(t,w, 2%, 2"),
Yptw: ‘7;1&{1W(t, w,ul, o, u”,0%) — Eliﬁ(t, w,z',z").

By applying (3.1) to (E-MPCC) with associated branch problems (NLP(#*")), we obtain the following

decomposition of cones at y = (¢, w,u’, o', u",0"):

Tempee(y) = () Tpiw(y) and Tlncc() = () 720 (0).
7)[,%’ pt,w

Moreover, the tangent cone is contained in the linearized cone and the converse holds for the dual
cones:

Tempee(¥) € Tom o(3) and Tompee(1)* 2 o ()"
Once again, the converses do not hold in general and we consider Abadie’s and Guignard’s Constraint
Qualifications for (E-MPCC) at y = (t, w,u’,0’,u",v"). Recalling Definition 3.8, MPCC-ACQ and
MPCC-GCQ simply read

Tempee(¥) = Tehmpee(¥) and - Tempee ()" = Tolpec ()"
Remark 3.10. Let
W(t,u',0") = {(w,u™,0"): |w| =cr(t,u’ +0"),u” = [w]', 0¥ = [w]"}.
Due to symmetry, the above equality of cones (respectively dual cones) clearly holds for all elements
(w,u¥,0") € W(t,u',0") if it holds for any element.

Now Theorem 3.9 reads as follows.

Theorem 3.11 (ACQ/GCQ for all (NLP(P"*)) implies MPCC-ACQ/MPCC-GCQ for (E-MPCC)). Consider
a feasible point y = (t,w,u’,v",u",v") of (E-MPCC) with branch problems (NLP("")). Then, MPCC-
ACQ respectively MPCC-GCQ holds for (E-MPCC) at y if ACQ respectively GCQ holds for all (NLP(P""))
at y.
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3.3 RELATIONS OF MPCC-CQS FOR DIFFERENT FORMULATIONS

In this paragraph we prove relations between constraint qualifications for the two different formulations
(I-MPCC) and (E-MPCC). Some relations follow from the results in the previous section and in the two
following sections.

Theorem 3.12. MPCC-ACQ for (I-MPCC) holds at (t,u’,v") € Fmpec if and only if MPCC-ACQ for
(E-MPCC) holds at (t, w,u’,u",0",0") € Fempcc for any (and hence all) (w,u™,0") € W(t,u’,0").

Proof. This follows immediately from Theorem 2.15, Theorem 4.1 and Theorem 4.5. O

Theorem 3.13. MPCC-GCQ for (I-MPCC) holds at (t,u’,v") € Fipec if MPCC-GCQ for (E-MPCC) holds
at (t, w,u', 0", u",0") € Fempec for any (and hence all) (w,u",0") € W(t,u*,0").

Proof. The inclusion Tpec (£, u’,0")* 2 7in (¢, ut,0")* holds always. Thus, it is left to show that

mpcc

7;IlpCC(ta ut; Z)t)>k g 7;r11;)ncc(ta ut9 Ut)*'

Let = (wt, wu', wo') € Tmpec(t,, u',0")", ie. wT8 > 0 for all § = (8t, Sul, do’) € Tnpee (£, u', 0"). Then,
let & = (wt, 0, wu!, wo’,0,0) to obtain &' = w!§ > 0 forall § € Te-mpee (1, w, uf, 0%, u™, 0™) where
w € W(t) is arbitrary. By assumption, we have ®78 > 0 for all § € ﬂ}ﬁpcc(t, w,ul, !, u",0") which

implies 078 = @76 > 0 forall § € ﬂ;‘lcc(t, ut,oh). mi

The converse of the previous theorem is unlikely to hold, but we do not know how to construct a
counterexample. However, equivalence of ACQ or GCQ for corresponding branch problems holds.

Theorem 3.14. ACQ for (NLP(P?)) holds at (t,u’,v") € Fp: if and only if ACQ for (NLP(P"")) holds at
(t, w,ul, 0", u”,0") € Fpew for any (and hence all) (w,u*,0") € W(t,u',0").

Proof. This follows immediately from Theorem 2.17, Theorem 4.3 and Theorem 4.7. O

Theorem 3.15. GCQ for (NLP(P?)) holds at (t,u’,v") € Fp: if and only if GCQ for (NLP(P"Y)) holds at
(t, w,u', 0", u",0") € Fprw for any (and hence all) (w,u*,v") € W(t,u’,0").

Proof. This follows immediately from Theorem 2.18, Theorem 4.4 and Theorem 4.8. ]

4 KINK QUALIFICATIONS AND MPCC CONSTRAINT QUALIFICATIONS

In this section we show relations between abs-normal NLPs and counterpart MPCCs. Here, we consider
both treatments of inequality constraints.

4.1 RELATIONS OF GENERAL ABS-NORMAL NLP AND MPCC

In the following the variables x and z instead of t and z’ are used. Thus, the abs-normal NLP (I-NLP)
reads:

min f(x) st cg(x]z]) =0, cr(xlz]) 20, cz(x|z])—z=0.

X,z

The counterpart MPCC (I-MPCC) becomes:

min f(x) st cg(x,u+0)=0, cr(x,u+v) >0,

X,U,0

cz(x,u+v)—(u-v)=0, 0<ulwo>0.

Then, the subsequent relations of kink qualifications and MPCC constraint qualifications can be
shown.
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Theorem 4.1 (AKQ for (I-NLP) <= MPCC-ACQ for (I-MPCC)). AKQ for (I-NLP) holds at (x,z(x)) €
Fabs if and only if MPCC-ACQ for (I-MPCC) holds at (x,u,v) = (x, [z(x)]", [2(x)]7) € Fmpce-
Proof. We need to show

Tabs(x, 2) = 7;%:;1(359 z) &= Tmpcc(x’ u,v) = Zéipncc(x, u,0).

This is obvious from the homeomorphisms i in Lemma 3.5. O

Theorem 4.2 (MPCC-GCQ for (I-MPCC) implies GKQ for (I-NLP)). GKQ for (I-NLP) holds at (x, z(x)) €
Fabs if MPCC-GCQ for (I-MPCC) holds at (x,u,v) = (x, [z(x)]", [2(x)]7) € Frapee-

Proof. The inclusion 7 E;‘(x, 2)* C Tabs(x, 2)* hold always by Lemma 2.8. Thus, we just have to show
Tabs (x,2)" € T (x,2)"

Consider = (wx, wz) € Taps(x, 2)*,ie. 0! & > 0forall§ = (5x, 5z) € Taps(x, 2). Set d = (wx, wz, —wz).
For every § € Taps(x, z) we then have

OTYH(8) = wxTox + wz! (82) — w2 (52)” = wxT6x + wz' 6z = W' & > 0.

This means & € Tmpec(x, u,0)* and hence, by assumption, © € Zég}x(x, u,v)*. We thus have wls =

oTy=1(8) = 0 for every § € ﬂg:(x, z), which means w € ‘7;5;‘(x, z)*. O

The converse is unlikely to hold, although we are not, at this time, aware of a counterexample. Once
again, moving to the branch problems allows to exploit additional sign information.

Theorem 4.3 (ACQ for (NLP(Z")) &= ACQ for (NLP(P?))). ACQ for (NLP(2)) holds at (x, z(x)) € Fst
if and only if ACQ for the corresponding (NLP(P")) holds at (x,u,v) = (x, [z(x)]*, [2(x)]7) € Fop:.

Proof. We need to show
Tyt (x,2) = 7;}“(x, z) & Tp:(x,u,0) = 7;litn(x, u,0).
This is obvious from the homeomorphisms ¢ in Lemma 3.7. O

Theorem 4.4 (GCQ for (NLP(2)) <= GCQfor (NLP(P?))). GCQ for (NLP(3?)) holds at (x, z(x)) € Fxt
if and only if GCQ for the corresponding (NLP(P")) holds at (x,u,v) = (x, [z(x)]*, [z(x)]7) € Fp:.

Proof. The inclusions 7;litn(x, u,0)" C Tpe(x,u,0)* and 7;}“(3(, z)* C T3t (x, z)* hold always. Thus, we
just have to show

Tse(x,2)* 2 ‘Glfn(x, 2)" = Tpe(x,u,0)" 2 7;?,“(x, u,0)".

First, we show the implication “=". Consider v = (wx, wu, wv) € Tpt(x,u,v)*, ie. wT8 > 0 for all
6 = (6x, 6u, 6v) € Tpe (x,u,v). Set & = (wx, wz) with

+ou;, i€ Uy UP,
wzZj = . _
—wv;, i€V, UP.

This leads to
OTYp (8) = wxT8x + w2z (u — 6v) = wxTdx + wu Su + wo 6v = W S > 0

for every § € Tp:(x,u,0), i.e. & € T5t(x, z)*. Then, the assumption yields & € ‘7;}“ (x,2z)*. As we have
wld= J)T¢p(5) > 0 for every § € 7;11,‘1(x, u,v), we obtain w € 7;‘,“ (x,u,v)*. The reverse implication
follows as in Theorem 4.2. O
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4.2 RELATIONS OF ABS-NORMAL NLP AND MPCC WITH INEQUALITY SLACKS

Now, the relations for the slack reformulations are stated. These are special cases of the general problem
formulations, hence we obtain the following four theorems that correspond to Theorems 4.1 to 4.4.

Theorem 4.5 (AKQ for (E-NLP) <= MPCC-ACQ for (E-MPCC)). AKQ for (E-NLP) holds at (x, z(x)) €
Fe-abs if and only if MPCC-ACQ for (E-MPCC) holds at (x,u,v) = (x, [2(x)]*, [2(x)]7) € Fe-mpee-
Theorem 4.6 (MPCC-GCQ for (E-MPCC) implies GKQ for (E-NLP)). GKQ for (E-NLP) holds at (x, z(x)) €
Fe-abs if MPCC-GCQ for (E-MPCC) holds at (x,u,v) = (x, [2(x)]", [2(x)]7) € Fe-mpee-

The converse is unlikely to hold, but to date we are not aware of a counterexample.

Theorem 4.7 (ACQ for (NLP(Z"")) <= ACQ for (NLP(P""))). ACQ for (NLP(Z"")) at (x,z(x)) €
Fsew is equivalent to ACQ for the corresponding (NLP(P"")) at (x,u,v) = (x, [2(x)]*, [2(x)]7) € Fprw.

Theorem 4.8 (GCQ for (NLP(2"")) &= GCQ for (NLP(P""))). GCQ for (NLP(Z"")) at (x, z(x)) Fyt.w
is equivalent to GCQ for the corresponding (NLP(P""Y)) at (x,u,v) = (x, [2(x)]*, [2(x)]7) € Fpew.

All the relations discussed in Sections 2 to 4 are illustrated in Figure 1. In the inner square (containing
(I-NLP) and (E-NLP) as well as the counterpart MPCCs (I-MPCC) and (E-MPCC)) there are four single-
headed arrows, which indicate that only one direction has been proved and we do not know if the
converses hold as well. Therefore we considered the branch problems given on the outer right and
left in the figure. Since ACQ respectively GCQ for all branch problems imply the corresponding kink
qualification or MPCC-constraint qualification, there are further single-headed arrows pointing to the
inner square. Results that follow directly from other equivalences have arrows with the label (implied).

5 FIRST ORDER STATIONARITY CONCEPTS

In this section, we introduce definitions of Mordukhovich stationarity and Bouligand stationarity for
abs-normal NLPs and compare these definitions to M-stationarity and B-stationarity for MPCCs. We
give proofs based on the general formulation.

5.1 MORDUKHOVICH STATIONARITY

In this paragraph we have a closer look at M-stationarity [13], which is a necessary optimality condition
for MPCCs under MPCC-ACQ [2].

Definition 5.1 (M-Stationarity for (I-MPCC), see [13]). Consider a feasible point (x*, u*, v*) of (I-MPCC)
with associated index sets U, V, and D. It is an M-stationary point if there exist multipliers A =
(Ae,Ar,Az) and pr = (py, p1y) such that the following conditions are satisfied:

(5.12) Oxup L (X", u", 0", A, ) = 0,

(5.1b) ((p)i > 0, (po)i > 0) V (pu)i(po)i =0, i € D
(5.1¢) ()i =0, i € Uy,
(5.1d) (Ho)i =0, i €V,
(5.1€) Ar 20,

(5.1f) Mper(x*,u*,0%) = 0.

Herein, £, is the MPCC-Lagrangian function

L (x,u,0,A,p0) = f(x) +A£ca(x,u+v) —Af—c[(x,u+0)
+/12[cz(x,u+v)—(u—v)]—y,f t—ulot

U = [0,
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Local minimizers of (I-MPCC) are M-stationary points under MPCC-ACQ, as shown in [1, 2].
The name M-stationarity was introduced by Scholtes in [15] and was moti- (o)
(yal

vated by the fact that the sign restrictions on the multipliers in (5.1) in fact

model the Mordukhovich normal cone. The inset on the right illustrates the

feasible set of multiplier values for a pair ((u,)i, (1)), i € D. M-stationarity

is a weaker stationarity concept than strong stationarity, but is at the same ()i
time the strongest necessary optimality condition known to hold in absence

of a strong constraint qualification like MPCC-MFCQ.

Definition 5.2 (M-Stationarity for (I-NLP)). Consider a feasible point (x*, z*) of (I-NLP). It is an M-
stationary point if there exist multipliers A = (Ag, A1, A7) such that the following conditions are
satisfied:

(5.2a) f/(x*) + Agdree — ALoer + Agalcz =0,
(5.2b) [ALosce — )Lf—ach +/1282cz],- = (Ag)io}, i ¢ a(x"),
(5.2¢) (W) () =0 Vv [Afdscg — Ardrer +/1232CZ]1' > [(A2)il, i € a(x"),
(5.2d) Ar >0,
(5.2€) A?c; =0.

Here we use the notation

’uj = [/12(9208 - )L§ach +A2 [32CZ - I]]
Yy o= [A(Tgazcg - )Lf—azcj + /12 [02cZ +I]]

i’

i’

and the constraints and the partial derivatives are evaluated at (x*, |z*|).

Theorem 5.3 (M-Stationarity for (I-MPCC) is M-Stationarity for (I-NLP)). A feasible point (x*, z*) of
(I-NLP) is M-stationary if and only if (x*,u*,v*) = (x*, [z"]*, [2"]7) of (I-MPCC) is M-stationary.

Proof. For indices that satisfy the first condition in (5.1b), the equivalence with the second condition in
(5.2c) was shown in [9, Theorem 33]. Thus, we just need to consider the alternative conditions. For
(I-MPCC) we have the relations

[Agd2ce — Ardper + A5 [ez —11]. = (p)in i € D,

i

[A5dsce = Apdser + A [docz +11], = (po)is i € D,

which was also shown in [9, Theorem 33]. These are exactly the definitions of i and 4} in the definition
of M-Stationarity for (I-NLP). O

Consequently, we may now rephrase the result by [1, 2] in the language of abs-normal forms.

Theorem 5.4 (Minimizers and M-Stationarity for (I-NLP)). Assume that (x*,z*) is a local minimizer of
(I-NLP) and that AKQ holds at x*. Then, (x*,z*) is M-stationary for (I-NLP).

Proof. First,note that (x*, z*) is a local minimizer of (I-NLP) if and only if (x*, u*, v*) = (x*, [2*]*, [z*]7)
is a local minimizer of (I-MPCC). Then, the point (x*, u*, v*) is a local minimizer of the counterpart
MPCC, and MPCC-ACQ holds by Theorem 4.1. Thus, (x*, u*,v*) is M-stationary for (I-MPCC) and
Theorem 5.3 implies that (x*, z*) is M-stationary for (I-NLP). O
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5.2 MPCC-LINEARIZED BOULIGAND STATIONARITY

Finally, we introduce MPCC-linearized Bouligand stationarity, which is defined via smooth subproblems.

Definition 5.5 (MPCC-linearized B-Stationarity for (I-MPCC), see [14]). Consider a feasible point
(x*,u*,0") of (I-MPCC) with associated index sets U, V, and D. It is a B-stationary point if it is a
stationary point of all branch problems (NLP(P?)) for P! = P C D. Here, P denotes the complement
of P in D(x¥).

Note that there exist different names for the variant of B-stationarity just introduced. It is simply
called B-stationarity in [14], but we prefer here the name MPCC-linearized B-stationarity suggested
in [1] to prevent confusion with the definition of B-stationarity in the smooth case. The concept of
B-stationarity is the most intuitive among stationarity concepts in simply requiring that, no matter how
degenerate pairs of complementarities are resolved, no first order descent direction may be revealed.
Moreover, it may be brought into agreement with the concept of local minimizers already under
very weak assumptions regarding constraint qualifications. The downside however is that verifying
B-stationarity inherently requires exponential runtime effort, as the number of branch problems is
exponential in the number of degenerate pairs in D.

Theorem 5.6. If GCQ holds for all (NLP(P")), then all local minimizers of (I-MPCC) are MPCC-linearized
B-stationary points.

Proof. This follows directly by KKT theory for smooth optimization problems. O

Definition 5.7 (Abs-Normal-Linearized B-Stationarity for (I-NLP)). Consider a feasible point (x*, z*)
of (I-NLP). It is an abs-normal-linearized B-stationary point if it is a stationary point of the branch
problems (NLP(2?)) for 3! = diag(o) with o > o(x).

Theorem 5.8 (MPCC-linearized B-stationarity for (I-MPCC) is abs-normal-linearized B-stationarity
for (I-NLP)). A feasible point (x*,z*) of (I-NLP) is abs-normal-linearized B-stationary if and only if
(x*,u*,0*) = (x% [2*]*, [2*]7) of (I-MPCC) is MPCC-linearized B-stationary.

Proof. Every branch problem (NLP(2/)) is smooth and thus stationarity is equivalent to the condition
f'(x)Td > 0 foralld e 7;1}“(x*, z*). Analogously, stationarity for every branch problem (NLP("))
is equivalent to the condition f’(x*)Td > 0 forall d € 7;it“(x*, [z*]*, [2"]7). Then, the equivalence
follows as both branch problems are homeomorphic and both linearization cones are homeomorphic
by Lemma 3.7. O

Theorem 5.9 (Minimizers and abs-normal-linearized B-Stationarity for (I-NLP)). Assume that (x*, z*)
is a local minimizer of (I-NLP) and that GCQ holds at (x*,z*) for all (NLP(Z")). Then, (x*,z*) is abs-
normal-linearized B-stationary for (I-NLP).

Proof. The point (x*, z*) is a local minimizer of (I-NLP) if and only if (x*, u*,0*) = (x* [z*]*, [z*]7)
is a local minimizer of (I-MPCC). Moreover, GCQ for all (NLP(2")) and GCQ for all (NLP(")) are
equivalent by Theorem 4.4. Thus, (x*, u*, 0*) is a local minimizer of the counterpart MPCC and GCQ
holds for all (NLP(#")). Then, it is MPCC-linearized B-stationary by Theorem 5.6 and finally (x*, z*) is
abs-normal-linearized B-stationary by Theorem 5.8. O

Remark 5.10. In [6], Griewank and Walther have presented a stationarity concept that holds without
any kink qualification for minimizers of the unconstrained abs-normal NLP

(5:3) min f(x), f € Cg (D%,R).

Indeed, this concept is precisely abs-normal-linearized Bouligand stationarity: it requires the conditions
of Definition 5.7 specialized to (5.3). Now, the question arises why no regularity assumption is needed.
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The answer is that the abs-normal form provides a certain degree of built-in regularity: we have shown
in [8] that MPCC-ACQ is always satisfied for the counterpart MPCC of (5.3) (and thus every local
minimizer is an M-stationary point). Analogously one can show that ACQ for all branch problems
(NLP(P?")) is always satisfied for (5.3). Now, ACQ for all branch problems (NLP(#?)) is equivalent to
ACQ for all branch problems (NLP(3")) by Theorem 4.3, which in turn implies GCQ for all branch
problems (NLP(2?)). Thus, GCQ for all branch problems (NLP(2?)) is always satisfied for (5.3) and
Theorem 5.9 holds.

6 CONCLUSIONS

We have shown that general abs-normal NLPs are essentially the same problem class as MPCCs. The
two problem classes permit the definition of corresponding constraint qualifications, and optimality
conditions of first order under weak constraint qualifications. We have also shown that the slack
reformulation from [10] preserves constraint qualifications of Abadie type, whereas for Guginard type
we could only prove some implications. Here, one subtle drawback is the non-uniqueness of slack
variables. Thus, we have introduced branch formulations of general abs-normal NLPs and counterpart
MPCCs. Then, constraint qualifications of Abadie and Guignard type are preserved.
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UNIFORM REGULARITY OF SET-VALUED MAPPINGS AND
STABILITY OF IMPLICIT MULTIFUNCTIONS

Nguyen Duy Cuong * Alexander Y. Kruger

Abstract We propose a unifying general (i.e. not assuming the mapping to have any particular
structure) view on the theory of regularity and clarify the relationships between the existing
primal and dual quantitative sufficient and necessary conditions including their hierarchy. We
expose the typical sequence of regularity assertions, often hidden in the proofs, and the roles of
the assumptions involved in the assertions, in particular, on the underlying space: general metric,
normed, Banach or Asplund. As a consequence, we formulate primal and dual conditions for the
stability properties of solution mappings to inclusions.

1 INTRODUCTION

Many important problems in variational analysis and optimization can be modelled by an inclusion
y € F(x), where F is a set-valued mapping. The behavior of the solution set F~!(y) when y and/or F are
perturbed is of special interest. The concepts of metric regularity and subregularity (cf, e.g., [22,33,46])
have been the key tools when studying stability of solutions. In the next definition, we use the
names a—regularity and a—subregularity, fixing the main quantitative parameter in the conventional
definitions of the properties.

Definition 1.1. Let X and Y be metric spaces, F : X =2 Y, (%, y) € gphF, and @ > 0. The mapping F is
(i) a—regular at (x, ) if there exist § €]0, +o0] and p €]0, +o0] such that
(11) ad(x,F~'(y)) < d(y,F(x))
for all x € Bs(x) and y € Bs(y) with d(y, F(x)) < au;
(ii) a—subregular at (%, ) if there exist § €]0, +o0] and p €]0, +o0] such that
(1.2) ad(x,F(3)) < d(7,F(x))

for all x € Bs(x) with d(j, F(x)) < ap.
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In the above definition and throughout the paper, Bs(x) and Bs(¥) stand for open balls with radius
é around respective points in appropriate spaces. Note that § and p can take infinite values; thus,
the definition covers local as well as global properties. This remark applies also to the subsequent
definitions. The technical conditions d(y, F(x)) < ap and d(3, F(x)) < au can be dropped (cf. [30,45]),
particularly because the value y = +oo is allowed. This does not affect the properties themselves, but
can have an effect on the value of é.

Inequalities (1.1) and (1.2) provide linear estimates of the distance from x to the solution set of
the respective inclusion via the ‘residual’ d(y, F(x)) or d(¥, F(x)). As commented by Dontchev and
Rockafellar [22, p.178] ‘in applications, the residual is typically easy to compute or estimate, whereas
finding a solution might be considerably more difficult’.

Besides their importance in studying stability of solutions to inclusions, regularity type estimates
are involved in constraint qualifications for optimization problems, qualification conditions in subdif-
ferential and coderivative calculus, and convergence analysis of computational algorithms [1,3-5,12,16,
23,27,43].

The name ‘metric regularity’ was coined by Borwein in 1986 [8], but the concept itself can be traced
back to the Banach-Schauder open mapping theorem for linear operators, and its nonlinear extensions
due to Lyusternik & Graves [26,44] and Robinson & Ursescu [53,59]; see, for instance, [19,20,22,31,45,57]
for historical comments. Unlike the ‘full’ regularity in part (i) of Definition 1.1, the weaker subregularity
property in part (ii) (as well as closely related to it properties like calmness, error bounds and weak
sharp minima) is not stable under small perturbations of the data. It has also been well studied; see, for
instance, [2,10,20,22,38,42,45,61,63). Fortunately, the subregularity property is satisfied automatically in
finite dimensions when the graph of F is the union of finitely many polyhedral convex sets; cf. [22,33].

When y is not fixed and can be any point in a neighbourhood of a given point J, it represents
canonical perturbations of the inclusion j € F(x). For some applications it can be important to allow
also perturbations in the right-hand side. This leads to the need to consider parametric inclusions
y € F(p,x) (or even y € F(p, x), thus, combining the two types of perturbations), where F is a set-
valued mapping of two variables, with (nonlinear) perturbations in the right-hand side given by a
parameter p from some fixed set P.

Along with the mapping F : P X X =2 Y, which is our main object in this paper, given a point p € P,
we consider the mapping Fj, := F(p,-) : X 3 Y. Given a y € Y, the mapping

(1.3) p Gp)=F,(y) ={x e X |y € F(p,x)}

can be interpreted as an implicit multifunction corresponding to the parametric inclusion y € F(p, x).
When studying implicit multifunctions, it is common to consider ‘uniform’ versions of the properties
in Definition 1.1 (cf,, e.g., [32, Definition 3.1]).

Definition 1.2. Let X and Y be metric spaces,and Pbe aset, F: PXX 33 Y, xe€ X, je€ Y, anda > 0.
The mapping F is

(i) a—regular in x uniformly in p over P at (%, y) if there exist 6 €]0,+oc0] and p €]0, +o0] such that
(1.4) ad(x, F,'(y)) < d(y,F(p,x))
forall p € P, x € Bs(x) and y € Bs(y) with d(y, F(p,x)) < ay;

(ii) a—subregular in x uniformly in p over P at (X, j) if there exist § €]0,+o0] and p €]0, +o0] such
that

(15) ad(x, F, (7)) < d(3,F(p,x))

for all p € P and x € Bs(x) with d(3, F(p,x)) < ap.
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If P is a singleton, then the properties in Definition 1.2 reduce to the corresponding conventional
regularity properties in Definition 1.1. Moreover, the subregularity property in Definition 1.2(ii) coincides
in this case with the subregularity property of the mapping (1.3) considered in [14].

Remark 1.3. (i) If Y is a linear metric space with a shift-invariant metric, in particular, a normed
space, then the property in part (i) of Definition 1.2 reduces to the one in part (ii) with the extended
parameter set P := P x Y and set-valued mapping F((p, y),x):=F(p,x) -y, ((p,y),x) € PxX,
in place of P and F, respectively. Moreover, in both parts of the definition, it is sufficient to
consider the case y := 0: the general case reduces to it by replacing F with F — j.

(ii) Unlike Definition 1.1, in Definition 1.2 the reference point (%, y) is not associated with the graph
of F. This is a technical relaxation caused by the fact that gph F is a subset of a product of three
spaces P X X X Y, and at this stage there is no reference point in P. Definition 1.4 below is
formulated in a more conventional way.

(iii) There exist other concepts of uniform regularity in the literature. For instance, it is not uncommon
to talk about uniform regularity when inequality (1.1) holds for all (%, y) in a compact subset of
X X Y with the same parameters «, § and g; cf. [16].

Local (in p) versions of the properties in Definition 1.2 are of special interest. They correspond to P
being a neighbourhood of a point p in some metric spaces; cf., e.g., [32,49].

Definition 1.4. Let P, X and Y be metric spaces, F : PXX 33 Y, (p,%,y) € gphF, and @ > 0. The
mapping F is

(i) a—regular in x uniformly in p at (p, X, y) if there exist  €]0, +c0], § €]0,+o0] and p €]0, +00]
such that inequality (1.4) is satisfied forall p € B, (p),x € Bs(x) and y € Bs(y) withd(y, F(p,x)) <
au;

(if) a—subregular in x uniformly in p at (p, X, y) if there exist  €]0, +o0], § €]0, +o0] and p €]0, +o0]
such that inequality (1.5) is satisfied for all p € B,(p) and x € Bs(x) with d(3, F(p,x)) < ap.

We often simply say that F is regular or subregular if the exact value of « in the above definitions
is not important. The exact upper bound of all « > 0 such that a property in the above definitions is
satisfied with some § €]0, +co] and p €]0, +co] (and 1 €]0, +o0]), is called the modulus (or rate) of the
property.

Apart from the main parameter a, providing a quantitative measure of the respective property,
the properties in above definitions depend also on the auxiliary parameters §,  and p. They control
(directly and indirectly) the size of the neighbourhoods of X and p involved in the definitions. As
discussed above, the last parameter can be dropped (together with the corresponding constraints).
We keep all the parameters to emphasize their different roles in the definitions and corresponding
characterizations. The necessary and sufficient regularity conditions presented in the paper normally
involve the same collection of parameters.

The properties in Definitions 1.2 and 1.4 can be interpreted as kinds of Lipschitz-like properties
of the implicit multifunction (solution mapping) (1.3). This observation opens a way for numerous
applications of the characterizations established in this and many other papers; cf. Section 5.

Regularity properties of implicit multifunctions were first considered by Robinson [52-54] when
studying stability of solution sets of generalized equations. This initiated a great deal of research by
many authors, mostly in normed spaces (and with j := 0). Dontchev et al. [21, Theorem 2.1] gave a
sufficient condition for regularity of implicit multifunctions in terms of graphical derivatives. Ngai et
al. [47,49] employed the theory of error bounds to characterizing the property in metric and Banach
spaces. In [14, 15, 25, 28, 29, 40, 41,50, 60] dual sufficient conditions were established in finite and infinite
dimensions in terms of Fréchet, limiting, directional limiting and Clarke coderivatives. Chieu et al. [11]
established connections between regularity and Lipschitz-like properties of implicit multifunctions.
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The regularity properties of the type given in Definitions 1.2 and 1.4 are often referred to in the
literature as metric regularity [14, 29, 41], metric regularity in Robinson’s sense [50,60], and Robinson
metric regularity [11, 28] (of implicit multifunctions). Following Ioffe [32,33], we prefer to talk about
uniform regularity. We refer the readers to [6, 7, 22, 32, 40, 50] for more discussions and historical
comments.

The metric properties in Definition 1.4 admit equivalent geometric characterizations. This is illus-
trated by the next proposition providing a characterization for the property in Definition 1.2(ii).

Proposition 1.5. Let X and Y be metric spaces, and P be aset, F : PxX 3 Y,x € X,y € Y,anda > 0. The
mapping F is a—subregular in x uniformly in p over P at (X, j) with some § €]0,+00] and p €]0, +o0] if
and only if

(1.6) F,' () NBy(x) # 0
forall p €10, [, p € P and x € Bs(x) withd(y,F(p,x)) < ap.

Proof. Suppose F is a—subregular in x uniformly in p over P at (%, ) with some § €]0, +co] and
1 €]0,+00]. Let p €]0, u[, p € P and x € Bs(x) with d(3, F(p,x)) < ap. Then d(j, F(p,x)) < ap. By
Definition 1.2(ii), d(x, F;l(j/)) < a7 'd(§,F(p,x)) < p. Hence, condition (1.6) is satisfied.

Conversely, suppose § €]0, +co] and pr €]0, +o0], and condition (1.6) is satisfied for all p €]0, u[,p € P
and x € Bs(x) with d(3, F(p,x)) < ap.Let p € P and x € Bs(x) with d(y, F(p,x)) < au. Choose a p
satisfying a~'d(3, F(p,x)) < p < p. Then, by (1.6), d(x, F,'(§)) < p. Letting p | a~'d(3, F(p, x)), we
arrive at (1.5), i.e. F is a—subregular in x uniformly in p over P at (%, y) with § and p. O

The aim of this paper is not to add some new sufficient or necessary conditions for regularity
properties of general set-valued mappings or implicit multifunctions to the large volume of existing
ones (although some conditions in the subsequent sections are indeed new), but to propose a unifying
general (i.e. not assuming the mapping F to have any particular structure and not using tangential
approximations of gph F) view on the theory of regularity, and clarify the relationships between the
existing conditions including their hierarchy. We expose the typical sequence of regularity assertions,
often hidden in the proofs, and the roles of the assumptions involved in the assertions, in particular,
on the underlying space: general metric, normed, Banach or Asplund.

We present a series of necessary and sufficient regularity conditions with the main emphasis (in
line with the current trend in the literature) on the latter ones. The (typical) sequence of sufficient
regularity conditions is represented by the following chain of assertions, each subsequent assertion
being a consequence of the previous one:

(i) nonlocal primal space conditions in complete metric spaces (Theorem 3.1(ii));
(ii) local primal space conditions in complete metric spaces (Corollary 3.4(ii));
(iii) subdifferential conditions in Banach and Asplund spaces (Proposition 4.1);
(iv) normal cone conditions in Banach and Asplund spaces (Theorem 4.4);

(v) coderivative conditions in Banach and Asplund spaces (Corollaries 4.8 and 4.9).

Even if one targets coderivative conditions, they still have to go through the five steps listed above with
details often hidden in long proofs. Apart from making the whole process more transparent, which
is our main objective, the assertions in (i)—(iv) can be of independent interest, at least theoretically,
especially the slope type conditions in (ii) and normal cone conditions in (iv). In combination with
tangential approximations of gph F, they are likely to lead to verifiable regularity conditions.

The implications (i) = (ii) and (iv) = (v) in the above list follow immediately from the definitions.
The main assertions are the sufficiency of condition (i), and implications (ii) = (iii) = (iv). They employ
the following fundamental tools of variational analysis:
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+ Ekeland variational principle (sufficiency of condition (i));
« sum rules for respective subdifferentials (implications (ii) = (iii) = (iv)).

Thus, all the sufficient conditions on the list are consequences of the Ekeland variational principle,
and as such, they are ‘outer’ conditions, i.e. they need to be checked at points outside the solution set
FH(9).

Most of the sufficient conditions are accompanied by the corresponding necessary ones. The nec-
essary conditions do not require the underlying spaces to be complete and are generally easy conse-
quences of the definitions. With the exception of the general nonlocal condition in Theorem 3.1(i), such
conditions are formulated in normed spaces and assume the graph of F to be convex. In Section 4.2, we
provide a series of dual necessary regularity conditions for set-valued mappings with closed convex
graphs acting between Banach spaces some of which are also sufficient.

In the setting of complete metric spaces, and assuming that gph F,, is closed for all p € P, the gap
between the nonlocal necessary and sufficient subregularity conditions in Theorem 3.1 is not big: they
share the same inequality (3.3); with all the other parameters coinciding, the sufficiency part naturally
requires it to hold for all x in a larger set. Unfortunately, unlike the ‘full’ regularity possessing the well
known coderivative criterion (see, e.g., [36,45]), this is not the case in general with local subregularity
conditions unless the graph of F is convex. The sufficient subregularity conditions presented in the
paper are the weakest possible in each group, but can still be far from necessary. As it has been discussed
in the literature (see, e.g., a discussion of the equivalent subtransversality property in [39]), the reason
for this phenomenon lies in the fact that the subregularity property lacks robustness.

The hot topic of regularity of a set-valued mapping F with a special structure, particularly in the
arising in numerous applications such as, e.g., KKT systems and variational inequalities, case when
F = g + G with g single valued and G set-valued (typically a normal cone mapping), is outside the
scope of the current paper. Computing ‘slopes’ and coderivatives of such mappings (or normal cones to
their graphs) is usually a difficult job and requires imposing additional assumptions on g and G. This
is what people working in this area normally do. We want to emphasize that this type of conditions
still fall into the five-point scheme described above.

The rest of the paper is organized as follows. The next Section 2 contains some preliminary facts used
throughout the paper. Sections 3 and 4 are dedicated, respectively, to primal and dual sufficient and
necessary conditions for the regularity properties. In Section 5, we illustrate the theory by characterizing
the conventional metric regularity and subregularity of set-valued mappings as well as stability
properties of solution mappings to parametric inclusions.

2 PRELIMINARIES

Our basic notation is standard, see, e.g., [22, 45, 57]. Throughout the paper, if not explicitly stated
otherwise, P is an arbitrary set, X and Y are either metric or normed/Banach/Asplund spaces. Products
of metric or normed spaces are assumed to be equipped with the maximum distance or norm. The
topological dual of a normed space X is denoted by X*, while (-, -) denotes the bilinear form defining
the pairing between the two spaces. In a primal space, the open and closed balls with center x and
radius § €]0, +0] are denoted, respectively, by Bs(x) and Bs(x), while B and B stand for, respectively,
the open and closed unit balls. The open unit ball in the dual space is denoted by B*. Symbols R,
R, and N stand for the real line, the set of all nonnegative reals, and the set of all positive integers,
respectively.

For a set Q in a normed space, its closure is denoted by cl Q. The distance from a point x to Q is
defined by d(x, Q) := inf,cq ||u — x||, and we use the convention d(x, @) = +oco. The indicator function
of Q is defined by iq(x) = 0if x € Q, and ig(x) = +o0 if x ¢ Q.
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The dual conditions in the paper are formulated in terms of Fréchet and Clarke normals and
subdifferentials; cf., e.g., [17, 37].
Given a point x € Q, the sets

(2.1) Nj(®) = {x* € X*| limsup M < 0},
Q3x—>X, X#X ”x - .X'H
(2.2) N§(®) = {x* e X" | (x*,2) <0 forall zeT§(x)}

are, respectively, the Fréchet and Clarke normal cones to Q at x. In definition (2.2), Tg (x) stands for
the Clarke tangent cone to Q at x. The sets (2.1) and (2.2) are nonempty closed convex cones satisfying
NS(J_C) - Ng (x). If Q is a convex set, both cones reduce to the normal cone in the sense of convex
analysis:

No(x) ={x"e X" | (x",x—%) <0 forall xe€ Q}.
For an extended-real-valued function f : X — RU{+c0} on a normed space, its domain and epigraph

are defined, respectively, by dom f := {x € X | f(x) < +oo} and epi f = {(x,a) € X X R | f(x) < a}.
The Fréchet and Clarke subdifferentials of f at ¥ € dom f are defined, respectively, as

(2.3) o () = {x* e X* | liminf L TS® Z60x=%) o},
XX, X#EX ||x . x”
(2.4) Ff(x):={x" e X" | (x",2) < f°(%,2z) forall zeX},

where f°(%, z) is the Clarke—Rockafellar directional derivative [55,56] of f at X in the direction z € X.
The sets (2.3) and (2.4) are closed and convex, and satisfy o f() c € f(%).If f is convex, they reduce
to the subdifferential in the sense of convex analysis:

f (x) ={x" e X" | f(x) = f(x) —(x",x—%) >0 forall xeX}.

It is easy to check that Ng(f) = dig (%), Ng(fc) = Cig (%), and

I = {x e X' ("~ e NE (= F())
f(%) = {x* e X" | (x",-1) € NS, (%, f(;?))} .

By convention, we set NJ (%) = Ng(x) =0ifx ¢ Qand o f(%) = I°f(X) := 0 if x ¢ dom f. We often
use the generic notations N and o for Fréchet and Clarke objects, specifying wherever necessary the
type of the object by an appropriate superscript, e.g., N := Nf or N := N€.

The following fact is an immediate consequence of the definition of the Fréchet subdifferential;
cf. [37,45].
Lemma 2.1. Suppose X is a normed space and f : X — R U {+co}. If ¥ € dom f is a point of local
minimum of f, then 0 € o' f(X).

The representation of the (convex) subdifferential of a norm in the next lemma is of importance;
cf. [62, Corollary 2.4.16].

Lemma 2.2. Let (Y, || - ||) be a normed space. Then
@) all - 11(0) = {y* e Y* [ [Iy*|l <1}

(i) ol - I(y) ={y" € Y" | (¥ ») =yl and |[y*[[ =1}, y#0.
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For an extended real-valued function f on a metric space, its slope and nonlocal slope (cf. [7,30,38,48])
at x € dom f are defined, respectively, by

: [f(x) - fw)]+ o [f(x) - fr(@)]+
\Y =1 _ d |V = =l Jr
SR S T B A S TP
where a; := max{0, ¢} for any @ € R. If x ¢ dom f, we set |Vf|(x) = |Vf|°(x) := +o0. The following
simple facts are well known; cf., e.g., [18].
Lemma 2.3. Let X be a metric space, f : X — R U {+o0}, x € dom f, and f(x) > 0.
@) [VfI(x) < [VFI°(x).
(if) IfX is a normed space and f is convex, then |Vf|°(x) = |Vf|(x) = d(0,3f(x)).
A set-valued mapping F : X 3 Y between two sets X and Y is a mapping, which assigns to every
x € X a subset (possibly empty) F(x) of Y. We use the notations gph F := {(x,y) € X XY | y € F(x)}
and dom F := {x € X | F(x) # 0} for the graph and the domain of F, respectively,and F!: Y = X
for the inverse of F. This inverse (which always exists with possibly empty values at some y) is defined
by F7(y) :={x € X | y € F(x)}, y € Y. Obviously dom F~! = F(X).
If X and Y are normed spaces, the coderivative of F at (x,y) € gphF is a set-valued mapping
D*F(x,y) : Y* 3 X* defined by
(2.5) D*F(x,y)(y") ={x" € X" | (x",=y") € Npnr(x, )}, y €Y

Depending on the type of the normal cone in (2.5), it can define various coderivatives. We use symbols
Dy, and D(. to denote, respectively, the Fréchet and Clarke coderivatives.

The key tools in the proofs of the main results are the celebrated Ekeland variational principle and
several subdifferential sum rules; cf. [22, 24, 33, 34, 37, 45,55, 62].

Lemma 2.4. Suppose X is a complete metric space, f : X — R U {+oo} is lower semicontinuous, x € X,
e>0andA > 0.If f(x) < infx f + ¢, then there exists an X € X such that

(i) d(x,x) < A;
(i) f(x) < f(x);
(iii) f(w)+ (e/A)d(u,x) = f(x) forallu € X.
Lemma 2.5. Suppose X is a normed space, fi, fo : X — R U {+co}, and x € dom fi N dom f>.

(i) Let f; and f, be convex and fi be continuous at a point in dom f,. Then
I(fi + f2) (x) = 9fi(%) + 9f2(X).
(ii) Let f; be Lipschitz continuous and f, be lower semicontinuous in a neighbourhood of x. Then
F(fi+ f)(x) € Ffi(%) + /(D).

(iii) Let X be Asplund, f; be Lipschitz continuous and f, be lower semicontinuous in a neighbourhood
of . Then, for any x* € o' (fi + f)(%) and ¢ > 0, there exist x;,x, € X with ||x; — X|| < &,
|fi(xi) — fi(%)| < € (i =1,2), such that

x* € o fi(x1) + 3 fo (o) + eB*.

Recall that a Banach space is Asplund if every continuous convex function on an open convex set is
Fréchet differentiable on a dense subset [51], or equivalently, if the dual of each its separable subspace
is separable. We refer the reader to [9, 45,51] for discussions about and characterizations of Asplund
spaces. All reflexive, particularly, all finite dimensional Banach spaces are Asplund.
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3 SLOPE NECESSARY AND SUFFICIENT CONDITIONS

This section is dedicated to slope necessary and sufficient conditions. For simplicity, we focus on the
uniform subregularity property in Definition 1.2(ii). The corresponding conditions for the property in
Definition 1.2(i) can be formulated in a similar way. Besides, in view of Remark 1.3, in normed spaces
(which is our setting in the next section) such conditions can be obtained as consequences of those for
the subregularity.

The necessary conditions are deduced directly from the definitions of the respective properties,
while the sufficient ones come from the application of the Ekeland variational principle. In the convex
case, the conditions are necessary and sufficient.

In this section, P is a nonempty set, X and Y are metric spaces, and F : P X X =3 Y. We assume the
parameters X € X, y € Y, a > 0, § €]0,+c0] and p €]0, +o0] to be fixed. In what follows, we employ a
collection of functions

(3.1) Yp(u,0) :=d(0,9) +igphr,(w,0v), u€eX, veY

depending on a parameter p € P. Along with the standard maximum distance on X X Y, we also use a
metric depending on a parameter y > 0:

(3.2) dy((u,0), (x,y)) = max{d(u,x),yd(v,y)}, uxeX, v,yeY.

The next theorem plays a crucial role for the subsequent considerations. The slope and subdifferen-
tial/normal cone/coderivative conditions for uniform a—subregularity in this paper are consequences
of this theorem.

Theorem 3.1. (i) IfF is a—subregular in x uniformly in p over P at (%, ) with § and p, then

(3:3) sup d(y, y) - d(v, y)

(u,0) €gph Fp, (1,0)#(x,y) d)/((u: 0), (x’ J/)) B
d(u,x)<é+p, d(v,y)<ap

1

fory:=a7',and allp € P, x € Bs(x) and y € Y satisfying

(3.4) X € F, (7). ¥ €F(p,x)NBau()-

ii) Suppose X and Y are complete, an F,, is closed for a € P. If inequality (3.3) holds for some
(i) Supp d pl d gphFy is closed for all p quality (3.3) hold
y > 0,andallp € P,x € Bs,,(X) and y € Y satisfying (3.4), then F is a—subregular in x uniformly
in p over P at (X, y) with § and p.

Proof. (i) Suppose F is a—subregular in x uniformly in p over P at (%, y) with § and . Let p € P,
x € Bs(%) and y € Y satisfy (3.4), y := %, and > 1. By (3.4) and Definition 1.2(ii), there exist a
fAe]l, n[ such thaf &d(y,y) < ay, and a point X € F;(j/) such that ad(x, %) < &d(y, y). Thus,
(%,7) € gph F, (%, 3) # (x, ¥),

d(%%) <d(x,x)+d(x,%) <a'&d(y,y)+6 < p+6, and
dy((x, y), (%, 7)) = max{d(x, X),yd(y, )} < & ' max{{ 1}d(y, y) = & '&d(y, y).
Hence,

sup d(y,y) —d(v, y) N d(y,y) >af > an™.

(u,0) €gph Fp, (u,0)#(x,y) dy((u: U), (x> 3/)) B dy((fs J_/)a (x’ y)) B
d(u,x)<8+p,d(v,y)<apu

Letting n | 1, we arrive at (3.3).

Cuong and Kruger Uniform regularity of set-valued mappings



J. Nonsmooth Anal. Optim. 2 (2021), 6599 page 9 of 24

(ii) Suppose F is not a—subregular in x uniformly in p over P at (X, y) with § and p. By Defini-
tion 1.2(ii), there exist points p € P and x € Bs(x) such that

d(3,F(p,x)) < amin{d(x, E,"(3)), u}.

Hence, x ¢ F;l(j/), or equivalently, y € F(p, x). Set y := min{d(x, F;l(j/)), 11}. Choose a number
e such that d(3, F(p,x)) < € < ayo, and a point y € F(p, x) such that d(y, y) < ¢. The function
Yp : XXY — Ry U{+00}, defined by (3.1), is lower semicontinuous on By, , (%) X B, (7). Besides,

¢p(st/):d(y,37) <7 inf ¢p+€.

B6+;4 (%) Xﬁrxu (37)

Let y > 0. Applying the Ekeland variational principle (Lemma 2.4) to the restriction of ;, to
the complete metric space B5+y (%) x 1_30{#( ¥) with the metric (3.2), we can find a point (%, y) €
§5+y (x) X Eau(l_’) such that

(35) d}/(()z" )A/)’ (x’ J/)) < Ho, lﬁp(fa :)A/) < lkb(x’ .V):
(36) wp(ﬁ’ JI}) < l//p(u’ U) + (g/ﬂO)dy((u’ U)’ (72> :)A/))

for all (u,0) € E(;ﬂ,(x) X an(_')_/). By (3.5), we have y € F(p, %), and

d(%,x) <d(%,x)+d(x,%) < po+3 < p+96,
d(3,y) <d(y,y) <e<ap < ap.
Besides, d(%,x) < po < d(x, Fljl(j/)) This implies X ¢ F,"(j), and consequently, y # y. It
follows from (3.6) that

d($,7) —d(v, y
sup (7,9)—d@3y) _ &

(w.0) egph Fp, (w0)%(5,9) By ((,0), (£, 9)) ~ po
d(u,x)<8+p,d(v,y)<ap

<.

The last estimate contradicts (3.3).
O

Remark 3.2. (i) The expression in the left-hand side of the inequality (3.3) is the nonlocal y-slope [38,
p. 60] at (x, y) of the restriction of the function v/, given by (3.1), to gph F, N [ By, (%) X Bou()].

(ii) By the definition of the metric (3.2), if inequality (3.3) is satisfied with a y > 0, then it is also
satisfied with any y” €]0, y[. This observation is applicable to all slope inequalities in this section.

(iii) The completeness of the space and closedness assumption in part (ii) of Theorem 3.1 (and the
subsequent statements) can be relaxed: it suffices to require that gph F, N [Bs;,(X) X B, (3)] is
complete for all p € P.

(iv) The sufficient condition in part (ii) of Theorem 3.1 is often hidden in the proofs of dual sufficient
conditions.

(v) When X and Y are complete, and gph F,, is closed for all p € P, the gap between the nonlocal
necessary and sufficient regularity conditions in parts (i) and (ii) of Theorem 3.1 is not big: they
share the same inequality (3.3); with all the other parameters coinciding, the necessity part (i)
guarantees this inequality to hold for all x € Bs(x), while the sufficiency part (ii) requires it to
hold for all x in a larger set Bs,,(%).
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We now illustrate Theorem 3.1 by applying it to the local (in p) setting in Definition 1.4(ii). The appli-
cation is straightforward. We provide a single illustration of this kind, although the other statements
in this and the next section are also applicable to this setting.

Corollary 3.3. Let P be a metric space, (p, %, ) € gphF andn €]0,+o0].

(i) IfF is a—subregular in x uniformly in p at (p, %, y) withn, 6 and pu, then inequality (3.3) holds
withy == ™! forall p € B,(p), x € Bs(x) and y € Y satisfying (3.4).

(ii) SupposeX andY are complete, and gphF), is closed for all p € B, (p). If inequality (3.3) holds for
somey > 0, and all p € By(p), x € Bsy,(X) and y € Y satisfying (3.4), then F is a—subregular in
x uniformly in p at (p, %, y) withn, § and p.

The next statement presents a localized version of Theorem 3.1.

Corollary 3.4. (i) Suppose X and Y are normed spaces, and gphF,, is convex for allp € P. If F is
a—subregular in x uniformly in p over P at (%, y) with § and p, then

(3.7) lim sup d(y,y) —d(v, )

u—x, v—Y, (u,0) €gph Fp, (u,0)#(x,y) dy((ua U)’ (x’ y)) -
d(u,x)<8+p,d(v,y)<apu

fory:=a,andallp € P, x € Bs(x) and y € Y satisfying (3.4).

(ii) Suppose X andY are complete, and gph F,, is closed for all p € P. If inequality (3.7) holds for some
y > 0,andallp € P,x € Bs,,(X) and y € Y satisfying (3.4), then F is a—subregular in x uniformly
in p over P at (%, y) with § and p.

Proof. In view of Remark 3.2(i) and Remark 3.5(i), assertion (i) follows from Lemma 2.3(ii) and Theo-
rem 3.1(i), while assertion (ii) is a consequence of Lemma 2.3(i) and Theorem 3.1(ii). O

Remark 3.5. (i) The expression in the left-hand side of inequality (3.7) is the y-slope [38, p. 61] at
(x, y) of the restriction of the function v, given by (3.1), to gph F, N [Bs,,(X) X B ()]

(ii) The convexity assumption in part (i) of Corollary 3.4 (and the subsequent statements) can be
relaxed: it suffices to require that gph F, N [Bs,, (%) X Bg,(3)] is convex for all p € P.

(iii) In the particular case when P is a neighborhood of a point p in some metric space, part (ii)
of Corollary 3.4 is a quantitative version of [32, Proposition 3.5]. Ngai et al. [49, Theorem 3]
established a primal sufficient condition for the property under the assumption that the mapping
F(-, %) is lower semicontinuous at p.

4 DUAL NECESSARY AND SUFFICIENT CONDITIONS

In this section, we continue studying the mapping F : P X X =3 Y where P is a nonempty set, while
X and Y are assumed to be normed spaces. We also assume the parameters x € X, jy € Y, a > 0,
 €]0,+00] and y €]0, +o0] to be fixed, and the collection of functions 1/, be defined by (3.1).

The primal and dual parametric product space norms, corresponding to the distance (3.2), have the
following form:

(4-) G, Wy = max{{lx|.yll¥ll}, xe€X, yeY,
(4-2) G Yy = I +y 7y Il x" e X™, y" e Y™

We denote by d, the distance in X* X Y* determined by (4.2).
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4.1 DUAL SUFFICIENT CONDITIONS

In this subsection, we assume additionally that X and Y are Banach spaces, and gph F}, is closed for all
peP.

The next subdifferential sufficient condition for uniform a—subregularity is a consequence of Corol-
lary 3.4(ii) thanks to the subdifferential sum rules in Lemma 2.5.

Proposition 4.1. Let 9 := 8. If

(4-3) dy, (0,0 (x,y)) = a

for somey > 0, and allp € P,x € Bs,,(X) and y € Y satisfying (3.4), then F is a—subregular in x
uniformly in p over P at (X, y) with § and .
IfX and Y are Asplund, then the above assertion is valid with 3 := oF .

Proof. Suppose F is not a—subregular in x uniformly in p over P at (%, y) with § and p. Let y > 0. By
Corollary 3.4(ii), there exist points p € P, x € Bs,,(X) and y € Y satisfying (3.4), and an o’ €]0, a[
such that

Iy =yl = llo =3Il < a’ll(w,0) = (x, Y)ly

for all (u,v) € gph F, N [Bsy,(X) X Byyu(3)] near (x, y). In other words, (x, y) is a local minimizer of
the function

(4-4) (u,0) = Yp(u,0) + a'l|(,0) = (x, Y)lly-

By Lemma 2.1, its Fréchet and, as a consequence, Clarke subdifferential at this point contains 0.
Observe that (4.4) is the sum of the function i, and the Lipschitz continuous convex function
(,0) = a'[[(u,0) = (x,y)lly, and, by Lemma 2.2, at any point all subgradients (x*, y*) of the lat-
ter function satisfy || (x*, y*)|l, < . By Lemma 2.5(ii), there exists a subgradient (x*, y*) € 8C¢p (x,y)
such that ||(x*, y*)||, < @’ < &, which contradicts (4.3).

Let X and Y be Asplund. Choose an ¢ > 0 such that

e <min {5+ llx -5l au—lly -yl a—a'lly - 7l/2.d(x F'(5)/2}

By Lemma 2.5(ii), there exist points x” € B¢(x), y’ € B,(y) with (x', y’) € gph F,, and a subgradient
(x*, y*) € "y, (x’, y’) such that

(4.5) I y)lly <a’+e<a.
Besides, x” € Bsy,(X) \ F,'(), 7 # ' € Boy(J) as
ly=sll/2 <1y =3l d(xF,'(7)/2 <d(x',F, (),
I =%l < = xll+ =2l <+ 1y =3l <1y = yll+1ly - 5l < ap
It follows from (4.5) that d, (0, of U (x’, y’)) < a, which contradicts (4.3). O

Remark 4.2. Condition (4.3) with the Fréchet subdifferentials is obviously weaker (hence, more efficient)
than its version with the Clarke ones. However, it is only applicable in Asplund spaces.

The key condition (4.3) in Proposition 4.1 involves subdifferentials of the function 1/;,. Subgradients of
this function belong to X* X Y* and have two component vectors x* and y*. In view of the representation
(4.2) of the dual norm on X* X Y*, the contributions of the vectors x* and y* to the condition (4.3) are
different. The next corollary exposes this difference.
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Corollary 4.3. If there exists an & > 0 such that ||x*|| > « forallp € P, x € Bs,,(X) and y € Y satisfying
(3-4), and all (x*, y*) € 801//p(x, y) with ||y*|| < &; particularly if

lim inf [|x*]| > a,
F (9)2x—x, F(p,x)2y—7y, y*—0
PEP, y#7, (x",y") €9Yp (x,y)

then F is a—subregular in x uniformly in p over P at (%, y) with § and p.
IfX and Y are Asplund, then the above assertion is valid with d" in place of o°.

Proof. Suppose F is not a—subregular in x uniformly in p over P at (%, y) with § and p. Let ¢ > 0 and
y = ¢/a. By Proposition 4.1, there exist p € P, x € Bs,,(X) and y € Y satisfying (3.4), and a subgradient
(x*,y") € aclpp (x, ) (x*,y") € 8F¢p (x, y) if X and Y are Asplund) such that || (x*, y*)||, < a.In view
of the representation of the dual norm (4.2), this implies ||x*|| < a and ||y*|| < ay = ¢, a contradiction.

O

The function ¥, involved in the subdifferential sufficient conditions for the uniform a—subregularity
in Proposition 4.1, is itself a sum of two functions. We are now going to apply the sum rules again to
obtain sufficient conditions in terms of Clarke and Fréchet normals to gph F,,.

Theorem 4.4. The mapping F is a—subregular in x uniformly in p over P at (X, y) with § and p if, for
somey > 0,and allp € P, x € Bs,,(X) and y € Y satisfying (3.4), one of the following conditions is
satisfied:
(i) with N := N€,
(46) dy((o,_y*),ngth(X, J’)) 2 @
forall y* € Y* satisfying
(4.7) Iyh=1 OLy=-9=Iy-7l:

(ii) X andY are Asplund, and there exists a r €]0,1[ such that inequality (4.6) holds with N := N¥ for
all y* € Y* satisfying

(4.8) =1 hy=-y>1ly-7l.

Proof. Suppose F is not a—subregular in x uniformly in p over P at (X, j) with § and p. Let y > 0. In
view of Proposition 4.1, there exist p € P, x € Bs;,(%) and y € Y satisfying (3.4), and a subgradient
(x*,9%) € dYp(x, y) such that || (x*, §*)||, < a, where either 0 := o€ (if X and Y are general Banach
spaces) or 9 := &' (if X and Y are Asplund). Recall from (3.1) that i is a sum of two functions: the
Lipschitz continuous convex function v — ¢(v) := ||v — || and the indicator function of the closed set

gph Fp.

(i) By Lemma 2.5(ii), there exist y* € dg(y) and (u*,v*) € Né;th (x, ¥) such that (x*, 7*) =
(0, y*) + (u*,0*). Thus,

dy((0,=y"), Ny, (6. 9)) < 110, ) + (", o)l = 1 9 ly < @,

which contradicts (4.6). Since y # j, by Lemma 2.2, y* satisfies conditions (4.7).
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(ii) Let X and Y be Asplund, and 7 €]0, 1[. By Lemma 2.5(iii), for any ¢ > 0, there exist x; € B.(x),

V1. V2 € Be(y) with (x, y1) € gph F,, and y* € 9g(y»), (u*,0") € Ngl;th (x1, y1) such that

A% A%

(4.9) 10, y*) + (u",0") = (X%, 9|, <e.

The number ¢ can be chosen small enough to ensure that x; € Bs,, (%) \ F;l(j/), Y1 € Bau(9),
Y2 # ¥, and

A% Ak

B 1 B 1-71 B
Iy =yl = Elly— Pl Nlyz = nll < Tlly— Pl &S Iy +e < a.

By Lemma 2.2, we have ||y*|| = 1and (y*, y» — ¥) = ||y2 — ¥||. Moreover,

1-7 B 1-7 _
lyz =yl < ——=lly =yl < —— Iy = 3l
and consequently,

V=925 =9 =y =yl =lly2 = 9l = lly2 = nll
2 [y = yll = 2lly2 = yll > 7y = .

Making use of (4.9), we obtain

A% Ak

dy ((0,=y"), Noy , (1, y1)) < 1100, y7) + (", 0y < [(Z7, 3 ly + ¢ <
This contradicts (4.6).

O

Remark 4.5. (i) Condition (4.6) with the Fréchet normal cones is obviously weaker (hence, more
efficient) than its version with the Clarke ones; cf. Remark 4.2. However, the Asplund space
sufficient condition for uniform a—subregularity in part (ii) of Theorem 4.4 is not necessarily
weaker than its general Banach space version in part (i), as it replaces the equality in (4.7) with a
less restrictive inequality in (4.8), which involves an additional parameter 7. Of course, 7 can be
chosen arbitrarily close to 1 making the difference between the constraints (4.7) and (4.8) less
significant. The weaker than (4.7) conditions (4.8) employed in part (ii) of Theorem 4.4 are due
to the approximate subdifferential sum rule (Lemma 2.5(iii)) used in its proof.

(ii) The following alternative sufficient condition has been established half way within the proof of
part (ii) of Theorem 4.4:

X and Y are Asplund, and, given any e > 0, inequality (4.6) holds with N := N¥ for allv € B.(y)
and all y* € Y* satisfying (4.7) with o in place of y.

It employs the stronger equality conditions (4.7) instead of (4.8), but involves an unknown vector
v (arbitrarily close to y). Conditions of this type are used by some authors, but we prefer more
explicit ones in Theorem 4.4(ii) and the statements derived from it.

The qualitative sufficient conditions for uniform regularity follow immediately.

Corollary 4.6. The mapping F is subregular in x uniformly in p over P at (%, y) if one of the following
conditions is satisfied:

(i) sup liminf 4y ((0,~y). N+ (x,) > 0;
y=0  Fr9w—xFpx)sy—y 8Ph Ly
peP.y23, lly" =L (. y-7)=lly-7|
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(ii) X and Y are Asplund, and

sup lim inf d,,((O,—y*),NFhF (x,y)) > 0.
y>0,7€]0,1] F{(9)#x—x, F(px)2y—y PRy
PEP, y£3, Iy II=L (¥~ y-3)>7lly-7ll

The next example illustrates the sufficient conditions for subregularity in Corollary 4.6.
Example 4.7.Let P =X = Y := R, F(p,x) := {(p — x)?} forall p € P and x € X, and let y := 0. By
(1.3), Fijl(j/) = {p}. Thus, d(x, Fgl(j/)) =|x —p|and d(§,F(p,x)) = (x — p)? forall p € P and x € X.
Hence, for any « > 0 and p € P, inequality (1.5) is violated when x sufficiently close to x := 0, i.e. the
mapping F is not subregular in x uniformly in p over P at (%, ). Observe that gph F,, is closed for all
p € P, and, for any p € P and (x, y) € gph F,,

(2(x—-p),-1) € Nngth(x, y) = ngth(x, ).

Letp = 0,x # 0,y = x%,and y* € R satisfy (4.7) or (4.8), hence, y* = 1, and, for any y > 0,
d,((0,-y"), (2x,-1)) = 2|x| — 0 as x | 0. Both inequalities in Corollary 4.6 are not satisfied.

Theorem 4.4 yields sufficient conditions for uniform a—subregularity in terms of coderivatives.

Corollary 4.8. The mapping F is a—subregular in x uniformly in p over P at (X, y) with § and p if, for
somen €]0,+o0], and allp € P, x € Bs,,(X) and y € Y satisfying (3.4), one of the following conditions
is satisfied:

(i) with D* := D¢, for all y* € Y* satisfying (4.7), it holds

(4.10) d(0,D"Fp(x, y)(By(y"))) = a;

(i) X andY are Asplund, and there exists a t €]0,1[ such that inequality (4.10) holds with D* := Dy,
forall y* € Y* satisfying (4.8).

Proof. Given an n €]0,+o0], set y := a”'n. In view of the representations (2.5) of the coderivative
and (4.2) of the dual norm, condition (4.6) means that ||u*|| + y~!||o* — y*|| > « for all v* € Y* and
u* € D*Fy(x, y)(v"). The last inequality is obviously satisfied if either [|u*|| > « or [[o* — y*|| > 7, or
equivalently, if ||u*|| > o when v* € B, (y"). O

The coderivative sufficient condition (4.10) can be replaced by its ‘normalized’ (and a little stronger!)
version.

Corollary 4.9. The mapping F is a—subregular in x uniformly in p over P at (X, ) with § and p if, for
somen €]0,1[, and all p € P, x € Bs,,(x) and y € Y satisfying (3.4), one of the following conditions is
satisfied:

(i) with D* := D,

0

(4.11) d (O, D*F,(x, y) (m)) > %

forall y* € Y* satisfying (4.7) and v* € B, (y");

(ii) X andY are Asplund, and there exists a t €]0,1[ such that inequality (4.11) holds with D* := Dy,
forall y* € Y* satisfying (4.8) and v™ € B,(y*).

Proof. Let n €]0,1[, p € P, x € Bs;,(X) and y € Y satisfy (3.4), and y* € Y* satisfy either (4.7) or
(4.8). We need to show that, if inequality (4.11) holds for all v* € B, (y*), then inequality (4.10) holds.
First note that, in view of (4.7) or (4.8), ||y*|| = 1. Let o™ € B,(y*) and u* € D*F,(x, y)(v*). Then
llo*|| > 1—n €]0,+oco]. Thus, condition (4.11) is well defined. Moreover, u*/|[v*|| € D*F,(x, y)(v*/[lo*||)
and, in view of (4.11), ||[u*|| = al|v*||/(1 - 1) > @, i.e. inequality (4.10) holds. O
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The next qualitative assertion is an immediate consequence of Corollary 4.8.

Corollary 4.10. The mapping F is subregular in x uniformly in p over P at (X, y) if one of the following
conditions is satisfied:
(i) lim in d(0, DLF, (x, y) (Bs(y")) > 0;

510 xeBs(2)\F,' (), y#y€F (p.x)NBs ()
PeP. Iy lI=L (" y-7)=lly-7l

(ii) X andY are Asplund, and
lim inf d(0, DpF,(x, y)(Bs(y™))) > 0.
810,711 xeBs(2)\F;!(3). 7%y €F (px)NBs ()
PP, Iy II=1 (" y-7)>7lly-7I

Remark 4.11. (i) In the case when P is a neighborhood of a given point p in a metric space, Corol-
lary 4.10 (taking into account Remark 4.5(ii) in some instances) improves [40, Theorem 3.6], [47,
Theorem 3.4], [41, Theorem 3.2], [29, Theorem 3.5], [28, Theorem 3.1], [50, Corollary 2.2], [14, The-
orem 1] (in the linear setting), and [32, Theorem 4.1(e)].

(ii) Clarke normal cones in this section can be replaced by loffe’s G-normal cones [33].

4.2 DUAL NECESSARY CONDITIONS

In this subsection, X and Y are normed spaces, F : PxX 3 Y, x € X,y €Y, a > 0,8 €]0,+00],
p €]0,+00], and we assume that gph F,, is convex for all p € P.

The next statement provides a necessary condition for uniform a—subregularity in terms of subdif-
ferentials of the function 1/, defined by (3.1).
Proposition 4.12. If F is a—subregular in x uniformly in p over P at (X, ) with § and p, then inequality
(4.3) is satisfied withy :== a”! for all p € P, x € Bs(X) and y € Y satisfying (3.4).

Proof. Under the assumptions made, the function ¢, is convex for all p € P. Lety := o', and p € P,
x € Bs(x) and y € Y satisfy (3.4). For any (x*, y*) € 9y, (x, y), we have

w200 @)y
_ limsup = ((«*, %), (w,0) = (x,9))
u—x,v->y I(w,0) = (x, Yy
(w0)#(x,y)
. lKO(?Q Y) - lpp(”’ U)
> limsup
u—x, oy |[(w,0) = (x, Y)ly
(u,0)#(x,y)
. ly =yl = llo = 7l
= lim su .
womosy o) - (x

(u,v) Egph Fps (u’U)?t(X’y)

By Corollary 3.4(i), we have ||(x*, y*)||, > «. Taking the infimum in the left-hand side of the last
inequality over (x*, y*) € 9y, (x, y), we obtain inequality (4.3). O

Combining the above statement with Proposition 4.1, we obtain a complete subdifferential charac-
terization of the uniform subregularity in the convex setting.

Corollary 4.13. Let X and Y be Banach, and gph F;, be closed for all p € P. The mapping F is subregular
in x uniformly in p over P at (%, y) if and only if
sup lim inf dy (0,9y,(x,y)) > 0.

>0 XX, y—y
PEP, x¢F,'(9), y#y€F (p.x)
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The next corollary follows from Proposition 4.12 in view of the representation (4.2) of the dual norm.

Corollary g4.14. If F is a—subregular in x uniformly in p over P at (x, y) with § and p, then ||x*|| >
a(1—|ly*|l) forallp € P,x € Bs(X) and y € Y satisfying (3.4), and all (x*, y*) € 9y,(x,y). As a
consequence,
lim inf [E =2
FM()#x—%, F(p,x)2y—7, y*—0
PEP, y#3, (x*y") €9y (x.y)
The next statement gives a partial converse to Theorem 4.4.

Theorem 4.15. If F is a—subregular in x uniformly in p over P at (X, y) with § and y, then for all p € P,
x € Bs(x) and y € Y satisfying (3.4), and all y* € Y* satisfying (4.7), inequality (4.6) is satisfied with

Y= al.

Proof. Observe that i/, is the sum of the convex continuous function v + g(v) := |lo — || and the
indicator function of the convex set gph Fj,. By Lemma 2.5(i), 9y, (x, y) = {0} X 99(y) + Ngph F, (%, ¥)-
The assertion follows from Proposition 4.12 in view of Lemma 2.2(ii). O

Combining Theorems 4.4 and 4.15, we can formulate a necessary and sufficient characterization of
the uniform subregularity in the convex setting.

Corollary 4.16. Let X and Y be Banach, and gph F}, be closed for all p € P. The mapping F is subregular
in x uniformly in p over P at (%, y) if and only if

(4.12) sup L lim inf ~ dy((0,=y"), Ngpnr, (x, y)) > 0.
)/>0 Fp (Y)iéxﬁx,F(P’ny—’y

PeP, y#3, 1y II=L (y* y=-9)=lly=7l

The next example illustrates the necessary condition in Theorem 4.15.
Example 417.Let P =X =Y =R, F(p,x) .= {p—x} forallp € Pand x € X,andletx = y := 0.
By (1.3), F,'(7) = {p}. Thus, d(x, F,;'(7)) = d(3,F(p,x)) = |x — p| forall p € P and x € X. Hence,
inequality (1.5) is satisfied for all p € P, x € X, and « €]0, 1], i.e. the mapping F is a—subregular in x
uniformly in p over P at (%, y) for any « €]0,1]. We have gph F,, = {(x,y) | y = p — x} is closed and
convex for all p € P, and Ngphr, (x,y) = {(£,t) | t € R} for any (x, y) € gph Fp. Let y* € R satisfy
(4.7). Then y* =1if y > 0,and y* = —1if y < 0. It is easy to check that, given a y > 0, in both cases the
distance d, ((0, —y*), Ngph £, (x, ¥)) equals 1if y < 1, or y Lif y > 1. Hence, condition (4.12) is satisfied,
confirming the uniform subregularity of F.

The next statement is a consequence of Theorem 4.15. It is in a sense a partial converse to Corollary 4.8.

Corollary 4.18.If F is a—subregular in x uniformly in p over P at (x,y) with § and p, then

d(0,D*Fy(x, y)(By(¥*))) = a(l —n) foralln €]0,1[,p € P,x € Bs(x) and y € Y satisfying (3.4),
and all y* € Y* satisfying (4.7).

Proof. In view of the representations (2.5) of the coderivative and (4.2) of the dual norm, condition
(4.6) with y := ! means that ||u*|| + a|[v* — y*|| > « for all v* € Y* and u* € D*F,(x, y)(0*). Hence,
it yields ||u*|| > a(1 - n) if [|[o* — y*|| < 1. O

Combining the above statement with Corollary 4.8, we obtain a complete coderivative characteriza-
tion of the uniform a—subregularity in the convex setting. It improves [14, Theorem 3] (in the linear
case).

Corollary 4.19. Let X and Y be Banach, and gph F;, be closed for all p € P. The mapping F is a—subregular
in x uniformly in p over P at (%, y) if and only if
lim inf d(0,D*F,(x, y)(Bs(y"))) = a.

510 xeBs(X)\F,' (7). y#y€F (p.x)NB5(5)
PeP ly*lI=L (v y=3)=lly=-7l
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5 METRIC SUBREGULARITY, METRIC REGULARITY AND IMPLICIT MULTIFUNCTIONS

In this section, we illustrate the necessary and sufficient conditions for the uniform subregularity
established in the preceding sections by characterizing several conventional properties of set-valued
mappings.

5.1 METRIC SUBREGULARITY

As observed in the Introduction, the conventional regularity properties in Definition 1.1 are particular
cases of the uniform regularity properties in Definition 1.2 corresponding to P being a singleton, which
practically means that the set-valued mapping F does not involve a parameter.

The next three statements, which are immediate consequences of the corresponding ‘parametric’
ones in Sections 3 and 4, illustrate this observation for the case of subregularity. Here X and Y are
normed spaces, F: X 3 Y, (%, y) € gph F, & > 0, § €]0,+00] and p €]0, +o0].

Proposition 5.1. (1) Suppose gph F is convex. If F is a—subregular at (X, j) with § and p, then

f— V) — z)_ 1)
(5.) lim sup ly =3l = llo = Il S
u—x, v—y, (u,v) €gph F, (u,0)#(x,y) ||(u - X0 y)”y
d(u,x)<é+p, d(v,y)<ap

1

fory :=a7', and all x € Bs(x) and y € Y satisfying

(5.2) x ¢ F(9), y€F(x)NBayu(P).

(ii) Suppose X and Y are Banach, and gphF is closed. If inequality (5.1) holds for somey > 0, and all
x € Bsyu(%) and y € Y satisfying (5.2), then F is a—subregular at (X, y) with § and p.

Proof. The statement is a consequence of Corollary 3.4. O

Proposition 5.2. (i) Suppose gphF is convex. If F is a—subregular at (%, y) with § and p, then

(5.3) dy ((0,=y"), Ny r(x,y)) >

1

fory :=a7', allx € Bs(x) and y € Y satisfying (5.2), and all y* € Y* satisfying (4.7).

(ii) Suppose X andY are Banach, and gphF is closed. The mapping F is a—subregular at (%, y) with
d and p if, for somey > 0, and all x € Bs,,(X) and y € Y satisfying (5.2), one of the following
conditions is satisfied:

(a) inequality (5.3) holds with N := N€ for all y* € Y* satisfying (4.7);
(b) X andY are Asplund, and there exists at €0, 1[ such that inequality (5.3) holds with N := N
forall y* € Y* satisfying (4.8).

Proof. The statement is a consequence of Theorems 4.4 and 4.15. O

Proposition 5.3. (i) Suppose gphF is convex. If F is a—subregular at (x,y) with § and p, then
d(0,D*F(x, y)(By(y*))) = a(1—n) foranyn €]0,1[, all x € Bs(X) and y € Y satisfying
(5.2), and all y* € Y™ satisfying (4.7).

(ii) Suppose X and Y are Banach, and gphF is closed. The mapping F is a—subregular at (%, y) with §
and yu if, for some n €]0,+co], and all x € Bs,, (%) and y € Y satisfying (5.2), one of the following
conditions is satisfied:
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(a) with D* := D¢, for all y* € Y* satisfying (4.7), it holds
(5.4) d(0,D"F(x, y)(By(y"))) = o

(b) X andY are Asplund, and there exists at €]0,1[ such that inequality (5.4) holds with D* := Dy,
forall y* € Y* satisfying (4.8).

Proof. The statement is a consequence of Corollaries 4.8 and 4.18. ]

Remark 5.4. (i) In Proposition 5.1(ii), it is sufficient to assume that X and Y are complete metric
spaces (with distances in place of norms in condition (5.1)), or even that gph F is complete; cf.
Remark 3.2(iii). In this setting, the sufficient condition in Proposition 5.1(ii) can be viewed as a
quantitative version of [38, Corollary 5.8(d)] and [32, Theorem 2.4(a)].

(ii) Proposition 5.3 improves [42, Theorem 5.3]. In the linear setting, part (ii) of this proposition
improves [42, Theorem 3.3], [49, Theorem 6], [14, Theorem 8], [32, Theorem 2.6], and the
corresponding parts of [38, Corollary 5.8]. Proposition 5.3(ii) with condition (a) recaptures [63,
Theorem 3.2].

5.2 METRIC REGULARITY

The conventional metric regularity is a particular case of the uniform regularity property in Defini-
tion 1.2(i) corresponding to P being a singleton. At the same time, as it follows from the observation in
Remark 1.3, in the normed space setting it can be treated as a particular case of the uniform subregularity
property in Definition 1.2(ii) for the set-valued mapping F (y,x) =F(x) —y,(y,x) € Y Xx X with y
considered as a parameter. Obviously (%, y) € gph F if and only if (§,%,0) € gph F.

The next three statements, which are immediate consequences of the corresponding ‘parametric’
ones in Sections 3 and 4, illustrate the above observation. Here X and Y are normed spaces, F : X 3 Y,
(%,7) € gphF, @ > 0,5 €]0,+00] and p €]0, +oo].

Proposition 5.5. (i) Suppose gphF is convex. If F is a—regular at (X, ) with § and i, then

z=yll—-1lo—-
- i sup Iz =yl =l =1l |
u—x, v—z, (u,0) €gph F, (u,0)#(x,z) H (u - X0 - Z) ”y
d(ux)<6+p,d(v,y)<ap

1

fory:=a7', and all x € Bs(x), y € Bs(y) and z € Y satisfying

(5.6) x ¢ F'(y), z€F(x)NBau(y).

(ii) Suppose X and Y are Banach spaces, and gph F is closed. The mapping F is a—regular at (X, )
with & and p if inequality (5.5) holds with somey > 0 for all x € Bs,,(X), y € Bs(y) andz €Y
satisfying (5.6).

Proof. The statement is a consequence of Corollary 3.4. O
Proposition 5.6. (i) Suppose gphF is convex. If F is a—regular at (X, ) with § and p, then

(57) dy ((0,=y"), Ngpnr(x,2)) = a

1

fory:=a7', and allx € Bs(%), y € Bs(y) and z € Y satisfying (5.6), and y* € Y* satisfying

(5.8) ly*ll=1 (yz—y)=lz-yll.
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(ii) Suppose X andY are Banach, and gph F is closed. The mapping F is a—regular at (X, y) with  and
p if, for somey > 0, and all x € Bs,,(X), y € Bs(y) and z € Y satisfying (5.6), one of the following
conditions holds:

(a) inequality (5.7) holds with N := N for all y* € Y* satisfying (5.8);
(b) X andY are Asplund, and there exists at €0, 1[ such that inequality (5.7) holds with N := N
forall y* € Y* satisfying

(5-9) 1yl =1 (z=y >zllz= vl
Proof. The statement is a consequence of Theorems 4.4 and 4.15. ]
Proposition 5.7. (i) Suppose gphF is convex. If F is a—regular at (x,y) with § and p, then
d(0,D*F(x,z)(B,(y*))) = a(1—n) foralln €]0,1[, x € Bs(x), y € Bs(y) andz € Y satis-
fying (5.6), and all y* € Y* satisfying (5.8).
(ii) Suppose X and Y are Banach, and gphF is closed. The mapping F is a—regular at (X, y) with §

and i if, for somen €]0,+c0] and all x € Bs,,%), y € Bs(y) and z € Y satisfying (5.6), one of the
following conditions holds:

(a) with D* := D, for all y* € Y* satisfying (5.8), it holds
(5.10) d(0,DF(x,2)(By(¥"))) 2 a;
(b) X and Y are Asplund, and there exists a t €]0,1[ such that inequality (5.10) holds with
D* := Dy, for all y* € Y* satisfying (5.9).
Proof. The statement is a consequence of Corollaries 4.8 and 4.18. O

Remark 5.8. (i) In the normed space setting, the sufficient condition in Proposition 5.5(ii) can be
viewed as a quantitative version of [30, Theorem 1] and [32, Theorem 2.4(a)].

(if) Proposition 5.7(ii) enhances [13, Theorem 3.7]. Proposition 5.7(ii) with condition (a) improves [28,
Corollary 3.1] and [13, Theorem 3.5] (in the linear case), while with condition (b) it improves (in
the linear case) [13, Theorem 3.1] and [14, Theorem 7].

5.3 IMPLICIT MULTIFUNCTIONS

Now we get back to the implicit multifunction (1.3) and consider its particular case corresponding to
the parametric inclusion y € F(p, x) (with fixed left-hand side), i.e.

(5.11) G(p) ={xeX|yeF(px)}, peP

where F : PxX 33 Y,and P, X and Y are metric spaces. Stability properties of implicit multifunctions, i.e.
solution sets of parametric inclusions, are of great importance for many applications and have been the
subject of numerous publications; cf., e.g., [6-8,11,13-15,22,25,28,29,32,33,35,40,41,47,49,50,52,54,58,60].
Here, for illustration, we focus on the most well known perturbation stability property of set-valued
mappings called Aubin property; cf. [22, 45].

Definition 5.9. A mapping G : P 3 X between metric spaces has the Aubin property at (p,x) € gph G
with rate [ > 0 if there exist  €]0, +00], § €]0, +co] and u €]0, +0co] such that

d(x,G(p)) <1d(p,p’)

for all p, p” € B, (p) with d(p,p’) < p, and x € G(p’) N Bs(X).
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Similar to Definitions 1.1, 1.2 and 1.4, the inequality d(p, p’) < p is not essential in the above definition
and can be dropped together with the constant u. We keep them for consistency with the definitions
and characterizations in the preceding sections. We also establish connections between the constant p
and the corresponding constants in the other definitions.

Given a point (p, X, y) € gph F and a number « > 0, the uniform a—subregularity property of F at
(p, %, ¥) in Definition 1.4(ii) means that there exist n €]0,+o0], § €]0, +o0] and y €]0, +oo] such that

(5.12) ad(x,G(p)) < d(y,F(p,x))

for all p € B,(p) and x € Bs(x) with d(y, F(p,x)) < ap. Several primal and dual sufficient and
necessary conditions for this property have been formulated in the preceding sections.

Inequality (5.12) provides an estimate for the distance from x to the value of the implicit multifunction
(5.11) at p in terms of the residual of the parametric inclusion. However, this estimate does not say
much about the behaviour of the implicit multifunction. An additional assumption on the mapping
F is needed, which would allow one to get rid of F in the right-hand side of the inequality (5.12).
This additional assumption is given in the next definition, which is a modification of the second part
of [32, Definition 3.1], where we borrow the terminology from. A similar property was considered
in [35], where the authors used the name Lipschitz lower semicontinuity.

Definition 5.10. Let [ > 0. The mapping F is said to [-recede in p uniformly in x at (p, %, y) if there
exist n €]0,+00], § €]0,+0c0] and p €]0, +co] such that

(5.13) d(y,F(p.x)) < ld(p,p")

for all x € Bs(x) and p, p” € B, (p) with d(p,p’) < pand y € F(p’, x).

In what follows we assume that (p, X, ) € gph F,a > 0,1 > 0,1 €]0,+0],5 €]0,+o0] and y €]0, +00].
The next statement is a modification of [32, Theorem 3.2].

Proposition 5.11. Suppose that F
e is a—subregular in x uniformly in p at (p,x, y) withn, § and y;
e |—recedes in p uniformly in x at (p, %, y) withn, § and p’ = au/l.
Then the mapping G given by (5.11) has the Aubin property at (p, x) with ratel/a, andn,  and .

Proof. Let p,p” € B,(p) with d(p,p’) < ', and x € G(p’) N Bs(x). By (5.11) and (5.13), y € F(p’, x)
and d(3, F(p,x)) < ap. Using successively (5.12) and (5.13), we obtain

1 l ,
A5 G(p)) < ~d(3, F(p. ) < ~d(p.p).
The proof is completed. O

Combining Proposition 5.11 with the sufficient conditions for the uniform subregularity formulated
in the preceding sections, we can immediately obtain various sufficient conditions for the Aubin
property of the implicit multifunction (5.11). The next proposition collects three sufficient conditions
arising from Corollary 3.4(ii), Theorem 4.4 and Corollary 4.8, respectively.

Proposition 5.12. Let P be a metric space, X andY be complete metric spaces, F : PxX 3 Y andG: P 3 X
be given by (5.11). Suppose that gph F,, is closed for all p € B, (p). The mapping G has the Aubin property
at (p, x) with ratel > 0, and n, § and 1 if, for some I’ > 0, the mapping F I'—recedes in p uniformly in x
at (p, %, y) withn, 6 and p1, and one of the following conditions holds true:

Cuong and Kruger Uniform regularity of set-valued mappings
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(i) there exists ay > 0 such that

d(y,y) —d(v, y U
lim sup (».9) —d@y) I
u—x, vy, (u,0) €gph Fp, (u,0)#(x,y) dy((U, U), (xs y)) [
d(u,x)<6+lp, d(v,y)<l'p
for all p, x and y satisfying
(5.14) P € By(p), x € Bsru () \ E,'(3), y € F(p,x)NByu(3);

(i) X and Y are Banach, and there exists ay > 0 such that, with N := N€,

(5.15) dy ((0,=y"), Nphr, (x, 7)) = 5

for all p, x and y satisfying (5.14), and all y* € Y* satisfying (4.7);

(iii) X and Y are Asplund, and there exist ay > 0 and a t €]0,1[ such that condition (5.15) is satisfied
with N := NF for all p, x and y satisfying (5.14), and all y* € Y* satisfying (4.8);

(iv) X and Y are Banach, and

’

* * l
(5.16) d(0.D°F, (x. y) (By(y"))) = 7
with D* := D, for all p, x and y satisfying (5.14), and all y* € Y* satisfying (4.7);

(v) X andY are Asplund, and there exists at €]0,1[ such that condition (5.16) is satisfied with D* := D},
forall p, x and y satisfying (5.14), and all y* € Y* satisfying (4.8).

Remark 5.13. Conditions (i) in Proposition 5.12 can be seen as a quantitative version of [32, Theorem 3.9],
while conditions (iv) and (v) improve [32, Theorem 4.1] and [33, Theorem 7.26]. Conditions (ii) and (iii)
are new. Note that these two conditions are weaker than conditions (iv) and (v), respectively.
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ON INNER CALMNESS*, GENERALIZED CALCULUS, AND
DERIVATIVES OF THE NORMAL CONE MAPPING

Matus Benko*

Abstract  In this paper, we study continuity and Lipschitzian properties of set-valued mappings,
focusing on inner-type conditions. We introduce new notions of inner calmness* and, its relaxation,
fuzzy inner calmness®. We show that polyhedral maps enjoy inner calmness* and examine (fuzzy)
inner calmness”* of a multiplier mapping associated with constraint systems in depth. Then we
utilize these notions to develop some new rules of generalized differential calculus, mainly for
the primal objects (e.g. tangent cones). In particular, we propose an exact chain rule for graphical
derivatives. We apply these results to compute the derivatives of the normal cone mapping, essential
e.g. for sensitivity analysis of variational inequalities.

Keywords: inner calmness®, generalized differential calculus, tangents to image sets, chain rule for
graphical derivatives, normal cone mapping, polyhedral multifunctions

MSC (z010): 49]53, 49]52, 90C31

1 INTRODUCTION

The normal cone mapping, closely related to variational inequalities, is a standard tool of variational
analysis. Among other things, it plays an important role in the formulation of optimality conditions
for constrained optimization problems. Generalized derivatives of the normal cone mapping, in turn,
enable us to study various stability and sensitivity properties of solutions of such optimization problems.
Moreover, they also offer a pathway to optimality conditions for difficult problems, where the normal
cone mapping is used to describe the constraints (mathematical programs with equilibrium constraints,
bilevel programs, etc.). For more information about the normal cone mapping and related issues we
refer to the standard textbooks [12, 30, 39, 44].

Recently, a lot of success has been achieved in the computation of the graphical derivative of the
normal cone mapping x = Nr(x), where I' = {x | g(x) € D} denotes the feasible region of a
constraint system. Here, g is continuously differentiable and D is a closed convex set. For the results
with polyhedral D see, e.g., [5, 7, 21, 24], while the papers [20, 26] extend the scope beyond polyhedrality.
Let us mention that most of these results actually deal with more challenging cases when the feasible
set depends on the parameter or even when it depends on the parameter as well as on the solution
itself, see Section 5 for more details.

In general, the graphical derivative provides criteria for isolated calmness and the Aubin property,
see [12, Corollary 4E.2 and Theorem 4B.2] for the precise statements and more details. On top of that,
it is also used to characterize tilt stability of a local minimizer of a function, see [8, Theorem 3.3],
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and, in the constrained case, the essential part of this criterion is precisely the graphical derivative
of the normal cone mapping. Interestingly, this criterion seems to be more applicable than a similar
tilt stability criterion based on the (limiting) coderivative; see e.g. [3] for the application to second-
order cone programming. The reason is that the standard calculus provides an upper estimate for
the limiting coderivative of the normal cone mapping, but the estimate becomes exact only under
additional assumptions, see [22]. On the other hand, as suggested above, the graphical derivative can
be often fully computed under very mild assumptions.

The aforementioned results regarding the computation of the graphical derivative of the normal
cone mapping were derived directly from the definition. The main motivation for this paper is to
better understand these computations. More precisely, we ask the question, whether there are some
underlying calculus principles in play, which could be identified and brought to light.

Generalized differential calculus belongs among the most fundamental apparatus of modern varia-
tional analysis [1, 2, 30, 36, 39, 41, 44]. Arguably, more focus has been placed on the dual constructions
(normal cones, subdifferentials, coderivatives) and this area is very developed and well-understood.
When it comes to the primal constructions (tangent cones, subderivatives, graphical derivatives), an
obvious problem appears: the lack of a suitable chain rule for graphical derivatives. A closer look
shows that the problem boils down to the following issue regarding tangent cones. Given a closed set
C and a continuously differentiable mapping ¢, let y € Q := ¢(C) and consider the estimate

(1) Lmc |J Ve@rE.

(xeCp(x)=7)

It is well-known that the opposite inclusion always holds true [44, Theorem 6.43]. The question is
whether there exists a reasonable (practically applicable) assumption that guarantees this estimate.
Thus, let us now comment on the standard assumptions accompanying the calculus rules.

Two main patterns can be observed throughout the most of the calculus formulas. The first one can
be represented by the image rule, where, as above, the set Q under investigation is generated as the
(forward) image of set C under mapping ¢. The second one can be represented by the pre-image rule,
where the examined set C is given as a (backward) pre-image of another given set under a given map
(C := ¢71(Q)). We will refer to these patterns as forward and backward, respectively.

The main assumption utilized in the backward pattern, typically called a qualification condition,
is known to be the calmness of the associated perturbation mapping, often equivalently expressed
via the metric subregularity of the feasibility mapping [27, 28, 31]. We point out that calmness can be
viewed as an outer (also called upper) Lipschitzian property of set-valued mappings since, roughly
speaking, it resembles outer semicontinuity with an additional Lipschitzian requirement regarding the
rate of change of the map. Both calmness and metric subregularity are central notions of set-valued
analysis with applications far beyond calculus. Over the years, they drew attention of several renown
researchers, see the aforementioned publications as well as [11, 13, 17, 29, 42] and the references therein.

The less-developed forward pattern seems to be linked with conditions of inner-type. Indeed, the
corresponding estimates for the dual objects are known to hold under inner semicompactness and inner
semicontinuity, see [32, 38]. In order to obtain reasonable rules for the primal constructions, it turns
out that one can proceed by strengthening the above continuity notions of inner-type to suitable inner
(also called lower) Lipschitzian notions, such as inner calmness.

Interestingly, the term inner calmness was already coined in [4], where we proposed calculus rules
for directional limiting normal cones and associated directional constructions. It is not very surprising,
however, since directional limiting normal cone is, in a way, a primal-dual object: it consists of limits
of (dual) normals along (primal) tangent directions. Moreover, inner calmness can be found in the
literature also under other names, such as, e.g., Lipschitz lower semicontinuity [37] or recession with
linear rate/linear recession [9, 30]. In particular, [9] contains a comprehensive study of this property.

Benko Inner calmness™ and calculus
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Let us also mention the stronger notion of Lipschitz lower semicontinuity”, recently introduced in [10]
and motivated by a relaxation of the Aubin property from earlier works of Klatte [34, 35].

This paper revolves around two new notions of inner calmness™ and, its relaxation, fuzzy inner
calmness®. Both these conditions are milder than inner calmness, since the latter is based on inner
semicontinuity, while inner calmness” is based on (milder) inner semicompactness. All the definitions
as well as some basic properties are provided in the preliminary Section 2.

The main part of the paper is Section 3, which contains a justification of the new notions. First,
we show that polyhedral set-valued maps enjoy the inner calmness® property. This provides an
inner counterpart to the famous result on the calmness (the upper Lipschitzness) of polyhedral maps
by Robinson [42]. More importantly, in Theorem 3.9, we look into a general multiplier mapping
associated with constraint systems and, under gradually strengthening assumptions, we show its inner
semicompactness, fuzzy inner calmness* and inner calmness®.

In Section 4, we easily derive several calculus rules of the forward pattern. First, we prove the estimate
(1.1) under fuzzy inner calmness” and then apply it to obtain a chain rule for graphical derivatives
in exact form. We also provide some useful corollaries of the chain rule, such as the product rule in
Theorem 4.10.

Finally, in Section 5, we return to the normal cone mapping associated with constraint systems and
apply our results to compute or estimate its generalized derivatives. In particular, the computation of
the graphical derivative is just a simple corollary of Theorems 3.9 and 4.10. For the most challenging
setting, where the feasible region I'(p, x) = {z €| g(p,x,z) € D} depends on the parameter p as well
as on the decision variable x (x typically corresponds to the solution of an underlying parametrized
variational inequality), we recover the state of the art results from [5]. This suggests that our calculus
based on (fuzzy) inner calmness™ is applicable in quite relevant situations. Using the analogous calculus
based on inner calmness is also possible if one significantly strengthens the assumptions imposed on
the constraints (nevertheless, one still recovers the recent results from [24]). Using the standard result
from [44, Theorem 6.43], however, seems completely out of question, since it requires convexity of the
graph of the aforementioned multiplier mapping.

As a specific application, we discuss the semismoothness™ of the normal cone mapping, based on
the estimates of its directional limiting coderivative. Semismoothness® is an extension of the standard
semismoothness property to set-valued mappings. It was recently introduced in [25] and used to design
a novel Newton method for generalized equations. The notion was then further explored e.g. in [14, 33].

The following notation is employed. Given a set A € R", the closure and interior of A are denoted,
respectively, by cl A and int A, sp A stands for the linear hull of A and A° is the (negative) polar
cone of A. A set is called cone if any nonnegative multiple of its element also belongs to the set. If
A = {a}, we use just [a] instead of sp {a} and [a]* stands for its orthogonal complement. We denote
by dist(-, A) := inf,ca || - — || the usual point to set distance with the convention dist(-, )) = co and
(-, -) stands for the standard scalar product. Further, B, S stand respectively for the closed unit ball and
the unit sphere of the space in question. Given a (sufficiently) smooth function f : R” — R, denote its
gradient and Hessian at x by Vf(x) and V?f(x), respectively. Considering further a vector function
¢ : R" - R*® with s > 1, denote by V¢(x) the Jacobian of ¢ at x, i.e., the mapping x — Ve¢(x) goes
from R” into the space of s X n matrices, denoted by (R*)". Moreover, for a mapping § : R" — (R*%)™
and a vector y € R, we introduce the scalarized map (y, B) : R” — R™ given by (y, B)(x) = B(x)T y.
Following traditional patterns, given a number & > 0 we denote by o(¢%) for t > 0 a term with the
property that o(t%)/t* — 0 when t | 0. Particularly, o(1) stands for a term which converges to 0 as
the variable in question goes to 0. Finally, if no confusion arises, we denote a sequence (x¢),., ¢ R"
simply by (xx) and very often we also drop the brackets and write just xy.
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2 PRELIMINARIES

We begin by recalling several definitions and results from variational analysis. Let Q ¢ R”" be an
arbitrary closed set and x € Q. The tangent (also called Bouligand or contingent) cone to Q at x is given
by
To(x) ={ueR" | 3(tx) 1 0, (ux) > u: X+ trur € QVk}.
We denote by
No(%) = To(%)° = {x* € R" | (x*,u) <0Vu e To(x)}

the regular (Fréchet) normal cone to Q at x. The limiting (Mordukhovich) normal cone to Q at x is defined

by
No(%) = {x" € R" | 3(xx) — %, (x}) — x* : x € No(xx) Vk}.

Finally, given a direction u € R"”, we denote by
No(%u) = {x" € R" | A(tx) 1 0, (ux) — u, (x) = x" : x[ € No(% + trug) Yk}

the directional limiting normal cone to Q at x in direction u.

Ifx ¢ Q, we put To(x) = 0, No(%) = 0, No(x) = 0 and No (%;u) = 0. Further note that No (%; u) = 0
whenever u ¢ To(x). If Q is convex, then No (x) = Ng(x) amounts to the classical normal cone in the
sense of convex analysis and we will write No(X). More generally, we say that Q is Clarke regular at
point ¥, provided 1’\}9 (x) = Nq(x) and we write Ng (%) in such case.

The following generalized derivatives of set-valued mappings are defined by means of tangents
and normals to the graph of the mapping. Let M : R” =3 R™ be a set-valued map with closed graph
gphM = {(x,y) | y € M(x)} and let (%, ) € gph M. The mapping DM (X, y) : R"™ =3 R™, defined by

DM(%, y)(u) :={o € R™ | (u,0) € Tpnhm(%, 3)},
is called the graphical derivative of M at (%, y). The mapping D*M(%, y):R™ =3 R"
D'M(%, 3)(v") = {u" € R" | (u',~0") € Ngnu (%, 3)}
is called the regular (Fréchet) coderivative of M at (%, ¥). The mapping D*M(%, y) : R™ =3 R"
D*™M(x, 7)(0") :={u" € R" | (u",—v") € Ngphm(%, 7)}

is called the limiting (Mordukhovich) coderivative of M at (X, y). Given a pair of directions (u,v) €
R™ x R™, the mapping D*M((%, y); (u,v)) : R™ =3 R", given by

D*™M((%, 9); (w,0))(v") = {u" € R" | (u",—v") € Ngphm((%, 3); (w,0))},

is called the directional limiting coderivative of M at (%, y) in direction (u,v).

In the rest of the section, we recall some well-known continuity and Lipschitzian notions for set-
valued maps and introduce some new ones. As advertised in Introduction, we will mainly focus on
the inner-type properties. In order to define also directional versions of these notions, we employ the
following terminology. Given x, u € R"”, we say that a sequence x; converges to x from direction u if
there exist f | 0 and uy — u with x; = x + truy.

Recall that S : R™ =3 R" is inner semicompact at y with respect to (wrt) Q c R™ if for every sequence
Vi — y with yx € Q there exists a subsequence K of N and a sequence (xy)xex With xx € S(yy) for
k € K converging to some x. Given ¥ € S(¥), we say that S is inner semicontinuous at (¥, x) wrt Q if for
every sequence yy — y with yx € Q there exists a sequence xx — X with xx € S(yx) for sufficiently
large k. If Q = R™, we speak only about inner semicompactness at y and inner semicontinuity at
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(9, %). If we restrict ourselves to sequences y, converging to j from a fixed direction v € R™, we
speak of inner semicompactness and inner semicontinuity in direction v. For more details regarding
these standard notions we refer to [38].

We point out that inner semicompactness is implied by the simpler, more intuitive, local boundedness
condition [44, Definition 5.14]. In fact, local boundedness is often imposed in the development of calculus
instead of inner semicompactness, see [44]. We believe, however, that the boundedness assumption
is slightly misleading, since, as the name suggests, its purpose is to restrict the mapping, while inner
semicompactness, in a sense, says the opposite - be as unbounded as you like, I just need a convergent
subsequence. In Section 3, we will see the impact of these differences when dealing with a multiplier
map.

For the purposes of this paper, it suffices to say that S is outer semicontinuous (osc) if gph S is closed,
see [44, Theorem 5.7]. Hence, when dealing with derivatives of set-valued maps, given as normals or
tangents to their graphs, we will use osc as a standing assumption, since we want the graphs to be
closed.

In Section 4, we will be interested in tangents and normals to sets, which are actually domains of
certain maps. The following lemma shows that inner semicompactness of an osc map guarantees local
closedness of its domain. Clearly, local closedness, defined below, is sufficient for our needs. See [44,
Theorem 5.25 (b)] for a similar result based on local boundedness.

Lemma 2.1. Let S : R™ =3 R” be osc and inner semicompact at y wrt dom S := {y € R™ | S(y) # 0}.
Then, dom S is locally closed around y, i.e, dom S NV is closed for some closed neighbourhood of j.

Proof. By contraposition, assume that for every k the set dom S N (¥ + (1/k)8B) is not closed, i.e., there
exists yx ¢ dom S with ||yx — y|| < 1/k, together with a sequence ( y,lc);’il C dom S such that y,l< - Vi

as | — oo and ||y]lc—j/|| <1/kforalll € N.

,lc IlcOH < ko, then x}(0

must converge to some x, along a subsequence. Since (y]lc(), x]lq)) € gph S and gph S is closed, we infer
(Yky» Xk,) € gph S, which contradicts yi, ¢ dom S. This means that for each k there exists [ such that

Now if there exists kq such that for all [ there exists some x , € S (yIlCO) with ||x

x,lc" € 5( y]lc" ) implies ||x]lc’< || > k. Then, however, we get dom S > y]lc" — jas k — oo and the inner
semicompactness of S yields the existence of x,lf € S(y]lc") converging to some % along a subsequence,

contradicting ||x,l<" || > k. This completes the proof. O

In [4], we needed to strengthen the above continuity properties by controlling the rate of convergence
xr — X. To this end, we came up with inner calmness based on inner semicontinuity. Here we also
introduce the following milder concept of inner calmness®* based on inner semicompactness.

Definition 2.2. A set-valued mapping S : R™ =3 R" is called
(i) inner calm™ at y € R™ wrt Q c R™ if there exists k > 0 such that for every sequence yy — ¥

with y € Q, there exist a subsequence K of N, together with a sequence (xi)rex and x € R”
with xx € S(yx) for k € K and

(2.2) llxx = x| < xllye = PlI;

(ii) inner calm at (3,x) € gph S wrt Q if there exist k > 0 such that for every sequence yx — y with
Yk € Q there exists a sequence xj satisfying x; € S(yx) and (2.1) for sufficiently large k.

As before, if we restrict ourselves to sequences yj converging to y from a fixed direction v € R™, we
speak of inner calmness* and inner calmness in direction v.
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Clearly, we have the implications:

inner calmness®

T

inner calmness inner semicompactness

T~

inner semicontinuity

Note that each of the four inner conditions implies that S(y) # 0 for y € Q near y. While this can
be desirable in some situations, it can also be quite restrictive. For our purposes, however, we will
often consider these properties wrt to the domain of S, adding no restriction at all.

We also consider one important outer Lipschitzian notion. We say that S is calm at (3, x) € gphS,
provided there exists k > 0 such that for every sequence x; — x for which there exists a sequence yy
with xx € S(yx), there exists a sequence Xy satisfying xx € S(y) and

(2.2) ek = Xiell < xllye = Pl

for sufficiently large k. Interestingly, in the definition of calmness, the crucial sequence is xi in the
image space R". By the same token, S is called calm in direction u € R" if the above holds for all
sequences xj converging to x from u. This is also related to the well-known fact that calmness of S at
(3, %) is equivalent to metric subregularity of M := S7! at (%, ).

Finally, we employ the following terminology. We say that S is calm at (y, x) with constant x > 0 if
K satisfies (2.2). The infimum of all calmness constants is called the calmness modulus of S, which is set
to be +oo if S fails to be calm. Naturally, the same applies to inner calmness”* and inner calmness as
well as to the directional versions of these properties.

2.1 ELEMENTARY RESULTS AND OTHER NOTIONS

Calmness and inner calmness are typically defined via neighbourhoods instead of sequences. First, we
show that these definitions coincide.

Lemma 2.3. Let S : R™ =3 R" and (j,%) € gphS. Then

(i) S is inner calm at (j,x) wrt Q with modulus & if and only if & is the infimum of k over all
combinations of k and neighbourhoods V of y satisfying

(2.3) xeS(y)+klly-ylI8 VyevVnQ;

(ii) S is calm at (y,x) with modulus & if and only if & is the infimum of k over all combinations of x
and neighbourhoods U of x satisfying

(2.4) Sy NUcCS(y) +xlly-ylIB VyeR™

Proof. Clearly, if k satisfies (2.3) for some neighbourhood V of j, then it also satisfies (2.1) from the
definition of inner calmness. On the other hand, if x satisfies (2.1), then there exists a neighbourhood
V of y such that (2.3) holds. Indeed, if not, we find a sequence Q 3> y;. — ¥y with

dist(x, S(yx)) > «llyk — VI,

violating (2.1). Hence, the infimum defining modulus equals the infimum from the statement.
The proof for calmness is analogous. O
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Note that calmness is sometimes defined by (2.4) with R™ replaced by a neighbourhood of y. As [12,
Exercise 3H.4] clarifies, these definitions are in fact equivalent. Clearly, calmness and inner calmness
are implied by the so-called Aubin property [44, Definition 9.36].

For the sake of completeness, we write down the neighbourhood-based definition of metric subreg-
ularity.

Definition 2.4. Let M : R® =3 R™ and (%, y) € gph M. We say that M is metrically subregular at (%, ¥)
provided there exist k > 0 and a neighbourhood U of ¥ such that

dist(x, M($)) < xdist(y, M(x)) VxeU.

Next we look into the relation between the standard and the directional versions of the various
calmness properties. We note that our interest in the directional approach stems from its successful
implementation and development in recent years by Gfrerer [15].

Lemma 2.5. Given S : R™ 3 R", j € R™ and Q ¢ R™, let k denote the modulus of inner calmness™ of S
at y wrt Q (inner calmness of S at (y,%) € gph S wrt Q, calmness of S at (J,x)) and let &, denote the
corresponding modulus in directionv € R™ (for calmness &, withu € R"). Then
(2.5) K =maxk, (K=maxk, forcalmness).
veS ueS

Proof. Let k by any constant of inner calmness* of S. Then, clearly, for any direction v we have &, < k
and hence &, < k by the definition of infimum and sup,. g K, < & follows. Naturally, if € = oo, the
inequality holds as well.

On the other hand, let k < &. Then there exists a sequence y, € Q converging to j such that for
any ¥ € R" there exists ko such that for all x; € S(yx) with k > ko one has

llee = x[| > xll ye = ¥l

By passing to a subsequence, however, we may assume that there exists v € S such that (yx — 7)/|| vk —
7|l — v and hence we conclude that k can not be an inner calmness® constant of S in direction v, i.e.,
K < Ky. Thus & < K, holds as well and (2.5) follows.

The proofs for inner calmness and calmness follow by the same steps. O

We point out that (2.5) yields, in particular, that the standard (nondirectional) version of any of the
calmness properties is equivalent to the validity of that property in every direction from the unit
sphere. Indeed, ¥ = +o0 if and only if there exists a direction v with &, = +oo.

We will also use the following relaxed version of inner calmness™.

Definition 2.6. A set-valued mapping S : R™ =3 R" is called inner calm™ at y € R™ in directionv € R™
wrt Q C R™ in the fuzzy sense, if, either v ¢ Tq(), or there exist k, > 0 (constant of fuzzy inner
calmness” in direction v) together with sequences yx € Q converging to y from v and x; € S(yx) and
a point x € R” such that

e — 1| < Koll e — 11

The infimum &, of all such «, is called the modulus of fuzzy inner calmness* in direction v with the
convention that &, := 0 if v ¢ To(y). We say that S is inner calm™ at j wrt Q € R™ in the fuzzy sense,
provided it is inner calm® in the fuzzy sense in every direction v € S.

The case v ¢ Tq () is included because if there is no sequence yx € Q converging to y from v, there is
no requirement to meet. Moreover, it is also needed in order to make sure that inner calmness” in the
fuzzy sense is implied by inner calmness™.

Note also that we do not define the (nondirectional) modulus of fuzzy inner calmness™. The reason
is that, unlike in the case of the other calmness properties, it may happen that a map is inner calm” in
the fuzzy sense in every direction, yet the supremum of the moduli over the unit directions blows up.
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Figure 1: Sketch of set G.

Example 2.7. Consider the set G C R? given as a curve t — (y1(t), y2(t), x(t)) for t € (0, 27] with

1
2r

s

(26) ni(t) = cos(t), y2(£) = sin(t), x(t) = 1 -

see Figure 1. Now let S : R? =3 R be the set-valued map whose graph consists of rays starting from
the origin (0, 0, 0) and passing through the points of G, i.e., gphS = {rG | r > 0}. Consider point
¥y = (0,0). It is easy to see that for any unit direction (cos(t), sin(t)) with t € (0, 27), the modulus of
inner calmness”™ and fuzzy inner calmness* coincide and equal 1/t — 1/(27). Clearly, this quantity goes
to infinity as ¢ goes to 0, while for ¢ = 27 it becomes 0. In fact, this precisely entails the issue with
direction v = (1, 0). Indeed, on one hand it means that S is inner calm* at y in the fuzzy sense (the
modulus in direction v is 0). On the other hand, from Lemma 2.5 we conclude that for the modulus of
inner calmness* we have k = k, = +o0 and hence S is not inner calm™ at j.

Finally, in case of a single-valued mapping ¢ : R™ — R", calmness at j is defined as the existence
of k > 0 and a neighbourhood V' of y such that

(2.7) lo(y) =M <xklly-3ll VyeV,

or, equivalently, the existence of k > 0 such that (2.7), with y replaced by iterates y; of an arbitrary
sequence y;, — ¥, holds for sufficiently large k. If it holds for yi converging to y from a direction o,
we say ¢ is calm at y in direction o. Interestingly, the above definition coincides with the definition of
inner calmness of ¢ at (7, ¢(7)), but not with calmness (due to neighbourhood U) or inner calmness*
(due to not requiring X € S(j)). Naturally, if we restrict ourselves to continuous mappings, all three
notions coincide. Further, ¢ is called Lipschitz continuous near y if the inequality

le(») =) <xlly=y'IIVy.y €V
is fulfilled with k > 0 and V being a neighbourhood of j.

3 INNER SEMICOMPACTNESS AND INNER CALMNESS™

The role of inner calmness™ as an assumption is highlighted in the next section dealing with the calculus
rules. In this section, we discuss two interesting cases when it is satisfied. In both cases, we first prove
some basic result in terms of inner semicompactness, which gets improved to inner calmness* (in the
fuzzy sense) after we add suitable polyhedrality assumptions.
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3.1 POLYHEDRAL SET-VALUED MAPS

We begin by the simple example showing the limitations of inner semicontinuity and inner calmness,
namely, that the lack of convexity of the graph can easily lead to violation of these properties.

Example 3.1. Let S : R = R by given by

0 fory<o,
S(y)_{l fory > 0.
It is easy to see that S is not inner semicontinuous at (y,%) = (0,0), due to yx := 1/k — y and

S(yx) =1+ 0,orat (,%) =(0,1), due to yx :=-1/k = jand S(yx) =0 A 1.

On the other hand, S is clearly inner semicompact (even inner calm®) at j. Indeed, given a sequence
Yk — J, we can choose X to be either 0 or 1, depending on which of the two values is attained by S(yx)
infinitely many times.

Next, consider amap S : R™ =3 R” whose graph is a finite union of sets G; fori = 1,.. .,/ and denote
by S; the maps with gph S; = G;, referred to as the components of S. If G; are closed, i.e., components
S; are osc, then so is gph S and hence S is also osc. We will now show that the properties of inner
semicompactness and inner calmness” are also preserved under finite unions.

Lemma 3.2. Given a map S : R™ =3 R", assume that its components S; are inner semicompact (inner
calm®) at y € R™ wrt todom S;. Then S is inner semicompact (inner calm™) at y wrt to its domain.

Proof. Let yr — y with y; € dom S. By passing to a subsequence if necessary, we may assume that
there exists i with y € dom S; for all k. The inner semicompactness (inner calmness®) of S; yields the
existence of a sequence xi € S;(yx) converging to some x (and x; > 0 with ||x; — x|| < x;l|yx — P
Since xj € S(yx), the claim follows (with k := max;—; __; k;). O

The question is how to apply this lemma. It is known that mappings with convex graphs are inner
semicontinuous at any (j, ¥) with y in the interior of the domain [44, Theorem 5.9(b)]. The following
example shows, however, that even a map with closed convex graph and domain may fail to be inner
semicompact wrt its domain at every point of the boundary of domain.

Example 3.3. Consider again the set G C R® from Example 2.7. Now let S : R? =3 R be the set-valued
map whose graph is the closure of the convex hull of G. Note also that the domain of S is the closed
unit ball. We claim that S is not inner semicompact at y = (1,0) wrt to dom S. Indeed, consider a
sequence f; | 0 and set yx := (cos(fx), sin(tx)) — 3. We will show that there is no xx € S(yx) with
Xk < 1/tx — oo. To this end, for every k we construct a halfspace containing set G but no (yk, xx) with

xp < 1/t Set qx = t7(1/tx — 1/(27)),
b = (sin(tk) + qr cos(tx), 1 — cos(tx) + g sin(ty), —t,f(l - cos(tk)))
and consider the halfspace
Hi = {z € R® | (b, z) < sin(t) + qx cos(tx)}.

Clearly, (1,0,0) € Hj.. Moreover, let us explain that G € Hy, i.e., that every point (y, x) of the form
(2.6) also belongs to Hj.. Consider the function

hi(t) := (b, (cos(t), sin(t),1/t — 1/(2r))).

A simple computation yields hg (tx) = sin(t;) + gx cos(#x). Thus, it suffices to show that hy attains its
global maximum over (0, 27| at t;. Since

hy(t) = (bg, (= sin(t), cos(t), -1/t?)) and b (t) = (bg, (= cos(t), - sin(t), 2/1%)),
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we get by (tx) = 0 and b}/ () = —(sin(#k) + qx + 2(1 — cos(#x))/t) and thus h/(tx) < 0 for t < .

In order to see that this maximum is not only local, note that hy(t) — —oco as ¢t | 0 while hi(27) =
sin(ty) +qx cos(tr) = hi(x). Without going into details, taking into account properties of the functions
defining hy, we deduce that there is only one more stationary point of hx in (0, 27], corresponding to
a local minimum. Thus, the maximum at #; is global.

Finally, since —t,f(l — cos(tx)) < 0 for tx € (0,2x), a point (yk, x) belongs to H if and only if
x > 1/t,. Since gph S is the intersection of all the closed halfspaces containing G by [43, Corollary
11.5.1], we conclude that there is no x; € S(yx) with x; < 1/t;. Hence, S is not inner semicompact at y
wrt to dom S.

We forgo the details of applying the above lemma to a map whose graph is a union of general
convex sets, since the result inevitably suffers from the limitations to the interiors of the domains of its
components. Instead, we look into polyhedral mappings. Recall that a set D c R? is said to be convex
polyhedral if it can be represented as the intersection of finitely many halfspaces. We say that a set
E c R? is polyhedral if it is a union of finitely many convex polyhedral sets. A set-valued map is called
(convex) polyhedral, if its graph is a (convex) polyhedral set.

In the polyhedral setting, there is no problem with the points on the boundary of the domain.
Indeed, the prominent result of Walkup and Wets [45], see also [44, Example 9.35], says that a convex
polyhedral map S is Lipschitz continuous on its domain, i.e., there exist ¥ > 0 such that

S(y') cS(y)+xlly’ - ylIB Vyy' €domS.

Since this property is obviously stronger even than inner calmness at any point, we obtain the following
result. For the sake of completeness, we include also the well-known result regarding (outer) calmness
due to Robinson [42], who used the name upper Lipschitzness. We point out that the calmness below is
not localized to a point &, since there is no neighbourhood U as in (2.4).

Theorem 3.4 (Two-sided calmness of polyhedral maps). Let S : R™ =3 R” be a polyhedral set-valued
map. Then there exists a number k > 0 such that for every j € dom S, S is inner calm™ with constant k
wrt dom S at y as well as calm with constant k at y, i.e.,

S(y) cS() +xlly - ylIB

holds for all y near 3.

Note that, in inner calmness* we have found a suitable inner Lipschitzian property which, from the
Lipschitzness of convex polyhedral maps, extends to polyhedral maps. The key reason is that inner
calmness™ is based on inner semicompactness, which is preserved under finite unions.

3.2 MULTIPLIER MAPPINGS

In [23, Proposition 4.1], Gfrerer and Outrata showed the following interesting result.

Proposition 3.5. Let M : R"™ =3 R™ be a set-valued mapping having locally closed graph around (x, y) €
gph M and assume that M is metrically subregular at (x, j) with modulus k. Then

(3.1) Ny (x) € {x* | 3y € kllx™(|B : (x*, ¥") € Ngpnm(x, 37)}

In fact, [23, Proposition 4.1] contains, apart from the additional result for the tangent cone, the stronger,
directional, estimate. For our purposes, however, the important part is the bound ||y*|| < «||x™||. Let
us mention that the idea that metric subregularity yields this bound appeared already in the proof
of [27, Theorem 4.1]. Moreover, similar arguments were also used in [7, Lemma 3.2] in the setting of
nonlinear programs.
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Corollary 3.6. In the setting of Proposition 3.5, metric subregularity of M at (x, y) implies inner semicom-
pactness of the mapping

A(x,x") = D"M(7,2)(=x") = {y" | (x",y") € Ngphm(x, 7)}
at (x,x*) wrt gph Nyr-1(3) for every x* € Ny-1(3) (x).

Proof. Suppose (xk, x;) — (x,x*) with x; € Ny-1(3) (xx ). Metric subregularity of M at (x, y) implies
metric subregularity of M at (xy, y) for all sufficiently large k with the modulus x” independent of k (see,
e.g., [16, Lemma 2] with u = 0 and y = 1). Hence, Proposition 3.5 yields the existence of y; € A(xk, x})
with [|y[| < x’[|x{]|. In particular, by passing to a subsequence we may assume that y; — y* for some
y*, showing the inner semicompactness of A. O

For the constraint mapping M(x) = ¢(x) — Q, where Q € R™ is a closed set and ¢ : R” — R™ is
continuously differentiable, (3.1) gives the standard pre-image calculus rule

(3-2) Ne(x) € Vo(x) No(¢(x))

where C := M71(0) = ¢71(Q), see, e.g., [4, Lemma 6.1]. Moreover, denoting f(x) = V¢(x), the
(multiplier) mapping A attains the standard form

Axx%) = {A € No(p(x)) | f(x)TA=x"},

where we use A instead of y* to denote the multipliers.

Remark 3.7 (On inner semicompactness of the multiplier mapping). In the area of second-order analysis,
one often deals with a sequence x; € N,-1(¢) (xx). Under metric subregularity of ¢(x) — Q, one gets
the existence of suitable multipliers Ak, but needs to find also a limit multiplier A « Aj. Hence, many
authors used to assume boundedness of the multipliers, for which they had to impose some stronger
conditions, such as the generalized Mangasarian-Fromovitz constraint qualification (GMFCQ), see also
[18] for more subtle approach. Thanks to the inner semicompactness of A from Corollary 3.6, however,
we know that metric subregularity alone is sufficient for this task. This fact has already been utilized
in several recent works, see, e.g., [3, 5, 19, 20].

We conclude this section by showing that A is even inner calm* (in the fuzzy sense) provided Q is
polyhedral. The following lemma will be essential for our proof.

Lemma 3.8. Let D be a convex polyhedral set and let Z* € Np(Z). Then there exists a neighbourhood O of
0 such that

(33)  (gphNp - (22)) N0 = {(w,w") | w e Kp(z2"),w" € (Kp(22"))", (w,w") =0} N O,
where Kp(z,z*) := Tp(z) N [z*]* stands for the critical cone to D at (2, z*).

Proof. The reduction lemma [12, Lemma 2E.4] yields the existence of a neighbourhood O of 0 such that
(3.4) (gph Np = (2,2)) N O = gph N, (22 N O,

and [12, Proposition 2A.3] gives the description of gph Ny, (z z+). O

Theorem 3.9. Let (x, x*) € gph N¢ for C = ¢~'(Q) with twice continuously differentiable ¢ and assume
that the constraint mapping M(x) = ¢(x) — Q is metrically subregular at (x, 0).

(i) If Q is Clarke regular near ¢(x) (which is the case if Q is convex), then A is inner semicompact at
(x,x*) wrt its domain.
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(ii) If Q is convex polyhedral, then A is inner calm™ at (x, x*) wrt its domain in the fuzzy sense.

(iii) Given (u,u*) € S, if Q is convex polyhedral and the system ¢(-) € Q is non-degenerate at x in
direction u, i.e.,

(3:5) B(x)TA =0, X € sp Np,(pi) (Vo(x)u) = A=0,
then A is inner calm™ at (x, x*) wrt its domain in direction (u, u*).

Proof. The first claim follows from Corollary 3.6 once we justify the use of dom A instead of gph Nc.
Due to the Clarke regularity, however, we obtain Ng(¢(x")) = Ng(¢(x’)) for x” near x and [44,
Theorem 6.14] then yields that

B(x) No(p(x)) = B(x") No(p(x")) € Ne(x').
Moreover, the opposite inclusion is also true, taking into account (3.2) and the fact that M is subregular
also at (x’, 0) as argued in the proof of Corollary 3.6. Hence, locally around (x, x*), one has dom A =
gph Nc.
To show the second one, assume that Q is convex polyhedral and consider a sequence (x, x;) €

dom A converging to (x, x*) from a direction (u,u*) € S, i.e,,

(ks x3) = (26, x7) + te (uge, )
for some #; | 0 and (ug,u;) — (u,u"). The inner semicompactness of A wrt dom A from (i) yields the
existence of 14 € No(@(x + truy)) with

x* + tkuz = ﬁ(x + tkuk)T/ik

as well as 1 € Np(¢(x)) with x* = f(x)T A such that Le = A. Moreover, the Taylor expansion gives

I — A
tk

(3.6) p(0)" = u = V(4 B) (x)u +o(1).

Employing Lemma 3.8 and denoting K := Kp(¢(x), 1) we infer

(3.7) o(x + trup) —p(x) €K, A=A e K°, (p(x+tiug) — o(x), k= 1) = 0

for sufficiently large k. Thus, 7 := KN [/ik — Al* is a face of the critical cone K, see [12, p. 258], with
@ (x + trur) — p(x) € F. Since there are only finitely many faces of a polyhedral cone, we may assume
that F;, = ¥ and, in particular, we have

(A =)/t € K° 0 (sp F)™.
Hence, we can now invoke Hoffman’s lemma [6, Theorem 2.200] to find for every k some n; €
K° N (sp F)* satisfying
A=A
Ik

p) i = px)T

and [|ng|| < 0{||,B(x)T(ik — M)/t || for some constant & > 0 not depending on k. Since the right-hand
side of (3.6) is bounded, so is nx and by possibly passing to a subsequence we can assume that
converges to some n € K° N (sp )~ satisfying

BT =u" = V(A B (x)u
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by (3.6). Since n; € K° N (sp F)* we see that (3.7) remains true with ik — A replaced by f;ng. Conse-
quently, Lemma 3.8 yields that for sufficiently large k we have

(@(x + trug), A + temi) = (@(x), A) + (@(x + trug) — @(x), tknx) € gph Np.

Hence, setting Ay := A + i, for any x (1) > [|n]] we get

7l " . ] :
(3.8) Ak = All = [ lite = mII(Xk,xk) = (6 )| < K 1 Ger x3) = (6, x|l
>k

for k large enough, since ||(uk, u)|| — 1and |[nxll — [7]|-
Finally, denoting

xp = PO+ i) A = BOO)TA+ 1 (B() i + VA BY()u) + o(ti) = x™ + trug + o () = xj; + (1)

yields, in particular, that (xg, 5(,’?) converges to (x, x*) from direction (u, u*). Hence, the inner calmness®
of A in direction (u,u*) in the fuzzy sense with the modulus not greater than ||5|| follows. Since
direction (u, u*) was arbitrary, Lemma 2.5 yields the inner calmness® in the fuzzy sense of A.

The third statement can now be shown easily. If x; = x for infinitely many k, in the previous
argument we actually get

Iy
) i = /J’(x)TkT = uj.
Then, however, we obtain
Bx) A = x* + teup = x;,

which means that the new multipliers A correspond to the same x; and this implies the inner calmness”
in direction (u, u*).

On the other hand, if x; # x for infinitely many k, we conduct the same arguments as in case (ii)
and then show that we can in fact use the original multipliers Ak To this end, note that Ak - A €
sp No(¢(x + truy)) and thus [5, Proposition 2.14] says that the assumed directional non-degeneracy
yields the existence of > 0 such that

1Ak = Akll < all B + )T (Ak = Al = ellx — %5l = o(tx).
Consequently, we obtain
1Ak = All < 1Ak = Al + 1A = Aell < Nmellte + o(tx) = (lmwll + 0 (1)) ti

and we infer that 1, also satisfies the inner calmness* estimate (3-8) for any k() > [In]| due to
Ikl +0(1) — lInll. O

Remark 3.10. Let us briefly comment on the above results.

1. We only used the fact that f(x) := Vo(x) in the proof of (iii). More precisely, we only used the
feature of non-degeneracy from [5, Proposition 2.14]. Looking into the proof of this proposition,
however, it is clear that the result remains valid under assumption (3.5) even if f(x) # Vo(x). In
such case, it is not appropriate to call this assumption non-degeneracy of ¢(-) € Q, naturally.

This means that for arbitrary sufficiently smooth function f(x) it holds that A(x, x*) is inner
calm™ at (x, x*) wrt its domain in the fuzzy sense, provided A is inner semicompact at (x, x*) wrt
gph N¢ and Q is convex polyhedral and it is even inner calm* in direction (u, u*) if (3.5) holds
as well. This enables us to handle the parametrized setting in Section 5 with ease.
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2. As already mentioned, in order to replace the inner semicompactness in (i) by local boundedness,
one has to impose a stronger assumption, such as GMFCQ. Moreover, in order to obtain analogous
results in terms of inner semicontinuity and inner calmness, one can, e.g., assume uniqueness
of the multiplier. In turn, one needs to strengthen the assumption even more and require, say,
the standard non-degeneracy from [6, Formula 4.17], which corresponds to (3.5) with u = 0.
Directional non-degeneracy was introduced in [5, Definition 2.13] and it is strictly milder than
the standard one, see the example below.

3. If (w,u™) = (0,u*) € S in (iii), (3.5) becomes the standard non-degeneracy assumption. Since
u* € DNc(x,x*)(u), such directions exist if and only if the normal cone mapping N¢ is not
isolatedly calm at (x, x¥).

4. Finally, note that our proof follows the arguments from the proof of [5, Theorem 5.3].

The following example comes from [5, Example 2.15].

Example 3.11. Consider the constraint system ¢(x) < 0 given by
X1—=X4 20, =x1—x4 50, x0—x4 <0, —=x2 — x4 <0, x3+x12—x4 <0, —x3—x4 <0

and the point x = 0. We have ker qu()'c)T =R(1,1,0,0, -1, -1)T+R(0,0,1,1, -1, —1)T. Denoting Q := R®
yields Ng(¢(%x)) = RS and so sp No(¢(%)) = R®, implying that the system is degenerate. Moreover,
the so-called constant rank constraint qualification is clearly also violated at x.

On the other hand, MFCQ holds &, as can be seen from ker Vo(x)T N No(e(x)) = {0}. More
interestingly, however, let us explain that the system is actually non-degenerate in every non-zero
direction. Given a direction u with Vg(x)u < 0 and denoting 7 (u) := {i | V¢;(*)u = 0}, we
have sp Nz, (y(x)) (Vo (x)u) = {1 € R® | A; = 0,i ¢ 7(u)}. Thus, non-degeneracy in direction u is
equivalent to the linear independence of the gradients Vo;(x), i € 7 (u). Foru # 0, Vo (%)u < 0 readily
implies that u4 > 0, since u4 < 0 is not possible and u4 = 0 enforces u = 0. Hence, 7 (1) can never
contain 1 and 2 simultaneously, 3 and 4 simultaneously or 5 and 6 simultaneously, which ensures the
linear independence of Vg;(x), i € I (u).

Consequently, the above theorem yields that A is inner calm* at (%, ") wrt its domain for any
x* e Nq,—l(Q) ().

4 SELECTED CALCULUS RULES

In this section, we show some new calculus rules based on (fuzzy) inner calmness™ with focus on the
primal objects (tangents and graphical derivatives).

4.1 TANGENTS AND DIRECTIONAL NORMALS TO IMAGE SETS

In this section, we deal with the rules for image sets, which provide the base for all of the remaining
calculus. Given a closed set C ¢ R" and a continuous mapping ¢ : R” — R, set Q := ¢(C) and
consider y € Q. Moreover, let ¥ : R! =3 R” be given by ¥(y) := ¢~'(y) N C and note that dom ¥ = Q
and gph ¥ = gph ¢! N (R! x C). Hence gph ¥ is closed by the properties of ¢ and C and, recalling
Lemma 2.1, we suppose that ¥ is also inner semicompact at y wrt dom V.

Theorem 4.1 (Tangents to image sets). If ¢ : R" — R! is calm at some % € ¥(3), we have
Te(x) € {u | v € Tp(y) withv € Do(x)u}.
On the other hand, if ¥ is inner calm™ at j wrt dom ¥ in the fuzzy sense, then

To(y) C U {v | Ju € Te(x) withv € Do(x)u}
xe¥(y)
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and, moreover, if there exists X € Y(y) such that ¥ is inner calm at (j,x) wrt dom ¥, then the estimate
holds with this x, i.e., the union over ¥ () is superfluous.

Proof. Pick u € Te(x). We will show a slightly stronger statement, namely that Do(x)u N To(y) # 0,
provided ¢ is calm at X in direction u. Indeed, consider t; | 0 and ux — u with X+t u € C and observe
that

(4.1) Q 3 o(x + trug) = y + tox,

where vy := (¢ (X + tyur) — )/t is bounded by the assumed calmness in direction u and we may
assume that v — o for some v € Tp(y). Moreover, (4.1) can be written as (X + txug, y + tror) € gph o,
showing also v € Do (x)u.

Consider now v € Tp(y). The inner calmness™ of ¥ at j wrt dom¥ = Q in the fuzzy sense in
direction v yields the existence of t | 0, vp — 0 with y + tror € Q as well as x; € C and x with

¥+ top = @(xx) and |lxx — x| < Koty ||okl|

for some k, > 0. This means, however, that (£ + trug, y + tyox) € gph ¢ for the bounded sequence
uy = (xx — X) /1t and the existence of u € To (%) with v € Do(x)u follows. Finally, the closedness of C
and the continuity of ¢ imply ¥ € ¥(7).

The last statement now follows easily from the definition of inner calmness. O

If ¢ is differentiable, Dp(x)u = {V@(x)u} is a singleton and we obtain the following simpler
estimates.

Corollary 4.2 (Tangents to image sets - differentiable case). If ¢ is continuously differentiable, then

To(3 > | Ve®®).
xe¥(y)

The above inclusion becomes equality if ¥ is inner calm™ at j wrt dom ¥ in the fuzzy sense.

In [44, Theorem 6.43], the upper estimate for Ty () is obtained only in quite a special setting, namely
for C convex and ¢ linear. As the previous section shows, our approach is applicable in a much broader
context. On the other hand, our result also does not cover the estimate from [44, Theorem 6.43], which
reads

(4.2) To(9) = cl (p(Tc(%))) for every x € ¢~ (9) N C.

To see this, consider again the mapping S from Example 3.3 and set C = gph S, Q = dom S,i.e.,Q = ¢(C),
where ¢ is just the projection: ¢(x) = y for x = (y,2) € R? x R. While this setting fits into [44,
Theorem 6.43], Corollary 4.2 cannot be applied. Indeed, among the standing assumptions, we ask ¥ to
be inner semicompact at j, but it is not since ¥(y) = {y} X S(y) and S is not inner semicompact at ¥,
as clarified in Example 3.3.

Let us look more closely into the two approaches. Since it is not essential for our argument, however,
we omit the details. For y = (1, 0), we clearly have Tp(y) = R_ X R, since Q is the closed unit sphere.
On the other hand, one can show that S(7) = R,, and thus ¥(§) = ¢'(y) N C = {$} X R, and

o(Te(3,2) ={veR?* | Iwe R : (o,w) € Te(3,2)} = {(0,0)} U {o € R? | v; < 0}

for any z € R,. This shows the importance of the closure in (4.2). Moreover, it also shows that
the estimate from Corollary 4.2 is actually false, since vectors (0,+1) € Tp(¥) do not belong to

Vo (x)Tc(x) = ¢(Tc(x)) for any x = (3,2) € Y ().
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Naturally, the estimates for directional normals to image sets from [4, Theorem 3.2] can also be
enriched by the inner calmness” assumption. The next theorem shows how these estimates differ based
on the assumption used. Given a direction v € R, let us denote

2(v) ={y" | D"o(%; (u,0))(y") N Ne(x;u) # 0}.

Trivial modifications of the proof of [4, Theorem 3.2] yield the following result.
Theorem 4.3 (Directional normals to image sets). Consider a direction v € R! and assume that ¢ is

Lipschitz continuous near every x € ¥(3). Then
(i) if ¥ is inner semicompact at j wrt dom ¥ in direction v, one has
Nopoe J( U souv |J =0)
xe€¥(y) ueD¥(j,x)(v) ueDY(y,%)(0)NS
and the union over Y () is superfluous if ¥ is inner semicontinuous at (y,x) wrt dom ¥ in v;

(ii) if' ¥ is inner calm™ at y wrt dom ¥ in v, one has

No(movc | ) [ 1 I D' o) (y) N Ne(xu) # 0}

x€¥(y) ueD¥(3,%)(v)
and the union over Y () is superfluous if ¥ is inner calm at (,%x) wrt dom ¥ in v.
In fact, ¢ needs to be Lipschitz continuous only in relevant directions, see [4, Theorem 3.2]. The

following example shows that inner calmness” in the fuzzy sense is not enough for (ii).

Example 4.4. Let C € R® be given by
C=R_XRx{0} U {x=(x,x2x3) | x1 >0, x2 =1, x3 =Vx2},
let ¢ : R®* — R? be given by ¢(x) = (x1, x2) and set

Q:=¢(C) =R_XR U {(x1,x2) | x>0, x5 = vx1}.

In order to be consistent with our notation, we use y for (xi, x2). First, we claim that

P(y) =9 (y)NC={x=(y.x3) | x€C}

is not inner calm* at y = (0, 0) in direction v = (0,1) wrt Q, but in the fuzzy sense, it is.
Indeed, the sequence Q 3 y* = (1/k?,1/k) = (0,0) +1/k(1/k, 1) converges to j from v, but ¥(y*) =
(1/k%1/k,1/¥k) — (0,0,0) = ¥(§) = % and thus

e () =¥ I/NY* - 7l = Vi — .

On the other hand, the sequence Q 3 7* = (0,1/k) = (0,0) + 1/k(0,1) also converges to y from v with
¥ () = ¥(7).

We have y* = (-1,0) € Np(3,0). The only direction u € Te(x) = R_ xR x {0} U {0} x {0} x R,
with Vo(%)u = 0, however, is u = (0,1,0) and Vo (%) y* = (=1,0,0) ¢ Ne(x;u) = R, x {0} x R. This
shows that the estimate from (ii) does not hold.

In the remaining part of this section we will use the above results to derive other calculus rules
for graphical derivatives of set-valued mappings. Let us just mention that one can also obtain the
corresponding estimates, based on inner calmness®, for the dual constructions defined via directional
normals, such as the directional subdifferentials of value (or marginal) functions, see [4, Theorem 4.2],
or the directional coderivatives of compositions or sums of set-valued maps, see [4, Theorems 5.1 and

5.2].
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4.2 CHAIN RULE AND SUM RULE FOR GRAPHICAL DERIVATIVES OF SET-VALUED MAPS

Let us begin with the chain rule. To this end, consider the mappings $; : R” =3 R™, S, : R™ 3 R®
with closed graphs, i.e., S; and S, are osc, and set S = S, 0 S;. Let (%,2) € gph S and (u, w) € R" X R*®
be a pair of directions. Finally, consider the “intermediate” map = : R” X R® =3 R™ defined by

E(x,2) =Si(x) NS, (z) ={y € Si(x) | z€ Sa(y)}.

Following the approach from [44, Theorem 10.37] one has

(4-3) domE = gph S = ¢(gphE), gphE =¢ '(gphS; X gphS,),

where ¢ : (x,2,y) — (x,2z) and ¢ : (x, 2, y) — (x, ¥, y, z). This suggests applying first the image set
rule from Corollary 4.2 and then the pre-image set rule.
Note also that
Y(x,2) = ¢ (x2) NgphE = {(x.2.y) | y € E(x 2},

so it is not surprising that the fuzzy inner calmness* assumption, needed for the image set rule, can be

imposed on E, instead of ¥. As before, we note that gph = is closed by continuity of ¢ and osc of S;

and S,. Taking into account Lemma 2.1, let us assume that = is inner semicompact at (%, z) wrt dom =.
On the other hand, for the pre-image set rule we will need metric subregularity of the mapping

gphsl - (x: )/) ] )

F(x,z,v) :=gphS; X gphS; — ¢(x,2z,y) =
(x,2,y) = gph 51 X gph S; — $(x, 2, y) [gphSz—(y,z)

Theorem 4.5 (Chain rule for graphical derivatives). If E is inner calm™ at (%,z) wrt dom = in the fuzzy
sense, then

(4.4) DS(x2) ¢ | ] DSu(3.2)0DSi(% 7).

JEeE(X,2)
On the other hand, for any y € Z(%, 2),
(4.5) DS,(3,2) o DSi(x, y) € DS(%,2)
holds provided F is metrically subregular at ((X, y, z), (0,0)) and

(46) (u, 0,0, W) € TgphlegphSZ (.7?, )7; )_}; 2) — (u, U) € Tgphsl (X.y J_/); (03 W) € TgphSZ ()73 2)

Proof. Instead of proving the two estimates one by one, we rather propose a proof that emphasizes the
role of the graphical derivative of =. To this end, recall (4.3). First, we claim that, given j € Z(%, z) and
v € DE((%,2), 7)(u, w), we have

w € DS(%,z)(u) and w € DS;(3,2) o DS1(%, ) (u).

Indeed, since (u, w) = Vo(X, j, Z) (1, v, w), Corollary 4.2 yields w € DS(%, Z) (v). On the other hand,
Vé(x,9,2)(u,0,w) = (u,0,0,w) and [44, Theorem 6.31] implies (v, v,0, w) € Tgph s, xgph s, (X, ¥ J» 2).
Hence, w € DS,(3,Z) o DS (%, y)(u) follows from the forward implication = of (4.6), which always
holds by [44, Proposition 6.41].

Note that we have used the image set and the pre-image set rule, but we have not needed any of the
assumptions. The assumptions are in fact needed to get y € E(%,2) and v € DE((&, 2), ) (u, w).

Consider w € DS(%, z) (u). Thanks to the fuzzy inner calmness® of =, Corollary 4.2 precisely gives
y € 2(%,2z) and v € DE((X, 2), y)(u, w) and (4.4) follows.

Given now w € DS,(3,%) o DSi(%, y)(u), using (4.6) and then the subregularity of F (which is
equivalent to the calmness of F~!), [28, Proposition 1] again yields v € DE((%, 2), 7) (u, w). O
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We point out that the subregularity assumption and (4.6) can be replaced by asking directly for the
implication

(4.7) w € DSy(3,2) o DS1(%, ) () = Tv € DE((%,2), ) (u, w).

Thus, if this is satisfied for every y € Z(%, Z), we get the exact chain rule

DS(x.2) = | | DSu(3,2) o DSi(% 3).

VEE(X,Z)

Note that in [44, p. 454], the authors argue that it is difficult to obtain a reasonable chain rule for
graphical derivatives, since the image set and pre-image set rules for tangent cones in general work in
“opposite direction”, see [44, Theorems 6.31 and 6.43]. More precisely, the upper estimate of the tangent
cone to image set in [44, Theorem 6.43] was obtained only under quite restrictive assumptions, see the
discussion after Corollary 4.2. Here we see that it can be done using (fuzzy) inner calmness*, which
can be applied in relevant situations, as the previous (and even more so the next) section shows.

Next we briefly discuss the situation when one of the mappings is single-valued.

Corollary 4.6. If S; is single-valued and calm at x, then DS(x,z) C DS3(51(%),z) o DS;(%). If S; is even
differentiable at %, the opposite inclusion holds as well provided the map

(x,2,y) 3 (Si(x) = y) x (gph Sz = (3. 2))
is metrically subregular at ((%, Z, $1(%)), (0,0, 0)).

Proof. If S; is single-valued and calm at %, then =, given by Z(x,2z) = Si(x) if z € S3(S1(x)) and
E(x,z) = 0 otherwise, is single- (or empty-) valued and inner calm at (%, Z) € gph S. This shows the
first statement.

To prove the second, let us first argue that (4.6) holds for differentiable S;. Indeed, given (u, v, w)
with v = VS;(%)(u) and (v, w) € Tgpps,(S1(X), 2), consider t; | 0, (vx, wx) — (v, w) with Z + tpwy €
S2(851(%) + tror). We get S1(X + tyu) = S1(%) + 30k for o = VS(¥)u + 0(1) — 0. Thus

(%, 51(%), S1(%), 2) + ti (u, Ok, vk, W) € gphS; X gph S,

and (4.6) follows. Finally, it is known and easy to check that the assumed subregularity is equivalent
to the subregularity required by Theorem 4.5 (instead of gph S; — (x, y) we use S;(x) — y). O

Corollary 4.7. Assume that S; is single-valued. Then (4.4) holds if = is inner calm™ at (x,Z) wrt dom E in
the fuzzy sense. On the other hand, given y € Z(X, Z), (4.5) holds if S, is differentiable at 3.

Proof. We show that if S, is differentiable at y, (4.7) holds. Consider (u,v, w) with (u,0) € Tgpns, (X, )
and w = VS,(7)(v) and let t. | 0, (ug, vx) — (u,0) with y + tyog € Si(X + trug). We get So (7 + trox) =
S2(7) +tiwg for wi = VS,(7)v+0(1) — w. Thus (X, Z, ) + tx (ur, wi, vr) € gph Z and (4.7) follows. O

Before we present the sum rule, we propose an auxiliary result, interesting on its own. Consider
two osc mappings S; : R” =3 R™ fori = 1,2 and let £ : R" 3 R™ X R™ be given by P(x) =
Si(x) X Sy(x). Note that P = S, o F; for F; : x — (x,x) and S, : (q1,q2) =3 S1(q1) X S2(q2) and fix
(%, ) = (, (31, 32)) € gphP.

Proposition 4.8. We have
DP(x,y) € DSi(x, 1) X DS, (%, y2)

and the opposite inclusion holds if the mapping

(4.8) (x,%,.9) 3 ((x,x) = (q1,92)) X (gph S1 — (g1, y1)) X (gph Sz — (g2, ¥2))
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is metrically subregular at ((%, , (%, %)), (0,...,0)) and we have
(49) TgphlegphSZ (X.ﬁ J_/l; X‘, )_}2) = Tgph51 (X', )_}1) X Tgpl’lSZ (X', )_}2)
This is true, in particular, if one of the mappings Sy, S, is single-valued and differentiable at x.

Proof. Since x — (x, x) is differentiable and

gphSo = {(q1, q2. y1. y2) | (q1, y1) € gph S, (g2, y2) € gph S2} = o(gph S; X gph Sy),

where ¢ merely permutes the variables, Corollary 4.6 readily yields the estimates.

If one of the maps is single-valued and differentiable, (4.9) follows by the same arguments as used
in the proof of Corollary 4.6. Moreover, the subregularity of mapping (4.8) is implied by its metric
regularity, which reads

x; € D*S1(%,51)(0), x5 € D*Sy(%, 72)(0), x;+x;,=0 = xi,x;=0,
see e.g. [4, page 737]. This is clearly true if one of the maps is single-valued and differentiable. O

Mapping # naturally appears whenever one is dealing with a mapping given by some binary
operation, as we will see next. In order to state the sum rule, let Sj, S, be as before but with m; = my, = m
and consider S = S; + S; and (x,zZ) € gphS. Clearly S can be written via  as S = F, o P for
Fy : (¥1, ¥2) — y1+ ¥2. Thus, the following result follows from Proposition 4.8 and Corollary 4.7, where
the corresponding “intermediate” mapping = : R” X R™ =3 R™ x R™ is given by

E(x,2) = P(x) ﬂFz_l(z) ={y=(y,y2) €e R"XR™ | y1 € S1(x), y2 € So(x), y1 + y2 = z}.

Theorem 4.9 (Sum rule for graphical derivatives). If Z is inner calm™ at (x,Z) wrt dom E in the fuzzy
sense, then

(4.10) DS(x,z) C U DSi(%, 31) + DSa(X, 7).
JEE(%,2)
Given j € (%, Z) such that the mapping (4.8) is metrically subregular at ((%, y, (x,%)), (0,...,0)) and

(4.9) holds, we have
(4.11) DSy (%, y1) + DS2(%, y2) € DS(%,2).
In particular, if S, is single-valued and differentiable, we get

DS(x,z) = VS1(X) + DSy(%,Z — 51(%)).

We conclude this section by another application of map %, namely a product rule, where S = S; - S,
for an osc mapping S, : R* = R™ and a single-valued and differentiable S; : R” — (R™)!. More
precisely, S;(x) is a matrix of m rows and ! columns and so

s@= ) s®@y= |J 0@ =Forx)
YES2(x) YES2(x)

for F5 : (R™)! x R™ — R! given by F(4, y) = AT y. Taking into account the single-valuedness of S;,
instead of P (x) NF;!(z), we can use the following simplified “intermediate” mapping = : R"xR! =3 R™,
given by

(4.12) E(x2) = {y € (%) | Six)Ty =z},

Let (%,2) € gph S and (u, w) € R" x R! be a pair of directions. We also provide estimates for the
coderivatives, since they are new and, more importantly, we will use them in the next section.
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Theorem 4.10 (Product rule). If§ is inner calm* at (%, z) wrtdom E in the fuzzy sense, then

DS(x2)w) = | ] V(55 @)u+8(2)DS,(%, 5) (w).

JEE(%,2)
Moreover, if 2 is inner calm™ at (X, Z) in direction (u, w) wrt dom E, then

D'S((x,2): (ww)(z) | g V{7, S)(%) 2" + D*Sy((%, 7); (4, 0)) (S1(%)z")

y€E(x.2) veDE((%,2),7) (1,w)
holds for all z* € R!. Finally, under just the inner semicompactness ofé, we have

D'S(x2)() c | V(S +D'S(% 5) (5i(2)2").

yEeE(%,2)

Proof. The statement about the graphical derivative again comes from Corollary 4.7 and Proposition
4.8, taking into account the simple structure of Fs.

On the basis of Theorem 4.3, mimicking the approach from [4, Theorem 5.1], one can derive the
chain rule for the directional coderivatives based on inner calmness*, which looks like [4, formula (26)],
but without the additional union (see the difference between the estimates in (i) and (ii) of Theorem
4.3). The proof then follows by applying [4, Corollary 5.1] and the corresponding inner calm™ version
of [4, Corollary 5.2]. O

5 APPLICATION: GENERALIZED DERIVATIVES OF THE NORMAL CONE MAPPING

In this section, we apply the proposed calculus rules to compute the graphical derivative of the normal
cone mapping and to estimate its directional limiting coderivative. We will show that our calculus-based
approach is very robust and easy to use in the case of simple constraints as well as in the parametrized
setting. We then use the estimates to derive some results regarding the semismoothness™ of the normal
cone mapping.

5.1 SIMPLE CONSTRAINTS

Consider the simple constraint system g(x) € D, where D C R°® is a convex polyhedral set and
g : R"™ — R is twice continuously differentiable and denote

(5.) I:=g"'(D) = {x e R" | g(x) € D},

Moreover, fix ¥ € I' and assume that the constraint map g(x) — D is metrically subregular at X, which,
in turn, means that the subregularity holds at all x near x and thus

Nr(x) = Vg(x)"Np(g(x)).

This shows that the normal cone mapping x” = Nr(x’) can be written as the product of two maps,
the single-valued Vg and the set-valued Np o g.

Since the set-valued part contains a composition, let us first address this issue. To this end, consider
the mapping F : R" X R®* =3 R* X R® given by

F(x',X) = (g(x), 1) — gph Np

and note that gph (Np o g) = F1(0,0).
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Lemma 5.1. Given A € Np(g(x)), we have
n € D(Np o g)(x,4)(u) = n € DNp(g(x),)(Vg(x)u).

IfF is metrically subregular at ((x, 1), (0,0)) in direction (u, 1), the reverse implication holds true as well
and for every £* € R* we have

D*(Np 0 g)((x, 2); (u, ) (£) € Vg(x)"D*Np((g(x), A); (Vg(x)u, m)(£).
Proof. Since gph (Np o g) = F1(0,0), [23, Proposition 4.1] yields that
n € D(Np ¢ g)(x,1)(u) = (0,0) € DF((x,2),(0,0))(u,n)
always holds and that the reverse implication, as well as

D*(Np 0 g)((x,1); (w,m))(&") < {& | 3(a,b) : (£, -&") € D'F(((x,4),(0,0)); ((u. 1), 0,0))(a b)},

hold if F is metrically subregular at ((x, 1), (0,0)) in direction (u, n). The claims now follow from the
estimates of derivatives of F. Indeed, employing the sum rule from Theorem 4.9 and [4, Corollary 5.3],
respectively, yields

(0,0) € DF((x, 4),(0,0))(u,n) = (Vg(x)u, ) = Tgphnp (9(x),4) & 1 € DNp(g(x), 1)(Vg(x)u)

and

(&, -8 € D"F(((x,2), (0,0)); ((u, 1), 0,0))(a,b)
= £€ Vg(x)"D*Np((g(x), 1); (Vg(x)u, ) (£").

Here, we used the simple formulas for derivatives of the constant mapping (x’, ") = gph Np with
the graph R™* x gph Np, see [4, Lemma 6.1] for more details. O

Now, we can proceed with the estimates for the normal cone mapping.

Theorem 5.2. Given x* € Nr(x) for x near x, for allu € R" we have
DNr(xx )@ © | ] V*Ag)()u+Vg(x) Nocy (g (Vg(x)u)
AeA(x,x*)

= |J VHA9@u+ Nog (o) (w),
AeA(x,x*)

where
A(x,x") = {A € Np(g(x)) | Vg(x)"1 =x"}.

The opposite inclusion holds if F is metrically subregular at ((x, 1), (0,0)) for every A € A(x,x*) in
direction (u,n) for every n € Nuc,(g(x),0) (Vg(x)u). This is true, in particular, if the following non-
degeneracy condition in direction u

(5.2) Vg(x)T i =0, p € sp Nrp(g(x) (Vg(x)u) = p=0

holds. Then, however, for all w* € R™ and u* € DNr(x, x*)(u), we also get

D*Nr((x,x7); (u, u")) (W)

< U g V*(4, 9) (x)w" + Vg(x)"D*Np ((g(x), )5 (Vg(x), ) (Vg(x)w").
AeA(x,x*) neDA((x,x*),A) (wu*)
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Proof. Theorem 3.9 (ii) yields that the multiplier mapping A(x, x*) is inner calm™ at (x, x*) wrt its
domain in the fuzzy sense. Noting that A is precisely the “intermediate” mapping = from (4.12) appearing
in the product rule from Theorem 4.10, we obtain

(5:3) DNr(x,x)(w) = | ] VE(Ag)(x)u+ Vg(x)" D(Np 0 g) (x, 1) (w).
AeA(x,x*)

Next, Lemma 5.1 gives

(5-4) D(Np © g)(x,A)(u) € DNp(g(x),A)(Vg(x)u) = N, (g(x),2) (Vg(x)u),

where the equality corresponds to an equivalent reformulation of the reduction lemma (3.4). Moreover,
for every A € A(x,x") it holds that

Kr (x,x7) = Vg(x) " Kp(g(x), 2).

Since u 3 Vg(x)u—Kp(g(x),A) is a polyhedral map and hence metrically subregular by the Robinson’s
results [42, Proposition 1], we obtain

N (xer) () = Vg(x) Ny, (4000, (Vg (x)10)

and the first claim follows.

The opposite inclusion follows from the opposite inclusion in (5.4), which holds true under the
subregularity assumption by Lemma 5.1.

The claim that the non-degeneracy condition implies the subregularity assumption was proven in [5,
Theorem 2.11]. Moreover, from Theorem 3.9 (iii) we get that the non-degeneracy also implies the inner
calmness™ of A at (x, x*) in direction (u, u*) wrt its domain. Theorem 4.10 thus gives the estimate

D*Nr((x,x%); (u,u")) (W)

< U g VZ(4, 9) (x)w* + D*(Np © g)((x, A); (u, 1)) (Vg(x)w")
AeA(x,x*) neDA((x,x*),A) (w,u*)

and using Lemma 5.1 again completes the proof. O

Note that the auxiliary formula (5.3) holds without additional assumptions. Moreover, Theorem 3.9
(i) yields that the analogous estimate for the standard limiting coderivative holds for any closed set D,
which is Clarke regular near g(x), in particular for any closed convex set D. Finally, note also that the
formula for the graphical derivative reveals that the reduction lemma for polyhedral set D, see (5.4), is
carried over to set ' with the additional curvature term Uj e (x.x+) V2(4, g) (x)u.

As a specific application we derive the following result regarding the semismoothness™ of Nr.

Corollary 5.3. If the non-degeneracy condition (5.2) is satisfied for some x,u € R", then the normal cone
mapping x" =3 Nr(x’) is semismooth™ at (x,x*) in direction (u, u*) for every x*,u* € R", i.e.,

(ww) = (W' w") VY (w',w) € gph D*Np((x,x"); (u,u")).

Proof. Clearly, if x* ¢ Nr(x) or u™ ¢ DNr(x,x")(u), then D*Nr((x,x"); (u,u*)) = 0 and there is
nothing to prove. Hence, letu* € DNr(x, x*)(u) and consider w € D*Nr((x, x*); (u, u*)) (w*). Theorem
5.2 yields the existence of A € A(x,x*), n € DNp(g(x),A)(Vg(x)u) and

¢ € D"Np((g(x), 2); (Vg(x)u, 7)) (Vg(x)w")

such that
u* = Vi, g)(x)u+Vg(x)Tn and w = V2(, g)(x)w* + Vg(x) 1.
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Since the polyhedral map (y,1) = Np(y, A) is semismooth* at every point of its graph, see [25, page
7], we obtain

(u, VA4, 9) ()W) + (u, Vg(x) ) = (VA g) (0w, w*) + (Vg(x)u,{)
(VA 9) (0w, w*) + (1, Vg(x)w") = (VA g) (x)u + Vg(x) T, w) = (U, w').

(u, w)

O

Remark 5.4. In order to show the semismoothness* of the normal come mapping, we need to show
the semismoothness” in every direction (u, u*). Clearly, the zero direction (u, u*) = (0, 0) causes no
problem. In order to deal with direction (0,u*) # (0,0), however, we require the non-degeneracy
condition to hold for the zero direction u = 0, which is equivalent to the standard non-degeneracy,
see Remark 3.10. This, in turn, quite significantly simplifies the situation, in particular, it implies
uniqueness of A and 7, see [24]. This can be avoided if we assume that u* € DNr(x, x*)(0) implies
u* = 0, which is equivalent with the isolated calmness of the normal cone mapping at (x, x*). In such
case we only need the non-degeneracy in all non-zero directions, which is strictly milder than the
standard non-degeneracy as demonstrated in Example 3.11.

5.2 CONSTRAINTS DEPENDING ON THE PARAMETER AND THE SOLUTION

Given again a convex polyhedral set D ¢ R® and a twice continuously differentiable function g :
R! x R" x R" — RS, consider the feasible set

(5.5) I'(p.x):={zeR" | g(p,x,2) € D}

depending on the parameter p as well as on the decision variable x. Here, given a reference point
(p, %) with g(p, %, x) € D, we require the existence of ¥ > 0 such that for all (p, x, z) belonging to a
neighbourhood of (p, %, X) the metric inequality

(5.6) dist(z, I'(p, x)) < xdist(g(p, x,z), D)

holds. This yields, in particular, that for all (p, x, z) € gphT sufficiently close to (p, %, X) the mapping
g(p,x,-) — D is metrically subregular at (z,0) with modulus k. Hence, the normal cone mapping
(p,x) 3 Nrpx)(x) = N T'(p, x) can be again written as the product

N () = B(») " Np(§())
for g(p, x) = g(p, x, x), p(p, x) = V3g(p,x,x) and y = (p, x). Given x* € Nr(y), we denote
A(y,x*) = {1 € Np(§(») | p(y) A =x"}.

Since the modulus « of subregularity of g(p, x, -) —D does not depend of p and x, we infer the existence
of A € A(y, x*) with ||A]| < k||x*|| and the proof of Corollary 3.6 yields inner semicompactness of A at
(y, x*) wrt its domain. Moreover, Theorem 3.9 and Remark 3.10 (1.) then imply even inner calmness™ of
A in the fuzzy sense. The same arguments as in the previous case thus yield the following estimates.

Theorem 5.5. For everyv € R! x R™ we have

DN"(y,x%)(v) C U V(A BY(9)0 + B(3) T Naco 3.1 (V(2)0).
AeA(y.x*)

On the other hand, givenv € R! x R, A € A(y,x*) andn € Ny (5.0 (VG(y) (0)), we have

V(LB (y)v+ B(3)'n € DN (3,x)(v),
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provided the mapping (y',1') =3 (§(y’), ') — gph Np is metrically subregular at ((y, ), (0,0)) in
direction (v, n), in particular, if

(5.7) V§(y) =0, p € sp N1y (iy) (V§(y)0) = p=0.

Moreover, if also

(58) B 1 =0, g € sp Ny gy (VG(y)o) = p=0
holds, then foru* € DNT (y,x*)(v) and arbitrary w* € R™ we get the estimate

DN ((y,x); (0, u)) (w")

< U g V(LB (3w +VG(») D" Np((d(). 1): (VG(7)0. 1)) (B(y)w").
AeA(y.x*) neDA((y.x*),A) (vu*)

We point out that here we need to impose the two non-degeneracy conditions (5.8) and (5.7). In
general, these two conditions are mutually incomparable, as can be seen from

Vg(p,x) = (Vig(p, x,x), V29(p, x, x) + B(p, x)).

If, however, V,g = 0, in particular if the feasible set I" depends only of p but not on x, we get Vg(p, x) =
(Vig(p, x,x), B(p, x)) and, in this case, (5.8) implies (5.7). Naturally, these conditions become equivalent
if also Vig = 0, which covers the previous case of non-parametrized constraints.

Let us add a few comments on existing results on the topic. This model was investigated already
in [40] by using the classical calculus of Mordukhovich. Recently, in [24], Gfrerer and Outrata also
computed the derivatives of the normal cone mapping (p’,x") = Nr(,x)(x’). Instead of (5.6) or
(5.8), however, they imposed the standard non-degeneracy condition (5.8) for v = 0, which guarantees
uniqueness of the multipliers A and 7. The reason was that they were in fact relying on inner calmness
when using calculus rules, see, e.g., [24, Lemmas 4.1 and 4.2].

On the other hand, in [5], we worked with the same assumption (5.6) and proved the same result
for the graphical derivative. The explicit estimation of the coderivative was, however, bypassed by
addressing the related stability issues directly, see [5, Theorem 6.1].

Let us also mention the paper [20] dealing with the constraints depending on p, but not on x. This
paper delivers stronger results even in a more general setting that goes beyond polyhedrality. In
particular, the formula for the graphical derivative is in fact valid without the additional subregularity
assumption, see [20, Theorem 3.3]. Naturally, the same applies to the non-parametrized setting.

We point out that in [5, 24] the formula for the graphical derivative is derived from [20, Theorem
5.3]. Our calculus-based approach seems to be a bit simpler and it is easily applicable regardless of
whether T' is a fixed set or it depends on p and x.

We conclude this section by the corresponding semismoothness* result.

Corollary 5.6. Under (5.7) and (5.8), the normal cone mapping (p’, x") 3 Nr(px)(x’) is semismooth™ at
(y,x*) = (p, x,x*) in direction (v,u*) = (q, u, u*) for every x*,u* € R".

Proof. The proof follows by the same arguments as the proof of Corollary 5.3. We only briefly clarify
that the difference between Vg and f causes no problem. Indeed, looking at the above theorem and
the proof of Corollary 5.3, we now get

¢ € D"Np((g(), 1) (V4(y)o,m) (B(y)w")

such that
u* = VB (»o+B(y)'n and w =V B (y) w" +V4()¢.
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The computation then goes as follows

(v, w) VB TW) + (0,YG(1)T ) = (VA B ()0, w™) +(VG()0, )
(VA BY ()0, w*) + (n, B(y)w™) = (VA BY(»)o + B(3) nw) = (u', w).

FINAL REMARKS

Motivated by the recent success in the computation of the graphical derivative of the normal cone
mapping to sets with constraint structure, in this paper, we identified the role played by (fuzzy) inner
calmness* and the underlying calculus principles. We hope that it provides some helpful insights into
the matter. We also hope that the new notions will turn out useful also in other circumstances. We
believe that some reasonable topics for further study are readily available: Can isolated calmness be
effectively used as a sufficient condition for inner calmness? Is fuzzy inner calmness* also necessary
for validity of the estimate (1.1)? Can the new formulas for tangent cones yield useful estimates for
regular normal cones by polarization and, in turn, enrich the theory of stationarity conditions? We
plan to address these issues in the forthcoming paper.
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ON IMPLICIT VARIABLES IN OPTIMIZATION THEORY

Matis Benko * Patrick Mehlitz *

Abstract  Implicit variables of a mathematical program are variables which do not need to be
optimized but are used to model feasibility conditions. They frequently appear in several different
problem classes of optimization theory comprising bilevel programming, evaluated multiobjective
optimization, or nonlinear optimization problems with slack variables. In order to deal with implicit
variables, they are often interpreted as explicit ones. Here, we first point out that this is a light-
headed approach which induces artificial locally optimal solutions. Afterwards, we derive various
Mordukhovich-stationarity-type necessary optimality conditions which correspond to treating
the implicit variables as explicit ones on the one hand, or using them only implicitly to model the
constraints on the other. A detailed comparison of the obtained stationarity conditions as well
as the associated underlying constraint qualifications will be provided. Overall, we proceed in a
fairly general setting relying on modern tools of variational analysis. Finally, we apply our findings
to different well-known problem classes of mathematical optimization in order to visualize the
obtained theory.

Keywords: Implicit variables, Local minimizers, Metric subregularity, M-stationarity, Variational
analysis
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1 INTRODUCTION
In this paper, we consider the mathematical program

f(z) — mzin

) 0 € H(2)
zeM

where f: R" — R is a given locally Lipschitz continuous objective function and the set-valued
mapping H: R" =3 R? attains the form

H(z) = U G(z, 1)

AeF(z)

for set-valued mappings F: R” 3 R™and G: R"xXR™ =3 R® which possess a closed graph, respectively.
Furthermore, M c R" is a nonempty and closed set of simple structure, e.g., a typical constraint set
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defined via standard inequality and equality constraints satisfying a suitable constraint qualification.
The feasible set of (P) will be denoted by Z c R"™. We emphasize that the objective in (P) is only
minimized w.r.t. z and not w.r.t. A although the latter variable is used implicitly in order to model Z.
That is why we call A an implicit variable. Let us note that the rather general model (P) covers several
problem classes from optimization theory, which are modeled with the aid of implicit variables, e.g.,
bilevel programming problems, evaluated multiobjective programs, or programs with slack variables,
see Section 2 as well. In these examples, the implicit variables are given by means of the lower level
Lagrange multipliers, scalarization parameters, or the introduced slack variables, respectively.

The main difficulty in (P) is the appearing union of image sets associated with the given set-valued
mappings F and G. An easy approach which can be used to handle this issue is to interpret A as a
meaningful variable. This leads to the consideration of

f(z) — mi/ln
A € F(z)

0 € G(z,4)
zeM

Q)

where A now takes the role of an explicit variable. We denote the feasible set of this program by
Z c R" x R™. As we will see in Section 4.1, there is a one-to-one correspondence between the global
minimizers of (P) and (Q). However, the relationship between local minimizers is far more delicate.
Particularly, there may exist local minimizers of (Q) which do not correspond to local minimizers of
(P). Similar issues are pointed out in the context of bilevel programming, see [2, 20, 22, 23, 43], w.r.t.
the use of slack variables in logical programming, see [44, 46], or cardinality-constrained optimization,
see [17], and will be generalized in this paper.

Let us briefly mention that the concept of implicit variables can be extended to related areas of
optimization theory like the numerical solution of generalized equations resulting from optimality
conditions of convex optimization programs. Here, it is also common to introduce intermediate or
slack variables in order to state the convex chain rule for compositions, see e.g. [15, Section 4], or to
decompose the inclusion to make it more tractable, see [35, Section 5]. It sometimes may be beneficial,
however, to formulate the assumptions ensuring convergence in the implicit-variable-free setting.

Observing that the computation of local minimizers of (Q) does not generally yield local minimizers of
(P) while noting that (Q) is likely to be a nonconvex program due to the underlying applications we have
in mind, a direct treatment of (P) seems to be reasonable. With the aid of modern variational analysis, in
particular limiting coderivatives of set-valued mappings, see [48, 53], we will infer necessary optimality
conditions of Mordukhovich-stationarity-type (subsequently, we will use the term M-stationarity
for brevity) for (P) under mild constraint qualifications. More precisely, we first derive optimality
conditions comprising the implicitly known coderivative of the mapping H under metric subregularity
of H. Afterwards, we study assumptions which allow us to state these optimality conditions in terms
of the coderivatives associated with F and G. Clearly, this makes the utilization of a coderivative
chain rule necessary, so we discuss weak conditions ensuring its applicability. Therefore, we make
use of the recent results from [6, 9] which are mainly based on the presence of metric subregularity
for so-called “feasibility” mappings and inner semicompactness for so-called “intermediate” mappings.
Interestingly, these assumptions are mainly inherent for the example problems from Section 2 which
underlines the power of this approach. On the other hand, using problem (Q) as the starting point
enables us to avoid the (coderivative of) the mapping H. A similar role is then played by an auxiliary
mapping, which depends on both, z and A. As it will turn out, the procedures sketched above lead
to three stationarity systems and diverse constraint qualifications which differ from each other w.r.t.
their degree of explicitness. We will provide a detailed comparison of all these stationarity conditions
and constraint qualifications, and we will comment on their respective relation to the problem (Q). In
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[1], the authors discuss related issues by means of an equilibrium-constrained mathematical problem
with lower level inequality constraints. It turns out that there is a significant difference between the
M-stationarity conditions for problem (P), which are formulated without taking into account the special
structure of H and, hence, without the variable A, and the M-stationarity conditions of (Q). Moreover,
the difference between the corresponding constraint qualifications, i.e., the conditions that guarantee
the validity of the two types of M-stationarity at local minimizers, is even more striking. Here, we
generalize and deepen the approach from [1]. Let us briefly note that the theory of this paper can be
extended directly to the situation where R"”, R™, and R® are replaced by arbitrary Euclidean spaces.
For simplicity, however, we focus on the most elementary setting.

The remaining parts of this paper are organized as follows: In Section 2, we present three prototypical
example classes of optimization problems where implicit variables are used to model the feasible set,
namely bilevel optimization problems, evaluated multiobjective optimization problems, and mathe-
matical programs with cardinality constraints. We provide an overview of the notation used in this
manuscript before recalling the definitions and some background information about the fundamental
tools of variational analysis we are going to exploit here in Section 3. Furthermore, we motivate a rather
abstract notion of M-stationarity for mathematical problems with generalized equation constraints and
provide some calculus rules for the coderivative of compositions and products of set-valued mappings.
Afterwards, Section 4 is dedicated to the abstract analysis of the program (P) via (Q). First, we study
the relationship between the solutions of (P) and (Q) in Section 4.1. Second, we derive three potentially
distinct notions of M-stationarity for (P) as well as associated constraint qualifications in Section 4.2.
Furthermore, we clarify how to obtain explicit M-stationarity conditions in terms of initial problem
data from the abstract M-stationarity conditions of (P). As we will demonstrate in Section 4.3, the
necessary assumptions are inherently satisfied in many practically relevant settings. Finally, we briefly
comment on the sufficiency of the introduced M-stationarity notions in the presence of convexity in
Section 4.4. In Section 5, we apply some of our findings to the aforementioned example problems. As
it will turn out, we recover or even enhance available results from the literature with our approach.
Finally, we present some concluding remarks in Section 6.

2 MOTIVATING EXAMPLES

In this section, we present three prototypical classes of optimization problems whose respective feasible
sets can be modeled with the aid of implicit variables.

2.1 BILEVEL PROGRAMMING

Quite often, hierarchical decision making appears naturally in real world problems raising in economics,
logistics, natural sciences, or engineering. In case where two decision makers are involved, so-called
bilevel optimization problems can be used to model and study the underlying applications theoretically
and numerically, see [4, 19, 21, 48, 54]. For given parameters x € R™, let us consider the parametric
optimization problem

j(x,y) — min
(LL) Y
g(y) € C

where j: R xR™ — R is twice continuously differentiable and convex w.r.t. y for each x € R™ while
g: R™ — R™ is twice continuously differentiable and convex w.r.t. the closed, convex cone C ¢ R™.
LetussetI := {y € R™ | g(y) € C}. One generally refers to (LL) as the lower level or follower’s problem.
It is well known that due to the convexity of j(x, -) and T, the set of optimal solutions associated with
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(LL) is equivalently characterized by

~Vyj(x. y) € N ().

Under a suitable constraint qualification, we can characterize the set of optimal solutions associated
with (LL) equivalently by the generalized equation

~V,j(x, y) € Vg(y) Ne(g().

Above, we exploited the notion of the regular normal cone which coincides with the normal cone of
convex analysis due to convexity of I' and C, see Section 3.
The superordinate so-called upper level or leader’s problem, given by

f(x,y) — min
xy

x €S
y € ¥(x),

where S ¢ R™ is a closed set and ¥: R™ =3 R™ is the solution mapping associated with (LL), is
equivalent to

f(x,y) - min
Xy

(BPP) x €S
oe ) (Vi) +V9(» 7}
AeNc(9(y))

whenever the aforementioned assumptions are valid. The latter is a program of type (P) in the sense
(2.1) F(z) = Ne(9(9),  G(z.1) = Vyj(x,y) +Vg(3) A M:=SxR™

where we used z := (x, y) and n := ny+n;,. Particularly, the implicit variable A is the Lagrange multiplier
associated with the constraints in (LL). It is well known that interpreting A as a variable in (BPP) may
cause difficulties w.r.t. local minimizers, see e.g. [2, 20, 22, 43]. The authors in [1], where the particular
setting C := R™ is discussed, focused on a qualitative comparison of the reformulation

f(x,y) — min
X,y
x €S
~V,i(xy) € Ne(y),

which is fully equivalent to the original bilevel programming problem, and the problem (Q) associated
with (BPP) regarding constraint qualifications and M-stationarity-type optimality conditions. They
came up with the observation that the respective stationarity systems as well as constraint qualifications
differ significantly. The analysis in this paper will put their results into a more general context.

2.2 EVALUATING WEAKLY EFFICIENT POINTS IN MULTICRITERIA OPTIMIZATION

For a twice continuously differentiable componentwise convex function j: R" — R™ with m > 2
components and a nonempty, closed, convex set I' ¢ R"”, we consider the following multicriteria
optimization problem which is a standard model from vector optimization, see [26, 41]:
j(z) » “min”
(MOP)
z €T.
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The quotation marks emphasize that classical minimization is not possible since the componentwise
natural ordering in R™ only provides a partial order which is not total. In order to overcome this
problem, several different notions of so-called efficiency have been derived in order to characterize
reasonable feasible points of (MOP). In this context, a point Z € T' is called weakly efficient for (MOP)
if the condition

(2 -RE)Nj) =0
holds where we used R .= {y e R™|Vi € {1,...,m}: y; > 0}. Let Iy, C R" be the set of weakly

efficient points associated with (MOP). Using a classical linear scalarization approach, see [26], one
obtains the characterization

Ze€Tye &= 3dAleAVzeT: 1Tj(2) <ATj(2)
of weak efficiency since the problem data in (MOP) is convex. Above, A C R™ given by
A={1eR™|A>0, T2 A =1}

denotes the standard simplex. In practice, the set I, will be quite large in general which is why it is
desirable to shrink it for applicability purposes using another decision criterion given in form of a
scalar function, see e.g. [10, 12, 13, 39]. Here, we investigate the evaluated multiobjective optimization
problem

f(z) — min

z € Iye.
Invoking the above arguments, this is equivalent to

f(z) — min

(EMOP) 0el J¥ -2
AeA

where ¥: R™ 3 R" is the set-valued mapping defined by
argmin{1"j(z) |z €T} A€A,
z

Y(2) =
@ A¢A.

Obviously, this is a program of type (P) where the scalarization parameter takes the role of the implicit
variable. Particularly, the data from (P) takes the form

(2.2) F(z) = A, G(z,A) =¥(A) — z, M = R".

It has been reported in [23] that interpreting scalarization parameters as variables is generally delicate
in multiobjective bilevel programming, and this observation clearly extends to (EMOP) as well.

2.3 CARDINALITY-CONSTRAINED PROGRAMMING

For some vector z € R", let ||z||, denote the number of non-zero entries of z. In order to guarantee
sparsity of solutions to optimization problems, one may consider the so-called cardinality-constrained
mathematical program

f(z) — min
(CCMP) zeM

zllp < x

Benko, Mehlitz On implicit variables in optimization theory



J. Nonsmooth Anal. Optim. 2 (2021), 7215 page 6 of 34

where ¥ € N satisfles 1 < ¥ < n -1, see e.g. [11, 16, 17, 18, 45, 50, 51] for an overview of existing
reformulations, optimality conditions, solution algorithms, and further references.

Let us rewrite the cardinality constraint ||z||, < x as a constraint of type q(z) € D where q: R" — R’
is continuously differentiable and D C R’ is the union of finitely many convex polyhedral sets, allowing
us to interpret (CCMP) as a so-called disjunctive optimization problem, see e.g. [7, 28, 45]. Therefore,
we introduce Ji := {a € {0,1}" | X, @; = k}. Furthermore, for each a € {0,1}", we set

R} :=span{e;|i=1...,n, a; =1}
where e; € R" denotes the i-th unit vector in R". Finally, we set Dy := (e 4. Rf. Then we easily see

(2.3) VzeR": |z|l, <k & z € Dy.

The variational geometry of D, has been explored in [50, 51]. Particularly, exploiting the limiting and
regular normal cone to Dy, reasonable notions of M- and strong stationarity are available for (CCMP).
It has been observed in [17, Theorem 3.2] that we have

VzeR"™ |zl sk & AL eR": e"A>n—x, (z,4) €CVie{l,...,n}

where we used

C:={(ab) e R*|ab=0,bec[0,1]},
and that gave rise to the reformulation of (CCMP) as
f(z) — min
zeEM
e'A>n-«x
(zi,4;) € C i=1...,n

(2.4)

Above, e € R" denotes the all-ones vector. Clearly, the variable A plays the role of an explicit variable
in (2.4) although it is not relevant for the purpose of minimization. In order to state (2.4) in the form
(P), one may choose

(2.5) F(z) = {/1 eR"” | e'A>n- K}, G(z,A) = ﬁ(C = (z3, A1),
i=1

i.e., s = 2n holds in this particular case.

It has been reported in [17] that (CCMP) and (2.4) are equivalent w.r.t. global minimizers, that the
local minimizers of (CCMP) can be found among the local minimizers of (2.4), and that for a local
minimizer (Z,A) € R" x R" of (2.4), which satisfies ||Z||, = «, Z is a local minimizer of (CCMP). The
situation where ||Z||, < k holds, however, has been shown to be crucial since, in this case, Z does not
need to be locally optimal for (CCMP). First- and second-order optimality conditions for (CCMP) via
its surrogate (2.4) have been derived in [16, 17, 18] while the authors in [45, 50, 51] exploited (2.3) in
order to infer optimality conditions for (CCMP) without relying on implicit variables. To the best
of our knowledge, a detailed comparison of both approaches does not exist in the literature. Some
regarding remarks, however, can be found in the papers [16, 45]. We also refer the interested reader to
[5] where yet another approach to cardinality-constrained optimization is discussed which also avoids
the appearance of implicit variables.

3 NOTATION AND PRELIMINARIES

3.1 NOTATION

Throughout the manuscript, we make use of the standard concepts of variational analysis, see [48, 53].
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BASIC NOTATION

In this manuscript, we equip R" with the common Euclidean inner product and the common Euclidean
norm ||-||. In order to extend the notion of norms to product spaces, we use the sum of the underlying
Euclidean norms to induce a norm in the product space. Due to notational purposes, for arbitrary
z € R™ and w € R™, we use both notations

(Z) and (z,w)

w

in order to represent elements of R” X R™. We use B in order to denote the closed unit ball around 0.
Foraset A C R" and z € R", we exploit z+ A = A+ z := {z + a| a € A} for brevity. Furthermore, we
use

A ={(eR"|VacA: £a<0}, A ={f{cR"|VacA: {Ta=0}

in order to represent the polar cone and the annihilator of A. We make use of z* := {z}*. We set
dist(z, A) == inf{||la — z|| |a € A}

in order to denote the distance of z to A. Throughout the manuscript, we exploit Ry := {s e R |s > 0}
and R_:={s e R|s < 0}.

SET-VALUED MAPPINGS

For a set-valued mapping Y: R” =3 R™, the sets gphY := {(z,w) € R* X R™|w € Y(2)}, domY :=
{ze R"|Y(2) # @}, rgeY :={w e R™ |3z € R": w € Y(2)},and kerY := {z € R"|0 € Y(z)} are
called graph, domain, range, and kernel of Y, respectively. The set-valued mapping Y™!: R™ = R",
given by Y(w) := {z € R"|w € Y(z)} for all w € R™, is referred to as the inverse of Y.

The mapping Y is called locally bounded at z € dom Y whenever we find a neighborhood U c R"
of z and a bounded set B C R™ such that Y(z) C B holds for all z € U. Furthermore, Y is said to be
inner semicompact at z w.r.t. Q@ ¢ R” if for each sequence {zx }ren € Q such that zx — Z, there is a
convergent sequence {w;};eny € R™ and a subsequence {zj, };en such that w; € Y(zg,) holds for all
I € N. Clearly, whenever Y is locally bounded at Z, it is inner semicompact w.r.t. dom Y at this point.
Similarly, Y is called inner semicontinuous at (Z, w) € gph Y w.r.t. Q if for each sequence {zi}xen C Q
satisfying zy — Z, there exists a sequence {wi }xen € R™ such that wy — w and wy € Y(zi) for all
sufficiently large k € N.

We call Y convex whenever the property

Vzi,z2 € R, Ya € [0,1]:  aY(z)) + (1—a)Y(z2) C Y(azi+ (1 - a)zz)

holds, i.e., whenever gph Y is convex. This property particularly holds for set-valued mappings of the
form Y(z) := g(z) — C, z € R", where C C R™ is a closed, convex cone and the single-valued mapping
g: R" — R™ is convex w.rt. C, ie.,

Vzi,z2 € R", Va € [0,1]:  g(azi+ (1 - a)zz) — ag(z1) — (1 - a)g(zz) € C.

Let us recall some essential Lipschitzian properties of set-valued mappings. Therefore, we fix a point
(2, ¥) € gphY. Recall that Y possesses the Aubin property at (z, w) whenever there are a constant
k > 0 and neighborhoods U of z and V of w such that

Vzi,z2 e UVw € Y(z)) NV:  dist(w, Y(z2)) < k ||z1 — z2]| .
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Furthermore, Y is called metrically regular at (z, w) whenever there are ¥ > 0 as well as neighborhoods
U and V of z and w, respectively, such that

Vze U, VweV: dist(z, Y H(w)) < kdist(w, Y(2)).

It is well known that Y is metrically regular at (z, w) if and only if Y™ possesses the Aubin property
at (w, Z). Finally, recall that Y is referred to as metrically subregular at (zZ, w) whenever there exist a
constant k > 0 and a neighborhood U of Z satisfying

VzeU: dist(z, Y }(w)) < kdist(w, Y(2)).

The infimum of all such constants « is referred to as the modulus of metric subregularity. Let us
mention that Y is metrically subregular at (Z, w) if and only if the inverse Y™! is so-called calm at (w, z),
see [37, 38] for a definition and further details. It has turned out that metric subregularity is of essential
importance in order to guarantee applicability of the prominent calculus for the limiting constructions
of generalized differentiation. This is one of the reasons why sufficient conditions for its presence
were studied, see e.g. [3, 7, 27, 30, 40, 60] and the references therein as well as the aforementioned
papers dealing with calmness. We would like to mention that each polyhedral set-valued mapping, i.e.,
a set-valued mapping whose graph is the union of finitely many convex polyhedral sets, is metrically
subregular at each point of its graph. This result dates back to [52].

VARIATIONAL ANALYSIS

For a closed set A ¢ R" and some point z € A, we refer to
Ta(2) == {d € R" |z }ken C A Htibken C Rit 2k > 2, 16 L 0, (2 — 2)/tk — d}
as the (Bouligand) tangent cone to A at z. Based on that, let us introduce
Na(2) = Ta(2)",

Na(z) = {g € R"

I zktken C A Ik ken C R":
=z & — & & e Na(z) Yk eN|’

the so-called regular (or Fréchet) and limiting (or Mordukhovich) normal cone to A at Z, respectively.
In case where A is convex, these normal cones correspond to the normal cone in the sense of convex
analysis, i.e., K/A(Z) = Na(z) = (A-2)°.

For a locally Lipschitz continuous function ¢: R" — R, we define its limiting subdifferential at
some point Z € R"” by means of

9p(2) = {£ € R"[(£~1) € Nepi (2 9(2))}

where epi@ := {(z,5) € R" X R|s > ¢(z)} denotes the epigraph of ¢. In case where ¢ is convex, the
above arguments yield that d¢(Z) coincides with the subdifferential in the sense of convex analysis,
ie.,

op(2) = {£ € R"|Vz e R": ¢(2) 2 ¢(2) + & (z - 2)}

holds in this case.
For a set-valued mapping Y: R” =3 R™ with closed graph and some point (2, w) € gphY, the
set-valued mapping D*Y(z, w): R™ =3 R" given by

Vn e R™:  D*Y(zw)(n) = {& € R"|(&-1) € Ngnr(2, W)}
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is referred to as the (limiting) coderivative of Y at (z, w). For a single-valued mapping v: R" — R™,
we exploit the notation D*v(z) := D*v(Zz, v(z)). Whenever v is continuously differentiable at z, then
D*v(z)(n) = Vu(z) "n holds for all 5 € R™ where Vuv(z) denotes the Jacobian of v at Z.

Let us recall that Y possesses the Aubin property at (Z, w) if and only if the condition

D*Y(z,w)(0) = {0}
holds. Thus, Y is metrically regular at (z, w) if and only if we have
ker D*Y(z,w) = {0}.

Both criteria are referred to as Mordukhovich criterion in the literature, see [48, Theorem 3.3].

3.2 M-STATIONARITY FOR OPTIMIZATION PROBLEM WITH GENERALIZED EQUATION CONSTRAINTS

The following result can be found in [37, Theorem 4.1] and [33, Proposition 4.1]. It provides a calculus
rule for the computation of the limiting normal cone to the pre-image associated with a set-valued
mapping which is metrically subregular at a certain point of interest.

Proposition 3.1. Let Y: R" =3 R™ be a set-valued mapping having locally closed graph around (z, w) €
gph Y and assume that Y is metrically subregular at (z, w) with modulus k. Then the following estimate
is valid for each x > k:

(3-1) Ny (2) € {E € R" T e x|IE] B: £ € D'Y(zw)(n)}

This motivates the subsequently stated extension of the definition of M-stationarity to abstract
optimization programs of the form

¢(z) — min

© 0 € Y(z),

where ¢: R” — R is a locally Lipschitz continuous function and Y: R” =3 R™ is a set-valued mapping
with closed graph, observing that Y~1(0) is the feasible set of (G). A similar stationarity condition has
been studied in the literature, see [57, Section 3].

Definition 3.2. We say that a feasible point z € Y™!(0) of the program (G) is M-stationary provided
there exists n € R™ such that
0 € 9p(2) + D*Y(z,0)(n).
In case where the constraint mapping Y is given in the form of a so-called “feasibility” mapping, i.e.,
Y(z) = ®(z) — Q for all z € R”, where, for simplicity, ®: R” — R™ is a continuously differentiable
mapping and Q € R™ is a closed set, Proposition 3.1 yields the standard pre-image calculus rule

Ny-1(0)(2) € V@(2)" No(2(2))

for each z € R” such that Y is metrically subregular at (z,0) € gphY. This also justifies the M-
stationarity terminology in Definition 3.2. Moreover, the additional bound ||5|| < x ||£]| in (3.1) implies
that for every & € Ng-1(q)(2), there exists a multiplier n € No(®(z)) Nk [|£]| B with & = VO(z) 7.
This observation, however, brings forth the following important property of the associated multiplier
mapping which has been discussed in [6, Theorem 3.9] recently.

Proposition 3.3. Let ®: R™ — R™ be continuously differentiable and let Q Cc R™ be closed. We consider
Y: R" =3 R™ given by Y(z) := ®(z) — Q for each z € R". Let (2,z*) € gph N¢ for C := ®71(Q) be fixed
and assume that the feasibility mapping Y is metrically subregular at (Z,0). Then the multiplier mapping
A: R" X R™" =3 R™, given by

V(z,z") e R" xR": A(z,z") := {ry € No(®(2)) |V(D(Z)TI] = z*},

is inner semicompact at (z,Z*) w.r.t. gph Nc. Moreover, gph N¢ = dom A holds provided Q is convex.
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For comparison, it is well known that the stronger assumption of metric regularity yields local
boundedness of the multiplier mapping A, and this has indeed been often used to guarantee its inner
semicompactness, see Section 5.1 as well. While it may seem that local boundedness is not much stronger
than inner semicompactness, when the underlying assumptions are compared, the gap is noteworthy.
In case of standard nonlinear programs, metric regularity equals the prominent Mangasarian—Fromovitz
constraint qualification (MFCQ), while in case of the more general class of geometric constraints as
discussed in Proposition 3.3, metric regularity of the feasibility mapping Y at (z, 0) € gph Y boils down
to

Vo&(2)'n=0,n€e No(®(z)) = n=0,

which is called generalized Mangasarian—Fromovitz constraint qualification (GMFCQ) or no nonzero
abnormal multiplier constraint qualification (NNAMCQ). The above propositions often enable us to
relax the metric regularity requirement to the so-called metric subregularity constraint qualification
(MSCQ) demanding Y to be metrically subregular at (z, 0).

3.3 CALCULUS OF SET-VALUED MAPPINGS

Throughout this section, we assume that all considered set-valued mappings possess closed graphs.

We first review the chain rule for the computation of coderivatives of compositions. Therefore,
let us consider set-valued mappings S;: R” =3 R™ and S,: R™ =3 R® as well as their composition
Sz 0 §1: R" 3 R® given by

VzeR": (S;08)(z) = U Sa(y).
yESl(Z)

In order to estimate the coderivative of S, o S;, we introduce the standard “intermediate” mapping
=: R" x R® 3 R™ given by

(3.2) Vze R", Vw e R*:  E(z,w):=S51(2) NS, (w) ={y € Si(z)|we S2(y)},

together with the “feasibility” mapping Y: R” X R® x R™ 3 R™ x R in the following form:

Vze R, VYwe R’ Vy e R™: Y(z,w,y) :=
Y ( y) (52()’) -w

Si1(z) -y )
The following chain rule is taken from [9, Theorem 5.2].

Lemma 3.4. Fix (Z,w) € gph(S; o S1). Let = be inner semicompact w.r.t. dom E at (zZ,w) and let Y be
metrically subregular at all points ((Z, w, 7), (0,0)) such that y € =(z, w). Then we have

Vw* € RS:  D*(S;08)(zw)(w*) C U (D*S1(2, 3) o D*Sz(3,w)) (w").
yeE(z,w)
In [9, Theorem 5.2], the subregularity assumption is replaced by the equivalent calmness assumption
associated with the inverse mapping of Y given by

Y a,b)={(zw,y) | y+a€Si(z),w+beS(y)}.

Furthermore, note that Y is slightly different from the typical feasibility mapping used in the chain
rule, see e.g. [53, proof of Theorem 10.37]. However, it is worth to mention that the respective metric
subregularity assumptions, which need to be postulated on these maps in order to infer the chain rule,
are actually equivalent due to [9, Proposition 2.6].
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The proof of Lemma 3.4 is based on the essential relations
(3.3) gph(S; 0 §) = dom E, gphZ = Y71(0,0).

Roughly speaking, the inner semicompactness of = provides a connection between the graph of S; o S,
and the graph of = while the metric subregularity of Y connects the graph of = with the graph of Y
via Proposition 3.1, see [9, Sections 3 and 5.3] for details. The combination of these two assumptions,
hence, yields a way to estimate the coderivative of S, o S; via the coderivative of Y, namely

z" € D*(S2 0 81)(Z, w)(w")
= Jy € E(z,w), 3§ € R™, & € R*: (27, -w",0) € DY((Z,w, 7),(0,0)) (&, &).

Finally, the coderivative of Y can be expressed via its components as

DY((z w, ). (0,0)) (&1, &) = D"Si(2, 3)(£1) X {0} X D*Sy(3, W) (&2) — (0, &2, &1).

This can be seen from Lemma 3.7 (b) (whose proof does not depend on the chain rule) where one can
split (z, w, y) either as ((z, w), ¥) or as (z, (w, y)). The above formulas now readily yield the desired
chain rule via the coderivatives of S; and S,.

Naturally, in specific situations, one may prefer to use different intermediate and feasibility mappings
satisfying (3.3). The question then remains whether one can handle the coderivative of the chosen
feasibility mapping to derive the chain rule without additional assumptions.

For set-valued mappings I7: R? = R™ and I;: R" 3 R™2, we consider the product mapping
I': R* 3 R™ x R™ given by

VzeR": T(z) :=Ti(2) x Ty(2).

For later use, we need to compute or at least estimate the coderivative of this mapping. From [o,
Section 5.4], we obtain the next result.

Lemma 3.5. Fix (Z, (w1, wz)) € gphT. Assume thatY: RPXR™MxR™ xRTxR" = R?"XR"xR™ xR™:,
given by

z— ql
—_ z - q2
Vz,q1,q, € R", Yw; € R™, Vwy, € R™: Y(z, wyi, wo, g1, = ,
q1, 92 1 2 (2, wi, w2, q1, q2) Ti(q1) — wi
I(q2) — w2
is metrically subregular at ((Z, Wy, w2, Z, Z), (0,0,0,0)). Then we have
(3.4) D'T(Z, (w1, wy)) (&, &) € D'Ti(Z, wy) (&) + DT (2, w2) (&).

Moreover, Y is metrically subregular at ((Z, w1, W2, Z, Z), (0, 0,0, 0)) whenever Iy and T, are polyhedral or
if the qualification condition

(3.5) D*Ty(z, w1)(0) N (=D*Tx(Z, w2)(0)) = {0}

holds, in which case Y is even metrically regular at the point of interest.

The qualification condition (3.5) is clearly satisfied if one of the mappings I}, i = 1, 2, possesses
the Aubin property at (Z, w;). In the following lemmas, we review more results from [9, Section 5.4]
concerning some exemplary settings where (3.5) holds naturally.

Lemma 3.6. Fix (Z, (W, wy)) € gphT and assume that one of the following conditions holds. Then (3.5) is
satisfied and, thus, the estimate (3.4) is valid.
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(a) There are a locally Lipschitz continuous function y: R® — R™ as well as a closed set Q C R"™
such that T, is given by I(z) = y(z) — Q for all z € R" (an analogous statements holds if T
admits such a representation).

(b) The variables z can be decomposed as z = (z1,z2) € R™ X R™. Furthermore, there are set-valued
mappings Li: R =3 R™ agndTy: R™ =3 R™ as well as locally Lipschitz continuous functions
yi: R — R™ andy,: R™ — R™ such that

Vz=(z,2) € R"xR™: Ty(z) :=T1(z) + n(z2), Tp(2) :=Ta(z2) + y2(21).

We note that, in principle, the setting (a) can be viewed as an extreme case of setting (b) with n; = n
and n, = 0. Naturally, this does not fit formally, but one could regard a set as a set-valued mapping
from a zero-dimensional space and propose a suitable relation for its coderivative via the normal cone
to the set.

In the specific settings outlined above, we can, in fact, get equality in (3.4) instead of inclusion
if we strengthen the Lipschitzness of the single-valued parts to continuous differentiability, see [9,
Lemma 5.7].

Lemma 3.7. Fix (Z, (w1, w2)) € gphT. Then the following statements hold.

(a) Consider the setting (a) from Lemma 3.6 and assume that the function y is continuously differentiable.
Then we have

D'T(Z, (wy, wy)) (&, &) =

otherwise.

{D Tz W) (8) + V()T if & € Naly(2) — ws),

(b) Consider the setting (b) from Lemma 3.6 and assume that the functions y; and y, are continuously
differentiable. Then we have

D*Ty(z1, w1 — 11(22)) (&) + V}’z(fl)Tszz)

DT o 6t = [ T ene)

Up to now, we discussed the auxiliary issue of how to guarantee metric subregularity of Y, while
the main target is to justify the upper estimate for the coderivative of I'. Later, we will also employ
metric subregularity of the product mapping I' itself, which is, however, often a more difficult issue.
We conclude the preliminary part by a simple result regarding how to ensure metric subregularity of
I' from metric subregularity of its factors I7 and I;,. Let us mention that there exists a much deeper
result by Klatte and Kummer, see [42, Theorem 3.6], on calmness of an intersection of mappings, which
can be equivalently stated in terms of metric subregularity of a product of mappings, and which has
several very interesting applications. In particular, since Y also has the structure of a product, it can be
utilized even in situations when (3.5) fails to hold. Moreover, as demonstrated in [1], it applies quite
nicely to the setting discussed in Section 2.1. Nevertheless, for the purposes of this paper, we will only
need the following result.

Lemma 3.8. Fix (Z, (w1, ws)) € gphT and assume that T; is metrically subregular at (z, w;) fori = 1,2
and, moreover, that the mapping 3: R" =3 R" X R" given by

(3.6) VzeR™  3(2) = (2~ T (W) X (2~ T ()

is metrically subregular at (Z, (0,0)). Then T is metrically subregular at (Z, (wy, wz)).
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Proof. By assumption, we find neighborhoods U, U;, U, € R" of z and reals «, ky, k2 > 0 satisfying
VzeU: dist(z,27(0,0)) < kdist((0,0),2(2))

as well as
Vze Uy dist(z, T, (w;)) < k; dist(wy, T;(z))

for i = 1,2. Due to ™! (wy, wy) = 271(0, 0), we obtain

A

dist(z, T™"(wy, w2)) < x(dist(z, I, (1)) + dist(z, T, ' (w2)))

Kk max{k;, k2 } dist((wy, w3),T'(2))

IA

for each z € U N U; N Uy, and this shows the claim. m|

Since X from (3.6) has a simpler structure than T, its coderivative can be readily computed by
Lemma 3.7. Particularly, we note that metric regularity of ¥ at (z, (0, 0)) reads

Nt (2) 0 (<N () = {0},

and, by metric subregularity of I} at (z, w;), i = 1, 2, as well as the pre-image rule from Proposition 3.1,
the condition
rge D*T1(z, wy) N (—rge DT, (Z,w,)) = {0}

is sufficient to guarantee its validity.

4 ABSTRACT ANALYSIS WITH AND WITHOUT IMPLICIT VARIABLES

In this section, we first address the relationship between the minimizers of (P) and (Q), respectively.
Afterwards, we will deal with the derivation of necessary optimality conditions and constraint qualifi-
cations for (P) with the aid of limiting variational analysis. In order to infer optimality conditions in
terms of initial problem data (particularly, in terms of the generalized derivatives of F and G), we use
the chain and product rule of coderivative calculus from Section 3.3. As we will see, the associated
assumptions for their respective application are valid in several practically relevant settings, which
shows that the essential constraint qualification boils down to one subregularity assumption. We close
the section with some brief remarks regarding sufficiency of the derived optimality conditions for
convex problems of type (P).

4.1 SOLUTION BEHAVIOR

Here, we want to study the relationship between the local and global minimizers of (P) and (Q),
respectively. To this end, the intermediate mapping K: R" =3 R™ given by

VzeR": K(z) ={1€F(2)]|0€ G(z,1)}

will be of essential importance. Note that we have Z = M N dom K by definition.
Lemma 4.1. If F is a locally bounded set-valued mapping, then H possesses a closed graph.

Proof. Let {(zx, Wr) }ken C gph H be a sequence converging to some (Z,w) € R" X R°. Then, by
definition of H, for each k € N, we find Ax € F(zx) such that wy € G(z, Ax) holds. Since F is locally
bounded at z, {Ax }xen must be bounded. Thus, along a subsequence (without relabeling) it converges
to some A € R™. Recalling that F and G are set-valued mappings with a closed graph, A € F(z) and
w € G(z, ) follow, i.e., w € H(Z) is obtained. This shows the closedness of gph H. O
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Exemplary, let us mention that in the setting of Section 2.1, the mapping F is cone-valued and not
likely to be locally bounded. However, one can check that the associated mapping H still possesses a
closed graph by closedness of the normal cone mapping associated with a convex set.

Subsequently, we discuss some properties of the mapping K.

Lemma 4.2. The following assertions hold.
(a) The mapping K possesses a closed graph.
(b) Fixz € domK. If F is locally bounded at Z, then K is inner semicompact at z w.r.t. dom K.

Proof. Let us start with the proof of assertion (a). Let {(zx, Ax) }ken € gphK be chosen such that
zr — z and 4 — A hold. By definition, we have A; € F(zx) and 0 € G(zx, Ax) for each k € N. The
closedness of gph F and gph G yields A € F(Z) and 0 € G(z, A), respectively. Hence, we have 1 € K(z),
ie., gphK is closed.

In order to show (b), let {zx }xeny € dom K be chosen such that z; — Z holds. Then we find a sequence
{Aktken € R™ such that A € K(zx) holds for all k € N. Noting that K is locally bounded at z since
F enjoys this property by assumption, {Ax }ren is bounded and possesses a convergent subsequence.
Thus, K is inner semicompact at Z w.r.t. dom K. O

In the upcoming theorem, we take a look at the global minimizers of (P) and (Q).

Theorem 4.3.

(a) Letz € R" be a global minimizer of (P). Then, for each A € K(Z), (z,A) is a global minimizer of
Q).

(b) Let (z,) € R" x R™ be a global minimizer of (Q). Then Z is a global minimizer of (P).

Proof. Both statements of the theorem follow from the observation that for given z € R", we have the
equivalences
z€Z — zeMndomK < J1eR™: (z,4) € Z,

while the objective function of (Q) does not depend on the variable A. O

The above theorem shows that the relationship between (P) and (Q) is straight whenever global
minimizers are under consideration. Thus, whenever these problems actually do not possess local
minimizers which are not globally optimal, then (P) and (Q) are equivalent w.r.t. their minimizers in
the sense of Theorem 4.3.

Corollary 4.4. Consider the situation where F and G are convex set-valued mappings. One can easily check
that this implies convexity of H. Particularly, whenever f is a convex function and M is a convex set, then
(P) and (Q) are both convex optimization problems (i.e., their objective function and feasible set are convex,
respectively) whose minimizers correspond to each other in the sense of Theorem 4.3.

A quite popular and nearby situation which is addressed by Corollary 4.4 arises in the context of
(conic) linear programming where slack variables are used to transfer a given problem instance into
standard normal form. It is well known that the original problem and its surrogate are equivalent w.r.t.
their minimizers.

Next, we investigate the relationship between local minimizers of (P) and (Q). As we will see, this
issue is much more delicate in comparison with the situation where globally optimal solutions of these
programs are under consideration.

Theorem 4.5.

(a) Let Z € R™ be a local minimizer of (P). Then, for each A € K(Z), (Z,A) is a local minimizer of (Q).
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(b) Let (z,A) € R™ X R™ be a local minimizer of (Q) for each A € K(z). Furthermore, let K be inner
semicompact at Z w.r.t. dom K. Then Z is a local minimizer of (P).

Proof. For the proof of (a), suppose that, for some local minimizer z € Z of (P), there is some A € K(Z)
such that (2, 1) is not a local minimizer of (Q). Then there is a sequence {(zx, Ax)}xen C Z such
that zz — z, Ax — A, and f(zx) < f(2) holds for each k € N. Since we have z;x € M N domK by
definition of K, zj is feasible to (P) for each k € N. Thus, Z cannot be a local minimizer of (P) which is
a contradiction. This shows (a).

For the proof of (b), let (2, ) € R™ X R™ be a local minimizer of (Q) for each A € K(z) and let K be
inner semicompact at Z w.r.t. dom K. From z € M N dom K we infer the feasibility of Z to (P). Suppose
now that z is not a local minimizer of (P). Then we find a sequence {zi}xen C Z such that zx — 2
while f(z) < f(2) is satisfied for all k € N. From z;. € Z we deduce z; € M N domK for each k € N.
Due to the inner semicompactness of K at z w.r.t. domK, there are a subsequence {z, };en and a
sequence {A;};eny € R™ converging to some A € R™ such that 4; € K (zx,) holds for all I € N . Since
we have z;, — Zz, we can deduce e K(z) from the closedness of gph K, see Lemma 4.2. Thus, the
points from {(zx,, A1) }1en as well as (Z, ) are feasible to (Q). Since we have fzx,) < f(z) foralll € N,
(z, ) cannot be a local minimizer of (Q). This, however, contradicts our assumptions. O

Naturally, when dealing with the reformulated problem (Q), one can hardly expect to find z such that
(2, 1) is a local minimizer for all A € K(z). Typically, one simply finds a point (2, 1) which is locally
optimal (even this is often too optimistic and one only gets a stationary point instead). This underlines
that the approach via problem (Q) is indeed quite far from ideal. The proof of the previous theorem
yields that the situation can be saved if the stronger inner semicontinuity of K is assumed.

Corollary 4.6. Let (z,1) € R" x R™ be a local minimizer of (Q) and let K be inner semicontinuous at
(2,A) wrt. domK. Then Z is a local minimizer of (P).

Due to Lemma 4.2, the inner semicompactness of K can be guaranteed via local boundedness of
F. In the context of bilevel programming, see Section 2.1, we already mentioned that the mapping
F does not enjoy this property. However, K is the Lagrange multiplier mapping associated with the
lower level problem in this context, and the latter is known to be locally bounded under validity of the
Mangasarian-Fromovitz constraint qualification which, thus, implies its inner semicompactness as well.
Hence, Theorem 4.5 recovers the popular result [20, Theorem 3.2]. However, exploiting Proposition 3.3,
we are in position to weaken this constraint qualification such that the resulting multiplier mapping still
possesses the necessary inner semicompactness, i.e., we will keep the essential result of Theorem 4.5
in this case, see Section 5.1 for details.

Remark 4.7. We point out that, in several exemplary cases, the inner semicompactness assumption will
be automatically fulfilled (or will be a consequence of some initial assumption on the data, such as
validity of a constraint qualification for the lower level program in bilevel programming). In fact, even
a stronger form of inner semicompactness considered in Section 4.2 (i.e., inner semicompactness w.r.t.
another intermediate mapping) will hold true, see Section 5.1 as well.

Below, we illustrate that none of the assumptions which are necessary in order to identify a local
minimizer of (P) via local minimizers of (Q) can be dropped in Theorem 4.5.

Example 4.8.

(a) Let us consider the setting n = m = s = 1 with f :=1id,

{0} z>0,
Vz,Ae R:  F(z) =4{0,1} z=0, G(z,A) := [-z — A, ),
{1} z <0,

Benko, Mehlitz On implicit variables in optimization theory



J. Nonsmooth Anal. Optim. 2 (2021), 7215 page 16 of 34

as well as M := R. Obviously, we have Z = [—1, ), i.e.,, Z := —1 is the uniquely determined local
and global minimizer of the associated problem (P). It holds

{0} z>0,
VzeR: K(z)= o1 z=0

{1} z € [-1,0),

%} z < -1

At Z := 0, K is inner semicompact w.r.t. dom K = Z. It can be easily checked that (Z, 0) is a local
minimizer of (Q) while (Z, 1) is not. Thus, assertion (b) of Theorem 4.5 does not generally hold
whenever the local optimality for (Q) cannot be guaranteed for all realizations of the implicit
variables in question.

(b) Forn=m=s=1,weset f :=1id,

0 >0,
VeleR: Fn=10 %2 G(zA) = [-11+2],
{-1/z} z <0,
as well as M := R. Again, we find Z = [-1, ), and Z := —1 is the uniquely determined local and
global minimizer of the associated problem (P). One easily computes

{0} z >0,
VzeR: K(z)=1{-1/z} z¢€][-10),
@ z < -1

Let us consider z := 0. At z, K is not inner semicompact w.r.t. dom K. On the other hand, (z, 0)
is a local minimizer of (Q) since for z T 0, we have A — oo for any A € K(z). Consequently, we
cannot abstain from postulating inner semicompactness of K in order to guarantee validity of
assertion (b) of Theorem 4.5.

The issues regarding the relationship between local minimizers of (P) and (Q) result from the fact
that the variable A is equipped with a metric structure in (Q). This is quite natural when treating (Q)
as an optimization problem and forms the base for the derivation of necessary optimality conditions,
constraint qualifications, and solution algorithms. In the context of bilevel optimization, the authors
of [58] used a different approach by disregarding the metric structure w.r.t. the lower level Lagrange
multipliers in a reformulation of the bilevel programming problem which exploits the optimal value
function as well as the Karush-Kuhn-Tucker-conditions of the lower level problem simultaneously,
see [58, Proposition 3.1]. In the more general setting considered here, this amounts to saying that a
feasible point (2, 1) € R" X R™ of (Q) is a local minimizer whenever there is a neighborhood U ¢ R”"
of z such that

(4.1) V(zA) e ZNn (UxR™):  f(2) < f(z)

holds. One can easily check that whenever Z € R” is a local minimizer of (P), then, for each A € K(2),
(2, A) is alocal minimizer of (Q) in the sense of (4.1). Conversely, if (z, 1) € R”xR™ is a local minimizer
of (Q) in the sense of (4.1), then z is a local minimizer of (P). At the first glance, this approach seems to
solve all the issues observed in Theorem 4.5. However, it is completely unclear how local minimizers
of (Q) in the sense of (4.1) can be characterized or numerically identified. In [58], the authors do
not comment on this shortcoming at all. Thus, although faced with the disadvantages carved out in
Theorem 4.5, we will stick to the classical notion of local optimality in (Q), i.e., we impose a metric
structure on A there.
We conclude this section with a brief remark regarding sufficient optimality conditions.
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Remark 4.9. In optimization theory, sufficient optimality conditions generally imply local linear or
quadratic growth, i.e., they impose local isolatedness of the characterized minimizer. Now, consider a
local minimizer z € Z of (P). Even if it is a locally isolated minimizer of (P), this property fails to hold
for the respective local minimizer (2, 1) for each A € K(Z) as soon as K(Z) is a connected set which is
not a singleton since the objective of (Q) does not depend on the variable A. As a consequence, one
cannot rely on classical first- or second-order sufficient optimality conditions in order to characterize
the minimizers of (Q) as soon as K is multivalued. In the light of Theorem 4.5, it is, thus, difficult to infer
local optimality of a feasible point of (P) via (Q). In the context of bilevel and cardinality-constrained
programming, this phenomenon has been mentioned recently in [47, Remark 4.21] and [16, Section 3.2],
respectively.

4.2 NECESSARY OPTIMALITY CONDITIONS

Here, we are going to investigate three notions of necessary optimality conditions of M-stationarity-
type for program (P). Two of them correspond to (standard) M-stationarity defined in Definition 3.2
applied either directly to (P) or to its reformulation (Q), while the third notion offers conditions in
a completely explicit form. Without mentioning it again, we assume throughout the section that
gph H is (locally) closed. As we have seen in Lemma 4.1 this is inherent if F is locally bounded, but
it also holds in far more general but practically relevant situations. In particular, gph H is locally
closed around (z, 0) € gph H if the mapping K from (4.3) below is inner semicompact at (z, 0) w.r.t.
domK = gph H. For later use, let us define set-valued mappings H: R" x R™ =3 R™ X R* and
H: R X R™ =3 R™™M x R™™M*S by means of

VzeR™ VAeR™: H(zA) = (F C(;Z A)A), $(z1) = ( (ffg) _gé’;‘hF G) .

In order to incorporate the constraints z € M, we will exploit the mappings Hyr: R” = R® x R",
Hy: R" x R™ =3 R™ x RS x R", as well as H1: R? x R™ =3 R™" x R™™+S x R" obtained from
H, H, and $ by adding (z — M) as a component, i.e., we exemplary have Hy(z) := H(z) X (z — M)
for all z € R™. Observe that we have z € Z if and only if (0,0) € Hy(z) and (z,1) € Z if and only if
(0,0,0) € Har(z,A) if and only if ((0, 0), (0,0,0),0) € Hrp(z, A).

Definition 4.10. Let Z € R" be a feasible point of (P). Then Z is said to be

(i) implicitly M-stationary if there exists v € R® such that

0 € 3f (z) + D*H(Z,0)(v) + Nu(2),

(i) fuzzily M-stationary (or fuzzily M-stationary w.r.t. A) if there exist A € K(Z), y € R™, and v € R®
such that )
(0,0) € of (2) x {0} + D*H((2, 1), (0,0)) (1, v) + Nm(2) x {0}

holds, i.e., if (2, 1) is M-stationary for (Q),

(iii) explicitly M-stationary (or explicitly M-stationary w.r.t. ) if there exist A € K(2), u € R™, and
v € R*® such that

0 € 9f(2) + D'F(z ) (1) +{§ € R" | (& p) € D'G((2,4),0)(V)} + N (2).

Proposition 3.1 now immediately provides constraint qualifications for the above M-stationarity
notions.

Proposition 4.11. Let Z € R" be a local minimizer of (P). Then the following assertions hold.
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(a) If Hy is metrically subregular at (z, (0,0)), then Z is implicitly M-stationary.

(b) IfHy is metrically subregular at ((2, 1), (0,0,0)) for some A € K(Z), then Z is fuzzily M-stationary
wr.t. A.

(c) If Hrr is metrically subregular at ((2, 1), ((0,0), (0,0,0),0)) for some A € K(Z), then Z is explicitly
M-stationary w.r.t. A.

Proof. Since Z is a local minimizer of (P), [48, Theorem 6.1] guarantees validity of

0€df(2)+ NH;;(O,O)(Z)-

Noting that for each A € K(2), (z, 1) is a local minimizer of (Q), see Theorem 4.5, [48, Theorem 6.1]
furthermore implies

(4.20) (0.0) € 3 (2) X {0} + N1 000 (2: ),
(4.2b) (0,0) € 9f () x {0} + Ng1((0,0),(0,0.0).0) (% ).
For the proof of (a), we exploit the metric subregularity of Hys at (Z, (0, 0)) and Proposition 3.1 in order

to find 0 € 9f(2) + D*Hp(Z, (0,0))(v, &) for some v € R® and & € R™. Now, we can exploit assertion
(a) of Lemma 3.7 in order to find

D*Hpm(2,(0,0))(v, &) = {g*H(Z, 0)(v)+¢& &e Nu(z),

otherwise,

and this shows that 7z is implicitly M-stationary.

The proof for (b) works in analogous way exploiting (4.2a).

In order to verify statement (c), we first introduce a continuously differentiable single-valued mapping
bay: R* X R™ — R™™ x R™™* x R" and a set Q ¢ R™™ x R™™*S x R" by means of

Vze R, VAe R™: by(z,A) = ((z,1),(z,4,0),2), Q = gphF X gphG x M

and observe that Hps(z, 1) = hy(z,A)-Qholds forallz € R" and A € R™. Thus, the metric subregularity
of the feasibility mapping $as at the reference point guarantees applicability of the pre-image rule, see
Section 3.2. Together with the product rule for the limiting normal cone, see [53, Proposition 6.41], we
obtain

Nez1((0.0).000).0) (2 D)
C Vhar(2,A) " Na(bm(z 1))
= Vhm(Z )" (Ngph r(2 4) X Ngph (2, 4,0) X Nar(2))
Iy e R%: & € D*F(z, 1) (—m),
(&, 12) € D'G((2,4),0)(v), & € NM(’Z')} .

Now, the claim follows from (4.2b). O

= {(§1 + &+ &+ pi2)

Remark 4.12. Taking into account Lemma 3.8 as well as the fact that the simple mapping z =3 z — M is
trivially metrically subregular at all points of its graph, metric subregularity of Hy at (Z, (0, 0)) can be
ensured by metric subregularity of H at (2, 0) and metric subregularity of z = (z—H1(0)) X (z— M) at
(2,(0,0)). Note that the latter implies applicability of the intersection rule for the set Z = H;,}(O, 0) =
H™1(0) N M, namely

NHJI/II(O’()) (2) c NH*I(O) (2) + Nu(2)

and, hence, combined with the metric subregularity of H, also provides a constraint qualification for
implicit M-stationarity, see Proposition 3.1.
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Let us briefly comment on how to ensure the above metric subregularity assumptions via sufficient
conditions in terms of coderivatives. Let Z € R" be a feasible point for (P) and let A € K(Z) be chosen
arbitrarily.

(i) If, for all v € R® and & € R", the implication
—£€ D'H(z,0)(v) N (- Nu(2)) = &v=0
holds, then Hy, is metrically subregular at (z, (0, 0)).

(ii) If, for all g € R™, v € R®, and ¢ € R", the implication

(=£0) € D"H((2,4),(0,0)) (1), £ € Nm(2) = Epv=0
holds, then Hy; is metrically subregular at ((Z, 1), (0, 0, 0)).

(iii) If, forall { € R", p € R™, v € R®, and & € R”, the implication

g € D*F(i’ i)(#)’ (_év - é:,,ll) € D*G((i: A_)’ O)(V): g € NM(Z) = g’ g’)u’ v=20
holds, then $ys is metrically subregular at ((z, 1), ((0, 0), (0,0, 0),0)).

Observe that the above conditions correspond to the famous Mordukhovich criterion applied to the
respective situation at hand. This can be seen from statement (a) of Lemma 3.7, the sum rule for
coderivative calculus, see e.g. [48, Theorem 3.9], and the product rule for limiting normals, see [53,
Proposition 6.41]. Thus, the above conditions already imply metric regularity of the mappings Hyy,
Hy, and Har at the respective point of interest. Weaker sufficient conditions for the presence of
metric subregularity in terms of limiting normal cones and coderivatives can exemplary be found in
[37, 38, 40, 60]. Even finer sufficient conditions can be obtained using the directional limiting approach,
namely the first-order sufficient condition for metric subregularity from [30] or the directional pseudo-
and quasi-normality conditions from [3, 7]. For more details on the directional limiting approach in
variational analysis, we exemplary refer to [8, 33] and the references therein.

Next, we are going to compare the three approaches on how to come up with necessary optimality
conditions for (P). First, we look at the qualification conditions and, afterwards, we deal with the
stationarity conditions. For that purpose, let us define another intermediate mapping K: R"XRS =3 R™,
closely related to K, given by

(4.3) VzeR™ VweR®: K(z,w) = {leF(z)|weG(z,1)}.

Proposition 4.13. Let z € R" be a feasible point of (P). Consider the following two assumptions:

(a) Hy is metrically subregular at ((z,4), (0,0,0)) foreach A € K(Z) and K is inner semicompact at
(z,0) wrt. domK,

(b) Hy is metrically subregylar at ((z, 1), (0,0,0)) for some A € K(2) and K is inner semicontinuous
at ((z, O),/T) w.r.t. domK.

Then each of the conditions (a) and (b) implies that Hy is metrically subregular at (Z, (0,0)).

Proof. Let us first show the statement under validity of (a). Suppose that Hy; is not metrically subregular
at (z,(0,0)). Hence, for each k € N, we find z; € R" and some wy € H(zy) satisfying

dist(zg, Z) = dist(z, H;,}(O, 0)) > k dist((0,0), Hy(z)) = k(||wk|| + dist(zg, M))
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such that z; — z. Particularly, wy — 0 follows. By definition of H and K, we have (zg, wi) € domK
for each k € N. The assumed inner semicompactness of K at (2,0) w.rt. dom K yields the existence of
a sequence {Ax }ren and some A € R™ such that Ay — A and A € E(zk, wg) hold along a subsequence
(without relabeling). Recalling that F and G are mappings with closed graphs, the above convergences
yield A € F(z) and 0 € G(2Z, 1), ie., A € E(E, 0) = K(z). Consequently, we obtain

dist((zx, Ax), Hy7 (0,0, 0)) = dist((2x, ), Z) > dist(zg, Z)
> k(||will + dist(zg, M)) > k(dist(0, G(zk, Ax)) + dist(zg, M))
= k(dist(0, F(zx) — Ax) + dist(0, G(zk, Ak)) + dist(zg, M))
= k dist((0, 0,0), Hp(zx, Ak)),

showing that H) is not metrically subregular at ((z, ), (0, 0, 0)). This, however, contradicts the propo-
sition’s assumptions from (a).

The proof works similarly under validity of (b) observmg that the sequence {Ay }ren can be chosen to
be convergent to the fixed implicit variable A € K (z,0) by inner semicontinuity of K wrt. domK at

((2,0),1). O

Proposition 4.14. Let Z € R" be a feasible point of (P) and fix A € K(z). Assume that $y is metrically
subregular at ((2, 1), ((0,0), (0,0,0),0)). Then Hy is metrically subregular at ((z, 1), (0,0, 0)).

Proof. The proof follows easily from H,(0,0,0) = $,/((0,0),(0,0,0),0) = Z, together with the
simple estimates

V(z,A") € gphF, VA € R™: dist((z, A), gph F) < ||[A = 21",
V((z,4),w) € gphG: dist(((z,4),0),gph G) < [[w]|
which yield that dist(((0, 0), (0,0, 0), 0), Sy (z A)) < dist((0,0, 0), Hy (2, A)) holds. o

Next, we investigate the relationship between the three stationarity notions from Definition 4.10 in
more detail. Let us first address the relationship between fuzzy and explicit M-stationarity.

Remark 4.15. Lemmas 3.5 to 3.7 yield that, under suitable conditions, the coderivative of H at some
point ((Z, 1), (0, 0)) of its graph can be estimated or computed via its components, i.e.,

(Inc(2)) D*H((2,4),(0,0))(p,v) € D*F(Z,A)(p) x {-p} + D*G((2, 1), 0)(v)
for all p € R™ and v € R*. A sufficient condition for validity of (Inc(1)) is given by
£e€ D'F(z,1)(0), (=£0) € D'G((z,4),0)(0) = £&=0,

see Lemma 3.5, and this is inherent if either F possesses the Aubin property at (Z, 1) or G possesses
the Aubin property at ((Z, A1), 0). Another situation where (Inc(4)) naturally holds is given in the case
where F and G are polyhedral set-valued mappings. Note that (Inc(1)) does not hold for free in general
due to fact that the variable z enters both set-valued parts F and G. Combining validity of (Inc(4))
with simple computations provides conditions that guarantee that fuzzy M-stationarity implies or
even coincides with explicit M-stationarity. We will show in Section 4.3 that the latter is automatically
fulfilled for all of our example problems from Section 2, so we skip further details and consider these
two notions to be basically identical.

Let us now tackle the more interesting question when an implicitly M-stationary point is fuzzily
or explicitly M-stationary as well. The latter question can be easily answered by the chain rule since

Benko, Mehlitz On implicit variables in optimization theory



J. Nonsmooth Anal. Optim. 2 (2021), 7215 page 21 of 34

151(2) = (G o F)(z) holds for all z € R” where F: R” =3 R" x R™ is the set-valued mapping given by
F(z) :={z} X F(z) for all z € R". Taking into account that

D*F(z, (2 )(& p) = £+ D"F(z, 1) ()

holds by Lemma 3.7 (a), Lemma 3.4 immediately yields the following result.

Proposition 4.16. Let Z € R™ be an implicitly M-stationary point for (P). Then Z is explicitly M-stationary
provided the mapping

(4-4) (zzw) 3 F(2) NG Y (w) = {(z,1) | A € F(2), w € G(z, 1)}
is inner semicompact at (z, 0) w.r.t. its domain while the mapping
(4.5) (2w, q,4) 3 (2 - ¢,F(z) —1,G(q, 1) - w)

is metrically subregular at ((z, 0,2, 1), (0,0,0)) for each A € K(Z).

On the other hand, using the intermediate mapping K from (4.3), one obtains
gph H = domK, gphK = H7'(0,0)

for the feasibility mapping H:R" x RS X R™ =3 R™ x R given by

(4.6) Vz € R", Yw € R®, VA € R™: ?A{(z, w,A) = (GI(TZ(,Z))L)_—AW) =H(z,A) - (3}) .
Keeping Lemma 3.4 and the subsequently stated remarks in mind, the coderivative of H can be
estimated via the coderivative of H under suitable assumptions. More precisely, for (a, b) satisfying
a € D*H(Z,0)(b), the above approach yields the existence of 1 € K(z) together with 4 € R™ and
v € R® such that
(a,—b,0) € D*H((z,0,1), (0,0)) ().

Consequently, the decoupled sum rule from [9, Section 5.4] implies that the relations v = b and
(a,0) € D*H((2, 1), (0,0))(, v) need to hold, and for the particular choice a € —9f(z) — Ny (), we
end up with fuzzy M-stationarity.

We summarize these observations in the subsequent proposition.

Proposition 4.17. Letz € R"™ be an implicitly M-stationary point of (P). Assume thatK is inner semicompact
at (z,0) wr.t. domK, and let H be metrically subregular at ((z,0, A), (0,0)) for each A € K(Z). Then Z is
fuzzily M-stationary. Moreover, Z is also explicitly M-stationary if (Inc(1)) holds for each A € K(Z).

The metric subregularity assumption in Proposition 4.17 can again be replaced by the stronger
Mordukhovich criterion.

Corollary 4.18. Let z € R"™ be an implicitly M-stationary point for (P). Let K be inner semicompact at
(z,0) wrt. domK.

(a) Assume that, for each A € K(Z), the constraint qualification
(4.7) (0,0) € D"H((2,1),(0,0)(,0) = p=0

holds, which is inherent whenever H is metrically regular at ((z, 1), (0,0)). Then Z is fuzzily
M-stationary. If, additionally, (Inc(A)) holds for each A € K(Z), then Z is explicitly M-stationary.
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(b) Assume that (Inc(1)) holds for each A € K(z) and let
(4.8) £ e D'F(E D) (), (~E ) € D'G((1),00(0) = p=0

be valid for each A € K(zZ) which is inherent whenever G posseses the Aubin property at ((z, 1), 0)
for each A € K(z). Then Z is explicitly M-stationary.

(c) Assume that

(4-9) £eD'F(z)(p), (&) € D'G((2,4),0)(0) = &p=0

is valid for each A € K(Z) which is inherent whenever G posseses the Aubin property at ((z, 1), 0)
for each A € K(Z). Then z is explicitly M-stationary.

Proof. Let us start with the proof of statement (a). The relation between the coderivatives of H and
H, which has been discussed above Proposition 4.17, yields

ker D*H ((2,0, 1), (0,0)) = {(1£,0) | (1,0) € ker D*H ((2,2), (0,0))}

for each A € K(z). Thus, the constraint qualification (4.7) implies metric regularity of H at the point
((z,0,4),(0,0)) for each A € K(z) by means of the Mordukhovich criterion. Thus, the assertion follows
from Proposition 4.17. For the proof of (b), we observe that due to validity of (Inc(1)) for each A € K(Z),
(4.8) implies (4.7) for each A € K(2), i.e., the assertion follows from statement (a). Finally, (c) follows
from (b) observing that (4.9) implies validity of (4.8) as well as (Inc(1)) by means of Remark 4.15. O

Let us mention that, in general, explicitly M-stationary points do not need to be implicitly M-
stationary, see e.g. Section 5.3 and [44, Section 4] where this issue is visualized in the context of
cardinality- and or-constrained programming, respectively.

As a consequence of Propositions 4.11, 4.16 and 4.17, we obtain the following constraint qualifications
which guarantee that a given local minimizer of (P) is explicitly M-stationary.

Theorem 4.19. Let z € R"™ be a local minimizer of (P) and consider the following assumptions:

(a) Hy is metrically subregular at (Z, (0, 0)), K is inner semicompact at (Z,0) w.r.t. dom K, and for
each A € K(z), H is metrically subregular at ((z,0, 1), (0,0)) while the inclusion (Inc(A)) holds,

(b) Hyy is metrically subregular at (Z,(0,0)), the mapping defined in (4.4) is inner semicompact at
(2,0) wr.t. its domain, and for each A € K(Z), the mapping defined in (4.5) is metrically subregular
at ((z,0,2,4),(0,0,0)),

(c) Hoy is metrically subregular at ((z, 1), (0, 0,0)) for some A € K(Z) and the inclusion (Inc(1)) holds,
(d) Hu is metrically subregular at ((z, 1), ((0,0), (0,0,0),0)) for some A € K(Z).

Then each of (a), (b), (c), and (d) implies that Z is explicitly M-stationary.

Once more, let us emphasize that validity of the inclusion (Inc(1)) can be guaranteed under not too
restrictive conditions which can be found in Lemmas 3.6 and 3.7, see Remark 4.15 as well.

In Section 4.3, we will see that the most essential ingredients from Theorem 4.19 are the metric
subregularity assumptions on Hyy, Hyy, and s, respectively, while the other requirements can often
be guaranteed by simpler structure of the problem or by suitable qualification conditions.

A general purpose of necessary optimality conditions is to shrink the feasible set down to a (hopefully)
small number of points which are potential candidates for local minimizers. Since we are interested
in finding local minimizers z € R" of (P) even if (Q) is under consideration, Theorem 4.5 underlines
that validity of explicit M-stationarity w.r.t. each A € K(Z) is desirable for that purpose since this
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corresponds to standard M-stationarity for (Q) at its local minimizers (2, 1) under mild assumptions,
see Remark 4.15 again. In order to infer this directly from (Q), one has to impose metric subregularity of
9 at all points ((z, 1), ((0,0), (0,0, 0),0)) such that A € K(Z) holds. Postulating that the intermediate
mapping K from (4.3) is inner semicompact w.r.t. dom K at (z, 0) (which is inherent in several underlying
applications), Propositions 4.13 and 4.14 guarantee that Hy, is metrically subregular at (Z, (0, 0)). Due
to Proposition 4.11, this is already enough to ensure that the local minimizer z of (P) is implicitly
M-stationary. In this regard, the constraint qualifications one has to impose on (Q) in order to find
potential candidates for local minimizers of (P) via the associated M-stationarity conditions are in
several situations not weaker than the constraint qualifications one has to impose directly on (P) in order
to infer implicit M-stationarity as a necessary optimality condition. In the context of bilevel optimization,
the counterexamples in [1, Section 3.1] depict that the converse statement of Proposition 4.13 does not
hold in general. This also shows that, in some situations, the conditions in statement (a) of Theorem 4.19
might be weaker than the condition from statement (d) (but for all 1 € K(Z)) in this regard. Let us sum
up some important points:

(i) it may happen that z is implicitly M-stationary while it is not explicitly M-stationary w.r.t. all
elements of K(Z) (in case where the chain rule is applicable in order to compute the coderivative
of H, one can only ensure explicit M-stationarity w.r.t. those implicit variables which are active in
the union appearing in the chain rule), however, under mild assumptions, explicit M-stationarity
for some instance of the implicit variable can be derived,

(ii) if z is a local minimizer of (P), then due to Theorem 4.5, explicit M-stationarity w.r.t. all ele-
ments of K(Z) is a reasonable necessary optimality condition for (P) (under suitable constraint
qualifications), and

(iii) the constraint qualifications needed to infer implicit M-stationarity of a local minimizer z of
(P) (Hy metrically subregular at some reference point) and to obtain explicit M-stationarity
from that, see Propositions 4.16 and 4.17 as well as Corollary 4.18, might still be weaker than the
constraint qualifications needed to infer explicit M-stationarity w.r.t. all A € K(2) directly from

Q.

These observations underline that although the use of implicit variables as explicit ones might be
beneficial for computational purposes, this transformation is disadvantageous since it comes for the
price of additional artificial local minimizers and potentially stronger constraint qualifications. Instead
of treating implicit variables as explicit ones, one should keep them implicit while exploiting the
inherent underlying problem structure as long as possible in order to infer reasonably weak constraint
qualifications ensuring validity of useful necessary optimality conditions at local minimizers.

Let us mention some positive features of implicit variables regarding optimality conditions. Clearly,
whenever we are given some z € R” feasible to (P) and some lek () such that $, is metrically
subregular at ((Z, )I), ((0,0), (0,0,0),0)) while z is not explicitly M-stationary w.r.t. 1, then 7 cannot
be a local minimizer of (P), see Proposition 4.11. This means that implicit variables can be used to infer
suboptimality conditions for (P). Secondly, let us mention that it might happen that a practically useful
representation of the coderivative of H is not available for some underlying applications while the
computation of the coderivative of F and G might be possible in terms of initial problem data, see e.g.
Section 5.2. Then the explicit M-stationarity conditions of (P) might be applicable while the implicit
counterpart is of limited practical use. Of course, under rather mild assumptions one can estimate the
coderivative of H via the coderivatives of F and G, but this is not completely for free in general.

4.3 NECESSARY OPTIMALITY CONDITIONS UNDER ADDITIONAL STRUCTURAL ASSUMPTIONS

In this section, we show how the situation from Section 4.2 simplifies in specific settings that cover
our example problems from Section 2. To this end, we impose that the following assumption on the
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problem data holds throughout the section.

Assumption 4.20. The set gph H is closed, and the problem data satisfies one of the following assump-
tions on the set-valued mapping G:

(1) G(z,4) :=g(z,A)—0Oholds forallz € R” and A € R™ where g: R*XR™ — R is a continuously
differentiable function and ® c RS is a closed set,

(i) G(z, 1) == G(A) + g(z) holds for all z € R"” and A € R™ where G: R™ = RS is a set-valued
mapping with a closed graph and g: R" — R? is a continuously differentiable function.

Let us point out that (i) covers the setting of bilevel programming from (2.1) as well as the setting of
cardinality-constrained optimization from (2.5), while (ii) covers the setting of evaluated multiobjective
programming from (2.2).

Statements (a) and (b) of Lemma 3.7 yield that the inclusion (Inc(1)) holds with equality under any
of the assumptions (i) or (ii). Thus, due to Remark 4.15, fuzzy M-stationarity in fact coincides with
explicit M-stationarity and so we can work only with the latter. Particularly, we will only consider
the implicit and explicit M-stationarity conditions with the respective constraint qualification being
metric subregularity of Hy and Hy.

For the remaining part, let us add the inner semicompactness of K wrt. domK at (z,0) for some
feasible point z € R" of (P) to the standing assumption. Then the comparison of the metric subregularity
conditions reduces to simply saying that Hys is metrically subregular at (z, (0, 0)) provided Hy, is
metrically subregular at ((z, 1), (0,0, 0)) for all A € K(Z), see Proposition 4.13.

Finally, we discuss when implicit M-stationarity implies explicit M-stationarity. Again, the statements
(a) and (b) of Lemma 3.7 show that there is now no problem with the computation of the coderivative
of the mapping H and the same applies to the mapping H from (4.6) due to the arguments above
Proposition 4.17. Particularly, we infer that H is metrically regular at ((z,0, 1), (0,0)) for A € K(2) if
and only if the constraint qualification (4.8) is valid. One can check that the latter is inherently satisfied
in the setting (i) since G possesses the Aubin property in this case. If (ii) holds, (4.8) boils down to

ker D*F(z, 1) N D*G (A, —(2))(0) = {0}.

We sum up all these arguments in the following proposition.

Proposition 4.21. Let Z € R™ be implicitly M-stationary for problem (P) and let K be inner semicompact
w.rt.domK at (z,0). Then the following assertions hold.

(a) Let G be given as stated in (i). Then Z is explicitly M-stationary, i.e., there exist A € K(z) and
v € No(g(2Z, 1)) such that

0 € of(2) + D*F(2,1)(V29(2,1) V) + V.g(Z, ) Tv + Ny (2).

(b) Let G be given as stated in (ii) and let H be metrically subregular at ((z,0, 1), (0,0)) for each
A € K(2). Then z is explicitly M-stationary, i.e., there exist A € K(z) and v € R® such that

0 € af(2) + (D'F(2,2) o D*G(4,—4(2))) (v) + V§(2) Tv + N (2).

The above proposition shows that in the setting (i) from Assumption 4.20, one only has to impose
metric subregularity of Hy, at some reference point (Z, (0, 0)), where Z is a local minimizer of (P), and
some inner semicompactness of K in order to come up with fully explicit optimality conditions in
terms of initial problem data. In the setting (ii), an additional metric subregularity requirement on H
is necessary for that purpose. As we will see, inner semicompactness of K is inherent under reasonable
assumptions in the context of the problem settings from Section 2. Thus, one might be tempted to say
that in any of the settings from Assumption 4.20, an implicitly M-stationary point of (P) is likely to be
explicitly M-stationary w.r.t. at least one choice of the implicit variable.
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4.4 CONVEXITY AND SUFFICIENT OPTIMALITY CONDITIONS

We want to close our theoretical analysis of the abstract model (P) with a brief look at sufficient
optimality conditions in the presence of convexity. More precisely, we investigate the problem of
interest under the subsequently stated standing assumption.

Assumption 4.22. Let f be a convex function, let F and G be convex set-valued mappings, and let M be
a convex set.

As we already mentioned in Corollary 4.4, Assumption 4.22 ensures that H is convex as well.
Observing that the graphs of F, G, and H are convex, their coderivatives are given via the normal cone
in the sense of convex analysis. That is why we obtain the following result.

Theorem 4.23. Let z € R" be an implicitly, fuzzily, or explicitly M-stationary point of (P). Then Z is a
minimizer of (P).

Proof. We only show the statement for explicitly M-stationary points. The remaining assertions can
be derived similarly.
Let z be explicitly M-stationary. Then we find 1 € K(z), p € R™, and v € RS as well as & € 9f(2),
& € D*F(z,A)(p), (&,p1) € D*G((2,1),0)(v), and & € Ny (z) with 0 = & + & + & + &,. For each
(z,1) € Z, we obtain

fR2f@D+H(z-2)=f(2) - (z-2)-&(z-2) - & (z—2)
>f(2)-&(z-2) - () A= -&(z-2)—p (A-2) - (-v)"(0-0)
> f(2)

by definition of the subdifferential and the normal cone in the sense of convex analysis. This shows
that (z, A) is a global minimizer of (Q), i.e., Z is a global minimizer of (P) due to Theorem 4.3. O

5 CONSEQUENCES FOR CERTAIN PROBLEM CLASSES

In this section, we discuss some of the results obtained in Section 4 by means of the example problems
introduced in Section 2.

5.1 BILEVEL PROGRAMMING

In this section, we take a look back at the bilevel programming problem (BPP) from Section 2.1.
Throughout the section, the following additional standing assumption may hold.

Assumption 5.1. The lower level feasibility mapping y = g(y) — C is metrically subregular at all points
(y,0) belonging to its graph.

Clearly, the requirements from Assumption 5.1 are inherent whenever a Robinson-type constraint
qualification holds at all lower level feasible points. In case C := R™, this amounts to validity of
MFCQ at all points from I'. However, in many situations, the metric subregularity assumption from
Assumption 5.1 might be weaker.

Consulting Section 3.2 and [53, Theorem 6.14], we find that the pre-image formula

Ne(y) = Va(3) " Ne(g(y) = V() T [C° ng(»)*]
holds for all y € I'. Thus, the associated intermediate mapping K: R™ x R™ =3 R™ is given by

K(x,y) = {)L eC’

Vyj(xy) +Vg(y)"A=0,1Tg(y) =0}
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which is nothing else but the so-called Lagrange multiplier mapping associated with (LL). Keeping
Proposition 3.3 and the continuity of V,j(-,-) in mind, K is inner semicompact w.r.t. its domain
everywhere. Thus, our Theorems 4.3 and 4.5 recover the results obtained in [20, 22] under validity of
weaker constraint qualifications at the lower level. Indeed, we do not exploit the local boundedness of the
intermediate mapping K, which was the key idea in the latter papers, but only its inner semicompactness.
For that purpose, metric subregularity of the feasibility mapping is enough. Let us inspect the assertion
of Corollary 4.6 in the light of the present setting. Therefore, we fix a point ((%, 7),A) € gphK.
Relying on [14, Lemma 4.44, Proposition 4.47] and observing that C is a cone, we obtain that K is inner
semicontinuous at ((%, y), 1) if the condition

(5.1) Vg(7)"A=0,1Tg(7) =0, e (CNAH)° = A1=0

is valid. Actually, this already implies K(%, ) = {1} and that K is so-called locally upper Lipschitz
continuous at (X, y), see [14, Section 2.3] for a definition. In general, (5.1) is more restrictive than
validity of GMFCQ at j. Noting that (5.1) depends on the multiplier A and, thus, implicitly on the
objective function j, this condition is not a constraint qualification in the narrower sense. In the
setting of standard nonlinear programming, i.e., where C := R™ holds, (5.1) is referred to as the strict
Mangasarian—Fromovitz condition which is known to be the weakest condition implying uniqueness of
Lagrange multipliers, see [55]. In the more general setting where C is a polyhedral, convex cone, (5.1)
is implied by the so-called non-degeneracy condition

Vg(7)TA=0,1€(CCNg(P*-C°ng()*) = 1=0

which corresponds to the prominent linear independence constraint qualification (LICQ) in standard
nonlinear programming. It can be distilled from [20, Theorem 3.2] that a bilevel optimization problem
and its reformulated single-level counterpart, where lower level multipliers are treated as explicit
variables, are equivalent w.r.t. local minimizers whenever LICQ is valid at each point which is feasible
for the lower level problem. In this regard, the above observations provide another generalization
of the results from [20]. Let us also mention that if C is polyhedral, we can actually obtain stronger
properties of K which correspond to inner semicontinuity and inner semicompactness but with linear
rate of change (called inner calmness and inner calmness®, respectively, in [6, 9], where more details
can be found).

Recalling the setting from (2.1), we have H(z) := V,,j(z) + /Vr(y) for all z := (x, ). In this regard,
the implicit M-stationarity conditions of (BPP) at some feasible point Z := (%, y) reduce to the existence
of v € R™ such that

(0,0) € 0f(2) + V3,j(2) v + {0} X D*Ni (5, =V,j(2) (v) + Ns(%) x {0}.

Some recent progress in the field of variational analysis even allows to calculate or estimate the
appearing coderivative of the normal cone mapping Nr: R"™ =3 R™ in terms of initial data under
suitable assumptions, see e.g. [31, 32, 34]. On the other hand, the explicit M-stationarity conditions of
(BPP) reduce to the existence of A € K(z) and v € R™ which satisfy

(0,0) € af (2) + V3, () Tv + {(0. 27 A V2g: (5)v) }
+{0} x D*(Ne 0 9) (37, 1) (Vg(3)v) + Ns(x) x {0},

see statement (a) of Proposition 4.21. Above, g3, ...,gm: R™ — R denote the component functions
of g. Naturally, this stationarity system might be deduced directly from the above system of implicit
M-stationarity with the aid of the chain rule from Lemma 3.4. Consulting Proposition 3.3 once more,
however, we see that the intermediate mapping K from (4.3), which takes the form

K((x,y),w)={recC°

—w+V,yj(x,y)+Vg(y)TA=0,1Tg(y) =0},
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is also inner semicompact w.r.t. its domain at all points ((%, y), 0) that satisfy the relation (%, y) € dom K.
In this regard, statement (a) of Proposition 4.21 guarantees that each implicitly M-stationary point of
(BPP) is automatically explicitly M-stationary as well. This observation generalizes the classical results
from [49].

Note that the coderivative of N o g might be computed or estimated using again a suitable chain rule
while observing that the associated intermediate mapping from (3.2) is naturally inner semicontinuous
w.r.t. its domain at each point of its graph by continuity of g. This way, one might be tempted to call
the stationarity system

(0,0) € 3f (2) + V2,j(2) v+ {(0, 274 4V gi(9)v) }
+{0} x Vg(3) "D*Ne(g(7), A (Vg(7)v) + Ns(x) x {0}

the fully explicit M-stationarity system of (BPP) (w.r.t. 1). We want to point out that this system can
be written equivalently as

(0,0) € of (2) + V2,j(2) v+ {(0, LAV gi(9)v + V(7)) } + Ns (%) x {0}
(1 =VgPIV) € Ny 5. (99, ),

corresponding to the M-stationarity system of the optimization problem

f(x,y) — min
x,¥,A

x €S
Vyj(xy)+Vg(y»)TA =0
(9(y), 1) € gph Ne.

Observing that C is a convex cone, we have

gph Ne = {(a,b) e Cx C°

a'b= 0},

and this motivates us to call (5.2) a generalized mathematical problem with complementarity constraints,
see [29, Section 4] or [56]. Following the above arguments and keeping Section 3.2 in mind, we obtain
the following result.

Corollary 5.2. Let z := (%, y) € R™ X R"™ be a local minimizer of (BPP) and assume that, for some
A € K(Z), the mapping

(6,920 3 (x = 8.V, ) + Vg(3) "4 (9(»), D) - gph Al |

is metrically subregular at ((%, 7, 1), (0,0, (0,0))). Then Z is fully explicitly M-stationary for (BPP) w.r.t.
A

Using the above terminology, we would like to mention that the authors in [1] discussed the implicit
and fully explicit M-stationarity conditions of (BPP) in case C := R™. They came up with refined
conditions ensuring that the feasibility mapping from Corollary 5.2 is indeed metrically subregular at
some reference point, see [1, Theorem 8]. From the viewpoint of applicability, the system of fully explicit
M-stationarity might be the most useful one among the stated ones since the appearing coderivative of
the normal cone mapping Ne is computable in some situations where the set C is simple, see e.g. the
proof of [24, Theorem 2] and [33, Theorem 2.12]. Let us mention that yet another M-stationarity-type
system associated with (BPP) has been derived in the recent paper [36].
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5.2 EVALUATING WEAKLY EFFICIENT POINTS IN MULTICRITERIA OPTIMIZATION

Let us consider (EMOP) under the assumptions from Section 2.2. Particularly, we consider problem (P)
with the setting from (2.2). The associated intermediate mapping K: R" =3 R™ reads as

VzeR": K(z)={AeA|ze¥(N)}.

The subsequent lemma provides essential foundations of our analysis.

Lemma 5.3. The mapping G from (2.2) possesses a closed graph while K from above is inner semicompact
w.r.t. its domain everywhere.

Proof. First, we show that G possesses a closed graph. Choose sequences {zx }xeny € R”, {Ax}reny € R™,
and {wg }reny € R such that zp — z, A4 — A, and wy — w for some z € R", 1 € R™ and w € R" are
valid while wy € G(zk, Ax) holds for all k € N. Particularly, we find {Ax }reny C A and zx + wy € ¥ (Ag),
ie.,

VkeN,Vz' €T: Al j(z +wi) < AL j(2))

and zx + wi € T for all k € N. Taking the limit k — oo and observing that j is continuous while I' and
A are closed, we infer z+w € T and A7 j(z + w) < ATj(z’) for all z’ € T. This yields z + w € ¥(A)
which equals w € G(z, 1), i.e,, ((z, A1), w) € gphG. Particularly, gph G is closed.

By definition, F is locally bounded everywhere which is why the lemma’s assertion regarding K
follows directly from Lemma 4.2. O

Now, Theorems 4.3 and 4.5 can be used to infer the precise relationship between (EMOP) and
its associated counterpart (Q) w.r.t. global and local minimizers, respectively. Related results can be
obtained in the slightly more general context of semivectorial bilevel programming where the lower
level decision maker has to solve a multiobjective optimization problem, see [23].

Let us now focus on optimality conditions for (EMOP). Clearly, the associated implicit M-stationarity
conditions take the form

0 € 9f (2) + Nr,.(2)

for an arbitrary feasible point z € R". However, these conditions are of limited practical use due to an
essential lack of knowledge regarding the variational geometry of I3,.. On the other hand, invoking
Proposition 4.21, we find that the explicit M-stationarity conditions of (EMOP) take the following form:
there exist A € K(2) and v € R” such that

v € af(2), 0 € D*¥(4,2)(v) + Na(A).
Taking into account that

VieA: P(A)= {ZER"

0€evVj(z) A+ Kfr(z)}
holds, we refer to [25, 33] for a broader view on solution mappings of parametrized variational systems
and estimates of their generalized derivatives. Particularly, in case where j is twice continuously
differentiable, we obtain the additional estimate

DW(L2)() < {Vi(@u|-v e TRAV i@+ D' Ri (2, -Vi(2) TA) (1} + Na ()

applying the pre-image rule to

gph ¥ = {(/1, 2) ’ (z,-Vj(2)"A 1) € gph Ni X A}
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which is possible whenever the feasibility mapping (1,z) = (z,—Vj(z) "4, ) —gph NrXA s metrically
subregular at ((4, Z), (0, 0,0)), see Section 3.2. The coderivative of the normal cone mapping associated
with I' can be estimated from above in several interesting situations covering the setting where T’
is the pre-image of a closed and convex (polyhedral) set under a sufficiently smooth mapping, see
the references mentioned in Section 5.1. Using a related approach, fully explicit necessary optimality
condition for semivectorial bilevel optimization problems are derived in [59].

Observing that F and G are metrically subregular mappings in the present setting (2.2), metric
subregularity of the mapping 3: R™ x R™ =3 R™ x R™*" given by

Vze R, VAe R™: 3(zA):=(A-A)x((42) - gph¥)

at ((2, 1), (0, (0,0))) for some A € K(Z) is already enough to obtain that the associated mapping Hyy is
metrically subregular at ((2, 1), (0,0)), see Lemma 3.8. Note that 3 results from the mapping ¥ given in
Lemma 3.8 by deleting the trivial factor R” which does not influence the metric subregularity property.
In the presence of this metric subregularity, Z is an explicitly M-stationary point of (EMOP) provided
z is a local minimizer of this program, see Proposition 4.11 and the arguments in Section 4.3.

5.3 CARDINALITY-CONSTRAINED PROGRAMMING

Finally, we investigate the setting of cardinality-constrained optimization from Section 2.3. In the
context of (2.5), the mapping K: R” =3 R” is given by

VzeR": K(z)= {/1 € [0,1]"|Z,-€Io(z)/1i >n—-k,Viel*(2): A; = O}
where we used
IF(z) ={ie{1,...,n}|z # 0}, ’(z) ={ie{l,....,n} |z =0}

for arbitrary z € R"™. Obviously, K is locally bounded and, thus, inner semicompact w.r.t. the set
domK = {z € R"|||z|l, £ x} at all points of its domain. The images of K are polytopes (i.e.,
bounded polyhedrons). Furthermore, K(z) is a singleton if and only if z satisfies ||z||, = k. In this
regard, Theorem 4.3 recovers [17, Theorem 3.2]. On the other hand, the results [17, Proposition 3.5,
Theorem 3.6] are consequences of Theorem 4.5. However, our result even applies to settings where
llzlly < K is valid, and, thus, clarifies the situation in [17, Examples 1 and 2].

Let us mention first that due to the arguments from Section 2.3, the mapping H takes the form
z 3 D, — z in the situation at hand, see (2.3), and we note that it is polyhedral by nature of D, (since
Dy is the union of finitely many convex, polyhedral sets). The implicit M-stationarity conditions of
(CCMP) w.r.t. a feasible point z € R" are given by

0 € 9f(2) + Np,.(2) + Nu(2).
By means of the formula
Np, (Z) ={veR"| ||v|l, <n-x, VieI"(2): v; =0},

which can be distilled from [50, Lemma 2.3], we obtain a reasonable optimality condition as soon as
the variational structure of M is nice enough. Let us point out that whenever M is the union of finitely
many convex polyhedral sets, then each local minimizer of the associated problem (CCMP) is implicitly
M-stationary by Remark 4.12 since the feasibility mapping z =3 (z — Dy) X (z — M) is polyhedral in
this situation and, thus, metrically subregular at all points of its graph. In case where the variational
geometry of M is more difficult, metric subregularity of this feasibility mapping at (z, (0, 0)) is still
enough to infer implicit M-stationarity whenever Z is a local minimizer of (CCMP). In case where
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M = {z € R" | ®(z) € Q} holds for a continuously differentiable mapping ®: R” — R? and a closed
set Q C RP, the associated Mordukhovich criterion, which ensures metric regularity of the feasibility
mapping and validity of the pre-image rule for the estimation of the limiting normal cone to D, N M
at z, takes the form

||V<I>(2)T77||0 <n-xneNo(®(2),Viel*(2): (V&(2)'n),=0 = p=0.

As we pointed out in Section 4.3, the fuzzy and explicit M-stationarity conditions of (CCMP) which
follow from the setting (2.5) coincide. Performing some calculations and keeping statement (a) of
Proposition 4.21 in mind, these explicit M-stationarity conditions take the following form at a reference
point z: there exists some A € K(Z) such that

0€df(z)+{veR"|Viel* (2): v =0} + Nu(2).

We note that this condition does not depend on A at all. It corresponds to the M-stationarity notion
discussed in [16, 17, 18]. At the first glance, we observe that the implicit M-stationarity condition is
more restrictive than its explicit counterpart. In light of statement (a) of Proposition 4.21, this is not
surprising since the intermediate mapping K associated with the present setting is inner semicompact
w.r.t. its domain at each point of the latter. Recall that the explicit M-stationarity system does not
depend on the precise choice of the implicit variable from K(Z), i.e., implicit M-stationarity of Z implies
explicit M-stationarity w.r.t. all implicit variables from K(Z). On the other hand, let us mention that in
case of z := 0 being feasible to (CCMP), it is always an explicitly M-stationary point of (CCMP) w.r.t.
each implicit variable from K(z) while this point is not necessarily implicitly M-stationary.

6 CONCLUSIONS

The essential message of this paper says that whenever optimization problems with implicit variables are
under consideration, it is better to leave them implicit as long as possible. In many practically relevant
situations like cardinality-constrained programming, see Section 5.3, this procedure leads to more
restrictive necessary optimality conditions which hold under less restrictive constraint qualifications
(in a certain sense). Furthermore, the implicit formulation avoids the appearance of artificial local
minimizers, and this might be beneficial not only from a theoretical but also from a numerical point of
view. It is, thus, always desirable to explore the inherent problem structure of the original problem
instead of making its implicit variables explicit for a non-negligible price. Exemplary, let us mention
that a convincing variational description of the weakly efficient set of a multiobjective optimization
problem which avoids the use of scalarization variables is likely to enhance the results from Section 5.2.
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INEXACT AND STOCHASTIC GENERALIZED CONDITIONAL
GRADIENT WITH AUGMENTED LAGRANGIAN AND PROXIMAL
STEP

Antonio Silveti-Falls* Cesare Molinari” Jalal Fadili*

Abstract In this paper we propose and analyze inexact and stochastic versions of the CGALP
algorithm developed in [34], which we denote ICGALP, that allow for errors in the computation
of several important quantities. In particular this allows one to compute some gradients, proximal
terms, and/or linear minimization oracles in an inexact fashion that facilitates the practical appli-
cation of the algorithm to computationally intensive settings, e.g., in high (or possibly infinite)
dimensional Hilbert spaces commonly found in machine learning problems. The algorithm is
able to solve composite minimization problems involving the sum of three convex proper lower-
semicontinuous functions subject to an affine constraint of the form Ax = b for some bounded
linear operator A. Only one of the functions in the objective is assumed to be differentiable, the
other two are assumed to have an accessible proximal operator and a linear minimization oracle.
As main results, we show convergence of the Lagrangian values (so-called convergence in the
Bregman sense) and asymptotic feasibility of the affine constraint as well as strong convergence of
the sequence of dual variables to a solution of the dual problem, in an almost sure sense. Almost
sure convergence rates are given for the Lagrangian values and the feasibility gap for the ergodic
primal variables. Rates in expectation are given for the Lagrangian values and the feasibility gap
subsequentially in the pointwise sense. Numerical experiments verifying the predicted rates of
convergence are shown as well.

1 INTRODUCTION

1.1 PROBLEM STATEMENT

We consider the following composite minimization problem,

(&) min {f (x) +¢(Tx) + h(x) : Ax = b},

and its associated dual problem,

(@) min (f +goT+h)" (~A"u) + (1b),
peHq

where we have denoted by * both the Legendre-Fenchel conjugate and the adjoint operator, to be

understood from context. We consider H,,, Hy, and H, to be arbitrary real Hilbert spaces, possibly

infinite-dimensional, whose indices correspond to a primal, dual, and auxiliary space, respectively;
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A:H, —» Hgand T : H, — H, to be bounded linear operators with b € ran(A); functions f, g, and h
to all be convex, closed, and proper real-valued functions. Additionally, we will assume that the function
f satisfies a certain differentiability condition generalizing Lipschitz-smoothness, Holder-smoothness,
etc (see Definition 2.7), that the function g has a proximal mapping which is accessible, and that the
function h admits an accessible linearly-perturbed minimization oracle with C < dom (h) a weakly
compact subset of H,.

In fact, the problem under consideration here is exactly the same as that of [34], however, in this
work, we consider an inexact extension of the algorithm presented and analyzed in [34] to solve ().
The extension amounts to allowing either deterministic or stochastic errors in the computation of
several quantities, including the gradient or proximal terms, e.g. V f, prox , and the linear minimization
oracle itself.

1.2 CONTRIBUTION AND PRIOR WORK

The primary contribution of this work is to analyze inexact and stochastic variants of the CGALP
algorithm presented in [34] to address (). We coin this algorithm Inexact Conditional Gradient with
Augmented Lagrangian and Proximal-step (ICGALP ). Although there has been a great deal of work on
developing and analyzing Frank-Wolfe or conditional gradient style algorithms, first studied in the 1950’s
in [17] and later in [24], in both the stochastic and deterministic case, e.g. [20, 21, 32, 18, 16, 35, 27, 19],
or [26], little to no work has been done to analyze the generalized version of these algorithms for
nonsmooth problems or problems involving an affine constraint, as we consider here. To the best of our
knowledge, the only such work is [25], where the authors consider a stochastic conditional gradient
algorithm applied to a composite problem of the form

JJuin E[f (xm)] + g (Ax)

where the expectation is over the random variable n and with g possibly nonsmooth. The nonsmooth
term is possibly an affine constraint but, in such cases, it is addressed through smoothing rather than
through an augmented Lagrangian with a dual variable, in contrast to our work. They consider only
finite-dimensional problems and their problem formulation doesn’t allow for inexactness with respect
tog.

We show asymptotic feasibility of the primal iterates for the affine constraint, convergence of the
Lagrangian values at each iteration to an optimum value, strong convergence of the sequence of dual
iterates, and provide worst-case rates of convergence for the feasibility gap and the Lagrangian values;
all these results are in an almost sure sense. The rates of convergence for both the Lagrangian and the
feasibility gap are given globally, i.e., for the entire sequence of iterates, in the ergodic sense where the
Cesaro means are taken with respect to the primal step size, in an almost sure sense. We also show
rates in expectation which hold pointwise but subsequentially. In the case where (9°) admits a unique
solution, we furthermore have that the sequence of primal iterates converges weakly to the solution
almost surely. These results are established for a family of parameters satisfying abstract open loop
conditions, i.e. sequences of parameters which do not depend on the iterates themselves. We exemplify
the framework on problem instances involving a smooth risk minimization where the gradient is
computed inexactly either with stochastic noise or a deterministic error. In the stochastic case, we
show that our conditions outlined in Section 3 for convergence are satisfied via increasing batch size or
variance reduction. In the deterministic setting for minimizing an empirical risk, a sweeping approach
is described.

1.3 MOTIVATION

Conditional gradient methods have seen increased interest in the last decade, due to their applicability to
solving a large variety of problems, in particular in large-scale signal/image processing and statistical

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient...



J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 3 of 41

learning. A chief advantage of conditional gradient is its ability to take advantage of the atomic
structure of the set (or level sets of the function) that come into play, and they can do so for problems
posed even in an infinite-dimensional setting. Besides this, conditional gradient methods offer an
alternative to projecting onto a closed convex set in constrained optimization by instead utilizing a
linear minimization oracle (Imo). The difference in complexity for these two operations depends on
the set in question; a survey comparing the two for sets commonly found in practice can be found
in [11]. Note that for some constraint sets, projection may not be even possible in closed form while
solving a linear minimization oracle is. One of the main motivations behind this work is to be able to
handle composite problems where not only one atomic constraint set is involved, but finitely many of
them. There are many problems in data processing and/or machine learning where such situation is
encountered, typically when one uses several regularizers or constraints in a variational formulation
(e.g., recover a sparse low rank matrix). We are also motivated by composite problems where it is
favourable to hybridize conditional gradient involving an lmo step on some (or several) atomic set,
and a proximal/projection step on another set; see [10] where the constraint is the intersection of
the semidefinite positive cone and the set of Toeplitz matrices to solve a semidefinite relaxation of
the Beurling lasso [15]. Our interest in the infinite-dimensional setting is motivated by the ability of
conditional gradient type algorithms to handle infinite-dimensional problems, most notably sparse
inverse problems [7], the Beurling lasso [15] to recover sparse Radon measures, training neural networks
with one hidden layer [4, 14], and optimal transport problems [8]. In the latter instances, the problems
are posed over infinite dimensional nonreflexive Banach spaces, a nontrivial endeavor. In this sense,
our work can be seen as an important intermediary step towards this goal, with proofs that provide
insight to how the infinite-dimensional case might be handled.

1.4 ORGANIZATION

The remainder of the paper is divided into four sections. In Section 2 the necessary notation and prior
results are recalled, consisting primarily of convex analysis, real analysis, and elementary probability. In
Section 3 the assumptions on the problem structure and the parameters are noted, the ICGALP algorithm
itself is presented. In Section 4, the main results, e.g. feasibility, Lagrangian convergence, and rates, are
established. The analysis and results are far-reaching extensions of those in [34] to the inexact and
stochastic setting, and require quite delicate new arguments. In Section 5 and Section 6, we consider
different problem instances where inexact deterministic or stochastic computations are involved.
Numerical results are reported in Section 7 to support our theoretical findings. Finally, in Section 8, we
summarize the work and provide some closing remarks.

2 NOTATION AND PRELIMINARIES

Many of the following notations for probabilistic concepts are adopted from [13]. A sequence (xx)en €
HN will be called strongly convergent to x € H, denoted x; — «x, iff ||xx — x|| — 0; it will be
called weakly convergent to x € H, denoted x; — x, iff, for any u € H, {(xr,u) — (x,u). We
denote by (Q, 7, [P) a probability space with set of events Q, o-algebra ¥, and probability measure
P. When discussing random variables we will assume that any Hilbert space H is endowed with
the Borel o-algebra, 8 (H). We denote a filtration by § = (Fi)rens i-€. @ sequence of sub-c-algebras
which satisfies #, C F,q for all k € N. Given a set of random variables {aq, ..., a,}, we denote
by o (ao, ..., a,) the o-algebra generated by ay, . .., a,. An expression (P) is said to hold (P-a.s.) if
P ({w € Q: (P) holds}) = 1. Throughout the paper, both equalities and inequalities involving random
quantities should be understood as holding [P-almost surely, whether or not it is explicitly written.
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Definition 2.1. Given a filtration &, we denote by £, (&) the set of sequences of [0, +oo[-valued random
variables (ag)ien such that, for each k € N, ai is F; measurable. Then, we also define the following
set,

0@ = {<ak>keN €L (F): ) ax <+oo (P-as) }

keN

Lemma 2.2. Given a filtration & and the sequences of random variables (ri) ey € €4 (&), (ak)ken € O (F),
and (z) ey € €1 (&) satisfying,

E [res: | Fal —re < —ax +z (P-a.s.)
then (ax)ren € €1 (§) and () ey converges (P-a.s.) to a random variable with value in [0, +0co].
Proof. See [33, Theorem 1]. O

Lemma 2.3. Given a filtration § and a sequence of random variables (wi)cn € €+ (&) and a sequence of
real numbers (yi)rcn € &+ such that (yewi)een € €4 (8) and (yi) ey € £, then:

(i) There exists a subsequence (ij)jeN such that liminfy w, = 0 (P-a.s.),

(ii) Furthermore, if there exists a constant « > 0 such that wi — E [wiy1 | Fi] < ayx (P-as.) for
everyk € N, then

lilzn wr =0 (P-as.) .

Proof. The second result is directly from [5, Lemma 2.2] and the first follows from [1] trivially extended
to the stochastic setting. O

Lemma 2.4. Consider the real sequences (ri)ien € €, (Pk)ken € bos (Wi)ken € €r, and (zi)gen € €1
Suppose further that (pr),cn ¢ €' and that, for some a > 0, the following inequalities are satisfied for
every k € N:

(2.1)

Tk+1 < Tk — PeWk + 2k
Wk — Wie1 < QP

Then,
(i) (rk)ken is convergent and (prwi) ey € Li-
(ii) limg wy = 0.
(iii) For everyk € N, infi<; < w; < (ro + E) /Py, where, again, P, = 3\}_, pr and E = 31 2.

(iv) There exists a subsequence (wkj) N such that, for all j € N, wy, < Pl:l
je J

Proof. See [1] for the proof. O
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We denote by I, (H) the set of proper, convex, and lower semi-continuous functions f : H —

R U {+c0}. We also consider the domain of a function f to be dom (f) e {x e H: f(x) <+oo} and

the Legendre-Fenchel conjugate of f to be the function f* : H — R U {+oo} such that, Vy € H,
f1 ) E sup () = f ()}
x€7

Throughout, differentiability will be intended in Fréchet sense, and we denote V f the (Fréchet) gradient
of a differentiable function f. The proximal mapping (or proximal operator) associated to the function
f with parameter f is given by

def . 1 2
proxg. (x) = ar mln{ )+ = llx =yl } )
g ygE?{ f Zﬂ

The following elementary result from convex analysis regarding proximal mappings will be used in
the proof of optimality.
Proposition 2.5. Let f € To (H) and denote x* = prox; (x). Then, forall y € H,

2(f (") = £ ) + [ =3 = e =y + [ =" < 0.
Proof. The result is classical and the proof is readily available, e.g. in [30, Chapter 6.2.1]. O

The subdifferential of a function f is the set-valued operator of : H — 2™ such that, for every
x€H,

def

(2.2) of )={ueH:f(y»)>f(x)+wy-x) VyeH}

We denote dom (9f) « {x € H : f (x) # 0} as the domain of the subdifferential. For x € dom (9f), the

minimal norm selection of df (x) is denoted by [9f (x)]° S argmin,,c ey lyll. The Moreau envelope

of the function f with parameter f is given by,

0= inf {f () + % I - y||2} :

The following proposition recalls some key properties of the Moreau envelope which we will utilize in
the analysis of the algorithm.

Proposition 2.6 (Moreau envelope properties). Given a function f € Iy (H), the following holds:
(i) The Moreau envelope, fﬁ, is convex, real-valued, and continuous.

(ii) Lax-Hopf formula: the Moreau envelope is the viscosity solution to the following Hamilton Jacobi
equation:

(23) { a7 =3[V DI (o p) e Hx (0+e)

£ =f () xeH.
(iii) The gradient of the Moreau envelope, V fF is %—Lipschitz continuous and is given by the expression

X — proXgg (x)

(iv) Vx € dom(of), HVfﬁ (x)” e ||[8f (x)]OH as N\ 0.

Vi (x) =
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) Vx € H, fB(x) / f(x) as B\, 0. In addition, given two positive real numbers ' < B, for all
x € H we have

p-F

0< 7 () - fF (x) < o V7 (x)||2;

05 £ ()~ (o) < D lar orl.

Proof. (i): see [6, Proposition 12.15]. The proof for (ii) can be found in [3, Lemma 3.27 and Remark 3.32]
(see also [22] or [2, Section 3.1]). The proof for claim (iii) can be found in [6, Proposition 12.29] and the
proof for claim (iv) can be found in [6, Corollary 23.46]. For the first part in (v), see [6, Proposition 12.32(i)].
To show the first inequality in (v), combine (ii) and convexity of the function f > ¢# (x) for every
x € H. The second inequality follows from the first one and (iv), taking the limit as f* — 0. O

Given a closed, convex set C, we write d¢ © SUp, yec |[x — y|| to denote the diameter of C. We
denote the Bregman divergence of a differentiable function F by

Dr (x,y) € F(x) = F(y) = (VF (y),x - y) .

Definition 2.7 ((F, {)-smoothness). Let F : H — R U {+co} and ¢ :]0,1] — R,. The pair (f, C), where
f:H —> RU{+o0} and C C dom (f), is said to be (F, {)-smooth if there exists an open set Cy such
that C c Cy C int (dom (F)) and

(i) F and f are differentiable on Cj;
(if) F — f is convex on Cy;
(iii) it holds
e DF (Z, X)
(2.4) Ky, R ———— < +o0o.
(&0 Zoa LW

x,s€C;y€]0,1]
z=x+y(s—x)

Remark 2.8. An important consequence of Definition 2.7(i) and Definition 2.7(ii) in (F, {)-smoothness
is the following. Let (f, C) be (F,{) smooth. Then, for any x, y € C, we have

F) < fx)+(Vf(x),y—x)+Dr(y.x).
Moreover, by Definition 2.7(iii), if y = x + y (s — x) for some s € C and y €]0, 1], we have,

(25) Dr (y,x) < Kre0)¢ (v) -

Definition 2.9 (w-smoothness). Consider a function w : Ry — R, such that w (0) = 0 and & (s) e

/01 w (st) dt is nondecreasing. A differentiable function g : H — R is said to be w-smooth if, for every
x,y€H,

Vg (x) = Vg (DI < o (llx = yll)

Remark 2.10. A classical consequence of w-smoothness is the following. If g : H — R is w-smooth, for
every x, y € H we have

fF<fFE+HVfE),y—xy+&(ly—xl) lly ==l
Remark 2.11. Note that being «w-smooth is a stronger condition than being (F, {)-smooth since every
w-smooth function f is also (F,{)-smooth with F = f, { (t) = d¢t&(dct) and K(r¢,c) < 1. Addi-
tionally, the assumptions on ¢ being nondecreasing can be replaced by the sufficient condition that
lim; o+  (t) = w (0) = 0.
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3 ALGORITHM AND ASSUMPTIONS

For each k € N, we denote by Ay and /115C random variables from (Q, F, P) to 7—(p and R, respectively.
In this context, A will represent the error in the gradient or proximal terms and A; will represent the
error in the linear minimization oracle itself.

Algorithm 1: Inexact Conditional Gradient with Augmented Lagrangian and Proximal-step
(ICGALP)

Input: x, € C = dom (h); g € ran(A); (i) reny (B rens (Ok)kens (PR ken € L-
k=0

repeat

Yk = proxg, , (Txy)

Zk = Vf(xk) + T (Txk - yk) /,Bk +A*[lk + pkA* (Axk - b) + Ak
Sk € Argminseﬂp {h(s) + {zx,s)}
Sk € {s € 7”{‘,, sh(s) +(zr,s) < h(sk)+ (zk> Sk) +/12}

Xt = Xk — Ve (X% —Sk)

et = fik + Ok (Axgqq — b)
k—k+1

until convergence;
Output: xjq.

To improve readability, we list some notation for the functionals we will employ throughout the
analysis of the algorithm,

(3.1) @ (x) = f(x)+9(Tx) +h(x);
L 1) = f(x)+g(Tx)+h(x) + (i, Ax — b) ;
Ly (6, 1) S f (x) + g% (Tx) + h (x) + (, Ax = b) + ’;—k [l Ax — b||?;

Ex () £ (x) + g% (Tx) + (. Ax = b) + B flax — b
O (x) £ £ (x) + g (Tx) +h (x).

We can recognize L (x, i) as the classical Lagrangian, L (x, i) as the augmented Lagrangian with
smoothed g, & (x, u) as the smooth part of Ly (x, it), and @ (x) as the primal objective with smoothed
g. With this notation in mind, we can see zj as V&g (xk, k) and Ax as the error in the computation of
Vi Ex (xks pik)-

We define the following filtration

def def —_ —~
(3.2) S = (Sk)reny Where Sk = o (X0, L0, S0s - - -5 Sk)
and o (xg, o, So, - - -, Sk) is the o-algebra generated by the random variables xo, po, So, - - ., S defined in

Algorithm 1. Furthermore, due to the error terms being contained in the direction finding step, we have
that xy.; and g4 are completely determined by §%. Another noteworthy consequence of the error
terms being contained in the direction finding step is that the primal iterates (xx )y remain in C, as
in the classical Frank-Wolfe algorithm, while the dual iterates (j ),y remain in ran (A).

Finally, we define the notation for the set of solutions for (9) and (9) to be
(3:3)

Sp & Argmin {f (x) + g (x) + h(x) : Ax =b} and Sy e Argmin {(f +g+h)" (A" + (1 b)}

x€7‘(p ,uE'f(d
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and the notation for the set of weak cluster points of a sequence (x )¢y in H,, to be

def

(5.9 B () 2 fx e Hy3(x) x5

JjeN
3.1 ASSUMPTIONS
3.1.1 ASSUMPTIONS ON THE FUNCTIONS

We impose the following assumptions on the problem we consider; for some results, only a subset of
them will be necessary:

(A1) The functions f, g o T, and h belong to Ty (H,).

(A.2) The pair (f,C) is (F, {)-smooth (see Definition 2.7), where we recall C “ dom (h).
(A.3) The set C is weakly compact (and thus contained in a ball of radius R > 0).

(A.4) Ttholds TC c dom(dg) and sup ||[ag (Tx)]OH =M < oo.
xeC

(A.5) The function h is Lipschitz continuous relative to its domain C with constant L, > 0, i.e.,
V(x,2) € C?, |h(x) — h(z)| < Ly |Ix — 2]

(A.6) There exists a saddle-point (x*, y*) € H,, x H, for the Lagrangian L.
(A.7) The set ran(A) is closed.

(A.8) One of the following holds:
(a) A”1(b) Nint (dom (g o T)) Nint (C) # 0, where A™! (b) is the pre-image of b under A.
(b) H, and H; are finite-dimensional and

A1 (b)) Nri(dom (goT))Nri(C) # 0
(3.5) and
ran (A*) Npar (dom (go T) N C)* = {0} .

(A.9) The space H, is separable.

(A.10) The set-valued mappings (8 (CDZ o (—A*)))k N satisfy the following property: for any sequence
(S
((Pks gi)) ke satisfying, for each k € N,

Pk €9 (P 0 (=A7)) (qx),
with py — p and g — g, the sequence (gi); ¢y admits a strong cluster point.

The following lemmas outline sufficient conditions ensure that assumption (A.4) holds for g and
show why it’s unnecessary to make a similar assumption for f in light of (A.1) and (A.2).

Lemmag3.1. Let T : H, — H, be a bounded linear operator. Assume that one of the following holds:
(i) g € Iy (H,), TC C int (dom (g)) and C is a nonempty compact subset of H,,.

(ii) g : ‘H, — R is continuous, convex and bounded on bounded sets of H,, and C is a nonempty

bounded subset of H,.
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(iii) H, and H,, are finite dimensional, and either g € Ty (H,), TC C int (dom (g)) and C is closed and
bounded, or g : H, — R is continuous and convex and C is a nonempty bounded subset of H,,.

Then (A.4) holds.
Proof. (i) Since g € Iy (H,), it follows from [6, Proposition 16.21] that
TC c int (dom (g)) € dom(dg).

Moreover, by [6, Corollary 8.30(ii) and Proposition 16.14], we have that dg is locally bounded
on int (dom (g)). In particular, as we assume that C is bounded, so is TC, and since TC C
int (dom (g)), it means that for each z € TC there exists an open neighborhood of z, denoted
by U,, such that dg (U;) is bounded. Since (U;,), ¢ is an open cover of TC and TC is compact,
there exists a finite subcover (Uzk)Zzl' Then,

n

U g (Tx) C U a9 (Uy,) -

xeC k=1

Since the right-hand-side is bounded (as it is a finite union of bounded sets),

sup  lull <+,
x€C, uedg(Tx)

whence the desired conclusion trivially follows.

(ii) From the equivalence [6, Proposition 16.17(i) < (iii)], it follows that dom(dg) = H, and thus
TC c dom(dg) trivially holds. Moreover, dg is bounded on every bounded set of H,, and in
particular on C.

(iii) In finite dimension, the claim follows trivially from (i) for the first case by a simple compactness
argument, and from (ii) in the second case since a continuous and convex is bounded on bounded

sets in finite dimension; see [6, Proposition 16.17].
m}

Lemma 3.2. The assumptions (A.1) and (A.z) are sufficient to ensure that

sup [[Vf (0)|l < D

xeC

for some D < +0c0.

Proof. Fix s € C and let x € C. We have

PV +f(s) = (Vf(x),s) = f(s) = f(x) =(Vf(x),s—x) =Dyr(s,x) < Dr(s,x)
<Kre0)¢ ),

where we used the Fenchel identity ([6, Proposition 17.27]) in the first equality, Remark 2.8 in the first
inequality and Definition 2.7 in the second one. By [6, Corollary 9.20], f is bounded from below on C
which entails

fT(Vf(x) =(Vf (x),s) <Dr(s,x) < Kirgo)§ (D) +e,

for some real constant ¢. Now, since

s € C ¢ domVf C int (domf)
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by Definition 2.7 and [6, Proposition 17.41], we infer from [6, Theorem 14.17 and Proposition 14.16] (recall
that s is fixed), that there exists a; > 0 and a, € R such that, for all x € C,

a [VF ()l + a2 < Krg0)¢ (1) +c.

Taking the supremum over x € C entails the desired claim with D = a;* (K| roe)d (1) +c— az). O

Remark 3.3. If the dimension of Hj; is finite, then (A.10) is satisfied because weakly compact sets are
compact in such spaces. Alternatively, another sufficient condition is to impose that the sublevel sets

of the functions (d)z o (—A*))k are compact, for instance if the functions are uniformly convex,
eN

uniformly in k.

3.1.2 ASSUMPTIONS ON THE PARAMETERS AND ERROR TERMS

We impose the following assumptions on the parameters and error terms and, as with the assumptions
above, for some results only a subset will be necessary:

(P.1) (Yi)ken €]0,1] and the sequences (¢ (¥k))kens (yz/ﬂk) and (ykfr) ey belong to £1.

keN
(P2) (yi)pen €€
(P.3) (Br)ken € ¥+ is nonincreasing and converges to 0.

(P.4) (pr)gen € ¢+ is nondecreasing with 0 < p < pi < p < 400,

(P.5) For some positive constants M and M, M < (yi/yks1) < M.

(P.6) (Ok)ren satisfies O = ’%‘ for some ¢ > 0 such that @ - % < 0.

2
(P.7) The sequences (pg)ren and (Vi) ey satisty (1 — yis1) pr+1 — Pk + %Yk - )%‘ < 0 with c as in (P.6).

(®8) (1w [l | Seliens € € (@) and (newE [, | k) € £(®).

(P) (et [l Diens € € and (view [25,]) e ek

Remark 3.4. To satisfy (P.7), it suffices to take (pi ).y to be a constant sequence, i.e. px = p, with p
sufficiently large to satisfy 24 < p, a similar requirement as in (P.6). The condition (P.7) would then
be satisfied as follows,

2
2 Y k
(1_)’k+1)P—P+EYk_?k:_Yk+lp+y?(2_)’k)

2Yx
< —Yknp + %
T
S Yk |2——p
c
< 0.

Remark 3.5. We will also denote the gradient of &; with errors as

Vil (%, 1) & V& (x, 1) + A
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It is possible to further decompose the error term A, for instance, into )L{ - T*Ai /Px where /1{{r is the
error in computing Vf (x;) and AZ is the error in evaluating proxg (Txy). In this case, the condition
(YientE Akl | SkDgeny € €4 (S) in (P.8) is sufficiently satisfied by demanding that

(rea [[AL]]1 &k])keN e (@) and (J2E [P ) 1K) e d @)

4 MAIN RESULTS

4.1 PREPARATORY RESULTS
Lemma 4.1. Suppose (A.1), (A.z) and (P.1) hold. For each k € N, define the quantity

ar I TII?
(4.1) Ly = —— + || All*px.
B

Then, for each k € N, we have the following inequality,
Sk (xpesrs i) < S (xie, pie) + (Ve (X i) s Xiewr = Xk) + DF (X1, Xic)
Ly
+ — || Xk1 — xk||2-
2
Proof. See [34, Lemma 4.5] O

Lemma 4.2. Suppose (A.1) and (A.2) hold. Then, for each k € N and for every x € H,,,

k
E (x ) = Er () + (Vai (i) x = ) + EX|AGe = w01
Proof. See [34, Lemma 4.6]. O
Lemma 4.3. Assume that (A.3) and (P.4) hold. Let (xy)cn be the sequence of primal iterates generated by
Algorithm1 and S = (Sk) ey as given by (3.2). Then, for each k € N, we have the following estimate,

Pk+1

k —
B 1A = Bl = P [ A = b1 | Sica] < Pdc 1A (IAIR+ 1) v (P-as) -

Proof. For each k € N, by convexity of the function % |A - —b||* and the assumption (P.4) that
(pk) e is nondecreasing, we have,
Pk+1
2
k
< (7 (22 1A bl () 3 = 3 ) )

= pis1 (Axg — b, A (X — Xk41)) -

Pk Pk Pk
7 Az = bIIP = =2 A~ BIP < = [l Axi = b = =7 A = I

Recall that, for each k € N, xz41 = xx — yx (xx — k) and take the expectation to find,

Pk+1
2

P i = b1 — B |25 [ Axis = BI | Skt < PIE [(Axe = b A (5 = 500) | S
< predc 1Al (1AI R+ 1))

where we have used the Cauchy-Schwarz inequality and the boundedness of C, assumed in (A.3), in
the last inequality. O

Remark 4.4. The above result still holds if we replace both p; and px.; by the constant 2 and shift the
index by 1, i.e,, for each k € N,

|AXg41 = bII* = E [[|Axksz = BII° | Sk] < 2dc 1Al (AR + 1I1l) yisr (P-as.)
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Lemma 4.5. Suppose that (A.1)-(A.6) hold. Let (xi)rcn be the sequence of primal iterates generated by
Algorithm 1 and pi* a solution, which exists by (A.6), of the dual problem, and recall the constant D from
Lemma 3.2. Then, using the filtration S given in (3.2), for each k € N, we have the following estimate,

L (310 1) = B [ £ (k1 1) | Ska] < viede (MIITI + D + Ly + [ 1411 (P-a5) -

Proof. We recall the proof from [34, Lemma 4.7] with a slight modification to account for the inexactness
of the algorithm. Define uy E [9g(Txi)]° and recall that, by (A.4) and the fact that for allk € N, x € C,

we have [|ug|| < M. By (A.1), the function ® (x) e f(x) +g(Tx) + h(x) is convex. Then, for each
keN,

L (x5, %) = L (X1, 1) = P(xk) = Do) + (B, A (X — Xp41))
< Aug, T(xg = x51)) + (Vf(xk), Xk — Xpei1)

+ Lyl = xicall + I~ AL floee = xpeall,

where we used the subdifferential inequality (2.2) on g and f, the Lj-Lipschitz continuity of h relative
to C (see (A.5)), and the Cauchy-Schwarz inequality on the inner product. Since, for each k € N,
Xk+1 = Xk + Yk (Sk — xx), we obtain, for each k € N,

L (g, ) = L (X1, 1) < Yk((uk, T(xp = 5k)) + (Vf(xx), X =Sk + Ly |lxge =il
+ 1 A e = 5ell

Now take the expectation with respect to the filtration §%_;, such that x; is completely determined, to
get, for each k € N,

L (%, 1*) = E[L (ks 1) | Skea] < Yk([E [(ur, T(xk = 5k)) | Sk—1] + E [(VF (), X = k) | Sk
+ L [lloek = Sicll | Sie—al + ™11 IAINE [l =Skl | os’k—l])
< yide (MIITII + D+ Ly + |lp*| [|All),
where we have used the Cauchy-Schwarz inequality, the boundedness of the set C by (A.3), the
boundedness of ux by M by (A.4), and the boundedness of |Vf (x)|| by D, the constant in (A.4). O
4.2 ASYMPTOTIC FEASIBILITY

Lemma 4.6 (Feasibility estimate). Suppose that (A.1) - (A.4) and (A.6) all hold. Consider the sequence of
iterates (x) ey generated by Algorithm 1 with parameters satisfying (P.1) and (P.3)-(P.6). For each k € N,
define the two quantities, A'Z and AZ in the following way,

AR 2 Li G i) = Lic (), A E L — Lo (),

where we have denoted L} (px) o min, L (x, yi) and £¥r (x*, ). Furthermore, for each k € N,
denote the sum Ay o A‘Z + A‘,f. We then have, using the filtration S given in (3.2), for each k € N,

M. 3 L
(4.2) E [Aks1 | Skl = Ak < —Yin = | A%esr = bl + S |A (X — T 112 ] + Y;iHTﬂdzc
ﬁk - ﬂk+l 2 2 p2 b 2
+K(F,§,C)§()’k+1)+TM + (P — pi) (IIA1F R + [|0]]%)

+YenE [, | Sk +deyinE [kl | Skl
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Proof. The proof here is adapted from the analogous result found in [34, Theorem 4.1]. As before,
the quantity AIIZ > 0 and can be seen as a primal gap at iteration k while AZ may be negative but is
uniformly bounded from below by our assumptions (see [34, Theorem 4.1]). We denote a minimizer of
L (x, pr) by X € Argmin Ly (x, pi), which exists and belongs to C by (A.1)-(A.3). We have, for each

xeH,

keN,

Aks1 = Dk = Lirs (Xkrzs fierr) — L (X, o) + O [[Axgss — b
+2 [ L Xk, i) — Liesr (Kieats prs1) ] -

Recall that X, € Argmin Ly (x, yi), that gPc < gP+ due to (P.3) and Proposition 2.6(v), and that
xeH,

Pk < pr+1 by (P.4). Then, for each k € N,

Ly (X, pire) = Lirr Krers pes1) < L K, i) — Licsr (Kiests Piar)
. 1 .
= 9% = 9P| (T%a0) + 5 1o = pren] At = b

+ Mk — Pi+1> AXpesq — b)
< =0k (Axpyq — b, AXpyy — b),

where we have used the fact that py; = pi + 0k (Axgs1 — b) coming from Algorithm 1. So we get, for
eachk e N,

Agy1 = D < Liys (Cpras rsr) — L (Kesss ) + Ok || Axgas — b
— 20k (AXps1 — b, AXjyq — b) .

Note that, for each k € N,

(pk+1 -

k
Lic (s ) = Lo (S ) = |97 = 9| () = (P22 1A, - b1

Then, for each k € N,

Agst = Ak < L Ksas fs1) — Lisr (ks firsr) + 974 (Tgar) — ¢P% (T

K+l ~ Pk X
+ (p +12 ’ ) | Axgss — b||2 + Ok | Axgyr — b||2 — 20k (AXgy1 — b, AXgy1 — b) .

We denote by T1 = Lin (Xesa pr+1) — Lis1 (Xks1, fier1) and the remaining part of the right-hand side
by T2. For the moment, we focus our attention on T1. Recall that L (x, ux) = E (x, pix) + h (x) and
apply Lemma 4.1 between points xx.2 and xg4q, to get, for each k € N,

T1 < h (xr42) = h (x041) + (VEpr1 (Xpaa, IJk+l) s Xk42 = Xk41)
Lk+1

+ |24z — xk+1||2 + Dp (Xg42, Xk41) -

By (A.1) we have that h is convex and thus, since x4 is a convex combination of xg4; and Si;, we get,
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for each k € N,

T1 < yrn (h (k1) = B (xpes1) + (VaEperr (X, Hic+1) s Sk41 — xk+1>)
Lyt
2+ k42 — xk+1||2 + Dr (Xk42, Xk+1)

+

= Yk+1(h (§k+l) —h (Xp41) + <@k+l (Xtes1s IJk+l) s Sk+1 — xk+1>

+ <Vx8k+1 (Xer1s firs1) = VBt (Xats Hier1) » Sks — xk+1> )

Lyt
2+ I xk+2 — xk+1||2 + Dr (X425 Xk+1)

+

= Yk+1(h (Sk41) = P (xpe41) + <V/x79k+1 (k41> Hicr1) » Skt — xk+1>

- Ly
- </1k+1, Sk+1 — xk+1> ) + 2+ ||xk+2 - xk+1||2 + Dr (xk+2, xk+1) .

Applying the definition of 5; as the approximate minimizer of the linear minimization oracle gives, for
each k € N,

T1 < yn (h (Sk41) — h (xp41) + <V’x?;k+1 (Xk+1> He+1) 5 Sk+1 — xk+1> + /‘{';_'.1

~ Lin
— (Rt St = X)) + o2 sz = 2t + D (Koo X

We can apply the definition of si; as the minimizer of the linear minimization oracle and Lemma 4.2
to get, for each k € N,

+ A3

T1 < Y Gier) = h (k) + (TeBian (s ) T = Xiwr) + 24,

—~ Lk+1
= (ks> Sk1 = Xka1) ) + 5 k42 — xk+1||2 + Dp (Xg42, Xk+1)

= Yeaa (B Gin) = b (oar) + Vot (rns k) Xt = Fea) + ALy,

-~ ~ Lk+1
= (ks> Skt — Xkea1) ) + 5 k42 — xk+1||2 + Dr (Xk42, Xk+1)

~ ~ k ~
< }’k+1(h (X)) = B (Xk41) + Epar (Kieats iea1) — S Kkt i) — /32+1 A (Xp1 — X41) ||2
- . L
+ Ay = et ot = Frr) ) + =

|| xps2 — xk+1||2 + Dp (Xg42, Xk41)

~ k ~
= Yk+1 (£k+1 (Xk1s Hies1) — Liesr (Kka1s Piesr) — P2+1 lA (xgs1 — Xks1) ||2 + A’z_'_l

—~ ~ Lk+1
= (ks> Skt — Xiea1) ) + 5
Yk+1Pk+1 ~ - —~
< PP A Grer = Fr) I+ P (A + Rt Rt = i) |
Ly
2 || xp42 — xk+1||2 + DF (Xg42, Xk41) »

2
Ixk+2 — Xr41ll” + D (X425 Xk41)

+

where we used that X, is a minimizer of Ly (-, ftk+1) in the last inequality. Combining T1 and T2
and using the Pythagoras identity we have, for each k € N,

~ k ~
4.3 k+1 = Bk = Uk [|AX |41 — k = YVier1 & Xk+1 — Xk+1
(43) B = B < =0 1A% = b1 + (01 = v P2 1A 1§
L +1 2 B i
]; lxk+2 = Xksall” + DF (Xps2, Xp41) + [9 —g k] (Txg+1)
+ Pk+1 —

k ~ —~
P A% = BI + i (A + s s =) )
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Now take the expectation with respect to S, = o (x0, Ko, S0s - - - » Sk)» which completely determines xy1,
Xt+1, and pig4q. We are also going to perform the following estimations.

+ Under (P.5) and (P.6), we have that, for each k € N, 0 = yi/c with Myy.1 < yx and so that
M
=0k < —Z Yk

« Again by (P.6), we have, for each k € N, 8 = yx/c for some ¢ > 0 such that

where M is the constant such that, for each k € N, yx < My, (see (P.5)). Then, using again (P.5)
and the above inequality, for each k € N,

k M pg M P
(4.4) O — )/I<+1'02Jrl < (? - ,02+1) Yk+1 < (? - 5) Vi1 = —OYk+1-

« By Algorithm 1, for each k € N, x5 — Xk41 = Yir1 (Sk+1 — Xk41)- Since k41 and xy4q are both in C
and C is bounded due to (A.3), for each k € N,

Ly
2

Ly —~ 2 Lin
E Iz = xieall® | S| = == E [k = xiall® | S| < ==riade.

« Recall that, by (A.2), f is (F, {)-smooth and invoke Remark 2.8, to get
E [Dr (Xks2, k1) | Skl < K(rz.0)¢ (Yra1) -

« By Proposition 2.6(v) and assumption (A.4),
E Hgﬁkﬂ —gﬁk] (Txpe41) | 09k] < P~ Pin _Z'Bkﬂ[E [H[ag (TXk+1)]0”2 | (*Sjk] < Pr = P —2,3k+1M2.

« We also have, using Jensen’s inequality and (A.3), for each k € N,

(pk+1 — Pk

PV E At = BI | i) < (prws = pi) (IAIF R+ (1]

In total, for each k € N,

M ~ ~
E [Aksr | Skl = Ak < =Tykat 1AZks1 = bII* = Syisn 1A Gora = Faew) I

Liw
+ T+Yf+1d?: +Krz.0)8 (Yen)

PPN s — i) (LA R + 1)
+ 1o (E [y | il + B [Querns B = Fear) | 841 ).

Using Cauchy-Schwarz together with the fact that X, and 5;; are in C, which is bounded by (A.3),
we also have, for each k € N,

(4.5) Vier1E [kt et = Sket) | Skl < ViernndeE [ Akl | Skl
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which gives, for each k € N,

M . . Ly
(4.6) E[Aksr | Skl — Ak < _?)’kﬂ |AXks1 — b”2 = OYkea1 A (Xpes1 — xk+1)||2 + Y]%H 2+1 d;

Br — ﬂk+1

+Krs.0)0 (vker) + M + (prsr — pic) (IIAIP R® +11b]1%)
+yknE [, | S| + }’k+1dc[E [ Akl | Skl

and (4.2) follows by trivial manipulations. O

Theorem 4.7 (Feasibility). Suppose that (A.1)-(A.4) and (A.6) all hold and recall Fk = Z vi- For a sequence
(xx)ken generated by Algorithm 1 using parameters satisfying (P.1) - (P.6) and (P. 8) we have,

i) Asymptotic feasibility: lim |[Axx — b|| =0 (P-a.s.) .
ymp M k—oo
(ii) Ergodic rate: let Xy, défZ;‘:O Yixi/Tk. Then

(4.7) |M@—M=O-iJ(Pﬂw-

[

(iii) It holds (yk+1 || AXps1 — b||2)kGN € £1(S) and (Vi1 ||Axpsr — b||2)keN € £} (S) where G is given in
(3-2).

Additionally, if (P.9) also holds then we have the following pointwise rates in expectation,

. . _ L
(iv) It holdsolgrilgk[E [I[Ax; — bl[] € O(\/rk)

(v) There exists a subsequence (xkj)jeN such that E [HAxkj - b”] < \/11,71

(vi) It holds (yxE [||A3?k - bllz]) € ¢} and (ykE [||Axk - b||2])kGN el

keN

Proof. Our goal is to first apply Lemma 2.2 and then apply Lemma 2.3. By Lemma 4.6, we have, for
each k € N,

M . Ly
(4.8) E[Aksr | Skl = Ak < —Yrn (? |A%is1 — bII® + S ||A (a1 — xk+1)||2) +Yin 2+1 dz,

Br — B
+Kre.0) (k1) + THMZ + (prs1 — pi) (AP R? + ||b]|%)

+YenE [, | Sk + deyinE [kl | Skl .

Because of (P.1) and (P.4), and in view of the definition of Ly, in (4.1), we have the following,

Lk 1(IIT)I?
(“%%)=@( +IAIP praa | vids | €t
2 keN 2 ﬁk+1 keN

For the telescopic terms from the right hand side of (4.8) we have

(ﬁk = Brn

> Mz) ety and ((prs1 — i) (AP RE +11B11%)) pens € s
keN

where R is the constant arising from (A.3). Under (P.1) we also have that

(Kr2.0) 0 (Vke1)) ey € -
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Finally, due to (P.8), we also have

(VB[22 | Sk]) ey € 6 (S) and (deyinE [1Akanll | Skl)en € £ (S) .

Using the notation of Lemma 2.2, we set, for each k € N,

M B -
re =Mk, Ak = Yin | A% g1 = bII> + S |A (41 — Xk+1)||z), and

¢
Ly Br — Br
ZK = 2+1 Yinda + Kreo)l (Yen) + THMZ + (

+YienE [, | Sk +deyinE el | Skl

We have shown above that, for each k € N,

Pk+1 — Pk
2

) llAxees - I

E[ria | Skl =1 £ —ag + 2z,

where (zx)ren € €L (S), and ry is bounded from below. We then deduce using Lemma 2.2 that (r¢) ey
is convergent (P-a.s.) and

(4-9) (it [1AZrss = bII) oy € € (S) and (isr 1A (okas = Zrea) I7) ey € 24 (S)

satisfying (iii). Consequently,

(4.10) (Ve lAxkss = BI%) ey € 4 (S),

since by the Cauchy-Schwarz inequality,

S villdx = bIF <23 yi (1A (o = I + A%y — b2) < +oo.

=1 k=1

k
To finish proving (i
are satisfied. Then,
[34, Theorem 4.1].
We now assume that (P.g) holds. By Lemma 4.6, we can take the total expectation and use the law of
total expectation to have, for each k € N,

we simply apply Lemma 4.3 (with Remark 4.4) and the conditions of Lemma 2.3
ii) follows directly from the application of Jensen’s inequality as in the results of

)
(

M . ) L
E [Ak+1] — E [Ak] £ —Yien (fﬂf [||Axk+1 - b||2] + OE [||A (X4 — xk+1)||2]) + le+1 kel d2C

2
ﬁk _ﬁk+l 2 2 p2 b 2
+K(rz0)¢ (Yiw) + —p M+ (prs1 = pi) (IIAII° R* + [[5]1%)

+ Vi E [ A5 ] + dovienE Akl
Define the following, for each k € N,

3 N . M 8 2 .2
e =E[Ak]l, P =yke, Wk = ?[E [IA% 11 — bII| + SE [IA (k41 — ) 1] |, and

. _ Lk Bk = Prn Pk+1~ Pk
B = SRy dh + Krgod () + H—P M+ (PO E [l - bl

+ Vi E [ A5 ] + dovienE Al

By the argument of the previous paragraph, in conjunction with (P.g), we have that (Zx)cy € £1. We
can apply the total expectation to the results of both Lemma 4.3 and Lemma 4.5 and then the claims
of interest follow from Lemma 2.4 applied with (F)ren, (Pk)rens (Wk)ken> and (Zx) ey defined as
above. O
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4.3 OPTIMALITY

The following lemmas regard the boundedness of the sequence of dual iterates (y )y and the uniform
boundedness of the Lagrangian. They were shown in the deterministic setting in [34] and easily extend
to the stochastic case in light of Theorem 4.7.

Lemma 4.8. Suppose that (A.1)-(A.3), (A.6)-(A.8), and (P.1)-(P.6) all hold and define, for each k € N,

(411 o () € = inf Ly (o) and ¢ 2 f (x)+9 (Tx) +h () + 2 llAx = bl
X&Hp

Then the sequence of dual iterates (i), cn generated by Algorithm 1 is bounded (P-a.s.), for each k € N
the function ¢y (1) is convex and differentiable with gradient

(4.12) Vor (1) = p’ (u = ProXy, gt o(-a) (4 = Pkb)) :
and it holds, for each k € N,
(413) Vor () = Axg — b.

Proof. Note that here we have denoted, for each k € N, @ (x) = f (x) + gF* (x) + h (x) while in [34] it
is defined differently with ¢y (x) = f (x) + g% (x) + h (x) and @ (x) having different meaning.
For brevity, we defer to the proof in [34, Lemma 4.11], noting that since (yk+1 || Xks1 — b||2) keN € 1 (S)

and (yg+1 1%k — b||2)keN € ! (S), there exists Q ¢ F with P (Q) = 1such that (¢x (k (®)))en 1S

convergent and thus bounded, and the uniform coercivity of (¢x).cy is unaffected by the inexactness,
ie., (pk (@))yen is bounded. O

Lemma 4.9. Under (A.1)-(A.8) and (P.1)-(P.6), the composite function f + g o T + h is uniformly bounded on
C and we have

~_ def
(414) M2 sup f (x) + 9 (Tx) + h (x)] +sup lcll (JAI R+ ) < +oo (P-as) .
xeC keN
where R is the radius from (A.3).
Proof. The proof follows in a ([-a.s.) sense from [34, Lemma 4.12] with the addition of Theorem4.7. O

We now begin with the main energy estimate needed to show the convergence of the Lagrangian
values to optimality.

Lemma 4.10 (Optimality estimate). Recall the constants c, Ly, M, D, and Ly, from (P.6), Lemma 4.1, (A.4),
Lemma 4.3, and (A.5), respectively. Define, for each k € N,
def C 2
re = (1= yi) Li (o, ) + 3 e = ||

and

aef Lic
Cr & Sdg +de (MITI +D +Ly+ ¥ AN

Then, under (A.1)-(A.8) and (P.1)-(P.7) with M > 1, for the sequences (xk)rcn and (pix) ey generated by

Algorithm 1, using the filtration G’ = (Sk-1)ren With Sk = (%0, Mo, S0, - - -» Sk) as before, the following
inequality holds, for each k € N with k > 0,

MZ
(35) E [riet | Sl = ric < =y (£ (1) = £ (%, 1) + 25 1 Axc = BI) + (B = ) -
. M?
+ (YK = Yee) M + }’k,BkT +Kre.0)¢ (vi) + viCr + doykE [ Akl | Sk-i]

+yeE [A] | Skea] (P-as) .
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Proof. Applying Lemma 4.2 to the points x* and x; we have, for each k € N,
Ex (™, k) = E (X, i) + (Vi (i pir) » x™ = x3) + % JAG* = x|
= & (xp, ) + <€3_c?8k (ks i) » ™ = xk> + (M xp —x*) + % JAG* = x|
= & (xp, i) + <V’x\8k (ks i) > x™ = xk> +h(x*) = b (x*) + (A x5 — x*)
+ % |AGx* - xk)”2 .
By the definition of s; as a minimizer and the definition of s; we further have, for each k € N,
(416) &k (x™, px) > Ep (xp, px) + <V/x\8k (k> i) » Sk — Xk> +h(se) = h (%) + (A x — x*)
+ B A - w0

> E (xk, i) + <€x\8k (ks i) 5 Sk = xk> +h(5) = A — h («%) + (M xe — )

+ A - x|

From Lemma 4.1 applied to the points x;.; and x; and by definition of x4 E Xk + Yk (5k — x¢) in
Algorithm 1, we also have, for each k € N,

Ly
Ek (X1 i) < Ep Xk, i) + (Vi (X, i) 5 X1 — Xi) + D (Xpq1, X)) + > %41 — Xk ||?

~ Ly
= Ex (x5, piie) + Vil V& (Xk, i) » Sk — Xi) + D (Xjear, X5) + Yﬁ; 15k — xielI”
= &k (%% k) + ViV 8 (Xioo i) » Sk — xi) + ¥k (Ao Xk — S&) + D (X1, Xk
Ly .
+ Yﬁ; 15k — xll®.

We combine the latter with (4.16), to get, for each k € N,

- Ly~
(417) Sk (Xpan, i) < E (ke pie) + Yie (Ao x* =S ) + D (g1, xi0) + )/i?k 115k — xie|I”
-~ k
i (8 (¢ ) + h(x*) = E (ot ) = hGi) = £ [l Ax = bl + 27
By convexity of h from (A.1) and the definition of x4, we have, for each k € N,

(4.18) Ly (g, i) — Lie (ks i) = S (Xkea1, i) — Ex (Xpe, piie) + b (X)) — h (xx)
< Ex (Xka1> k) — Ex (Xi i) + i (R (5x) — h (xx))

Combining (4.17) and (4.18), we obtain, for each k € N,
(419) Lk (i, i) — Lie % i) < vie (Ex (2, i) + h(x™) = Eg (x, pke) — h (x1)) + D (e, x3) +
P = el i (ot =) - 25 v — bl + 1)
= vk (L (¢ pk) = Lie (X i) + DF (X1, X)) + Y;i%k [EEA

i (o =5 = 25 Nl — bl + 23
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Recalling the definition of ,uk+1 ,uk + A (xg41 — b) in Algorithm 1, we have, for each k € N,

Lie (Xans 1) = Lie Krerss k) = (pierr — Hies Axpear) = Ok | Axiss — b1 .

We combine the above and (4.19) to get, for each k € N,

(4.20)
Lie (X pes1) = Lie Goies ) < O N[Axs41 = B> + yie (Lie (%, ) — Lie (X, i) + D (g, xx)

Ly . —~ k
+yE 5 = el e (oo =5 = B 1A = bl + A7)

Notice that the update of the dual variable i can be interpreted as a proximal operator in the following
way,

ﬂk+1=argmin{ =Ly (xk+1,/1)+ ||/1 #k”z}
HeHqg

Then, using Lemma 2.5, we get, for each k € N,
(421) 02 O (Li (Xan %) = Lie (ks fienr)) + (H.Uk+1 — 1P = e = P+ Misess = el )
= O (L (%1 1) = Lie Kgeats piesr)) + (H.Uk+1 H ” — |l - *H + 07 || Axpess — bl )
Recall that, by (P.6), 0 = yi/c. Multiply (4.21) by ¢ and sum with (4.20), to obtain, for each k € N,
(1= 00) L (s, i) = (1= €0) L Cots ) + 5 ([ = 2] = i = %)
< (06— ) Aot = I + i (Lo (% k) = L (i ) = €O (L (et ) = L G i)
— 2RV || Axye — b]|* + Dp (X1, i) + V225 ISk — xell® + vk ((Ak, X*—Sk) + li) :

The previous inequality can be re-written, by trivial manipulations, as, for each k € N,

(4.22)
(1= cOrs1) Lisr (Kpeats prrer1) — (1= cOk) L (X, i) + = (”.Uk+1 - i || = |l = 17| )
2
C
< (1= cOks1) Licnr ks 1) — (1= cO) Lie (Xperns i) + (9k - Tk | Axysr — blJ?
+ i (Lo (¢ 1) = L (i 1)) = O (L (s 1) = Lic (3o i) = "”‘ | Axy. - b]|?

+ Dy (oken )+ 12 I8k = el i (o ¥ = 55) + )
= ¢ (O = ) (f + Bt (s, A+ =) () + (1= €Bpar) 97 = (1= c0) ™) (Tcn)
1
+s ((1 = cOks1) prst — (1= cOk) pr + 20k — cO2) 1| Axkear — bII* + yie (L (™ ) — Lo (xps i)

k}’k Ly
|Axi — b|* + DF (X1, xk) + )’;37 1[5k — xilI®

— cO (.Ek (xk+1, ) L (xk, ,Uk))
+ Yk (<Ak, x* _§k> + Ai) .

By (P.5), (P.6) and the assumption that M > 1, we have 0,; < M0, < 0. In view of (P.3), we also
have 41 < Br. In particular, g% < gP+ < g pointwise. By Proposition 2.6(iv) and assumption (A.4),
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we are able to, for each k € N, estimate the quantity

((1= cOrrn) P+ = (1= c0) ™) (T
— (gﬁk+1 _ gﬁk) (Txps1) + € (@kgﬁk _ 0k+lgﬁk+1) (Txps1)

% (B — Br+1) H(ag(Tka))O”z +c (ngﬁ" - 0k+lgﬁk) (Txk41)

% (B — Br+1) ”(ag(Txk+1))0||2 +¢ (O = Os1) 9(Txpes).

Then, for each k € N,
(423) ¢ (O Oha) (F 4R+ G, A=) (xicn) + (1= Brr) g7 = (1= c6) g7 ) (T

< ¢ (Ok = Oks1) L (Xkr1, rs) + % (B = Br+1) ||(99(TXI<+1))°||2 .

Recall the definition of r¢ in (4.10). Coming back to (4.22) and using (4.23), we obtain, for each k € N,

(4.24)
2

1 2 Y,
Mewt =Tk < 5 (1= Yr+1) prs1 — (L= yx) prc + k- ?k | Axiss — bII?

1 (L ) = L (v 1)) — P25 —b||2 PPt | ag(rxean)|

+ (k= Yk+1) L (Xpes1, liesr) + Dp (Xpesn, xi) + }’k K15k = xell? + ya ((Ak, X* =)+ /13)

Recall that, by feasibility of x* for the affine constraint, L (x*, ) = L (x*, *) and thus, for each
keN,

Lic (5%, pie) = L (s p*) = L (5 1%) = L (xgewn, 1) + (9 —g) (Tx*) + (9 g ) (Txk41)
- B llAx - bl
= L (" 1%) = L (e 1) + L (x50, 1) = L (01, 1)
(6 = 9) (Tx*) + (9= %) (i) = B 1A = b

< L (¥ %) = L (e %) + L (xio 1) = L (X 1) + % (39T |
- B llAx - bIP,

where in the inequality we have used the fact that g#* < g pointwise and that, by Proposition 2.6(v),
foreachk e N,

k 2
(9-%) (Txan < 25 lag(TxiaI
Substituting the above into (4.24) we have, for each k € N,
2

1 2 Y
(4.25) Mt =Tk <5 ((1 ~ Yk+1) Pk+1 = Pk + V- ?k | Axpesr — bl

+ ¥k (L (% 1%) = L (oo 1)) + vie (L (0 17) = L (o1, 17))

kik k — Pk 2
= 2T a0+ PP g Tt + (1 ) £ o )

B 2 L\
Ve, 199 (Txie)) || + D (e, 1) + Ve ISk - xiell”

+ Yk ((Ak,x* _§k> +/12) .
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Take the expectation with respect to $k—; “ s (05 05 S0» - - - » Sk—1), which will completely determine xj
and i, and perform the following estimations.

« From (P.7), we have, for each k € N,

2 v
(1= Yks1) Prs1 — Pk + V= — <0

« By assumption (A.4), for each k € N,
2
E [l[@g(Taea))’| | S| < 2

« By Lemma 4.9, for each k € N,

E[L (Xksts prs1) | Sk-a] < M.

Recall that, by (A.2), f is (F, {)-smooth and invoke Remark 2.8, to get, for each k € N,
E [Dr (41, x1) | Skl < Kreo) ¢ (ve) -
« Since, for each k € N, 5} and x; are both in C, we have
E [IIsk — xkll | Sk—1] < de.
We have, for each k € N,

E [rin | Skt = ric < yic (L (6% 5%) = £ (i 1)) + v (£ (36 17) = B [L (e, 1) | Siea])

kik k — Pk ~ k
= 20— bl BB 4 (g i) st p B

L —
+Kre0)¢ (vi) + }’i?kd?; +VkE [(Me x* =5k) + 45 | Sea] -

We can bound the inner product involving the error terms using the Cauchy-Schwarz inequality and
the boundedness of C. Applying Lemma 4.5 and regrouping terms with yz we get, for each k € N,

E (et | St] = i < vie (£ (% 1) = £ (1)) = 25 1 = BI + (i B & +ykck
- M?
+ (v — vee) M+ YkﬁkT +K(re.0)¢ (vi) + viE [de 1Al + A5 | é’k—l] -

We conclude by trivial manipulations. O

We now proceed to prove the main theorem regarding optimality, recalling the notation of (3.3) for
the terms So» and Sg and (3.4) for W [ (xx)ren]- The convergence and rates of the Lagrangian values
will be shown in terms £ (xx, p*) — £ (x*, p*), which is non-negative since (x*, u*) is a saddle point.
This is however not a primal-dual gap. Nevertheless, observe that in view of [6, Proposition 19.21(v)],
we have

L (xp, %) = L (x*, 1) = ©(x) — (x™) + (A", x — x™),

which is nothing but the Bregman divergence of ® with the subgradient —A* i between xj and x*. This
Bregman divergence appears then as a good candidate to quantify the convergence rate of Algorithm 1
given that it captures both the discrepancy of the primal objective to the optimal value and violation
of the affine constraint.
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Theorem 4.1 (Optimality). Suppose that (A.1)-(A.10) and (P.1)-(P.8) hold, with M > 1. Let (xi )y be the
sequence of primal iterates generated by Algorithm 1 and (x*, u*) a saddle-point pair for the Lagrangian.
Then, in addition to the results of Theorem 4.7, the following holds

(i) Convergence of the Lagrangian:

(4.26) lim £ (xx, p*) = L (x*, 1) (P-as.).

k—oo

(ii) The sequence (xi)ren Satisfies W [(xx)ren] € S (P-as.) and there exists i, an Sg-valued
random variable, such that . — i (P-a.s.).

(iii) Ergodic rate: for each k € N, let xy =4 Zf:o Yixis1/Tk. Then, for each k € N,

k

(4.27) L (% p*) - L (x*p*) €O (Fl ) (P-as.) .

(iv) If the problem (%) admits a unique solution x*, then (xi )y converges weakly (P-a.s.) tox* a
solution of (). Moreover, if @ is uniformly convex on C with modulus of convexityy : R, — [0, oo],
then (xi)ren converges strongly (P-a.s.) tox* at the ergodic rate, for each k € N,

14 (”J_Ck - x*”) €O (r—lk) (P-a.s.) .

Furthermore, if (P.9) holds then we have the following pointwise rates in expectation, for any (x*, p*) €
S» X Sqg,

(v) It holds Oigrilgk E[L (xe p*)] - L (x*p*) €0 (ﬁ)

(vi) There exists a subsequence (xkj) such that E [L (xkj, /1*)] - L (x*p*) < %

JeN Jj

Proof. As in the proof of Theorem 4.7, our goal is to first apply Lemma 2.2 and then apply Lemma 2.3.
By (4.15) in Lemma 4.10 we have, using the same notation, for each k € N,

E (1o | Sict] = 1 < =y (£ (o p®) = £ (% 2%) + 25 llax = b

M? - M? ,
+ (B = Prs1) -t (Yk — Yis) M + )’kﬁk7 +Krs0)¢ (vk) + viCk

+deykE [IAkll | Set] + vk [A] | ki) -
Let, for each k € N, ar. = yx (L (xk, /1*) - L (x*, /J*) + %’“ ||Axy — bllz) and denote what remains on

the r.h.s. by zx. Then, to apply Lemma 2.2, we must show (zj) ey € £ (&'). The terms (B — Brs1) MTZ

and (yx — yks1) M are bounded and telescopic, hence in £!. The terms yy ,BkMTZ and K(r¢,¢)¢ (yx) are in
{’i by (P.1). Recalling the definition of Cy, we have, for each k € N,

Ly
YiCk =vi (?dzc +do (MIITI + D+ Ly + ll* |l IAll)

TP\ v2  (dE Al pr
:( C | e[S e (T 4 Do Lyt 1% 1AD) |
P 2
TI* 2 (d% AP
S( o) e (S o (T D 1 )|
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which is in £! by (P.1) and (P.3). The remaining terms,

deykE [kl | Sea] + vkE [A5 | Sk,

coming from the inexactness of the algorithm, are in £} (&’) by (P.8). Thus, the r.h.s. belongs to £} (&)
and so by Lemma 2.2 we have,

ak = i (£ (™) = £ (%, 1) + 25 Ax = b € (&) (Pas)

and also that (r;)en converges (P-a.s.).

The first claim (i) follows by applying Lemma 2.3, the conditions of which are satisfied directly from
Lemma 4.3 and Lemma 4.5.

The second claim, (ii), follows from the same arguments as in [34, Theorem 4.2(ii)] but adapted
to the stochastic case. For the claims about (xy)jcn, the proof is trivially extended to the stochastic
setting (P-a.s.). However, the claims about (p ),y are more delicate to adapt so we write explicitly
the arguments below.

By Theorem 4.7(iii) we have (yx |A%c — b||*) .y, € £+ (S) which, by Lemma 2.4 implies that there

exists a subsequence (Afckj) . with ”Afkj - b” — 0 (P-a.s.). Since the sequence (i) ¢y is bounded
je
(P-a.s.) by Lemma 4.8, the subsequence (,ukj) N is bounded (P-a.s.) as well and thus admits a weakly
je

(P-a.s.) convergent subsequence (,ukf) N with g, — [ for some Hj-valued random variable . By
1 l€ 13

Fermat’s rule ([6, Theorem 16.2]), the weak ([P-a.s.) sequential cluster point j is a solution to (9) iff
0€d(® o(-A")(p)+b (P-as.) .

The proximal operator is the resolvent of the subdifferential and so it follows that (4.12) is equivalent,
for eachi € N, to

(4.28) Vor, (,Ukjl.) be 9( K, © (A )) ( = px;, Vo, (llk,-,.)) (P-as.) .

Since (Afckj) | converges strongly to b (P-a.s.),and in view of (4.13), it holds that Vg, ( ykj) converges
je

strongly to 0 (P-a.s.). However, ., — pk; Vo, (,ukji) converges weakly to ji (P-a.s.). We henceforth

argue that we can pass to the limit in (4.28) by sequential closedness using a Mosco convergence
(weak-strong epigraphical convergence) argument (see [9] and [3, Definition 3.7]). Indeed, it was shown
in the proof of [34, Theorem 4.2], which defer to for brevity, that CD* o —(A*) Mosco-converges to

(®)* o (—A"). This implies, via [3, Theorem 3.66], that 8<I>* o(=A") graph converges to 99" o (—A*), and

[3, Proposition 3.59] shows that (8<I>k .o (—A*)). is sequent1ally closed for graph-convergence in the

ieN

weak-strong topology on Hy, i.e., for any sequence ((vk Mk, )) ~_inthe graph of 9 (CD* o( A*))
ieN
such that vy; converges weakly to @ and g, converges strongly to 77, we have 7j € 99" o (—A )(0). Let

foreachi € N vy, = Vo, ( kji) —bandny, = pr, —pr;, Vo, (ykji), which converge strongly (P-a.s.)
and weakly (PP-a.s.) respectively, and let Q c F such that P (Q) =1and, forallw € Q, Uk, (w) = b
and ng; (w) — fi (w). We conclude that, for each v € Q,

0€d(P" o (=A%) (i(w))+b (P-as.),

i.e., i is a solution of the dual problem (2) (P-a.s.).
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We now prove the existence of a set Q c F such that P (Q) =1and, forall w € Q, for any u* € Sg,

0 (1*, ) o lilzn ||,uk (w) — ;1*”2

exists. This does indeed hold (P-a.s.) for each fixed p* € Sg by the argument in the proof of [34,
Theorem 4.2] but Sy may be uncountable and so the entire statement for any y* € Sg may not
necessarily hold (P-a.s.) . To rectify this situation, we make the assumption (A.9) and argue as in [12,
Proposition 2.3(iii)].

First repeat the argument made in the proof of 34, Theorem 4.2] to show that, for each fixed p* € Sg,
there exists Q,» C ¥ with PP (Q,+) = 1 such that, for any w € Q,+, © (1*, w) exists. Let y* € Sg and
recall (r¢) ey in (4.10), for each k € N,

e = (1- yi) L (o i) + g e — 1|
We have already shown that (r¢)cn is convergent (P-a.s.). We also have, for each k € N,
—Lie (X pie) = (Lo p*) = Lie (X1, pie)) = L (x5, 1)
= 9(Tx) = g (T) + (" = pu Axi = b) = X [l Axic ~ bl
— L(x, ).
We have from Theorem 4.7 that % |Axx — b||* — 0 (P-a.s.). Therefore,
(1" = e Ax = b) — 0

since (px) o is bounded (P-a.s.). We also have, by claim (i) of this theorem, that £ (xgp*) — £ (x*, p*)
(P-a.s.). By Lemma 2.6 and (A.4), we get

B

0< (9 (Txy) —gﬁ" (Txk)) < 7M2 (P-as.)

which implies, in light of (P.3), that g (Txx)—g”* (Txx) — 0 (P-a.s.). Altogether, it holds that £ (xx, px) —
L (x*, p*) (P-a.s.) and thus the limit

liI£n||yk - /1*”2 =2/c (hl?l re — L (x%, y*))

exists (P-a.s.) for each p* € Sg.
Since H, is separable by (A.9), there exists a countable set S such that S = Sg. The previous paragraph
has shown that, for every p* € Sg, there exists Q w C F such that P (Q y*) =land, for any o € Qx,

© (u*, ) exists. Set Q=N Q ,~ and let QF be its set-theoretic complement. By the countability of S,
p*es

P(Q):I—P(QC):I—[FD ) o5 21—ZP(Q;*)=L
p*eS p*es

ie,P (fz) = 1. Fix yu* € Sg; since S = Sy, there exists a sequence (y,’{)neN such that, for each n € N,

wy ENS and y; — p*. As was already shown, for each n € N, for any w € Qx, © (i}, w) exists. Let
w € Q, then we have, for each n € N, foreach k € N,

=y =1 < Ml (@) = | = ek (@) = i3 ]| < [l = o]l
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and thus, for each n € N,
= [l = |l < Tim inf [l () = p*]| = Tim | (0) = ]|
= lim inf || (@) = p*|| - © (17, )
< lim sup e () = ¥]| = © (47, )
= limsup [l (@) "] ~limle (@) = 5]
< ez = w7l

Taking the limit as n — co then gives that the sequence (© (u, w))n o converges to © (1*, w) for any
w € Q where Q does not depend on p*.

We now aim to use (A.10), for which we denote (p;);cn = (V(iji (,ukji) - b)ieN and (¢i);en =
(,ukji — pkjiV(pkji (,ukji ))iEN. We’ve shown that (p;);cn converges strongly to 0 (P-a.s.) and that (g;); <y
converges weakly to /i (P-a.s.) and so there exists Q ¢ F with P (Q) = 1 such that, for any w € Q,
pi (0) = p(w) and g; (w) = g (w). Due to (4.28), we furthermore have, for each w € Q, for each
ieN,

pi (@) €(®;, © (-49) (g () (P-as) ,

and thus by (A.10), for each w € Q, (g; (@)), < admits a subsequence (g;, (a)))l.eN such that ¢;, () —
g (w), i.e., the sequence (ukj_l - Pk, V(pkj_l (’ukf'z )) N is strongly convergent (P-a.s.). Thus, the sub-
1 13 1 le

Jip

sequence (”kj,-, )iEN is strongly convergent to j (P-a.s.). Since j is a solution to (9), it holds that

lilgn ||k — || exists (P-a.s.). At the same time, we have shown that lilm P, — ﬂ‘ =0 (P-a.s.) and so
the whole sequence (i), <y converges strongly to fi € Sg (P-a.s.).
Meanwhile the third claim, (iii), follows from the argument of [34, Theorem 4.2(iv)] directly applied
to the ([P-a.s.) setting and similarly for (iv) following from the argument of [34, Corollary 4.3].
Finally, assume that (P.9) holds. By taking the total expectation of (4.15) in Lemma 4.10 and using

the law of total expectation we have, for each k € N,

M2
E (1l = E [re] < =yic (E [ £ (v *) ] = £ (" %) + 22 [l = 1] ) + (B = i) =
- M?
+ (k= Yis) M+ }’kﬁkT +K(r.s.0)¢ (vi) + viCr + deyiE [l

+yE 2] (P-as.) .

Define the following, for each k € N,
Fe =E[re] and pr =yx and we = E [ L (x p*)] - £ (3%, %) + pz—k[E [l Axi — b]I?]

and denote what remains, for each k € N,

. M? ~ M?
Zk = (Bk = Br+) -t (Yk = Yee) M + )’kﬁk7 +K(rs.0)C (vk) + viCr + deyiE LAkl + yiE [A7]

By repeating the arguments of the previous paragraph, we have that (Zx) ey € £1. Invoking Lemma 2.4,
again noting Lemma 4.3 and Lemma 4.5 hold with the total expectation as well, with (F)rens (Pk)kens
(Wi)rens and (Zx) ey defined as above, we obtain the remaining claims. O
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Remark 4.12. The assumption (A.9) is only necessary for showing that the sequence of dual variables
(fk) ey @dmits an optimal weak cluster point. The other results, e.g., convergence of the Lagrangian
values, the containment 2 [ (xg)ren] € So (P-as.) , etc, do not require the separability imposed by
(A.9). Likewise, something similar can be said for (A.10), which is only necessary for ensuring the
strong convergence of the sequence of dual variables (p ),y and can otherwise be omitted.

Remark 4.13. The combination of the Lagrangian convergence rate (4.27) with convexity and the
feasibility rate (4.7) leads directly to a rate for the objective itself evaluated at the ergodic iterate,

@ () - @ (x*)| = 0 (1/\/r_k) (P-as.) .

5 STOCHASTIC EXAMPLES

We examine the problem of risk minimization using two different ways to inexactly calculate the
gradient with stochastic noise to demonstrate that the assumptions on the error can be satisfied in

order to apply ICGALP .
Consider the following,
: def
() g [fo e},

where L (-, ) is differentiable for every 1, and 5 is a random variable.

We will impose the following assumptions, or a subset of them depending on the context.Indeed,
only (E.1) and (E.2) will be used for risk minimization with increasing batch size while (E.3) and (E.4)
will be needed for the results on risk minimization with variance reduction.

(E.1) It holds, for all x € H,, Vf (x) = E[VLL (x,7)].
(E.2) For all n, the function L (-, ) is w-smooth (see Definition 2.9) with v nondecreasing.
(E.3) The function f is w-smooth with « nondecreasing.

(E.4) The function f is Holder-smooth with constant C¢ and exponent 7.

Remark 5.1. In practical contexts, it’s unrealistic that one will have access to the function f or knowledge
of its regularity. To this end, we note that the assumptions (E.1) and (E.2), which depend only on
the function L (x, 57), are sufficient to ensure that (E.3) holds and similarly for (E.4) if one adjusts
(E.2) for Holder-smoothness. Moreover, since Holder-smoothness is a special case of w-smoothness,
(E.4) = (E.3).

Remark 5.2. With the above choice for A, the terms in V&g (xx, pix) coming from the augmented
Lagrangian are computed exactly, however our analysis extends to the case where V (‘;—k |Axy — b]|%) =
prA* (Axy — b) is computed inexactly as well, as this function is always Lipschitz-continuous. We
demonstrate this alternative choice in Section 7 by sampling the components ppA* (Axy — b)) in the
numerical experiments.

For the sake of clarity, we demonstrate only the case where, for each k € N, Ax = A{ with /1{ =
ﬂ”k —Vf (xx) and ﬂk is our inexact computation of V f (xy ), to be defined in the following subsections.

5.1 RISK MINIMIZATION WITH INCREASING BATCH SIZE

Consider () and define, for each k € N,

k
def 1 n( )

Vfy £ ) ; VoL (xg, 1)
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where n (k) is the number of samples to be taken at iteration k. We assume that each #; is i.i.d.,
according to some fixed distribution, and that n is a function of k, i.e., the number of samples taken to
estimate the expectation is dependent on the iteration number itself.

Lemma 5.3. Under assumptions (E.1) and (E.z), denote
€ =2 (0 (de) +E VL (- n)[])

where x* is a solution to (%) and, for each k € N, 8 = o (xo, flo, S0 - - - » Sk) as in (3.2). Then, for each

k € N, the following holds,
C
[EH |§k]g\/n(k+1)‘

Proof. By Jensen’s inequality, for each k € N,

f
Ak+1

f 2 P _ 2
- [||/1k+1 | (Sk] <E [”AkﬂH | ‘Sk} =E [va (xk+1) - ka+1 | é?k] :
Then, since Wk 41 1s an unbiased estimator for Vf (xy4;), we have, for each k € N,
_ 2 _ _ 2
E [“Vf (xk+1) - ka+1 | ‘gk] =k [”[E [kaH] - ka+1 | 5k]
= Var [ﬂkﬂ I Sk]
n(k+1)
=Var | ———— VL ;
=——Var[VL

where the last equality follows from the independence and identical distribution of 7;. Applying the
definition of conditional variance yields, for each k € N,

1
n(k+1)

Var [VL (xg41,17) | Sk] =

AT (E [IVL (s DI? | ] = IE VL G ) | SE11)

<

e E IV G 1 ]

We again use Jensen’s inequality, then w-smoothness, and finally the fact that w is nondecreasing
together with the fact that x4,; and x* are both in C to find, for each k € N,

E[IVL ek MI? | Sk] <

n(k+1) (E {1 Gy = V2 (%) 1 ]

+E (VL ()]

nk+1)

2
W (”xk+1 - X*”) | Sk

2
10 ([E +E [V (x*’”)HZ])
2 *
< ey (0@ +E[IvLmal])
C
n(k+1)

2
The above shows that, for each k € N, E [”A{HH | Sk] <—X _andsoE [”Af

C
S kD il CS)k] S/ ntkrn 38

desired. O
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Proposition 5.4. Under (E.1) and (E.z), assume that the number of samples n (k) at iteration k is lower

2 2
bounded by (%) , Le. forsomea > 0,n (k) > a (%) . Then, the summability of the error in (P.8)

is satisfied; namely,

rak [ 1 5] € @)

Proof. By Lemma 5.3 we have, for each k € N,

C C
| 51«] < }’k+1\{m < \/gév (Yr+1) -

The summability of { (yx+1) is given by (P.1) and thus yE [”/1;;1

f
Ak+1

YinE H

| Sk] €1 (S) o

2
Remark 5.5. The lower bound n (k) > « ( 5()/ ;k)) is sufficient but not necessary; one can alternatively
2 2

choose n (k) to be lower bounded by « (Y—:) ora (ﬁik) and, due to (P.1), the result will still hold.

5.2 RISK MINIMIZATION WITH VARIANCE REDUCTION

We reconsider (%) as before but now with a different ﬂ‘ We define a stochastic-averaged gradient,
which will serve as a form of variance reduction, such that the number of samples at each iteration
need not increase as in the previous subsection. For each k € N, let v € [0,1] and define

def

(5.1) Vi £ (1= i) Vi + vk Vil (i, me)

with W_l = 0 and with each 7; i.i.d.. We call Wk the stochastic average of sampled gradients with
weight vi. This method of approximating Vf (xi) is reminiscent of both the SARAH estimator [28]
and the SVRG estimator [23], although distinct from both since the SARAH estimator is biased and the
SVRG estimator requires and inner and outer loops.

In the previous section, we have used the number of batches n(k) to ensure the error summability
condition. This in turn means that the number of gradient evaluations increases with k (in particular,
for finite-sum objectives, one has to evaluate all gradients after finitely many iterations). This is in
stark contrast with variance reduction proposed in this section where we are able to take a single
(or a larger but fixed batch size) gradient sample at each iteration, while taking full advantage of the
flexibility offered by the choice of vk to reduce the stochastic error variance as we now show.

Lemma5.6. Under (E.1) and (E.3), denote, for each k € N,

(5.2) o2 ZE [IViL (xio i) = V ()12 | St

where Sy is defined in (3.2) and assume that o* = sup;, O'i < oo. Then, for each k € N, the following
inequality holds,
(i

Remark 5.7. Since (E.2) implies (E.3), see Remark 5.1, it is clear that Lemma 5.6 holds under (E.1)-(E.2).
Moreover, by arguing similarly to the end of the proof of Lemma 5.3, it can be easily shown that the

uniform boundedness assumption on ai is in force under (E.2).

o (deyr)®
Vi

2
| Sk

f P
E [HAkH ) H)LkH +ve, 00 +2

Vi+1
2
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Proof. The proof of this theorem is inspired by a similar construction found in [29, Lemma 2]. By
definition of /1{+1 and Vf,,, we have, for all k € N,
|2

2 — 2 —
Mol| =[P = 9 G| = |0 = viee) TFi 4 vVl Gotans i) = VF Goieen)

We add and subtract (1 — vi4) Vf (x) to get,

Applying the pythagorean identity then gives,

2

k+1

A

Ll = 6= ko) AL+ s (T oo ) = 9 o)) + (1= vian) (9 ) = 9 )|

"= v [P 19 o) = 9 e
+ (1= v IVF (35 = Vf (eI
+2((1= Vi) (A + VF (5 = VF (5kan) ) Vi (VL (koo i) = VF (k00)))

+2((1= vie) 2. (1= i) (VF () = VF (560)))

Using Young’s inequality on the last inner product, we find,

et

2 2
Ll = a=ven? ] #2194 G ) = 9 G P

+ (=) IV (5 = VS ()1
+2((1= vie) (AL + 9 () = VF (ki) ) vies (Vi (s ) = VF (300)))

2 2
et ) + = vea® (95 G = 97 G

+

Notice that 1 — viy; < 1and thus (1 — vgyq)? < 1— vy for all k& € N. This leads to

L < (1= ) A+ 200 19 o) = 9 G + 19 (i) = 97 Gt

k+1
+2((1= vie) (A + VF (0 = VF (k) ) Vi (VL (o, i) = VF (00)))

Vi+1
2

+ 2020 09 ) - 95 (oI
< (1= ) L]+ v 19 s i) =V G +( - ) I9f (o) = VF () I
Vk+1

+2((1= vie) (A + 9 () = VF () ) vier (Vi (e ) = VF (5600)))

Recall that, by (E.3), f is w-smooth with  is nondecreasing. Furthermore, using the fact that xx,; =
Xk — Yk (xk - ?k), we find

et

k+1

2 Vi 2 2
< (1= 22 L]+ v 1V ot nk+l>—Vf<xk+1>||2+(

) o (llxx = xpaall)?
2 k+1

+2((1= vien) (A + 9 ) = VF (ki) ) Vit (Vi (s ) = VF (300)))

Vk 2 2
< (1= =) + Ve 1YL (iesrs i) = VI s |1 +
k v

5 ) o (deyk)?
k+1

+2((1= vien) (A + 9 () = VF (k) ) viss (Vi (s ) = F (310)))
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We take the expectation on both sides, recalling the definition of o (see (5.2)), o, and that

E[ViL (X, m%) | Skal = VF (xx),

to find

T EREES

In the following proposition, we analyze a particular case of parameter choices under the assumption
(E.4) of Holder smoothness of f, i.e. ICr >0 suchthatw : t — Crt".

Proposition 5.8. Under (E.1) and (E.4), for each k € N, let ﬂvk be defined as in (5.1) with weight vy =y
for some a €]0, [. If the following conditions on the sequence (yi )<y hold,

2
’AfH +vi o+ (

Vi1

)w (deyi)?. i

1+min{%,r—a} 1
. t
(5-3) (yk ) ey €0
and, for k sufficiently large,
Yk
(5.4) <1+o(y),
Yi+1 (yk )

then the summability condition in (P.8) is satisfied; namely,

f
Yk+1|E |:H/1k+1

|Cs>k] el (S).

Proof. Since (E.4) = (E.3), the assumptions (E.1) and (E.3) are satisfied and Lemma 5.6 gives, for all

keN,
[”Akﬂ

By (P.5) we have, for all k € N, y; < M)/kﬂ. It follows that, for each k € N,

[H/lkﬂ

Consolidating higher order terms gives, for each k € N,

[”Akﬂ

Since a < 7 £ 1by 5.3, it holds that @ < min {1, 27 — «}, and the first condition of Lemma A.1 is satisfied.
Additionally, by (5.4), we have that the second condition, (a.2), of Lemma A.1 is satisfied as well and we
can apply Lemma A.1 with

2
| S| < +olyi+ ——

2 2‘['
(1 - E) “Af” 2 2a ZCde
yk+1

| Sk

ylf+1 f 2.2 2 121 27—
S(l— 5 ”Ak” +0 ykf1+2M Cfdc Vi -

| Sk

< (1 B %) HA{H2 (o' + oM C2d2r) min{2a,27— a}

k+1

2 1 —2
Ug = ||)L£|| , ¢= 2 s=a, d= (02+2M TCJZCdZCT), and t = min{2a, 27 — a},

to find, for k sufficiently large,

[”Akﬂ
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and, by extension, for k sufficiently large,

E [H/lf | Sk] < @yﬁ?{%’r_a} +o0 (ymin{%’T_a}) .

k+1 k+1

Then, for k sufficiently large,
| (\S)k:| < Yin (\/% min{%,r—a} +O( min{%,r—a}))

}/k+1 yk+1

< \/z_éyl+min{%,r—a} +o (y1+min{%,‘[—a}) '

k+1 k+1

f
Yk+1[E |:||Ak+1

Under the assumptions 5.3 we have y;:mm{i’f_a} € ¢! and thus the summability condition of (P.8) is

satisfied. o

Example 5.9. The condition (5.3) in Proposition 5.8 can be satisfied, for example, by taking y; = W,

b > 0. In this case, the condition (5.3) reduces to picking b such that the following holds,
(1-0) (1+min{g,r—a}) > 1.
2
Rearranging, we find that this is equivalent to,
a -1
(5.5) b<1—(l+min{§,r—a}) .

The condition (5.4) in Proposition 5.8 can be satisfied under this choice of y; as well. We have,

1-b 1-b
Ve (k+2 1 1-b .
=[] =l1+—| =~1+—=1
Vsl (k+1) (+k+1) Tkr1 +o ()

for any 0 < € < 1, for k sufficiently large.
Using [34, Example 19], the predicted convergence rates for the ergodic iterates X given by Theo-
rem 4.7 and Theorem 4.11 under the above choice of y read,

1
(k+2)b

||A%e — b|| = O ( ) (P-as) and L (%,p*)—-L(x"p*)=0 ( ) (P-as.) .

1
(k+2)b
Thus, choosing b to be as large as possible is desired. For a given value of 7 corresponding to the
Holder exponent of the gradient, the best choice for « is %’l’. In turn, the largest possible choice of b
is 7/(3 + 7). If the function f is Lipschitz-smooth, then 7 = 1, and we get « = % and b = 1/4 (to be
compared with the strict upper-bound 1/3 in the exact case, see [34, Example 15]).

Notice that the choice of @ does not directly affect the predicted rates of convergence, which now
depends only on the constant b. However, the choice of « dictates the largest possible choice for b
satisfying the assumptions and thus, indirectly, the rates of convergence as well.

6 SWEEPING

We now consider an example in which the errors in the computation of V f are deterministic; a finite
sum minimization problem,

1y
(9) xfr‘rél_%l’wﬁ ;fz (x)

where n > 11is fixed. We assume that:
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(F.1) f; is w-smooth (see Definition 2.9) for 1 < i < n with » nondecreasing.
(F.2) (yx)ren @ nonincreasing sequence.

As in the previous section, Section 5, we examine only the case where, for each k € N, A = /1{ =
Vf(xx) — ﬂ‘k, with ﬂk to be defined below, although our analysis is straightforward to adapt to the
more general case where one computes prA* (Ax; — b) inexactly as well, at the expense of brevity
(see Remark 5.2). We will sweep, or cycle, through the functions f;, taking the gradient of a single
one at each iteration and recursively averaging with the past gradients. For notation, fixed n, we take
mod (k) = (k mod n) with the convention that mod (n) £ 1. We define the inexact gradient in the
following way,

= a1
Vi =

n £

k
D Vi) (Vk<n)
i=1

and

def &7 1

Vi SV, + - (Vfmodk) (xk) = V frnod (k) (xXk=n)) (Yk = n+1).

For k > n + 1it can also be written in closed form as,

. mod (k) n
Vie=-= Z Vfi (Xitk—mod(k)) + Z Vfi (Xirk—n-mod(k)) |-
G = i=mod (k)+1

Lemma6.1. Let B = % (n(n—1)+ (n—-1) (2n —1)). Under (F.1) and (F.2), we then have, for allk > 2n—1,
the following,

Proof. Using the definition of /1£+1 fork > 2n—12> n+1, we have

W] = 7 G = T
(mod(k+1)

A

k+1

< B (Yks2-2ndc) -

Vi (xk1) = Vi (Xivks1=mod (k+1) )

i=1
n

+ Z Vﬁ (xk+1) - Vﬁ (xi+k+1—n—mod(k+1))

i=mod (k+1)+1
Then, we apply the triangle inequality and w-smoothness of f; assumed in (F.1),

(mod(k+l)

Z Hvﬁ (xk11) = Vfi (xi+k+1—m0d(k+1))||

i=1
n

+ Z ”Vﬁ (xk+1) - Vﬁ (xi+k+1—n—mod(k+1))||

i=mod (k+1)+1
1 mod (k+1)
n

IA

Z w (||xk+1 - xi+k+1—mod(k+1)H)
i=1

n

+ Z w (||xk+1 - xi+k+l—n—mod(k+l)”) .
i=mod (k+1)+1
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Now we add and subtract the iterates in between xx4; and Xjix+1-mod(k+1) then use the definition
Xk41 = Xk + Yk (Sk — xx) and the fact that, for all k € N, 5 and x are in C,

1 mod(k+1) mod(k+1)—i
I <~ ( o ([lisz-s = e
i=1 =1
n mod (k+1)—i+n
+ Z Z w (”xk+2—j - xk+1—j||)
i=mod (k+1)+1 Jj=1
1 mod(k+1) mod(k+1)—i
< > ( Z Z o (Yk1-jdc)

i=1 j=1

n mod (k+1)—i+n

+ Z Z w (}’k+1—ij) .
i=mod (k+1)+1 Jj=1

Recall that, by (F.2), (yx)sey is nonincreasing, by (F.1), » is a nondecreasing function, and, for each
k € N, mod (k) < n. Then,

k+1

4

1 mod (k+1) .
| D (mi+mod (k+1)© (Yesri-moatkendc)

n i=1

n

+ Z (=i +n+mod (k +1)) ® (Yisti-n-mod(k+1dc)

i=mod (k+1)+1

INA

1
- (mod (k +1) (=1+ mod (k +1)) ® (Yk+2-mod(k+1dc)

+(n—mod (k+1)) (=1+n+ mod (k +1)) @ (Ysz-n-mod(k+1dc))

IA

~ (11~ 1) (faz-nde) + (1=1) (21 = 1) (kg2 2ndc)

IA

~(n(n=1)+ (1= 1) (21— 1) & (iz-2nd)
O

Proposition 6.2. Under (F.1) and (F.2), and assuming that (yr (dcyk))ren € £ the summability condition
of (P.8) holds; namely,

A et

k+1

Yk+1

Proof. By Lemma 6.1, we have, for all k > 2n — 1,

A

k+1

Yi+1 < BYis1 (deYisz—2n) < BYkso—an© (dcYisz—2n)

where we have used the fact that (i), <y is @ nonincreasing sequence by (F.2). Since (yrw (dcyk))ren €
£, the desired claim follows. m]
6.1 COMPARISON OF COMPLEXITIES

We summarize here the complexity of the three methods we have proposed. To make things clear and

n
concrete, we consider a Lipschitz-smooth function f(x) = % > fi(x) with all f; Lipschitz-smooth as
i=1
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well, such that all of our relevant assumptions hold. We take yx = 1/(k + 1)'"? with the rest of the
parameters chosen to satisfy the assumptions laid out in the algorithm (see Section 7 for more details),
and all fixed batch sizes to be 1.

Maximum b Iterations k # Vf; calls per iter. Total # Vf; calls

-3
Increasing Batch Size ~ % Q(e?) (k + l)% @) (EZ (i+ 1)31)
i=1
Variance Reduction = i Q(e™) 1 O (e™*)
Sweeping o Q(e?) 1 O (e7?)
Deterministic (CGALP) e % Q(e7?) n @) ((ne)_3)

7 NUMERICAL EXPERIMENTS

We apply the sweeping method and the variance reduction method to solve the following projection
problem,

1
(7.1) min — |lx - yll*,

||x||11 <12n
Ax=0
where x and y are in R". Notice that this problem fits both the risk minimization and the sweeping
problem structures. By choosing f; (x) = 3 (x; — yi)* we can rewrite the problem to apply the sweeping
method of Section 6. Alternatively, we can let  be a random variable taking values in the set {1,...,n}
and write L(x,n) = % (x5 — y,l)2 to cast the problem as risk minimization as in Section 5. In both of
these cases, it is possible by our analysis to consider also sampling components of the components of
the gradient term Vx%k |Axi||? = prA*Axy.

The assumptions (E.1) - (E.4) and (F.1) all hold as the function f is Lipschitz-smooth and the functions
L (-, n) are all Lipschitz-smooth for every 5 as well. The assumptions ((A.1)) to ((a)) all hold as f is
Lipschitz-smooth and has full domain.

For parameters, we take yx = 1/(k + 1), pp = p = 2272 + 1, 0 = yy. If we take b < % then all the
assumptions (P.1) to (P.7) are satisfied, as well as (F.2). In particular, to satisfy (P.8) in the variance

reduction case, we will take b € ;11 —0.15, i - 0.01}. With this choice of b, we have O (ﬁ) =0 (k‘o'l)

and O (i) = O (k7%%%), respectively. The weight v in the variance reduction is chosen to be vy = Yo
with a = 2/3 since the problem is Lipschitz-smooth, i.e. the Holder exponent is 7 = 1. With this choice,
the condition (5.3) in Proposition 5.8 is satisfied as was discussed in Example 5.9.

Since the problem (7.1) is strongly convex, we show ||J?k - x*“2 in addition to the feasibility gap,
|Ax¢||* where Xy is the ergodic variable; for each k € N,

k

_  def

X = § YiXiv1/Tk.
i=0

. _ 2 . : .
The result in Theorem 4.1 ensures convergence of ka - x*” witha O (ﬁ) rate since strong convexity

is a special case of uniform convexity with ¢ (¢) = 5¢2.

We initialize y € R” and A € R**" randomly. To find the solution x* to high precision, we use
generalized forward-backward before running the experiments. As a baseline, we run CGALDP, the
exact counterpart to ICGALP, and display the results. We run the sweeping method on V£ (x) for
two different step size choices, displayed in Figures 1 and 2. For the variance reduction, we examine
both the case where VL (x, nx) is sampled and the case where the gradient of the quadratic term is
sampled (see Remark 5.2), for two different step size and weight choices as well as different batch sizes
(1, 64, or 256), displayed in Figures 1 and 2.
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Optimality

CGALP

Sweep Vi fi(xk)

VR single V,fi(x)

VR small batch V,fi(xx)

VR big batch V,fi(xk)

VR small batch V,fi(xx) + px(A* Axi)®
VR big batch Vyfi(xi) + k(A " Axi)?

(=)

102 103 104 10°

Feasibility

—— CGALP
—— Sweep Vfi(xk)

—— VR single V,fi(xk)
—— VR 64 batch V,fi(xx)

=
—-_———
-
-
-~
-
-
-~
-
-~
-~
-
-
-~
-
~—
-
-~
-~

VR 256 batch V,fi(xk)

VR 64 batch V,fi(xq) + pk(A " Ax)?

VR 256 batch V,fi(xk) + px(A * Axi)®
_—— o(

1074 1

|A%|?

1
reav))

10—5 4

107 103 104 10°

Figure 1: Ergodic convergence profiles for ICGALP applied to the projection problem (7.1) with n = 1024.

The step size is, for each k € N, yx = (k + 1)_(1_%”'01) and the weight for variance reduction

is, foreach k € N, v = yi/3.
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Optimality

10-1 4 CGALP
Sweep V,fi(x)

VR 1 batch V,fi(xx)

VR 64 batch V,fi(xk)

VR 256 batch V,fi(x)

VR 64 batch V,fi(x;) + px(A *Ax )"
VR 256 batch V,fi(xk) + px(A *Axi)?

-o(

102

[Xe = x " |2

1
(k+1)02% )

102 103 104 10°
k

Feasibility

—— CGALP

—— Sweep V,fi(xy)

—— VR 1 batch V,fi(xk)
—— VR 64 batch V,fi(xy)

-
—_——
-
-~
-
-~
-
-~
-~
—~
-
L.
-~
~_——
-

VR 256 batch V,fi(xk)

VR 64 batch V,fi(xy) + px(A * Axi)?

VR 256 batch V,fi(xk) + pox(A " Ax)?
I o(

10—4 _

|A%|?

1
k+1)02% )

10—5 4

102 103 104 10°

Figure 2: Ergodic convergence profiles for ICGALP applied to the projection problem (7.1) with n = 1024.

The step size is, for each k € N, y; = (k + 1)_(1_%”'15) and the weight for variance reduction

is, foreach k € N, v = yi/3.
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8 CONCLUSION

We introduced an inexact extension of the CGALP algorithm, given in [34], which allows for either
stochastic or deterministic errors in the computation of several important quantities. The main benefit
of this extension will be in the high-dimensional setting, where computing the terms Vf, proxz,, or
the linear minimization oracle can be impractical. Several different methods were considered which
demonstrated how the gradient Vf could be computed in such a way that the summability conditions
of ICGALP would be satisfied. The main drawbacks of using the inexact variant of the algorithm
emerge from the restrictions on the parameters one is free to choose. Indeed, here the choices of step
sizes are more strict than in the CGALP setting. However, the predicted convergence rates for both the
optimality and feasibility maintain the same dependence on parameters as was observed for CGALP
in an almost sure sense.

APPENDIX A
Lemma A.1. Consider a positive sequence (uy)cn Which satisfies, for each k € N,

(A1) U < (1-cyg) ug +dy;,

for some real numbers s and t satisfying 0 < s < min {1, t}. If, in addition, the sequence (yi);cn Satisfies,
foreachk e N,

Yk
Yk+1

(a.2) <1+o0(y),

then, for k sufficiently large, it holds,
ur < C_l t—s + ( t—s
kS cyk 0 Yk )
Proof. For each k € N, we denote vi £ yfc_tuk - g such that u; = y,i_s (vk + %) Then, by (a.1),

. d_ . d_ . i d
b = Vo = § < et (0 =enf) e+ dyf) = S = (L) (- erp ) - 5
c c Vit c

By (a.2), we then have, for each k € N,

S— K =S s d
Ve < v (U0 (1) (1= e we + d) - —

Substituting for uy using the definition of v we find, for each k € N,
s—t s\\I—s s d t—s t d
e < v (00 () (1 e (v + &)yt wayt) - 2.

Now, we take a Taylor expansion for the term (1+o0 (y;)*)"™* ~ (1 +o0 (yz)) to get, for k sufficiently

large,

. . . d\ . d
e < 7 0 () ( (1= ) (s )t - 4
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We distribute the y;~* and then expand parentheses,

Ve < (140 (r3)) ((1 —cyR) ("k + g) + dy’i) a %i

s s d s s S d S d
= (=) i+ (L=epg) < +drg+o(ry) ((1—%) (Vk+;) +dYk) -7

d d d
= (=e) vt (1=er) Z +dyg+o(n) (1=erg) i+ o (v) (L =erg) < +o () dr = -

= (L=cyg+o(ri)) vk +o(yg)-

Fix 0 < ¢ < c. Then, by definition of o (yfc) Jky € N such that, Yk > kg, 0 (yfc) <(c- E)yfc. Then,

(1=cyg+0(yp)) vie < (1= ¢yg) v

From this we conclude, by [31, Ch.2, Lemma 3], that lim sup v; < 0. Thus, by definition of v,

k

d
t— t—
uk+1§2yks+o(yk 9. O

REFERENCES

(1]

[2]

[9]

[10]
[11]

Y.L Alber, A.N. Iusem, and M. V. Solodov, On the projected subgradient method for nonsmooth
convex optimization in a Hilbert space, Mathematical Programming 81 (1998), 23—35.

L. Ambrosio, N. Gigli, and G. Savare, Gradient Flows, Lectures in Mathematics. ETH Zirich,
Birkhiuser Basel, 2008.

H. Attouch, Variational Convergence for Functions and Operators, Applicable mathematics series,
Pitman Advanced Publishing Program, 1984.

F. Bach, Breaking the curse of dimensionality with convex neural networks, The Journal of Machine
Learning Research 18 (2017), 629—681.

K. Barty, J.S. Roy, and C. Strugarek, Hilbert-valued perturbed subgradient algorithms, Mathe-
matics of Operations Research 32 (2007), 551-562, http://www.jstor.org/stable/25151809.

H. Bauschke and P. L. Combettes, Convex Analysis and Monotone Operator Theory in Hilbert Spaces,
Springer, 2011.

N. Boyd, G. Schiebinger, and B. Recht, The alternating descent conditional gradient method for
sparse inverse problems, SIAM Journal on Optimization 27 (2017), 616—639.

K. Bredies, M. Carioni, S. Fanzon, and F. Romero, A generalized conditional gradient method for
dynamic inverse problems with optimal transport regularization (2020), arXiv:2012.11706.

H. Brezis and A. Pazy, Convergence and approximation of semigroups of nonlinear operators in
Banach spaces, J. Functional Analysis 9 (1972), 63-74.

P. Catala, Relaxations Semi-Définies Positives pour I'Tmagerie, PhD thesis, PSL University, 2020.

C.W. Combettes and S. Pokutta, Complexity of linear minimization and projection on some sets
(2021), arXiv:2101.10040.

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient...


http://www.jstor.org/stable/25151809
https://arxiv.org/abs/2012.11706
https://arxiv.org/abs/2101.10040

J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 40 of 41

[12]

[13]

P.L. Combettes and J. C. Pesquet, Stochastic quasi-Fejér block-coordinate fixed point iterations
with random sweeping, SIAM Journal on Optimization 25 (2015), 1221-1248.

P.L. Combettes and J. C. Pesquet, Stochastic quasi-Fejér block-coordinate fixed point iterations
with random sweeping II: mean-square and linear convergence, Mathematical Programming 174
(2019), 433451, d0i:10.1007/510107-018-1296-Y.

A. d’Aspremont and M. Pilanci, Global Convergence of Frank Wolfe on One Hidden Layer Net-
works, arXiv preprint arXiv:2002.02208 (2020).

Q. Denoyelle, V. Duval, G. Peyré, and E. Soubies, The sliding Frank—Wolfe algorithm and its
application to super-resolution microscopy, Inverse Problems 36 (2019), 014001.

L. Ding and M. Udell, Frank-Wolfe style algorithms for large scale optimization, in Large-Scale and
Distributed Optimization, P. Giselsson and A. Rantzer (eds.), Springer International Publishing,
Cham, 2018, 215-245, d0i:10.1007/978-3-319-97478-1 9.

M. Franke and P. Wolfe, An algorithm for quadratic programming, Naval Research Logistics
Quarterly 3 (1956), 95-110.

D. Goldfarb, G. Iyengar, and C. Zhou, Linear convergence of stochastic Frank Wolfe variants
(2017), arXiv:1703.07269.

H. Hassani, A. Karbasi, A. Mokhtari, and Z. Shen, Stochastic Conditional Gradient++ (2019),
arXiv:1902.06992.

E. Hazan and S. Kale, Projection—free online learning, in ICML, 2012.

E. Hazan and H. Luo, Variance-reduced and projection-free stochastic optimization, in ICML,
2016.

C. Imbert, Convex Analysis techniques for Hopf-Lax formulae in Hamilton-Jacobi equations,
Journal of Nonlinear and Convex Analysis 2 (2001), 333-343.

R. Johnson and T. Zhang, Accelerating stochastic gradient descent using predictive variance
reduction, Advances in neural information processing systems 26 (2013), 315-323.

E. Levitin and B. Polyak, Constrained minimization methods, USSR Computational Mathematics
and Mathematical Physics 6 (1966), 1 — 50, d0i:10.1016/0041-5553(66)90114-5.

F. Locatello, A. Yurtsever, O. Fercoq, and V. Cevher, Stochastic conditional gradient method for
composite convex minimization (2019), arXiv:1901.10348, arXiv:1901.10348.

H. Lu and R. M. Freund, Generalized stochastic Frank-Wolfe algorithm with stochastic substitute
gradient for structured convex optimization, Mathematical Programming (2020), doi:10.1007/
510107-020-01480-7.

A. Mokhtari, H. Hassani, and A. Karbasi, Stochastic conditional gradient methods: from convex
minimization to submodular maximization, arXiv e-prints (2018), arXiv:1804.09554, arXiv:1804.

09554.

L. M. Nguyen, ]J. Liu, K. Scheinberg, and M. Taka¢, SARAH: A novel method for machine learning
problems using stochastic recursive gradient, in International Conference on Machine Learning,
2017, 2613—2621.

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient...


https://dx.doi.org/10.1007/s10107-018-1296-y
https://dx.doi.org/10.1007/978-3-319-97478-1_9
https://arxiv.org/abs/1703.07269
https://arxiv.org/abs/1902.06992
https://dx.doi.org/10.1016/0041-5553(66)90114-5
https://arxiv.org/abs/1901.10348
https://dx.doi.org/10.1007/s10107-020-01480-7
https://dx.doi.org/10.1007/s10107-020-01480-7
https://arxiv.org/abs/1804.09554
https://arxiv.org/abs/1804.09554

J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 410f 41

[29] L.M. Nguyen,]. Liu,K. Scheinberg, and M. Takac, SARAH: A Novel Method for Machine Learning
Problems Using Stochastic Recursive Gradient, in ICML, 2017.

[30] J. Peypouquet, Convex Optimization in Normed Spaces: Theory, Methods and Examples, Springer,
2015.

[31] B.T. Polyak, Introduction to Optimization, Optimization Software, 1987.

[32] S.J. Reddi, S. Sra, B. Poczos, and A. Smola, Stochastic Frank-Wolfe methods for nonconvex opti-
mization, arXiv e-prints (2016), arXiv:1607.08254.

[33] H. Robbins and D. Siegmund, A convergence theorem for non negative almost supermartingales
and some applications, in Herbert Robbins Selected Papers, Springer New York, 1985, 111-135, doi:
10.1007/978-1-4612-5110-1_10.

[34] A. Silveti-Falls, C. Molinari, and J. Fadili, Generalized conditional gradient with augmented
Lagrangian for composite minimization, SIAM Journal on Optimization 30 (2020), 2687-2725,
doi:10.1137/19m1240460.

[35] X. Weiand M. ]. Neely, Primal-dual Frank-Wolfe for constrained stochastic programs with convex
and non-convex objectives (2018), arXiv:1806.00709.

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient...


https://dx.doi.org/10.1007/978-1-4612-5110-1_10
https://dx.doi.org/10.1007/978-1-4612-5110-1_10
https://dx.doi.org/10.1137/19M1240460
https://arxiv.org/abs/1806.00709

J. Nonsmooth Anal. Optim. 2 (2021), 6903, DOI: 10.46298/jnsao-2021-6903 page 1 0f 7
Submitted: 2020-11-13, accepted: 2021-10-20 © the authors, cc-BY-sA 4.0

A NEW ELEMENTARY PROOF FOR M-STATIONARITY UNDER
MPCC-GCQ FOR MATHEMATICAL PROGRAMS WITH
COMPLEMENTARITY CONSTRAINTS

Felix Harder *

Abstract It is known in the literature that local minimizers of mathematical programs with
complementarity constraints (MPCCs) are so-called M-stationary points, if a weak MPCC-tailored
Guignard constraint qualification (called MPCC-GCQ) holds. In this paper we present a new
elementary proof for this result. Our proof is significantly simpler than existing proofs and does
not rely on deeper technical theory such as calculus rules for limiting normal cones. A crucial
ingredient is a proof of a (to the best of our knowledge previously open) conjecture, which was
formulated in a Diploma thesis by Schinabeck.

Keywords: Mathematical program with complementarity constraints, Necessary optimality
conditions, M-stationarity, Guignard constraint qualification

MSC (2020): 90C33, 90C30

1 INTRODUCTION

We consider mathematical programs with complementarity constraints, or MPCCs for short, which
are nonlinear optimization problems of the form

min  f(x)
(MPCC) st. g(x) <0, h(x)=0,

G(x) >0, H(x)>0, G(x)"H(x)=0.

Here, f: R" 5> R, g: R" — R h:R" - R™ G,H:R" — RP? are differentiable functions.

MPCCs have been studied extensively in the literature, both from a numerical and a theoretical
perspective. Various problem-tailored stationarity conditions and constraint qualifications have been
developed. One (necessary, first-order) stationarity condition for MPCCs is the so-called strong sta-
tionarity (which is equivalent to the KKT conditions). However, the strong stationarity condition is
often too strong, as there are examples of MPCCs where the data is linear, but the unique minimizer is
not strongly stationary, see [11, Example 3].

In this article we will focus on M-stationarity (see Definition 2.1), which is another prominent
stationarity condition for MPCCs in the literature. We mention that there are other stationarity
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conditions between M- and strong stationarity, such as extended M-stationarity, strong M-stationarity,
Q)-stationarity, and linearized M-stationarity, see [6, 2, 7]. However, these conditions are used less
frequently than M-stationarity and are more complicated to formulate.

As shown in [5], M-stationarity holds for local minimizers of (MPCC) under MPCC-GCQ, see also
[4]. MPCC-GCQ, defined in Definition 2.3, is a relatively weak constraint qualification. These proofs
for M-stationarity under MPCC-GCQ rely on advanced techniques from variational analysis such as
the concept of the so-called limiting normal cone. In particular, calculus rules for limiting normal cones
are used, which are based on deeper technical theory and require to verify the calmness of certain
set-valued mappings.

We mention that there is also a weaker constraint qualification in [8, (6)], which is the weakest
constraint qualification under which local minimizers are M-stationary. An advantage is that the proof
of M-stationarity under this constraint qualification is very simple, but on the other hand the proof
that MPCC-GCQ implies this constraint qualification (or that this constraint qualification is satisfied
for MPCCs with affine data) relies on deeper results from variational analysis. Since MPCC-GCQ and
MPCC-ACQ (which trivially implies MPCC-GCQ) are used more frequently, we focus on MPCC-GCQ
in this article.

In this paper we want to present a new proof for the result from [5] that M-stationarity holds for
local minimizers under MPCC-GCQ. Our new proof does not rely on advanced theory such as the
properties of limiting normal cones. Our proof is significantly simpler than any existing proofs that
we are aware of. The main ingredient of the new proof is a result which can be found in Lemma 3.2.
This result was already conjectured in [12, Section 4.4.2], and, to the best of our knowledge there
has not been a proof of this conjecture so far. With the knowledge that Lemma 3.2 holds, the rest of
the proof of M-stationarity under MPCC-GCQ will not be particularly surprising for readers familiar
with the implications of MPCC-GCQ. For the convenience of the reader we give a self-contained
presentation, which only requires familiarity with the basic theory of nonlinear optimization. Since the
constraint qualification in [8, (6)] is the weakest constraint qualification under which local minimizers
are M-stationary, the new proof also leads to a completely elementary proof that MPCC-GCQ implies
8, (6)].

The structure of this paper is as follows: In Section 2, we introduce classical definitions related
to MPCCs. Then we use MPCC-GCQ to construct various multipliers that satisfy some auxiliary
stationarity systems, see Proposition 3.1. Afterwards, these multipliers are combined into a multiplier
which is M-stationary with the help of Lemma 3.2. The main result is then stated in Theorem 3.3.
Finally, we discuss conclusions and perspectives in Section 4.

2 DEFINITIONS

It will be convenient to work with the index sets

F={,....,15, I":={...m}, IP={1...,p}
I(x) = {iel'|g:(x) =0},
I'x) ={i e I’ |Gi(X) > 0 A H;(x) =0},
(%) ={i eI’ |Gi(X) =0 A H;(x) > 0},
%) :={i e I’ | G;(%) =0 A H;(x) =0},

where ¥ € R" is a feasible point of (MPCC). Note that I™°(%), I°* (%), I°°(x) form a partition of I”. We
continue with the definition of M-, A- and S-stationarity.

Definition 2.1. Let ¥ € R™ be a feasible point of (MPCC). We call ¥ an M-stationary point of (MPCC) if
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there exist multipliers 1 € R/, 7 € R™, i, # € R? with

(212) VFE) + D LiVgi(®) + D 1iVhi() = > (BYGi(%) + 7:VHi (%)) = 0,
iel! ielm ielp

(2.1b) Vie IY(x): A >0,

(2.10) Viel'\ (%) : i =0,

(2.1d) VieI'(x) : i =0,

(2.1€) Vie I™(%) : v; =0,

(2.1f) Vi e I(%) : (g; > 0 AT; > 0) V fi;7; = 0.

If the multipliers A, 7, i, 7 only satisfy (2.1a)~(2.1e) and fi; > 0 V #; > 0 holds for all i € I°*(%), then % is
called an A-stationary point of (MPCC). If, additionally, 7; > 0 A #; > 0 holds for all i € I°°(x), then %
is called a strongly stationary or S-stationary point of (MPCC).

These stationarity conditions can be found in [13, Definitions 2.5-2.7]. Other known stationarity
conditions B-, W- and C-stationarity, see [13, Definitions 2.2-2.4].

In preparation for the definition of MPCC-GCQ we define some cones.
Definition 2.2. Let X € R" be a feasible point of (MPCC).

(a) We define the tangent cone of (MPCC) at x via

{xx}ken C F, It hren C (0,00) : }

T (%) :=4d € R"
%) { X > X, f |0, t,;l(xk—)?) —d

where F C R" denotes the feasible set of (MPCC).
(b) We define the MPCC-linearized tangent cone mglcc (x) c R™ at x via
Vgi(x)Td <0 Vi e (%),
Vhi(%)"d=0 Vie ™,
VGi(x)'d=0  Viel™(x),
Tom (%) = {d e R" VH;(x)Td=0  VieI(x),?}.
VGi(x)'d>0  Viel®®%),
VH;(x)'d >0  Viel”x),
(VG;i(%)"d)(VH;(x)"d) = 0 Vi e I°(x)

Note that in general 7 (x) and m?cc (x) are nonconvex cones.
We also recall that the polar cone C° of a set C ¢ R" is defined via

C°:={deR"|d"y<0 VyeC}.
Now we are ready to give the definition of MPCC-GCQ, which can also be found in [s5, (41)], where it
is called MPEC-GCQ.

Definition 2.3. Let ¥ € R" be a feasible point of (MPCC). We say that x satisfies the MPCC-tailored
Guignard constraint qualification, or MPCC-GCQ, if
T (%) = r]ﬁif}cc(f)o
holds. Additionally, if 7 (x) = 7;}[%“@ (%) holds then we say that x satisfies MPCC-ACQ.
Clearly, MPCC-ACQ implies MPCC-GCQ. We mention that there are also other stronger constraint
qualifications (such as MPCC-MFCQ if g, h, G, H are continuously differentiable, defined in [3, Defi-
nition 2.1]) which imply MPCC-ACQ or MPCC-GCQ and are sometimes easier to verify, see e.g. [13,

Theorem 3.2]. In particular, we emphasize that MPCC-GCQ (and MPCC-ACQ) are satisfied at every
feasible point of (MPCC) if the functions g, h, G, H are affine, see [3, Theorem 3.2].
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3 M-STATIONARITY UNDER MPCC-GCQ

We start with a proposition that generates several multipliers which satisty a slightly stronger station-
arity condition than A-stationarity. The result can also be obtained from the proof of [3, Theorem 3.4],
with the minor difference that we only require MPCC-GCQ and not MPCC-ACQ.

Proposition 3.1. Let X € R" be a local minimizer of (MPCC) that satisfies MPCC-GCQ and let a € {1,2}
be given. Then there exist multipliers A* € R!, % € R™, u® v* € R? with

(3.1) VEE) + ) AVgi(R) + ) nfVhi(R) = ) (4EVGi(E) + Vi VH(F)) =0,
iell ierm iel?
(3.1b) Vie I9(%) : AL >0,
(3.1¢) VieI' \ (%) : A% =0,
(3.1d) Vie I (%) : ue =0,
(3.1¢) Vi e I%(x) : )
(3.1f) Vie %), a;=1: i =0,
(3.18) Vie (%), a;=2: v 20.

Proof. From Definition 2.2 (a) and the fact that X is a local minimizer of (MPCC) it can be concluded
that the condition

Vf(x)'d >0 Vde T (%)
is satisfied. Using polar cones and MPCC-GCQ, we obtain

~VF(%) € T(%)° = T .(%)°.

Furthermore, we define the cone 7;11‘;, (@) (%) c 7;/1[%}@ (x) via

gln (%) :=4d e TIn (%
NLP () (F) { wmpce (X) (=2 = VGi(X)Td=0) Viel®)

(0;=1= VH;(x)Td=0) Vie IOO(JZ),}

Using the definition of polar cones, the inclusion 7;/1&‘}@ (x)° c TN“LI;, (@) (x)° follows from ‘7&13;, @ (%) C
Tiin (). In particular, we have -V (%) € 71:}]‘} (@) (%)°. Note that the condition (VG; (%) Td)(VH;(x)"d) =
0 Vi € I°°(x) from ‘7;/1[%‘@ (x) is redundant in 7;111& (@) (x), and therefore 711113113(01) (%) is a convex and
polyhedral cone (unlike mglcc (x)). Thus, one can calculate its polar cone (e.g. using Farkas’ Lemma),
which results in

[24 . g ( 5
2V + D V) | A 20 1),
iel9(%) ierm nfeR, iel™
. 0 - 00/ -
g (ge=] - > VG peeR iel"@ VNG|

NP el (U1 (5) eR, iel*®) UI®(x),
- D VVH(R) pe >0, ifa;=1ie€l®%),
iel*0(x)UI% (k) qu > 0, lf a; = 2’ i€ IOO(X')

Then the result follows from —Vf(x) € ‘7;113; (@) (x)° by setting the remaining components of the

multipliers (i.e. A? for i € IP \ I9(x), u¥ for i € I'*(x), v for i € I°*(x)) to zero. ]

We mention that if x satisfies (3.1) for some @ € {1,2}? and suitable multipliers, then X is an A-
stationary point of (MPCC). However, the statement of Proposition 3.1 is stronger than A-stationarity,
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namely for each index in I°°(x) we can choose whether pf or v is nonnegative. Note that (2.12)-(2.1e)
are already satisfied by all 27 possible choices for the multipliers and any convex combination of these.
Thus, the question naturally arises whether a convex combination of these multipliers can be found
that also satisfies (2.1f). As the next result shows, this is indeed possible. The following lemma was
already stated as a conjecture in [12, Section 4.4.2]. To the best of our knowledge, this conjecture has
not been proven before.

Lemma 3.2. Let I C I? be an index set. For all a« € {1, 2}2, let points (p%, v*) € A% be given, where the set
A% is described via

A% ={(p,v) eR? |y > 0 ifo; =1, v; 2 0 ifa; =2 Viel}.
Then there exists a point (fi, V) in the set
B := conv{(p*, v*) | a € {1,2}?} c R?
of convex combinations of these points, such that for all i € I we have the condition
(3.2) (g >0A7;>0)V f1;7;=0.

Proof. Let us choose points (2%, 7*) € BN A%, a vector f§ € {1,2}, and points i, v € R? that satisfy

(3.3) (4% 7%) € argmin ||(gv)||5 Ya € {1,2}?,
(p,v) eEBNA%

(3.4) B € argmax || (4% )13
ae{1,2}?

(3-5) (i 7) = (fP, ) e R?.

These choices are possible because the sets BN A is compact and nonempty (the nonemptiness follows
from (u%, v*) € BN A%) and the set {1, 2} is finite. Furthermore, we have (ji, 7) € B, i.e. it is a convex
combination as claimed.

It remains to show that our choice (%, #) for (, 7) satisfies (3.2). By contradiction, we assume
that there exists an i € [ such that (3.2) is not satisfied, i.e. ﬁlﬁ £0, ﬁl.ﬁ # 0, and ,ulﬁ <0V ﬁiﬁ < 0 hold.
Without loss of generality we can assume that ; = 1 holds (otherwise one would exchange the roles
of y and v in the rest of the proof). Therefore, we have ﬁfg > 0 due to (ji#, %) € AP. Since (3.2) is not

satisfied this implies ﬁf; > 0 and ﬁ'f < 0. We define

2 ifj=i

VjelP.
p;i ifjeI?\{i}

y € {1,2}?, xw={

Due to ,ulﬁ > 0 we can choose t € (0,1) such that the convex combination
(V1) 5= b, 97) + (1= D) (P, ) € R

still satisfies u! > 0. Since y; = f; holds for j # i we also have (4!, v') € AP n B. However, 7 > 0
implies (47, ¥#) # (¥, 9%). Thus, by also using (3.4), we have

a1 < ma{ G2, 9P A, ) I3 = 1A 9P,

Due to (i, v') € BN AP this is a contradiction to (3.3), which completes the proof. m|
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Instead of the function (p, v) = ||(p, v)||%, any strictly convex function on R?” would have worked
in the proof.

We mention that it was recognized already in [12, Section 4.4.2] that this lemma would significantly
simplify the already existing proofs for M-stationarity. We further mention that the idea to combine
various multipliers of the form (u%, v*) was also used for the concept of Q-stationarity in [1].

A straightforward combination of Proposition 3.1 and Lemma 3.2 yields the desired M-stationarity
result.

Theorem 3.3. Let x € R" be a local minimizer of (MPCC) that satisfies MPCC-GCQ. Then X is an
M-stationary point.

Proof. For all @ € {1,2}7, let (A%, n%, u%, v¥) € R*™*2P be the multipliers generated by Proposition 3.1.
By applying Lemma 3.2 with [ = I°°(%), we find a convex combination (1,7, i, 7) € RH™2P of
these multipliers such that (2.1f) is satisfied. The conditions (2.1a)—(2.1e) follow from (3.1a)—(3.1e) by
convexity. O

4 CONCLUSION AND OUTLOOK

We provided a new proof for the M-stationarity of local minimizers of MPCCs under MPCC-GCQ.
Although this result was already known, the new proof uses only basic and well-known tools from
nonlinear programming theory. This new elementary proof for M-stationarity was enabled by proving
a (to the best of our knowledge previously open) conjecture from [12] in Lemma 3.2.

In the future, it would also be interesting to apply this approach to other problem classes from
disjunctive programming and to investigate to what extend the ideas from this paper can be generalized.

In Sobolev or Lebesgue spaces, the limiting normal cone turned out to be not as effective as in finite
dimensional spaces for obtaining stationarity conditions for complementarity-type optimization prob-
lems, see [9, 10]. Thus, it would be interesting to know whether the new elementary method from this
paper can provide ideas for possible approaches for better stationarity conditions of complementarity-
type optimization problems in Sobolev and Lebesgue spaces.
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OPTIMAL CONTROL OF PLASTICITY WITH INERTIA

Stephan Walther”

Abstract  The paper is concerned with an optimal control problem governed by the equations of
elasto plasticity with linear kinematic hardening and the inertia term at small strain. The objective
is to optimize the displacement field and plastic strain by controlling volume forces. The idea
given in [11] is used to transform the state equation into an evolution variational inequality (EVI)
involving a certain maximal monotone operator. Results from [18] are then used to analyze the
EVL A regularization is obtained via the Yosida approximation of the maximal monotone operator,
this approximation is smoothed further to derive optimality conditions for the smoothed optimal
control problem.

1 INTRODUCTION

We consider the following optimal control problem governed by the equations of elasto plasticity with
linear kinematic hardening and the inertia term at small strain:

min J(wiz f) = ¥ inz) + S5,
st. pu—-divC(Viu-z) =7,
z € A(CV?u — (C + B)2),
(11) (u,u,2)(0) = (uo, vo, 20),
u € H'(Hp(Q;RY) N HA(LA(Q;RY),
z € H\(L*(Q;R{Y)),
feX.

Herein, @ ¢ R is the body under consideration with density p, where d € N is the dimension.
Its boundary is split into two disjoints parts Iy and [y. Furthermore, u : [0,T] x Q — R is the
displacement field and z : [0, T] X Q — R% the plastic strain. The initial data (uq, v, zo) is given
and fixed. The volume force is given by f : [0,T] X Q — R<. The time derivative of, for instance,
the plastic strain is denoted by z and the symmetric gradient by V* = 1/2(V + V). Moreover, C is
the elasticity tensor and B the hardening parameter. The flow rule is represented by the maximal
monotone operator A, in Section 5 below we will choose the von-Mises flow rule. The control space
X, is a nonempty and closed subspace of H'([0, T]; L?(Q; R%)) and & > 0 a fixed Tikhonov parameter.
Note that higher time regularity of the control was also required when analyzing other problems with a
non-smooth hyperbolic evolution structure, e.g. in [28]. The precise definitions and assumptions are
presented in Section 2 below. Note that the problem (1.1) is formulated only with the displacement
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and plastic strain as state variables. The stress is normally given by o = C(V*u — z) (and can thus be
easily integrated in ¥), however, we eliminated it in (1.1) for convenience. Additionally, the Dirichlet
displacement and Neumann boundary forces (see the definition of the div-operator in Section 2) are
set to zero, cf. Remark 3.8 below. Regarding a detailed description and derivation of the plasticity
model, we refer to [16, 20, 22].

Let us put our work into perspective. Optimal control problems governed by plasticity were con-
sider in [6,15,17-19,23-26]. The articles [15,17] are concerned with the static case of elasto plasticity, for
further articles of the static case we refer to the references therein. For the time dependent quasi-static
case we are only aware of [6,18,19,23-26]. The articles [23-26] and the application in [18] are devoted
to the case of elasto plasticity with linear kinematic hardening, whereas [6,19] are concerned with the
case of perfect plasticity, that is, with nohardening. In contrast, we consider the case of elasto plasticity
with the inertia term (and linear kinematic hardening), that is, the second time derivative of the dis-
placement (the accelaration) multiplied by the density p is present in the balance of momentum. Due
to this inertia term, the equations are physically more reasonable than the quasi-static case (of course,
the solution to both systems might not differ much when the accelaration of the body is small, which
is the reasoning when neglecting the inertia term). As said above, the application in [18] investigates
quasi-static (homogenized) plasticity with hardening. This application is analyzed by applying results
concerned with an abstract optimal control problem governed by an first-order evolution variational
inequality (EVI) involving a maximal monotone operator. As we will see below, the state equation in
(1.1) can also be transformed into such an abstract EVI. Let us note that the existence of a solution was
already proven in [11, Theorem 5.1] by using essentially the same transformation into an EVI as we
will do. However, there it was transformed into a second order EVI and the maximal monotonicity
of the (slightly different) operator given therein was proven in another way. In contrast, we consider
a first order EVI and will provide the concrete form of the resolvent in Proposition 3.11 (which will
also be used later in Section 4.2 to provide optimality conditions), the maximal monotonicity of our
operator will then follow easily. Having transformed the state equation, we can apply the results from
[18]. We only have to heed two differences between our EVI and the EVI analyzed in [18]. First, our
maximal monotone operator does not fulfill some properties required in [18], second, the given data
are more regular in time than in [18], as we will elaborate on at the end of Section 3.2. However, the
better regularity in time will compensate the missing properties of our maximal monotone operator,
so that the unique existence of a solution can still be shown (Theorem 3.15) and thus we can apply
results from [18]. There is a large list of literature on plasticity with inertia, we only refer to [1-3,7-9]
and the references therein. However, to best of the author’s knowledge, there exists no contribution
to optimal control of plasticity with the inertia term, except in [27]. We emphasize that this paper is
essentially based on [27, Part IV] and on the transformation idea from [11].

The paper is organized as follows. After introducing our notation and standing assumptions in
Section 2, we transform the state equation in (1.1) into a first-order EVI, prove the unique existence for
given data and provide regularization and convergence results in Section 3. Afterwards, in Section 4,
we analyze the optimal control problem (1.1), show the existence of a global solution, provide an ap-
proximation result via a regularized problem and finally present optimality conditions.

2 NOTATION AND STANDING ASSUMPTIONS

Notation When X is a normed vector space we denote its norm by || - || x. For normed vector spaces
X and Y we denote the space of linear and continuous functions on X with values in Y by L(X;Y).
We abbreviate £ (X) = L(X;X). The dual space of X is denoted by X* = L(X;R). The inner product
of a Hilber space H is denoted by (-, -) ;. For the whole paper, we fix the final time T > 0. For t > 0 we
denote the Bochner space of square-integrable functions on the time interval [0, t] by L2([0, t]; X),
the Bochner-Sobolev space by H'([0, ¢]; X) and the space of continuous functions by C([0, t]; X). We
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furthermore abbreviate L?(X) := L%([0,T];X), H'(X) := HY([0,T];X) and C(X) := C([0,T];X).
When G € £(X;Y) is alinear and continuous operator, we can define an operator in £ (L?(X); L?(Y))
by G(u)(t) := G(u(t)) for all u € L?(X) and for almost all t € [0, T], we denote this operator also by
G, thatis, G € L(L*(X);L?*(Y)), and analog for Bochner-Sobolev spaces, i.e., G € L(H'(X); H(Y)).
Given a coercive and symmetric operator G € L(H) in a real Hilbert space H, we denote its coercivity
constant by yg, i.e., (Gh, h) = ysl|hl| Izq for all h € H. With this operator we can define a new scalar
product, which induces an equivalent norm, by H X H 3 (hy, hy) — (Ghy, h2)y € R. We denote the
Hilbert space equipped with this scalar product by Hg, that is (hy, k) gy, = (Ghy, hy) g forall hy, by € H.
If p € [1, o0], then we denote its conjugate exponent by p’, that is % + 1% = 1. Throughout the paper, by
L? (Q; M) we denote Lebesgue spaces with values in M, where p € [1, o] and M is a finite dimensional
space. By WP (Q; M) we denote Sobolev spaces and W;J’P (Q; M) is the subspace containing functions
which traces are zero on I'p. For the dual spaces of W' (Q; M) and WDl’p '(Q; M) we write W2 (Q; M)
and W;’p(Q;M). We use the usual abbreviations H'(Q; M) := W*(Q; M), Hj, (Q; M) = W];’Z(Q;M),
H (M) == WH2(Q; M) and H' (Q; M) = WD_I’Z(Q;M). Finally, by R%?, we denote the space of
symmetric matrices and ¢, C > 0 are generic constants.

STANDING ASSUMPTIONS

The following standing assumptions are tacitly assumed for the rest of the paper without mentioning
them every time.

Domain The domain Q ¢ R? d € N, is bounded with Lipschitz boundary I'. The boundary consists
of two disjoint measurable parts I'y and Ip such that I = Ty UTp. While Iy is a relatively open subset,
I'p is a relatively closed subset of I' with positive boundary measure. In addition, the set Q U I'y is
regular in the sense of Groger, cf. [12].

Furthermore, the density of Q is given by p > 0.

Coefficients The elasticity tensor and the hardening parameter satisfy C,B € £(R%) and are

symmetric and coercive, i.e., there exist constants ¢ > 0 and b > 0 such that (Co, 0)gaxa > ¢ ||a||ﬂi dxd
4 [ d 4 .
2 dxd
and (Bo, G)Rgxd >b ”G”ng for all o € R4,

We abbreviate further
(2.1) D:=B(C+B)'Ce LR and E:=C(C+B)'e L(RPY)

and note that D is symmetric and coercive, according to [11, Lemma 4.2]. Moreover, for instance, we
denote the adjoint of E by E .

Initial data We choose up, vy € Hb(Q;RY) and zy € L?(Q;R%*?) and define g := CV¥uy — (C +
B)zy € L*(Q;R¥?). Moreover, we assume that (uo, v, qo) is an element of D(A), where D(A) is
given in Definition 3.5.

Operators Throughout the paper, V¢ := %(V +VT) : W (Q;RY) — LP(Q;R¥?) denotes the
linearized strain. Its restriction to Wé’p (Q; R%4) is denoted by the same symbol and, for the adjoint
of this restriction, we write — div := (V*)* : L' (Q; R%*9) — W;’p,(Q; R%).

The operator A: L?(Q; R%>9) — 2L (RS i maximal monotone with domain D(A). Further-
more, by Ay : L?(Q; [fo”l) — L2(Q; [Rng), A > 0, we denote the Yosida approximation of A and by
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Ry = (I+AA)7! the resolvent of A, so that A = %(I — Rj). Moreover, for every A > 0 the resolvent R
can be expressed pointwise, that is, there exists Ry : R4 — R gych that

(2.2) Ry(1)(x) = Ry(1(x)) faa. x € QandVr € L?(Q;R™),

With a slight abuse of notation we denote also R) by Ry. It is to be noted that this is the case for the
subdifferential of an indicator function of a pointwise defined set, where the resolvent is simply the
projection onto this set, this example will be considered in Section 5 below. For further reference on
maximal monotone operators, we refer to [5], [29, Ch. 32], [4, Ch. 55], and [21, Ch. 55].

Optimization problem By J : L2(H) X X, — R, J(u,0,2, f) = ¥(u,0,2) + %||f||§EC we denote the
objective function, where H is given in Definition 3.5 and the control space X, is a Hilbert space and
embedded into H'(L?(Q;R%)). We assume that ¥ : L?(H) — R is weakly lower semicontinuous,
continuous and bounded from below and that the Tikhonov parameter « is a positive constant.

3 STATE EQUATION

We begin our investigation with the state equation. At first we give the definition of a solution and then
transform the state equation into an EVI with a new (maximal monotone) operator A. In Section 3.2
we prove the existence of a solution by showing that the operator A is maximal monotone, then we can
apply [4, Theorem 55.A]. Finally, in Section 3.3 we can use some results in [18] to obtain convergence
results.

The formal strong formulation of the state equation reads

(3.13) pu—-V-C(VPu-z)=f in Q,
(3.1b) v.:C(Vu—-2)=0 on Iy,
(3.1¢) u=20 on I'p,
(3.1d) z € A(CV’u - (C +B)z) in Q,
(3.1e) (u,u, 2)(0) = (ug, vy, 20) in Q.

Note that we have assumed in the standing assumptions above that the density is constant in Q. It is
possible to consider a density which has a spatial dependency (that is, a function from Q to (0, 0)),
one has then in particular to verify that the operator Q, given in Definition 3.5, is well defined, that
is, the multiplication of p (and also 1/p) with a Sobolev function is again a Sobolev function. However,
for simplicity we assume that p is constant.

We impose the following assumption for the rest of this section.

Assumption 3.1 (Standing assumption for Section 3). Let f € H'(L?(Q; R%?)) be given.

3.1 DEFINITION AND TRANSFORMATION

Let us begin with the definition of a solution to the state equation (3.1).
Definition 3.2 (Solution to plasticity with inertia). We call u € Hl(H}D(Q; R%)) N H%(L*(Q; R%)) and
z € HY(L*(Q; R¥*?)) solution of (3.1) if
pu—divC(Viu —z) = f,
(3.2) z € A(CVu — (C + B)=z),
(u,u,2)(0) = (uo, vo, 20)

holds.
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Before we can transform the state equation into an EVI we need to reformulate it, to this end we
introduce the following

Definition 3.3 (z to ¢ mapping). We define
Q: HY(Q;RY) x L2(Q; RPY) — [2(Q;RPY),  (u,2) > CVu — (C+B)z
and its inverse (for fixed u)
3 HY(Q;RY) x L2(Q; R — [2(Q; R, (u,q) = (C+B)H(CVu —q).

These operators will also be used to transform the optimal control problem in Section 4.1 below.
For the following lemma, we recall the definition of D and E given in the standing assumptions
above, thatis, D = B(C +B)'C and E = C(C+ B) ..

Lemma 3.4 (Transformation of z to q). We consider
pu — div(DVu + Eq) = f,
(3.3) (C+B)'g+A(q) —E"V’u >0,
(u, u,q)(0) = (o, v0, Go) = (uo, vo, Q(uo, 20))
for functions u € H'(H} (Q;RY)) N H2(L*(;RY)), g € H'(L*(Q;R*?)). Recall that ET is the adjoint
of E. Then the following holds:

When (u, z) is a solution of (3.1), then (u, q) = (u, Q(u, z)) solves (3.3). Vice versa, when (u, q) solves
(3.3), then (u, z) = (u, 3(u, q)) is a solution of (3.1).

Proof. Both implications can be immediately obtained by using the definition of Q and 3 and inserting
zin (3.2) and q in (3.3), respectively (note that C— C(C+B)'C = (I-C(C+B)™)C = B(C+B)"!C =
D). |

We are now in the position to introduce the EVI, respectively the operator A.

Definition 3.5 (The operator A). For p € [1, co] we set
Y, = WP RY) x L (4 RY) x LP(Q;RP)  and  H =Y.
The scalar product on H is defined by

((u1, 91, q1), (u2,02,92)) 9¢

= ([DVSul, VSuZ)LZ(Q;Rng) + (1)1, Uz)LZ(Q;Rd) + (ql, qZ)LZ(Q;Rng)

(recall that D is symmetric and coercive). We define

-0
A:D(A) - 2Y (uo, q) — | —div(DV*u + Eq)
A(q) —ETV

with the domain
D(A) = {(u,v,q) € Hy(Q;R?) x HL (2 RY) x D(A) : div(DV°u + Eq) € L*(Q;R)}.
Moreover, we set
R:I2(QRY) - Yo,  f+(0,£,0)
and

0= (I, ()L, C +B).
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Lemma 3.6 (Transformation into an EVI). The tuple (u, q) solves (3.3) if and only if (u,v,q) = (u,u,q) €
H'(‘H) is a solution of

(3.4) Q7 (,0,q) + A(u.0,9) 3 Rf,  (,0,9)(0) = (uo, Vo, o)

Proof. This follows immediately from the definition of A. O

Remark 3.7 (Consequences of the transformation). We note that this transformation has some conse-
quences for the optimal control problem and its regularization discussed in Section 4. A first approach
to regularize (3.1) would be to simply regularize the operator A, as we did in the case of elasto plastic-
ity in [27, Part III]. However, our approach is different, due to the transformation into an EVI we can
regularize the operator A, this is our method in Section 3.3 and Section 4. We also mention that the
fact that v = u will be lost after the regularization (cf. Corollary 4.5 and Definition 4.7) and that we
will transform our objective function in Definition 4.1, so that we obtain an optimal control problem
with respect to the state (4,0, q) in (4.1). The optimality conditions given in Theorem 4.14 below are
then also formulated for this transformed problem.

Remark 3.8 (Neumann surface forces and Dirichlet displacement). Let us shortly discuss some issues
with possible surface forces and Dirichlet displacements. Regarding surface forces, they are currently
equal to zero and contained in the domain D(A) by the requirement div(DVu + Eq) € L?(Q;R?).
Allowing now surface forces which are time dependent, the domain, and thus A itself, would also
depend on the time.

An approach for Dirichlet displacements would be to exchange the displacement with a “new”
displacement minus the Dirichlet displacement, then one could still define the domain D(A) as a
subset of HID(Q; R%) x HlD(Q; RY) x D(A). However, this would again make the domain and the
operator itself time dependent (the Dirichlet displacement would occur also in the operator).

In both cases one could still show that the arising operator is maximal monotone for a fixed time,
but for different points in time the monotonicity would be perturbed by the time dependent functions.
Having now a closer look at Theorem 3.15 below, respectively [4, Theorem 55.A], we see that a com-
parison of two different points in time is used to derive a priori estimates. Following this proof, the
time depend functions would occur and a straightforward adaption is not possible.

At this juncture, let us also elaborate on the underlying spaces of the operator A. One might try
to exchange L?(R; Q) with a negative Sobolev space in the definition of H to allow surface forces.
However, with this definition of H, for instance, the proof of Lemma 3.12 (which is used to show the
monotonicity of A) would not be valid anymore. Thus, our choice of H seems reasonable.

3.2 EXISTENCE OF A SOLUTION

We prove now the existence of a solution to (3.1) by using an existence result for EVIs involving a
maximal monotone operator given in [4, Theorem 55.A], thus we need to show that A is maximal
monotone. Since the monotonicity of A can be easily obtained (cf. Lemma 3.12), it remains to prove
that the resolvent exists (cf. the proof of Proposition 3.13). For this it is sufficient to show the existence
of a solution to (3.9) in the case p = 2. However, since the existence and Lipschitz continuity for p > 2
is needed to derive optimality conditions in Section 4.2, we already provide the following corollary
for later needed results.

Corollary 3.9 (Extended nonlinear elasticity). Let A > 0 and p € [2,p], where p is from [14, Theorem
11], with2 — %l > —%. We assume that there exist m, M\,D € R, D > 0 < m < M, such that the family of
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functions {b, : Q x R4 — R¥xd} serdxd has the following properties:

(35) bo(+,0) € L™ (Q; R,

(3.6) by (-, 7) is measurable,

(3.7) (bo(x,7) = bz(x,7)): (1 =7) + D(lo = 5 + |t = 7|)|o = 7| > m|z — 7|4,
(38) b (x,7) = b (x,7)| < M| = 7] + o - 5]

for almost all x € Q and all 0,77, 71,7 € [RfXd.
Then foreveryp € LP(Q;R%>?) andL € WD_l’p(Q; RY) there exists a unique solutionu € Wé’p(Q; R%)

of
div by (-, Vou) + - = L
—div b, (-, u)+ﬁ— .
Moreover, there exists a constant C such that the inequality
llur = w2 llwie (ma)y < C(||§01 - ¢2||Lp(Q;Rng) +|IL - L2||W]3Lp(Q;Rd))

holds for all ¢y, ¢ € LP(Q; [fo”l) and L, L, € W;’P(Q; [Rd), where u; and u, are the solutions with
respect to (@1, Ly) and (@2, Ly).

Proof. Note that b, (-, 7) € LP(Q; R%*9) holds for all 7, ¢ € L?(Q;R%*¢) (and in fact for all p € [1, c0]),
which follows from (3.5), (3.6) and (3.8) (taking into account that a pointwise limit of measurable
functions is also measurable, see [23, Corollary 3.1.5]).

Let us at first consider the case p = 2. Then the existence of a solution follows from the Browder-
Minty theorem, Korn’s inequality and the Poincaré inequality. In order to verify the inequality, let
@1, 02 € L2(Q; [RfXd), L,L, € HBI(Q; [Rd) and uy, uy € H})(Q; [Rd) the corresponding solutions. Then
we obtain

(Ly = Ly, uy — up)

(bq)l()(’ VSul(.)) - b‘Pz() (.’ VSUZ(‘))’ Vs(ul - uz))LZ(Q;RSdXd)
Hu1 — U ||
A

mllvs(ul - uz)HiZ(Q;R(SiXd) - D”QDI - qu”iz(Q;Rng)

L2(;R9)

v

D /Q 19 (= )] gy = 2l + gl = s
Using now
(Li = Ly, n = up) < [|Ly = Lollyi2 ooyl = w2llwrz iy
and
D/Q IV (w1 — u2)| |91 — @2| < DIV (g - uz)”L?(Q;Rd) llo1 — (P2||L2(Q;Rd)
and Young’s inequality, yields
o = ol ey < C(lhos = @2ll gy + I = Lelly s

— 2
< C(llor = @iz aumeesy + I = Lelly 2 oua )
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for a certain positive constant C, hence, the asserted inequality is fulfilled.
For the general case let now ¢ € L®(Q;R%>?) and L € WD_l’p(Q; R9), we define b : Q x R¥> —
Rng by

b(x, 1) = by(x) (x,7)

and L, € W, " (Q;R?) by

1
<Lu70> = <L’U> - ﬁ (u’ U)LZ(Q;Rd) >

where u € HlD(Q;[Rd) — L9(Q;RY), with 1—% = -4 whend > 2, g = 2whend = 2 and g = co when
q

d =1, is the solution in the case p = 2 and v € W' (Q;R?) «— L7 (Q;RY) (note that 1 — ;% + % =

1+ % - g =2+ % - % > 0whend > 2and1- i% + % > 0 otherwise). We can now apply [14, Theorem

1.1] (here we need ¢ € L™ (Q; [fo”l) to satisfy [14, (1.6a)], the other requirements in [14, Assumption
1.5] are obviously fulfilled due to (3.5)—(3.8)) to obtain u € Wé’p (Q; R%) such that
(b(., VSH),VSU)LZ(Q;REM) = (L, v),

that is,
S N 1
(b(/)(" \Y% U), \Y% U)LZ(Q;Rng) + ﬁ (u, U)LZ(Q;Rd) = <L,0>’

holds for all v € WDl’p ,(Q; R%), we get in particular u = 7 € Wé’p (Q; R9) since u is the unique solution
of the equation above for all v € HID(Q; R%).

To prove the asserted inequality let ¢y, 2 € L¥(Q; [RfXd), L,L, € W;’P(Q; [Rd) and u, Uy €
WP (Q;R?) the corresponding solutions and define Ly, L,, as before. Having a closer look at the
proof of [14, Theorem 1.1], respectively [12, Theorem 1], one can see that there exists a constant ¢ > 0,
depending only on p, m and M (thus not on Ly, Ly, ¢y, ¢2), such that

lur — wallwrp (quray < cllA1(uz) — Az(uz) — Ly, + Ly, ||W]5LP(Q;Rd),
where A; : W (Q; RY) — W;’p(Q; R9) is defined by
<Ai(vl)a UZ) = (bq)l (‘a Vsul)a VSUZ)LZ(Q;RSdXd)
for allv; € WP (Q; R?), v, € W' (Q; R?) and for i € {1,2}. We finally obtain
s — wzllwie (@ma) < C(”Al(uz) _AZ(UZ)HWD’LP(Q;Rd) + || Ly — Lu, ||WD*LP(Q;Rd))
< e(Mllgr = @allppapges) + I = Lally oo
C
+ 5l = wlipara )

where we have used again the embeddings H'(Q; R¢) < LI(Q;R%) and W' (Q; R9) —s LI (Q;RY).
Taking into account that the assertion is already proven in the case p = 2, we see that the desired

inequality holds.
One can now obtain the result for all ¢y, 9, € L?(Q;R%*¢) by an approximation (using the just
proven inequality to see that the corresponding sequence u,, is a Cauchy sequence). O
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The operator R, in the following proposition will later be the resolvent, or a smoothed version of
the resolvent, of A and should not be confused with R from Definition 3.5.
Proposition 3.10 (Solution operator 7g,). Let A > 0 and p > 2 as in Corollary 3.9 and h = (hy, hy, h3) €
Y,,. Moreover, let R, : R4 — RI¥4 pe Lipschitz continuous and monotone. Then there exists a unique
solution u € W];’p(Q; RY) of

hz hl—u

(3.9) = div(DV*u +ERy(E"V* (u = hy) + hs)) = = + =3

We denote the solution operator of this equation by Tg, : Y, — W];’p(Q;[Rd), that is, Tg,(h) = u.
Furthermore, T, is Lipschitz continuous. Note that the dependency of T, on A and p will always be clear
from the context.

Proof. For all o € R%? we define b, : Q x R4 — R4 by
by(x,7) = Dr+ERy(E' 7+ 0),

then the assertion follows from Corollary 3.9 (with ¢ := —E" V*h; + hs for a given h € Y,), let us only
prove that (3.7) is fulfilled, the other requirements can be easily checked. To this end let 0,7, 7,7 €
fo‘i , then

(bo(x,7) = bs(x,7)): (1 —7)
> yplr — 7|2 + (Ro([ETT+ o) —RO(ET?+5)): ([ET(T—?) + (a—a))
- (Ro([ETT+O') —Ro([ET?+E)): (6-73)

> yplr = 7> = Ly, lo = 1% = Ly, IE|| |7 = 7| |0 - 5]
holds, where Lg, is the Lipschitz constant of R. m]

Note that Ry : R¥¢ — R fulfills the requirements in Proposition 3.10 since Ry : L?(Q; R%*?) —
L(Q; R%¥4) is Lipschitz continuous and also monotone (cf. [4, Proposition 55.1 (ii) and Proposition
55.2 (a)]) and due to (2.2) these properties carry over to R : [RfXd — [fo”l.

Let us also mention that Ry in Proposition 3.10 does not have to be monotone, the inequality

(Ro(@) = Ro(b)): (a—b) > —¢la - b|*

fora,b € [fo‘l with £ < yo/||ET||? would be sufficient.
We can now prove the existence of the resolvent of (A, from which we can then derive the maximal
monotonicity of A in Proposition 3.13 below.

Proposition 3.11 (Existence of the resolvent of A). For every A > 0 and h = (hy, hy, h3) € H, the tuple

Try (h)
7 (TR, (h) = hy)
Ry(ETV (TR, (h) = h1) + h3)

SIS
Il

is contained in D(A) and the unique solution of (u,v,q) + AA(u,0,q) > h.
Proof. Using the definition of 7g, we get

-Adiv(DVu + Eq) = hy — o,

Walther Optimal control of plasticity with inertia



J. Nonsmooth Anal. Optim. 2 (2021), 7156 page 10 of 26

which is the second row in (4,0, q) + AA(u,0,q) > h and we also get (u,0,q) € D(A) (note that
rg(Ry) € D(A)). That the first and last row in (u,0,q) + AA(u,0,q) > h is also fulfilled follows
immediately from the definitions of u, v and q.

Furthermore, when (u, v, q) is a solution of (u,v,q) + AA(u,v,q) > h, then one verifies analog
that (u, v, q) must have the claimed form, therefore the uniqueness follows from the uniqueness of a
solution to (3.9). O

Lemma 3.12 (Monotonicity of A). The equation

(ﬂ(uli Ula ql) - ﬂ(u25 025 qz), (ula 015 ql) - (u25 023 q2))(H
= (A(ql) - A(CIZ), 91— qZ)LZ(Q;Rgxd)

holds for all (uy, vy, q1), (us, 2, g2) € D(A).

Proof. Using the definition of A and the scalar product in H we obtain

(A(wr, 01, q1), (w1, 01, q1) — (U2, 02, G2)) 94
=— (DV®0, V* (u; — uz))Lz(Q;Rgxd) — (div(DV°u; + Eqq), 01 — UZ)LQ(Q;Rd)
+(A(q) —ET, Vouy), o LH(Q R
= (DV°0s, Voup) 12 ety — (DV u, V¥02) 12 o paay = (ET V50, q1) 12 aa)
+ (ETVo01, 42) 12 (qraxay + (A(Q). 41 — 42) 12 qrexd) »
evaluating now (A (ug, v2, g2), (41, 01, q1) — (U2, v2, q2)) 40 and taking the difference yields the assertion.
m|

Proposition 3.13 (A is maximal monotone). The operator A : H — 2™ is maximal monotone.

Proof. The monotonicity of A follows immediately from Lemma 3.12 and the monotonicity of A.

To prove that A is maximal monotone, it is, according to [4, Proposition 55.1 (B)], sufficient that
R(I + A) = H, that is, we have to show that for every (hy, hy, h3) € H there exists (u,0,q) € D(A)
such that (u,v,q) + A(u,v,q) > (hy, hy, hs). This follows from Proposition 3.11 with A = 1. |

In what follows it is convenient to give the integration operator a name.
Definition 3.14 (Integration operator). We define # : H'(L?(Q; R%)) — H?(L*(Q;R?%)) by (F ) (1) :=
fot f(s)ds forall f € H'(L?(Q;R%)). Moreover, we abbreviate ¥p = 7]p. As usual, we denote the oper-
ators with different inverse images and ranges with the same symbol, for instance 7 : L?(L?(Q; R9)) —
HY(L*(Q;RY)).
Theorem 3.15 (Existence of a solution to the state equation). There exists a unique solution (u,v,q) €
H'(H) of (3.4). Moreover, the inequality

(w0, Pllrzxy < CA+ I fllm 2 oray))

holds, where the constant C does not depend on f.

Proof. The tuple (u, 0, q) is a solution of (3.4) if and only if w := (u, v, q) solves

w+A(w) 3 %Rf, w(0) = (uo, 00, q0),

Walther Optimal control of plasticity with inertia



J. Nonsmooth Anal. Optim. 2 (2021), 7156 page 11 of 26

with A := QA. One easily verifies that A is a maximal monotone operator with respect to Hp-1 (that
is, the space H equipped with the scalar product (Q7*, ')(}'{Q—l)’ thus we can apply [4, Theorem 55.A]

to obtain a solution w € H'(H). Moreover, as can be seen in the proof of [4, Theorem 55.A] we get
. . 1 1
Vilallecsn < Wllewy < CQ+ 2 IRFincrg)) = CO+ Il ey
for all A > 0, where w; is the solution of
. ~ 1
wy + A (wy) = ;Rf, wa(0) = (uo, v0, qo)-
Since w) — w in H!(H), we obtain the desired inequality. O

Remark 3.16 (A is not a subdifferential). Let us show that the maximal monotone operator A : H —
H is not a subdifferential, that is, there exists no proper, convex and lower semicontinuous function
® : H — (—o0,00] such that

A(u,0,q) = 0P(u,0,q) ={(c,d,e) € H : (1,9, q) > P(u,v,q)
+((c,de),(h—ud—0v,q—q)g V(03,4 € H}

holds for all (u,v,q) € H. In fact, there exists even not any function ® : H — (—o0, o] such that the
equation above holds, which can be seen as follows:

Let us assume that such a @ exists and recall that (uy, vg, o) € D(A). Then, using Lemma 3.12 with
(u1,01, q1) = (u + o, v, qo) and (uz, v2, q2) = (4o, 0, qo),

D (uo,0,q0) = P(u+ ug,v,q0) — (A(u+ 1,0, 90), (4,0,0)) 5
= ®(u + ug, v, q0) — (A(uo, 0,q0), (4, v,0)) g
> ®(u, 0,q0) + (A(uo, 0,90), (,0,0)) g — (A(uo, 0,90), (1,0,0))
= ®(uo, 0, qo0)

holds for all (u, v) such that (u + ug, v, q9) € D(A), hence,

(A(up,0,q0), (1 —u, 9 — o, 0))«}1 = O (@ + uo, 9, q0) — P(u+ up,v,qo)
> (A(u+up,0,q0), (I —u,0—0,0)) g

which gives
0 > (DV®u, V30) g — (DV°0, Vi0) gy

for all (4, 9), (u,v) such that (u + uy, v, qo), (@ + uo, 9, o) € D(A). Choosing now an arbitrary u €
Cr(Q; [Rd), u# 0,0 =uand &t = v = 0, we obtain the desired contradiction.

In light of Remark 3.16, the case of plasticity with inertia essentially differs from the EVI analyzed
in [18] in two aspects. First, we have more regularity in time as explained after Lemma 3.6. Second,
we lose a certain boundedness of the maximal monotone operator, which was assumed in [18, Sect. 2],
and it is not a subdifferential.

It is also to be noted that Remark 3.16 is independent of the operator A.
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3.3 REGULARIZATION AND CONVERGENCE RESULTS

As already pointed out earlier, (3.4) can be transformed into the EVI which was analyzed in [18], namely

(3.10) p € ARF,f —0p), p(0) = po,

where we set py := —Q(ug, 0o, ¢o). We can observe that when (u, v, q) is a solution of (3.4), then p :=
RF f —Q7*(u,v,q) is a solution of (3.10) and when p is a solution of (3.10), then (u,v,q) := RF,f — Qp
is a solution of (3.4).

Thanks to this transformation we can use several results from [18] (namely Lemma 3.7, Lemma
3.8 and Proposition 3.5), with which the derivation of convergence results will be an easy task. Let us
emphasize that the maximal monotone operator therein was assumed to have a closed domain and
that

A’ :D(A) - H, h argmin|o|y
veA(h)

is bounded on bounded sets. Clearly, both assumptions are not fulfilled for A, however, they were
only needed to prove [18, Theorem 3.3], which can be replaced by Theorem 3.15, cf. also [18, Remark
3.13]. Therefore we can still apply the above mentioned results.

Theorem 3.17 (Weak convergence of the state). Let f € H'(L?(Q;R%)), {f}nen € HY(L2(Q; R?)) such
that f, — f in H(L*(©;R?)) and F f, — FF in LY(L*(Q; R?)). Moreover, let (u,v,q) € H'(H) be the
solution of (3.4) and (un,vn, gn) € H'(H), for every n € N, either the solution of

Q_l(ilni bna qn) + ﬂ(urb Uﬂ’ Qn) E] Rﬁl’ (una Uﬂ’ Qn)(o) = (U(), UO’ qO)

or

Q_l (an, bn’ qn) + ﬂAn (un, Un, Qn) = Rfm (un, Un, qn) (0) = (UOa 0o, qO)’

where { A, }nen C (0,00), A, N\ 0.
Then (tn, On, qn) — (4,0, q) in HY(H) and (up, vp, gn) — (u,0,q) in C(H'(;R?))XLH(L3(Q; RY))x
C(L2(Q; RP)). If additionally F f, — F f in C(L*(Q;RP?)), then v, — v in C(L*(Q;R?)).

Proof. The function p = RF f — Q"' (u,0,q) € H'(H) is the unique solution of (3.10) and p, :=
RF fr, — O Yun, vp, qn) € Hl(ﬂ) either the unique solution of
n € ARy fo = Qpn)s pn(0) = po.

or

Pn = An,(RFpfn = OPn)s  pn(0) = po.

Thanks to Theorem 3.15, (1, 0y, q,,) is bounded in L? (). We can now apply [18, Lemma 3.7] with A,, =
A and A, = A, (note that we can choose A, = A, according to [18, Lemma 3.8]) to obtain the de-
sired result. Note that the convergence in [18, Lemma 3.7] then means RF f,,— Q™ (up, 05, gn) — RF f—
Q7 (u,v,q) in C(H), so that the convergence (un, vn, gn) — (1, v,q) in C(H'(Q; RY))xL (L2(Q; R?))x
C(L*(Q; R¥?)) follows from the fact that the range of R is a subset of {0} x L?(Q; R?) x {0}. m]

Proposition 3.18 (Strong convergence for fixed forces). Let f € H'(L?(Q;R%)) and (u,v,q) € H'(H)
be the solution of (3.4) and (u,, vy, qn) € H'(H), for every n € N, the solution of
Q_l(um bn’ qn) + ﬂ/ln (um Un, Qn) = Rf’
(tn, Vn, 4n) (0) = (o, V0, qo)-
Where {AH}HGN - (Oa 00): /1n \l 0.
Then (un, vp, qn) — (4,0, q) in H'(H).

Proof. We can argue as in the proof of Theorem 3.17, the assertion follows then directly from [18,
Proposition 3.5]. O

Walther Optimal control of plasticity with inertia



J. Nonsmooth Anal. Optim. 2 (2021), 7156 page 13 of 26

4 OPTIMAL CONTROL

Also in this section we will make use of [18]. Since the smoothed operator A, given in Definition 4.7,
possesses the required properties for A in [18, Assumption 5.1 (ii)] with Z = H (as we will see in
Definition 4.7 and Proposition 4.10 below), we can apply the finding concerned with the differentiabil-
ity of the solution operator associated with the EVI therein. Before we give the details in Section 4.2,
we tend to the existence and approximation of optimal controls.

4.1 EXISTENCE AND APPROXIMATION OF OPTIMAL CONTROLS

Let us now consider the optimal control problem (1.1). Note that we assumed in Section 2 that ¥ is
defined on L?(H) and not on H'(H), which excludes for example evaluations at certain points in
time. Similar as in [18], we could also consider an objective function on H*(), then we would only
obtain a (possible) weak solution of the adjoint state in Theorem 4.14, see also [18, Theorem 5.12]. We
decided to define ¥ on L?(H) only for simplicity and to keep the discussion concise.

Since we have transformed our state equation (3.1) into (3.3) by introducing the new variable g, it
is reasonable to do the same with the optimal control problem. To this end, we need the following

Definition 4.1 (Transformed objective function). We define
Y, LA(H) >R, (w0,9) — ¥(u0,3(uq)
and the transformed objective function

JPH) xE o R (w0, f) o H(wo.) + S,

Using the definition above and the transformation of the state equation into (3.4), we obtain the
equivalence of (1.1) and

. [24
min  J.(u,0.q.f) = ¥o(w.0,0) + S /113,

(4.1) st. Q7N (%,9,9) + A(w,0,9) 3 Rf,  (,0,9)(0) = (uo, vo, go),
(u,0,q) € H'(Hp (4 RY) x L2(Q;R?) x L*(;R{*)),
feX..

Let us now select a sequence {A,},en € (0,00) such that A, N\, 0. We consider the regularized
optimization problem

. o
min  J.(u,0.q.f) = ¥a(u.0.9) + S £

st. O Nw,0,9) + Ay, (w0,9) =Rf,  (u,0,9)(0) = (up, v0, Qo)
(u,0,q) € H'(Hp (2 RY) x L RY) x LA(Q; R )),
feX.

Theorem 4.2 (Existence and approximation of optimal solutions). Suppose that the control space X, is
such that F : H'(L*(Q;R9)) — H?*(L*(Q;RY)) with F(f)(t) = fotf(s)ds is compact from X, into
LYL2(;RY)).

Then there exists a global solution of (4.1) (and thus of (1.1)) and of (4.2) for everyn € N.

Moreover, let (up,, Uy, G,y fn)neN be a sequence of global solution of (4.2). Then there exists a weak accu-
mulation point (u, v, g, ]_C) and every weak accumulation point is a global solution of (4.1). The subsequence
of states which converges weakly towards (,9,q) in H'(H), converges also strongly in C(H'(Q; R%)) x
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LY(L?(Q;R9Y)) x C(L*(Q;R%*9)) and, when F is compact from X, into C(L*(Q;R%)), then the subse-
quence of v, converges also strongly in C(L*(Q; R%*d)). Moreover, the subsequence of controls converges
strongly to f in X..

Proof. The existence of a global solution to (4.1) follows from the standard direct method of the calculus
of variations using Theorem 3.17 and the assumed compactness of 7, the proof is for instance analog
to the proof of [18, Theorem 4.2]. The existence of a global solution to (4.2) follows easily using the
Lipschitz continuity of A, (which implies the Lipschitz continuity of the corresponding solution
operator).

The convergence result can also be obtained by standard arguments using again Theorem 3.17
and Proposition 3.18, the proof is again analog to [18, Theorem 4.5 & Corollary 4.6]. Note that the
strong convergence of the states in C(H'(Q;R%)) x L'(L?(Q; R%)) x C(L*(Q; R%?)), and also of v, in
C(LA(Q; [RfXd)) when 7 is compact from X, into C(L?(Q; R?)), follows directly from Theorem 3.17.

m}

A strong convergence result of the states (in H'(H)) is not provided in the theorem above. In
[18, Corollary 4.6] we were able to prove the strong convergence either when the associated maximal
monotone operator is a subdifferential, which is here not the case (Remark 3.16), or when it can be
deduced from the weak convergence and the convergence of the evaluations of ¥. Since we supposed
that ¥ is defined on L? (), this cannot be the case. However, as elaborated on at the beginning of this
section, it is possible for instance to consider a different ¥ defined on H'(H) such that this property
holds.

Let us shortly interrupt the discussion and give two examples for the control space X..

Example 4.3 (Control space). In order to satisfy the assumption on X, in Theorem 4.2, we can use the
lemma of Lions-Aubin (cf. [21, IIl. Proposition 1.3]) and for instance choose X, = H'(L?(€;R%)) N
L2(HY(Q;RY)) or X, = {f € H(L*(Q;RY)) : F f € L2(H'(Q;R%))} with corresponding norms.

Having dealt with the existence and approximation of optimal solutions we turn to the optimality
condition for a further smoothed problem.

4.2 OPTIMALITY CONDITIONS

In order to derive first order optimality conditions we smoothen at first the optimal control problem
further. Then we prove the differentiability of the smoothed solution operator and can after that finally
present our main result, the optimality conditions for the smoothed optimization problem.
We impose the following assumptions for the rest of this subsection.
Assumption 4.4 (Standing assumptions for Section 4.2). (i) Let Ry : R®? — R4 be mono-
tone, Lipschitz continuous and Fréchet differentiable.

(i) We fix 2 < p < p < p, where p is from Corollary 3.9 (respectively [14, Theorem 1.1]), such
that2 — ¢ > -4,
P
(iii) Let the initial data (u, 0o, go) be an element of Y,,, where p is given in (ii).

Thanks to Proposition 3.11, we can give the precise form of the resolvent and Yosida approximation
of A in the following

Corollary 4.5 (Precise form of the resolvent). Let A > 0 and denote the resolvent of A by R,. Then

Tr, (h)
R(h) = Lok (h) =1
Ry(ETV* (Tg, (h) — hy) + hs)
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so that

hl - 7-1‘?,1 (h)
hy = 5T, () + 3
hs ~ Ry(ETV* (T, (h) = hu) + hs)

() =

forevery h = (hy, hy, hs) € H.

The Yosida approximation A, is in view of Proposition 3.10 Lipschitz continuous from Y, to Y,
where p is given in Assumption 4.4 (ii). Therefore the state equation in (4.2) admits a solution in Y,
(note that R maps into Y.,). However, since this regularity is not present in (1.1), we did not use it. In con-
trast, the same is true for the smoothed Yosida approximation, which is given below in Definition 4.7
(see Definition 4.11), but here this additional regularity will be used to prove the differentiability of the
smoothed solution operator in Proposition 4.12.

In order to smoothen the Yosida approximation, respectively the resolvent, of A, we smoothen the
resolvent of A and then define the smoothed resolvent for A analog to R;. We denote this smoothed
resolvent of A by R, : R¥*¢ — R%*? (which indicates that the resolvent of A can be expressed point-
wise), from the properties given in Assumption 4.4 (i) one can easily derive the following inequalities,
which will be useful when proving the differentiability of 7z, in Lemma 4.9 below.

Lemma 4.6 (Properties of R,). There exists a constant C such that |R;(c)7| < C|z| and 0 < Ri(o)7: T
holds for all o, 7 € R¥*?. Moreover, the same is true for R.(-)*.

Proof. Let 0,7 € R% be arbitrary. The Lipschitz continuity and Fréchet differentiability of R, gives

) oy = Bt Ry

forallt € R\ {0}, where r is the remainder term of R;. The limit ¢ — 0 yields the first assertion.
The second claim follows using the monotonicity,

Ri(oc+1tr) =R
0< (0 Tt) S(O-):T—>R;(O')TZT

as0#t— 0.

Now, by definition we have R/(c)z: n = 7: R.(0)*n for all 5,7,7 € R so that the second
assertion also holds for R;(-)*. Choosing in particular 7 = R;(0)*n we get

IR;(0)"nI* = [R{(0)R((0)"n: n| < CIR;(0)"n] Inl,

which yields the first assertion for R;(-)". O

Definition 4.7 (Smoothed resolvent). Let A; € (0, ). We define

Tr,(h)
RS : yp bl yp, h = (hlr hz: h’3) d iﬁs(h) - f{_i
Ry(ETV*(Tr,(h) — h1) + h3)

and Ay = Ais (I-Rs) (see Assumption 4.4 (ii) for p). According to Proposition 3.10 and Assumption 4.4
(i), Rs and A are well defined and Lipschitz continuous. As usual, with a slight abuse of notation, we
denote operators for different p with the same symbol.
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Let us now consider the smoothed optimization problem

: (04
min  J;(u,0,q.f) = ¥:(.0.9) + 7 IfI,.
st. Q7' (i,0,9) + As(u,0,q) = Rf,  (4,0,9)(0) = (uo, v0, Go)
(4,0,9) € H'(Hp (R x L2(Q;RY) x L(Q;RT)),
feX.

(4.3)

Analog to Theorem 4.2 one can analogously prove that there exists a global solution of (4.3).

As was done in [18, Theorem 4.5 & Corollary 4.6], when A and A, _ are globally “close together”,
one can prove a result analog to the convergence result in Theorem 4.2 with a sequence (us, v, q,, ?S) 50
of global solutions to (4.3) when supj, .4 [|Ax, (h) — A (h)]| 4 tends fast enough to zero relative to As.
The following lemma shows that this is the case when the same is true for /1—13 SUP cr2(qrdxd) Az, (7)—
AS(T)”LZ(Q;Rded) with A = )Tls(I — Ry), which holds in the case of the von-Mises flow rule inves-
tigated in Section 5 below for suitable sequences {As};,~0 and {s}s>¢, cf. (5.2). Note also that [18,
Lemma 3.15] was used in [18, Theorem 4.5 & Corollary 4.6], so that it was in particular required that
SUP ¢ 12 (qRdxd) |A, (1) = As (D) | 12(q;réxd) tends faster to zero than exp(i), thus the additional factor

%S does not play a big role.

Lemma 4.8 (Convergence of the smoothed resolvent). The inequality

1
Ay (h) = AW < Cy[1+ = sup  [|A) (7) = As(D]l 2o raxe)
A5 rel?(Q;RI*d)

holds for all h € L*(Q;R%9), where A, = i(l — Ry) and the constant does only depend on C and B,
C=C(C,B).

Proof. Let us abbreviate
M = sup 1Rx, (7) = Rs (D)l 120 ta) -
reL? (QRI*D)

Due to the definitions of As and A; we only have to prove that

(4.4) IRy, (B) — Rs(W)ll9¢ < Cy /1 + %M

holds for all h € H. To this end let h € H be arbitrary and abbreviate u := g, (h),us = Tg,(h) €
HlD (Q; R%), hence, u is the solution of (3.9) with respect to Ry, and ug with respect to Ry, testing both
equations with u — us and subtracting the second from the first, we get

2
U — U

As iz oma)
= — (E(Ry, (w) = Ra(we)). V(1 = ) o oy
= — ((Ry, (ws) = Rs(wy)), w — Ws)Lz(Q;Rgxd)
— ((Ra,(w) = Ry, (ws)), w = WS)LZ(Q;R(SiXd)
— (D'E(Ry, (ws) — Rs(ws)), V¥ (u — ”S))LZ(Q;R;M’)D

s _ 2
1V (= )12, g ay, +

IA

IA

) 1
~IDE R, (W) = R W DII, ey, * 517 (= 012 g s,
IETDE, ,

1
+ =1V (u — uy) ||?
) IV (- w)|

L2(QRP)p
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with w = ETV®(u — hy) + h3) and wg = ETV°(us — hy) + h3), where we used in particular the
monotonicity of Ry,. Thus we obtain

2
U — U

< CM?.
As -

L2(Q;RY)

(4:5) 19 (u = ) I, g vy, +

We get further

”R}LS (W) - Rs(ws)”LZ(Q;R;jxd)
< IRa (W) = Ra (W) ll 12 (quraxay + IR, (Ws) = Rs (ws) [l 12 raxdy

<CM+M
A

S

where we have used (4.5). We arrive at

C
1R, (h) = Rs(h)[|5, < CM? + FMZ

S

which implies (4.4). |

Let us now turn to optimality conditions. We first need to prove the Fréchet differentiability of the
smoothed solution operator of the constraint in (4.3). To this end, we need two norm gaps in Lemma 4.9
and Proposition 4.10, recall that the corresponding coeflicients are fixed in Assumption 4.4 (ii).
Lemma 4.9 (Fréchet differentiability of 7g,). The operator Tg_ is from Y, into Wllj’ﬁ(Q; R?) Fréchet dif-
ferentiable and, for h,g € Y,, n := T (h)g is of class Wé’p(Q; R?) and the unique solution of

. s 1 TS Tys _ 9 g1—1n
(4.6) —div(DV°n + ER(E V*(u — hy) + h3)(E ' V(1 —g1) +93))) = Tt
S S
forall g € Wi (Q;RY), where u = Tg, (h).

Moreover, there exists a constant C such that the extension Of?l'i’; (h) toan element of L(H; HID(Q; RY))

fulfills ||7;2’S(h)g||H11)(Q;Rd) < Cllglly forallh € Y, and g € H.

Proof. Let h,g € Y,. At first we prove that (4.6) has a unique solution n € W];’p (Q; R?) with respect
to h and g. For 0 € R%? we define b, : Q x R4 — R by

bs(x,7) == Dt + ERL(E"V*(u(x) — hy(x)) + h3(x))) (E' 7+ 0)

for almost all x € Q and all 7 € R%*9, The existence of 5 follows now from Corollary 3.9 (with
¢ = —ETV3g; + g3), when we have verified the requirements on b, therein. Moreover, Corollary 3.9
also shows that the solution operator of (4.6) is continuous with respect to g € Y, (clearly, it is also
linear).

Clearly, by(x,0) = 0 € L®(Q; R%?) and b, (-, 7) is measurable as a pointwise limit of measurable
functions (see [23, Corollary 3.1.5]), for all 7, 0 € R%“. Moreover, we have

(bo (x,7) = bg(x,7)): (1~ 7)
> yplr = 7> + R{(w(x))(E"(r = 7) + (6 = 9)): ET(r - 7)

> yolr — 7 - Clo =3 |z - 7,
withw = ETV®(u — h) + h3), and

by (x,7) — ba(x,7)| < c(|f —F+]o - 5|)
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forall 0,0,7,7 € fo‘i and almost all x € Q, where we have used Lemma 4.6 in both estimations.
Therefore (3.5)—(3.8) are fulfilled.
Considering now the equations for uy := 7g, (h +g) and u := T (h), we see that

— div(DV* (uy —u—1)) + “g}# = div(E(Ry (4 + v,) = Ry (1) = R, (1)v,))
+div(ER] (1) (ETV* (ug — u — 1)),
where
p = ETVS (4 — hy) + hs),
vy = BTV (uy — u = g1) + g3) € LP (R,

hence,

Ug—u—n

= div(DV*(ug —u — 1) — ER{(m) ((E"V*(ug —u = 1))) + Py

= div Er,(vy),

where r,(v,) is the remainder term of R at y1 in direction v,. Applying Corollary 3.9 once again with
bs(x,7) := Dt +ER,(u(x))E" T

(and p = p) we obtain

g~ = nllwrsomn _ IuOllisanga _ InuCo)luscopsna

91|y, - l9lly, vl omaxa

asg — 0inY,, where we also used the Lipschitz continuity of 7¢_ and the fact that R, : L7 (Q; R&xd)
LP (Q; R%9) is Fréchet differentiable (cf. [10, Theorem 7]).
That the extension of 7}’5 (h) to an element of L(H; H}) (Q; R9)) fulfills the asserted inequality, can

be proven as above (one can simply test (4.6) with 5 € HID(Q; R?) and use Lemma 4.6). O

Proposition 4.10 (Fréchet differentiability of Aj). The mapping Ry is from Y, to H Fréchet differentiable
and there exists a constant C such that the extension of R;(h) € L(Y,;H) to an element of L(H) fulfills
IRL(Wgll 3 < Cllgliy for all h € Y, and g € H.

Forh € Y, and g € H we have

Tr. (Mg
Re(h)g = T T (g~ 3
R{(ETV* (g, (h) = h1) + hs) (ETV (T (R)g = g1) + g3)

The same is true for As = %S(I - Rs) with A{(h)g = Ais(g - R;(h)g) forallh € Y, and g € H.

Proof. The assertion follows from Lemma 4.9, Lemma 4.6 for the estimate of (R;(h)g)s, the fact that
Ry : LP(Q; RP) — [2(Q; R¥*?) is Fréchet differentiable (cf. [10, Theorem 7]) and the chain rule. O

Now, we can use [18, Theorem 5.5] to derive the differentiability of the solution operator of the
constraint in (4.3) from the differentiability of A;. To this end, we first introduce the solution operator
in
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Definition 4.11 (Smoothed solution operator). We denote the solution operator of
(47) Q_I (u’ i)’ q) + ‘?{S(u’ o, q) = Rf’ (u’ o, Q) (0) = (u()’ 09, CIO)

by Ss : L2 (L*(Q;R?)) — H(Y,), that is, S;(f) = (0, q), which existence follows from Banachs
contraction principle since (A; is Lipschitz continuous according to Definition 4.7. Here we use the
improved regularity of (u, v9, qo), see Assumption 4.4 (iii).

Proposition 4.12 (Fréchet differentiability of the smoothed solution operator). The solution operator
S+ LA(LA(Q;RY)) — HY(Y,) is Lipschitz continuous, S5 : H'(L?*(Q;RY)) — H(H) is Fréchet
differentiable and, for f,g € H(L*(Q;R?)), n := S.(f)g € H'(H) is the unique solution of

(4.8) Q'n+A(w)n=Rg, n(0)=0,

where w = Ss(f). Moreover, there exists a constant C, such that ||S;(f)gllm () < Cligllz (2 (oray)
holds for all f,g € H'(L*(Q; R%)).

Proof. Our goal is to use [18, Theorem 5.5], to this end we first consider the transformed equation from
Section 3.3. We again set po := —Q* (1o, v9, go) and denote the solution operator of

(4.9) p=AsRF-Qp), p(0)=po

by S5 : L2(L*(2;R?)) — H'(Y,), that is, Ss(F) = p. Thus we have S(f) = R, f — QS;(F,f) for all
f e LA(L*(Q;R%)).

We can now apply [18, Lemma 5.3 & Theorem 5.5] (with X = L*(Q;RY), Y = Y, Z = H,
z = p and zy = py), note that the assumptions in [18, Assumption 5.1 (ii)] are satisfied thanks to
Proposition 4.10. Thus the solution operator S : L2(L2(Q;R%)) — H'(Y,) is Lipschitz continuous
and S, : HY(L?*(Q;RY)) — H'(H) is Fréchet differentiable, hence, the desired Lipschitz continuity
and Fréchet differentiability also hold for S;. Furthermore, the asserted inequality holds and we have
n = R¥,g9 — Q1n, where n = §/(f)g and j = SN'S’(Tpf)ﬂg. (18, Theorem 5.5] also shows that 7 is the

unique solution of
o) = ALRFp f — Qp) (RFpg — Q). 7(0) =0,

where p = S’S(Tpf) Taking into account that 7 = RF g — Q7'n and 9;F g = g, we see that 7 is the
solution of (4.8). O

Remark 4.13 (Control space). As seen in the proposition above, the smoothed solution operator de-
fined on H'(L?(Q;R%)) is Fréchet differentiable. The norm gaps, which arise from the exponents
in Assumption 4.4 (ii), are only needed for the differentiability of 7z, but not in the control space.
Unfortunately, we still require the compactness property imposed on X, in Theorem 4.2 to use the
convergence results in Section 3.3. However, we can avoid taking a subspace of H' (LP(Q;RY)), for a
certain p > 2, as the control space.

Let us now consider the following reduced optimization problem

(4.10) }réixrl F.(f),

where the reduced objective function F, : X, — R is defined by F,(f) = J.(Ss(f), f). Clearly, (4.10)
and (4.3) are equivalent.
We can finally present our main result.
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Theorem 4.14 (Optimality conditions for (4.10)). Let? € X, and abbreviate (u,v,q) = Ss(?) € H'\(Y,)
andw = Tg,(u,0,q) € Hl(WIIJ’p(Q; R%*d)). Then the variational equation

(41) E(Fg=2S(PSi(Pg+a(f.g), =0

holds for all g € X. if and only if there exists an unique adjoint state (¢,n*) = (@1, @2, @3, 1) € H(H X
H}(Q; R9)) such that the following optimality system is satisfied:

State equation:

ZA W-u 0
(4.12a) v|=7 (=0 (pao) =¥p |+ f]p
) Alerme-9/) \o
(4.12b) —div(DV*w + Ep) = 9/a, + (w-u)/3,
(4.120) P =R(EV(W-)+7)
(4.12d) (#,0,9)(0) = (uo, vo, q0)
Adjoint equation:
b1 1 N = ¢
(412¢) 2| = 0o — 0ilp | - QW@ 59
¢3) T \(C+B)(r - g3)
(4.12f) —div(DV*p* + Er*) = e2/a, + (" =1 /2,
(4-12g) r'=RUEV(W-u)+ )" (ETV(n" = @1) + 03)
(4.12h) (1, 02, 03)(T) =0
Gradient equation:
(4.12i) (02, 9) 12 (12 (orey) = @ (? 9)3E Vg € X..

In particular, lf? is locally optimal for (4.10), then there exists a unique adjoint state (¢, n*) € H'(H x
HL(Q;RY)) such that (4.12) is fulfilled.

Proof. At first we proof that the assertion holds when we exchange (4.12) with

QU u. g+ ALY =R,  (@5.G(0) = (4o, %0. qo).
(4.13) Qo+ A (WD, ¢ =-¥;(@0,, ¢(T)=0

(02:9) 12 (12 (0ret)) = @ (J_C’g)x Vg € Xe.
To this end, let ¢ be the solution of the second equation in (4.13) (which unique existence follows as
in [18, Lemma 5.11]) and 5 := S/(f)g € H'(H) for an arbitrary g € X, then
(fpz,g)LZ(LZ(Q;Rd)) = (o, Rg)LZ(‘H) = (‘P, Q_lﬁ)LZ((H) + (fl’: A (4,9, Q)U)LZ((H)
= (Q_l‘p: U)LZ((H) + (ﬂ;(ﬂ’ 9,9) ¢, U)LZ((H)

= - (w(S(F. U)Lz(m
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holds for all g € X., which implies the equivalence between (4.11) and the last equation in (4.13).
Moreover, it is well known that if ? is locally optimal for (4.3), then (4.11) must hold.

Let us now prove the equivalence between (4.13) and (4.12). We choose h, ¢ € H and denote by
n* € Hp(Q; R%*d) the solution of

& -1
PRI

(4.14) —div(DV*n" + ER{(ETV* (T, (h) — hi) + h3) (E"V* (" = &) + &))) =

for all ¢ € Hp(Q; R?) (the existence of 7* follows as in Lemma 4.9, note that the inequalities in
Lemma 4.6 hold also for the adjoint operator). Then
’7*
Ri(h)'¢ = - &
R{(ETVE (g, (R) = h1) + h3)" (ETV (5" = &) + &3)

holds, which can be seen as follows: Let g € H and abbreviate

n= T Mg mo= T g = RUETY (TR, () = hy) + hs) (ETV* (5= g0) + gs),
ny =1 - 1] ny = RUETV (g, (h) — hy) + )" (ETVE (" — &) + &).

Testing (4.6) with ¢ = & — n* gives
(DV*n, V2 (& - U*))LZ(Q;Rgxd) + (’70 ~ 92, UZ)LZ(Q;Rd)

= ([Enq, VS(U* — gl))LZ(Q;deXd)
= (ETVS(U —g1) + g3, ’7;)

L2(QRdx) g §3)142(9;9%2“‘71) ’

and testing (4.14) with ¢ = 1 — ¢y yields

(DV*0", V(0 = 9) 12 (ameea) + (82 = Mo Mo) 2ty = ([E”:r V(g - ”))Lz(Q;Rgfxd) ’

thus, adding both equations together, we arrive at

(DV°n, V&) i aurey + (1o, £2) 12 (Raxd) + (ng» §3)L2(Q;Rgxd)

— S_ %k S * %
= (D", V°90) i omay + (M0 gz)LZ(Q;fo‘i) + (’7q’ 93)L2(Q;Rgxd)’

which is equivalent to
(Ri()g. &) 4y = (9. RU(P)"E) .
Now one only has to use the definitions of As and R to obtain the equivalence between (4.12) and
(4.13). O
5 EXAMPLES

Let us conclude with examples about a concrete objective function, the gradient equationin Theorem 4.14
regarding a concrete control space and finally a realization of the maximal monotone operator A
(which will be the von-Mises flow rule).
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Objective function Let us consider a tracking type objective function, that is,

1 2
\Ij(ua U: Z) - E || (ua U: Z) - (ud7 Uda Zd) ||LZ((}-{)
with a desired state (ug, v4, z4) € L?>(H). Then

1 _
o(u0.) = 5 (0. (C+B)(CV'u =) = (ua 042 2

and

A

il
¥ (u,0,q) = v -0y
(C+B) ™ (CV*u-q)) - zq,

where 4 is such that — div(DV*(@ — u + ug) — ((C + B)}(CV®u — q) — z4)) = 0, hence, in this ex-
ample the adjoint equation in (4.12) has to be completed by this equation. Note that when one uses
a finite element approach to solve (4.12) numerically, then one can eliminate this additional equation
after multiplying (4.12€) with a test function, that is, taking the H -scalar product. When the HH-scalar
product of Q¥ (u, v, q) and a test function (7, 12, 113) is evaluated, the term (DV*4, Ul)Lz(Q;Rgxd) arises,
then one can use the additional equation to eliminate @ (respectively the equation).

Control space Let us consider the space
Xo = {f € H'(L*(RY) nL*(H' (1 RY)) : £(0) = £(T) =0}

with the scalar product

(f’ g)fc = (fa 9) + (Vf, Vg)LZLZ(Q;Rdxd) s

L2(L2(Q:RY))

see Example 4.3. The Gradient equation in (4.12) then becomes

¢ (f ’g)LZ (L2 (QR4)) +a (Vf, V9 2z raxa)y = (902:9) 1212 (or4))

for all g € X., which is the weak formulation of
: P2
Af =——.
feap=-2

Maximal monotone operator A We consider the case of linear kinematic hardening with the von
Mises yield condition, cf. [13] for a detailed description of this model. In this case, A is the convex
subdifferential of the indicator functional I (q) of the following set of admissible stresses

K(Q) = {r e L2(Q;RPY) : |:P(x)| <y faa xeQ),

D

where 7 R4xd

=T - é tr(7)I is the deviator of 7 € and y denotes the initial uni-axial yield stress,
a given material parameter. The domain of A = dlx(q) is trivially K'(€2), which is nonempty, closed
and convex. For the Yosida approximation of dly(q), one obtains by a straightforward calculation

5) AN(D) = 3 (r=m(0) = Fmax 0.1- b
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with the resolvent Ry = mx(q), where 7y (q) denotes the projection on K(Q) in L2(Q; Rd) e,
mgc(0) = argmin, cgc(q) lI7 — GHU(Q R We get in particular

Ry(1) = m () (1) = 7 — max {O 1- T}/D|} P

so that (2.2) is fulfilled.

To smoothen this function let s > 0 and

max{0,r}, |r|>s,
max; : R - R re
sr+9?% rl<s

we then set

Ry : R4 s gdxd s p o maxs(l - |;)I/)|)TD
T
One easily checks that max; € C}(R) and we obtain
100,5(7) = O3 (9l 2 e
1 4 )4 2 pp2\"?
A R
(5.2) 2 ( /Q ’maXS ( Ir(x)0]) T EeLLA
1Qlys
T 4A(1-5)

for all 7 € L?(Q; R%?). Moreover, it is also easy to verify that R, : R®>? — R is Fréchet differen-
tiable with

R/ (7)h = h — max; (1 4

oy (¢ W mas (1= )

7P|

and the following lemma shows that R; is monotone and Lipschitz continuous, thus Assumption 4.4
(i) is satisfied. Note also that R{(7) is self adjoint for every 7 € [RfXd, hence, R (h) is also self adjoint
for all h € H (cf. the proof of Theorem 4.14).

Lemma 5.1. For every s € (0, 1), the mapping Rs is monotone and Lipschitz continuous with constant 1.

Proof. 1t is well known that, since max; is continuously differentiable and convex,

(53) max;, (x) — maxs(y) = max(y)’(x - y)

holds for all x, y € R.
Letr,0 € RfXd, w.lo.g. we can assume that || > |7P| > 0 and

max (1 - F);”) > maxg (1 — T);”),

then, using (5.3) withx =1 - # and y=1- #, we get

|maxs( | Dl)TD maxs( |0_};)|)JD|
< (max; (I—F}/D|) — max; (I_T}/D|)) ITD|+maxs( | D|)|TD oP|
< yma (1= L5 i1 = el (1 L)l = 0?),
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taking into account that

1 1 P| - 6P| Y
P2 L < L PP
R R L T R FI L
we obtain
|maxs(1— |TL13|)TD — max; (1— #)JDl
’ Y Y Y
S(maxs(1—ﬁ)m+maxs(l—m))|lﬂ—oﬁ|

< maxs(1)|r — 0| = |7 — 7|,

where we used (5.3) again withx = land y = 1 - #, and the fact that |tP — 6P| < |7 — o]. This
proves the Lipschitz continuity of R;. We also get

(Rs(1) = Rs(0)): (- 0)
:|T—O'|2—(maxs(l—L)rD—maxs(l r )O’D):(T—O')

2P| " |oP|
>lr-o-|t—0*=0

which shows the monotonicity of R;. O
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