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OPTIMAL CONTROL OF AN ABSTRACT EVOLUTION
VARIATIONAL INEQUALITY WITH APPLICATION TO
HOMOGENIZED PLASTICITY

Hannes Meinlschmidt” Christian Meyer™ Stephan Walther™

Abstract  The paper is concerned with an optimal control problem governed by a state equation
in form of a generalized abstract operator differential equation involving a maximal monotone
operator. The state equation is uniquely solvable, but the associated solution operator is in general
not Gateaux differentiable. In order to derive optimality conditions, we therefore regularize the state
equation and its solution operator, respectively, by means of a (smoothed) Yosida approximation.
We show convergence of global minimizers for regularization parameter tending to zero and derive
necessary and sufficient optimality conditions for the regularized problems. The paper ends with an
application of the abstract theory to optimal control of homogenized quasi-static elastoplasticity.

1 INTRODUCTION

This paper is concerned with an optimal control problem of the following form, governed by an operator
differential equation:

min  J(z,£) = ¥(z,{) + O(£),
(P) st. z€ ARl —Qz), 2z(0) = z,
(z,0) € H'(0, T; H) x (H'(0,T; Xe) N U(z0; M)).

Herein, A is a maximal monotone operator, while R and Q are linear and bounded operators in a
Hilbert space H. The control variable is denoted by ¢, whereas z is the state of the system. The precise
assumptions on the data are given in Section 2 below.

The particular feature of the problem under consideration is the set-valued mapping A. Due to its
maximal monotony, one can show that there is a well-defined single-valued control-to-state mapping
¢ — z (in suitable function spaces), but this mapping is in general not Gateaux differentiable. We are
thus faced with a non-smooth optimal control problem, for which the derivation of necessary and
sufficient optimality conditions is a particular challenge.

Depending on the precise choice of A, R, and Q, problem (P) covers various application problems.
For instance, quasi-static elastoplasticity is frequently modeled in this way. Here, R is the solution
operator associated with the equations of linear elasticity for given load distribution ¢. Moreover,
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Q is the sum of the solution operator of linear elasticity for given stress distribution, the elasticity
tensor, and a coercive operator modeling hardening effects. Finally, A is the convex subdifferential of
the indicator functional of the closed and convex set of feasible stresses defined by a suitable yield
condition. Details on models in elastoplasticity can be found in [25]. Another model which is covered
by the state equation in (P) is the system of homogenized elastoplasticity, which we will study in detail
in Section 7 below.

Let us put our work into perspective. Assume for a moment that A is the convex subdifferential of a
proper, convex, and lower semicontinuous functional ¢ and that Q is self adjoint. Then, by convex
duality, the state equation is equivalent to

(1.1) 0€dp™(z) +E'(2), 2(0) = zo,
where & is the quadratic energy functional given by

E(z) = %(Qz, 2)q — (RC, z).

Systems of this type have been intensively studied concerning existence of solutions and their numerical
approximation, and we only refer to [29] and the references therein. In contrast to this, the literature on
optimization problems governed by (1.1) is rather scarce. The research on optimal control of equations
of type (1.1) probably started with the sweeping process, where ¢ = I_¢(;) is the indicator functional
of a moving convex set C(t), see [30]. In the optimal control setting, C(¢) is most frequently set
to C(t) = £(t) — Z with a convex set Z and a driving force ¢. This fits into the setting of (1.1) by
defining ¢ := I and Q = R = id (identity). Optimal control problems of this type are investigated
in [1,2,9-11,15-17], where the underlying Hilbert space is mostly finite dimensional. Problems in an
infinite dimensional Hilbert space are investigated in [21,37]. To be more precise, in these contributions,
H is the Sobolev space Hy(Q) and & is the Dirichlet energy. Moreover, ¢* is set to ¢*(z) = llzl| 1) and
its viscous regularization, respectively, i.e., §(2z) = ||z||z1q) + %”Z”i]l(Q)'
governed by quasi-static elastoplasticity with linear kinematic hardeniné and von Mises yield conditions
are treated in [40, 42, 43]. As already indicated above, ¢ is the indicator functional of the convex set of
feasible stresses in this case. All mentioned problems fit into our framework and can thus be seen as

Optimal control problems

special cases of our non-smooth evolution. Our analysis therefore represents a generalization of existing
results on optimal control of non-smooth evolution problems and can also be applied to application
problems that were not treated in the literature so far such as optimal control of homogenized plasticity,
which is investigated in Section 7. We emphasize that problems with non-convex energies such as
damage evolution are not covered by our analysis. Optimal control problems governed by (1.1) with
non-convex energy are investigated in [31,32].

Our strategy to analyze (P) is as follows: After showing well-posedness of the state equation and
the optimal control problem, we employ the Yosida-regularization with an additional smoothing to
obtain a smooth (i.e., Fréchet differentiable) control-to-state map. We will prove that accumulation
points of global minimizers of the regularized optimal control problems for vanishing regularization
are solutions of the original non-smooth problem (P). Moreover, first-order necessary and second-order
sufficient optimality conditions for the regularized problems are derived. The passage to the limit to
establish optimality conditions for the original problem goes beyond the scope of this paper and is
subject to future work. The results of [37,43] indicate that the optimality conditions obtained in this
way are rather weak and we expect the same all the more for our general setting. Let us underline that
regularization is a widely used approach to treat optimal control problems governed by non-smooth
evolutions. We only refer to [10, 21, 42] and the references therein.

The paper is organized as follows. After stating our standing assumptions in Section 2, we investigate
the state equation and its regularization in Section 3. In Section 4, we then turn to the optimal control
problem and show that it admits an optimal solution under our standing assumptions. Moreover, we
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establish the convergence result for vanishing regularization indicated above. Section 5 is devoted
to first-order necessary optimality conditions for the regularized problems in form of a KKT-system
involving an adjoint equation. In Section 6, we address second-order sufficient conditions for the
regularized problem. The paper ends with the adaptation of our general results to a concrete application
problem, namely the optimal control of homogenized elastoplasticity.

2 NOTATION AND STANDING ASSUMPTIONS

We start with a short introduction in the notation used throughout the paper.

Notation Given two vector spaces X and Y, we denote the space of linear and continuous functions
from X into M by L(X,Y). If X = Y, we simply write L(X). The dual space of X is denoted by
X* = L(X,R). If H is a Hilbert space, we denote its inner product by (-, -)¢4;. For the whole paper, we
fix the final time T > 0. We denote the Bochner space of square-integrable functions by L?(0, T; X)
and the Bochner-Sobolev space by H!(0, T; X). Given a coercive operator G : H — H in a Hilbert
space H, we denote its coercivity constant by yg, i.e., (Gh, h)g > yc;llhllé_( for all h € H. Finally,c > 0
and C > 0 denote generic constants.

STANDING ASSUMPTIONS

The following standing assumptions are tacitly assumed for the rest of the paper without mentioning
them every time.

Spaces Throughout the paper, X, X, Y, Z, W are real Banach spaces. Moreover, X, reflexive and
H is a separable Hilbert space. The space X, is compactly embedded into X and the embeddings
Y — Z — H — W are continuous.

Operators  The operator A: H — 27 is maximal monotone, its domain D(A) is closed and we define

(2.1) A": D(A) —» H, h+> argmin ||v]|4.
veA(h)

Furthermore, by A;: H — H, A > 0, we denote the Yosida-approximation of A and by R; = (I + AA)™
the resolvent of A, so that Ay = %(I —R;). We assume that the operator A’: D(A) — H is bounded on
bounded sets. For further reference on maximal monotone operators, we refer to [7], [44, Ch. 32], [45,
Ch. 55], and [35, Ch. 55]. Furthermore, R € L(X;Y) and Q € L(‘W;W), are linear and bounded
operators, and the restriction of Q to H, Z, or Y maps into these spaces and is again linear and
bounded. To ease notation, we denote this restriction by the same symbol. Moreover, Q: H — H is
coercive and self-adjoint.

Optimization Problem By J: H(0, T; W) x H'(0,T; X.) — R we denote the objective function. We
assume that both ¥: H*(0,T; W) x H'(0,T; X.) — R and ®: H'(0,T; X.) — R are weakly lower
semicontinuous. Moreover, ¥ is bounded from below and continuous in the first argument, while ® is
coercive. The set M is a nonempty and closed subset of D(A) and z, € Y is a given initial state.

Remark 2.1. We emphasize that not all of the above assumptions are always needed. For instance, in the
next two sections, Q and R are only considered as operators with values in H and the spaces Y and Z
are not needed, before the investigation of optimality conditions starts in Sections 5 and 6. However,
to keep the discussion concise, we present the standing assumption in the present form.
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3 STATE EQUATION

3.1 EXISTENCE AND UNIQUENESS

We start the investigation of (P) with the discussion of the state equation, i.e.,

(3.1) z € ARl — Qz), 2z(0) = z,.

Definition 3.1. Let £ € HY(0,T;X) and z, € H. Then z € HY(0,T;H) is called solution of (3.1), if
z(0) = z¢ and z(t) € A(RI(t) — Qz(t)) holds for almost all ¢ € [0, T].

In order to obtain the existence of a solution to (3.1), the data have to fulfill a certain compatibility
condition. For this reason, we introduce the following

Definition 3.2. For zg € H and M C D(A), we define the set
U(zo, M) = {€ € H(0,T; X): RE(0) — Qzo € M}

of admissible loads.
Theorem 3.3 (Existence result for the state equation). Let zg € H and € € U(zy, D(A)). Then there

exists a unique solution z € H'(0,T; H) of (3.1). Furthermore, there exists a constant C, independent of
zo and €, such that

(3.2) Izlleqo. 14 < C(1+ llzollge + 1lleqo.1:x) + 1€1lLio, 7:x))
(3-3) IZlle20. 70y < CI1eN20, 200 + sup [A°(RE(T) = Qz(1)) ),
T€[0,T]

where A° is as defined in (2.1).

Proof. The proof essentially follows the lines of [24, Theorem 4.1] and [7, Proposition 3.4]. For con-
venience of the reader, we sketch the main arguments. At first, one employs the transformation
HY0,T;H) 3> z+ q := Rl — Qz € HY(0, T; H) with its inverse H'(0,T;H) > g z := Q"}(Rf — q) €
H(0,T; H) to see that (3.1) is equivalent to

(3.4) §+QAg) > RL.  4(0) = RL(0) - Qa.

Since Q is coercive the operator, A: H — 2%, h > QA(h) is maximal monotone with respect to the
scalar product

(h1, h2)gq o1 = (Q_lhhhz)q{, hy, hy € H.

Therefore, [7, Proposition 3.4] yields the existence of a unique solution g € H'(0, T; H) of (3.4). To
verify the estimate in (3.2), we employ [7, Lemme 3.1], which gives

t -
lg(t) = q(Dll#, 0+ < IIRE(0) — Qz0 — allp;, o1 +/ IRE(D) |94, 01
0
where g is the unique solution of

G+0QA@G) >0, ¢(0)=a

with an arbitrary element a € D(A). This gives the desired first inequality.
To prove the second inequality, we deduce from [7, Proposition 3.4] and the associated proof that

l9() = q($)ll41, 01 S/ IRE@) .01 dT + sup A°(g(0))llge, g1t = ).

T€[0,T]
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Dividing this inequality by (¢ — s) and letting t — s yields

(3.5) 1()llg, 0 < IREGS) g, + sup [A(G(0))llpg, 0

T€[0,T]
for almost all s € [0, T]. From the definition of A° (with respect to (-, )¢ o-1) we see that [|A° Ml g, 0 <
|Qvl|4(, o1 for all v € A(h). This holds in particular for v = A°(h) so that z = Q"}(R( — q) and (3.5)

imply

1Ol < CEG Il + 136 lpo) < CIEG)x + up IA'RI(E) - Q2()l),

which gives the second inequality. O

Remark 3.4. In order to prove Theorem 3.3, it is sufficient to require that A is bounded on compact
subsets (in addition to the closedness of D(A)), cf. [7, Proposition 3.4]. However, the boundedness on
bounded sets of A° is needed to prove Theorem 3.11 below and therefore, we impose it as a standing
assumption.

Based on Theorem 3.3, we may introduce the solution operator associated with (3.1) and reduce (P)
to an optimization problem in the control variable only, see Definition 4.1 below. Due to the set-valued
operator A, this solution operator will in general be non-smooth, which complicates the derivation of
first- and second-order optimality conditions. A prominent way to overcome this issue is to regularize
the state equation in order to obtain a smooth solution operator. This is frequently done by means of
the Yosida-approximation, see e.g. [5], and we will pursue the same approach. For this purpose, we
will investigate the Yosida-approximation and its convergence properties in the next subsection.

3.2 REGULARIZATION AND CONVERGENCE RESULTS

For the rest of this section, we fix zo € H and € € U(zy, D(A)) and denote the unique solution of (3.1)
by z. We start with a convergence result of the Yosida-approximation for fixed data zy and £ and then
turn to perturbation of the data.

Proposition 3.5 (Convergence of the Yosida-approximation for fixed data). Let z; € H'(0, T; H) be the
solution of

(3.6) z) =A)RL-Qz)),  2z(0) =z

forallA > 0. Thenz) — z in H'(0,T; H) as A \, 0 and the following inequality holds

A AL A
(3.7) 22 = 200,190 + —— 1221200 190 + —— 1120 = 20Zai0 790 < ——N21220 7290
caorir) oV T 0 .1 = 3 VL. 1)

Proof. The proof in principle follows the lines of [7, Proposition 3.11], since our assumptions and
assertions however are slightly different, we provide the arguments in detail.

First of all, since z — A, (R{ — Qz) is Lipschitz-continuous by [45, Proposition 55.2(b)], the existence
of a unique solution of (3.6) follows from Banach’s contraction principle by standard arguments,
cf. e.g. [19]. Moreover, [45, Proposition 55.2(a)] and the definition of A, give

% (Q(z2(t) = 2(1)), za(t) = 2(t)) g = 2 (2a(t) = 2(1), Q(z2(t) = 2(1))) 4
= =2 (2a(t) = 2(t), R [RE(t) = Qza(0)] = [RU(t) = Qz(1)])
— 2 (2a(t) = 2(£), RE(t) = Qzx (1) — Ry [RE(t) = Qza(1)]) 4
< =24 (22(8) = 2(8), 2a(8)) 4 = A(Ili(t)llif —l2a@®17, = l2a(8) - %(t)llfH).
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By integrating this inequality and using the coercivity of Q, we obtain the desired inequality.

In order to prove the strong convergence of z to z in H'(0, T; H ), we note that z; — zin C([0, T]; H)
and ||za |20, 7540) < |ZllL2(0, 7:70) follow from the gained inequality. Hence, z; — z in HY0,T;H) and
the desired strong convergence follows from [8, Proposition 3.32]. O

Remark 3.6. The above proof shows that the inequality in (3.7) is by no means restricted to the specific
setting in (3.1), i.e., whenever { € H'(0,T; H) and ) € H'(0, T; H) solve

{=ARg-Q,  {(0) =,
{5 = Ar(Rg— Q%) 6i(0) = &,

where A: H — 27 is a maximal monotone operator, A, : H — H its Yosida-approximation and
g € L*(0,T; X) and {, € H are given, then an inequality analogue to (3.7) holds (with { and ¢} instead
of z and z,).

Since we are concerned with an optimal control problem with the external loads as control variable,
the continuity of the solution operator of (3.1) and its regularization w.r.t. variations in the external loads
is of particular interest, for instance when it comes to the existence of optimal controls, see Section 4
below. Since we aim to have a less restrictive control space in order to allow for as many control
functions as possible, the topology for the variations of the loads needed for our continuity results
should be as weak as possible. In particular, we aim to avoid strong convergence of (time-)derivatives
of the loads. The underlying idea is similar to [7, Theorem 3.16] and leads to the following

Lemma 3.7. Let {zn,0}nen € H and {€n}nen € L*(0,T; X) be sequences such that z,, o — zo in H and
ty — € in L0, T; X). Assume further that {A,},en is a sequence of maximal monotone operators such
that

(3-8) Ap,a(h) — Ax(h)

forall A > 0 and allh € (Rt — Qz,)([0,T]), asn — oo, where z, is the solution of (3.6) and A,,_, denotes
the Yosida-approximation of A,,. Then, if a sequence {z, }nen C HY(0, T; H) satisfies

(3~9) én € An(an - an)a Zn(o) = Zn,O-
and the derivatives z,, are bounded in L?(0, T; H), thenz,, — z in H'(0, T; H) and z,, — z inC([0, T]; H).
Proof. Let A > 0 be fixed, but arbitrary and define z,, ; € H(0, T; H) as solution of

én,/l = An,A(an - an,/l)’ Zn,/l(o) = Zn,0,

whose existence and uniqueness can again be shown by Banach’s contraction principle as in case
of (3.6). Owing to [45, Proposition 55.2(b)], we obtain

124(8) = zn, 2 (Dl < IAARE(E) = Qza(1)) — An A(RE(E) = Q22 (D))l
+ [|An A (RE() — Qzp (1)) — Ap a(RER(t) — Qzn, 2 (1))l
< [JAA(RE(E) = Qza(0)) — Ap 2 (RE() — Qzpa (D))l

WOz
+ [ ——
A

and therefore, Gronwall’s inequality implies

IRIL(x;)

122(8) = 2 Al + ——=—M1€(t) = Ea(®)llx.

22 = 2 allogo 720 < CO1120 = znollye + 1€ = Ealluso, vy

+IAXRE = 022) = An A (RE = Qz)llusa ) )-
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The operators A, are uniformly Lipschitz continuous with Lipschitz constant A~!. Thus, thanks to
assumption (3.8), we can apply Lemma c.1 with M = (R — Qz))[0,T], N = H, G, = A, ) and
G := A,. Together with the assumptions on ¢, and z,  this gives that the right side in the inequality
above converges to zero as n — oo. Using this, Proposition 3.5, and Remark 3.6 (with A = A,), we
conclude

limsup ||z = znlleqo, r170) < 1z = zalleqo, 71,40 + imsup [|zn, 2 = znlleo, T1:#)

n—oo n—oo

(3.10) e .
< A — zllzgo, 7:20) + sup znllLzo, 7590))-
YQ neN

Now, since A was arbitrary, (3.10) holds for every A > 0. Therefore, as z, is bounded in L2(0,T; H)
by assumption, we obtain z,, — z in C([0, T]; H). Moreover, again due to the boundedness assumption
on z,, there is a weakly converging subsequence in H(0, T; H). Due to z, — z in C([0, T]; H), the
weak limit is unique and hence, the whole sequence z, converges weakly to z in H(0, T; H). O

Lemma 3.8. Let {A,}nen C (0, 00) be a sequence converging towards zero. Then the sequence A, = A,,,
n € N, of maximal monotone operators fulfills (3.8) for all A > 0 and allh € H.

Proof. At first we prove that, for all h € H and 24 > p > 0, the following inequality holds

(319 IRAH) = Ry Wl < \[ 25— Il = Ra )l

For this purpose, let h € H be arbitrary and set y; := Rj(h) and y; = Rj;,(h). Then we have

h € y1 + AA(y), hence, h;y - € A(y1) and analogously };3;2 € A(y2). The monotonicity of A thus implies
Atp /L 2 , M 2
0<|— (h=y)=(h=y2), 01— yz)w < (ﬁ - 1)||y1 = ollg, + ﬁllh =34

hence,

I =22l < 31k =il

which yields (3.11). With this inequality and [45, Proposition 55.2 (d)] at hand, we obtain

1
An+ A

(Ax,)a(h) = Ay, a(h) = (h = Ry, +a(h) — %(h — Ry (h)) = Ax(h),

which completes the proof. O

Now, we are in the position to state our main convergence results in Theorem 3.10 and Theorem 3.11,
where the loads and initial data are no longer fixed. The first theorem addresses the continuity
properties of the solution operator to the original equation (3.1), whereas Theorem 3.1 deals with the
Yosida-approximation. In order to sharpen these convergence results and prove strong convergence in
H(0, T; H), we additionally need the following

Assumption 3.9. The maximal monotone operator A is given as a subdifferential of a proper, convex
and lower semicontinuous function ¢: H — (—oco, 0], that is, A = d¢.
Theorem 3.10 (Continuity of the solution operator). Let {zp.o}nen € H and {€n}nen C U(zn,0, D(A))
be sequences such that z,, o — zo in H, €, — € in H'(0,T;X) and £, — € in L}(0,T;X). Moreover,
denote the solution of

Zy € ARl, — Qzy),  2z4(0) = Zn,0
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by z, € HY(0,T;H) (whose existence is guaranteed by Theorem 3.3). Then z, — z in H'(0, T; H) and
zn > z2inC([0, T; H).

If additionally €, — € in H'(0,T; X), A fulfills Assumption 3.9, and ¢(R€,(0) — Qzp.0) — H(RE(0) —
Qz), then z,, — z in HY(0, T; H).

Proof. Thanks to Theorem 3.3, to be more precise (3.2), {z,} is bounded in C([0, T]; H). Since A° is
bounded on bounded sets by assumption, (3.3) then gives that {z, } is bounded in L?(0, T; H). Therefore,
we can apply Lemma 3.7 with A, := A for all n € N to obtain z,, — z in H(0,T; H) and z, — z in
C([0,T); H).

If additionally ¢, — ¢ in H'(0, T; X), A fulfills Assumption 3.9, and ¢(RC,(0) — Qzp.0) — P(RL(0) —
Qz;), we can follow the lines of [24, Theorem 4.2 step 3)] to get

T
lim sup/ (Qzn, zp) g dt = limsup —(RC, — Qzn, zn) 120, 7:740) + (R, 2)12(0, T:4)
0

n—oo n—oo

= lim sup ¢(R€x(0) = Q2n.0) — P(RE(T) = Qzn(T)) + (RE, 2) 20, T:4)

< G(RE(0) — Qzo) — H(RET) — Qz(T)) + (RE, 2) 120, 7:74)
T
= /0 (QZ, Z)q{ dt

where the second and last equation follows from [7, Lemme 3.3]. Hence, by equipping H with the
equivalent norm +/(Q-, -)4, the strong convergence z,, — z in H'(0, T; H) follows from [8, Proposition

3.32]. O

Theorem 3.11 (Convergence of the Yosida-approximation). The statement of Theorem 3.10 holds true
when z,, is, for everyn € N, the solution of

(3-12) Zn = A/In (R, — an)a zp(0) = Zn,05
where {1, }nen C (0, 0) is a sequence converging to zero.

Proof. According to Lemma 3.8, the sequence of maximal monotone operators A, = A, fulfills (3.8)
so that it only remains to prove that z,, is bounded in L?(0, T; H) to apply again Lemma 3.7. To this
end, let v, € HY(0, T; H) be the solution of

z')n € A(an - Qvn)e Un(O) = Zn,0,

whose existence is guaranteed by Theorem 3.3 (note that £,, € U(z,,0, D(A)) by assumption). Thanks
to Theorem 3.10, it holds v, — z in H'(0, T; H). From Proposition 3.5, it follows znllLzco, 7,00 <
9nllL20,7.#) and consequently, z,, is bounded in L*(0,T;H). Thus, Lemma 3.7 yields z, — z in
HY(0,T;H) and z, — z in C([0, T]; H), as claimed.

If additionally ¢, — ¢ in H'(0, T; X), A fulfills Assumption 3.9, and ¢(RC,(0) — Qzp.0) — P(RL(0) —
Qzp), then Theorem 3.10 implies v, — z in H(0, T; H) so that [8, Proposition 3.32] gives the strong
convergence z, — z in H'(0, T; H) because of ||z, ||r2(0, 7.74) < I10nllz2(0,7.70) @s seen above. O

Remark 3.12. The assertions of Theorem 3.10 and Theorem 3.11 are remarkable due to the following: As
a first approach to prove the (strong) convergence of the states in H'(0, T; H), one is tempted to follow
the lines of the proofs of [7, Lemme 3.1] and Proposition 3.5, respectively. This would however require
the strong convergence of the derivatives of the given loads, which we want to avoid in order to enable
less regular controls. The detour via the Yosida-regularization in Lemma 3.7 allows to overcome this
issue.
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Remark 3.13. If we would allow for more regular controls, then we could weaken the assumptions on
the maximal monotone operator A. For instance, if £ € H 2(0,T; X), then we can drop the assumptions
that D(A) is closed and A° is bounded on bounded sets. In this case, one can use [45, Theorem 55.A]
instead of [7, Proposition 3.4] in the proof of Theorem 3.3. The proof of [45, Theorem 55.A] also gives
the boundedness of z,, in L*(0, T; H) in this case. Thus, Lemma 3.7 is again applicable and we can argue
similar as we did in the proof of Theorem 3.11 to verify the previous convergence results. In this setting,
we would not have any restrictions on A (except monotonicity), but would need more regular loads,
which is not favorable, as the latter serve as control variables in our optimization problem. Moreover, the
boundedness assumption on A is fulfilled for our concrete application problem in Section 7.4. Therefore,
we decided to choose the present setting and to impose the additional boundedness assumption on A.

Remark 3.14. It is to be noted that most of the above results can also be shown in more general Bochner-
Sobolev spaces, that is, when loads are contained in W*7(0, T; X) and states in W%"(0, T; H) for some
r € [1, 00). However, since a Hilbert space setting is advantageous when it comes to the derivation of
optimality conditions, we focus on the case r = 2.

Unfortunately, the Yosida-approximation is frequently not sufficient for the derivation of optimality
conditions by means of the standard adjoint approach, since the solution operator associated with (3.6)
is in general still not Gateaux differentiable. Therefore, we apply a second regularization turning the
Yosida-approximation of A into a smooth operator. The properties needed to ensure convergence of
this second regularization are investigated in the following

Lemma 3.15 (Convergence of the Regularized Yosida-Approximation). Consider a sequence {A,}nen C
(0, 00) and a sequence of Lipschitz continuous operators A,: H — H, n € N, such that

TIIOll(r9¢
(F5222) sup [1An(h) - Ax, (Wl = 0.

(3-13) A O and
An heH

" ex
Let moreover {€, }nen C C([0,T]; X) be given and denote by z,, z5,, € C'([0,T]; H) the solutions of
(3-14) zn = An(Rly = Qzy),  2n(0) = 20,

(3.15) and  z), =A;,(Rt, —0zy,), 2z,(0) = z.

Then ||zn — za, llc(jo, 73;7) — O-

Proof. Again, thanks to the Lipschitz continuity of A, and A, , the existence and uniqueness of z,
and z, , follows from Banach’s contraction principle by classical arguments. Moreover, the continuity
of ¢, carries over to the continuity of z, and z,, ;. Let us abbreviate ¢, := supjcq/ [[An(h) — Ay, (B) ||
Then, in light of (3.14) and (3.15), we find

WOz

12n(£) = 22, (D)l < cn + p

lzn(t) = 23, (®)llee - ¥t €[0,T]
so that Gronwall’s inequality yields

1n(®) — 32, (Dllgr < NONlL(H:7) (T exp (llQllL(ﬂ;W)

; ; T) + 1)0,, Vielo,T],

which completes the proof. O

4 EXISTENCE AND APPROXIMATION OF OPTIMAL CONTROLS

Now we turn to the optimal control problem (P). We first address the existence of optimal solutions
and afterwards discuss the approximation of (P) in Section 4.2.
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4.1 EXISTENCE OF OPTIMAL CONTROLS

Based on Theorem 3.3, we reduce the optimal control problem (P) into a problem in the control variable
only. Recall that the control space X embeds compactly in X.

Definition 4.1. Let zyp € H and M C D(A). Due to Theorem 3.3, there exists for every £ € H'(0,T; X.) N
U(zo; M) a solution z € H'(0, T; H) of the state equation in (3.1). Consequently, we may define the
solution operator

S: HY(0,T;X.) N U(zo; M) 3 £ — z € H(0,T; H).

This operator will be frequently called control-to-state map.

With the definition above, problem (P) is equivalent to the reduced problem:

®) 1
st. €€ H(0,T;X.)NU(zg; M).

{ min  J(S(0).0),

Recall our standing assumptions on the objective, namely that J(z,£) = ¥(z,{) + ®({), where
¥: HY0,T; W) x H(0,T; X,) — R is weakly lower semicontinuous and bounded from below and
®: H'(0,T; X.) — R is weakly lower semicontinuous and coercive. These assumptions allow us to
show the existence of (globally) optimal solutions:

Theorem 4.2 (Existence of Optimal Solutions). Let zy € H and M be a closed subset of D(A). Then there
exists a global solution of (P).

Proof. Based on Theorem 3.10, the proof follows the standard direct method of the calculus of varia-
tions. First of all, since ¥ is bounded from below and ® is coercive, every infimal sequence of controls
is bounded in H(0, T; X..) and thus admits a weakly converging subsequence. Due to the compact
embedding of X, in X, this sequence converges strongly in C([0, T]; X) so that the weak limit be-
longs to U(zp; M), due the closeness of M. Moreover, thanks to weak convergence in H!(0, T; X) and
strong convergence in C([0, T]; X), Theorem 3.10 gives weak convergence of the associated states in
H'(0,T; H). The weak lower semicontinuity of ¥ and ® together with H < W then implies the
optimality of the weak limit. O

Clearly, in view of the nonlinear state equation, one cannot expect the optimal solution to be unique.
Note that, since D(A) is closed by our standing assumptions, the choice M = D(A) is feasible.

4.2 CONVERGENCE OF GLOBAL MINIMIZERS

While the existence of optimal solutions for (P) can be shown by well-established techniques as seen
above, the derivation of optimality conditions is all but standard because of the lack of differentiability of
the control-to-state map. We therefore apply a regularization of A built upon the Yosida-approximation
in order to obtain a smooth control-to-state mapping. In view of Lemma 3.15, this regularization is
assumed to satisfy the following

Assumption 4.3. Let {A, },en be a sequence of Lipschitz continuous operators from H to H such that,
together with a sequence {1, },en C (0, 00), it holds

T||Q||L(w;w>)

1
(4.1) An 0 and = exp( T

n

sup [|An(h) — Ay, (Wllee — 0,
heH

i.e,, the requirements in Lemma 3.15 are fulfilled.
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In Section 7.4, we show how to construct such a regularization for a concrete application problem.
Given the regularization of A, we define the corresponding optimal control problem:

min J(z,{),
(Pn) st. z=Ap(RC—0z), z(0) = z,
(z,0) € H'(0,T; H) x (H'(0,T; Xe) N U(z0; M)).

Since A, is Lipschitz continuous, the equation
z=An(Rt - Qz), 2z(0) =z

admits a unique solution for every z, € H and every ¢ € L?*(0,T; X). Similar to Definition 4.1, we
denote the associated solution operator by

S,: L¥0,T; X) — HY0,T; H).

Moreover, the solution operator associated with the Yosida-approximation, i.e., the solution operator
of z=A,, (Rl — Qz), z(0) = zy, is denoted by

S, L*(0,T; X) — HY0,T; H).

Proposition 4.4 (Existence of Optimal Solutions of the Regularized Problems). Letn € N, zy € H, and
M a closed subset of D(A). Then, under Assumption 4.3, there exists a global solution of (P,).

Proof. Let {1, {; € L?(0,T; X) be arbitrary and define z; := S,,(¢;), i = 1,2. Then, due to the Lipschitz
continuity of A,, we have for almost all ¢ € [0, T]

121(t) = 22Dl = |An(RE() = Qz1(1)) — An(RE2(t) — Qz2(t))ll4

(42) < ¢(llh(t) = BOllx + llz1(t) = z2(D)lls0).

which yields, thanks to Gronwall’s inequality , the Lipschitz continuity of S,. Using this together with
the fact that X, is compactly embedded into X, one can argue as in the proof of Theorem 4.2 to obtain
the existence of a global solution of (P,) for all n € N. O

Theorem 4.5 (Weak Approximation of Global Minimizers). Let zyg € H and M be a closed subset of D(A).
Suppose moreover that Assumption 4.3 holds and let {€,}nen be a sequence of globally optimal controls
of (P,), n € N. Then there exists a weak accumulation point and every weak accumulation point is a
global solution of (P).

Proof. Due to M C_D(A), Proposition 3.5 gives Sy, (€) — S(¢1) in HY(0, T; H) so that Lemma 3.15
yields S, (¢;) — S(¢;) in HY(0, T; H) and thus

lim sup ¥(S,(£,), £n) + ®(€,,) = lim sup J(Sp(£,), £r) < limsup J(Sn(£1), €1) = J(S(61), £1).

n—oo0 n—oo n—oo

Hence, by virtue of the boundedness of ¥ from below and the radial unboundedness of &, {€,} is
bounded and therefore admits a weak accumulation point in H'(0, T; X,.).

Let us now assume that a given subsequence of {£,,} »en, denoted by the same symbol for simplicity,
converges weakly to £ in H'(0, T; X,). Since X, is compactly embedded in X, we obtain £, — £ in
C([0,T]; X) and consequently, ¢ € U(zy; M). In addition, the strong convergence in C([0,T]; X) in
combination with Theorem 3.11 and Lemma 3.15 yields weak convergence of the states, i.e., S, (€,) —
S(¢) in HY(0, T; H) and thus also in H(0, T; ‘W). Now, let £ be a global solution of (P). We can again
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use Proposition 3.5 and Lemma 3.15 to obtain S, () — S(£) in H(0, T; ). This, together with the
weak lower semicontinuity of ¥ and ®, implies

J(S(0),6) = ¥(S(b), ) + d(0) < lim inf ¥(S, (€n), £) + D(Cy)

(43) < limsup J(Su(Cn), 7 < limsup J(Sa(0),7) = J(S(), ),
giving in turn the optimality of the weak limit. O

Corollary 4.6 (Strong Approximation of Global Minimizers). In addition to Assumption 4.3, assume
that ®: H'(0,T;X.) — R is such that, if a sequence {{,}nen satisfies €, — € in H'(0,T;X.) and
d(€,) — (), then £, — € in H(0,T;X.). Then every weak accumulation point of a sequence of
globally optimal controls of (P,) is also a strong one.

Moreover, if in addition, at least one of the following holds

e Assumption 3.9 is satisfied, that is A = 0¢, and ¢ is continuous on M or

e ¥: HY0,T; W)xH0,T; X.) — R is such that, if sequences {z, } nen and {€y }nen satisfy z, — z
in H'(0,T; H) and £, — € in H(0,T; X,) and ¥(z,, {n) — ¥(z,£), then z, — z in H'(0, T; H),

then the associated sequence of state also converges strongly in H'(0, T; H).

Proof. Consider an arbitrary accumulation point ¢ of a sequence of global minimizers of (P,,), i.e.,
{n, — ¢ in HY(0,T; X,). From the previous proof, we know that then (4.3) holds, giving in turn

Y(Sn(Cn), bn) + B(n) = ¥(S(0), £) + (D).

Since S, (E,,) -8 ({7 ), as seen in the previous proof, and both, ¥ and @, are weakly lower semicontinuous
by assumption, this implies ®(¢,,) — ®(€) and ¥(S,(€n), €n) — ¥(S(£), ). The hypothesis on @ thus
yields £, — ¢ in H'(0, T; X,) so that £ is indeed a strong accumulation point as claimed.

Due to X, — KX, the strong convergence carries over to HY0,T;X) and therefore, we deduce
from Theorem 3.1 that S, (€n) — S(£) in H'(0, T; H), provided that Assumption 3.9 is fulfilled and
P(RE,(0) — Qzy) — ¢(R£; (0) — Qz¢) holds. If the additional requirements on ¥ are fulfilled, we also
obtain the strong convergence S, (¢,) = S(¢) in H\(0, T; H), since we already showed ¢, — {in
H'(0,T; X,). Thus, in both cases, Lemma 3.15 gives S, (£,) — S(¢) in HY(0, T; H), which is the second
assertion. m|

Example 4.7. Let us assume that X, is a Hilbert space. Then a possible objective functional fulfilling
the requirements on @ in Corollary 4.6 reads as follows:

o
](27 Z) = \P(Z, f) + E ||£||12‘11(0,T;XC)’

ie,®(f) = a/2 ||€||1§{1(O TX) Herein, ¥: H(0, T; H)xH (0, T; X.) — R is again lower semicontinuous
and bounded from below and « > 0 is a given constant. Since H 10, T; X,) is a Hilbert space, too, weak

convergence and norm convergence give strong convergence and consequently, this specific choice of
& fulfills the condition in Corollary 4.6.

Remark 4.8 (Approximation of Local Minimizers). By standard localization arguments, the above
convergence analysis can be adapted to approximate local minimizers. Following the lines of, for
instance, [12], one can show that, under the assumptions of Corollary 4.6, every strict local minimum
of (P) can be approximated by a sequence of local minima of (P,,). A local minimizer ¢ of (P), which is
not necessarily strict, can be approximated by replacing the objective in (P,) by J(z,1) = J(z,1) + ||£ —
1l H'(0,T:X,)» Which is of course only of theoretical interest, cf. e.g. [4]. Since these results and their
proofs are standard, we omitted them.

Now that we answered the question of approximation of optimal controls via regularization, we
turn to the regularized problems and derive optimality conditions for these in the next two sections.
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5 FIRST-ORDER OPTIMALITY CONDITIONS

In the following, we consider a single element of the sequence of regularized problems. The associated
regularized operator is denoted by A; so that the regularized optimal control problems reads as follows:

min J(z,£),
(Ps) st. z=AiRC-0z), 2z(0) =z,
(z,0) € H'(0,T; H) x (H'(0,T; Xe) N U(z0; M)).

Beside our standing assumption and the Lipschitz continuity required in Assumption 4.3, we need
the following additional assumptions for the derivation of first-order necessary optimality conditions
for (Ps). Recall the continuous embeddings Y < Z < H from Section 2.

Assumption 5.1.
@) J: HY0,T; W) x H'(0,T; X.) — R is Fréchet differentiable.

(ii) As: Y — Y is Lipschitz continuous and Fréchet differentiable from Y to Z. Moreover, A%(y)
can be extended to elements of L(Z; Z) and L(H; H), respectively, denoted by the same sym-
bol. There exists a constant C such that these extensions satisty ||A}(y)z||z < C||z||z and
|AL(y)hllgr < Cl|h||lgs forally e Y,z e Z,and h € H.

Remark 5.2. It is well known that a norm gap is often indispensable to ensure Fréchet differentiability.
This is also the case in our application example in Section 7.4. This is the reason for considering two
different spaces Y and Z in context of the Fréchet differentiability of A in Assumption 5.1.

We start the derivation of optimality conditions for (P;) with the Fréchet-derivative of the associated
control-to-state mapping.

5.1 DIFFERENTIABILITY OF THE REGULARIZED CONTROL-TO-STATE MAPPING

As A Y — Y is supposed to be Lipschitz continuous and R and Q are not only linear and continuous
as operators with values in H, but also in Y according to our standing assumptions, Banach’s fixed
point theorem immediately implies that the state equation in (Py), i.e.,

(51) z=As(RC - Qz),  2(0) = zo,

admits a unique solution z € HY(0,T;Y) for every right hand side ¢ € L%(0,T;X), provided that
zo € Y. Therefore, similar to above, we can define the associated solution operator Ss: L2(0,T; X) —
HY0,T;Y) (for fixed zy € Y). We will frequently consider this operator with different domains,
eg H 1(0,T; X), and ranges, in particular H 1(0, T; Z). With a little abuse of notation, these operators
are denoted by the same symbol.

Lemma 5.3 (Lipschitz Continuity of Ss). The solution operator S is globally Lipschitz continuous from
L2(0,T; X) to H'(0, T; Y).

Proof. This can be proven completely analogously to the Lipschitz continuity of S,, from L?(0, T; X)
to H(0,T;Y) in Proposition 4.4. |

Lemma 5.4. Assume that Assumption 5.1(ii) is fulfilled and let y € L*(0,T;Y) and w € L*(0,T; Z) be
given. Then there exists a unique solution n € H'(0,T; Z) of

(5.2) n=A;y)(w-0n), n0)=0.
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Proof. Let us define
B: [0,TIxZ — Z, (t,n) — A(y(®)(w(t) - Qn)

so that (5.2) becomes 7(t) = B(t,n(t)) a.e. in (0,T), n(0) = 0. Now, given n € L?(0,T;Z), [0,T] >
t +— B(t,n(t)) € Z is Bochner measurable as a pointwise limit of Bochner measurable functions.
Furthermore, Assumption 5.1(ii) implies for almost all t € [0,T] and all 1,5, € Z that ||B(t, 1) —
B(t,n2)llz < Cllm — nz2llz- Therefore, we can apply Banach’s fixed point argument to the integral
equation associated with (5.2), which gives the assertion. O

Theorem 5.5 (Fréchet differentiability of the regularized solution operator). Under Assumption 5.1(ii),
the solution operator S is Fréchet differentiable from H'(0, T; X) to H'(0, T; Z). Its directional derivative
at € € H'Y(0,T; X) in direction h € H'(0,T; X) is given by the unique solution of

(5.3) n = ARt — Qz)(Rh - Qn), n(0) =0,

where z = S;(€) € H'(0,T;Y). Moreover, there exists a constant C such that ||S{(O)hl|.1.7) <
Cllhll 20, 1.x) holds for all £,h € H'(0,T; X).

Proof. Let ¢, h € H'(0,T; X) be arbitrary and abbreviate zj, := S;(¢ + h). Thanks to Lemma 5.4, there
exists a unique solution n € H'(0, T; Z) of (5.3). Clearly, the solution operator of (5.3) is linear with
respect to h. Moreover, Assumption 5.1(ii) implies for almost all ¢ € [0, T] that

Iz < CI®llx + lIn®l ).

so that Gronwall’s inequality gives ||7]|g10,7,2) < Cllhllz2(0,7;x), i-€., the continuity of the solution
operator of (5.3). This also proves the asserted inequality (after having proved that n = S{(¢)h, which
we do next).

It remains to verify the remainder term property. For this purpose, let us denote the remainder term
of A; by ry, ie.,

In(y; Dliz

As(y +0) = As(n) + A (0 +n(y;§) - with
<1y

—0as{ > 0inY.

Moreover, we abbreviate
y =Rt -Qze H(0,T;Y) and { :=Rh-Q(z,-z) € H(0,T;Y).
Then, in view of the definition of z, z;, and 5 (as solution of (5.3)), we find for almost all ¢ € [0, T]

llzn(t) = 2(t) = NIz = [1As(W(t) + £(1) = As(w(1) = ALy (@) + Qzn(t) — 2(1) = n()))l
< AL ()Q(zn(t) = (1) = n()lz + lIn(y(®): L) z-

Hence, Assumption 5.1(ii) and Gronwall’s inequality yield
(5.4) llzn =z = 1l 1:2) < ClIny:; Ollrzo.1:2)-

(note that r1(y; {) € L2(0, T; Z) by its definition as remainder term). Furthermore, thanks to Lemma 5.3
and the definition of {, we obtain

(5.5) W NEo, 7.7y < CllAlE 0, 30)
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such thath — 0in H'(0, T; X) implies { — 0in H'(0, T; Y). The continuous embedding H'(0, T; Y) —
C([0,T); ) and the remainder term property of r; thus give for almost all ¢ € (0, T) that

Iny®: {llz _ NInG@: iz Ilmery)
Al rx IE@Olly Nl T:x)

(5.6)

as h — 0 in H'(0,T; X). Moreover, the Lipschitz continuity of As: Y — Y together with 5.1(ii),
Y — Z, and (5.5) yield for almost all t € (0, T) that

InG@): {liz _ 1A +0) - A() - AGDDIZz _ o _IED)lly

< <C.
Al e o, 74 12l e o, ) 12l e o, )

In combination with (5.6) and Lebesgue’s dominated convergence theorem, this yields

1 (s Olle2o, 1,29
2l e o, 75

as h — 0in H'(0, T; X), which, in view of (5.4) finishes the proof. ]

Remark 5.6. It is to be noted that we did not employ the implicit function theorem to show the
differentiability of Ss. The reason is that H: z +— z — Ag(R¢ — Qz) is Fréchet differentiable from
HY(0,T;Y) to L?(0, T; Z), but the derivative H’(z) is not continuously invertible in these spaces, cf.
Lemma 5.4. On the other hand, H is not differentiable from H'(0,T;Y) to L?(0,T;Y) (due to the
differentiability properties of A, see Remark 5.2), which would be the right spaces for the existence
result from Lemma 5.4. The same observation for a more abstract setting was already made in [41].

5.2 ADJOINT EQUATION

Now that we know that the (regularized) control-to-state map is Gateaux differentiable, we can apply
the standard adjoint approach to derive first-order necessary optimality conditions in form of a Karush-
Kuhn-Tucker (KKT) system. To keep the discussion concise, we restrict our analysis to the case without
further control constraints. To be more precise, we require the following:

Assumption 5.7. Let zg € M such that —Qz, € D(A). The set M in the definition of the set of admissible
controls is given by the singleton M = {—-Qz} such that

U = U(z0;{—Qz=}) = {¢ € H(0,T; X): £(0) € kerR}.

Note that U is a linear subspace of H'(0, T; X).

Remark 5.8 (Additional Control Constraints). One could allow for additional control constraints in
our analysis, even more complex ones than the ones covered by U(zy; M) such as for instance box
constraints over the whole time interval or vanishing initial and final loading, i.e., £(0) = ¢(T) = 0, which
is certainly meaningful for many practically relevant problems. However, since the differentiability of
the control-to-state map is the essential issue in the derivation of optimality conditions and additional
(convex and closed) control constraints can be incorporated by standard argument, we decided to leave
them out in order to keep the discussion as concise as possible.

However, without any further assumptions, the existence of solutions to the unregularized state
equation (3.1) cannot be guaranteed. To be more precise, one needs that R((0) — Qzy € D(A), see
Theorem 3.3, which holds in case of U, provided that —Qz, € D(A). This is the reason for considering
the set H(0, T; Xc) N U as set of admissible controls in the rest of the paper.

Note moreover that, if the operator R is injective (which is the case in Section 7), then U = {€ €
HY0,T;X): €(0) = 0}.
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The chain rule immediately gives that the reduced objective defined by
(5.7) F:H'(0,T;X,) » R, € J(Ss(0),0)

is Fréchet differentiable, too. Thus, by standard arguments, one derives the following

Lemma 5.9 (Purely Primal Necessary Optimality Conditions). Let Assumption 5.1 and Assumption 5.7
hold. Then, if a control ¢ € H'(0,T; X.) N U with associated state z = Ss({) is locally optimal for (Py),
then

(5.8) F'(Oh = JL(Z OS{(Oh + J;(Z, O)h = 0,

forallh € HY(0,T; X.) N U.

Next, we reformulate (5.8) in terms of a KKT-system by introducing an adjoint equation, which
formally reads

(5.9) ¢ = QA(y)'p+v, T)=0.

Depending on the regularity of the right hand side v, we define different notions of solutions:

Definition 5.10. Let y € L%(0,T; M) and v € H'(0, T; H)* be given. A function ¢ € L?(0, T; H) is called
weak solution of (5.9), if

(5.10) - (ﬁ”vﬁ)p(o,r{ﬂ) = (q’vA;(Y)QU)LZ(o,T;W) +o(1)

holds for all 5 € H'(0, T; H) with 5(0) = 0.
If v takes the form

(5.11) o(n) = (v, W20, 137 + (02, 1(T))

with some v; € L%(0,T;H) and v; € H, then we call ¢ € H'(0,T; H) strong solution of (5.9), if, for
almost all ¢t € (0,7),

(512) o) = (AL ) +oi(t) inH, (T)=-v, inH.

In the following, we will—as usual—identify v € L?(0, T; H) with an element of H'(0, T; H)* via
(v, )12(0, ;) and denote this element with a slight abuse of notation by the same symbol.

Lemma 5.11. Let y € L2(0,T;Y) and v € H'(0,T;H)*. Then there is a unique weak solution of (5.9),
which is given by ¢ == —v o S, € L*(0, T; H)* = L*(0, T; H), where Sy,: L*(0, T; H) — H'(0,T;'H) is
the solution operator of

(5.13) n=-A;(»0Qn+w, n(0)=0,

that is, S, (w) = 1.
Moreover, if v is of the form (5.11), then there exists a unique strong solution of (5.9), and the weak and
the strong solution coincide.

Proof. At first note that the existence of a solution of (5.13) can be proven exactly as in Lemma 5.4.
Let n € H'(0,T;H) with n(0) = 0 be arbitrary and define w = 7 + AL(y)Qn € L?(0,T; H), hence,
n = Sy (w). By the definition of w and ¢, it follows that

(n+A(0)ON, ©) 20,1570 = (@ W20, 1570 = —(Sy (W) = —v(n),

i.e., (5.10) holds. Since n was arbitrary, we see that ¢ is a weak solution of (5.9).
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To prove uniqueness, let ¢ € L?(0, T; H) be another weak solution. Then, we choose an arbitrary
w € L(0,T;H) and set n = S, (w) to see that

(o, W)LZ(O,T;%{) =-o(n) = (‘59’7 + A;(Y)QU)LZ((),T;(H) = (@, W)LZ(O,T;(H) >

and therefore ¢ = ¢.

Now we turn to the strong solution and suppose that v is as given in (5.11). Existence and uniqueness
of a strong solution can again be shown by means of Banach’s fixed point theorem. To this end, let us
consider the affine-linear operator

B: [0.TIXZ — Z, B(t,9) = QA[(y(1) ¢ + vi(2).

Since H is separable by our standing assumptions, we can apply [20, Chap. IV, Thm. 1.4] to obtain that,
for every ¢ € L?(0, T; H ), the mapping (0, T) — B(t, ¢(t)) is Bochner measureable. Moreover, since
NAL ) o) = 1AL L(#4), Assumption 5.1(ii) yields that B is also Lipschitz continuous w.r.t. the
second variable for almost all ¢ € (0, T). Therefore, similarly to the proof of Lemma 5.4, one can apply
Banach’s fixed point theorem to the integral equation associated with (5.12) to establish the existence
of a unique strong solution.

Finally, if we test (5.12) with an arbitrary n € H(0, T; H) with n(0) = 0 and integrate by parts, then
we see that every strong solution is also a weak solution. Since the latter one is unique, as seen above,
we deduce that weak and strong solution coincide. O

Theorem 5.12 (KKT-Conditions for (Ps)). Assume that Assumption 5.1 and Assumption 5.7 hold and let
¢ € H(0,T;X.) N U be a locally optimal control for (P;) with associated state z = S; (€). Then there
exists a unique adjoint state ¢ € L*(0, T; H) such that the following optimality system is fulfilled

(5.14a) Z=A s(RC — O7), z(0) = zo,
(pULZ(OT‘H) Ve H(0,T;H):
(52 AL(RE - Q7)0n) +JUED) (0)=0
<p, 1) ooz * 2B O n(0) =
_ 75 P 1 .
(5.14¢) (p,A (RE - Qz)Rh) o = @ DR VheH(0,T;:X,) N U.

If ] enjoys extra regularity, namely
(5.15) J(z,0) = ¥i(z, £) + ¥a(2(T), £(T)) + @(£)

with two Fréchet differentiable functionals W;: L?(0, T; H) x H'(0,T;X,) —» R and ¥,: H x X, — R,
then ¢ € H'(0,T;H) is a strong solution of

. PPN oY, _ - Y, _ -
(516) o(t) = (QAURE - Q2)'p) (1) + =@ 0).  (T) = ———(&(T). ((T)).
Remark 5.13. The exemplary objective functionals in Section 7 are precisely of the form in (5.15).

Proof of Theorem 5.12. Since J.(z, {) € HY(0, T;'W)* — HY0,T; H)*, Lemma 5.1 gives the existence
of a unique solution of (5.14b). Now, let h € H(0,T; X.) N U be arbitrary and define 5 := S.({)h €
HY(0,T; Z) c H(0, T; H). The weak form of the adjoint equation then implies

G17) (0. AURE - Q)RR = (0.+ AURE - 02)0n) = ~JUS,(@. 0.

L2(0, T;H) ( L2(0, T;H)

This together with Lemma 5.9 shows that (Z, £, ¢) fulfills the optimality system (5.14). If J is of the form
in (5.15), then Lemma 5.11 implies that the weak solution of the adjoint equation is in fact a strong
solution and solves (5.16). O
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Corollary 5.14. Let Assumption 5.1 and Assumption 5.7 hold. Then ¢ € H(0,T; X.) N U with associated
state Z = Sy(¢) fulfills (5.8) if and only if there exists an adjoint state ¢ € L?(0,T;H) such that (z, ¢, @)
satisfies the optimality system (5.14).

Proof. The proof of Theorem 5.12 already shows that (5.8) implies the optimality system in (5.14).

To prove the reverse implication, assume that (Z, £, ¢) fulfills the optimality system (5.14). Then
choose an arbitrary h € H'(0, T; H), define 5 := S;(Z)h, and use the fact that ¢ is the weak solution
of (5.14b) to obtain (5.17). This together with (5.14¢) finally give (5.8). O

Example 5.15. Under suitable additional assumptions, it is possible to further simplify the gradient
equation (5.14c). For this purpose assume that R is injective (so that U = {¢ € H'(0, T, X): £(0) = 0}),
X, is a Hilbert space, and

(518) J(z.0) = Wi(z,0)+ TalaolT), 6T + L g 7o,

where ¥;: H'(0, T; W) x L*(0,T; X.) — R and ¥,: W x X, — R are Fréchet differentiable and y > 0.
This type of objective will also appear in the application problem in Section 7. Then (5.14¢) becomes

T
(5.19) Y (0L, 0rh) 20, 1:x,) — / (RAA(RE = Q2) ¢, by x- x dt
0

T
8\111 _ = 6‘?2 _ -
— —(=z(T),L(T))h(T) =
¢ [ GrEDhd+ SEGDHTIND) = 0
¥V h e HY0,T; X,) with h(0) = 0,
where we identified 8,%(z, £) € (L?(0, T; X,))* = L?(0, T; X,). Note that X_ as a Hilbert space satisfies
the Radon-Nikodym-property. Since X, < X, we may identify R*A%(R{ — Qz)*p with an element

of L?(0,T;X,), too, which we denote by the same symbol. Then, if we choose h(t) = (t) ¢ with
¥ € CX(0,T) and & € X, arbitrary, we obtain

( B /OT [Y ey 0,0+ RAYRE — Q2) g - %(E’ ZW]‘”’ §)Xc -

Now, since & € X, was arbitrary, we find that the second distributional time derivative of { is a regular
distribution in L?(0, T; X,), i.e., £ € H*(0,T; X.), satisfying for almost all t € (0,T)

(5.20) y 02€(t) + R*AL(RE(t) — Qz(1)) “o(t) = %(z, 0)(t) in X,.

Since X, is supposed to be a Hilbert space, we can apply integration by parts to (5.19). Together with
¢ eU={eH,T;X):£(0) =0} and (5.20), this implies the following boundary conditions:

_ _ 9 _
(5.20) [0 =0, ya,uT) =~ 2Em), ET),

where we again identified 9,%,(z(T), 7)) € X! with its Riesz representative. In summary, we have
thus seen that the gradient equation in (5.14c) becomes an operator boundary value problem in X,
namely (5.20)—(5.21).
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6 SECOND-ORDER SUFFICIENT CONDITIONS

The next section is devoted to the derivation of second-order sufficient optimality conditions for the
regularized problem (P;). As it was the case for the first-order conditions, the main part concerns
the differentiability properties of the control-to-state map S, and the reduced objective, to be more
precise to show that these are twice continuously Fréchet differentiable. For this purpose, we need the
following sharpened assumptions on the objective and the regularized operator As:

Assumption 6.1.
@) J: HY0,T; W) x H'(0,T; X.) — R is twice continuously Fréchet differentiable.

(ii) The Fréchet-derivative A/ is Lipschitz continuous from Y to L(Z;Z). Moreover, for every
y € Y, A(y) can be extended to an element of L(‘W; ‘W). The mapping arising in this way is
Lipschitz continuous from Y to L(‘W; “W). Furthermore, there is a constant C > 0 such that
|AL(y)w|lw < C||w||lw hold for all y € ¥ and all w € ‘W.

(iii) A% is Fréchet differentiable from Y to L(Z;W). For all y € Y, its derivative A7 (y) can be
extended to an element of L(Z; L(Z; W)) and the mapping y +— AY(y) is continuous in these
spaces. Moreover, there exists a constant C such that ||AY (y)[z1, z2]|lw < Cllz1]|z]|z2]| z for all
y€Yandall z;,z, € Z.

Remark 6.2. We point out that a second norm gap arises in Assumption 6.1, since A’ is only Fréchet
differentiable as an operator with values in ‘W and notin Z < “W. This assumption is again motivated
by the application problem in Section 7. The example given there demonstrates that such as second
norm gap is indeed necessary in general, since, given a concrete application, one cannot expect A to
be twice Fréchet differentiable in Y/, and even not as an operator from Y to Z.

The following proposition addresses the second derivative of the solution operator under the above
assumptions. Its proof is in principle completely along the lines of the proof of Theorem 5.5 on the
first derivative of S. We therefore postpone it to Appendix A.

Proposition 6.3 (Second Derivative of the Solution Operator). Under Assumption 5.1(ii) and Assump-
tion 6.1(ii) & (iii), the solution operator Ss: H*(0,T; X) — HY(0,T; W) is twice Fréchet differentiable.
Given €, hy, hy € HY0,T;X), its second derivative S (O)[h1, h2] € HY0,T; W) is given by the unique
solution of
(6.1) ¢ = A{(RC = Qz)[Rhi — Qni, Rhy — Qna] = AY(RE — Q2)QE,  £(0) =0,
where z := Ss(€) € H'(0,T; Y) and n; := S.(€)h; € H'(0,T;Z),i=1,2.

Moreover, there exists a constant C such that

(6.2) IS (Oh, halllmo, 7wy < Cllhallero, m.x0) 12 o, 7.

forall €, hy, hy € H(0,T; X).

Lemma 6.4. Assume that Assumption 5.1 (ii) and Assumption 6.1 (ii) and (iii) are fulfilled. Then there
exists a constant C such that

IS5 (€1) = S¢"(E2)|L(rio, ;) L 0, T: X :H (0, T; W)
< C(I1AY (Rt — Qz1) — AY (R, — Qzo)lliz(0, 7.0z zzwy) + 16 = Callmo, 1:x))

holds for all t,, €, € HY(0,T; X), where z; == Ss(£;), i = 1,2.
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Proof. Let €1, €y, h1, hy, € HY(0,T;X) be arbitrary. We again abbreviate z; := S(£;), nij = Si(li)hj,
& = 8 (i)[h, hy], and y; := RC; — Qz; for i, j € {1, 2}. By the equation for S!’, we obtain for almost
allt € [0,T]

521 - 52 = A/ (y1)[Rhy — Qny1, Rhy — Ony 2] — AL(31) Q&
— A{(y2)[Rhy — Qna,1, Rhy — Qna 2] — AY(y2)Q6,
= (A7 (»)(Rhy — Qni1) — AY (v2)(Rhy = Qna.1)) (Rhy — Qny,2)
+ A7 (y2)[Rh1 = Q12,1 Q2,2 = m2)] + (A5(y2) — As(0)) Q& + Aj(y2)Q(E2 — &)

With the help of

A;,(YI)(Rhl - 0nyy) — A;,(YZ)(Rhl - On2,1)
= (AY(y) — A7 (y2)) (Rhy — Oni1) + AY(32)Q(n2,1 — 111),

and Gronwall’s inequality, we thus arrive at

161 = &alleo, mw)

< C[HRhl - Q’72,1||H1(0,T;Z)||’71,2 - ’72,2||H1(0,T;Z) + - J/z||H1(0,T;y)||§1||H1(0,T;'W)
+ (||A;'(yl) - AY 220, 1z zwy IRP = Onilleno, 7, 2)

+ |l — ’72,1||H1(0,T;Z)) IRy — Q’71,2||H1(0,T;z)
< (1147 () = AL Gz rczaczowny * 16 = Gl ) Il roo el 7.0,

where we used the estimate in Theorem 5.5, (6.2), and the Lipschitz continuity of S; by Lemma A.1 in
the Appendix. O

If AY were Lipschitz continuous from Y to L(Z; L(Z;W)), then Lemma 6.4 would immediately
imply the Lipschitz continuity of S;’. However, to obtain the continuity of the second derivative, this
additional assumption is not necessary as the following theorem shows:

Theorem 6.5 (Second-Order Continuous Fréchet Differentiability of the Solution Operator). Suppose
that Assumption 5.1(ii) and Assumption 6.1(ii) & (iii) are fulfilled. Then Ss: H'(0,T; X) — H(0,T; W)
is twice continuously Fréchet differentiable. Its second derivative at ¢ € H'(0,T; X) in directions hy, hy €
HY(0,T; X) is given by the unique solution of (6.1).

Proof. Thanks to Proposition 6.3, we only have to show that §;” is continuous from HY0,T;X) to
L(HY(0,T; X); L(HY0, T; X); H'(0, T; W))). For this let {€,}n,eny € HY0,T;X) and £ € H'(0,T; X) be
given such that £, — € in H(0, T; X) so that in particular ¢, — ¢ in C([0, T]; X). Then, Lemma 5.3
implies z,, == Ss(£,) — Ss(€) =t zin C([0, T]; V). With this convergence results at hand, we can apply
Lemma c.2 with M = [0,T], N = Y, G, = Rf,, — Qz,, and G = R{ — Qz to see that

U = (|J(Res = Q210,71 U (R - Q)10. D)
n=1

is compact. Therefore, thanks to the continuity assumption in Assumption 6.1(iii),
Al Y — L(Z; L(Z;W)) is uniformly continuous on U. Consequently, A7 (R, — Qz,) converges to
AY(RC — Qz) in C([0, T]; L(Z; L(Z;W))), which, together with Lemma 6.4, yields the assertion. O
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Remark 6.6. It is to be noted that the regularized state equation (5.1) and the equations corresponding
to the derivatives of S, i.e., (5.3) and (6.1), provide more regular solutions under the hypotheses of
Assumption 5.1(ii) and Assumption 6.1(ii) & (iii). Indeed, if ¢, by, hy € H'(0, T; X), then the solutions of
all three equations can be shown to be continuously differentiable in time with values in the respective
spaces (Y, Z,and ‘W, respectively). Moreover, the time derivatives of z and 1 are absolutely continuous
and the same would hold for ¢, if A7 were Lipschitz continuous. However, we did not exploit this
additional regularity, since the original unregularized problem (P) does not provide this property in
general.

With the above differentiability result at hand, it is now standard to derive the following:
Theorem 6.7 (Second-Order Sufficient Optimality Conditions for (Ps)). Assume that Assumption 5.1,
Assumption 5.7, and Assumption 6.1 hold. Let (Z,€, ) € H'(0,T; Y) x (H'(0, T; X.) N U) x L*(0, T; H)
be a solution of the optimality system (5.14). Moreover, suppose that there is a & > 0 such that

(SSC) F"(OR 2 8|Ihll o 1o,

forallh € HY0,T; X.) N U, where F is the reduced objective from (5.7). Then (z, 0) is locally optimal for
(Ps) and there exist ¢ > 0 and T > 0 such that the following quadratic growth condition

63) F() > F(O) + 716 = Ol 7.

holds for all € € HY(0,T; Xc) N U with || — llno. ., < &.

Proof. Thanks to the assumptions on J and Theorem 6.5, the chain rule implies that the reduced
objective function F(-) = J(Ss(+),-): H'(0,T; X.) — R is twice continuously Fréchet differentiable and,
according to Corollary 5.14, the equation in (5.8) holds for all h € H(0, T; X.) N U. Since U is a linear
subspace, the claim then follows from standard arguments, see e.g. [39, Satz 4.23]. O

Remark 6.8. As already mentioned in Remark 5.8, one could also account for additional control con-
straints. In this case, a critical cone would arise in the second-order conditions, cf. e.g. the survey
article [13].

Using the adjoint equation, the second derivative of the reduced objective in (SSC) can be reformu-
lated as follows:

Corollary 6.9. Assume in addition to the hypotheses of Assumption 6.1(iii) that ||AY(y)[z1, z2]|la <
Cllzllzllz2llz for ally € Y and z1,z; € Z, ie., the last inequality in Assumption 6.1 holds in H
instead of the weaker space W. Then it holds for all ¢, h € H'(0, T; H) that

F'(Oh* = ¥"(2,0)(n, h)* + @"(Oh* — (9, AY (RC = Q2)(Rh = On)*) 120, 774

where z = S5(€), n = S.(€)h, and ¢ solves the adjoint equation in (5.14b).

Proof. Let us again abbreviate y = R — Qz. According to the chain rule, the second derivative of the
reduced objective is given by

F(OR = 25 J(2. OR* + 2]z, On* + 2 325 J(z. Olh. ] + 2 J(2.0)¢
= ¥"(z,0)(n, h)* + @"(O* + 2 J(z, )¢

with z = S85(€), n = S/(€)h, and & = S!/(£)h?*. Now, since A7 (y) is a bilinear form on H by assumption,
we obtain that £ € H(0, T; H). Therefore, we are allowed to test the adjoint equation in (5.14b) (in its
weak form) with &, which results in

2 J(2.0¢ = (9, £ + ALY 200, 1:70) = —(0s AL (V)RR = O 120, 7:74)0

where we used the precise form of S/(¢) in (6.1) for the last identity. O
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7 APPLICATION TO OPTIMAL CONTROL OF HOMOGENIZED ELASTOPLASTICITY

In the upcoming sections, we apply the analysis from the previous sections to an optimal control
problem governed by a system of equations that arise as homogenization limit in elastoplasticity and
was derived in [33, Theorem. 2.2]. It describes the evolution of plastic deformation in a material with
periodic microstructure and formally (i.e., in its strong form) reads as follows:

(7.1a) —Vy-nX=f in Q,
(7.1b) 2=C(Viu+Vjv-Bz) inQxY,
(7.1¢) -V,-¥=0 inQxY,
(7.1d) z€ AB"Y - Bz) inQxY,
(7.1e) u=0 on I'p,
(7.1f) v-rX =g on I'y,
(7.1g) z(0) = zq inQxY.

Herein, Q ¢ R, d = 2,3,isa given domain occupied by the body under consideration, while Y = [0, l]d
is the unit cell. The boundary of Q consists of two disjoint parts, the Dirichlet boundary I'y and the
Neumann boundary I'y. Furthermore, u: (0,T)XQ — R is the displacement on the macro level, while
v: (0,T)x Qx Y — R? is the displacement reflecting the micro structure. The stress tensor is denoted
by 2: (0,T) X QXY — Rf;;‘f and z: (0,T) X Q X Y — V is the internal variable describing changes in
the material behavior under plastic deformation (such as hardening), where V is a finite dimensional

Banach space. Moreover, V3, = %(Vx + V) is the linearized strain in Q and V3 is defined analogously.

The elasticity tensor C: Q XY — L(Rfyﬁ) and the hardening parameter B: Q X Y — L(V) are given
linear and coercive mappings and, by B: Q XY — L(V; Rf;;‘f), one recovers the plastic strain from
the internal variables z. The evolution of the internal variables is determined by a maximal monotone
operator A: V — 2V, In Section 7.4 below, we present a concrete example for such an operator, namely
the case of linear kinematic hardening with von Mises yield condition. Finally, z, is a given initial state

and 7 is the averaging over the unit cell, i.e.,

(7.2) X ]{/Z(-,y) dy = ﬁ/yi)(-,y) dy.

The precise assumptions on these data as well as the precise notion of solutions to (7.1) are given below.

The volume force f: (0,T)x Q — R and the boundary loads g: (0, T) x Iy — R, serve as control
variables. In the following, we will frequently write ¢ for the tuple (f, g). Possible objectives could
include a desired displacement or stress distribution at end time, i.e.,

Jw,2,¢) = %/Q|1,L(T)—ud|2dx+g/gl(JIZ)(T)—O'dl2 dx + ®({),

where ug: Q — R% and 0: Q — Rfyﬁ are given desired displacement and stress field, respectively,
a,f > 0, and @ is a regularization term depending on the choice of the control space that will be

specified below, see Remark 7.14.

7.1 HOMOGENIZED PLASTICITY — NOTATION AND STANDING ASSUMPTIONS

Before discussing the optimal control problem, we first have to introduce the precise notion of solution
for homogenized elastoplasticity system in (7.1). For this purpose, we need several assumptions and
definitions. We start with the following

Assumption 7.1 (Hypotheses on the data in (7.1)).

H. Meinlschmidt, C. Meyer, S. Walther Optimal control of an abstract evolution variational ...



J. Nonsmooth Anal. Optim. 1 (2020), 5800 page 23 of 41

« Regularity of the domain: The domain Q ¢ R?, d € {2, 3}, is bounded with Lipschitz boundary
I'. The boundary consists of two disjoint measurable parts I'y and I'p such that T’ = 'y U I'p.
While T'y is a relatively open subset, I is a relatively closed subset of I with positive measure.
In addition, the set Q U Ty is regular in the sense of Groger, cf. [23].

« Assumptions on the coefficients: The elasticity tensor and the hardening parameter satisfy C €
L*¥(QXY; L(ngxn‘f ))and B € L*(Q x Y; £(V)) and are symmetric and uniformly coercive, i.e.,
there exist constants ¢ > 0 and b > 0 such that

RdXd

2
C(x’ Y)O-: o2 EHO-HRdxd VO— € sym >

B(x,y){: { > bIL|IZ V{ eV, faa. (x,y) e QxY.

faa. (x,y) e QxY,

In addition, B € L®(Q x Y; L(V; R%*%)) is a given linear mapping.

sym

Next, we define the function spaces for the various variables in (7.1):

Definition 7.2 (Function spaces). Let s € [1, o). For the quantities in (7.1), we define the following
spaces:

« space for the macro displacement u:

whs(QRY)

U* = W5 (B R?) = {Yla: ¥ € CP(REGRY), supp(y) NIp = 0}

« space for the internal variable z:
Z° =L (QxY;V)

« stress space for
§% = L5 (Q x Y;R%Xd),

sym
« space for the micro displacement v:

V= LW, (V;RY).
For the latter, we denote by C;‘ér(Y; [R{d) the space of C“(Rd; IRd) functions which are Y-periodic,
identified with their restriction on Y, and define Wpl;f(Y; R?) to be the closure of Coar(Ys R?) with
respect to the W»5(Y; R?) norm. Further, Wi’s(Y; R9) is the closed subspace of W*(Y; R%) consisting
of functions of mean 0, and

Woer 1 (V;RY) = Woi (ViR n W (V; RY).

We set the norm on V* to be

lollvs = ||U||Ls(QxY;Rd) + ||V§;U||LS(QXY;Rdxd)’

with which V* becomes a Banach space and for the case s = 2 a Hilbert space with the obvious scalar
product.

Assumption 7.3 (Maximal monotone operator). The maximal monotone operator A from the evolution
law in (7.1d) is a set-valued map in the Hilbert space H = Z2,i.e,A: Z% — 2%° Tt is assumed to satisfy
our standing assumptions from Section 2. Moreover, we assume that there is a sequence of operators
{A,} from Z?% to Z? satisfying Assumption 4.3.
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In Section 7.4 below, we will investigate the maximal monotone operator arising in the case of linear
kinematic hardening with von Mises yield condition and show how to construct the approximating
sequence of smooth operators for this particular case. With the above definitions at hand, we are now
in the position to define our precise notion of solutions to (7.1):

Definition 7.4 (Weak solutions). Let £ € H'(0, T; (U?)*) and 2z, € Z2. Then we say that a tuple
(u,v,2,%) € H(0, T; U®) x HY(0, T; V?) x H(0, T; Z%) x H'(0, T; $%)

is a solution of (7.1), if, for almost all ¢ € (0, T), there holds

(7.3) [ o)) - i) dx = . 0) Vg e,
(7.3b) »(t) = C(r, ' Viu(t) + V3 u(t) - Bz(t)) in 5,
030 [ Bexy) Teydy =0 vy ev?,
(7.3d) z(t) € ABT2(t) — Bz(t)) in Z2,
(7.3¢) z(0) = zo in 7%,

where : S — L2(Q; ngxnf) is the average mapping from (7.2) and

a7l LA RED) 5 ¢ s (Q XY 3 (x,y) > e(x) € RdXd) €S2,

sym sym

In the following, we will frequently consider 7! in different domains and ranges, for simplicity denoted
by the same symbol.

7-2 REDUCTION OF THE SYSTEM

In the following, we reduce the system (7.3) to an equation in the internal variable z only and it will
turn out that this equation has exactly the form of our general equation (3.1). To this end we proceed
analog to [24, Chapter 4]. For this purpose, let us define the following operators:

Definition 7.5. Let s € [1, 00). Then we define

V(Sx,y): UsxV® — S, V(Sx’y)(u, v) = 7 'Viu+ Viv.

For its adjoint, we write
Div(y,): $° — (US) x (V)"

<Div(x,y) o, ((p’ l//)> = —<V€x’y)*0', ((P, ¢)> == / O-(x’ Y) (V;(P(X) + V;‘P(x, y)) d(x’ y)

QXY

With a slight abuse of notation, we denote these operators for different values of s always by the same
symbol.

Lemma 7.6. Let Assumption 7.1 be fulfilled. Then there is an index § > 2 such that, for every s € [§',5]
and every (,9) € (U%)* x (V>')*, there exists a unique solution (u,v) € U* X V° of

(7.4) = Div(y,) (CV{, ) @,0) = (f,0) in (UY)" x (V¥)'
and there is a constant Cs > 0, independent of f and g, such that

1w, 0)llwsxrs < Cs(Illey + llly)-
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Proof. The claim is equivalent to — Div(y, ) Cfo » being a topological isomorphism between U® x V*

and its dual space (U®)* x (V*)* for s € [§’, §]. We start with the case s = 2. For this, the left hand side
of (7.4) gives rise to a bilinear form b on the Hilbert space U? x V?:

b((w.0) (0. 9) = (CV5, 0.5, (0.9) s

Clearly, b is bounded. Due to Poincaré’s inequality for functions with zero mean value, which implies

b0 0) 2 el¥] [ VuPdx+e [ To0ey) dx.y)
Q QXY
2
> C(”u“H})(Q;Rd) + [ollyziaxyray)” Y (w,0) € UP x V2,

it is also coercive so that the claim and isomorphism property for — Div(y, ) CV(Sx’y) for s = 2 follows
from the Lax-Milgram lemma.

We next extrapolate this isomorphism property to U X V* for s around 2 using the fundamental
stability theorem by Sneiberg [36]. (See also the more accessible and extensive [3, Appendix A].) More
precisely, we show that the spaces U® X V* and their duals form complex interpolation scales in s.
Then the stability theorem shows that the set of scale parameters s such that — Div(y, ) CV(Sx’y) isa
topological isomorphism between U® X V* and its dual space is open. Since the set includes 2, as seen
above, this then implies the claim.

To establish the interpolation scale, it is enough to consider the primal case, since the dual inter-
polation scale is inherited from the primal one by duality properties of the complex interpolation
functor [38, Theorem 1.11.3]. So, we show that

1 1-6 6

U0 x V50 = [US" X V3 U x Vsl]e for -= + —
S S0 S$1

for all sp,s; € (1,00) and € € (0,1). It is moreover sufficient to consider each component in the
interpolation separately.

For the U*® = WéS(Q; R?) spaces, the interpolation scale property is well known by now in the
setting of Assumption 7.1 and even much more general ones; we refer to [6]. The result for V* is
proven by reducing the problem to the Wpléi (Y R¢) spaces and showing that these are complemented
subspaces of W"*(Y; R?) and thus inherit the latter’s interpolation properties. This is done in the
appendix, Theorem B.3, and finishes the proof. O

Remark 7.7. In general, one cannot expect § to be significantly larger than 2, due to both the irregular
coefficient tensors and the mixed boundary conditions, see e.g. [18, 28, 34]. This issue will become
crucial in the discussion of second-order necessary optimality conditions in 7.3 below.

Now we are in the position to reduce (7.3) to an equation in the variable z only. For this purpose, we
need the following

Definition 7.8 (Q and R for the case of homogenized plasticity). Let s € [5’, 5] be given. By Lemma 7.6,
the solution operator associated with (7.4), denoted by

. . -1 " NS
G:=(- Div(y, y) CV?x’y)) C(USY x (V) = US x VS,

is well defined, linear and bounded. The components of G are abbreviated by
Gu=10)G: Uy x (V) > U, Go:=(0,)G: (U x (V) - V"
Based on this solution operator, we moreover define

T:Z°3z+ BTCV(Sx’y)Q(— Divy,,)(CBz)) € Z*.
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Now, we have everything at hand to define the mappings R and Q from our general equation (3.1) for
the special case of homogenized plasticity:

(7.5) R:(US) 5¢— B'CV;, ,,G((,0) € Z,
(7.6) Q:Z2°3z— B'CB+B-T)ze Z°.

Again, with a slight abuse of notation, we denote all of the above operators for different values of
s € [§’,5] always by the same symbol.

The reason for defining the operators Q and R in the way we did in Definition 7.8 is the following:
Owing to Lemma 7.6, given z € Z2, one can solve (7.3a)—(7.3c) for u, v, and ¥ so that the tuple
(u,v,%) € U2 xV?x 5% is uniquely determined by z. Even more, using the operators from Definition 7.8,
we see that the solution of (7.3a)—(7.3c) for given z is

(7.7) (u,v) = G(=Div(x, )(CB2)) + (£, 0)),
(7.8) % = C[V{, , G (= Div(x,y)(CBz)) + (£, 0)) - Bz].

Inserting the last equation in (7.3d) and employing the definition of Q and R in (7.6) and (7.5) then
yields
z € A(BB™Y - Bz) = AR — Qz),

i.e,, exactly an evolution equation of the general form in (3.1). This shows that the system (7.3) of
homogenized elastoplasticity can equivalently be rewritten as an abstract operator evolution equation
of the form (3.1).

For the differentiability properties needed in sections 5 and 6, a norm gap is required such that it is
no longer sufficient to consider just the Hilbert space H = Z?. In accordance with the definitions of R
and Q, we therefore define the spaces in the abstract setting in our concrete application problem as
follows:

Definition 7.9 (Spaces in case of homogenized plasticity). The spaces YV, Z, H, and ‘W from Section 2
are set to

(7.9) Y= Z =% H=7>W:=7%

with s; > s, > 2 > s3. The integrability indices s;, sz, and s3 depend crucially on the differentiability
properties of the regularized version of A and will be specified for a concrete realization of A in
Section 7.4 below. Moreover, we choose

X = Uy = WS RY)" = Wb RY),
Furthermore, the control space is given by

(7‘10) X, = L‘D(Q; Rd) x Lr(FN; Rd) with p> ds and r > (d;'l)Sl.

d+$1

Due to s; > 2, X, is reflexive and embeds compactly in X by Sobolev embedding and trace theorems.
Therefore, all our standing assumptions on the spaces in Section 2 are fulfilled.
Of course, elements in X, are identified with those in X by

(f,9), wywsy,us = / fudx +/ guds, (f.g) e X, ueU™.
Q Iy
In order to apply our general theory to the present setting, we need the following assumption on the
regularity of the linear equation (7.4). As we will see in subsections 7.3 and 7.4 below, this assumption
may become fairly restrictive, if one aims to establish second-order sufficient optimality conditions,
since, in this case, s; and the conjugate index s; may be rather large.
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Assumption 7.10 (Critical regularity condition). The index § from Lemma 7.6 satisfies § > max{sy,s;},
where s; and s3 are the integrability indices from (7.9).

Proposition 7.11. Under Assumption 7.10 and with the spaces defined in Definition 7.9, the operators R and
Q from (7.5) and (7.6), respectively, satisfy the standing assumptions from Section 2, that is, R is linear
and bounded from (U*)* to Z* and Q is a linear and bounded operator from Z° to Z° for all s € [s3, 5]
and, considered as an operator in Z?, coercive and self-adjoint.

Proof. The required mapping properties of Q and R directly follow from their construction in Defini-
tion 7.8 in combination with Lemma 7.6 and Assumption 7.10, respectively. It remains to show that
Q is coercive and self-adjoint. Since B is symmetric and coercive according to Assumption 7.1, it is
sufficient to prove that the operator BTCB — T: Z? — Z? is symmetric and positive. To prove the
symmetry, first observe that BT CB is symmetric by the symmetry of C. The symmetry of C moreover
implies that G: (U?)* x (V?)* — U? x V2, i.e., the solution operator of (7.4), is self-adjoint. Therefore,
the construction of T in Definition 7.8 implies for all z;, z, € Z? that

(Tz1,22) 72 = (- DiV(x,y)(CBzz), G(- DiV(x’y)(Cle)»
= (G(-Div(y, )(CBz,)), — Div(y, y(CBz1)) = (21, T22) 22

so that T is also symmetric. To show the positivity of BTCB — T, let z € Z? be arbitrary. To shorten
the notation, we abbreviate (u.,v,) := G(— Divy,,(CBz)). Then, by testing the equation for (u.,v,),
ie., (7.4) with (f,g) = — Div(y, ,)(CBz), with (-u;, —v;), we arrive at

(C(Bz — fo’y)(uz, UZ), —fo,y)(uz’ Uz))sz = 0.

Since, by construction, Tz = BTCV(SX y)(uz, v,), the coercivity of C therefore implies

(BTCB-T)z,2),. = (C(Bz — fo’y)(uz, v;), Bz) ¢
= (C(Bz - fo’y)(uz, v,),Bz — fo’y)(uz, UZ))SZ > 0.

As z was arbitrary, this proves the positivity. O

We point out that the whole analysis in sections 3 and 4 is carried out in the Hilbert space H = Z2.
Therefore, for the mere existence and approximation results from these two sections, the critical
regularity condition in Assumption 7.10 is automatically fulfilled by setting s; = s, = s3 = 2 (so that
Y = Z =W = H = Z?). Note that, in this case, the Lax-Milgram lemma guarantees the assertion
of Assumption 7.10 without any further regularity assumptions, see the proof of Lemma 7.6. The
additional crucial regularity assumption only comes into play, when first- and second-order optimality
conditions are investigated, see Remark 2.1. In Section 7.4 below, we will elaborate in detail, where the
critical Assumption 7.10 is needed to ensure the required differentiability properties of the regularized
control-to-state map for the example of a specific yield condition.

We collect our findings so far in the following

Theorem 7.12 (Homogenized plasticity as abstract evolution VI). Under the Assumptions 7.1 and 7.3,
the system of homogenized elastoplasticty in its weak form in (7.3) is equivalent to an abstract operator
differential equation of the form

(7.11) z € ARt — Qz), 2z(0) = z,

with Q and R as defined in (7.5) and (7.6) in the following sense: If (u,v,z,%) solves (7.3), then z is
a solution (7.11), and vice versa, if z solves (7.11), then z together with (u,v) and X as defined in (7.7)
and (7.8), respectively, form a solution of (7.3).
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In addition, Q and R satisfy the standing assumptions from Section 2 (provided that the function spaces
are chosen according to Definition 7.9). Therefore, the existence and approximation results of Sections 3
and 4 hold for (7.11), in particular:

e Foreveryl € U(zo, D(A)), there is a unique solution (u, v, z, £) of the weak system of homogenized
plasticity in (7.3), ¢f. Theorem 3.3.

 Optimal control problems governed by the weak system of homogenized elastoplasticity admit glob-
ally optimal solutions, provided that the standing assumptions on the objective are fulfilled, cf. The-
orem 4.2.

* The approximation results of Theorem 4.5 and Corollary 4.6 apply in case of homogenized elasto-
plasticity.

Remark 7.13. Existence and uniqueness of solutions to (7.3) was already established in [33].

Remark 7.14. The example for objective functionals mentioned above, i.e.,

(7'12> ](u’ 2, f’ g) = %/(; |u(T) - udlz dx + g/g; |(7TZ)(T) - 6d|2 dx + %“(f’ g)”?-II(O,T;XC)

with up € L2(Q; Rd) and op € L?(Q; Rf;n‘f) and «, f > 0, y > 0, satisfies the standing assumptions on
the objective functional, as we will see in the following. In this case, the functional ¥': (z,£) — R in the
general setting consists of the two integrals at end point T. Let us consider the first one containing the
displacement u. Since the latter is given by the first component of the solution operator of (7.7), which
maps H'(0, T; Z?) x H'(0,T; X.) to H'(0, T; U%) — C([0, T]; L*(; R%)), this integral is well defined.
(Note that the operators in (7.7) just act pointwise in time and the time regularity of z and ¢ carries
over to u and v.) Clearly, this solution operator is linear and bounded. In case of the second integral
involving 3, one can argue completely analogously based on the solution operator of (7.8). Thus, ¥ is
convex and continuous, hence weakly lower semicontinuous, and in addition, bounded from below by
zero. Moreover, the purely control part of the objective is given by ®(f, g) = L|I(f, g)||12ql (O.T:X.) and
therefore clearly weakly lower semicontinuous and coercive as required. Thus all standing assumptions
are fulfilled as claimed. Of course, various other objective functionals are possible as well, such as
tracking type objectives over the whole space-time-cylinder, but to keep the discussion concise, we

just mention the example above.

7.3 OPTIMALITY SYSTEM

In the following section, we establish necessary and sufficient optimality conditions for the optimal
control of regularized homogenized elastoplasticity. To be more precise, we consider a single element
of the sequence of regularizations of the maximal monotone operator A from Assumption 7.3, which
we again denote by A;, and apply the general theory from Section 5 and Section 6. In view of the norm
gap needed for the differentiability of A;, we will consider A; in different domains and ranges (denoted
by the same symbol) and assume that A; maps Y = Z* to itself. Accordingly, we treat the regularized
version of the state equation (with A; instead of A) in the same manner, i.e., with integrability index s;
instead of 2, see (7.13) below. To keep the discussion concise, we moreover assume in all what follows
that s; > 2 is such that p = r = 2 satisfy the conditions in (7.10). For d = dim(Q) = 3, this implies
51 < 3 and, in case without boundary control, i.e., g = 0, s; < 6 is sufficient. This will become important
in the discussion of second-order sufficient conditions, as we will see below. Motivated by (7.12), we
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consider an optimal control problem of the form

min  J(,3, f.9) = Fi(u, %) + Fy(u(T), 5(T))

+ L1 0 sy * 19020 s )
st. (f,g) € H(0,T; L*(Q; RY) x L*(Ty; RY)),
(u,v,2,%) € H(0,T; USt x V5 x Z% x §%),
and —Div(y )2 = ((f,9),0),
> = C(V(Sx,y)(u, v) - Bz),
z=A{B'>-Bz), 2z(0) =z,
£€(0) = 0.

(7.13)

Since, in many applications, displacement and stress on the macro level are of special interest, especially
at end time, we focus on objectives with this particular structure with continuously Fréchet differentiable
mappings

(7.14) Fi: L*(0,T;U*) x L*0,T;S*) - R, F,: U*x5* - R.

In order to apply our general theory, we not only have to reduce the state system to an equation of the
form (7.11), but also have to reduce the objective. For this purpose, let us denote the solution operators
of (7.7) and (7.8) by u: (¢,z) — u and S: (¢, z) — X. To shorten the notation, we will consider u and
© with different domains and ranges, e.g. u: (U%)* x Z% — U® and u: L%(0, T; (U )*) x L%(0, T; Z°) —
L%(0,T; U®) with s € [§’,5] and analogously for S. Note again that the time regularity of z and ¢ directly
carries over to the time regularity of u and ¥. Given these operators, we define

¥, : L%(0,T; Z%) x L*(0, T; (U?)*) = R, ¥(z,¢) = F(u(z, ), S(z,¢)),
v,: 7% x (Uz)* - R, ¥y (z,¢) = F(u(z, £), S(z, £)),

so that the objective in (7.13) becomes

(715) J(z.£) = Wi(z. £) + Ba(2(T). £0) + L1 22 1.x,

i.e., exactly an objective of the form in (5.15) and (5.18), respectively. Since 1 and & are linear and
bounded and F; and F, are assumed to be continuously Fréchet differentiable, the chain rule implies
the differentiability of ¥; and ¥, so that Assumption 5.1(i) is met, if we set s3 = 2 so that W = Z2. To
apply the results of Section 5 in order to establish an optimality system for (7.13), we additionally need
that A; satisfies Assumption 5.1(ii), which is ensured by the following
Assumption 7.15. We set s; = s3 = 2, i.e., W = Z = Z?2, and assume that A fulfills Assumption 5.1(ii)
with Y = Z%, s; > 2, i.e,, in particular that A; is Fréchet differentiable from Z* to Z 2

In light of Lemma 7.6, Assumption 7.15 does not impose any restriction for practical realizations of
As, as we will see in Section 7.4 below. Given this assumption, Theorem 5.12 and Example 5.15 imply
for a locally optimal solution (£) = (f,g) with associated optimal internal variable z:

(7:162) 2() = A«(RC - Q2)(1).  Z(0) = 2.
. - 0 - 0 -
(Ga6b) (D)= (QALRT - Q7))+ TEEDND,  olT) = =GN, UT)),
- — " oY, _ -
y () + RAL(RE(E) - Q2(0) o(0) = 1 G D)0),
(7.16¢) B ~ 9%, ~
£(0)=0, 0.0T)= —W(E(T), «T)).

Then, owing to the precise structure of R, Q, ¥;, and ¥,, this leads us to the following
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Theorem 7.16 (KKT-system for optimal control of homogenized plasticity). Let Assumption 7.1 be sat-
isfied and assume that As fulfills Assumption 7.15. Suppose moreover that the regularity condition in
Assumption 7.10 is satisfied, i.e., § > s;. Then, lf(?, g) € HY(0,T; L*(Q)) x HY(0, T; L*(Tw)) is locally opti-
mal for (7.13) with associated state (@, ,z, %) € H'(0, T; U*)x H'(0, T; V') x H\(0, T; Z")x H'(0, T; §%),
then there exists an adjoint state

(w,q,0,Y) € H(0,T; U%) x H'(0, T; V*) x H'(0, T; Z%) x H'(0, T; %),
(WT,qT,YT) S U2 X V2 X 52

such that the following optimality system is satisfied:

State equation:

(7.172) ~Div(x,y) % = ((£,9), 0),

(7.17b) 3= C(V;,,,©.0) - Bz),

(7.17¢) Z= AyB"E -Bz), z(0) = zo,

Adjoint equation:

(7.17d) —Div(y, ) Y = (£ F(1.Z),0) — Div(y, ) (CBA,(B'Z — Bz)"9),
(7.17€) Y= C(fo’y)(w, q) - %Fl(ﬁ, f)),

(7.17f) ¢=(B"CB+B)A.(B'> -B2)"¢+B'Y, o(T)=-B"Yr,
(7178) ~Div(y, ) Y1 = (£ Fu(T),%(T)),0),

(7.17h) Yr = C(V{, ,,(wr.qr) - 2 Fu(T),3(T))),

Gradient equation:

(7.17i) y 02 f +w =0, F0)=0, y,f(T)+wr =0,
(7.17j) yoig+w=0, g(0)=0, yag(T)+wr=0.

Remark 7.17. A passage to the limit w.r.t. the regularization in order to obtain an optimality system for
the original optimal control problem involving the maximal monotone operator A would of course
be of particular interest. The results of [43] however indicate that the optimality conditions obtained
in this way are in general rather weak. In [43], an optimal control problem governed by quasi-static
elastoplasticity (without homogenization) is considered, which provides substantial similarities to (7.13).
This system could also be treated by means of a reduction to the internal variable similar to our
procedure for (7.1). In [43] however, a time discretization followed by a regularization was employed for
the derivation of first-order optimality conditions. The reason for the comparatively weak optimality
conditions obtained for the original (non-smooth) problem is the poor regularity of the dual variables
in the limit, in particular the adjoint state. We expect a similar behavior in case of (7.17), when the
regularization is driven to zero. This however is subject to future research.

Next, we turn to second-order sufficient optimality conditions. Now, ¥;, ¥;, and A have to fulfill
Assumption 6.1. For this purpose, we require the following

Assumption 7.18. The mappings F; and F, from (7.14) are twice Fréchet differentiable. Moreover, A
satisfies Assumption 5.1 (ii) and Assumption 6.1(ii) and (iii) with W = H = Z2 (i.e., s3 = 2), Z = Z%,
so>2,and Y = Z%, 51 > 5.
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In contrast to Assumption 7.15, this assumption is very restrictive. If we assume that A arises as a
Nemyzki operator from a nonlinear function As: V — V (for simplicity denoted by the same symbol),
then the last condition in Assumption 6.1, i.e.,

(7.18) A ()lz1. z2)llw < Cllzillzsllzellzse Yz €Z™, 21,2, € Z%

with ‘W = Z?%, may only hold—even in case A/(z) € L*(Q X Y; L(V,V))—provided that s, > 253 = 4.
In order to have that A, is Fréchet differentiable from Z*! to Z%2, we therefore need s; > 4 such that
Assumption 7.10 indeed becomes very restrictive, see Remark 7.7 and Remark 7.28 below. Moreover,
as described at the beginning of this subsection, if one sets r = 2, i.e., considers to boundary loads in
HY(0, T; L*(T; R¥)), then, in view of (7.10), s; < 3 has to hold (at least in three spatial dimensions) so
that our second-order analysis cannot be applied in case of boundary controls (at least if = 2 and
d = 3). Therefore, we restrict to volume forces, i.e., controls in H(0, T; L*(Q; R?)) in what follows.
Then, given all these assumptions, we can apply Theorem 6.7 and Corollary 6.9 to (7.13) to obtain
the following
Theorem 7.19 (Second-order sufficient conditions for optimal control of homogenized plasticity).
Let Assumptions 7.1 and 7.18 hold and suppose that 5 > s; so that Assumption 7.10 is fulfilled. Assume
moreover that J_C € HY(0, T; L*(Q; R?)) together with its associated state (@, D,Zz, %) and an adjoint state
(w,q, 0, X, wr, qr, Y1) satisfies the optimality system (7.17a)—(7.171) (without (7.17j) because boundary
controls are omitted) and, in addition, that there exists > 0 such that

2 —_ = 2 — =
LR D)0k + Sz R 23
2 — — 2 _ — .
+ 2o B@T), 2T + g F@T), DD +y 1Al 1.2 0.4

T
o[ ] AT - B s - Be), e > S I s
0 Q ’e ’

holds for all h € H'(0, T; L*(Q; R9)) with h(0) = 0, where (§u, v, 12, 11z) € HY (0, T; U? x V2 x Z? x §?)
is the solution of the linearized state system associated with h, i.e.,

—Div(y,y) 15 = (h,0),
1z = C(V(,, ) (Mus110) = Brjz),
n. = AL(B"> - Bz)(B"ns — Br,), 1.(0) = 0.

Then f is a strict local minimizer of (7.13) and satisfies the quadratic growth condition (6.3).

Remark 7.20. As indicated above, Assumption 7.18 in combination with Assumption 7.10 is very
restrictive. One can however weaken these assumptions, if the objective provides certain properties.
Let us for instance consider an objective of the form

(7.19) J. £) = Fx@) + 5171 ooy
with a twice Fréchet differentiable functional
F3: HY(0, T; L*(; RY)) — R.

In this case, it is sufficient to choose s3 such that u: (z,€) +— u maps W X X, with W = Z% to
Wh(Q;RY) < L2(Q;R?), ie., p > 6/5 for d = 3. Moreover, as seen above, in order to have that the
Nemyzki operator A fulfills (7.18), we need s; > 2s3. Thus, we are tempted to choose s3 as small as
possible. However, the crucial, limiting condition is the regularity assumption in Assumption 7.10
involving the conjugate exponent, i.e., § > max{sj, s;}, and this leads to the following equilibration
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of s; and s3 in the case d = 3: s; > 3, s3 = 3/2 (such that s; = 3). Then, in view of (7.7), u maps Z* to
Wh(Q; RY), which is continuously embedded in L(Q; R?) for d < 3 as desired. In the next subsection,
we will present an example for a Nemyzki operator A; fulfilling all assumptions for s; arbitrarily close
to 3. But nonetheless, § > 3 in Assumption 7.10 is still a rather restrictive assumption and will not be
satisfied in general (depending on the regularity of C and the boundary of Q). This shows that the
second-order analysis for problems of type (P) (resp. its regularized counterparts, to be precise) is in
general a delicate issue, mainly due to the quasi-linear structure of the state equation.

7-4 A CONCRETE FLOW RULE

In the following, we will discuss a concrete realization of the maximal monotone operator A and its
regularization, respectively, in order to demonstrate how the Assumptions 7.3, 7.15, and 7.18 can be
satisfied in practice and how restrictive they are, in particular Assumption 7.18.

We consider the case of linear kinematic hardening with von Mises yield condition, cf. [25] for a
detailed description of this model. In this case, the finite dimensional space for the internal variable is
given by V = [Rglyxn‘f and B: Rglyxrf — [Rglyxrg is the identity so that Z2 = S?. Moreover, A is the convex
subdifferential of the indicator functional Iy of following set of admissible stresses

K ={res: |tP(x,y) <o, faa (x,y)eQxY},

where 7P = 7 - %tr(r)[ is the deviator of 7 € Rgl;;‘f and oy denotes the initial uni-axial yield

stress, a given material parameter. The domain of A = dIx is trivially K, which is closed and convex.
Furthermore, it is easily seen that A°(z) = 0 forall T € D(A) = K so that all of our standing assumptions
are fulfilled in this case. Note moreover that A satisfies Assumption 3.9 so that the second approximation
result on the convergence of the optimal states in Corollary 4.6 applies in this case. For the Yosida-
approximation of Iy, one obtains

(7.20) Ay = %(I—ﬂ'?(): %max {0’1_%}TD’
cf. [26], where 7y denotes the projection on K in Z?, i.e., rx(0) = argmin g ||7 — 0'||;2. Herein, with
a slight abuse of notation, we denote the Nemyzki operator in L*(Q X Y) associated with the pointwise
maximum, i.e., R 3 r — max{0,r} € R, by the same symbol. In addition, we set max{0,1—oy/r} = 0,
ifr=0.

The precise form of A) in (7.20) immediately suggests the following regularization of the Yosida

approximation:

1 lof
A e(r) = 7 maxe (1 - ﬁ)rl),

where max, is a regularized version of the max-function, depending on a regularization parameter
€ > 0. To be more precise, max,: L°(Q X Y) — L®(Q X Y) is the Nemyzki operator associated with a
real valued function (again denoted by the same symbol) with the following properties:

1. For every € > 0, there holds max. € C3(R),
2. maxe(r) = max{0,r} for |r| > % and every 0 < € <1/2,
3. | max.(r) — max{0,r}| < O(e) forallr € R.
Example 7.21. An example for a function satisfying the above conditions is

max{0,r}, Ir| > €,

max(r) =
) {#(Y‘+6)3(36—F), Ir] < e.

One easily verifies that max, is twice continuously differentiable and that | max.(r) = max{0,r}| < %e.
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Lemma 7.22. Let {4, }nen C RY and {€,}nen C R* be null sequences satisfying

(7.21) €n = o(/lfl exp (- THS“)),

and define A, = A), ¢, : Z? — Z%. Then, the sequence {A,}nen Satisfies Assumption 4.3. Thus, As-
sumption 7.3 is fulfilled in this case so that the approximation results from Theorem 7.12 apply.

Proof. Based on our assumptions on max,, we find for every r € Z% and all n € N such that €, < 1/2
that
[An(2) = Az, (D13
€2

1 n
= 5 [ Jmaxe, (1= 12y) - max fo.1- 3y} 1ePFax < € 5.

The coupling of €, and A, in (7.21) then implies that (4.1) is fulfilled. O

Remark 7.23. We point out that we neither claim that the coupling of A and € in (7.21) is optimal nor
that our regularization approach is the most efficient one for this specific flow rule.

Let us now fix n € N and set A; := A,,, max, := max,, , and A; := A,. As before, we will denote the
Nemyzki operators generated by max; and its derivatives by the same symbol. The following result
can be proven as in [27, Prop. 2.11] by using [22, Theorem 7]:

Lemma 7.24. Lets > r > 1 be arbitrary. Then A; is continuously Fréchet differentiable from Z° to Z" and
its directional derivative at T € Z° in direction h € Z" is given by

Al (1)h = — max; (1 - ﬂ)

D. 3D 1 9% \;D
/15 2D (zP: KPP + — max, (1 )h

[7P)? As 7P|

As a consequence of this result, we obtain the following

Corollary 7.25. Assumption 7.15 is fulfilled by setting s; := S, where§ > 2 is the exponent, whose existence
is guaranteed by Lemma 7.6. Thus, in case of linear kinematic hardening with von Mises yield condition
and the regularization introduced above, the optimality condition in Theorem 7.16 are indeed necessary
for local optimality without any further assumptions (except our standing Assumption 7.1).

Proof. We have to verify Assumption 5.1(ii) for ¥ = Z° and Z = H = Z2. The Fréchet differentiability
from Z5 to Z? follows from Lemma 7.24. Moreover, the (global) Lipschitz continuity of A in Z° can
be deduced from the smoothness of maxs and the condition max(r) = max{0,r} for all |r| > 1/2.
The latter condition also guarantees that ||AL(y)h||zz < C||h||z: forall y € Z° and all h € Z2. This
completes the proof. O

Furthermore, following the lines of [41] and [22, Theorem 9], one proves the following

Lemma 7.26. For everys > 2 and1 > r < s/2, As is twice Fréchet differentiable and its second derivative
att € Z° in directions hy, hy € Z" is given by

A”(T)[hh hy] =

m[max (1— ) D3(TD h2)(cP: hD)eP

+ max/ ( (@ W) hD)eP + (WP hD)cP

+(zP: KPYRD + (P h?)h{’)].

Corollary 7.27. The conditions on A in Assumption 7.18 are satisfied, if the index s from Lemma 7.6 fulfills
s> 4.
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Proof. Ifwesets; =35 > 4,s; €]4,s1[,and s3 = 2,then Lemma 7.26 implies the differentiability conditions
in Assumption 6.1(iii) with Y = Z*, Z = Z%2, and ‘W = Z*. The Lipschitz continuity of A} from Z* to
L(Z*) as well as the estimate [|A}(y)w||z: < C||w||z2 follow from the condition max,(r) = max{0,r}
for all |r| > 1/2. This condition also ensures that |[A} (y)[z1, z2]||z2 < C||z1||z4]|22]|z4, which in turn
implies the last condition in Assumption 6.1(iii) thanks to s, > 4. O

Remark 7.28. As indicated in Remark 7.7, the assumption § > 4 is very restrictive. However, if W = Z2,
then any Nemyzki operator is only twice Fréchet differentiable from Y to W, if Y = Z° with s > 4,
see e.g. [22] and the references therein. In light of this observation, the above regularization is rather
well-behaved. As explained in Remark 7.20, one can reduce the value of s3, if only the L?-norm of
the displacement appears in the objective. However, one still needs § > 3 in this case, which is not
guaranteed by Lemma 7.6 in general. But again, one can show that any § > 3 is sufficient for our
concrete example, no matter how close it is to 3. This concrete realization of A, thus allows for the
weakest possible regularity assumptions.

APPENDIX A SECOND DERIVATIVE OF THE SOLUTION OPERATOR

Before we are in the position to show that S is twice Fréchet differentiable, we need the following
result on the Lipschitz continuity of the first derivative, which is also needed in the proof of Lemma 6.4.

Lemma A.1. Assume that Assumption 5.1(ii) and Assumption 6.1(ii) are fulfilled. Then S is Lipschitz
continuous from H'(0,T; X) to L(H'(0, T; X); H(0,T; Z)).

Proof of Proposition 6.3. Let {1, €5, h € H'(0, T; X) be arbitrary and abbreviate
zZj = Ss(fi), ni = S;(f,)h, and Vi = Rf, - QZ,', i=1,2.
Using the first Lipschitz-assumption in Assumption 6.1(ii), we deduce for almost all ¢ € [0, T] that

17:(8) = 7,0l 2 = (AL 31(1)) — Ag(2(£))) (RR(t) — Omi(1)) + AL (y2()Q(m(t) — n2(t))ll z
< C(Ily(®) = 2y IRA(E) = Qm(®)ll z + Im(®) = n2(D)ll z).-

Gronwall’s inequality and the definition of y; and y, then yield

Im = n2lleo,7,2) < CIIR(G = €2) = Q(z1 = 22)||12(0, 7,v) IRh — Omill 0, 7, 2)
< Clly = Callzzo, ;0 | Al E2 0, 7200

where we used Lemma 5.3 and the estimate in Theorem 5.5. |

Now, we are ready to prove that the solution operator is twice Fréchet-differentiable. The proof is
based on an estimate of the remainder term and thus similar to the one of Theorem 5.5.

Proof. The proof is similar to the one of Theorem 5.5. Let £, by, hy € H'(0, T; X) be arbitrary and define
z = 8s(0), z1 := Ss(€ + hy), ;= S.(€)h; € HY(0,T; 2Z), i € {1,2}, and 11,2 := SL(L + hy)hs.
We first address the existence of solutions to (6.1). We argue similarly to Lemma 5.4 and set

wi [0, T] > W, 1t AJ(RU() — Qz(1))[Rhi(t) — Qmi(t), Rha(1) — Qna(1)].

From the estimate in Assumption 6.1(iii) it follows that

[w(®)llw < CliRhi(t) = Qm()l| Z||Rh2(t) — Qna2(t)ll z.
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and, since the limit of Bochner measurable functions is Bochner measurable, we obtain w € L?(0, T; W).
Since A%(y) is assumed to be bounded in ‘W by 6.1(ii), we can now follow the proof of Lemma 5.4 (with
W instead of Z) to deduce the existence of a unique solution & € H'(0, T; W) of (6.1). The (bi-)linearity
of the associated solution operator w.r.t. hy and h; is straightforward to see. For its continuity, we
calculate

IE®Nlw < CIRR (1) = Om(®IZlIRRa(t) = Qna(®)llz + CIE®)llaw

so that Gronwall’s inequality and the estimate in Theorem 5.5 give

&N e o, 7wy < CllPalleno, 7,00 1Rzl o, 750 -

This shows also (6.2) (after having proved that & = S!(£)[h, hz)).
It only remains to prove the remainder term property. To this end, we define

y=Rl—Qz, {:=Rh—-0Q(z1—2).

Then, the equations for 7, 3, 172, and ¢ lead to

’71,2 —n,—&= (A;(y +{) - A;()’))(ha - Qn1,2)
— AY(y)[Rhy = Qni, Rhy = Qna] = Ai(y)Q(1,2 = 2 = &)
= A (WL, Rhy — Qni 2] + r2(y; O(Rhy — Ony.2)
— A{(y)[Rhy = Qm1, Rhz = Qnz] = A{(y)Q(m1,2 = 12 = &)
= A{ WL, Qnz — m.2)] = AY(1)[Q(=z1 — z — M), Rhy — Qne]
+12(y; O)(Rh2 — Ony2) = AL(y)Q(n1,2 — 12 = &),

where ry(y; {) = Al(y+{)—AL(y)—AY(y){ € L*(0,T; L(Z;W)) denotes the corresponding remainder
term. The estimate in Assumption 6.1(iii) thus implies

17,,5(8) = 7,(8) = E@O)llw
< C(IZONIZI2(t) = m2(®)llz + lz1(t) = 2(2) = m(®)ll 2 IRRs() = Qna(8) | 2
+ Ira (), CO)l zow) IRR2 () — Qa2 (D)l z + () = na(2) = EE)l|aw)

for almost all ¢ € [0, T] such that Gronwall’s inequality yields

||’71,2 — N2 - §||H1(0,T;(W)

< C(HRhl - Q(z - Z)||L°°(0,T;Z)||’72 - ’71,2||L2(0,T;Z) +lz1 -z - ’71||L°°(O,T;Z)||Rh2 - Q’72||L2(0,T;z)
+ |Ir2(y; §)||L2(0,T;L(Z;”M/))||Rh2 - Q’71,2||H1(0,T;Z))

< C||h2||H1(O,T;X)(||h1||?11(0’T;X) +lz1 = z = mllgo, 1,2y + 2 (v év)”L?(o,T;L(Z;W)))’

where we used Lemma 5.3, Lemma A.1 and the estimate in Theorem 5.5. Denoting the solution operator
of (6.1) already by S;’(£)[h1, h2], we have thus shown

|S(£ + hy) = Si(£) - Ss”(f)hl||L(H1(0,T;X);H1(o, T;W))
< C(Ilhlllip(w;x) + [|Ss (£ + hy) = Ss(€) = S{OMllno, 152y + Ir2(vs Ollezo, rsnziwy) -

Therefore, thanks to the Fréchet differentiability of Ss: H'(0, T; X) — H(0,T; Z), it only remains to
show that

r ; 2 . .
(a) lr2(vs Ollzzco, ;002w o

’

1Al o, 75
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as 0 # h; — 0 in H'(0, T; X). To this end, we note that the embedding H'(0, T; ) — C([0,T]; ) and
Lemma 5.3 yield for all t € [0, T]

||§(t)”y <C ”§||H1(0,T;y) _ ||Rh1 - Q(Z] - Z)HHI(O,T;y)
lhllao, )y~ IallE, mx) 1Pl Eico, 750
Hence, thanks to the Fréchet differentiability of A% : YV — L(Z; W), we have for almost all ¢ € [0, T}]

<C

(A.2)

I OOllezew) _ M DOllziw)
Il sy 1By

as 0 # h; — 0in HY(0, T; X). Furthermore, using the Lipschitz continuity of A} : Y — L(Z; ), the
estimate for Ay in Assumption 6.1(iii) and again (a.2), we deduce

2 DDl zw) _ 1A @) + E@) - A1) - A YOOl zw) <c 1Z(®)]ly
1Pl E o, ) hallErico, 7:0) = o, 1ix)

<C

for almost all ¢ € [0, T]. The convergence in (a.1) now follows from Lebesgue’s dominated convergence
theorem. O

APPENDIX B INTERPOLATION FOR THE V*® SPACES

We prove that the spaces V° = L%(Q; WS (Y;R?)) defined in Section 7 form a complex interpolation

per, L
scale in s. This result is a cornerstone in the proof of Lemma 7.6.

Lemma B.1. Let 6 € (0,1) and sy, s; € (1, 00) and set% = 1;—9 + £ Then
0 S1

Wk dy ik d d
(B.1) Woer' (Vs R, Wi (VR | = MR (V3 RY).
Proof. The proof relies on the complemented subspace interpolation theorem [38, Theorem 1.17.1]
which essentially says that one can transfer interpolation properties to complemented subspaces
provided there exists a common projection onto these subspaces on all involved spaces.

In this spirit, we first consider a larger regular domain Y* > Y which includes a finite open covering

of Y,and, forall1 < r < oo, identify Wple;( Y; R¥) isomorphically with the closed subspace Wpl’ef’ Y(Y#; R%)

of W7 (Y*; R?) consisting of periodic extensions of Wplef (Y; R%)-functions. This is possible since the

periodic extension of a Wple: (Y; R¥) function will preserve the Sobolev regularity [14, Proposition 3.50].

We next argue that there exists a projection Ppe; mapping Wh"(Y*; R4) onto W" e, Ty R%). (We
will not give a detailed proof of this since the details are somewhat tedious and lengthy) To this end,
we first wrap u € W7 (Y*; R¢) around the torus T¢ in a smooth manner using a fixed smooth partition
of unity on T¢ derived from the open covering of Y, and then pull it back. One checks that this indeed
yields a function Ppe;u which is periodic on Y. Moreover, Py, is in fact a continuous linear operator
on WH7(Y*;R%), which in addition acts as the identity on the periodic extensions of C Coer(Ys R9). This
implies that Ppe, is indeed the searched-for projection of W'"(Y*; R?) onto Wpl’e;’Y(Y#, R9).

The complemented subspace interpolation theorem [38, Theorem 1.17.1] then allows to argue as
follows:

W (Vs R, W (5 RD| = [, (Vs R, W (V4 RY)|

= [WLSO(Y# RY) A W (v R, whe (v RY) 0 W (v RY) ,

_ 1, #. mpd 1, #.mpd 1, max(so, 1) y#. mpd
_[w (Y% RY), Wh (Y R )] A WEmos)(ys; Rd)

Wl S(Y# Rd) ) Wlel;né;x(so Sl)(Y# Rd) — per Y(y# Rd) — Wple;‘(Y’ Rd)
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Here, the interpolation of Wb (Y¥; Rd) is classical since we have assumed Y* to be regular. Overall,
this gives the claim. O

Lemma B.2. Let 8 € (0,1) and sy, 1 € (1, 0) and set% = % + % Then

1So (Y RN) Wl , 81 (Y, RN)]G per J_(Y RN)

per L per, L

Proof. We again argue via the complemented subspace interpolation theorem. For every 1 < r < oo,

the operator
Piu:==u- ][ udy
Y

is a projection of Wb"(Y; R%) onto Wj"(Y; R%). Note that P, maps the closed subspace WpleI(Y; R%)

into itself, hence Wper (Y R?) is a complemented subspace of Wple; (Y; R?) by means of the projection
P, . Using [38, Theorem 1.17.1] and Lemma B.1, we thus obtain

W, (Vs RE), Wz, (iR

per, L per, L

_ 1s d 1, max(so, s1) d 1,s md 1, max(so,s1) /v, mpd
_[ WD (V3 RY) A whmaxeos) y; ) wiks(y; R) o whmees)y; )]9

= | W (s RE, wpe (Vs RD | Wy R

d 1, max d d
= w;ei(y R N Wy R = wike | (ViRY),

as desired. m]

Theorem B.3. Let 8 € (0,1) and sy, s; € (1,0) and set% =194 9 Then

So S1
[Vey: V] y = Vi

Proof. By [38, Thm. 1.18.4], we have

[VsoaVsl [Lso Q; Wl , S0 (Y;Rd)),le(Q Wl ,S1 (Y, Rd))]e

per, L per, L

_LS(Q [ lso (Y Rd) Wl ,S1 (Y;Rd)]g)

per, L per, L
1, d
- LS(Q Wpei J_(Y; R )) =
where the interpolation identity for Wplei (Y R) is a consequence of Lemma B.2. O

APPENDIX C AUXILIARY RESULTS

Lemma c.1. Let M be a compact metric space and N a metric space. Furthermore, let {G,}nen C
CIM;N), G € C(M; N) with G,(x) — G(x) for all x € M and suppose that G, is uniformly Lips-
chitz continuous, that is, there exists a constant L such that

AN(Gn(x), Gn(¥)) < Ldp(x,y)

forallne N, x,y e M.
Then G,, — G in C(M; N).
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Proof. We argue by contradiction. Assume that there exists ¢ > 0 and a strictly monotonically increasing
function n: N — N, such that for all k € N there exists x; € M with

¢ < dN(Gniy(xk), G(xk)

for all k € N. Since M is compact, we can extract a subsequence Xk; of x such that Xk, — X in M,
thus

AN(Gn(ky)(xk;), G(xk;)) < AN(Griy)(Xk;)s Grgry) (X)) + AN(Grgr;) (), Glxk;)
< Ldm(xk;, x) + dN(Grk;)(x), G(xg;)) — 0,
which gives the contradiction. |

Lemma c.2. Let M be a compact metric space and N a metric space. Furthermore, let {G,}nen C
CIM;N), G € C(M;N) with G, — G in C(M; N). Define U, = G,(M) and Uy = G(M). Then
the set U = U Uy is compact.

Proof. Let {yx}ren C U. Since a finite union of compact sets is compact, we can assume that there
exists a subsequence {y, }jen and a strictly monotonically increasing function n: N — N, such that
Vk; € Un(j)- Then there exists a sequence {x;}jen C M, with yx, = Gy(;)(x;). Because M is compact
we can select a subsequence, again denoted by x;, and a limit x € M, such that x; — x, hence,

AN(Yk;» G(x) < dn(yk;» G(x))) + dn(G(x;), G(x)) — 0,

thus the proof is complete. O

REFERENCES

[1] L. Adam and J. Outrata, On optimal control of a sweeping process coupled with an ordinary
differential equation, Discrete Contin. Dyn. Syst. Ser. B 19 (2014), 2709-2738, doi:10.3934/dcdsb.
2014.19.2709.

[2] C.E. Arroud and G. Colombo, A maximum principle for the controlled sweeping process, Set-
Valued Var. Anal. 26 (2018), 607-629, d0i:10.1007/511228-017-0400- 4.

[3] P. Auscher, S. Bortz, M. Egert, and O. Saari, Nonlocal self-improving properties: a functional
analytic approach, Tunisian J. Math. 1 (2019), 151-183, doi:10.2140/tunis.2019.1.151.

[4] V. Barbu, Optimal Control of Variational Inequalities, volume 100 of Research Notes in Mathemat-
ics, Pitman, Boston, 1984.

[5] V. Barbu, Analysis and Control of Nonlinear Infinite Dimensional Systems, Academic Press Boston,
1993.

[6] S. Bechtel and M. Egert, Interpolation theory for Sobolev functions with partially vanishing
trace on irregular open sets, Journal of Fourier Analysis and Applications (2019), doi:10.1007/
S00041-019-09681-1.

[7] H. Brézis, Opérateurs Maximaux Monotones, North-Holland, Amsterdam, 1973.

[8] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer Science
& Business Media, 2010, doi:10.1007/978-0-387-70914-7.

H. Meinlschmidt, C. Meyer, S. Walther Optimal control of an abstract evolution variational ...


https://dx.doi.org/10.3934/dcdsb.2014.19.2709
https://dx.doi.org/10.3934/dcdsb.2014.19.2709
https://dx.doi.org/10.1007/s11228-017-0400-4
https://dx.doi.org/10.2140/tunis.2019.1.151
https://dx.doi.org/10.1007/s00041-019-09681-1
https://dx.doi.org/10.1007/s00041-019-09681-1
https://dx.doi.org/10.1007/978-0-387-70914-7

J. Nonsmooth Anal. Optim. 1 (2020), 5800 page 39 of 41

[9]

M. Brokate, Optimale Steuerung von gewéhnlichen Differentialgleichungen mit Nichtlinearitditen
vom Hysteresis-Typ, volume 35 of Methoden und Verfahren der Mathematischen Physik, Verlag
Peter D. Lang, Frankfurt am Main, 1987.

M. Brokate and P. Krej¢i, Optimal control of ODE systems involving a rate independent variational
inequality, Discrete Contin. Dyn. Syst. Ser. B 18 (2013), 331—348, doi:10.3934/dcdsb.2013.18.331.

M. Brokate and P. Krej¢i, Weak differentiability of scalar hysteresis operators, Discrete Contin.
Dyn. Syst. 35 (2015), 2405—2421, doi:10.3934/dcds.2015.35.2405.

E. Casas and F. Troltzsch, Second order necessary and sufficient conditions for optimization
problems and applications to control theory, SIAM Journal on Optimization 13 (2002), 406—431,
doi:10.1137/51052623400367698.

E. Casas and F. Troltzsch, Second order optimality conditions and their role in PDE control, Jahres-
bericht der Deutschen Mathematiker-Vereinigung 117 (2015), 3—44, d0i:10.1365/513291-014-0109-3.

D. Cioranescu and P. Donato, An Introduction to Homogenization, Oxford University Press, 1999.

G. Colombo, R. Henrion, N. D. Hoang, and B.S. Mordukhovich, Discrete approximations of a
controlled sweeping process, Set-Valued Var. Anal. 23 (2015), 69—86, doi:10.1007/511228-014-0299-Y.

G. Colombo, R. Henrion, N.D. Hoang, and B. S. Mordukhovich, Optimal control of the sweeping
process over polyhedral controlled sets, J. Differential Equations 260 (2016), 3397-3447, doi:10.
1016/j.jde.2015.10.039.

G. Colombo and M. Palladino, The minimum time function for the controlled Moreau’s sweeping
process, SIAM F. Control Optim. 54 (2016), 2036—2062, d0i:10.1137/15m1043364.

J. Elschner, J. Rehberg, and G. Schmidt, Optimal regularity for elliptic transmission problems
including C! interfaces, Interfaces Free Bound. 9 (2007), 233-252, doi:10.4171/ifb/163.

E. Emmrich, Gewohnliche und Operator-Differentialgleichungen, Vieweg+Teubner Verlag, Wies-
baden, 2004, doi:10.1007/978-3-322-80240-8.

H. Gajewski, K. Gréger, and K. Zacharias, Nichtlineare Operatorgleichungen und Operatordiffer-
entialgleichungen, Mathematische Nachrichten 67 (1975), iv—iv, doi:10.1002/mana.19750672207.

T. Geiger and D. Wachsmuth, Optimal control of an evolution equation with non-smooth dissi-
pation, arXiv (2018), arXiv:1801.04077.

H. Goldberg, W. Kampowsky, and F. Troltzsch, On Nemytskij operators in LP-spaces of abstract
functions, Mathematische Nachrichten 155 (1992), 127-140, doi:10.1002/mana.19921550110.

K. Groger, A W*P-estimate for solutions to mixed boundary value problems for second order
elliptic differential equations, Math. Ann. 283 (1989), 679—687, doi:10.1007/bfo1442860.

K. Groger, Initial value problems for elastoplastic and elasto-viscoplastic systems, in Nonlinear
Analysis, Function Spaces and Applications, BSB B. G. Teubner Verlagsgesellschaft, 1979, 95-127,
http://eudml.org/doc/220893.

W. Han and B. D. Reddy, Plasticity, volume g of Interdisciplinary Applied Mathematics, Springer-
Verlag, New York, 1999, doi:10.1007/978-1-4614-5940-8.

H. Meinlschmidt, C. Meyer, S. Walther Optimal control of an abstract evolution variational ...


https://dx.doi.org/10.3934/dcdsb.2013.18.331
https://dx.doi.org/10.3934/dcds.2015.35.2405
https://dx.doi.org/10.1137/S1052623400367698
https://dx.doi.org/10.1365/s13291-014-0109-3
https://dx.doi.org/10.1007/s11228-014-0299-y
https://dx.doi.org/10.1016/j.jde.2015.10.039
https://dx.doi.org/10.1016/j.jde.2015.10.039
https://dx.doi.org/10.1137/15M1043364
https://dx.doi.org/10.4171/ifb/163
https://dx.doi.org/10.1007/978-3-322-80240-8
https://dx.doi.org/10.1002/mana.19750672207
https://arxiv.org/abs/1801.04077
https://dx.doi.org/10.1002/mana.19921550110
https://dx.doi.org/10.1007/bf01442860
http://eudml.org/doc/220893
https://dx.doi.org/10.1007/978-1-4614-5940-8

J. Nonsmooth Anal. Optim. 1 (2020), 5800 page 40 of 41

[26] R. Herzog and C. Meyer, Optimal control of static plasticity with linear kinematic hardening,
Journal of Applied Mathematics and Mechanics (ZAMM) 91 (2011), 777-794, doi:10.1002/zamm.
200900378.

[27] R. Herzog, C. Meyer, and G. Wachsmuth, C-stationarity for optimal control of static plasticity
with linear kinematic hardening, SIAM Journal on Control and Optimization 50 (2012), 3052-3082,
doi:10.1137/100809325.

[28] N.G. Meyers, An LP-estimate for the gradient of solutions of second order elliptic divergence
equations, Annali della Scuola Normale Superiore di Pisa - Classe di Scienze 17 (1963), 189—206,
http://eudml.org/doc/83302.

[29] A. Mielke and T. Roubic¢ek, Rate-Independent Systems, volume 193, Springer, New York, 2015,
doi:10.1007/978-1-4939-2706-7.

[30] J.]J. Moreau, Probléeme d’évolution associé a un convexe mobile d’'un espace Hilbertien, C. R.
Acad. Sci. Paris Sér. A-B 276 (1973), A791-A794.

[31] F. Rindler, Optimal control for nonconvex rate-independent evolution processes, SIAM 7. Control
Optim. 47 (2008), 2773-2794, doi:10.1137/080718711.

[32] F. Rindler, Approximation of rate-independent optimal control problems, SIAM . Numer. Anal.
47 (2009), 3884—3909, doi:10.1137/080744050.

[33] B. Schweizer and M. Veneroni, Homogenization of plasticity equations with two-scale conver-
gence methods, Applicable Analysis 94 (2015), 375-398, d0i:10.1080/00036811.2014.896992.

[34] E. Shamir, Regularization of mixed second-order elliptic problems, Israel 7. Math. 6 (1968), 150-168,
doi:10.1007/bfo2760180.

[35] R.E. Showalter, Monotone Operators in Banach Space and Nonlinear Partial Differential Equations,
volume 49, American Mathematical Soc., 2013, doi:10.1090/surv/049.

[36] 1.J. Sneiberg, Spectral properties of linear operators in interpolation families of Banach spaces,
Mat. Issled. 9 (1974), 214-229, 254-255.

[37] U. Stefanelli, D. Wachsmuth, and G. Wachsmuth, Optimal control of a rate-independent evolution
equation via viscous regularization, Discrete Contin. Dyn. Syst. Ser. S 10 (2017), 1467-1485, doi:
10.3934/dcdss.2017076.

[38] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, volume 18 of North-
Holland Mathematical Library, North-Holland Publishing Co., Amsterdam-New York, 1978.

[39] F. Troltzsch, Optimale Steuerung partieller Differentialgleichungen, Springer, 2005, doi:10.1007/
978-3-322-96844-9.

[40] G. Wachsmuth, Optimal control of quasi-static plasticity with linear kinematic hardening, Part I:
Existence and discretization in time, SIAM 7. Control Optim. 50 (2012), 2836—2861 + loose erratum,
doi:10.1137/110839187.

[41] G. Wachsmuth, Differentiability of implicit functions: Beyond the implicit function theorem,
Journal of Mathematical Analysis and Applications 414 (2014), 259—272, doi:10.1016/j.jmaa.2014.01.
007.

H. Meinlschmidt, C. Meyer, S. Walther Optimal control of an abstract evolution variational ...


https://dx.doi.org/10.1002/zamm.200900378
https://dx.doi.org/10.1002/zamm.200900378
https://dx.doi.org/10.1137/100809325
http://eudml.org/doc/83302
https://dx.doi.org/10.1007/978-1-4939-2706-7
https://dx.doi.org/10.1137/080718711
https://dx.doi.org/10.1137/080744050
https://dx.doi.org/10.1080/00036811.2014.896992
https://dx.doi.org/10.1007/bf02760180
https://dx.doi.org/10.1090/surv/049
https://dx.doi.org/10.3934/dcdss.2017076
https://dx.doi.org/10.3934/dcdss.2017076
https://dx.doi.org/10.1007/978-3-322-96844-9
https://dx.doi.org/10.1007/978-3-322-96844-9
https://dx.doi.org/10.1137/110839187
https://dx.doi.org/10.1016/j.jmaa.2014.01.007
https://dx.doi.org/10.1016/j.jmaa.2014.01.007

J. Nonsmooth Anal. Optim. 1 (2020), 5800 page 41 of 41

[42] G. Wachsmuth, Optimal control of quasistatic plasticity with linear kinematic hardening II:
Regularization and differentiability, Z. Anal. Anwend. 34 (2015), 391—-418, doi:10.4171/zaa/1546.

[43] G. Wachsmuth, Optimal control of quasistatic plasticity with linear kinematic hardening III:
Optimality conditions, Z. Anal. Anwend. 35 (2016), 81-118, doi:10.4171/zaa/1556.

[44] E. Zeidler, Nonlinear Functional Analysis and Its Applications II/A: Linear Monotone Operators,
Springer New York, 1990, doi:10.1007/978-1-4612-0985-0.

[45] E. Zeidler, Nonlinear Functional Analysis and its Applications III: Variational Methods and Opti-
mization, Springer New York, 1985, doi:10.1007/978-1-4612-5020-3.

H. Meinlschmidt, C. Meyer, S. Walther Optimal control of an abstract evolution variational ...


https://dx.doi.org/10.4171/ZAA/1546
https://dx.doi.org/10.4171/ZAA/1556
https://dx.doi.org/10.1007/978-1-4612-0985-0
https://dx.doi.org/10.1007/978-1-4612-5020-3

J. Nonsmooth Anal. Optim. 1 (2020), 6061, DOI: 10.46298/jnsao-2020-6061 page 1 0f 16
Submitted: 2020-01-30, accepted: 2020-06-04 © the authors, cc-BY-sA 4.0

CONSTRUCTING A SUBGRADIENT FROM DIRECTIONAL
DERIVATIVES FOR FUNCTIONS OF TWO VARIABLES

Kamil A. Khan* Yingwei Yuan

Abstract  For any scalar-valued bivariate function that is locally Lipschitz continuous and di-
rectionally differentiable, it is shown that a subgradient may always be constructed from the
function’s directional derivatives in the four compass directions, arranged in a so-called “compass
difference”. When the original function is nonconvex, the obtained subgradient is an element of
Clarke’s generalized gradient, but the result appears to be novel even for convex functions. The
function is not required to be represented in any particular form, and no further assumptions
are required, though the result is strengthened when the function is additionally L-smooth in
the sense of Nesterov. For certain optimal-value functions and certain parametric solutions of
differential equation systems, these new results appear to provide the only known way to compute a
subgradient. These results also imply that centered finite differences will converge to a subgradient
for bivariate nonsmooth functions. As a dual result, we find that any compact convex set in two
dimensions contains the midpoint of its interval hull. Examples are included for illustration, and it
is demonstrated that these results do not extend directly to functions of more than two variables
or sets in higher dimensions.

Keywords: subgradients, directional derivatives, support functions, Clarke’s generalized gradient,
interval hull

1 INTRODUCTION

Subgradient methods [2,40] and bundle methods [2,26,28,29] for nonsmooth optimization typically use
a subgradient at each iteration to provide local sensitivity information that is ultimately useful enough
to infer descent. For convex problems, these subgradients are elements of the convex subdifferential;
for nonconvex problems, the subgradients must typically be elements of either Clarke’s generalized
gradient [6] or other established generalized subdifferentials [27, 31, 32]. Evaluating a subgradient
directly, however, may be a challenging task; this difficulty has motivated the development of numerous
subdifferential approximations [2, 11, 34].

Nevertheless, there are several settings in which evaluating directional derivatives is much simpler
than evaluating a subgradient using established methods. For finite compositions of simple smooth and
nonsmooth functions, directional derivatives may be evaluated efficiently [12] by extending the standard
forward/tangent mode of algorithmic differentiation [13], while extensions to efficient subgradient
evaluation methods require more care [21,24]. Directional derivatives of implicit functions and inverse
functions may be obtained by solving auxiliary equation systems [39], whereas subgradient results
in this setting assume either special structure [25,39] or a series of recursive equation-solves [25].
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For solutions of parametric ordinary differential equations (ODEs) with nonsmooth right-hand sides,
directional derivatives may be evaluated by solving an auxiliary ODE system [34, Theorem 7] using a
standard ODE solver, whereas the only general method for subgradient evaluation involves solving a
series of ODEs punctuated by discrete jumps that must be handled carefully [19, 23]. In parametric
optimization, Danskin’s classical result [8, 17] describes directional derivatives for optimal-value
functions as the solutions of related optimization problems in a general setting, while subgradient
results such as [43, Theorem 5.1] tend to additionally require unique solutions for the embedded
optimization problem.

Moreover, directional derivatives and subdifferentials of convex functions are essentially duals [15].
Hence, this article examines the question of whether, given a directional-derivative evaluation oracle
for a function and little else, this oracle may be used to compute a subgradient at each iteration of a
typical nonsmooth optimization method. This is clearly true for univariate functions, for example; in
this case, the entire subdifferential may be constructed from directional derivatives in the positive and
negative directions.

To address this question, this article defines a function’s compass differences to be vectors obtained
by arranging directional derivatives in the coordinate directions and negative coordinate directions in a
certain way. Thus, for a bivariate function, a compass difference involves directional derivatives in the
four compass directions. For a bivariate function that is locally Lipschitz continuous and directionally
differentiable, it is shown that the compass difference at any domain point is a subgradient, with
this subgradient understood to be an element of Clarke’s generalized gradient in the nonconvex case.
Surprisingly, while this result is simple to state, it appears to be previously unknown even for convex
functions, and does not require any additional assumptions. It is also shown that this result does not
extend directly to functions of more than two variables. As a related result, this article shows that a
compact convex set in R? must always contain the midpoint of its interval hull, though this does not
extend directly to sets in R" for n > 2. Hence, four calls to a directional-derivative evaluation oracle are
sufficient to compute a subgradient for a nonsmooth bivariate function, and centered finite differences
for these functions are useful approximations of a subgradient. In several cases, the approach of this
article appears to be the only way known thus far to evaluate a subgradient correctly.

Audet and Hare [1] studied a similar problem involving the similar setup, in the field of geometric
probing [41]. Unlike our work, Audet and Hare additionally assume that: (a) their oracle D is convex
(as a set’s support function), (b) the bivariate function’s regular subdifferential is polyhedral, and
(c) the oracle D evaluates the function’s directional derivative'. These assumptions are evidently
satisfied, for example, by any function that is both convex and piecewise-differentiable in the sense
of Scholtes [39]. Under these assumptions, Audet and Hare present a method to use finitely many
directional derivative evaluations to construct the whole regular subdifferential at a given domain
point. This method proceeds by deducing each vertex of the subdifferential, and depends heavily
on the assumption of subdifferential polyhedrality; its complexity scales linearly with the number
of subdifferential vertices. It is readily verified, for example, that their Algorithm 1 will run forever
without locating any subgradients when applied to the convex Euclidean norm function:

f:RESR:x - xZ + x2

at x = 0. Indeed, their algorithm is not intended to work in this case. Unlike the work of [1], we do
not assume that subdifferentials are polyhedral, do not require the subdifferential’s support function

'We note briefly that the piecewise-linear function f : x € R? — max(0, min(x1, x2)) has a polyhedral regular subdifferential
at © := (0, 0), but here the oracle D of [1] is distinct from both the directional derivative d > f’(%;d) (c.f. Definition 2.1
below) and Clarke’s generalized directional derivative d > f°(x;d) (from [6]). In this case d — f’(%;d) is nonconvex,
so (a) and (c) cannot be satisfied simultaneously even if D is redefined.
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to be available in the nonconvex case, and do not assume directional derivatives to be convex with
respect to direction. Our goal is only to identify one subgradient rather than a whole subdifferential;
characterizing a whole subdifferential in closed form may be difficult or impossible when we do not
know a priori that it is polyhedral. As mentioned above, in the nonconvex case, we evaluate an element
of Clarke’s generalized gradient [6] instead of a subgradient.

The remainder of this article is structured as follows. Section 2 summarizes relevant established
constructions in nonsmooth analysis, Section 3 defines compass differences in terms of directional
derivatives and shows that they are valid subgradients, and Section 4 presents several examples for
illustration.

2 MATHEMATICAL BACKGROUND

The Euclidean norm || - || and inner product (-, -) are used throughout this article. The i unit coordinate
vector in R" is denoted as e(;), and components of vectors are indicated using subscripts, e.g. x; =
(e(i), x). The convex hull and the closure of a set S C R" are denoted as conv S and cl S, respectively.

2.1 DIRECTIONAL DERIVATIVES AND CONVEX SUBGRADIENTS

Definition 2.1. Consider an open set X ¢ R" and a function f : X — R. The following limit, if it exists,
is the (one-sided) directional derivative of f at x € X in the direction d € R™:

f+1d) - flx)
t

f'(x;d) == lim
t—

0+

If f(x;d) exists in R for each d € R", then f is directionally differentiable at x.

This article primarily considers situations where directional derivatives are available via a black-box
oracle. For example, this oracle could represent symbolic calculation, the situation-specific direc-
tional derivatives described in Section 1, algorithmic differentiation [13], or even finite difference
approximation if some error is tolerable.

The primary goal of this article is to use directional derivatives to evaluate a subgradient, defined for
convex functions as follows, and generalized to nonconvex functions as in Section 2.2 below. Individual
subgradients are used at each iteration of subgradient methods for convex minimization [40] and
bundle methods for nonconvex minimization [16]. They are also used to build useful affine outer
approximations for nonconvex sets [22,38]. In each of these applications, only a single subgradient is
needed at each visited domain point.

Definition 2.2. Given a convex set X C R" and a convex function f : X — R, s € R" is a subgradient
of fatx e X if

(2) FO) 2 fE)+(sy-x),  VyeX.

The set of all subgradients of f at x is the (convex) subdifferential 0 f(x).

In this definition, if X is open, then d f(x) is convex, compact, and nonempty [15]. The directional
derivative and subdifferentials of f at x are related as follows [15]. For each d € R",

(2.2)  f'(x;d) = max{(s,d) : s€df(x)} and If(x)={se€R": f'(x;d) > (s,d), Vd € R"}.

Thus, the subdifferential characterizes the local behavior of convex functions via (2.2), and characterizes
the global behavior of convex functions via (2.1). Moreover, (2.2) shows that directional derivatives
and subgradients of convex functions are essentially duals of each other.

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives
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2.2 NONSMOOTH ANALYSIS
The following constructions by Clarke [6] extend certain subgradient properties to nonconvex functions,
and are used in methods for equation-solving [10,36] and optimization [26,30,40].

Definition 2.3. Consider an open set X ¢ R"” and a locally Lipschitz continuous function f : X — R.
The (Clarke—)generalized directional derivative of f at x € X in the direction d € R" is:

O+ 1)~ f(3)

t

f°(x;d) = limsup
y—>x

t—0*

Clarke’s generalized gradient of f at x is then:
Of(x) ={s e R": f°(x;d) > (s,d), VdeR"}.

Elements of Clarke’s generalized gradient will be called Clarke subgradients.

With f as in the above definition, and for any x € X, d f(x) is guaranteed to be nonempty, convex, and
compact in R”. As suggested by its notation, Clarke’s generalized gradient does indeed coincide with
the convex subdifferential when f is convex [6]. When f is nonconvex, (2.2) is no longer guaranteed
to hold with Clarke’s generalized gradient in place of the convex subdifferential. The following result
for univariate functions is easily demonstrated, and is summarized in [1].

Proposition 2.4. Consider an open set X C R and a univariate function f : X — R that is locally
Lipschitz continuous and directionally differentiable. For each x € X,

(2.3) 0f (x) = conv {f'(x;1), = f'(x; =D}

Hence, one call to an oracle that evaluates directional derivatives is sufficient to obtain a single
Clarke subgradient for such a univariate function f. It will be shown in this article that, for bivariate
functions f : R? — R that are locally Lipcshitz continuous and directionally differentiable, four
directional derivative evaluations are sufficient to evaluate a single Clarke subgradient.

The following definition by Nesterov [32] will be used to specialize this result in a useful way.
Nesterov’s definition is based on repeated directional differentiation, and permits certain extensions of
calculus rules for smooth functions to nonsmooth functions.

Definition 2.5. Consider an open set X € R” and a locally Lipschitz continuous function f : X — R.
The function f is lexicographically (L—)smooth at x € X if the following conditions are satisfied:

« f is directionally differentiable at x,

« with f ©) .= f(x;-), for any collection of vectors m(y), . .., m(,) € R", the following inductive
sequence of higher-order directional derivatives is well-defined:

f(k) = [f(k_l)]/(m(k); 2, foreachk € {1,2,...,n}.

If these vectors my; are linearly independent, then f (") is linear, and its constant gradient is called a
lexicographic subgradient of f at x. The lexicographic subdifferential 0y, f (x) is the set of all lexicographic
subgradients of f at x.

All convex functions on open domains in R” are L-smooth [32], as are differentiable functions,
functions that are piecewise differentiable in the sense of Scholtes [24, 39], and functions that are
well-defined finite compositions of other L-smooth functions [32]. Further characterizations of L-
smoothness have been developed for certain optimal-value functions [43], and for parametric systems
of ordinary differential equations or differential-algebraic equations [23, 42].

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives
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3 CONSTRUCTING A SUBGRADIENT FROM DIRECTIONAL DERIVATIVES

This section defines compass differences for functions in terms of directional derivatives, and shows
that a compass difference of a bivariate function is a subgradient. As a corollary, it is also shown that
any compact convex set in R? contains the midpoint of its interval hull. As there is nothing particularly
special about the compass directions in this context, other choices of directions are also considered.

3.1 COMPASS DIFFERENCES

Definition 3.1. Consider an open set X ¢ R" and a function f : X — R thatis directionally differentiable
at x € X. The compass difference of f at x is a vector A® f(x) := (AT f(x),..., A% f(x)) € R for which,
foreachi e {1,...,n},

AT F0) 1= (s ) = (=),

The compass difference is so named because it considers how f behaves when its argument is varied
in each of the compass directions. This metaphor works best when n = 2; this case is also the focus of
this article.

Evaluating A® f(x) ostensibly requires 2n directional derivative evaluations. However, if directional
derivative values are not available, compass differences may instead be approximated using finite
differences. Observe that the compass difference of a function is a centered finite difference of the
directional derivative mapping f’(x;-) at 0. From the definition of the directional derivative, we have,

foreachi e {1,...,n},
fx + Sey) = fx = Seqyy)
28 '

So, if numerical evaluations of f : R” — R are viable but evaluations of f’(x;-) are not, then 2n
evaluations of f may be used to approximate A® f(x) using the argument of the above limit. That is,
for sufficiently small § > 0,

A f(x) = 5li_>r{]1+

fx+deqy) — f(x — Segy)
1 | f(x +de@) — f(x — bez)

(3.) A f(x) = 5 . ,

Flx+ Semy) — fx — Seqm)

which is incidentally the centered simplex gradient of f at x with a sampling set comprising the
coordinate vectors (c.f. [7]). However, if f is evaluated here using a numerical method, and if § is too
small, then the subtraction operations in this approximation may introduce unacceptable numerical
error. This drawback is typical of finite difference approximations.

3.2 NONCONVEX FUNCTIONS OF TWO VARIABLES

As in [11], let us say that a function R” — R is B-differentiable if it is both directionally differentiable
and locally Lipschitz continuous. This section presents the main result of this article: that any com-
pass difference of a B-differentiable function of two variables is a Clarke subgradient. This result is
strengthened somewhat when the considered function is L-smooth, and is also specialized to convex
functions and convex sets in the subsequent sections.

To our knowledge, the main result in this section is the first general closed-form description of a
Clarke subgradient for a nonconvex bivariate function in terms of that function’s directional derivatives
(in the sense of Definition 2.1). Moreover, the result shows that four calls to a directional derivative oracle
are sufficient to evaluate a Clarke subgradient for a bivariate B-differentiable function, without any
further structural knowledge of the function at all. Unlike established characterizations of generalized
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subgradients such as [39, Proposition 4.3.1] and [21, Theorem 3.5], this result does not require f to be
represented in any particular format.
The following mean-value theorem will be useful in this development.

Lemma 3.2. Consider a function ¥ : R"™ — R that is positively homogeneous and locally Lipschitz
continuous. For any x,y € R", there exists s € 0y/(0) for which

(3-2) Y(y) - ¥(x) = (s, y = x).
If Y is also L-smooth, then there exists s € conv dy(0) C dy(0) satisfying (3.2).

Proof. We first proceed without the L-smoothness assumption. According to Lebourg’s mean-value
theorem [6, Theorem 2.3.7], the equation (3.2) holds for some z € conv {x, y} and some s € 9y (z).
Since ¢ is positively homogeneous and locally Lipschitz continuous, [23, Lemma 3.1] implies that
0Y(z) c 0Y(0), and so s € Jy(0), as required.

Next, if ¢/ is additionally assumed to be L-smooth, then the final claimed result is obtained by a
similar argument, applying Nesterov’s mean-value theorem [32, Theorem 12] instead of Lebourg’s,
applying [20, Lemma 4] instead of [23, Lemma 3.1], and applying [32, Theorem 11] to establish the
inclusion conv L/ (0) C dy(0). O

The following theorem is the main result of this article, and rests heavily on Lemma 3.2. It shows
that any compass difference of a B-differentiable function is a Clarke subgradient, and specializes this
result to L-smooth functions.

Theorem 3.3. Consider an open set X C R? and a locally Lipschitz continuous function f : X — R.If f
is directionally differentiable at some x € X, then A® f(x) € df(x). Moreover, if f is L-smooth at x € X,
then A® f(x) € clconv L f(x) C df(x).

Proof. Suppose that f is directionally differentiable at x € X. Consider the auxiliary mapping:

Yy fxy) — (A% f(x), y),

and observe that i/ is Lipschitz continuous [39], and that f’(x;y) = ¥/(y) + (A® f(x), y) for each y € R?.
Thus, Clarke’s calculus rule for addition [6, Corollary 1 to Proposition 2.3.3] implies:

ALf'(x;)1(0) = {a + A% f(x) : a € 3Y(0)}.
Moreover, [23, Corollary 3.1] and [18] imply d[f’(x;-)](0) € df(x), and so

{a+A®f(x):ae€dy(0)} CIf(x).

It therefore suffices to show that 0 € 9y/(0).
Now, observe that i/ is positively homogeneous, and so i is equivalent to ¥/’(0; -). Thus, for each
i€ {12},

AZY(0) = (Y (ew)) — V(—e@w)))
= 1 [(f (i) = (AP f(x), ) = (f (x5 —ei)) — (A® f(x), —ei))) ]
= AT f(x) = (A% f(x), eci))
=0.

Hence A®y(0) = 0.

To obtain a contradiction, suppose that 0 ¢ d/(0). Then, since dy/(0) is convex and closed, there
must exist a strictly separating hyperplane between 0 and d¢/(0). That is, there exist a nonzero vector
p = (p1,p2) € R? and a scalar a > 0 for which (p, s) > a for each s € 91/(0).
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Since A®Y(0) = 0, we have /(1,0) = (-1, 0) and /(0,1) = (0, —1). Since ¢ is positively homoge-
neous, we then have ¥/(py, 0) = ¢/(—p1, 0) and (0, p2) = ¥(0, —p2) (regardless of the signs of p; and ps).
Subtraction then yields:

(3:3) ¥(p1,0) = (0, =p2) = ¥(=p1, 0) = ¥/(0, p2).

Now, according to Lemma 3.2, there exist vectors 7, o € dy(0) for which

Y(p1,0) = 9(0,=p2) = {p,m)  and  Y(=p1,0) = ¥(0,p2) = =(p, 0).

Hence, since (p,s) > a for each s € 9y(0), we have

Y(p1,0) = Y(0,—pz) 2 a> 0> —a 2 Y(—p1,0) — (0, pa),

which contradicts (3.3). Thus, 0 € dy/(0) as required.

Next, suppose that f is L-smooth at x € X. The inclusion 9y, f (x) C df(x) was shown by Nesterov [32,
Theorem 11]; since df(x) is closed and convex, it follows that cl conv d;, f(x) € df(x). Consider the
auxiliary mapping ¢ as above, and note that (3.3) still holds. The calculus rules of the lexicographic
subdifferential [32, Theorem 5 and Definitions 1 and 5] imply that both f’(x;-) and ¢ are L-smooth at
0, and that

oLf(x) = ALlf'(x;)1(0) = {a + A®f(x) : a € ALY (0)}.

From here, a similar argument to the previous case shows that A® f(x) € cl conv d f(x). O

Intuitively, there is nothing special about the coordinate directions used to construct a compass
difference, and a change of basis in Theorem 3.3 may be carried out as follows.

Corollary 3.4. Consider an open set X C R?, a locally Lipschitz continuous function f : X — R, and a
nonsingular matrix V€ R*?_If f is directionally differentiable at some x € X, and if v(; denotes the
it column of V, then

%(VT)—I [f’(x; U(l)) - f’(X; —U(l)) c af(x).

(6 ve) = f(x-v)

Proof. Consider auxiliary mappings:
g:RE SRy x+V(y-x)

and h := f og. Let

1
z = -
2

£ va) = f/(x; —0(1))]
fl(X; U(z)) - f,(X; —U(z)) '

The chain rule for directional derivatives [39, Theorem 3.1.1] implies that A®h(x) = z,and so Theorem 3.3
shows that z € dh(x). Since V is nonsingular, g is surjective, in which case [6, Theorem 2.3.10] implies
that:

Oh(x) = {VTs:s € df(x)}.

Thus, z = Vs for some s € df(x), and so (VT)7z € 9 f(x) as claimed. |

The particular Clarke subgradients identified by Theorem 3.3 and Corollary 3.4 do not necessarily
coincide.

We may remove the directional differentiability requirement of Theorem 3.3 as follows, by employing
Clarke’s generalized directional derivative f° from Definition 2.3. We note, however, that the generalized
directional derivative is typically inaccessible in practice.

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives
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Corollary 3.5. Given an open set X C R?, a locally Lipschitz continuous function f : X — R, and some
x €X,

1 @0) - f7es (-L0)] _ o
2 [f°(x:(0,1)) = f°(x;(0, 1))

Proof. Established results [15, Section V, Proposition 2.1.2] and [6, Proposition 2.1.2] imply that f°(x;-)
is convex and positively homogeneous (as the support function of 0 f(x)), and has the subdifferential
0f(x) at 0. Moreover, as a convex function on an open domain, f°(x;-) is locally Lipschitz continuous
and directionally differentiable [15]. Hence, Theorem 3.3 implies the claimed result. O

AP[f(x;)1(0) = [f*(x)1(0) = 9f (x).

3.3 CONVEX FUNCTIONS OF TWO VARIABLES

This section specializes Theorem 3.3 to convex functions; this specialization appears to be a novel
result in convex analysis and is simpler to state. Namely, any compass difference of a bivariate convex
function is in fact a subgradient in the traditional sense. Hence, four directional derivative evaluations
are sufficient to construct a subgradient of a bivariate convex function.

Corollary 3.6. Consider an open convex set X C R? and a convex function f : X — R. For each x € X,

A® F(x) € df(x).

Proof. Since f is convex and X is open, f is locally Lipschitz continuous and directionally differen-
tiable [15]. The claimed result then follows immediately from Theorem 3.3. O

Corollary 3.7. Consider an open convex set X C R?, a convex function f : X — R, and a nonsingular
matrix V € R¥?. For any x € X, with v(; denoting the it" column of V,

it [ F/500) - £ o00)
SR e Ry ) A

Proof. Again, since f is locally Lipschitz continuous and directionally differentiable, the claimed
corollary is a special case of Corollary 3.4. O

1
2

3.4 COMPACT CONVEX SETS IN R?

This section applies Corollary 3.6 to show that any nonempty compact convex set in R? contains the
center of its smallest enclosing box (or interval). These notions are formalized in the following classical
definitions (summarized in [33]), followed by the claimed result.

Definition 3.8. An interval in R” is a nonempty set of the form {x € R” : a < x < b}, where
a,b € R", and where each inequality is to be interpreted componentwise. The midpoint of an interval
{xeR”:anSb}iS%(a—i—b)eR".

Given a bounded set B ¢ R", the interval hull of B is the intersection in R" of all interval supersets
of B.

The interval hull of a bounded set B ¢ R” is itself an interval, and is, intuitively, the smallest interval
superset of B. Support functions of convex sets, defined as follows and discussed at length in [15], are
useful when relating convex sets to properties of subdifferentials of convex functions.

Definition 3.9. Given a set C ¢ R", the support function of C is the mapping:
oc:R" 5 RU{+o0} : d — sup{(d,x) : x € C}.

The following corollary uses support functions to extend Corollary 3.6 to the problem of locating an
element of a closed convex set in R

Corollary 3.10. Any nonempty compact convex set C C R? contains the midpoint of its interval hull.

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives
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Proof. The interval hull of C may be expressed in terms of the support function o¢ as:
{x € Rz : _O-C(_]-’ O) <x < O-C(L 0)9 _O-C(O’ _1) <x < O-C(O’l)}a
the midpoint of this interval hull is then

0c(1,0) — oc(—1,0)

1
2 oc(0,1) = ¢ (0,-1)|

As shown in [15, Section VI, Example 3.1], o¢ is directionally differentiable at 0, with (o¢)’(0; d) = oc(d)
for each d € R?. Thus, A®0¢(0) = z.

Next, [15, Section VI, Example 3.1] also shows that oc is convex, with doc(0) = C. Combining these
observations with Corollary 3.6 yields z = A®0¢(0) € dac(0) = C, as claimed. O

4 EXAMPLES

This section illustrates the main results of this article. Section 4.1 motivates the assumptions of
Corollary 3.6 and Corollary 3.10 by showing how these results could fail if their assumptions were
weakened. Section 4.2 uses compass differences to compute individual subgradients in cases where
this was previously difficult or impossible.

4.1 COUNTEREXAMPLES FOR RELATED CLAIMS

The following example shows that, for functions mapping R? into R, compass differences are not
necessarily elements of either the regular subdifferential [37], the lexicographic subdifferential [32],
the B-subdifferential [35, 39], or the Mordukhovich upper subdifferential [31].

Example 4.1. Consider the concave piecewise-linear function:
fiRE > R:x - —|x.

Direct computation yields A® f(0, 0) = (0, 0), which is indeed an element of 9 £(0,0) = {(4,0) : =1 <
A < 1}. However, the lexicographic subdifferential, the B-subdifferential, and the Mordukhovich upper
subdifferential of f at (0, 0) are each equal to {(—1, 0), (1, 0)}, which does not contain (0, 0). The regular
subdifferential of f at (0, 0) is empty.

The following example shows that Theorem 3.3, Corollary 3.6, and Corollary 3.10 are minimal in the

sense that, under the respective assumptions of these results, three support function evaluations are
generally not sufficient to infer a set element, and three directional derivative evaluations are generally
not sufficient to infer a function’s subgradient.
Example 4.2. Suppose that C C R? is the unit ball {x € R? : ||x|| < 1}, which has the constant support
function oc : d > 1. Consider three nonzero points u, v, w € R? in general position. From the support
function’s definition, if we did not know the set C but did know that o¢(u) = o¢c(v) = oc(w) = 1, then
we could infer that C is a subset of the triangle:

T={xeR*: (ux)<1, (v,x)<1 (wx)<1}.
Denote the three vertices of T as a, b, ¢ € R?, and denote the three edges of T as
T, = conv {a, b}, T, = conv {b, c}, and T; = conv{a,c}.
Since {a,b} C T; C T, observe that

oc(u) =1=or(u) = or;(u) = (u, x) Vx € {a, b}.

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives
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X3

4y

X2

Figure 1: The disjoint convex compact sets C; (red) and C, (blue) in R described in Example 4.3, and
the common midpoint (black dot) of their interval hulls.

But, since a, b, ¢ are the vertices of the triangle T, and since one edge of T lies on the line (u,x) =1, it
cannot be that (u, a) and (u, b) are both less than 1. Hence o7,(u) > 1, and so oc(u) = or,(u).

Similar logic shows that or,(1) = oc(u), o1,(v) = 0c(v), and or,(w) = oc(w) for each i € {1,2,3}.
Each T; is compact and convex, and the intersection T; N T, N T3 is empty. Hence, there is no way to infer
an element of C from the support function evaluations o¢(u), o¢c(v), and oc(w) and the knowledge
that C is compact and convex; these support function evaluations are consistent with the incorrect
hypotheses C = T;, C = T,, and C = T3, yet these guesses have no point in common.

Similarly, considering the convex Euclidean norm function

f:R* > R:x x|,

it is readily verified that df(0) = C. Suppose we know nothing about f other than its convexity and
the fact that f'(0;u) = f’(0;v) = f’(0; w) = 1. In this case, there is no way to infer an element of 9 f(0)
from these three directional derivatives alone, since for each i € {1, 2, 3}, the functions

$i - R* = R :d > max{(s,d) : s € T;}

all have the same directional derivatives as f at 0 in the directions u, v, and w. However, their subdif-
ferentials at 0 are the sets T;, which have no point in common.

The following example shows that the results of this article do not extend directly to functions of
more than two variables or sets in more than two dimensions.

Example 4.3. Consider the following convex compact sets in R*:

Gy
and Cj:

conv {(1,1, -1), (-1, 1, 1), (1, =1, 1), (1, 1, 1)},
conv {(1, -1, -1), (-1, 1, —1), (-1, -1, 1), (=1, =1, =1)}.

These sets are illustrated in Figure 1. They are disjoint; for any x € C; and y € C,, and with e :=
(1,1,1) € R3, observe that
(e,x) 21> —12> (e, y).

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives
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However, it is readily verified that both C; and C, have the interval hull [-1,1]*, whose midpoint is
(0,0, 0), which is in neither C; nor C,. Thus, Corollary 3.10 does not extend immediately to R3.
Similarly, consider the following two convex piecewise-linear functions:

f:R3—>R:x|—>max{x1+x2—X3, Xy + X3 — X1, X3+X — X2},

¢:R3—>R:x|—>max{x1—x2—x3, X9 — X3 — X1, X3—X1—X2}.

According to [39, Proposition 4.3.1], df(0) € conv{(1,1,-1),(-1,1,1),(1,-1,1)} € Cy, and d¢(0) C
conv {(1,-1,-1),(-1,1,-1),(=1,-1,1)} C C,. Thus, the subdifferentials d f(0) and d¢(0) are disjoint.
Moreover, it is readily verified that:

1= f'(0;se(;)) = ¢'(0; se)), Vs e {-1,+1}, Vie{1,2,3}.

Thus, the functions f and ¢ cannot be distinguished based on their directional derivatives at 0 in
any coordinate direction or negative coordinate direction, and A® f(0) = A®¢(0) = 0, but the two
functions’ subdifferentials at 0 are disjoint. This shows that Theorem 3.3 and Corollary 3.6 do not
extend immediately to functions of three variables.

The following example illustrates that the assumption in Corollary 3.10 that C is closed is crucial.

Example 4.4. Consider the convex set:
C = {xeRZ:—1<xl, X2 <1, x1<x}.

Observe that C is not closed, and that the interval hull of C is [~1, 1]%. The midpoint of this hull is (0, 0),
which is not an element of C.

4.2 APPLICATIONS
4.2.1 SOLUTIONS OF PARAMETRIC DIFFERENTIAL EQUATIONS

This section applies Theorem 3.3 to describe correct single subgradients for solutions of parametric
ordinary differential equations (ODEs) with parameters in R?. This approach reduces to the classical
ODE sensitivity approach of [14, Section V, Theorem 3.1] when the original ODE is defined in terms of
smooth functions. Unlike existing methods [23] for generalized derivative evaluation for these systems,
the approach of this article describes a subgradient in terms of auxiliary ODE systems that can be
integrated numerically using off-the-shelf ODE solvers, but is of course restricted to systems with two
parameters.

We consider the following setup, which is readily adapted to other ODE representations.
Assumption 4.5. Consider functions f : R” — R", x, : R® - R”, and g : R> X R" — R that are
locally Lipschitz continuous and directionally differentiable. For some scalar ¢ > 0, let x : [0, t¢] x R?
be defined so that, for each p € R?, x(-, p) solves the following ODE system uniquely:

() = FGtp), x(0.p) = xo(p)

Define ¢ : R? — R to be the cost function:

¢ : p > g(p, x(tr, p))-

Under this assumption, a subgradient for ¢ may be computed by combining the results of this article
with directional derivatives described by [34, Theorem 7] as follows. If it is desired for the ODE right-
hand-side to depend explicitly on t, then an alternative directional derivative result [23, Theorem 4.1]
may be used instead.

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives
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Proposition 4.6. Suppose that Assumption 4.5 holds, and consider some particular p € RZ. For each
d € R?, let y(-,d) denote a solution on [0, t] of the following ODE:

d ’ ,
(4-1) d_)t}(t’ d) = f'(x(t,p); y(t.d))  y(0,d) = x¢(p; d).
Then y(-,d) is in fact the unique solution of this ODE for each d € R2. Moreover, if we define

¥(d) = g'((p. x(tr. p)); (d. y(tf, d)))

for each d € R?, then
1 [w(l, 0) - Y(-1, 0)]
2 [(0,1) = y(0,-1)

is an element of 0¢(p).

Proof. According to [34, Theorem 7], y(t,d) is the directional derivative x’((t, p); (0,d)) for each ¢ €
[0,tr] and d € RZ. The result then follows immediately from Corollary 3.4 and the chain rule [39,
Theorem 3.1.1]. O

If lexicographic derivatives are unavailable for the functions in Assumption 4.5 or do not exist, then
Proposition 4.6 is, to our knowledge, the first method for describing a subgradient of ¢. The following
numerical example illustrates this proposition.

Example 4.7. Consider a function xq : R? — R3?: p — (p1, p2, p1). For each p € R?, let x(-, p) denote
the unique solution on [0, 1] of the following parametric ODE system. Here dotted variables denote
derivatives with respect to t.

X1 = x| + |xe| + x3,

Xy = |x3],
X3 = X3,
x(0,p) = xo(p).

Consider a cost function ¢ : p + x;(1,p). In this case, for each d € R? the ODE (4.1) becomes:

Yy —Ya+y3, ifx <0, xp <0,
Y+ y+ys,  ifxg <0, x>0,
=y + [yl +y3, ifx; <0, x=0,
Vi— Yo+ ys, ifx; >0, x, <0,
N= 1ty +ys, if x;1 >0, x >0,
i+ vl +ys,  ifx; >0, x,=0,
il =y +y3,  ifx =0, x <0,
lvil +y2 +y3, ifx; =0, x2 >0,
|yl + |y2] +y3, ifx; =0, x, =0,

V25 ifo > 0,
V2 =9 lyl, ifxy =0,

—¥2, ifo < 0,
V3 = ys,

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives
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Figure 2: Plot of the function ¢ (top) described in Example 4.7, which appears to dominate the ap-
proximation p — ¢(0) + (s, p) (bottom) based on the computed compass difference s of ¢
at 0.

with y(0,d) = (dy, d, d;). In this case ¢ is convex. To evaluate a compass difference of ¢, the numerical
variable-step variable-order ODE solver ode15s was used in MATLAB to evaluate y numerically, using
MaTtLAB’s default precision (on the order of 16 significant digits) for arithmetic, and using respective
local absolute and relative tolerances of 107® and 10 for each integration step. Thus, to within the
corresponding computational error, we obtained A®¢(0) ~ (3.490,0.772) =: s, and Proposition 4.6
yields A®¢(0) € d¢(0). Figure 2 shows that s does indeed appear to satisfy (2.1), and does thereby
appear to be a subgradient of ¢ at 0 to within numerical precision.

4.2.2 OPTIMAL-VALUE FUNCTIONS

A well-known result by Danskin [8, Theorem 1] describes directional derivatives for certain optimal-
value functions, and has been extended to a variety of settings (e.g. [3,17]). The following proposition
and its proof are intended to show how any of these results may be combined with Theorem 3.3 or
Corollary 3.6 to describe a subgradient in each case.

Proposition 4.8. Consider a compact set C C R", some open superset Z of C, and a continuously differ-
entiable function f : R* X Z — R. Define an optimal-value function ¢ : R> — R for which

¢ : x — min{f(x,y) : y € C}.
For some particular € R?, define the following:
casetY ={yeC:f(%y) < fx,y), VyeC}
e for eachd € R?, a point (d) := min{{d, V. f(%,y)) : y € Y}.
Then ¢ is locally Lipschitz continuous and directionally differentiable, and

1 [lm, 0) = ¢(~1, 0)]
2 1)0(0’ 1) - lp(o, _1)

is an element of P(%).
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Proof. The optimal-value function ¢ has already been established to be locally Lipschitz continuous [9,
Theorem 2.1] and directionally differentiable [8], with directional derivatives given by ¢’(x; d) = ¥/(d)
for each d € R?%. The claimed result then follows immediately from Theorem 3.3. O

Observe that, unlike several established sensitivity results for optimal-value functions [4, 5], the
above result does not require second-order sufficient optimality conditions to hold, and does not
require unique solutions of the optimization problems defining ¢. An analogous approach describes
subgradients of the Tsoukalas-Mitsos convex relaxations [44] of composite functions of two variables;
the Tsoukalas-Mitsos approach is based entirely on analogous optimal-value functions.

5 CONCLUSION

For a bivariate nonsmooth function under minimal assumptions, the compass difference introduced in
this article is guaranteed to be a subgradient and may be computed using four calls to a directional-
derivative evaluation oracle. This remains true for nonconvex functions, with the “subgradient” under-
stood in this case to be an element of Clarke’s generalized gradient. Thus, for such functions, centered
finite differences will necessarily converge to a subgradient as the perturbation width tends to zero. The
presented examples show that this new relationship between directional derivatives and subgradients
may be useful for functions of two variables, and may in some cases provide the only known way to
evaluate a subgradient, but does not extend directly to functions of three or more variables. Such a
nontrivial extension represents a possible avenue for future work.
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ASYMPTOTIC STATIONARITY AND REGULARITY FOR
NONSMOOTH OPTIMIZATION PROBLEMS

Patrick Mehlitz *

Abstract  Based on the tools of limiting variational analysis, we derive a sequential necessary
optimality condition for nonsmooth mathematical programs which holds without any additional
assumptions. In order to ensure that stationary points in this new sense are already Mordukhovich-
stationary, the presence of a constraint qualification which we call AM-regularity is necessary.
We investigate the relationship between AM-regularity and other constraint qualifications from
nonsmooth optimization like metric (sub-)regularity of the underlying feasibility mapping. Our
findings are applied to optimization problems with geometric and, particularly, disjunctive con-
straints. This way, it is shown that AM-regularity recovers recently introduced cone-continuity-
type constraint qualifications, sometimes referred to as AKKT-regularity, from standard nonlinear
and complementarity-constrained optimization. Finally, we discuss some consequences of AM-
regularity for the limiting variational calculus.
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1 INTRODUCTION

Due to their inherent practical relevance in the context of solution algorithms for optimization problems,
sequential necessary optimality conditions and constraint qualifications became quite popular during
the last decade. A suitable theory has been developed in the context of standard nonlinear programming,
see e.g. [1, 2, 5, 6, 7], complementarity-constrained programming, see [3, 35], and nonlinear semidefinite
programming, see [4]. Recently, these concepts were generalized to optimization problems in Banach
spaces in [14]. The main idea behind the concept is that even when a local minimizer of a given
optimization problem is not stationary in classical sense (e.g., a Karush—-Kuhn-Tucker point in standard
nonlinear programming), it might be asymptotically stationary along a sequence of points converging
to the point of interest without any constraint qualification. Now, the question arises which type of
qualification condition is necessary in order to guarantee that an asymptotically stationary point is
already stationary. This indeed leads to the concept of sequential constraint qualifications. It has been
reported in [1, 3, 5, 14, 35] that such sequential constraint qualifications are comparatively weak in
comparison with classical qualification conditions which makes them particularly interesting.

It is a nearby guess that sequential stationarity and regularity might be concepts which are quite
compatible with the popular tools of limiting variational analysis, see e.g. [31, 32, 38] and the references
therein. Indeed, this has been worked out for mathematical problems with complementarity constraints
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and the associated concept of Mordukhovich-stationarity (M-stationarity for short) in the recent
paper [35]. However, the ideas obviously will work for other classes of disjunctive programs like
mathematical programs with vanishing, switching, or cardinality constraints as well. It is the purpose
of this paper to show that the underlying concepts can be further generalized to a quite abstract class
of optimization problems which covers not only all the aforementioned settings but also conic as
well as cone-complementarity-constrained optimization problems and other mathematical programs
with equilibrium constraints which model amongst others that the feasible points need to solve
underlying (quasi-) variational inequalities. Thus, the theory is likely to possess some extensions to
bilevel programming as well.
In this paper, let us consider the mathematical program

f(x) — min

®) 0 € O(x)

where f: R" — R is a locally Lipschitz continuous function and ®: R" =3 R™ is a set-valued mapping
whose graph is closed. Throughout the paper, let M := {x € R"|0 € ®(x)} denote the feasible
set of (P). We assume that this set is nonempty. Let us point out that the theory of this paper stays
correct whenever R"” and R™ from above are replaced by finite-dimensional Banach spaces X and Y.
Particularly, the results of this manuscript extend to instances of nonlinear semidefinite programming
comprising optimization problems with semidefinite cone complementarity constraints. Problems
of the general form (P) have been considered in e.g. [18], [31, Section 5.2.3], or [40, Section 3]. In all
these contributions, it has been pointed out that whenever ¥ € M is a local minimizer of (P) such
that the mapping ® enjoys the metric subregularity property at (%, 0), see Section 2.2 for a definition
and additional references to the literature, then x is indeed an M-stationary point of this problem.
An easy approach to verify the presence of metric subregularity is given by checking validity of the
stronger metric regularity property since the latter can be carried out with the aid of the so-called
Mordukhovich criterion which is stated in terms of the limiting coderivative of @, see Section 2.3 for
details. The latter, however, might be too restrictive which is why several weaker sufficient conditions
for metric subregularity have been worked out in particular problem settings during the last years, see
e.g. [9, 10, 21, 23, 25, 26] and the references therein.

As we will see, the sequential approach to necessary optimality conditions and constraint quali-
fications for (P) leads to a new regularity concept that we call asymptotic Mordukhovich-regularity
(AM-regularity for short). The latter is weaker than metric regularity of ® and not related to the metric
subregularity of this map, see Examples 3.14 and 3.15. It, thus, puts some other light onto the previously
known landscape of constraint qualifications which address (P). Furthermore, we will demonstrate that
this new regularity concept ensures validity of fundamental calculus rules from limiting variational
analysis like the pre-image and the intersection rule, see Theorem 3.16 and Section 5.3. Besides, we
show how AM-regularity specifies in exemplary problem settings. It will turn out that it covers several
sequential constraint qualifications from the literature. Throughout the manuscript, simple examples
and counterexamples visualize applicability and limits of the obtained theory.

The paper is organized as follows: In Section 2, we present the notation exploited in this manuscript.
Furthermore, we review the necessary essentials of set-valued and variational analysis. Section 3 is
dedicated to the introduction of the asymptotic stationarity and regularity concepts of our interest.
We first derive a sequential necessary optimality condition of M-stationarity-type in Section 3.1 via a
simple penalization argument. Based on that, we introduce the concept of AM-regularity in Section 3.2
and study its theoretical properties as well as its relationship to other constraint qualifications. In
Section 4, we investigate the particular situation where the map ® can be split in two parts where one
is, again, modeled with the aid of an abstract set-valued mapping while the other one just describes
that the variables need to belong to an abstract constraint set C ¢ R" which, in practice, can be
imagined as a set of simple variational structure. We show that whenever the set-valued part of ®
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possesses the Aubin property than a weaker constraint qualification than AM-regularity is sufficient
for M-stationarity of local minimizers. We discuss some applications of our results in Section 5. First,
we apply the concept of AM-regularity to the broad class of mathematical problems with geometric
constraints in Section 5.1. The even more special class of disjunctive optimization problems, where the
definition of AM-regularity can be essentially simplified, is inspected in Section 5.2. In this context,
a comparison to sequential constraint qualifications from the literature will be provided. Third, we
discuss some consequences of AM-regularity for the limiting variational calculus in Section 5.3. We
close the paper with some concluding remarks in Section 6.

2 NOTATION AND PRELIMINARIES

2.1 BASIC NOTATION

Throughout the manuscript, we equip R" with the Euclidean norm ||-||. For some point x € R" and
a scalar ¢ > 0, B.(x) := {y € R"| ||y — x|| < ¢} represents the closed ball around x of radius ¢. For
brevity, we exploit B := B;(0). Let A € R" be a nonempty set. We use

dist(x, A) == inf ||y — x|| II(x,A) := argmin ||y — x||
yeA yeA

in order to denote the distance of x to A and the associated set of projections. For brevity, we make
useof A+x=x+A:={x+yeR"|ye A}. The set
A°:={zeR"|VyeA: y'z<0}

is referred to as the polar cone of A. It is a nonempty, closed, convex cone. The derivative of a
differentiable function F: R"” — R™ at x will be represented by F’(x) € R™" while, in case m = 1,
we use VF(x) € R" to denote its gradient at x.

2.2 PROPERTIES OF SET-VALUED MAPPINGS
Let T: R" =2 R™ be a set-valued mapping. We exploit
domY = {x € R"|Y(x) # @}
gphT = {(x,y) € R" xR™| y € Y(x)}
kerY ={x e R"|0 € Y(x)}

in order to represent the domain, the graph, and the kernel of Y. Frequently, we will make use of the
sequential outer Painlevé-Kuratowski limit of T at some point of interest ¥ € dom Y given by

I{xx}ken € R” Hyrtken C R™:
Xp =% Yk — ¥ Y € Y(xp) Yk e N[

X—X

lim sup Y(x) := {y eR™

For some closed set A ¢ R”, we exploit the indicator map A4: R” =3 R™ given by

{0} xe€A

Vx € R":  Au(x) =
A(x) {@ A

where the dimension of the image space will be clear from the context.

In this manuscript, we will often deal with Lipschitzian properties of set-valued mappings. Recall
that Y is said to be metrically regular at some point (X, ) € gph Y whenever there are neighborhoods
U cR"and V c R™ of X and ¥, respectively, and some constant ¥ > 0 such that

Vx e UVyeV: dist(x, Y '(y)) < « dist(y,Y(x))
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holds. Above, Y™': R™ =3 R" is the inverse set-valued mapping associated with Y given by Y7!(y) :=
{x e R"|y € Y(x)} for all y € R™. Fixing y := y in the definition of metric regularity, we obtain
the notion of metric subregularity, i.e., Y is said to be metrically subregular at (%, y) if there are a
neighborhood U ¢ R” of X and a constant k > 0 such that

VxeU: dist(x, Y (9)) < « dist(§,Y(x))

is valid. The infimum over all such constants « is referred to as the modulus of metric subregularity.
Let us recall that Y is said to possess the Aubin property at (X, ) if there are neighborhoods U ¢ R”
and V ¢ R™ of x and y , respectively, as well as a constant k > 0 such that the following estimate is
valid:

(2.1) Ve, x’€eU: Y(x)NV cY(x)+xl|x-x|B.

It is well known that Y possesses the Aubin property at (%, ) if and only if Y™! is metrically regular at
(3, %). In the literature, the Aubin property is often referred to as Lipschitz likeness. Fixing x” := x
in the definition of the Aubin property yields the definition of calmness of Y at (%, y). The latter is
equivalent to metric subregularity of Y~! at (§, X). We refer the interested reader to [27, 29, 31, 38] for
an overview of the theory and applications of metric regularity and the Aubin property. Background
information about metric subregularity and calmness can be found in [10, 16, 18, 21, 25, 26, 28]. We
would like to mention that polyhedral set-valued mappings, i.e., set-valued mappings whose graph
can be represented as the union of finitely many convex polyhedral sets, are calm at each point of
their graphs, see [36, Proposition 1]. Noting that the inverse of a polyhedral set-valued mapping is also
polyhedral, such set-valued mappings are also metrically subregular at each point of their graphs.

We finalize this paragraph with the following observation: Whenever Y possesses the Aubin property
at (%, y) € gphY, then we find k > 0 such that for each sequence {xy}xreny € R™ with xp — x, we
have dist(y,Y(xg)) < k ||xx — x|| for sufficiently large k € N from (2.1). Particularly, there exists a
sequence { yx }ren satisfying yr — y and yy € Y(xx) for sufficiently large k € N. Thus, Y is so-called
inner semicontinuous at (%, y). Let us also mention that Y is called inner semicompact at ¥ whenever
for each sequence {xy }reny € R”™ with x; — X, there is a bounded sequence { yx}xeny € R™ such that
Yk € Y(xx) holds for all sufficiently large k € N.

2.3 VARIATIONAL ANALYSIS

The subsequently introduced tools of variational analysis can be found in the monographs [31, 32] or

[38].
For a closed set A ¢ R™ and a point X € A, we exploit

A-— ~ —~
Ta(x) := lim sup Na(x) == Ta(x)° Na(x) = limsup Na(x)

\,0 xX—oX,XEA

in order to denote the tangent (or Bouligand) cone as well as the regular (or Fréchet) and the limiting
(or Mordukhovich) normal cone to A at . For each x ¢ A, we stipulate T4(x) := @, Na(x) := @, and
N4 (x) := @. By definition of the limiting normal cone, it is robust in the sense that we even have

lim sup Na(x) = Na(x),

X=X

see [38, Proposition 6.6]. We recall that whenever A is convex, then the normal cones from above
coincide with the standard normal cone of convex analysis, i.e.,

Na(®) = Na(%) = {o e R"|[Vx € A: 0" (x — %) < 0}
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holds true in this situation.

For some extended real-valued, lower semicontinuous function ¢: R” — R, we denote its epigraph
by epig := {(x,a) € R" X R|a > ¢(x)}. Fixing x € R" with |¢(¥)| < co, we introduce the limiting
and singular subdifferential of ¢ at x, respectively, as

op(%) = {v € R" | (v,-1) € Nepip (% ¢(%)) }
I p(x) = {U eR" |(0, 0) € Nepi(p(f,q)(f))}.

It is well known that ¢ is locally Lipschitz continuous at x if and only if 9 ¢(x) = {0} holds.
Next, for a set-valued mapping Y: R" =3 R™ with closed graph and some point (%, y) € gph Y, we
define the (limiting) coderivative D*Y (%, j): R™ =3 R" of Y at (%, y) as stated below:

Vy* e R™: D*Y(x,y)(y") = {x* eR" ! (x*,=y") € Ngph1 (%, )7)}

In case where v: R” — R™ is a single-valued mapping, we exploit D*v(x)(y*) := D*v(x,v(x))(y") for
all y* € R™. If v is continuously differentiable at x, D*v(x)(y*) = {v’(x)" y*} is valid for all y* € R™.
Using the concept of coderivatives, it is possible to characterize the presence of metric regularity or
the Aubin property for Y at (%, y) € gph Y. More precisely, Y possesses the Aubin property at (%, ) if
and only if
DY (%, 7)(0) = {0}

holds, see [31, Theorem 4.10]. Noting that we have

nghY_l()_)v’?) = {(y*5 X*) e R™ x R" | (X*5 y*) € nghY(X" )_))}

from the change-or-coordinates formula of limiting normals, see [31, Theorem 1.17], while Y is metrically
regular at (%, ) if and only if Y™! possesses the Aubin property at (, %), the above result also implies
that Y is metrically regular at (%, ) if and only if the condition

ker D*Y (%, y) = {0}

holds. This result can be distilled from [31, Theorem 4.18] as well. Both criteria are referred to as
Mordukhovich criterion in the literature.

Below, we present a simple calculus rule for the coderivative of set-valued mappings of certain
product structure.

Lemma 2.1. LetT': R” =3 R™ be a set-valued mapping with closed graph. Furthermore, let C C R" be a
nonempty, closed set. Let ¥': R" =3 R™ X R" be the set-valued mapping given by

Vx e R":  ¥(x):= (;(_x)c) .

For a fixed point (%, (y,Z)) € gph ¥, it holds

D*r —’ - * + * * c N = _ 5
Vy* e Rm vZ* IS Rn: D*‘I[(X', ()—}’ Z))(y*’z*) — { (x Y)(y ) z z C(x Z)
%)

otherwise.

Proof. Introducing a linear map ¢: R" X R™ X R" — R"” x R™ x R" by ¢/(x, y,z) := (x, y,x — z) for
all x,z € R" and y € R™, we have

gph ¥ = {(x.1.2) |¥(x. y.2) € gphT x C}.

Noting that the derivative of / is a constant invertible matrix, the desired result follows by elementary
calculations from the change-of-coordinates formula from [31, Theorem 1.17] and the product rule for
the computation of limiting normals, see [31, Proposition 1.2]. O
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2.4 GENERALIZED DISTANCE FUNCTIONS

In our analysis, we will make use of the distance function to a moving set. Therefore, let I': R" =3 R™
be a set-valued mapping with closed graph and consider

Vx e R"Vy e R™:  pr(x,y):= inf |y—z|.
zel'(x)

The function pr: R” x R™ — R has been studied in several different publications, see e.g. [33, 37, 39]
and the references therein. In contrast to the classical distance function, see [15, Section 2.4], pr is not
Lipschitz continuous in general. In fact, it does not even need to be continuous. However, as we will
show below, this function is lower semicontinuous since I" possesses a closed graph.

Lemma 2.2. Let T': R" =3 R™ be a set-valued mapping with closed graph. Then the associated function
pr is lower semicontinuous.

Proof. Suppose that there exists a point (%, y) € R" x R™ where T is not lower semicontinuous.
Then we find sequences {x; }reny € R” and {yr}tken € R™ as well as ¢ > 0 with x — %, yr — 7,
and pr(xg, yk) — a < pr(%, y). Particularly, we can assume w.l.o.g. that I'(xx) # @ holds for all
k € N. Noting that I'(xx) is closed for each k € N, we find points z; € II(y, I'(xx)). This yields
or(xk, ¥k) = || vk — 2| for all k € N. Due to

lzell < Nz = yell + Nl yell = pr (x> yie) + [yl

and the boundedness of {pr(xx, yk) }ken and { i tren, {2k Hren is bounded as well and possesses an
accumulation point z. Due to pr(xk, yx) — @, we have a = ||y — Z||. Observing that z; € T'(x) holds
true for all k € N, the closedness of gphT yields z € T'(x). Thus, we have pr(x,9) < [|[y-Z|| = a
which is a contradiction. O

Now, we want to identify situations where pr is a locally Lipschitz continuous function. Furthermore,
we aim for an upper estimate of the limiting subdifferential of this function which holds at in-set points
from gph T but also at out-of-set points.

Lemma 2.3. LetT': R™ =3 R™ be a set-valued mapping with closed graph and fix a point (x, y) € R"xR™
such that x € domT. Then the following assertions hold.

(a) Assume that T possesses the Aubin property at all points (X, y) satisfying y € II(y,T'(x)). Then pr
is locally Lipschitz continuous at (X, y).

(b) The following upper estimate for the limiting subdifferential does always hold:

oprx3) ) Negnr(®y).
yell(y.I'(x))

Proof.  (a) First, assume that (%, y) € gphT holds. Then we clearly have II(#,T'(x)) = {7}. Due to
the assumptions of the lemma, I' possesses the Aubin property at (%, ). Thus, we can invoke
[37, Theorem 2.3] in order to obtain the Lipschitz continuity of pr at (%, y).
Next, we assume that (%, j) ¢ gphT holds. In this case, [33, Theorem 4.9, Corollary 4.10]
guarantee validity of the estimate

ey c ) {(E0)]EeDTE )0}
yell(3.I'(x))
Noting that T" possesses the Aubin property at all points (%, y) with y € II(3,'(x)), the Mor-
dukhovich criterion ensures D*T'(x, y) (0) = {0} which is why we obtain d*pr (%, ) = {(0,0)}
from the above formula. Due to Lemma 2.2, we already know that pr is lower semicontinuous.
Combining these two properties, we obtain that pr is locally Lipschitz continuous at (%, J).
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(b) If we have (%, y) € gphT, then [39, Proposition 2.7] guarantees

Nepnr (%) = | adpr (%, 7).

a>0

On the other hand, in case (%, y) ¢ gphT, [33, Theorem 4.9, Corollary 4.10] can be applied in
order to find the estimate

oprxyc | {(Ev) € Ngnr(® »)]|llol =1}

yell(y.I'(x))

Taking both formulas together, we obtain the desired general estimate.

3 ASYMPTOTIC M-STATIONARITY CONDITIONS AND ASYMPTOTIC REGULARITY

3.1 ASYMPTOTIC M-STATIONARY CONDITIONS

Let x € M be a local minimizer of (P). Under suitable assumptions, so-called constraint qualifications,
one can guarantee that this ensures the existence of a multiplier A € R™ such that

(3.1) 0 € 9f (%) + D*®(%, 0)(A)

holds, see e.g. [31, Theorem 5.48]. We will refer to this condition as the Mordukhovich-stationarity
condition (M-stationarity condition for short) of (P). Now, the question arises whether it is possible to
find a milder condition which holds for each local minimizer of (P) even in the absence of a constraint
qualification. A potential candidate for such a condition could be an asymptotic version of M-stationarity
which holds along a sequence of points {xy }xen converging to the local minimizer of interest. However,
one has to specify what asymptotic means in this regard. The following definition provides a potential
and, as we will see later, reasonable answer to this question.

Definition 3.1. Let X € M be a feasible point of (P). Then we call X an asymptotically Mordukhovich-
stationary point (AM-stationary point) of (P) whenever there exist sequences {xx }ren, {€k tken € R”
as well as { Yk trens {Ak Jren € R™ such that

(3.2) VkeN: ¢ € af(xk) + D*®(xg, yk)(/lk)

as well as xx — &, & — 0, and y; — 0 hold. This implicitly requires {(x, yk) }xen C gph ®.

Observe that in the above definition, no convergence of the multiplier sequence {Ax }xen is postulated.
Indeed, if it would be bounded, then one could simply take the limit k — oo along a subsequence in
(3.2) in order to recover the M-stationarity condition from (3.1), see Lemma 3.4 below.

Using a simple penalization argument, we obtain the following result which shows that each local
minimizer of (P) is an AM-stationary point without any additional assumptions.

Theorem 3.2. Let X € M be a local minimizer of (P). Then X is an AM-stationary point of (P).

Proof. Lete > 0be chosen such that f(x) > f(x) holds for all x € MNB,(x). Consider the optimization
problem

k 2, 1 —112 .
(P(k)) fx)+ 2 lyll” + 2 [|x —x||* — n,glyn
(x,y) € gph®N (B(x) X B)

which depends on the parameter k € N. Observe that the objective function of this optimization problem
is locally Lipschitz continuous while its feasible set is nonempty and compact. Consequently, (P(k))
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possesses a global minimizer (xi, yx) € R” X R™ for each k € N. Due to {(xx, yx) tren € B:(%) X B,
this sequence is bounded. Choosing a subsequence (if necessary) without relabeling, we can guarantee
xx — X for some X € B.(x) and yx — y for some y € B. Noting that (x,0) € gph ® is feasible to
(P(k)), we find

(33 VEEN:  fr)+ 3 Iyl + Ll — 31 < £,

By boundedness of { f(x¢) }xen, there is a constant ¢ € R such that || yi||* < 2(f(%) - ¢)/k holds for all
k € N. Consequently, { yx }xen converges to 0 as k — oo, i.e., we have y = 0. The closedness of gph ®
now yields (%, 0) € gph ®. Particularly, we infer x € M N B.(x). Now, (3.3) and the continuity of all
appearing functions yield

£+ 3 1 =1 = fim (1) + 5 b = ]

< lim (f<xk> e Syl + 2 - x||2) < F(®) < £,

and this implies x = X. Particularly, we have x; — x.
Noting that (x, yx) lies in the interior of B,(x) X B for sufficiently large k € N, we can apply [31,
Proposition 5.3] and the subdifferential sum rule from [31, Theorem 3.36] in order to obtain

(0,0) € af (xx) X {0} + {(xx — X, ky)} + Ngpho (x> Yi)

for large enough k € N. Setting A := kyy and ¢ := X — xi for any such k € N, we have

ek € Of (xx) + D™ @(xk, yi) (M),
and due to ¢ — 0, xx — X, and yx — 0, X is an AM-stationary point of (P). O

Note that in case where the objective function f is differentiable, one could exploit [31, Proposition 5.1]
in the above proof. This way, it would be possible to replace the limiting coderivative by the regular
one (i.e., one replaces the limiting normal cone to gph ® by the regular normal cone to this set in the
definition of the coderivative) leading to a slightly stronger concept of asymptotic stationarity. We
are, however, interested in taking the limit k — oo in (3.2), and by definition of the limiting normal
cone and its robustness, it does not matter which of these coderivative constructions is used in the
definition of AM-stationarity since after taking the limit, we obtain a condition in terms of the limiting
coderivative either way:.

The above theorem states that in contrast to M-stationarity, AM-stationarity always provides a
necessary optimality condition for optimization problems of type (P). The subsequently stated example
visualizes this issue.

Example 3.3. Consider the setting
VxeR: f(x):=x O(x) := [x%, ).

The uniquely determined feasible point x := 0 must be the global minimizer of the associated program
(P). Exploiting
{2Ax} y=x%, 120
D*®(x, y)(A) = 1 {0} y>x% A=0

@ otherwise

P. Mehlitz Asymptotic regularity in optimization theory
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for all x, y, A € R, one can easily check that x is not an M-stationary point of this program. However,

we can set

1 1
Xp =g & =0 Yk = 1z Ap =

I

for all k € N in order to see that X is an AM-stationary point of the given optimization problem.
Observe that the multiplier sequence {A }rey from above is not bounded.

It has been shown in [18, Theorem 8] that whenever x € R" is a local minimizer of (P), then, without
any additional assumptions, there exist multipliers (19, ) € R x R™ which satisfy

(3.4) 0 € Adf (%) + D*®(x,0)(A) A =0 Ao + ||| > 0.

Due to the appearance of the leading multiplier Ay, one might be tempted to call X a Fritz—John-
Mordukhovich-stationary point (FJM-stationary point) of (P) in this case. Observe that whenever we
have Ay > 0 in (3.4), then % is already M-stationary by positive homogeneity of the coderivative.

Lemma 3.4. Let X € R" be an AM-stationary point of (P) such that the sequences {xy }ren, {€k tken C R”

as well as { i tren, { Ak tken C R™ satisfy (3.2), xx — X, &g — 0, and yx — 0. Then the following
assertions hold.

(a) If {Ax}ren is bounded, then x is an M-stationary point of (P).

(b) If {Ax }ren is not bounded, then we find A € R™ with A # 0 and 0 € D*®(x, 0)(A).
Particularly, x is an FfM-stationary point of (P).
Proof. First, we show the statements (a) and (b) separately.

(2) Due to (3.2), we find a sequence {x }ren C R" such that
(3:5) Vk e N: g —x; € D*®(xp, yi) (M) xi € of (xx)

holds. Noting that the set df (x) is uniformly bounded in a neighborhood of x by local Lipschitz
continuity of f, see [31, Corollary 1.81], the sequence {x} }xen is bounded. Let us assume w.lo.g.
that there are x* € R" and A € R™ such that the convergences x; — x* and 4x — A hold.
Exploiting the robustness of the limiting normal cone, we find —x* € D*®(x, 0)(1) and x* € 9f (x)

by taking the limit k — co in (3.5). Thus, X is an M-stationary point of (P).

(b) Let us assume w.l.o.g. that ||[Ax|| — oo holds true. Similar to (a), we find a bounded sequence
{x;}ken € R™ such that (3.5) holds. Dividing the first term in (3.5) by ||A«|| and exploiting the
positive homogeneity of the coderivative, we find

KT X Ak
(3.6) Vk € N: € D™ ®(xx, yx) (—) .
1Al PO Tl
Clearly, {Ax/|| Ak ||} ken possesses a non-vanishing accumulation point A € R™. Thus, we may
assume w.l.o.g. that A /||Ak]| — A holds. Taking the limit k — co in (3.6) and exploiting the
robustness of the limiting normal cone, we find 0 € D*®(x,0)(1). Due to 4 # 0, the claim

follows.

Finally, let us comment on FJM-stationarity of the AM-stationary point X. In the case (a), X is M- and,
thus, FJM-stationary with A, := 1. In the setting (b), x is FJM-stationary with A, := 0. This completes
the proof. O

The example below shows that the concept of AM-stationarity is indeed stronger than FJM-stationarity.

P. Mehlitz Asymptotic regularity in optimization theory
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Example 3.5. We consider the setting
VxeR:  f(x):=—|x| d(x) = {0}

and investigate the point ¥ := 0. Clearly, we have gph ® = R X {0}. Furthermore, for arbitrary x € R
and A € R, we find
of (x) c{-L1}  D"®(x,0)(4) = {0},

and this already shows that x is FJM-stationary (with Ay := 0 and arbitrary A # 0) but not AM-stationary.

Let ¥ € R" be an FJM-stationary point of (P). In order to ensure that it is already an M-stationary
point, we need to exclude the case where the leading multiplier equals zero. This corresponds to
validity of the constraint qualification

0€D'd(%0)(1) = A=0

which is equivalent to ker D*®(x, 0) = {0} and, thus, metric regularity of ® at (x, 0). In the subsequent
section, we construct a reasonably mild condition, which will be called AM-regularity, ensuring that
a given AM-stationary point of (P) is already M-stationary. Noting that AM-stationarity is more
restrictive than FJM-stationarity, there is some justified hope that AM-regularity is weaker than metric
regularity of @, see Theorem 3.12 where this is actually proven. Foresightfully, we summarize our
results in Figure 1.

local minimizer

AM-regularity
.2 S

AM-stationarity — M-stationarity

7

4

Vs
%
K4
2
2
.

FJM-stationarity e

Figure 1: Relations between the stationarity conditions addressing (P). Dashed relations hold under
validity of the mentioned qualification conditions, respectively.

3.2 ASYMPTOTIC REGULARITY

We now raise the question under which additional condition a given AM-stationary point of (P) is
already an M-stationary point. In order to deal with this issue, we make use of the set-valued mapping
M: R" x R™ 3 R" given by

Vx eR"Vy e R™:  M(xy) = || D'®(x,y)(A).
AeR™

By definition, we have the following result.

Lemma 3.6. Let X € M be a feasible point of (P). Then the following assertions hold.

(a) Ifx is an AM-stationary point of (P), then we have

(3.7) af (x) N (— lim sup M(x, y)) + 2.

x—x, y—0

P. Mehlitz Asymptotic regularity in optimization theory
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(b)

Proof.

If, on the other hand, f is continuously differentiable at X while

~-Vf(x) € limsup M(x,y)

x—x, y—0
holds, then x is an AM-stationary point of (P).

(a) Letx be an AM-stationary point of (P). Then we find {x }xens {ek }ren, {x tken € R”,and
{¥ktken € R™ suchthatxy — X, e — 0, yx — 0,as wellasx; € M(xx, y) and eg—x; € 9f (xx)
for all k£ € N hold. Noting that the set-valued map x =3 df(x) possesses uniformly bounded
image sets around x by local Lipschitz continuity of f, see [31, Corollary 1.81], the sequence
{xZ}keN needs to be bounded as well and, thus, possesses an accumulation point x* € R" which,
by definition, belongs to limsup,._,; ;,_,, M(x, y). On the other hand, —x* € 9f (%) is also true
by robustness of the limiting normal cone to epi f, i.e., by closedness of the graph associated
with the normal cone mapping of this set.

From the assumptions, we find {xx txen, {x} }ren € R", and {yx}ren € R™ such that x; — %,
yk — 0,andx; — —Vf(x) aswellasx; € M(x, yx) forall k € Nhold. Setting & := V f (x) +x;.
for each k € N, we have ¢ — 0 by continuity of Vf at x. Thus, the definition of M shows that
X is an AM-stationary point of (P).

m}

Observe that statement (b) of the above lemma cannot be generalized to situations where f is
nonsmooth at the point of interest, i.e., condition (3.7) is not necessarily sufficient for a feasible point
x € M of (P) to be AM-stationary.

Example 3.7. Let us consider the setting

VxeR: f(x):=—|x| ®(x) = [—x?, 00)

and fix the feasible point x := 0 of the associated problem (P). We obtain

-1 x>0 {-2Ax} y=-x412>0
af(x) =4{-1,1} x=0 D*®(x, y)(4) = { {0} y>-x,1=0
1 x<0 @ otherwise

for all x, y, A € R. This yields

R. x>0, y=-x2

M(x,y)={R, x<0, y=-x2
{0} y>-x*orx=y=0

forall x, y € R, ie., we find

limsup M(x,y) =R

x—Xx, y—0

in the present situation, and this shows that (3.7) holds. On the other hand, we clearly have the inclusion
of (x) + M(x,y) C (—oo,—1] U [1,00) for all x, y € R, and this clarifies that X cannot be AM-stationary.

By definition of M, a given feasible point X € M of (P) is M-stationary if and only if

af (x) N (-M(x,0)) # @

holds. Keeping statement (a) of Lemma 3.6 in mind, this motivates the subsequent definition.
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Definition 3.8. A feasible point x € M of (P) is said to be asymptotically Mordukhovich-regular (AM-
regular for short) whenever

lim sup M(x, y) ¢ M(%,0)

x—Xx,y—0

is valid.

By definition, a feasible point ¥ € M of (P) is AM-regular if and only if the mapping M is so-called
outer (sometimes also referred to as upper) semicontinuous at (X, 0) in the sense of set-valued mappings,
see [8, 38].

Based on the above observations, the subsequent theorem follows immediately from Theorem 3.2
and Lemma 3.6. It basically says that AM-regularity is a constraint qualification for (P) ensuring
M-stationarity of local minimizers.

Theorem 3.9. Let X € M be an AM-regular local minimizer of (P). Then x is an M-stationary point of (P).

Next, we want to embed AM-regularity into the landscape of qualification conditions which address
(P). It is well known from [18, Theorem 3] or [31, Theorem 5.48] that metric subregularity of ® at (&, 0)
is enough to guarantee that a local minimizer X € M of (P) is an M-stationary point of the latter. Using
the concept of directional metric subregularity, this statement can be weakened even more, see [18,
Corollary 2]. We know that polyhedral set-valued mappings are metrically subregular at all points of
their graphs, i.e., this property already serves as a constraint qualification for (P). Below, we show that
polyhedrality of ® is also sufficient for the validity of AM-regularity.

Theorem 3.10. Let ® be a polyhedral set-valued mapping. Then each feasible point x € M of (P) is
AM-regular.

Proof. Fix sequences {xt }ren, {x] }ken € R™ and {yx}ren € R™ with x; — %, yx — 0, and x;, — x~
for some x* € R" such that x;; € M(x, yx) holds for all k € N. For each k € N, we find A, € R™
such that (x}, —Ax) € Ngpho(xk, yk) holds. Noting that gph @ is the union of finitely many convex
polyhedral sets, there only exist finitely many regular and, thus, limiting normal cones to the set gph ®.
Particularly, we find a closed cone K C R" x R™ such that (x},—Ax) € K C Ngpho(x, yik) holds
along a subsequence (without relabeling). By polyhedrality of ®, K can be represented as the union of
finitely many convex, polyhedral cones K, ..., Ks € R" X R™. Again, along a subsequence (without
relabeling), we have (x}, —Ax) € K; for some i € {1,...,s}. Let P: R” X R™ — R" be the projection
operator given by P(x, y) := x for all x € R" and y € R™. Then P is polyhedral and, thus, closed by
polyhedrality of %, i.e., from {x;;} ken C PXK; we obtain x* € PK. This yields the existence of some
A € R™ such that (x*, —1) € K and, thus, (x*, —1) € K. The robustness of the limiting normal cone
implies K C Ngho(%,0) due to xp — X and yx — 0. Particularly, we have x* € D*®(%,0)(4), i.e.,
x* € M(%,0). This shows that x is an AM-regular point of (P). O

A natural consequence of the definition of AM-regularity via the Painlevé-Kuratowski limit is
subsumed in the following lemma.

Lemma 3.11. Let X € M be a feasible point of (P). Assume that for each sequences {xy }ren, {x; tken C R",
and {yk}ren C R™ such that x; — X, yp — 0, x; — x* for some x* € R", and x; € M(x, yx) for all
k € N hold, we find a bounded sequence {Ax}ren C R™ such that x; € D*®(xx, yx)(Ak) holds for all
k € N. Then x is AM-regular.

Proof. Let x* € lim SUP, 5 y—0 M(x, y) be arbitrarily chosen. Then we find {x }xen, {x] }ren € R”,
and {yr}ren € R™ such that xx — %, yx — 0, x7 — x*, and x; € M(x, yx) for all k € N hold. By
assumption, there is a bounded sequence {A }ren C R™ satisfying x; € D*®(xx, yi)(Ax) for all k € N.
Observing that {Ax }ren possesses an accumulation point A € R™, x* € D*®(x, 0)(A) follows from
the robustness of the limiting normal cone and the definition of the coderivative. The latter, however,
yields x* € M(%,0), i.e., X is AM-regular. m|
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Employing the neighborhood characterization of the metric regularity property, we now can state a
sufficient condition for AM-regularity.

Theorem 3.12. Let X € M be a feasible point of (P) such that ® is metrically regular at (x,0). Then X is
AM-regular.

Proof. Exploiting [31, Theorem 4.5] and the definition of the limiting coderivative, metric regularity of
® at (x, 0) guarantees the existence of a constant ¥ > 0 and a neighborhood U of (x, 0) such that

V(x,y) € gph®NUVx* e R"VAe R™: x" € D'®(x,y)(1) = ||l <x|lx"].

Choose sequences {xi }ren, {x; tken C R" and {yi}ren € R™ as well as x* € R” such that xx — %,
Yk — 0,x; — x*,and x; € M(x, yx) for all k € N hold. By definition of M, we find a sequence
{Ak}ken € R™ such that x; € D*®(x, yk)(Ax) holds for all k € N. The above considerations show that
the sequence {; }xen needs to be bounded since {x} }en is bounded. Now, the theorem’s assertion
follows from Lemma 3.11. O

Recall that the Mordukhovich criterion provides a necessary and sufficient condition for metric
regularity of @ at arbitrary points of its graph. Thus, it can be used as a sufficient condition for
AM-regularity as well.

Corollary 3.13. Let X € M be a feasible point of (P) such that ker D*®(x,0) = {0}. Then x is AM-regular.

Clearly, there exist polyhedral set-valued mappings which are not metrically regular at all points
of their graphs. In the light of Theorem 3.10, this shows that AM-regularity is generally weaker than
metric regularity.

It remains to investigate the relationship between AM-regularity and metric subregularity of ®.
The subsequently stated example depicts that metric subregularity of ® does not imply validity of
AM-regularity.

Example 3.14. We set
Vx € R%: ®(x) := (=xF +x3, —x) — R?

and consider the point x := (0, 0).
Using the formulas from Section 5.1, we find

D*®(x, y)(4) = {{Q(_le/h, M=22)} A€ Nge(=x +x2 = y1, =2 = y2)

otherwise
for all x, y, A € R?. This yields M(%, (0,0)) = {0} x R. Using the sequences given by

1 1
VkeN:  xpp=—¢ Xk2 =0 Vi1 = —1z Y2 =0,

we have x;p — % and yr — (0,0) aswellas (1,0) € M(xg, yx) forallk € N. Dueto (1,0) ¢ M(%, (0,0)),
X is not an AM-regular point of the associated constraint set M.

One can, however, check that Gfrerer’s second-order sufficient condition for metric subregularity is
valid at x, see [21, Corollary 1], which shows that ® is metrically subregular at (%, (0, 0)).

The next example depicts that validity of AM-regularity is not enough to ensure metric subregularity
of ®. Particularly, these conditions are independent of each other.

Example 3.15. We fix

R x<0
Vx e R: ®(x):=
[x2,00) x> 0.

In this case, we have M = (—o0, 0]. Let us consider the point X := 0.
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Some calculations show

{2xA} x>0,y=x4, 120
. R x=0,y<0,4=0
D*O(x, y)(A) =§ ,
{0} x=y=0,1>00rx<0,A=00rx>0,y>x%1=0
@ otherwise

for all x, y, A € R. This yields M(x, 0) = R, and since all other images of the coderivative are subsets
of R, we infer that x is an AM-regular point of M.

Setting x. := 1/k for each k € N, we find dist(x, M) = 1/k and dist(0, ®(xx)) = 1/k?. Thus, taking
the limit k — oo, it is clear that ® is not metrically subregular at (%, 0).

The proof of the upcoming result, which provides an upper estimate of the limiting normal cone
to the set M at some AM-regular point in terms of initial problem data, is inspired by [14, proof of
Theorem 5.9].

Theorem 3.16. Let X € M be a feasible AM-regular point of (P). Then we have Ny (x) C M(%,0).

Proof. Choose x* € Njy(%) arbitrarily. Then we find sequences {xi }xen C M and {x;} C R" such that

*

» — x",and x; € Nt (x) for all k € N. Using the variational description of regular normals
from [31, Theorem 1.30(ii)], for each k € N, we find a differentiable convex function h;: R" — R which
achieves a global minimum at x; when restricted to M and which satisfies Vhy (xx) = —x;. Observe
that the properties of hy already guarantee that this function is continuously differentiable for each
k € N, see [34, Corollary of Proposition 2.8]. Applying Theorem 3.2 for fixed k € N, we find that x;
is an AM-stationary point of the optimization problem min{h (x) | x € M}. Thus, we find sequences
{xk.eteen, {€keteen € R™ and {yr¢}ren ©€ R™ such that xg, — Xk, €k — 0, Ykr — 0,as £ — oo and
ke — Vhi(xkr) € M(xkp, Yir) for all £ € N hold. We set x,*c, ¢ = —Vhi(xy,) for all £ € N and obtain
x;:’ ’ . as £ — oo by continuous differentiability of hx. Exploiting a standard diagonal sequence
argument, we, thus, find sequences {%¢}xen, {ek eens {%}ren C R”, and {yi}ren C R™ such that
X — X, e — 0,% — x, yp — 0,and & +x; € M(%, yx) for all k € N hold. Taking the limit k — oo
and exploiting the fact that x is AM-regular, we obtain x* € M(x,0). ]

Xk > X, X

— X

Let us recall that the assertion of Theorem 3.16 can be interpreted in the following way: Observing
that M = ®71(0) holds, under validity of AM-regularity at a given feasible point ¥ € M of (P), some
kind of pre-image rule for the computation of the limiting normal cone to M in terms of initial problem
data, i.e., the coderivative of ®, holds. Keeping [31, Proposition 5.3] in mind, this alone is enough to show
that AM-regularity is indeed a constraint qualification which guarantees validity of M-stationarity at
the local minimizers of (P). A similar observation can be made in the presence of metric subregularity
of @ at (X, 0), and the upper estimate for the limiting normal cone to M can be sharpened if the precise
modulus of metric subregularity is known or can be estimated from above, see [22, Proposition 4.1].

We summarize our results on the relations between all mentioned qualification conditions in Figure 2.

We want to close this section with two remarks.

Remark 3.17. In light of Theorem 3.16, it might be reasonable to call a set-valued mapping ®: R" =3 R™
with a closed graph AM-regular at (%, y) € gph ® whenever

limsup M(x,y) € M(x,y)

XX, y—y
holds. Indeed, this implies validity of the estimate

Nq;—l(l—,) ()Z‘) C M(.’f, )7)
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Metric regularity Polyhedrality of @

Metric subregularity AM-regularity

N/

pre-image rule

Figure 2: Relations between constraint qualifications addressing (P) which guarantee M-stationarity of
associated local minimizers.

Besides, this approach opens a way to apply AM-regularity in more general contexts ranging from
applications addressing the limiting variational calculus to other interesting settings of optimization
theory.

Remark 3.18. Let ®: R" =3 R™ be a set-valued mapping with a closed graph and fix (¥, y) € gph ®. In
[31, Definition 5.69], the author introduces a concept called normal semicontinuity of ® at (%, ) which
demands that

limsup No(x) (¥) € Nox) (7)

XDX, Yoy
holds. This property and related results turned out to be useful in light of, e.g., extremal principles for
set-valued mappings, multiobjective optimization, and optimal control, see [31, Sections 5.3, 5.5.20, and
6.1.5].

By definition, normal semicontinuity seems to be related to AM-regularity. However, one can
easily check that both properties are independent of each other. Indeed, considering the data from
Example 3.7, we find that AM-regularity fails at ¥ := 0 while the mapping ® is normally semicontinuous
at (%, 0). On the other hand, let us revisit Example 3.15. Therein, ¥ := 0 is AM-regular while ® is not
normally semicontinuous at (X, 0). Nevertheless, AM-regularity and normal semicontinuity both
provide sequential stability properties of set-valued mappings which is why we believe that AM-
regularity could be useful in similar settings where normal semicontinuity turned out to be valuable.

4 DECOUPLING OF ABSTRACT CONSTRAINTS

In this section, we want to investigate the particular case where the mapping & is given by

(4.1) Vx e R":  ®(x) = (;(_xé)

where I': R” =3 R’ is a set-valued mapping with closed graph and C C R" is a nonempty, closed set.
Roughly speaking, we assume that the abstract constraint set C is simple and shall be decoupled from
the more enhanced constraints which are modeled with the aid of the generalized equation 0 € T'(x).
Exploiting the product rule for coderivative calculus from Lemma 2.1, a feasible point x € M of
problem (P) where ® is given as in (4.1) is M-stationary if and only if there is a multiplier leR!
satisfying
0 € 3f (%) + DT (%, 0) (1) + Ne(%).

Furthermore, applying Definition 3.1 to the situation at hand, x is an AM-stationary point of the
associated problem (P) if and only if there exist sequences {xg }xen, {€k trens {2k fren € R™ as well as
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{Fikens {Aktren C R satisfying xg — %, e — 0, Jx — 0, zx — 0, and
VkeN: ¢ € af(xk) + D*I‘(xk, yk)(ik) + Nc(xk - Zk).

The relation z; := 0 for all k € N seems to be desirable since this would mean that all points xx
from above already satisfy the abstract constraint x € C hidden in the definition of @, i.e., some
partial feasibility of the sequence {xy }xen Would be guaranteed in this situation. This motivates the
subsequent definition of decoupled AM-stationary points.

Definition 4.1. Let ® be given as in (4.1). A feasible point ¥ € M of the associated problem (P) is referred
to as a decoupled asymptotically Mordukhovich-stationary point (dAM-stationary point for short)
whenever there are sequences {xx}ren, {éx Jken C R” as well as { Pk }rens {eteen € RY satisfying
Xk — X, e — 0, Y — 0, and

Vk e N: & € af (xx) + DT (x, 7) (k) + Ne(xe).

Let us note that, by definition, the sequence {x;}reny € R” from Definition 4.1 has to satisfy
{xt}ken € domT N C.

The following theorem shows that under an additional assumption on the mapping I', each local
minimizer of (P) with ® given as in (4.1) is already a dAM-stationary point.

Theorem 4.2. Let X € M be a local minimizer of (P) where ® is given as in (4.1). Furthermore, assume
that T possesses the Aubin property at (X, 0). Then x is a dAM-stationary point of (P).

Proof. To start, observe that by definition of the Aubin property, we find y, § > 0 such that I" possesses
the Aubin property at all the points from gphT' N (B, (x) x Bs(0)). For small enough y,§ > 0, we can
also guarantee I'(x) N Bs/2(0) # @ for all x € B, (%) since I' is inner semicontinuous at (%, 0).

Next, for each k € N, we investigate the optimization problem

k
£+ (e y) + 1) + 5 llx = 5l — min
(Q(k) x € CNBy(x)
y € Bs4(0).

Observing that the objective function of this problem is lower semicontinuous by Lemma 2.2 while its
feasible set is nonempty and compact, (Q(k)) possesses a global minimizer (xx, yx) € R" X R for each
k € N. Since {xy }ren and { yk }xen are bounded, we may pass to a subsequence (without relabeling)
in order to find X € B, (%) and y € Bs/4(0) such that xx — x and y;x — . Similar as in the proof of
Theorem 3.2, we find y = 0. In analogous way, we obtain 0 € I'(X) by lower semicontinuity of the
generalized distance function. Finally, the closedness of C guarantees x € C, i.e., X € M. Furthermore,
X = X can be shown as in the proof of Theorem 3.2.

For fixed k € N, we know TI'(xx) N Bs/,(0) # @ from the choice of y and §. Due to yx € Bs/4(0),
we have @ # II(yk, ['(xx)) C Bs(0). Particularly, I possesses the Aubin property at all point from
{xr} X TI(yx, T'(xx)). As a consequence, Lemma 2.3 guarantees that pr is locally Lipschitz continuous
at (xx, yx). For sufficiently large k € N, x is an interior point of B, (¥) while yj is an interior point
of B5s/4(0). Due to these observations, we may now apply [31, Proposition 5.3], the sum rule for the
limiting subdifferential, see [31, Theorem 3.36], and Lemma 2.3 in order to find yi € II(y, I'(xx)) such
that

(0,0) € af (xx) X {0} + Ngphr (xk, Ji) + { Ok — %, kyr) } + Ne(xx) X {0}

holds for large enough k € N. Defining le =k Vi and & := X — xy, this yields

ex € Of (xx) + DT (xx, i) (Ax) + Ne ()
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for large enough k € N. The above observations guarantee ¢, — 0. It remains to show y; — 0 in order
to complete the proof. Since T is inner semicontinuous at (%, 0), we find a sequence { ¥ }xen C RY
with yx — 0 and yi € I'(xx) for all sufficiently large k € N. By definition of the projector, we have

17l < M7 = yiell + Myl < 9 = yeell + lyell < 2 el + 1 7ell = 0,
and this, finally, shows j — 0. O

The subsequently stated example demonstrates that the statement of Theorem 4.2 does not remain
true in general when I' does not possess the Aubin property at the point of interest.

Example 4.3. We investigate the set-valued mapping I': R* = R given by

[0,00) x,=0

Vx e R*: T(x):=
@ otherwise

as well as the closed set C := {x € R? | x? + (x, — 1)* < 1}. We consider the associated optimization
problem

Xx; — min

0 € T'(x)

x € C.

Its uniquely determined feasible point and, thus, global minimizer is x := (0, 0).

Assuming that x is a dAM-stationary point of the problem of interest and keeping the relation
domT'NC = {x} in mind, there need to exist sequences {&x }xen € R%, {Jx}ren € R, and {/ik}keN cR
such that g — (0,0) and j; — 0 as well as

(3.2) VkeN:  (expéxz) € (1,0) + D'T(% %) () + {0} x R_
hold true. We note, however, that

D*r(x,y)(i):{{o}XR j=0.Az00ry>04=0

@ otherwise

is valid for all j/)[ € R. Thus, (4.2) yields &, ; = 1 for all k € N which contradicts ¢ — (0, 0). Thus, ¥
is not a dAM-stationary point of the problem of interest.

Note that ® is a polyhedral set-valued mapping which does not possess the Aubin property at the
reference point (%, 0).

Keeping our arguments from Section 3.2 in mind, Theorem 4.2 motivates the definition of another
constraint qualification weaker than AM-regularity which ensures that a dAM-stationary point of
(P) where @ is given as in (4.1) is already an M-stationary point. For that purpose, we introduce a
set-valued mapping M: R" X R =3 R" by

(4.3) Vx eR"Vj e R s M(x,3) = | ] D'T(x 5)(D) + Ne(x).
AeR?

Definition 4.4. A feasible point x € M of (P) where ® is given as in (4.1) is said to be decoupled
asymptotically Mordukhovich-regular (lAM-regular for short) whenever

lim sup M(x, y) C M(f, 0)

x—x, y—0

is valid.
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For each feasible point x € M of (P) for ® given in (4.1), we have the relations M(x, (0,0)) = M (x,0)

and s

limsup M(x,y) ¢ limsup M(x, (§,2))

x—x, y—0 x—x, y—0,z—0
which is why dAM-regularity is weaker than AM-regularity as promoted above. Example 4.3 shows
that there are situations where dAM-regularity is strictly weaker than AM-regularity. Therein, X
is a dAM-regular point. On the other hand, we have (1,0) € limsup,_,; ;_,, ,_,o M(x, (7,2)) but
M(x,(0,0)) = {0} X R which is why x cannot be AM-regular. The subsequent example visualizes that
dAM-regularity might be strictly weaker than AM-regularity even in situations where I possesses the
Aubin property at all points of its graph.

Example 4.5. We set C := R, as well as
Vx e R: T(x):=[-x% o0)

and investigate the mapping ® from (4.1). In this situation, M = R, is valid. Let us focus on the
point x := 0. In Example 3.7, one can find a formula for the coderivative of I'. Using it and exploiting
Nc(0) =R_, we find

R_ x>0,j/=—x2

M(x,7) =4{0} x>0, 7> —x

@ otherwise

orx=0,y2>0

for all x, y € R. Due to M(i, 0) = R_, x is dAM-regular. Let us set

1 ~ 1
Xk == % Yk = %z Zp = —

=

for all k € N. Then we find M(xk, (¥, zx)) = R, ie.,

limsup Mi(x,(3,2)) =R,

x—x, y—0,z—0

and this shows that X cannot be AM-regular since M(%, (0,0)) = M (%,0) = R_ holds true. Observing
that T is the sum of the locally Lipschitzian single-valued mapping x — —x? and the constant set R,
I" possesses the Aubin property at all points of its graph.

Clearly, x € M is an M-stationary point of (P) where ® is given as in (4.1) if and only if
of (%) N (-M(x,0)) # @

is valid. Furthermore, similar as in the proof of Lemma 3.6, one can show that whenever x is a dAM-
stationary point of the problem of interest, then

x—x, y—0

af (x) N (— lim sup M(x, )7)) + @

is true. Thus, Theorem 4.2 yields the following result.

Theorem 4.6. Let x € M be a dAM-regular local minimizer of (P) where ® is given as in (4.1). Furthermore,
let T possess the Aubin property at (%,0). Then X is an M-stationary point of (P).

Using the product rule from Lemma 2.1 as well as the result of Corollary 3.13, the condition

(4.4) 0€DT(x,0)(y)+z 2" eNe(x) = y"=0,2"=0
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is sufficient for AM-regularity and, thus, dAM-regularity of a feasible point x € M of (P) where ® is
given as in (4.1).

Finally, we would like to mention that the assertion of Theorem 3.16 also holds true in the present
setting under validity of dAM-regularity whenever I" possesses the Aubin property at the point of
interest.

Theorem 4.7. Let ¥ € M be a feasible dAM-regular point of (P) where ® is given as in (4.1). Furthermore,
let T possess the Aubin property at (%,0). Then we have Ny (x) € M(%,0).

Proof. The proof is analogous to the one of Theorem 3.16 exploiting Theorem 4.2 and the fact that T
possesses the Aubin property at all points from gph ' N U where U ¢ R" x R’ is a sufficiently small
neighborhood of (%, 0). O

5 APPLICATIONS OF ASYMPTOTIC REGULARITY

5.1 ASYMPTOTIC REGULARITY FOR MATHEMATICAL PROGRAMS WITH GEOMETRIC CONSTRAINTS

In this section, we assume that ®: R” = R x R" is given by

G(x)-K

n, —

(5.1) Vx € R™: CID(x)._( N )

where G: R" — R’ is a locally Lipschitz continuous, single-valued mapping, while the sets K C R’
and C C R" are nonempty as well as closed. Thus, the associated feasible region of (P) is given by

(5.2) M={x € C|G(x) €K},

and this rather general description still covers numerous interesting classes of optimization problems
comprising standard nonlinear problems, instances of conic programming, disjunctive programs (e.g.,
mathematical problems with complementarity, vanishing, switching, or cardinality constraints, see
Section 5.2), and conic complementarity programming. Generally, one refers to constraint systems of
this type as geometric constraints.

We observe that the structure of ® is precisely the one discussed in Section 4 if we use the feasibility
mapping I': R” = R’ given by I'(x) := G(x) — K for all x € R™. Observing that G is a locally Lipschitz
continuous map, I possesses the Aubin property at each point of its graph. Due to Theorems 4.2
and 4.6, the local minimizers of the underlying optimization problem are always dAM-stationary
points and dAM-regularity provides a constraint qualification for the presence of M-stationarity. Using
the coderivative sum rule from [31, Theorem 1.62], we have

V(x,7) € gphT VA e R':  D*T(x, 7)(1) = {g*G(x)(ﬂ) A€ Ng(G(x) - §)

otherwise.

Particularly, the mapping M: R" x R 3 R" from (4.3) takes the form
Vx € R"Vj € R:  M(x, 7)) = D*G(x)Nk (G(x) — 7) + Ne(x).

The latter can be used to specify the precise nature of dAM-regularity for particular classes of optimiza-
tion problems with geometric constraints. We also note that validity of this constraint qualification at
an arbitrary point X € M yields the estimate

Nu (%) € D*G(x)Nk (G(%)) + Ne (%),
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see Theorem 4.7. In the literature, metric subregularity of ® from (5.1) at (%, (0, 0)) is often assumed
for that purpose, see e.g. [25, Theorem 4.1] where it is shown that already metric subregularity of
3: R" =3 R’ given by
Vx € R": &(x) = {G(x) —K xeC
@ otherwise

at the point (%, 0) is enough for that purpose. In the light of Section 3.2, dAM-regularity is, however,
independent of the metric subregularity of ® and, thus, provides a different approach to this pre-image
rule. In case where G is smooth, C = R", and K is of special structure, the fact that dAM-regularity
provides a constraint qualification has been observed in [35, Theorem 3.13]. A related observation
has been made in the context of semidefinite programming in [4]. Replacing the image space R’ by
the Hilbert space of all real symmetric matrices, this paper’s theory covers this special situation, too.
Under additional assumptions on the data (e.g., convexity of K and C), related results can be obtained
for optimization problems in Banach spaces as well, see [14] and Remark 5.2 below. It follows from
[35, Section 4] that dAM-regularity for feasible sets of type (5.2) is not related to suitable notions of
pseudo- and quasinormality which apply to feasible sets of type (5.2), see [10, Definition 3.4] and [24,
Definition 4.2] as well. On the other hand, we know from our investigations in the earlier sections that
this new constraint qualification is generally weaker than metric regularity of ® from (5.1) at some
point (%, (0,0)) € gph ®, and the latter is equivalent to

—G'(%x)TAe Ne(%), L e Nk(G(®) = A1=0

in case where G is continuously differentiable at x, see (4.4) as well. This condition is well known as no
nonzero abnormal multiplier constraint qualification NNAMCQ) or generalized Mangasarian—Fromovitz
constraint qualification (GMFCQ) in the literature.

In the subsequently stated example, we interrelate our findings with the results from [5] where a
sequential constraint qualification has been introduced for standard nonlinear programs.
Example 5.1. Fix £ := p + g, K := R? x {0}, as well as C := R" and let the mapping G: R" — RP*9
be continuously differentiable. Furthermore, let G, ..., Gp4q: R"™ — R be the component mappings

associated with G. In this situation, the mapping M from above takes the particular form

ptq

M(x, 3) = {Z LV G;i(x)
i=1

min(d;, 5 — Gi(x)) =0 Vie{1,...,p}
5/,'—G,‘(x)=0 Vie{p+l,...,q}

for all x € R" and j € RP*9. We want to compare the associated AM-regularity condition (which
equals dAM-regularity due to C = R") with the so-called cone-continuity property (CCP for short)
from [5, Definition 3.1] which has been shown to be a constraint qualification for standard nonlinear
problems. It is based on the mapping K: R" =3 R” given by

ptq

Vx e R":  K(x) = {Z 1VGi(x)

i=1

min(}[i, —Gi(f)) =0 Vie {1, .. ,p}}

and demands that
lim sup K(x) ¢ K(x)
X—X
holds at a given point X € M. Note that we have M (%,0) = K(x).
Observing that, for each x € R", we have K(x) = M(x,G(x) — G(x)) while the convergence
G(x) —G(x) — 0 holds as x — x, validity of AM-regularity at x yields that CCP holds at x, too. On the
other hand, let CCP hold at x. If {x tken, {x; tken € R™ as well as {Jx tken € RP™ are sequences with

X — X, x;: — x* for some x* € R”, and j; — 0 such that xZ € M(xk, ¥x) holds for each k € N, then
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we find a sequence {ik}keN C RP*4 such that x} = Zf:lq ik’iVGi(xk) and min(/ik,i, ki — Gi(xx)) =0,
i=1...,p,are valid for all k € N. Let I(¥) := {i € {1,...,p} | Gi(X¥) = 0} denote the set of indices
associated with inequality constraints active at X. For each k € N, we have ik,i >0forallie{1...,p}.
Whenever i ¢ I(x) holds, Jx; — G;(xx) > 0 is valid for sufficiently large k € N due to x; — %, Jx — 0,
and continuity of G. Thus, we have /ik,i = 0 for sufficiently large k € N and all i ¢ I(x). This particularly
yields min(ik,i, —Gj(x)) = 0 for sufficiently large k € Nand all i € {1,..., p}. Hence, we have shown
x;. € K(xx) for sufficiently large k € N. By validity of CCP, x* € K(x) = M(f, 0) follows, i.e., x is
AM-regular.

The above investigations show that AM-regularity is equivalent to CCP in the setting of standard
nonlinear programming. Let us mention that CCP has also been referred to as AKKT-regularity in the
literature which is why the latter is a particular instance of AM-regularity as well.

In the subsequent remark, we address the situation where K C R’ is convex and G is continuously
differentiable.

Remark 5.2. Assume that K C R’ is convex while G is continuously differentiable. Adapting the proof
of [14, Proposition 3.3], whenever x € M is a local minimizer of the associated problem (P) where ® is
given as in (5.1), we find sequences {xx}ren C R™ and {ex}reny € R” such that xp — %, &g — 0, and

Vk € N: & € 8f(xk) + G'(xk)T(K — G(xk))o + Nc(xk)

hold. Note, however, that we cannot replace (K — G(xy))° by Nx(G(xx)) in the above formula since
G(xx) does not need to be an element of K in general. Consequently, this sequential concept of
stationarity is slightly different from dAM-stationarity. However, it can be used in similar fashion
for the derivation of a constraint qualification which guarantees that x satisfies the M-stationarity
conditions of the associated optimization problem, namely

lim sup /’\/(\(x) C M(f)

X—X

where M: R" =3 R" is defined by
Vx € R":  M(x) =G (x)T(K — G(x))° + Ne(x),

see [14, Corollary 4.8] as well.

5.2 ASYMPTOTIC REGULARITY IN DISJUNCTIVE PROGRAMMING

In this section, we take a closer look at mathematical programs with disjunctive constraints which are
optimization problems of the form

(MPDC) f(x) — min
G(x) € K

where f: R” — R and G: R" — R™ are continuously differentiable mappings and K := Ule D;
is the union of finitely many convex polyhedral sets D;,...,D, C R™. Again, we denote its feasi-
ble set by M. Such optimization problems have been dealt with e.g. in [10, 12, 17, 19, 30] in terms
of first- and second-order optimality conditions as well as suitable constraint qualifications. The
model (MPDC) is attractive since it covers numerous classes from structured nonlinear optimization
like mathematical programs with complementarity constraints (MPCCs), mathematical programs
with vanishing constraints (MPVCs), mathematical programs with switching constraints (MPSCs), or
cardinality-constrained mathematical problems (CCMPs), see [30, Section 5] for an overview of these
popular classes from disjunctive programming and references to the literature. Noting that (MPDC) is
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a particular instance of a mathematical program with geometric constraints, we are in position to apply
the theory from above to the problem of interest. Noting that no abstract constraints are present in the
formulation of (MPDC), we rely on AM-regularity as a constraint qualification for (P). The associated
mapping M: R" x R™ =3 R" is given by

Vx e R"Vy e R™:  M(x,y) = G (x)"Ng(G(x) — y)

in this setting.

Our first result, which is inspired by our observations from Example 5.1, shows that we can rely on
the continuity properties of a much simpler map than M in order to check validity of AM-regularity.
The proof of this result exploits some arguments we already used to verify Theorem 3.10.

Theorem 5.3. Fix a feasible point x € M of (MPDC) and define a set-valued mapping K: R" = R" by
means of
Vx € R":  K(x):=G'(x) " Nk(G(%)).

Then x is AM-regular if and only if the following condition holds:

(5.3) lim sup K(x) € K(x).

X—X

Proof. We show both implications separately.
[=] Let x be AM-regular. Then we have

lim sup K(x) = lim sup M(x, G(x) — G(%)) C limsup M(x,y) € M(%,0) = K(x)

xX—X X—oX x—x, y—0

by continuity of G.

[<=] Assume that (5.3) holds. Furthermore, choose {x }xen, {x] }xen € R™ and {yx}ren € R™ such
that xx — %, x; — x” for some x* € R", yy — 0,as wellas x; € G’ (xx) "Nk (G(xx) — yx) forallk € N
hold. Then we find a sequence {A}ren C R™ such that x} = G’ (xx) " Ak and Ak € Ni(G(xx) — k)
are valid for all k € N. Exploiting that K is the union of finitely many convex polyhedral sets, we
can use similar arguments as in the proof of Theorem 3.10 in order to find a convex, polyhedral cone
P c R™ which satisfies P ¢ Nx(G(xx) — yx) and A; € P along a subsequence (without relabeling). The
robustness of the limiting normal cone yields P C Nx(G(x)) due to G(x;) — yx — G(X) as k — oo.
Thus, we have {4 }ren C Nik(G(%)) and, consequently, x; € K(xx) for all k € N. By means of (5.3),
we find x* € K(x) = M(%,0), i.e., X is AM-regular. O

The following example points out that the assertion of Theorem 5.3 does not need to be true whenever
the set K is not disjunctive, i.e., in this setting, (5.3) does not provide a constraint qualification in general.

Example 5.4. We investigate the setting where G: R — R? is given by G(x) = (x,0) for all x € R
and K ¢ R? is given by K := {y € R?|y, > y?}. Obviously, K is not of disjunctive structure. The
only feasible point of the associated constraint system G(x) € K is ¥ := 0. The mapping K from
Theorem 5.3 is given by K (x) = {0} in this situation which is why the condition (5.3) holds trivially.
On the other hand, one can check

VkeN: ML (0-5) =Ry M(-4,(0,-%)) =R-

and M(x, (0,0)) = {0}, i.e, X is not AM-regular.

Let us mention that one could also check the validity of the constraint qualification from Remark 5.2
which applies to the present situation since K is convex and G is continuously differentiable. The latter,
however, is violated as well.
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In the literature on disjunctive programs, there exist two other weak constraint qualifications which
we will recall below, see [17, Definition 6].

Definition 5.5. Fix a feasible point x € M. We define the linearization cone to M at x as stated below:
Lu(x) :={d e R"|G'(%)d € Tk (G(x))}.
We say that

(a) the generalized Abadie constraint qualification (GACQ) holds at the point X whenever the relation
Tam(x) = Ly(%) is valid,

(b) the generalized Guignard constraint qualification (GGCQ) holds at the point ¥ whenever the
relation Ny (x) = Lp(%)° is valid.

Let us briefly mention that the linearization cone introduced above is, by the special structure of K,
also polyhedral in the sense that it is the union of finitely many convex polyhedral cones. This is a
simple consequence of

(G®) = | 75.(6(0)
ie](x)
where we used J(%) :={i € {L,...,p}|G(X) € D;} and ¥ € M, see [8, Table 4.1]. It has been shown
in [17, Theorem 7] that whenever ¥ € M is a local minimizer of (MPDC) where GGCQ holds, then x
is already an M-stationary point. As pointed out in [17], this result does not need to hold anymore
whenever continuous differentiability of f is replaced by local Lipschitz continuity.

Clearly, one could also define GACQ and GGCQ in the situation where K is a general closed
set. In this case, however, GGCQ on its own does not necessarily provide a constraint qualification
ensuring M-stationarity of local minimizers. As pointed out in [11, Proposition 3], some additional
metric subregularity of a linearized feasibility mapping is needed in this more general situation, see
[20] as well, and the latter is inherent whenever K is of disjunctive structure due to Robinson’s classical
result on the inherent calmness of polyhedral set-valued mappings.

Let us now focus on (MPDC) again. Let us fix one of its feasible points ¥ € M. It is well known that
metric subregularity of the feasibility mapping ®: R” =3 R™, given by ®(x) = G(x) —K forallx € R"
in the present situation, at (¥, 0) implies validity of GACQ which, in turn, implies validity of GGCQ,
see [17, formula (13)]. Noting that (MPDC) covers standard nonlinear problems while AM-regularity
coincides with CCP in this setting, see Example 5.1, the considerations from [5, Section 4.2] show that
validity of GACQ at x is not sufficient for AM-regularity of x. In the following example, we show that
validity of AM-regularity does not need to imply validity of GGCQ.

Example 5.6. Let us consider the mapping G: R — R? given by G(x) := (x, x®) for all x € R as well as
the disjunctive set K := D; U D; where D; := R_ X R and D, := R, X R_ hold. In this situation, we
have M = (—o0, 0]. Let us fix & := 0. One can easily check that 7x (G(x)) = K holds. We conclude

Ly(x)={deR|(d,0) €K} =R,

and this shows that GACQ and GGCQ are violated at x since we have 73;(x) = R_. On the other hand,
we have

G’ (%) "Nk (G (%)) = {A +3x*A2 | (A1, A2) € (R4 X {0}) U ({0} x Ry)} = R,

for each x € R and, thus, due to Theorem 5.3, X is AM-regular.

The above considerations show that AM-regularity for disjunctive programs is not related to the
constraint qualifications GACQ and GGCQ. In the particular case of MPCCs, this already has been
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observed in [35, Section 4]. Due to the results of Section 5.1, AM-regularity is generally weaker than
NNAMCQ, i.e.,
G'(%)"A=0,1e Ng(G(x)) = A1=0,

and the later is, again, weaker than the problem-tailored version of the linear independence constraint
qualification discussed in [30].

5.3 VARIATIONAL CALCULUS AND ASYMPTOTIC REGULARITY

In this section, we are going to show how the concept of asymptotic regularity can be used to establish
some fundamental calculus rules for limiting normals and the limiting coderivative.

First, we show that asymptotic regularity may serve as a sufficient condition for the validity of the
intersection rule for limiting normals.

Theorem 5.7. Let K,C C R" be closed sets and fix x € K N C. Suppose that the qualification condition

(5-4) limsup (Nk(x) + Ne(x)) € Ni(%) + Ne(x)
holds. Then we have
Nxnc(%) € N (x) + Ne(X).

Proof. This result is a simple consequence of our considerations from Section 5.1 and Theorem 4.7
when fixing G: R" — R” to be the identity mapping. Indeed, validity of (5.4) is equivalent to the
validity of dAM-regularity for the constraint system M := K N C. O

Following the structure of the books [31, 32], the intersection rule provides the fundamental basis of
the overall variational calculus. Classically, validity of the intersection rule at some point x € K N C is
guaranteed by the so-called normal qualification condition

Nk (%) N (=Nc(x)) = {0},

and the latter is equivalent to metric regularity of the mapping x = (x — K) X (x — C) at (%, (0, 0)).
Following the arguments from Section 5.1, metric subregularity of this mapping at (x, (0, 0)) is already
enough to guarantee validity of the intersection rule. Apart from these classical results, Theorem 5.7
shows that the intersection rule is also valid in the presence of the asymptotic stability condition (5.4)
which originates from the notion of asymptotic regularity. Keeping in mind our results from Section 3.2,
(5.4) is independent of the aforementioned metric subregularity condition and, thus, provides a new
approach to the variational calculus. Exemplary, we will show how the coderivative sum and chain
rule can be derived in the presence of asymptotic stability conditions.
Let us note that validity of (5.4) is equivalent to

lim sup (/VK(x) 4 K/C(x')) C Ni(%) + Ne(%)
x—X, x'—Xx
by definition of the limiting normal cone. Thus, a direct proof of the intersection rule for limiting
normals under validity of (5.4) can be obtained from the fuzzy intersection rule for regular normals,
see [31, Lemma 3.1], and a simple diagonal sequence argument.

Next, we will inspect how validity of the coderivative sum rule can be guaranteed under an asymptotic
stability condition. Let us mention that in [31, Theorem 3.10], [32, Theorem 3.9], or [38, Theorem 10.41],
the coderivative sum rule has been derived under validity of the Mordukhovich criterion. In order
to proceed, we fix set-valued mappings S, Sz: R" =3 R™ with closed graphs and consider their sum
mapping S: R” =3 R™ given by

Vx € R":  S(x):= Si(x) + Sy(x).
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Furthermore, we make use of the intermediate mapping =: R" x R™ =3 R™ x R™ given by

(55) Vx e R*"Vy e R™: E(x,y):={(y,y2) € R"XR™|y1+y2 =y, y1 € Si(x), y2 € S2(x)}.
Observe that we have dom = = gph S.

Theorem 5.8. Fix some point (X, y) € gphS. Then the following assertions hold.

(a) Assume that there exists (y1, y2) € E(X, y) such that Z is inner semicontinuous at ((x, y), (31, 32)).
Furthermore, let the qualification condition

limsup  (D*Si(x1, y1) (1) + D*S2(x2, ¥2) (¥3))
(1, y1)— (%,31)

(x2,2) = (%,32)
(5:6) (V-3 = (97.33)
C D*Si(x, y1)(31) + D*S2(%, 32)(73)
hold for all 3}, y, € R™. Then, for all y* € R™, we have
D*S(x, 7)(y") € D*Si(%, 1) (") + D"S2(%, 32) (7).

(b) Assume that Z is inner semicompact at (X, y). Furthermore, let the qualification condition (5.6) hold

ok ok

for each (31, y2) € E(%, y) and all y;, y; € R™. Then, for all y* € R™, we have
D*S(x,y)(y") C U (D*S1(%, 31) (y*) + D*Sz2(%, 72) (y7))-
(371’372)55(9?,}7)
Proof. The proof essentially relies on the normal cone intersection rule from Theorem 5.7 and adapts
the arguments used to verify [31, Theorem 3.10].

(a) Fix x* € D*S(%, y)(y*) for an arbitrarily chosen y* € R™. Mimicking the proof of [31, The-
orem 3.10(i)] and exploiting the postulated inner semicontinuity of =, we find the relation
(x*, =y, —y") € No,na, (X, 31, ¥2) where we used the closed sets Q;, Q, € R” X R™ X R™ given
by Qi = {(x, y1, y2) | i € Si(%)}, i =1,2.

Let us now show that (5.6) is sufficient for the applicability of the normal cone intersection rule
from Theorem 5.7 for the estimation of Ng,ng, (X, 31, ¥2) from above. Therefore, we show that
(5.4) holds for the situation at hand. Choose sequences {x; }xen C R”, {YZ,1}k€N’ {y,’:,z}keN cR™

1 1 2 2
as well as {xi1}en, {xk2}ken © R™ and {y; Jeen {yp, teens {ve tkens {y , Jken © R™ such
that xg1 = X, X2 = X, Y, = 1 Vg, = V2 Vi = F1 Vi, = J2. X — x* for some x* € R”,
yi, — ¥i aswellas y;, — y; for some y;, y; € R™, and
E * 1 1 2 2
(xka yk’la yk’z) € NQl (xk,l: yk)la yk’z) + NQZ (xk,Zy yk,la yk’z)

for all kK € N hold. By construction of Q; and Q;, this guarantees the existence of sequences
{x;;)l}keN, {x;:,z}kEN C R" such that x; = xlil + x;:,z as well as (x;:’i, yz,l.) € Ngphs; (Xk,is y,’m.),
i =1,2, for all k € N hold. This leads to

Vk eN:  xp € D*Si(xics, Vi) (=Yiey) + D*Sa(xias ¥i ) (= ¥ico)-

Due to validity of (5.6), we find x* € D*S;(%, y1)(—y;) + D*Sy(%, 32)(=y;), i.e., there are points
x},x;, € R" with (x}, y]) € Ngpns, (%, i), i = 1,2, and x* = x] + x;. Particularly, we have

(", y1, ¥2) € Nay (X, 31, 32) + No, (%, 31, 32).-
Due to the above considerations, we can apply Theorem 5.7 in order to obtain
(x%, =¥" =¥") € Na, (%, 31, 32) + Na, (X, 31, 32).
Now, the claim follows by definition of the sets Q; and Q, cf. [31, proof of Theorem 3.10].
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(b) Fixing x* € D*S(x, y)(y*) for an arbitrarily chosen y* € R™, the inner semicompactness of =
at (X, y) can be used to obtain

(x*’ _y*’_y*) € U NQlﬂgz ()Z': )_}la }_}Z);
(71.72) €E(%,9)

see [31, proof of Theorem 3.10(ii)] as well. Proceeding as in the proof of (a), the claim follows.

O

Finally, we would like to take a look at the coderivative chain rule. Therefore, let us consider set-
valued mappings T;: R” = R™ and T,: R™ = R’ with closed graphs as well as their composition
T: R" 3 R! given by

Vx e R":  T(x):= U ().
yeTi(x)

Again, we will make use of an intermediate mapping ©: R" X R’ =3 R™ which is given as stated below:
Vx e R"Vz e RY:  O(x,2) = {y € Ti(x) |z € Tz(y)}.

Once more, we note that gph T = dom © is valid. Similar as in [31, Theorem 3.13] or [32, Theorem 3.11], we
will derive the coderivative chain rule from the coderivative sum rule. Exploiting Theorem 5.8 for that
purpose, we will see that validity of the chain rule can be guaranteed in the presence of an asymptotic
stability condition. In [31, 32] or [38, Theorem 10.37], a condition related to the Mordukhovich criterion
has been imposed for that purpose.

Theorem 5.9. Fix some point (x,Z) € gph T. Then the following assertions hold.

(a) Assume that there exists y € O(X, Z) such that © is inner semicontinuous at ((X, Z), y). Furthermore,
let the qualification condition

limsup (D*T(»%2)(z") = (D*Ti(x, y")) 7' (x*))
(xyh)—=(x.7)
(5.7) (y22)—(5.2)

(x*,2")—>(x*,2%)

C D'T(7.2)(2") - (D'T (%, 7)) (%)
hold for each x* € R™ and z* € R’. Then, for each z* € R!, we have

DTG ) DTEHO.
y*eD*T;(7,2) (z*)

(b) Assume that © is inner semicompact at (X, zZ). Furthermore, let the qualification condition (5.7) hold
for each y € ©(%,2), ¥* € R", and z* € R’. Then, for each z* € R’, we have

D'T(%2)(z)c | ) DmEHG.
y€0(x,2) y*eD*Tz(3,2) (z*)

Proof. We only show validity of statement (a). Assertion (b) can be obtained in analogous way. For
the proof of (a), we exploit the idea from [31, proof of Theorem 3.13] and consider the mapping
S:R*"x R™ 3 Rf given by

Vx e R"Vy e R™:  S(x,y) = Agpnr (%, ) + To(y).

P. Mehlitz Asymptotic regularity in optimization theory



J. Nonsmooth Anal. Optim. 1 (2020), 6575 page 27 of 30

Then [31, Theorem 1.64] yields
(5.8) D'T(x,2)(z") c {x" € R" | (x",0) € D*S((x, ),2)(z")}

for all z* € R since © is inner semicontinuous at ((%, 2), 7).
In order to estimate the coderivative of S from above, we make use of Theorem 5.8. Therefore, we
introduce S, S;: R" x R™ = R! by means of

Vx e R"Vy e R™:  Si(x,y) = Agpn7,(x, y) Sa(x,y) = T(y).

Next, we show that (5.6) holds in the present setting. Therefore, we make use of the formulas

D*Si((x,y),2)(z*) = Z#0

D*S3((x,y),2)(z") = {0} x D"T1(y,2)(2")

Neph1,(x,y) 2=0
%}

which, by elementary calculations, hold forall x € R", y € R™, and z, z* € R?. In order to infer validity
of (5.6), we thus need to verify validity of

limsup (Ngph1 (x, v + {0} x D*Ty(y% z) (z))
(x,y")—(%,3)
(5.9) (229 (3.2)

Zf—z*

C Neghti (%, 9) + {0} x D*Ty(3,2) ()

for all z* € R. Thus, for some point z* € R, we fix sequences {x¢ }ren C R, {y; fren> {¥5 Jren € R™,
{zk }kens {ZZ}keN c R, as well as {xz}keN c R" and {y;}keN c R™ such that x4 — %, y}< - 7,

y,i — J,zx > Z,z;, = 2, x;, > x" and y; — y* for some x* € R" and y* € R™, as well as

(x> ¥) € Neph; (s y3) + {0} X DT (w5, 26) (2)

for all k € N hold. Keeping the definitions of the coderivative and the inverse mapping in mind, we

find
Vk €N yp € D'To(yf 2) (25) = (D Ti(xk, 1)) ™ ().

Inspecting (5.7), we obtain
y" € D'T(3,2)(2") = (D'Ti(X, 7))} (x"),

ie, (x*,¥") € Ngnr (X, 9) + {0} x D*Ti(%, y)(z*). This shows validity of (5.9). Observing that the
intermediate mapping E from (5.5) is given by

Vx e R"Vy e R"Vz e R':  E(x,y,2) ={(0,2) | y € Ty(x), z € Tz(y)}
_ {{(o,z)} ((x,2),) € gph®

@ otherwise

in this situation and, thus, is trivially inner semicontinuous at ((%, y, Z), (0, Z)) by inner semicontinuity
of © at ((X, 2), ), we can apply assertion (a) of Theorem 5.8 in order to find

D*S((%,7),2)(z") € Ngphr, (%, 7) + {0} X D'Ty(3,2) (7).

Due to (5.8), the desired estimate is obtained. O
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6 CONCLUSIONS

In this paper, we introduced a new sequential constraint qualification, namely AM-regularity, for
nonsmooth optimization problems. This concept has been shown to be generally weaker than metric
regularity of the associated feasibility mapping while it is not related to metric subregularity of the
latter. AM-regularity turned out to be a condition which is sufficient for the validity of the pre-image
rule from the limiting variational calculus.

We clarified how abstract constraints can be incorporated into the framework of AM-regularity and
presented some associated consequences for optimization problems with geometric constraints. Our
findings were applied to mathematical programs with disjunctive constraints as well. This revealed that
AM-regularity is a generalization of the cone-continuity property (also referred to as AKKT-regularity)
for standard nonlinear problems and mathematical programs with complementarity constraints, see
(5, 35]. Keeping e.g. [1, 4, 14, 35] in mind, constraint qualifications of AM-regularity-type can be used to
ensure convergence of different types of solution algorithms like augmented Lagrangian or relaxation
methods to stationary points of several classes of optimization problems. It is a promising subject of
future research to investigate more general algorithmic consequences of AM-regularity.

We finalized the paper by showing that asymptotic regularity provides a new approach to the
limiting variational calculus. It remains to be seen whether the resulting new asymptotic stability
conditions which ensure validity of the normal cone intersection rule, the coderivative sum rule, or the
coderivative chain rule can be used profitably in the context of variational analysis. Following ideas
from [13, 18], it might be possible to introduce a reasonable concept of directional AM-regularity. Such a
concept may provide qualification conditions for optimization problems of type (P) and the directional
limiting variation calculus which are even weaker than the criteria inferred from AM-regularity.
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FIRST-ORDER DIFFERENTIABILITY PROPERTIES OF A CLASS
OF EQUALITY CONSTRAINED OPTIMAL VALUE FUNCTIONS
WITH APPLICATIONS

Kevin Sturm®

Abstract  In this paper we study the right differentiability of a parametric infimum function over a
parametric set defined by equality constraints. We present a new theorem with sufficient conditions
for the right differentiability with respect to the parameter. Target applications are nonconvex
objective functions with equality constraints arising in optimal control and shape optimisation.
The theorem makes use of the averaged adjoint approach in conjunction with the variational
approach of Kunisch, Ito and Peichl. We provide two examples of our abstract result: (a) a shape
optimisation problem involving a semilinear partial differential equation which exhibits infinitely
many solutions, (b) a finite dimensional quadratic function subject to a nonlinear equation.

1 INTRODUCTION

Let a normed space X, a vector space Y and 7 > 0 be given. In this paper we study the one-sided
differentiability in t = 0* of the optimal value-function

(11) t—g(t) = inf f(t,u),

u€E(t)
where f : [0,7] X X — R is a given function. The E(t) denotes the set of states given by
(1.2) E(t)={u' e X :e(t,u’,p) =0 forall g € Y},

where e : [0,7] X X XY — R is a function that is linear with respect to the last argument. The
Lagrangian (t,u, p) — G(t,u,p) : [0,7] X X X Y — R associated with (1.1) is defined by

(13) G(t,u,q) = F(tu) +e(t,u,q).
With this Lagrangian the set E(t) can be expressed in terms of the Lagrangian G as follows
(1.4) Et)={u' e X : apG(t,ut, 0)(¢) =0 forallp € Y}

and g can be written as a minimax (see [14])

(15) g(t) = inf supG(t,p,¥) = inf G(t,¢,0).
peX yey @EE(t)

We will provide new conditions (see Hypothesis (H3)) under which the function g is right differentiable.
The pertinence of the result is illustrated by applying it to a finite dimensional problem and a shape
optimisation problem.
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The problem of finding the right derivative of (1.1) arises naturally when deriving optimality condi-
tions appearing in equality constrained finite and infinite dimensional control and shape optimisation
problems. Accordingly it has been studied by many authors before and sufficient conditions, even
with inequality constraints are known; see, e.g., the review article [4]. Often for inequality constrained
problems suitable constraint qualifications (e.g. Robinson’s constraint qualification [32]) are required
which impose a certain regularity on minimisers; see [24, 38, 29]. In [30] the right differentiability is
examined in infinite dimensions under the assumption that the elements of E(¢) arise from convex
optimisation problems; see also [33] and [2, 3] for results in infinite dimension.

In case E(t) is independent of ¢ let us mention the early work of J. M. Danskin [8, 7] where a maximum
function with respect to a parameter was studied. When the solution of the maximum problem (and
similarly minimum problem) is not unique, then a natural non-differentiability arises. In this case only
directional derivatives or sub-differentials are computable. We also refer to the monographs [17, 20, 31]
and references therein. In the review article [4] and also the book chapters [5, Chap. 4] and [22, Chap.
2] several conditions for right differentiability of g are given (see also references therein). In particular
first and second order expansions of value functions are studied using second order conditions.

As mentioned before second order analysis can be used to obtain differentiability of the optimal
solution u’ and hence differentiability of the value function g. Let us mention [21] where the differentia-
bility of the value function with respect to Dirichlet data of a tracking-type cost function constrained
by a semilinear parabolic PDE is studied. A key ingredient is a Holder estimate of order 1/2 of the
optimal control with respect to the Dirichlet data.

The differentiability of parametric minimax functions under saddle point assumptions has been
studied in [6] by Correa and Seeger and was subsequently extended and applied to shape optimisation
problems by Delfour and Zolésio in [15]. For nonlinear equality constraints this saddle point assumption
is unfortunately often not satisfied.

In [35, 34] an approach to the differentiability of a minimax without a saddle point assumption
for the Lagrangian was presented. An extension to the multivalued case can be found in [14, Thm.
4.1] and [12, Thm. 2 and Thm. 3]. In addition in [14, Thm. 3.1] and [12, Thm. 1] also the singleton
case was revisited and extended by introducing an extra term. For applications to the single valued
case of this approach we refer to [35] and also [25] and [36]. In this context let us also mention the
approaches of [34, p.54, Thm. 4.6] and [10, Thm. 3.3] (see also [11]), where a Lagrangian approach using
an unperturbed adjoint variable is proposed for the single-valued case. The adjoint method [10, Thm.
3.3] has also been recently used in [19] and [18] to compute topological derivatives and, in addition,
also a thorough comparison with the averaged adjoint method is provided. From this it appears, at
least in the context of computing topological derivatives, that the averaged adjoint method seems
favorable, since a larger class of cost functionals could be treated. This may be rooted in the infinite
dimensionality of the problem.

The key idea of the averaged adjoint approach is to replace the perturbed standard adjoint by the
so-called averaged adjoint state equation. This allows to deal with non-convex objective functions
and non-linear state equations. Let us also mention the variational approach of [23] where another
approach is proposed to show the differentiability of a minimax by using some sort of second order
expansion. Both approaches have in common that they bypass the computation of the derivative of the
control-to-state operator. Although both approaches are from its nature very different we will show in
this paper how they can effectively be combined to establish yet another even more powerful new
theorem on the differentiability of the minimax.

Our result gives new easy to check conditions and generalises results in [14]. The target applications
of our theorem are the shape sensitivity analysis yet the result can also be applied to optimal control
problems in general.
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NOTATION

Let f : [0,7] X Uy X U2 — R be a function defined on the Cartesian product of the interval [0, 7],
7 > 0 and the open subsets U; € X and U, C Y of normed spaces. Then we define for (t,u,p) €
[0,7) X U1 X Uz and v € X and w € Y the following one sided directional derivatives

ft+hup) - f(tup)

of (t,u, p) = }{1{%

h
(1.6) Auf (t,u, p)(v) == ]11{% f(tu +hv,};l) - f(t, u,p)’
up+hw) - f(tu,
3pf(t,u,p)(w);:%i{%f(tup+ V;l) f(tup)

provided the limits on the right hand side exist, respectively. The notation h Y\ 0 indicates that h — 0
under the condition h > 0.

We equip R? with the Euclidean norm || - || and denote by ||A| the corresponding operator norm for
A € R4,

Throughout the paper, we will use the terminology state equation and adjoint state equation.

2 MINIMAX THEOREM VIA THE AVERAGED ADJOINT EQUATION

2.1 AVERAGED ADJOINT EQUATION

Let X,Y and G be as in the introduction. We will henceforth assume that g(¢) is finite for all ¢ € [0, 7].

Definition 2.1. We introduce for ¢t € [0, 7] the set of minimisers
(2.1) X(t):={u' € E(t): inf f(t,u)=f(t,u")}.
u€E(t)

Notice that X () C E(t) and that X (t) = E(t) whenever E(¢) is a singleton. However, in general
X (t) and E(t) do not need to coincide. The definition of the averaged adjoint equation requires that
the set of states is not empty:

Assumption (Ho). For all t € [0, ] we have X (t) # 0.
Before we can introduce the averaged adjoint equation we need the following hypothesis.

Assumption (H1). For all t € [0, 7] and («° u’) € X(0) x E(t) we assume:
(i) For all p € Y, the mapping s — G(t, su’ + (1—s)u®), p) : [0,1] — R is absolutely continuous.
(ii) For all (¢,q) € X XY and almost all s € (0,1) the function
(2.2) s+ 9,G(t,su' + (1-s)u’,p)(¢) : [0,1] = R
is well-defined and belongs to L;(0, 1).

Remark 2.2. Notice that item (i) implies that for all ¢ € [0, 7], (1% u’) € X(0) X E(t) and p € Y,

1
(2.3) G(t,u',p) = G(t,u’, p) + / 3.G(t,su’ + (1= s)u’, p)(u* — u°) ds.
0

This follows at once by applying the fundamental theorem of calculus to s = G(t,su’ + (1 - s)u’, p)
on [0,1].

The following gives the definition of the adjoint and averaged adjoint equation; see [35].
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Definition 2.3 (Averaged adjoint equation). Let X C X be a linear subspace. Given t € [0,7] and
(u°, u’) € E(0) x E(t), the averaged adjoint state equation is defined as follows: find ¢’ € Y, such that

1
(2.4) / 3.G(t,su' + (1—35)u’,q")(¢)ds =0 forallgp € X.
0

For every triplet (¢, u’, u’) the set of solutions to (2.4) is denoted by Y (¢, u®, u’).
Definition 2.4. The standard adjoint p’ € X is defined by 9,G(t, u’, p*) (@) = 0 for all ¢ € X and the set
of adjoints associated with (t,u’) is denoted Y (t,u").

Notice that Y (0,u°) = Y(0,u° u°) for all u® € E(0), that is, the averaged adjoint equation reduces to
the usual adjoint equation. The averaged adjoint equation allows us to express the Lagrangian at time
t solely through the Lagrangian evaluated at (t,u°, ¢*).

Lemma 2.5. Let t € (0, 7]. Then for all (u°,u*) € E(0) x E(t) withu' —u° € X, and ¢* € Y(t,u°, u’), we
have

(25) G(t,u',q") = G(t,u° q").
Proof. This follows directly from Remark 2.2 noting that u’ — u° € X is an admissible test function in
(2.4) and hence the last term in (2.3) vanishes. O

Remark 2.6. Notice that (2.5) holds for all ¢ > 0, but not necessarily at t = 0. The reason behind this
is a discontinuity at t = 0. Let u’ € E(t) and @° € E(0) with «° # @® and let ¢’ € Y(¢t,@° u’). Set
fi(t) == G(t,u,q") and fo(t) := G(t,4° ¢*) for t € [0, 7]. Then from (2.5) we obtain

(2.6) fi(t) = fo(t) forallt >0,

but f; and £, do not coincide at t = 0 unless £(0) = £(0,u°) = £(0,a°) = £,(0). However, if we
also let @) € E(0), such that ) = u°, then the functions fi(t) := G(t,u’,q") and f(t) == G(t,4,q")
will coincide at t = 0. This observation is important for our main theorem (Theorem 2.10); see also
Hypothesis (H3).

Corollary 2.7. For all t € (0,7], (u° u') € E(0) x X(t) withu' —u° € X, and for all ¢* € Y (t,u°, u?), we
have

(2.7) g(t) =G(t,u',q") = G(t.u’, ¢").

Proof. Lett € (0,7], (u®,u’) € E(0) x X(t), and ¢* € Y(t,u’ u’) be given. Since u’ € X(t) we obtain
by definition

(2.8) g(t) = inf G(t,u,0) = G(t,u',0).
u€E(t)

On the other hand since X(t) C E(t), we have u’ € E(t) and thus G(t,u,0) = G(t,u’, q"). Now we
can apply Lemma 2.5 to obtain

(2.9) G(t,u',q") = G(t,u’, q").
Finally (2.8) and (2.9) together imply (2.7). O

Remark 2.8. Notice that in our setting the test space of the adjoint and averaged adjoint equation might
be smaller than the space of definition of the parametrised Lagrangian, that is, X # X in general. This
is for instance the case when solving the Dirichlet Laplacian where the test space would be Hj and the
trial space H'. We refer to the last section for an example.

Remark 2.9. Let G : [0,7] X X X Y — R be a Lagrangian and u € X. Assume that 9,G(0, u, p) exists for
all p € Y. Then p — 9,G(0,u,p) : Y — Ris affine.
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2.2 A NEW MINIMAX THEOREM FOR LAGRANGIANS

The next theorem gives new sufficient conditions for g to be right differentiable at t = 0. Our theorem
extends [6] and complements [14, Theorem 4.1] for functions G that are Lagrangians. We will give a
new theorem which provides new sufficient conditions for which the limit

(2.10) dg(0) := }1{1(1) M

exists, where g is given by (1.1).
Theorem 2.10. Let G be a Lagrangian and suppose that Hypotheses (Ho)—(Hz1) and the following conditions
are satisfied.

(H2) Forallu € X(0) and all p € Y(0,u), 3,G(0,u, p) exists;

(H3) For every null-sequence (t,), t, € (0, 7], there exist u® € X(0) and p° € Y(0,u°), a subsequence
(tn,), elements (u?nk,ut"k) € E(0) X X(tn,), uc — u?nk € X and g'"+ € Y(tnk,u?nk,ut"k), such
that

G(tn,, u?n , qt"k) - G(0, u?n , qt"k)

. . > 9,G(0,u’, p°).

lim inf
k—oo tny
(Hq) Foreveryu® € X(0) there is a suboptimal patht — @' : [0,7] — X satisfying, a® = u®, 7’ —u® € X,
i! € E(t) and
12" —u’llx

lim ——— =0
tl\I,l’é t1/2

and for allpo € Y(0,u%),

=t 0\ _ _+ .0
(2.1) lim sup Gt a,p7) — GO, p")

< 3,G(0,u°, p°).
N0 t

(Hs) For everyu® € X(0) and every p° € Y(0,u°),

(2.12) 1G(0,u,p°) = G(0,u’, p°) = 9.G(0,u’, p°) (u — u”)| = Olu — u°II%).
Then the one sided derivative dg(0) exists and we find u® € X(0) and p° € Y(0,u°), such that
(213) dg(0) = 8,G(0,u’,p")
and we have the bound

. inf  inf 9,G(0,u,p) <dg(0) < inf 9,G(0,u, p).
(2.14)  dnf nf o (0,u,p) < dg(0) ué§<o)p§u£u> :G(0,u, p)

If, in addition, for allu € X (0) the set Y(0,u) = {p°(u)} is a singleton, then

(2.15) dg(0) = inf 9,G(0,u,p’(u)) = 3,G(0,u’, p°).
uex(0)

Before we turn our attention to the proof of this theorem let us make a few remarks.

Remark 2.11. Let us give a guideline on how Hypothesis (H3) can be verified in practice. Let a null-
sequence (t,) and (u') € X(t,) be given. Typically one can use compactness arguments to find
u° € X(0) and a subsequence (denoted the same) such that u’ — u° in some topology on X (e.g. weak
or strong). Then one constructs u(t)" € E(0), such that u(t)” — u% and Y(¢,, ué", u') # (. Then it only
remains to verify that there is a sequence g’ € Y (tp, u(t)”, u'n) of averaged adjoints that converges to

some element q° € Y (0, u°).
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Remark 2.12. « In contrast to previous theorems (see, e.g., [14, 12]) we allow the points u? € E(0) to

change when t approaches zero. The idea is to choose ) in such a way that the averaged adjoint
variable g € Y(t,u,u’) exists. We will illustrate this with a nonconvex example in Section 3.

Assumption (H3) extends Hypothesis (H3) of [14, Thm. 4.1] by perturbing the elements uy € X(0).
This allows us to treat examples where the original averaged adjoint variable is not well-defined,;
see Section 3.4.

Assumptions (H4) and (Hs) in Theorem 2.10 follow ideas used in [23] (see also their follow
up work [27, 26]) and replace Hypothesis (H4) of [14, Thm. 4.1]. The main motivation and
advantage is that we do not need to assume that we find for all u° € X(0) a continuous path
[0,7] = R? : t > u! with u’ € X(t), which might be difficult to check or might be even false
(see the example in Section 3.4). We also refer to [23] for an example where t > u’ is in fact not
differentiable, but where (H4),(Hs) are satisfied. We also note that the other recent articles such
as [14, Thm. 4.1.], [10, Thm. 4.1.],[11, Thm. 6.1 and Thm. 6.2] always work with optimal paths.
Therefore the replacement of this condition with the present one is crucial.

Let us mention other results related to ours. In [4, Thm. 4.4] the differentiability of t — g(¢) is
proved under the assumption that the minimisation problem (1.1) is convex and that there is an
o(t) optimal path u?, such that ||u’ — u°||x = o(t). This latter condition is similar to condition
(H3), however, we only require the existence of u’ € E(t) with 1/2 Hélder continuity. However,
the result [4, Thm. 4.4] also includes inequality constraints; see also [33] and [2, 3].

We split the proof of this theorem in two lemmas in which we prove upper and lower bounds for
the following liminf and limsup of the differential quotients of g:

(2.16)

and d_g(O) := lim sup M

¢ g(t) — g(0)
t \,0

dg(0) :=limi
4500 =iy

Lemma 2.13. Assume that G satisfies Hypotheses (Ho)—(Hs3). Then

(2.17)

Fu® € X(0), Ip° € Y(0,u4°), dg(0) > 0,G(0,u’, p°).

In particular, we have

(2.18)

Proof.

From

dg(0) > inf inf 9,G(0,u,q).
dg(0) = inf  inf #G(0.uq)

Let (t,), t, > 0 be a null-sequence, such that

y g(t,) — g(0)
m t—

n—oo

= dg(0).

n

Corollary 2.7 we get for all t € (0,7], (1% u*) € E(0) x X(t) with u* — u® € X, and for all

q' € Y(t,u,u),

(2.19)

g(t) = G(t,u’, qt) = G(t, uo,qt).

In addition, from the definition of X(0), we have for every p € Y,

(2.20)

g(0) < G(0,u°0) = G(0,u°, p).

Equations (2.19) and (2.20) together yield: for all t € (0, 7], (u°,u’) € E(0) X X(t) and ¢* € Y(t,u°, u’),

(2.21)

9(H) - 9(0) _ G(tu’,q") ~ G(0.uq")
t - t '

Sturm
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From Assumption (H3): for every null-sequence (t,) there exist u® € X(0) and p° € Y(0,u°), such that
there is a subsequence (t,), indexed the same, (u) ,u’") € E(0) X X(t,) and g € Y (t,, uj ,u'"), such
that

" g(ty) — g(0) (21) ] G(tn,uy ,q™) = G(0,u) ,q')

li > limin > 9,G(0,u’, p°)
n—oo tn n—oo tn
which is precisely (2.17). O

Remark 2.14. The lower bound obtained in (2.18) is weaker than the one of e.g. [33, Prop. 2.3]. In fact,
there it is proven that

(2.22) inf  sup 9;G(0,u, p°) < dg(0).
ueX(0) POeY(0,u) —

However, in this proposition it is assumed that the optimisation problem appearing in the definition
of g(t) is a convex optimisation problem, which together with assumptions on X(0) leads to a lower
bound for dg(0). Nevertheless our bound together with the bound proved in the following lemma will
still lead to the right differentiability of g. The price we have to pay here is that the final expression of
the derivative is not a minmax anymore and thus contains less information.

Lemma 2.15. Assume that G satisfies Hypotheses (Ho)—-(Hz2) and (H4)-(Hs). Then
(2.23) vu® € X(0), Vp° € Y(0,u°), dg(0) < 3;G(0,u’, p°).
In particular,

(2.24) dg(0) < inf  sup 2G(0,u,q).
ueX(0) geY (0,u)

Proof. Let (t,), t, > 0 be a null-sequence, such that

t) —g(0) —
Tim 9()lf—9() = dg(0).
We have for all t € [0, 7], u’ € E(¢t) and all p € Y,
(2.25) g(t) = ig{)G(t, u,0) < G(t,u',0) = G(t,u', p).
uek(t

As a result for all t € (0, 7], (1% u’) € X(0) X E(t),and all p € Y,

g9(t) —g(0) 29 G(t.u',p) - G(0,u", p)
t - t
_Gtu',p) -G(0.u',p)  G(O.u',p) - G(0,u’, p)
_ t t :

(2.26)

To further estimate the right hand side note that it follows from Assumption (Hs): For every u® € X(0)
and every po € Y(0,u°),

(2.27) G(0,u,p") = G(0,u°, p°) = 0,G(0,u’, p°) (u — u”)| = O(llu — u’[I%).
On the other hand by definition of the adjoint state p° € Y (0, u?),
(2.28) 3.G(0,u’, p°)(p) =0 forall ¢ € X.

Moreover thanks to Assumption (H4) we find t +— @’ : [0,7] — X, such that @° = u°, 4’ —u® € X,
@' € E(t) and ||@* — u°||x = o(t'/?). Hence combining (2.27) and (2.28) gives that for every u® € X(0)
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and every p° € Y(0,u°) there is a constant C (depending on u° and p°) such that for all small ¢, we
have

(220)  16(0,a',p%) - G(0,u%,p°)] “2” [G(0, ", p°) — G (0,4, p°) - 3,G(0, 4, p) (' — u")]

(2:27)
< Cllat - u||%.

As a result
. G(03 atspo) _G(Oa uOsPO) . |G(09 at3p0) _G(O’ uo’p0)|
(2-30) lim sup < lim sup
N0 t \0 t
s _t 092
( Sg) C lim sup —||u ullx ez .
£N\0 t

Therefore from (2.26) for every u® € X(0), there is t > @’ as before such that, for all p° € Y (0, u),

dg G(a',p") - G(o. @', p° G(0,a',p°) - G(0,u’, p°
3 d9(0) < limeup SBEPD =GO YY) o G087 G040 )
\,0 t 1\ t
< 9,G(0,u’ p°)

which is precisely (2.23). O

Remark 2.16. A sufficient condition in the convex case to derive an upper bound for d_g(O) (even with
inequality constraints) as in the previous lemma is the assumption that every point in X(0) satisfies
the Robinson constraint qualification (see [22, p. 5] and [32] for a definition). We refer to [33, Prop. 2.1]
which is due to [30].

Proof of Theorem 2.10  Let Hypotheses (Ho)-(Hs) hold true. Combining (2.17) and (2.23) shows there
exist u® € X(0) and p° € Y(0,u°), such that

(2.32) 2;G(0, uo,po) < d_g(O) < d_g(O) < 3,;G(0, uo,po),

which implies that dg(0) exists and is equal to 9,G(0,u°, p°). If for all u® € X(0) the set Y(0,u’) =
{p°(u®)} is a singleton, then we obtain from (2.17) and (2.32), that for all % € X(0),

(233) l)r(l,f ) al'G(O> uapo(u)) < al'G(0> uO’PO) < dg(o) < atG(()’ a>P0(ﬁ))
ueX(0
Taking the infimum over @ in X(0) yields (2.15).

Alternative upper bound Let us finish this section with an upper bound for dg(0), which can be
derived by replacing Hypotheses (Hy),(Hs) by the following relaxed Hypothesis (Hg’). Its advantage
over (Hq),(Hs) is that no Holder continuity of u’ is needed, but only convergence. However, the bound
is weaker than the one of Lemma 2.13. Compare also with the general result [4, Thm. 4.5].

Assumption (H4’). For every null-sequence (1), t, > 0 and every u® € X(0), there exist p° € Y (0, u°),
a subsequence (t,,) of (t,), u'" € E(tn,), and q"* € Y (t,, u’ u'rv), such that

G t, 0’ t”k _G 0’ 0’ t"k
(tu,g™) Ou.q )SatG(O,uO,pO).

lim sup
k—o0 tnk
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Lemma 2.17. Let Hypotheses (Ho)—(H3) and (Hy’) be satisfied. Then
(2.34) vu® € X(0), 3p° € Y(0,u°), dg(0) < 3,;G(0,u°, p°).
In particular,

(2-35) d_g(O) < inf  sup 9,G(0,u,p).
ueXx(0) PEY(0,u)

Proof. Let (t,), t, > 0 be a null-sequence, such that

lim M = dg(0).

n—oo n

By definition we have for all t > 0, u’ € E(t), u® € X(0) and ¢* € Y(¢t,u’, u"):
(2.36) g(t) < G(t,u’,0) = G(t,u’, ¢") = G(t,u’, ¢"),
where in the last step we used Corollary 2.7. Hence we obtain from Hypothesis (H4’) that we find (¢,)

and u° € X(0), a subsequence, denoted the same, an element p° € Y (0, u°), elements u’" € E(t,) and
q'n € Y(tn, u® u'n), such that

= — 0 it _ 0 . tn
(2:37) dg(0) :n1~m 9(t) —9(0) pG(tn,u ,q'n) — G(0,u° g'n)

im < limsu < 3:G(0,u°, p°).

n n—oo tn

Hence in particular for every u® € X(0)

(2.38) d_g(O)S sup  3:G(0,u’,p).
peY(0,u’)

Taking the infimum over u° yields (2.35). O

As said before the statement of the previous lemma is weaker than the one of Lemma 2.15. However,
if for all u® € X(0), the set Y(0,u°) is a singleton we obtain right differentiability of g.

Corollary 2.18. Let Hypotheses (Ho)—-(H3) and (Hy’) be satisfied. Assume that for allu € X(0) the set
Y(0,u) = {p°(u)} is a singleton. Then g is right differentiable and

. = inf 0 .
(2.39) dg(0) uel)l}(o)atG(O,u,p (u))

Proof. This directly follows from the proof of Lemma 2.17 (equation (2.37)) and Lemma 2.13. O

3 APPLICATION TO A FINITE DIMENSIONAL PROBLEM

In this section we study a simple finite dimensional minimisation problem for which we can apply
Theorem 2.10. The following example is a generalisation of the one considered [11, Sec. 6.3]; see also [9,
p-143]. We also refer to [28], where existence of an optimisation problem with a quadratic cost function
and quadratic separable inequality constraints is studied.
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3.1 PROBLEM FORMULATION

Given two symmetric matrices A, Q € R%4 we define

(3.1) f(u) =Qu-u, E={ueR%: Au-u=1}
and consider the minimisation problem

(3.2) inf f(u).

The following assumption guarantees that (3.2) admits at least one solution.

Assumption 3.1. We assume that the pair of symmetric matrices (Q, A) satisfies one of the following
two conditions:

(a) Q is positive definite and there is u € RY with Au - u > 0.
(b) Q is arbitrary and A positive definite.

Remark 3.2. We note that the case of nonsymmetric A and Q can be reduced to the symmetric case.
Indeed suppose (Q, A) are nonsymmetric. Then A := 2(A+ A7) and Q := £(Q + Q") satisfy (a) (resp.
(b)) if and only if (Q, A) satisfy (a) (resp. (b)). Hence we could work with (O, A) instead.

Lemma 3.3. Let (Q, A) satisfy Assumption 3.1(a) or (b). Then the minimisation problem (3.2) admits a
solution.

Proof. If A is positive definite, then it is readily checked that E is compact. If A is indefinite, then E
need not to be bounded, but in this case Q is positive definite. Hence in either cases (3.2) is finite and a
minimiser exists. i

Remark 3.4. We note that if Assumption 3.1(a) or (b) is satisfied, then the set E is a d — 1 dimensional
embedded C®-submanifold of RY. This is a consequence of the regular value theorem; see [1, Thm.9.3,
p-243]. In fact, setting f(u) := Au - u — 1, then we have Vf(u) = 2Au # 0 for allu € E, so that 0 is a
regular value of the function f.

Let us continue with a few examples of matrices that satisfy (a) or (b).

Example 3.5. (i) A pair (Q, A) satisfying (a) is

(33) Q=((1) (1’) A=((1) _01).

In this case E = {(x, y)" : x? — y? = 1} is a hyperbola.

(ii) Another example of (Q, A) satisfying (a) is

(3.4) Q=((1) (1)) A:(g (1))

In this case E = {(x,y)" : y* =1} = R X {1, -1} are two lines parallel to the x-axis.

(iii) A pair (Q, A) for which (b) is satisfied is given by

(35) Q:((l) 8) A=((2) (1))

In this case E = {(x, y)" : 2x% + y* = 1} is an ellipse.
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Figure 1: Ellipse converging to the two blue lines
If (a) or (b) are satisfied, then (3.2) admits at least one minimiser u € E. The Lagrange multiplier rule
shows that we find p € R, such that
(3.6) Qu+ pAu = 0.

So A := —p is a generalised eigenvalue for the matrices (Q, A). It also follows from (3.6) and Au - u =1
that

(3.7) A==p=Qu-u.

From this it follows that if (a) holds, then 0 < Qu - u = —p, so p # 0. If (b) holds, then p = 0 is possible.
3.2 PERTURBATION AND LAGRANGIAN

We now consider the following perturbation of (3.1)

(3.8) f(tu) =0 u-u,  E(t):={u' eR?: A(t)u' -u' =1},

where Q, A : [0, 7] — R¥ are matrix functions satisfying the following assumption.

Assumption 3.6. Let O, A : [0, 7] — R% be continuously differentiable functions, such that Q(t) and
A(t) are symmetric for all ¢ € [0, 7] and the pair (Q(0), A(0)) satisfies Assumption 3.1, (a) or (b).

Example 3.7. A pair (Q, A) satisfying the previous assumption is given by

1 0 t 0
59) o=y 3 an={; )
In this case E(t) = {(x,y)" : tx?* + y® = 1} is an ellipse for t > 0, but E(0) = {(x,+1)T : x € R}
consists of two lines parallel to the x-axis. We illustrate the set E(t) for various ¢t > 0 in Figure 1.
We will show that if Assumption 3.6 holds true, then

(3.10) g(t) = ugslfn Q(t)u-u

is right differentiable at t = 0* by applying Theorem 2.10.
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The Lagrangian G : [0, 7] X R? X R — R associated with the minimisation problem (3.10) reads
(3.12) G(tyu,p) =Q()u-u+p(A(t)u-u-1).
By the Lagrangian multiplier rule we find for every minimiser u’ € X(t) a number p’ € R, such that
(3.12) Q(tyu' + p'A(t)u' = 0.

It also follows from (3.12) and A(t)u’ - u’ = 1, that

(3.13) 9(t) = Q' - u' = —p.

This shows that the set Y (¢t,u’) = {p’} is a singleton and also

(3.14) X(t) ={u' eR?: Qu' +p' (AU =0, A(tH)u' -u' =1}

The averaged adjoint equation associated with two states (u°, u’) € E(0) X E(t) reads: find ¢’ € R such
that

(3.15) o) (u' +u’) + q'At)(u' + u®) =o0.

The existence of g’ can not be guaranteed for all pairs (u°, u"); see Section 3.4 for a counter example.
However, Theorem 2.10 only requires the existence of the averaged adjoint variable for certain pairs of
states.

Remark 3.8. We note that if Assumption 3.1, (b) is satisfied we have

(3.16) g(t) = ugb}ft)f(fa u) = uléllfd A -u

u#0
Therefore in this case we can also apply Danskin’s theorem (see, e.g., [16, p. 524, Thm. 2.1], [9, p.140,
Thm.5.1] or [4, Thm. 4.1]) to prove the right differentiability of g at t = 0 (in fact, one could even
consider a more general f (¢, u) in this case). Assumption 3.1, (a) does not allow this simplification since
A is not necessarily positive definite in this case. Indeed consider the pair (Q, A) from Example 3.5, (i)
(which satisfies (a)):

. Qu-u | . x*+y°

(3.17) inf = inf ——— = —oo,
ueR2 AU U yeR2 X° — Yy
u#0 u#0

while argmin, . x* + ¥* = {(-1,0)7, (1,0) "} and hence min,ecg Qu - u = minyeg x* + y* = 1is finite.

3.3 VERIFICATION OF THE HYPOTHESES

We now verify Hypotheses (Ho)-(Hs) for the Lagrangian G in (3.11) with X=X=RlandY =R
and a real number 7 > 0 which has to be chosen sufficiently small. In view of Assumption 3.1 it is
clear that Hypothesis (Ho) is satisfied. Hypotheses (H1) and (Hz2) are also obvious since A and Q are
differentiable.

Verification of Hypothesis (H3) To this end, we first prove the following lemma.
Lemma 3.9. (i) For sufficiently small r the set S; := U;e[o,r] X (t) is bounded.

(ii) For every null-sequence (t,) and u'» € X(t,), there is a subsequence still indexed the same, and
u® € X(0), such that u' — u® asn — oo.
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Proof. We first show the boundedness of S; for 7 small if either (a) or (b) of Assumption 3.1 hold. First
suppose that Assumption 3.1, (a) is satisfied. Notice that Q(¢) is uniformly positive definite for all small
t. Then by definition of u’ € X(t), we have for all ¢ € [0, 7],

(3.18) allu'||> < 0(t)u - ut <Q(H)u-u forallu e R, A(u-u=1

for some a > 0. Now pick any u° € R? with A(0)u° - u° = 1. By continuity we find 7 > 0 and ¢ > 0
such that A(t)u® - u® > ¢ > 0 for all t € [0, 7] and hence 4 := u®/+/A(t)u® - u° satisfies A(t)a - 4 =1
and thus @' € E(t). Then plugging i’ into (3.18) we obtain

o)u®-u®  _
< =———— < ¢ max [|Q(t)l]lu°]%.
tel0,7]

t)2
(319) el I < S

Thus S; is bounded.

Now suppose that Assumption 3.1, (b) holds. Since A(0) is positive definite and since A(-) is continu-
ous also A(t) is positive definite provided ¢ is small enough. So we find @ > 0,such that «||u||? < A(t)u-u
for all u € R and all small ¢. Therefore for all u? € E(t) we have a|[u?||?> < A(t)u’ - u* = 1 which
implies that S; is bounded.

The proof of (ii) follows by standard arguments and hence is omitted. O
Lemma 3.10. For every null-sequence (t,), we find u® € X(0) and p° € Y(0,up), and a subsequence
(denoted the same), elements (u) ,u'") € E(0) X X(t,) and g'" € Y (t,,u) ,u'"), such that

(3.20) g" — p®  asn— oo,
0 0
(3.21) u, —u asn — oo.

Proof. Let (t,) be an arbitrary null-sequence and let (u’?), u’» € X(t,) be given. Thanks to the previous
Lemma 3.9 we find u® € X(0) and a subsequence of (t,), still indexed the same, such that u’» — u° as
n — oo. By the Lagrange multiplier rule we find p° € Y(0,4°), such that

(3.22) Q(0)u’ + p°A(0)u’ =0, A(0)u’-u’ =1.
Since A(0)u’ - u® = 1, we have A(0)u’" - u'» > 0 for n large enough; therefore

1
(323) uy, = ——————u"" € E(0),

is well-defined. It is clear that uf.’n — u° as n — oo. By construction u?n and u'" are linearly dependent.
Since u'" € X(t,) the Lagrange multiplier rule shows Q(t,)u’" + g'"A(t,)u’ = 0 for some ¢ € R,
and thus also

0

(3-24) Q(tn) (up, +u'™) + g A(tn) (up, +u') =0,

which is the averaged adjoint equation (3.15) associated with the pair (u?n, u'm). Since A(ty) (u?n +u'n) £ 0
for n large, it follows from (3.24) that

(3.25) b QU)W +uwp) - W +up) Q0w
325 T T A ) () AU w0
This shows Hypothesis (H3) and finishes the proof. O
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Verification of Hypothesis (H4) The verification of Hypothesis (H4) is a simple application of the
inverse function theorem.

Lemma 3.11. For every u® € E(0) we find a differentiable function t — u’ : [0,7] — R? withu’ € E(t)
forallt € (0,7].

Proof. We argue similarly as in Lemma 3.10. Let u® € R? with A(0)u® - u® = 1 be given. Again by
continuity we find 7 > 0 and ¢ > 0, such that A(¢)u® - u® > c for all t € [0, 7]. Now

1
(3.26) U= ———
VA u° - ud
belongs to E(t) and is right differentiable at t = 0. O

Verification of Hypothesis (H5) To check Hypothesis (Hs) we compute for all u € R? and g € R,

(3-27) 9uG(0,u,p) = (Q(0) + pA(0))u.
Hence by the fundamental theorem of calculus and (3.27) we obtain for all u® € X(0), u € R? and

P’ eY(0,u%),

(3.28)
1G(0,u,p°) — G(0,u°, p°) — 3,G(0,u°, p°) (u — u°)|

1
= | / 3.G(0,su+ (1—3)u’, p°)(u — u®) - 0,G(0,u°, p°) (u — u®) ds|
0
< u—u’*2[1Q(0) + p"A(0)
and this verifies Hypothesis (Hs).

Application of Theorem 2.10 Now we have verified all the Hypotheses of Theorem 2.10 and we obtain
the following theorem.

Theorem 3.12. Let Q, A : [0, 7] — R%9 be two continuously differentiable functions satisfying Assump-
tion 3.6. Then the function g is right differentiable at t = 0 and we find u® € X(0), such that

(3-29) dg(0) = Ei)rgo)(Q'(O) +p A’ (0)u - u=(Q(0) + p°A’(0))u’ - u°,

where (uo,po) €eR?xR satisfies:

Q(0)u’ +p°A(0)u’ =0,  p”=-0(0)u’-u’,
A0)u’ - u’ =1.

We can even obtain more using the differentiability of the suboptimal paths u of Lemma 3.1 and
the arguments of Lemma 2.13. In contrast to the previous theorem the following lemma holds for all
elements u° € X(0).

Lemma 3.13. Let u® € X(0). Letv € R? be any vector, such that there is (u') withu' € E(t) satisfying
t_ 0

and A'(0)u’-u® # 0.

. =i
(3-30) o=lim—

Then we have
(3.31) dg(0) < 3:G(0,u’, p1) = (Q"(0) + pA’(0))u’ - u°,
where u is given by

0(0)u’ o
(3:32) H= = d 0w o
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Proof. Let u® € X(0) and let u’ be a differentiable path with v := limy\ o(u’ — u°)/t. By definition
A(t)u’ - u’ =1and hence A’(0)u® - u® + 2A(0)u’ - v = 0. In view of A’(0)u® - u® # 0, we conclude

(3-33) A0)u’ -0 # 0.
Now we choose ¢’ € R such that

1
/ 3.G(t,su’ + (1—35)u’, q") (u' - u°)
0

=2(Q() +q"A(D)) (u' —u’) = 0.

(3-34)

It is readily checked using (3.33) that A(t)(u’ +u°) - ("t;tuo) # 0 for all ¢ small and thus we obtain from
(3-34),

(3.35) tz_Q(t)(”t”O)'(Lt”O) RO
| T T A+ - (=) A

Now we apply the mean value theorem to obtain
1
(3.36) G(t,u',q") - G(t,u’ q") = / 3.G(t,su’ + (1—35)u’, q")(u' —u°) ds = 0,
0

where the last equality follows from the definition of ¢'. Hence we obtain that for every null-sequence
t \, 0 and every u° € X(0), we find u’ € E(t) and ¢’ € R, such that

(3-37) G(t,u',q") = G(t,u’,q").

Hence we can use the same arguments as in Lemma 2.13 to conclude dg(0) > 8,G(0,4°, p).

3.4 ON THE CONDITION (H3) AND NON-EXISTENCE OF AVERAGED ADJOINTS

Let us give an explicit example where for all sufficiently small t > 0 and any pair (u°, u’) € X(0) x X(t)
the set of averaged adjoints Y (¢,u’, u’) = () is empty. However, for every u’ € X(t), we find u® € X(0)
and uf, € E(0), such that u} — u° and Y(t,u}, u’) # 0. Therefore Hypothesis (H3) is necessary in some
cases and can not be simplified.

Consider again g defined by (3.10) with

(3.38) E(t)={u=(x,y)" eR*: A()hu-u=1},
1t 1 0
(3:39) A(t) = (t 1), Q= (0 2) .

Clearly Assumption 3.6 is satisfied for this example and hence g is right differentiable thanks to
Theorem 3.12. At t = 0 we have

(3.40) E(0)={(xy)"eR: x¥*+y* =1}, X(0)={(x1,0)"}, Y(0,(x1,0)7) = {1}
and for t > 0 and u’ € X(t) we find p* € Y (¢, u’) solving

(3.41) Qu +p'A(tiu' =0 o A@)'Quf +p'u’ = 0.
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We compute

(3.42) ADTQ= - _1t2 (_1t ‘22”) ,

| —
::A(t)

The eigenvalues of A(t) are given by
1
(3.43) A(t) = 5 (3 +V1+ 8t2)

and therefore {#A‘(t), 1_%/V(t)} are the eigenvalues of A(¢)7'Q and the eigenspaces are one dimen-

sional. Moreover, g(t) = ﬁl_ (t). For small ¢ > 0 we have A*(¢) > 2and A~ (¢) < 1. The corresponding

eigenvalue equations lead to

(3.44) x(A* —1) = -2ty,
(3.45) y(A*F -2) = —tx.

So for A* we obtain as eigenvector for ¢ > 0,

t

r_[a r -2t
(3-46) u+—(1), a _—/1+(t)—1<0’
and a’ — 0 for ¢t ™\, 0. Similarly, for A~ we obtain

t_ 1 t_ —t
(347) u_ = (bt) s b = —)L_(t) s >0,
and b! — 0 for t N\, 0. It follows that

1

(3-48) X(t)={at,-aty, o' =

VA(H)ut - ut “

Now let us check that the averaged adjoint equation is not solvable.

Lemma 3.14. Fort > 0 small and for (4", +u®) withu® = (1,0)7, there is no q' € R, such that
(3.49) Q" +u’) +q'A(t) (@ +u®) = 0.
In particular Y (t,u’,u’) = Y(t,—u®,u’) = 0 and no averaged adjoint state for such pairs exists.

Proof. Suppose q' € Y(t,u’,u") exists. Then in view of the definition (3.49), this means that ¢’ €
{—#A‘(t), —#ﬂ*(t)} and in view of (3.49)
t 0 1 1 1

(350 i e (3] o)

must be an eigenvector of A(t)~!Q. Since the eigenspaces are one dimensional, we must have one of
the two cases:

(3.51a) ot +u = au’,
(3-51b) o' +u® = aul,
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for some a € R. By comparing the last component of the vectors of (3.51a), we see that equality in
(3-51a) can only happen for @ = NI which gives

(3-52) a+u’=0t = u'=0
and thus a contradiction. Similarly for (3.51b), we compare the last component and see that equality
= —L which
can only be true for « NrOrET which leads to
bt t
(3-53) ity = —— (a )
VA ul -ut \1

which is also impossible since a’ — 0 and b' — 0 and hence the right vector goes to zero as t “\, 0,
however, the left hand side goes to 2u’ # 0. Therefore (3.49) is not solvable and Y (t,u% u’) = 0. The
same arguments show that Y (z, -u®ut) = 0. m]

Despite this negative result, we can define for every u’ €  X(t) the element
u? = u' [\JA(0)u! - u* € E(0), which is linearly dependent on u’ and hence Y (t,u,u’) # 0. Moreover,
if u’ converges, also u! converges.

3.5 SECOND ORDER SUFFICIENT CONDITIONS

Let us finish this section by making some remarks on second order analysis results. We notice that in
[5, Sec. 4.9.1., p. 365] equality constraints are treated using second order analysis. However, for our
problem this is not applicable. In fact in [5, Thm. 4.125, p. 365] the following problem is studied

(354) gy = inf f(tw), E(t)={u' €X: e(tu’) =0,

where f : [0,7] X X — Rande: [0,7] X X — Y are two times differentiable functions. Introduce the
associated Lagrangian

(3.55) G(t,u,p) = f(t,u) +(p,e(t,u))y-y, tel07],ueX, peY".

Suppose that d,e(0,u’) : X — Y is surjective, such that the Lagrange multiplier ¢° € Y (0,u°) for
every u’ € X(0) is unique. Then in [5, Thm. 4.125, p. 365] it is proved that for given u° € X(0) and
q° € Y(0,u), there exist locally unique solutions (u’, p*) of

(3:56) duG(t,u',p") = duf (t,u') + (p', due(t,u'))y-y = 0,

(3:57) e(t,u’) =0,

provided the second order condition holds:

(3.58) Ja > 0, 2G(0,u’ p%)(0v)(v) > allo||5,  forall v € kern(d,e(0,u’)).

This is a consequence of the implicit function theorem. However, this does not work in our setting
in general since the second order condition for (3.8) reads with X = R? equipped with the Euclidean
norm || - ||, Y =R, e(t,u) = A(t)u-u —land f(t,u) := Q(H)u - u:

(3.59) Ja > 0, (Q(0) +p°A(0))o -0 > a|jv]|* forallv € (A(0)u’)™*.
Then (3.56) would read:
(3.60) Q) +p'A())u' =0, A’ -u' =1

However, it is readily seen that (3.59) cannot hold when the eigenvalue —p° of (Q(0), A(0)) is not
simple. Take for instance A(0) = I, Q(0) = Q(0)7, and assume —p° is not geometrically simple (i.e.,
the eigenspace has dimension > 2) eigenvalue of Q(0). Then (3.59) cannot hold, since kern(A(0)u°) =
(u®)* = {o € R? : v - u® = 0} contains another eigenvector v € (u°)* associated with —p® and thus

0(0)0 - v+ pllo]l? = 0.
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4 APPLICATION TO A SHAPE OPTIMISATION PROBLEM

In this section we present another example where Theorem 2.10 is applicable. In contrast to the previous
section this example is infinite dimensional.

4.1 SHAPE OPTIMISATION PROBLEM

For every bounded Lipschitz domain Q C RY, d e {2, 3}, we consider

. Q) := inf Q,u),
() @)= inf f(@u)
where
(4.2) f(Q,u) = / lu — u,|? dx+y/ [Vul> dx, y >0, u, € H'(RY),
Q Q

and E(Q) comprises the set of solutions u = ug € H'(Q) to the semilinear problem:

(43 /Q Vi Vo +o(u)g dx = /Q fodx

for all ¢ € Hy(£). We make the following assumption.

Assumption 4.1. We assume that o : R — R is a two times differentiable, Lipschitz continuous and
strongly monotone function satisfying 0(0) = 0. We also assume f € H'(R?).

Equation (4.3) cannot be uniquely solvable since no Dirichlet boundary conditions are prescribed.
Given a function u, the cost J(Q) measures the best solution to (4.3) which is closest to u,. The set
E(Q) contains infinitely many elements and is nonconvex (unless g is linear).

Lemma 4.2. There exists a minimiser to the problem (4.1).

Proof. Tt is clear that J(Q) is finite. Let (u,) be a minimising sequence in H(Q), so that

(4.4) J(Q) = lim (/ lup — uy|? dx+y/ |V, |? dx).
n—=e\Ja Q

From this it immediately follows that (u,) is bounded in H!(Q). Hence due to Rellich’s compactness
theorem we find u € H'(Q) and a subsequence, which is denoted the same, such that Vu,, — Vu
weakly in Ly(Q)? and u,, — u strongly in L,(Q). Hence we can pass to the limit n — oo in

(4.5) / Vu, - Vo +o(u,)e dx = /fqo dx forall p € Hy(Q)
Q Q

to conclude u € E(Q). In addition we infer from (4.4)

(4.6) /|u—ur|2 dx+y/ |Vul? dx < J(Q).
Q Q

This shows that u is a minimiser and finishes the proof. O

Our goal is now to use Theorem 2.10 to show that the directional shape derivative of J exists.

Definition 4.3. The directional shape derivative of J at Q in direction X € C*(R9)? is defined by

J((d +tX)(Q)) - J(2)
. :

(4.7) dJ(Q)(X) = }lir(l)
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Notice that the mapping T; := id + tX : R? — R? is a bi-Lipschitz mapping for all |t| < 1/L(X),
where L(X) denotes the Lipschitz constant of X.
Let us introduce the Lagrangian G : H'(Q) x Hy(Q) — R by

a8 o= [lo-ul dvey [ Vo dx+ [Vo-Vyretpydx- [ fiax
Lemma 4.2 guarantees that the set
(4.9) X(Q)={ueE(Q): inf G(¢,0)=G(u,0)}

Q€EE(Q)

is not empty. In the next paragraph we consider the perturbed versions of E(Q) and X (Q).

4.2 ANALYSIS OF THE PERTURBED PROBLEMS

We will show by applying Theorem 2.10 that for a bounded Lipschitz domain © ¢ R¥ the directional
shape derivative of J exists. At first we consider any solution u, € H'(Q,) defined on the perturbed
domain Q; = T;(Q) of

(4.10) / Vu; - Vo +o(uw)p dx = / fodx forall p € Hy(Q,).
Q; Q;

Now since ¢ € H'(T;(Q)) (resp. ¢ € Hy(T;(Q))) if and only if ¢ o T, € H'(Q) (resp. ¢ o T; € Hy(Q))
(see [37, Thm. 2.2.2, p.52]) changing variables in (4.10) shows that u’ := u; o T, € H'(Q) solves

(4.11) /A(t)Vut Vo + | det(Ty)|o(u)ep dx = /fﬂp dx forall p € H)(Q),
0 Q

where

(4.12) A(t) == det(aT,)oT; 0T, ", f':=det(dT;)f o T;.

Therefore u; € E(T;(Q)) if and only if u’ := u; o Ty is in
(4.13) E(t) = {ut € HY(Q) : u’ solves (4.11)} .

As a result we get for t small

(414) 9(t) = J(T(2) = inf f(t.w)
where
(4.15) f(t,u) = /Qdet(aTt)(u —ul)? dx + y/QA(t)Vut -Vu'! dx,

where u! := u, o T;. This problem falls into the framework of Theorem 2.10.
We recall the following proposition; see, e.g., [34].

Proposition 4.4. Let D ¢ R? be a bounded and open set. Let X : R? — R? be a Lipschitz vector field. Then
forT; :=id + tX there holds:

(i) We have
oT; — 1
_)

oX strongly in C(D, R%9)
T -1

— —0X strongly in C(D, R%9)

T,) -1 D
w — div(X) strongly in C(D).
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(ii) For all open sets Q D and all ¢ € H'(R?), we have
P

poTli—¢

(4.16) ;

—Vp - X strongly in L,(Q).

Lemma 4.5. Let u® € E(0) be given. Then we find a patht — u' : [0,7] — HY(Q) withu' € E(t),
ut —u’ e Hé(Q), and a constant c, such that

(4.17) lu' = u®||gp < ¢t forallt € [0,7].

Proof. Let u® € E(0) be given. By definition u® € H'(Q) solves:

(4.18) '/QVuO Vo +ou)e dx = ‘/qu) dx forall p € Hy(Q).

Set go := u°|5q and consider for every t € [0, 7]: find u’ € H(Q), such that u’ = gy on dQ and

(4.19) ‘/QA(t)Vut - Vo + det(aT)o(u')p dx = /th(p dx forall p € H)(Q).

By construction u! is uniquely determined, u’ € E(t), u’ —u® = 0 on 9Q for all t. We obtain from (4.19):

(4.20) [)A(t)V(ut —u%) - Vo dx + /Q det(aT;) (o (u") — 0(u°)) e dx
=— / det(aT})o(u®)o — flo + A(t)Vu® - Vo dx
Q

- /Q (det(aT,) ~ V()¢ — (f — Fg + (A(t) - DVa® - Vo dx

for all 9 € Hy(Q). Since ¢ := u’ —u° is zero on 9Q we may use it as test function in (4.20). Hence using
Holder’s inequality, the uniform monotonicity of A and the monotonicity (o(x) —o(y))(x —y) =0
for all x, y € R gives

(4.21) '/Q(ut —u"? + |V(u' = u®)|? dx

< e(llf* = Flle +IA®) = Tl + 1l det(OT:) = 1l o) lo o)l a)
and therefore it follows from Proposition 4.4,
(4.22) llu’ - UOHHI(Q) <ct forallt € [0,7].

O

Parametrised Lagrangian and averaged adjoint We set X = Y := Hj(Q) and X := H'(Q). The
parametrised Lagrangian G : [0,7] X X X Y — R is given by

(4.23) G(t,u,p) = /Q det(aT;) (u — u')* dx + y[zA(t)Vu - Vu dx

+ / A(t)Vu - Vp +det(aT,)o(u)p — f'p dx,
Q

Sturm First-order differentiability properties of a class of equality ...



J. Nonsmooth Anal. Optim. 1 (2020), 6034 page 21 of 25

where we recall A(t) = det(dT;)dX 10X~ ", ul = u, o T, and f’ = det(dT;) f o T,. It is noteworthy that
in this example we have X # X. Using Proposition 4.4 we see that A(t) and f* are differentiable and
we readily check for all u, p € H'(Q):

(4.24) 2:G(0,u,p) = ‘/Q div(X)(u — uy)* = (u — u,)Vu, - X + yA' (0)Vu - Vu dx
+ / A'(0)Vu - Vp +div(X)e(w)p — f'p dx,
Q

where A’(0) = div(X)[-9X—0X " and f” = div(X) f+Vf-X.Itis also readily checked that assumptions
(Ho)-(H3) are satisfied. Moreover, since p is Lipschitz continuous we also readily check Hypothesis
(Hs).

The averaged adjoint associated with u’ € E(t) and u® € E(0) reads: find ¢’ € H;(Q), such that,

1
(4.25) ‘/QA(t)Vqt Vo + ‘/o det(aTy)o’ (su’ + (1 - s)u’)q" dso dx
= —/ det(aTy) (2ul — (u' +u°))p dx — / det(aT))A(t)V(u' +u°) - Vo dx
Q Q

for all ¢ € Hy(Q). It follows from the theorem of Lax-Milgram and the uniform coercivity of A and
det(aT;) that (4.25) admits a unique solution.

Lemma 4.6. For every null-sequence (t,) and (u'™),u'n € X(t,) there is a subsequence (t,, ) andu® € X(0),
such that

(4.26) ume =4 inHY(Q) ask — co.

Proof. Let (t,) be a null-sequence and u' € X (t,). By definition we have for alln > 1

(4.27) J(T;,(Q)) < / det(9T;,) (u — ulm)? dx + y/ A(t,)Vu-Vudx forallu € E(t,).
Q Q

Now fix u® € E(0) and let (@) € E(t) be as in Lemma 4.5, such that #’ — u° in H'(Q). Plugging a’r
into (4.27) and using Proposition 4.4, we find C > 0, such that

(4.28) J(T;,(Q)) <C foralln>1

It follows in particular, since

(4.29) J(T: (Q)) = / det(aT; ) (u' — u')? dx + y/ A(t,)Vu'™ - Vu'n dx,
Q Q

that (u7) is bounded. Hence there is a subsequence (denoted the same) and u° € H'(Q), such that
u'm — u° weakly in H'(Q) and u’" — u° strongly in L,(Q). It is readily checked that by passing to
the limit n — oo that u° € X (0), which finishes the proof. |

Corollary 4.7. For every null-sequence (t,) and u™» € X(t,), we findu® € X(0) and p° € Y(0,u°), and
a subsequence (denoted the same), elements (u;",u'n) € E(0) X X(t,) and q'» € Y(t,u;", u'n), such that
uln — % € H(Q) and

(4.30) u(t)n -4’ inHY Q) asn— oo,

(4.31) q?" —q° in Hé(Q) asn — oo.
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Proof. Thanks to Lemma 4.6 we find for every null-sequence (t,) and u’" € X(t,) a subsequence
(denoted the same) and u° € X(0), such that u’» — u® weakly in H'(Q). Set g,, := u"| 5o and consider:
find u?n € HY(Q) with u?n = g, on 9, such that

(4-32) / Vu(t)n Vo +Q(u?n)(p dx = /f(p dx forall p € Hy(Q).
Q Q

By construction u; is uniquely determined and u} € E(0). If we introduce i, := u'" — u} , then
ip € Hy(Q) and

(433) /QVﬁn Vo + (o(u™) —o(up))e dx
= (=) Vo + (1= det@me(u g + (- flp dx
Q
for all ¢ € Hy(L). So testing (4.33) with ¢ = @i, and using Hélder’s inequality yields

434 lldnllzn < c(IA(t) = Il raay + 11 = det(OT) o) 1™ lm ) + I = Fllz) lu" e

and since (u'") is bounded in H!(Q) the result follows from Proposition 4.4. It follows that u/n —u%n — 0
in H'(Q) and since u’» — u° in H'(Q) we also conclude that u% converges weakly to u° in H'(Q).
From this and (4.25) it is also readily seen that the averaged adjoint ¢’ for (ué", u'n) exists and that
q'» — q° weakly in H(Q) as n — oo. i

Application of Theorem 2.10 We have verified that assumptions (Ho)-(Hs) of Theorem 2.10 are
satisfied for G defined in (4.23) with Y = X = Hy(Q) and X = H'(Q). Therefore we obtain the
following theorem.

Theorem 4.8. The right derivative of g at t = 0% exists and
(4-35) dg(0) = inf 9,G(0,u,p°(u)),
ueX(0)

where p°(u) € Hy(Q) solves

(4.36) ‘/Q Vp°(u) - Vo + o' (w)p°(u)e dx = — /Q 2(u—uy)p +2yVu - Vo dx

forall ¢ € Hy(Q) and 9,G(0,u, p°(u)) is given by (4.24).

CONCLUSION

In this paper we discussed a new minimax theorem and presented two examples. In both examples we
could establish right differentiability of the corresponding value function.

In a future work it would be interesting to apply our result to optimal control problems with non-
unique solution. Also to find an example where for the state u° € X(0) the adjoint Y (0, u°) is not a
singleton is still an open question.
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