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optimal control of an abstract evolution
variational inequality with application to

homogenized plasticity

Hannes Meinlschmidt∗ Christian Meyer† Stephan Walther†

Abstract The paper is concerned with an optimal control problem governed by a state equation

in form of a generalized abstract operator di�erential equation involving a maximal monotone

operator. The state equation is uniquely solvable, but the associated solution operator is in general

not Gâteaux di�erentiable. In order to derive optimality conditions, we therefore regularize the state

equation and its solution operator, respectively, by means of a (smoothed) Yosida approximation.

We show convergence of global minimizers for regularization parameter tending to zero and derive

necessary and su�cient optimality conditions for the regularized problems. The paper ends with an

application of the abstract theory to optimal control of homogenized quasi-static elastoplasticity.

1 introduction

This paper is concerned with an optimal control problem of the following form, governed by an operator

di�erential equation:

(P)


min J (z, `) B Ψ(z, `) + Φ(`),
s.t.

.
z ∈ A(R` −Qz), z(0) = z0,

(z, `) ∈ H 1(0,T ;H) ×
(
H 1(0,T ;Xc ) ∩ U(z0;M)

)
.

Herein, A is a maximal monotone operator, while R and Q are linear and bounded operators in a

Hilbert spaceH . The control variable is denoted by `, whereas z is the state of the system. The precise

assumptions on the data are given in Section 2 below.

The particular feature of the problem under consideration is the set-valued mapping A. Due to its

maximal monotony, one can show that there is a well-de�ned single-valued control-to-state mapping

` 7→ z (in suitable function spaces), but this mapping is in general not Gâteaux di�erentiable. We are

thus faced with a non-smooth optimal control problem, for which the derivation of necessary and

su�cient optimality conditions is a particular challenge.

Depending on the precise choice of A, R, and Q , problem (P) covers various application problems.

For instance, quasi-static elastoplasticity is frequently modeled in this way. Here, R is the solution

operator associated with the equations of linear elasticity for given load distribution `. Moreover,
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Q is the sum of the solution operator of linear elasticity for given stress distribution, the elasticity

tensor, and a coercive operator modeling hardening e�ects. Finally, A is the convex subdi�erential of

the indicator functional of the closed and convex set of feasible stresses de�ned by a suitable yield

condition. Details on models in elastoplasticity can be found in [25]. Another model which is covered

by the state equation in (P) is the system of homogenized elastoplasticity, which we will study in detail

in Section 7 below.

Let us put our work into perspective. Assume for a moment that A is the convex subdi�erential of a

proper, convex, and lower semicontinuous functional ϕ and that Q is self adjoint. Then, by convex

duality, the state equation is equivalent to

(1.1) 0 ∈ ∂ϕ∗( .z) + E ′(z), z(0) = z0,

where E is the quadratic energy functional given by

E(z) B 1

2
(Qz, z)H − 〈R`, z〉.

Systems of this type have been intensively studied concerning existence of solutions and their numerical

approximation, and we only refer to [29] and the references therein. In contrast to this, the literature on

optimization problems governed by (1.1) is rather scarce. The research on optimal control of equations

of type (1.1) probably started with the sweeping process, where ϕ = I−C(t ) is the indicator functional

of a moving convex set C(t), see [30]. In the optimal control setting, C(t) is most frequently set

to C(t) = `(t) − Z with a convex set Z and a driving force `. This �ts into the setting of (1.1) by

de�ning ϕ B IZ and Q = R = id (identity). Optimal control problems of this type are investigated

in [1, 2, 9–11, 15–17], where the underlying Hilbert space is mostly �nite dimensional. Problems in an

in�nite dimensional Hilbert space are investigated in [21,37]. To be more precise, in these contributions,

H is the Sobolev space H 1

0
(Ω) and E is the Dirichlet energy. Moreover, ϕ∗ is set to ϕ∗(z) = ‖z‖L1(Ω) and

its viscous regularization, respectively, i.e., ϕ∗δ (z) = ‖z‖L1(Ω) +
δ
2
‖z‖2

H 1

0
(Ω). Optimal control problems

governed by quasi-static elastoplasticity with linear kinematic hardening and von Mises yield conditions

are treated in [40, 42, 43]. As already indicated above, ϕ is the indicator functional of the convex set of

feasible stresses in this case. All mentioned problems �t into our framework and can thus be seen as

special cases of our non-smooth evolution. Our analysis therefore represents a generalization of existing

results on optimal control of non-smooth evolution problems and can also be applied to application

problems that were not treated in the literature so far such as optimal control of homogenized plasticity,

which is investigated in Section 7. We emphasize that problems with non-convex energies such as

damage evolution are not covered by our analysis. Optimal control problems governed by (1.1) with

non-convex energy are investigated in [31, 32].

Our strategy to analyze (P) is as follows: After showing well-posedness of the state equation and

the optimal control problem, we employ the Yosida-regularization with an additional smoothing to

obtain a smooth (i.e., Fréchet di�erentiable) control-to-state map. We will prove that accumulation

points of global minimizers of the regularized optimal control problems for vanishing regularization

are solutions of the original non-smooth problem (P). Moreover, �rst-order necessary and second-order

su�cient optimality conditions for the regularized problems are derived. The passage to the limit to

establish optimality conditions for the original problem goes beyond the scope of this paper and is

subject to future work. The results of [37, 43] indicate that the optimality conditions obtained in this

way are rather weak and we expect the same all the more for our general setting. Let us underline that

regularization is a widely used approach to treat optimal control problems governed by non-smooth

evolutions. We only refer to [10, 21, 42] and the references therein.

The paper is organized as follows. After stating our standing assumptions in Section 2, we investigate

the state equation and its regularization in Section 3. In Section 4, we then turn to the optimal control

problem and show that it admits an optimal solution under our standing assumptions. Moreover, we
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establish the convergence result for vanishing regularization indicated above. Section 5 is devoted

to �rst-order necessary optimality conditions for the regularized problems in form of a KKT-system

involving an adjoint equation. In Section 6, we address second-order su�cient conditions for the

regularized problem. The paper ends with the adaptation of our general results to a concrete application

problem, namely the optimal control of homogenized elastoplasticity.

2 notation and standing assumptions

We start with a short introduction in the notation used throughout the paper.

Notation Given two vector spaces X and Y, we denote the space of linear and continuous functions

from X into Y by L(X,Y). If X = Y, we simply write L(X). The dual space of X is denoted by

X∗ = L(X,R). IfH is a Hilbert space, we denote its inner product by (·, ·)H . For the whole paper, we

�x the �nal time T > 0. We denote the Bochner space of square-integrable functions by L2(0,T ;X)
and the Bochner-Sobolev space by H 1(0,T ;X). Given a coercive operator G : H → H in a Hilbert

spaceH , we denote its coercivity constant by γG , i.e., (Gh,h)H ≥ γG ‖h‖2H for all h ∈ H . Finally, c > 0

and C > 0 denote generic constants.

standing assumptions

The following standing assumptions are tacitly assumed for the rest of the paper without mentioning

them every time.

Spaces Throughout the paper, X,Xc ,Y,Z,W are real Banach spaces. Moreover, Xc re�exive and

H is a separable Hilbert space. The space Xc is compactly embedded into X and the embeddings

Y ↪→Z ↪→H ↪→W are continuous.

Operators The operator A : H → 2
H

is maximal monotone, its domain D(A) is closed and we de�ne

(2.1) A0
: D(A) → H , h 7→ arg min

v ∈A(h)
‖v ‖H .

Furthermore, by Aλ : H → H , λ > 0, we denote the Yosida-approximation of A and by Rλ = (I + λA)−1

the resolvent of A, so that Aλ =
1

λ (I − Rλ). We assume that the operator A0
: D(A) → H is bounded on

bounded sets. For further reference on maximal monotone operators, we refer to [7], [44, Ch. 32], [45,

Ch. 55], and [35, Ch. 55]. Furthermore, R ∈ L(X;Y) and Q ∈ L(W;W), are linear and bounded

operators, and the restriction of Q to H , Z, or Y maps into these spaces and is again linear and

bounded. To ease notation, we denote this restriction by the same symbol. Moreover, Q : H → H is

coercive and self-adjoint.

Optimization Problem By J : H 1(0,T ;W) × H 1(0,T ;Xc ) → R we denote the objective function. We

assume that both Ψ : H 1(0,T ;W) × H 1(0,T ;Xc ) → R and Φ : H 1(0,T ;Xc ) → R are weakly lower

semicontinuous. Moreover, Ψ is bounded from below and continuous in the �rst argument, while Φ is

coercive. The set M is a nonempty and closed subset of D(A) and z0 ∈ Y is a given initial state.

Remark 2.1. We emphasize that not all of the above assumptions are always needed. For instance, in the

next two sections, Q and R are only considered as operators with values inH and the spacesY andZ
are not needed, before the investigation of optimality conditions starts in Sections 5 and 6. However,

to keep the discussion concise, we present the standing assumption in the present form.
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3 state equation

3.1 existence and uniqueness

We start the investigation of (P) with the discussion of the state equation, i.e.,

(3.1)

.
z ∈ A(R` −Qz), z(0) = z0.

Definition 3.1. Let ` ∈ H 1(0,T ;X) and z0 ∈ H . Then z ∈ H 1(0,T ;H) is called solution of (3.1), if

z(0) = z0 and

.
z(t) ∈ A(Rl(t) −Qz(t)) holds for almost all t ∈ [0,T ].

In order to obtain the existence of a solution to (3.1), the data have to ful�ll a certain compatibility

condition. For this reason, we introduce the following

Definition 3.2. For z0 ∈ H and M ⊂ D(A), we de�ne the set

U(z0,M) B
{
` ∈ H 1(0,T ;X) : R`(0) −Qz0 ∈ M

}
of admissible loads.

Theorem 3.3 (Existence result for the state equation). Let z0 ∈ H and ` ∈ U(z0,D(A)). Then there
exists a unique solution z ∈ H 1(0,T ;H) of (3.1). Furthermore, there exists a constant C , independent of
z0 and `, such that

‖z‖C([0,T ];H) ≤ C
(
1 + ‖z0‖H + ‖`‖C([0,T ];X) + ‖

.
`‖L1(0,T ;X)

)
,(3.2)

‖ .z‖L2(0,T ;H) ≤ C
(
‖
.
`‖L2(0,T ;X) + sup

τ ∈[0,T ]
‖A0(R`(τ ) −Qz(τ ))‖H

)
,(3.3)

where A0 is as de�ned in (2.1).

Proof. The proof essentially follows the lines of [24, Theorem 4.1] and [7, Proposition 3.4]. For con-

venience of the reader, we sketch the main arguments. At �rst, one employs the transformation

H 1(0,T ;H) 3 z 7→ q B R` −Qz ∈ H 1(0,T ;H) with its inverse H 1(0,T ;H) 3 q 7→ z B Q−1(R` − q) ∈
H 1(0,T ;H) to see that (3.1) is equivalent to

.
q +QA(q) 3 R

.
`, q(0) = R`(0) −Qz0.(3.4)

Since Q is coercive the operator, Ã : H → 2
H

, h 7→ QA(h) is maximal monotone with respect to the

scalar product

(h1,h2)H,Q−1 B
(
Q−1h1,h2

)
H , h1,h2 ∈ H .

Therefore, [7, Proposition 3.4] yields the existence of a unique solution q ∈ H 1(0,T ;H) of (3.4). To

verify the estimate in (3.2), we employ [7, Lemme 3.1], which gives

‖q(t) − q̃(t)‖H,Q−1 ≤ ‖R`(0) −Qz0 − a‖H,Q−1 +

ˆ t

0

‖R
.
`(τ )‖H,Q−1 dτ ,

where q̃ is the unique solution of

.
q̃ +QA(q̃) 3 0, q(0) = a

with an arbitrary element a ∈ D(A). This gives the desired �rst inequality.

To prove the second inequality, we deduce from [7, Proposition 3.4] and the associated proof that

‖q(t) − q(s)‖H,Q−1 ≤
ˆ t

s
‖R

.
`(τ )‖H,Q−1 dτ + sup

τ ∈[0,T ]
‖Ã0(q(τ ))‖H,Q−1(t − s).
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Dividing this inequality by (t − s) and letting t → s yields

(3.5) ‖ .q(s)‖H,Q−1 ≤ ‖R
.
`(s)‖H,Q−1 + sup

τ ∈[0,T ]
‖Ã0(q(τ ))‖H,Q−1

for almost all s ∈ [0,T ]. From the de�nition of Ã0
(with respect to (·, ·)H,Q−1 ) we see that ‖Ã0(h)‖H,Q−1 ≤

‖Qv ‖H,Q−1 for all v ∈ A(h). This holds in particular for v = A0(h) so that z = Q−1(R` − q) and (3.5)

imply

‖ .z(s)‖H ≤ C
(
‖
.
`(s)‖X + ‖

.
q(s)‖H,Q−1

)
≤ C

(
‖
.
`(s)‖X + sup

τ ∈[0,T ]
‖A0(R`(τ ) −Qz(τ ))‖H

)
,

which gives the second inequality. �

Remark 3.4. In order to prove Theorem 3.3, it is su�cient to require that A0
is bounded on compact

subsets (in addition to the closedness of D(A)), cf. [7, Proposition 3.4]. However, the boundedness on

bounded sets of A0
is needed to prove Theorem 3.11 below and therefore, we impose it as a standing

assumption.

Based on Theorem 3.3, we may introduce the solution operator associated with (3.1) and reduce (P)

to an optimization problem in the control variable only, see De�nition 4.1 below. Due to the set-valued

operator A, this solution operator will in general be non-smooth, which complicates the derivation of

�rst- and second-order optimality conditions. A prominent way to overcome this issue is to regularize

the state equation in order to obtain a smooth solution operator. This is frequently done by means of

the Yosida-approximation, see e.g. [5], and we will pursue the same approach. For this purpose, we

will investigate the Yosida-approximation and its convergence properties in the next subsection.

3.2 regularization and convergence results

For the rest of this section, we �x z0 ∈ H and ` ∈ U(z0,D(A)) and denote the unique solution of (3.1)

by z. We start with a convergence result of the Yosida-approximation for �xed data z0 and ` and then

turn to perturbation of the data.

Proposition 3.5 (Convergence of the Yosida-approximation for fixed data). Let zλ ∈ H 1(0,T ;H) be the
solution of

.
zλ = Aλ(R` −Qzλ), zλ(0) = z0(3.6)

for all λ > 0. Then zλ → z in H 1(0,T ;H) as λ↘ 0 and the following inequality holds

(3.7) ‖zλ − z‖2C([0,T ];H) +
λ

γQ
‖ .zλ ‖2L2(0,T ;H) +

λ

γQ
‖ .zλ −

.
z‖2L2(0,T ;H) ≤

λ

γQ
‖ .z‖2L2(0,T ;H).

Proof. The proof in principle follows the lines of [7, Proposition 3.11], since our assumptions and

assertions however are slightly di�erent, we provide the arguments in detail.

First of all, since z 7→ Aλ(R` −Qz) is Lipschitz-continuous by [45, Proposition 55.2(b)], the existence

of a unique solution of (3.6) follows from Banach’s contraction principle by standard arguments,

cf. e.g. [19]. Moreover, [45, Proposition 55.2(a)] and the de�nition of Aλ give

d

dt
(Q(zλ(t) − z(t)), zλ(t) − z(t))H = 2

( .
zλ(t) −

.
z(t),Q(zλ(t) − z(t))

)
H

= −2

( .
zλ(t) −

.
z(t),Rλ

[
R`(t) −Qzλ(t)

]
−

[
R`(t) −Qz(t)

] )
H

− 2

( .
zλ(t) −

.
z(t),R`(t) −Qzλ(t) − Rλ

[
R`(t) −Qzλ(t)

] )
H

≤ −2λ
( .
zλ(t) −

.
z(t), .zλ(t)

)
H = λ

(
‖ .z(t)‖2H − ‖

.
zλ(t)‖2H − ‖

.
zλ(t) −

.
z(t)‖2H

)
.
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By integrating this inequality and using the coercivity of Q , we obtain the desired inequality.

In order to prove the strong convergence of zλ to z inH 1(0,T ;H), we note that zλ → z inC([0,T ];H)
and ‖ .zλ ‖L2(0,T ;H) ≤ ‖

.
z‖L2(0,T ;H) follow from the gained inequality. Hence, zλ ⇀ z in H 1(0,T ;H) and

the desired strong convergence follows from [8, Proposition 3.32]. �

Remark 3.6. The above proof shows that the inequality in (3.7) is by no means restricted to the speci�c

setting in (3.1), i.e., whenever ζ ∈ H 1(0,T ;H) and ζλ ∈ H 1(0,T ;H) solve

.
ζ = A(Rд −Qζ ), ζ (0) = ζ0,
.
ζ λ = Aλ(Rд −Qζλ), ζλ(0) = ζ0,

where A : H → 2
H

is a maximal monotone operator, Aλ : H → H its Yosida-approximation and

д ∈ L2(0,T ;X) and ζ0 ∈ H are given, then an inequality analogue to (3.7) holds (with ζ and ζλ instead

of z and zλ).

Since we are concerned with an optimal control problem with the external loads as control variable,

the continuity of the solution operator of (3.1) and its regularization w.r.t. variations in the external loads

is of particular interest, for instance when it comes to the existence of optimal controls, see Section 4

below. Since we aim to have a less restrictive control space in order to allow for as many control

functions as possible, the topology for the variations of the loads needed for our continuity results

should be as weak as possible. In particular, we aim to avoid strong convergence of (time-)derivatives

of the loads. The underlying idea is similar to [7, Theorem 3.16] and leads to the following

Lemma 3.7. Let {zn,0}n∈N ⊂ H and {`n}n∈N ⊂ L2(0,T ;X) be sequences such that zn,0 → z0 inH and
`n → ` in L1(0,T ;X). Assume further that {An}n∈N is a sequence of maximal monotone operators such
that

(3.8) An,λ(h) → Aλ(h)

for all λ > 0 and all h ∈ (R` −Qzλ)([0,T ]), as n →∞, where zλ is the solution of (3.6) andAn,λ denotes
the Yosida-approximation of An . Then, if a sequence {zn}n∈N ⊂ H 1(0,T ;H) satis�es

(3.9)

.
zn ∈ An(R`n −Qzn), zn(0) = zn,0.

and the derivatives
.
zn are bounded inL2(0,T ;H), then zn ⇀ z inH 1(0,T ;H) and zn → z inC([0,T ];H).

Proof. Let λ > 0 be �xed, but arbitrary and de�ne zn,λ ∈ H 1(0,T ;H) as solution of

.
zn,λ = An,λ(R`n −Qzn,λ), zn,λ(0) = zn,0,

whose existence and uniqueness can again be shown by Banach’s contraction principle as in case

of (3.6). Owing to [45, Proposition 55.2(b)], we obtain

‖ .zλ(t) −
.
zn,λ(t)‖H ≤ ‖Aλ(R`(t) −Qzλ(t)) −An,λ(R`(t) −Qzλ(t))‖H

+ ‖An,λ(R`(t) −Qzλ(t)) −An,λ(R`n(t) −Qzn,λ(t))‖H
≤ ‖Aλ(R`(t) −Qzλ(t)) −An,λ(R`(t) −Qzλ(t))‖H

+
‖Q ‖L(H;H)

λ
‖zλ(t) − zn,λ(t)‖H +

‖R‖L(X;H)
λ

‖`(t) − `n(t)‖X,

and therefore, Gronwall’s inequality implies

‖zλ − zn,λ ‖C([0,T ];H) ≤ C(λ)
(
‖z0 − zn,0‖H + ‖` − `n ‖L1(0,T ;X)

+ ‖Aλ(R` −Qzλ) −An,λ(R` −Qzλ)‖L1(0,T ;H)

)
.
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The operators An,λ are uniformly Lipschitz continuous with Lipschitz constant λ−1
. Thus, thanks to

assumption (3.8), we can apply Lemma c.1 withM B (R` − Qzλ)[0,T ], N B H , Gn B An,λ and

G B Aλ . Together with the assumptions on `n and zn,0 this gives that the right side in the inequality

above converges to zero as n → ∞. Using this, Proposition 3.5, and Remark 3.6 (with A = An), we

conclude

(3.10)

lim sup

n→∞
‖z − zn ‖C([0,T ];H) ≤ ‖z − zλ ‖C([0,T ];H) + lim sup

n→∞
‖zn,λ − zn ‖C([0,T ];H)

≤
√

λ

γQ

(
‖ .z‖L2(0,T ;H) + sup

n∈N
‖ .zn ‖L2(0,T ;H)

)
.

Now, since λ was arbitrary, (3.10) holds for every λ > 0. Therefore, as

.
zn is bounded in L2(0,T ;H)

by assumption, we obtain zn → z inC([0,T ];H). Moreover, again due to the boundedness assumption

on

.
zn , there is a weakly converging subsequence in H 1(0,T ;H). Due to zn → z in C([0,T ];H), the

weak limit is unique and hence, the whole sequence zn converges weakly to z in H 1(0,T ;H). �

Lemma 3.8. Let {λn}n∈N ⊂ (0,∞) be a sequence converging towards zero. Then the sequence An B Aλn ,
n ∈ N, of maximal monotone operators ful�lls (3.8) for all λ > 0 and all h ∈ H .

Proof. At �rst we prove that, for all h ∈ H and 2λ > µ > 0, the following inequality holds

‖Rλ(h) − Rλ+µ (h)‖H ≤
√

µ

2λ − µ ‖h − Rλ(h)‖H .(3.11)

For this purpose, let h ∈ H be arbitrary and set y1 B Rλ(h) and y2 B Rλ+µ (h). Then we have

h ∈ y1 + λA(y1), hence,
h−y1

λ ∈ A(y1) and analogously
h−y2

λ+µ ∈ A(y2). The monotonicity of A thus implies

0 ≤
(
λ + µ

λ
(h − y1) − (h − y2),y1 − y2

)
H
≤

( µ
2λ
− 1

)
‖y1 − y2‖2H +

µ

2λ
‖h − y1‖2H,

hence,

‖y1 − y2‖2H ≤
µ

2λ − µ ‖h − y1‖2H,

which yields (3.11). With this inequality and [45, Proposition 55.2 (d)] at hand, we obtain

(Aλn )λ(h) = Aλn+λ(h) =
1

λn + λ
(h − Rλn+λ(h)) →

1

λ
(h − Rλ(h)) = Aλ(h),

which completes the proof. �

Now, we are in the position to state our main convergence results in Theorem 3.10 and Theorem 3.11,

where the loads and initial data are no longer �xed. The �rst theorem addresses the continuity

properties of the solution operator to the original equation (3.1), whereas Theorem 3.11 deals with the

Yosida-approximation. In order to sharpen these convergence results and prove strong convergence in

H 1(0,T ;H), we additionally need the following

Assumption 3.9. The maximal monotone operator A is given as a subdi�erential of a proper, convex

and lower semicontinuous function ϕ : H → (−∞,∞], that is, A = ∂ϕ.

Theorem 3.10 (Continuity of the solution operator). Let {zn,0}n∈N ⊂ H and {`n}n∈N ⊂ U(zn,0,D(A))
be sequences such that zn,0 → z0 in H , `n ⇀ ` in H 1(0,T ;X) and `n → ` in L1(0,T ;X). Moreover,
denote the solution of

.
zn ∈ A(R`n −Qzn), zn(0) = zn,0
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by zn ∈ H 1(0,T ;H) (whose existence is guaranteed by Theorem 3.3). Then zn ⇀ z in H 1(0,T ;H) and
zn → z in C([0,T ];H).

If additionally `n → ` in H 1(0,T ;X), A ful�lls Assumption 3.9, and ϕ(R`n(0) −Qzn,0) → ϕ(R`(0) −
Qz0), then zn → z in H 1(0,T ;H).

Proof. Thanks to Theorem 3.3, to be more precise (3.2), {zn} is bounded in C([0,T ];H). Since A0
is

bounded on bounded sets by assumption, (3.3) then gives that { .zn} is bounded in L2(0,T ;H). Therefore,

we can apply Lemma 3.7 with An B A for all n ∈ N to obtain zn ⇀ z in H 1(0,T ;H) and zn → z in

C([0,T ];H ).
If additionally `n → ` in H 1(0,T ;X), A ful�lls Assumption 3.9, and ϕ(R`n(0) −Qzn,0) → ϕ(R`(0) −

Qz0), we can follow the lines of [24, Theorem 4.2 step 3)] to get

lim sup

n→∞

ˆ T

0

(Q .
zn ,

.
zn)H dt = lim sup

n→∞
−(R

.
`n −Q

.
zn ,

.
zn)L2(0,T ;H) + (R

.
`,

.
z)L2(0,T ;H)

= lim sup

n→∞
ϕ(R`n(0) −Qzn,0) − ϕ(R`n(T ) −Qzn(T )) + (R

.
`,

.
z)L2(0,T ;H)

≤ ϕ(R`(0) −Qz0) − ϕ(R`(T ) −Qz(T )) + (R
.
`,

.
z)L2(0,T ;H)

=

ˆ T

0

(Q .
z,

.
z)H dt

where the second and last equation follows from [7, Lemme 3.3]. Hence, by equipping H with the

equivalent norm

√
(Q ·, ·)H , the strong convergence zn → z in H 1(0,T ;H) follows from [8, Proposition

3.32]. �

Theorem 3.11 (Convergence of the Yosida-approximation). The statement of Theorem 3.10 holds true
when zn is, for every n ∈ N, the solution of

.
zn = Aλn (R`n −Qzn), zn(0) = zn,0,(3.12)

where {λn}n∈N ⊂ (0,∞) is a sequence converging to zero.

Proof. According to Lemma 3.8, the sequence of maximal monotone operators An B Aλn ful�lls (3.8)

so that it only remains to prove that

.
zn is bounded in L2(0,T ;H) to apply again Lemma 3.7. To this

end, let vn ∈ H 1(0,T ;H) be the solution of

.
vn ∈ A(R`n −Qvn), vn(0) = zn,0,

whose existence is guaranteed by Theorem 3.3 (note that `n ∈ U(zn,0,D(A)) by assumption). Thanks

to Theorem 3.10, it holds vn ⇀ z in H 1(0,T ;H). From Proposition 3.5, it follows ‖ .zn ‖L2(0,T ;H) ≤
‖ .vn ‖L2(0,T ;H) and consequently,

.
zn is bounded in L2(0,T ;H). Thus, Lemma 3.7 yields zn ⇀ z in

H 1(0,T ;H) and zn → z in C([0,T ];H), as claimed.

If additionally `n → ` in H 1(0,T ;X), A ful�lls Assumption 3.9, and ϕ(R`n(0) −Qzn,0) → ϕ(R`(0) −
Qz0), then Theorem 3.10 implies vn → z in H 1(0,T ;H) so that [8, Proposition 3.32] gives the strong

convergence zn → z in H 1(0,T ;H) because of ‖ .zn ‖L2(0,T ;H) ≤ ‖
.
vn ‖L2(0,T ;H) as seen above. �

Remark 3.12. The assertions of Theorem 3.10 and Theorem 3.11 are remarkable due to the following: As

a �rst approach to prove the (strong) convergence of the states in H 1(0,T ;H), one is tempted to follow

the lines of the proofs of [7, Lemme 3.1] and Proposition 3.5, respectively. This would however require

the strong convergence of the derivatives of the given loads, which we want to avoid in order to enable

less regular controls. The detour via the Yosida-regularization in Lemma 3.7 allows to overcome this

issue.
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Remark 3.13. If we would allow for more regular controls, then we could weaken the assumptions on

the maximal monotone operator A. For instance, if ` ∈ H 2(0,T ;X), then we can drop the assumptions

that D(A) is closed and A0
is bounded on bounded sets. In this case, one can use [45, Theorem 55.A]

instead of [7, Proposition 3.4] in the proof of Theorem 3.3. The proof of [45, Theorem 55.A] also gives

the boundedness of

.
zn in L∞(0,T ;H) in this case. Thus, Lemma 3.7 is again applicable and we can argue

similar as we did in the proof of Theorem 3.11 to verify the previous convergence results. In this setting,

we would not have any restrictions on A (except monotonicity), but would need more regular loads,

which is not favorable, as the latter serve as control variables in our optimization problem. Moreover, the

boundedness assumption onA is ful�lled for our concrete application problem in Section 7.4. Therefore,

we decided to choose the present setting and to impose the additional boundedness assumption on A.

Remark 3.14. It is to be noted that most of the above results can also be shown in more general Bochner-

Sobolev spaces, that is, when loads are contained inW 1,r (0,T ;X) and states inW 1,r (0,T ;H) for some

r ∈ [1,∞). However, since a Hilbert space setting is advantageous when it comes to the derivation of

optimality conditions, we focus on the case r = 2.

Unfortunately, the Yosida-approximation is frequently not su�cient for the derivation of optimality

conditions by means of the standard adjoint approach, since the solution operator associated with (3.6)

is in general still not Gâteaux di�erentiable. Therefore, we apply a second regularization turning the

Yosida-approximation of A into a smooth operator. The properties needed to ensure convergence of

this second regularization are investigated in the following

Lemma 3.15 (Convergence of the Regularized Yosida-Approximation). Consider a sequence {λn}n∈N ⊂
(0,∞) and a sequence of Lipschitz continuous operators An : H → H , n ∈ N, such that

(3.13) λn ↘ 0 and
1

λn
exp

(T ‖Q ‖L(H;H)
λn

)
sup

h∈H
‖An(h) −Aλn (h)‖H → 0.

Let moreover {`n}n∈N ⊂ C([0,T ];X) be given and denote by zn , zλn ∈ C1([0,T ];H) the solutions of
.
zn = An(R`n −Qzn), zn(0) = z0,(3.14)

and
.
zλn = Aλn (R`n −Qzλn ), zλn (0) = z0.(3.15)

Then ‖zn − zλn ‖C 1([0,T ];H) → 0.

Proof. Again, thanks to the Lipschitz continuity of An and Aλn , the existence and uniqueness of zn
and zn,λ follows from Banach’s contraction principle by classical arguments. Moreover, the continuity

of `n carries over to the continuity of

.
zn and

.
zn,λ . Let us abbreviate cn B suph∈H ‖An(h) −Aλn (h)‖H .

Then, in light of (3.14) and (3.15), we �nd

‖ .zn(t) −
.
zλn (t)‖H ≤ cn +

‖Q ‖L(H;H)
λn

‖zn(t) − zλn (t)‖H ∀ t ∈ [0,T ]

so that Gronwall’s inequality yields

‖ .zn(t) −
.
zλn (t)‖H ≤

‖Q ‖L(H;H)
λn

(
T exp

( ‖Q ‖L(H;H)
λn

T
)
+ 1

)
cn ∀ t ∈ [0,T ],

which completes the proof. �

4 existence and approximation of optimal controls

Now we turn to the optimal control problem (P). We �rst address the existence of optimal solutions

and afterwards discuss the approximation of (P) in Section 4.2.
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4.1 existence of optimal controls

Based on Theorem 3.3, we reduce the optimal control problem (P) into a problem in the control variable

only. Recall that the control space Xc embeds compactly in X.

Definition 4.1. Let z0 ∈ H and M ⊂ D(A). Due to Theorem 3.3, there exists for every ` ∈ H 1(0,T ;Xc ) ∩
U(z0;M) a solution z ∈ H 1(0,T ;H) of the state equation in (3.1). Consequently, we may de�ne the

solution operator

S : H 1(0,T ;Xc ) ∩ U(z0;M) 3 ` → z ∈ H 1(0,T ;H).

This operator will be frequently called control-to-state map.

With the de�nition above, problem (P) is equivalent to the reduced problem:

(P) ⇐⇒
{

min J (S(`), `),
s.t. ` ∈ H 1(0,T ;Xc ) ∩ U(z0;M).

Recall our standing assumptions on the objective, namely that J (z, `) = Ψ(z, `) + Φ(`), where

Ψ : H 1(0,T ;W) × H 1(0,T ;Xc ) → R is weakly lower semicontinuous and bounded from below and

Φ : H 1(0,T ;Xc ) → R is weakly lower semicontinuous and coercive. These assumptions allow us to

show the existence of (globally) optimal solutions:

Theorem 4.2 (Existence of Optimal Solutions). Let z0 ∈ H andM be a closed subset of D(A). Then there
exists a global solution of (P).

Proof. Based on Theorem 3.10, the proof follows the standard direct method of the calculus of varia-

tions. First of all, since Ψ is bounded from below and Φ is coercive, every in�mal sequence of controls

is bounded in H 1(0,T ;Xc ) and thus admits a weakly converging subsequence. Due to the compact

embedding of Xc in X, this sequence converges strongly in C([0,T ];X) so that the weak limit be-

longs toU(z0;M), due the closeness of M . Moreover, thanks to weak convergence in H 1(0,T ;X) and

strong convergence in C([0,T ];X), Theorem 3.10 gives weak convergence of the associated states in

H 1(0,T ;H). The weak lower semicontinuity of Ψ and Φ together with H ↪→ W then implies the

optimality of the weak limit. �

Clearly, in view of the nonlinear state equation, one cannot expect the optimal solution to be unique.

Note that, since D(A) is closed by our standing assumptions, the choice M = D(A) is feasible.

4.2 convergence of global minimizers

While the existence of optimal solutions for (P) can be shown by well-established techniques as seen

above, the derivation of optimality conditions is all but standard because of the lack of di�erentiability of

the control-to-state map. We therefore apply a regularization of A built upon the Yosida-approximation

in order to obtain a smooth control-to-state mapping. In view of Lemma 3.15, this regularization is

assumed to satisfy the following

Assumption 4.3. Let {An}n∈N be a sequence of Lipschitz continuous operators fromH toH such that,

together with a sequence {λn}n∈N ⊂ (0,∞), it holds

(4.1) λn ↘ 0 and

1

λn
exp

(T ‖Q ‖L(H;H)
λn

)
sup

h∈H
‖An(h) −Aλn (h)‖H → 0,

i.e., the requirements in Lemma 3.15 are ful�lled.
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In Section 7.4, we show how to construct such a regularization for a concrete application problem.

Given the regularization of A, we de�ne the corresponding optimal control problem:

(Pn)


min J (z, `),
s.t.

.
z = An(R` −Qz), z(0) = z0,

(z, `) ∈ H 1(0,T ;H) ×
(
H 1(0,T ;Xc ) ∩ U(z0;M)

)
.

Since An is Lipschitz continuous, the equation

.
z = An(R` −Qz), z(0) = z0

admits a unique solution for every z0 ∈ H and every ` ∈ L2(0,T ;X). Similar to De�nition 4.1, we

denote the associated solution operator by

Sn : L2(0,T ;X) → H 1(0,T ;H).

Moreover, the solution operator associated with the Yosida-approximation, i.e., the solution operator

of

.
z = Aλn (R` −Qz), z(0) = z0, is denoted by

Sλn : L2(0,T ;X) → H 1(0,T ;H).

Proposition 4.4 (Existence of Optimal Solutions of the Regularized Problems). Let n ∈ N, z0 ∈ H , and
M a closed subset of D(A). Then, under Assumption 4.3, there exists a global solution of (Pn).

Proof. Let `1, `2 ∈ L2(0,T ;X) be arbitrary and de�ne zi B Sn(`i ), i = 1, 2. Then, due to the Lipschitz

continuity of An , we have for almost all t ∈ [0,T ]

(4.2)

‖ .z1(t) −
.
z2(t)‖H = ‖An(R`1(t) −Qz1(t)) −An(R`2(t) −Qz2(t))‖H

≤ c
(
‖l1(t) − l2(t)‖X + ‖z1(t) − z2(t)‖H

)
,

which yields, thanks to Gronwall’s inequality , the Lipschitz continuity of Sn . Using this together with

the fact that Xc is compactly embedded into X, one can argue as in the proof of Theorem 4.2 to obtain

the existence of a global solution of (Pn) for all n ∈ N. �

Theorem 4.5 (Weak Approximation of Global Minimizers). Let z0 ∈ H andM be a closed subset of D(A).
Suppose moreover that Assumption 4.3 holds and let {`n}n∈N be a sequence of globally optimal controls
of (Pn), n ∈ N. Then there exists a weak accumulation point and every weak accumulation point is a
global solution of (P).

Proof. Due to M ⊂ D(A), Proposition 3.5 gives Sλn (`1) → S(`1) in H 1(0,T ;H) so that Lemma 3.15

yields Sn(`1) → S(`1) in H 1(0,T ;H) and thus

lim sup

n→∞
Ψ(Sn(`n), `n) + Φ(`n) = lim sup

n→∞
J (Sn(`n), `n) ≤ lim sup

n→∞
J (Sn(`1), `1) = J (S(`1), `1).

Hence, by virtue of the boundedness of Ψ from below and the radial unboundedness of Φ, {`n} is

bounded and therefore admits a weak accumulation point in H 1(0,T ;Xc ).
Let us now assume that a given subsequence of {`n}n∈N, denoted by the same symbol for simplicity,

converges weakly to
˜` in H 1(0,T ;Xc ). Since Xc is compactly embedded in X, we obtain `n → ˜` in

C([0,T ];X) and consequently,
˜` ∈ U(z0;M). In addition, the strong convergence in C([0,T ];X) in

combination with Theorem 3.11 and Lemma 3.15 yields weak convergence of the states, i.e., Sn(`n)⇀
S( ˜`) in H 1(0,T ;H) and thus also in H 1(0,T ;W). Now, let ` be a global solution of (P). We can again
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use Proposition 3.5 and Lemma 3.15 to obtain Sn(`) → S(`) in H 1(0,T ;H). This, together with the

weak lower semicontinuity of Ψ and Φ, implies

(4.3)

J (S( ˜`), ˜`) = Ψ(S( ˜`), ˜`) + Φ( ˜`) ≤ lim inf

n→∞
Ψ(Sn(`n), `n) + Φ(`n)

≤ lim sup

n→∞
J (Sn(`n), `n) ≤ lim sup

n→∞
J (Sn(`), `) = J (S(`), `),

giving in turn the optimality of the weak limit. �

Corollary 4.6 (Strong Approximation of Global Minimizers). In addition to Assumption 4.3, assume
that Φ : H 1(0,T ;Xc ) → R is such that, if a sequence {`n}n∈N satis�es `n ⇀ ` in H 1(0,T ;Xc ) and
Φ(`n) → Φ(`), then `n → ` in H 1(0,T ;Xc ). Then every weak accumulation point of a sequence of
globally optimal controls of (Pn) is also a strong one.
Moreover, if in addition, at least one of the following holds

• Assumption 3.9 is satis�ed, that is A = ∂ϕ, and ϕ is continuous onM or

• Ψ : H 1(0,T ;W)×H 1(0,T ;Xc ) → R is such that, if sequences {zn}n∈N and {`n}n∈N satisfy zn ⇀ z
in H 1(0,T ;H) and `n → ` in H 1(0,T ;Xc ) and Ψ(zn , `n) → Ψ(z, `), then zn → z in H 1(0,T ;H),

then the associated sequence of state also converges strongly in H 1(0,T ;H).

Proof. Consider an arbitrary accumulation point
˜` of a sequence of global minimizers of (Pn), i.e.,

`n ⇀ ˜` in H 1(0,T ;Xc ). From the previous proof, we know that then (4.3) holds, giving in turn

Ψ(Sn(`n), `n) + Φ(`n) → Ψ(S( ˜`), ˜`) + Φ( ˜`).
SinceSn(`n)⇀ S( ˜`), as seen in the previous proof, and both,Ψ andΦ, are weakly lower semicontinuous

by assumption, this implies Φ(`n) → Φ( ˜`) and Ψ(Sn(`n), `n) → Ψ(S( ˜`), ˜`). The hypothesis on Φ thus

yields `n → ˜` in H 1(0,T ;Xc ) so that
˜` is indeed a strong accumulation point as claimed.

Due to Xc ↪→ X, the strong convergence carries over to H 1(0,T ;X) and therefore, we deduce

from Theorem 3.11 that Sλn (`n) → S( ˜`) in H 1(0,T ;H), provided that Assumption 3.9 is ful�lled and

ϕ(R`n(0) − Qz0) → ϕ(R ˜`(0) − Qz0) holds. If the additional requirements on Ψ are ful�lled, we also

obtain the strong convergence Sλn (`n) → S( ˜`) in H 1(0,T ;H), since we already showed `n → ˜` in

H 1(0,T ;Xc ). Thus, in both cases, Lemma 3.15 gives Sn(`n) → S( ˜`) in H 1(0,T ;H), which is the second

assertion. �

Example 4.7. Let us assume that Xc is a Hilbert space. Then a possible objective functional ful�lling

the requirements on Φ in Corollary 4.6 reads as follows:

J (z, `) = Ψ(z, `) + α
2

‖`‖2H 1(0,T ;Xc ),

i.e.,Φ(`) B α/2 ‖`‖2H 1(0,T ;Xc )
. Herein,Ψ : H 1(0,T ;H)×H 1(0,T ;Xc ) → R is again lower semicontinuous

and bounded from below and α > 0 is a given constant. Since H 1(0,T ;Xc ) is a Hilbert space, too, weak

convergence and norm convergence give strong convergence and consequently, this speci�c choice of

Φ ful�lls the condition in Corollary 4.6.

Remark 4.8 (Approximation of Local Minimizers). By standard localization arguments, the above

convergence analysis can be adapted to approximate local minimizers. Following the lines of, for

instance, [12], one can show that, under the assumptions of Corollary 4.6, every strict local minimum

of (P) can be approximated by a sequence of local minima of (Pn). A local minimizer ` of (P), which is

not necessarily strict, can be approximated by replacing the objective in (Pn) by J (z, l) B J (z, l) + ‖` −
`‖H 1(0,T ;Xc ), which is of course only of theoretical interest, cf. e.g. [4]. Since these results and their

proofs are standard, we omitted them.

Now that we answered the question of approximation of optimal controls via regularization, we

turn to the regularized problems and derive optimality conditions for these in the next two sections.
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5 first-order optimality conditions

In the following, we consider a single element of the sequence of regularized problems. The associated

regularized operator is denoted by As so that the regularized optimal control problems reads as follows:

(Ps )


min J (z, `),
s.t.

.
z = As (R` −Qz), z(0) = z0,

(z, `) ∈ H 1(0,T ;H) ×
(
H 1(0,T ;Xc ) ∩ U(z0;M)

)
.

Beside our standing assumption and the Lipschitz continuity required in Assumption 4.3, we need

the following additional assumptions for the derivation of �rst-order necessary optimality conditions

for (Ps ). Recall the continuous embeddings Y ↪→Z ↪→H from Section 2.

Assumption 5.1.

(i) J : H 1(0,T ;W) × H 1(0,T ;Xc ) → R is Fréchet di�erentiable.

(ii) As : Y → Y is Lipschitz continuous and Fréchet di�erentiable from Y toZ. Moreover, A′s (y)
can be extended to elements of L(Z;Z) and L(H ;H), respectively, denoted by the same sym-

bol. There exists a constant C such that these extensions satisfy ‖A′s (y)z‖Z ≤ C ‖z‖Z and

‖A′s (y)h‖H ≤ C‖h‖H for all y ∈ Y, z ∈ Z, and h ∈ H .

Remark 5.2. It is well known that a norm gap is often indispensable to ensure Fréchet di�erentiability.

This is also the case in our application example in Section 7.4. This is the reason for considering two

di�erent spaces Y andZ in context of the Fréchet di�erentiability of As in Assumption 5.1.

We start the derivation of optimality conditions for (Ps ) with the Fréchet-derivative of the associated

control-to-state mapping.

5.1 differentiability of the regularized control-to-state mapping

As As : Y → Y is supposed to be Lipschitz continuous and R andQ are not only linear and continuous

as operators with values inH , but also in Y according to our standing assumptions, Banach’s �xed

point theorem immediately implies that the state equation in (Ps ), i.e.,

(5.1)

.
z = As (R` −Qz), z(0) = z0,

admits a unique solution z ∈ H 1(0,T ;Y) for every right hand side ` ∈ L2(0,T ;X), provided that

z0 ∈ Y. Therefore, similar to above, we can de�ne the associated solution operator Ss : L2(0,T ;X) →
H 1(0,T ;Y) (for �xed z0 ∈ Y). We will frequently consider this operator with di�erent domains,

e.g. H 1(0,T ;X), and ranges, in particular H 1(0,T ;Z). With a little abuse of notation, these operators

are denoted by the same symbol.

Lemma 5.3 (Lipschitz Continuity of Ss ). The solution operator Ss is globally Lipschitz continuous from
L2(0,T ;X) to H 1(0,T ;Y).

Proof. This can be proven completely analogously to the Lipschitz continuity of Sn from L2(0,T ;X)
to H 1(0,T ;Y) in Proposition 4.4. �

Lemma 5.4. Assume that Assumption 5.1(ii) is ful�lled and let y ∈ L2(0,T ;Y) and w ∈ L2(0,T ;Z) be
given. Then there exists a unique solution η ∈ H 1(0,T ;Z) of

(5.2)

.
η = A′s (y)(w −Qη), η(0) = 0.
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Proof. Let us de�ne

B : [0,T ] × Z → Z, (t ,η) 7→ A′s (y(t))(w(t) −Qη)

so that (5.2) becomes

.
η(t) = B(t ,η(t)) a.e. in (0,T ), η(0) = 0. Now, given η ∈ L2(0,T ;Z), [0,T ] 3

t 7→ B(t ,η(t)) ∈ Z is Bochner measurable as a pointwise limit of Bochner measurable functions.

Furthermore, Assumption 5.1(ii) implies for almost all t ∈ [0,T ] and all η1,η2 ∈ Z that ‖B(t ,η1) −
B(t ,η2)‖Z ≤ C ‖η1 − η2‖Z . Therefore, we can apply Banach’s �xed point argument to the integral

equation associated with (5.2), which gives the assertion. �

Theorem 5.5 (Fréchet di�erentiability of the regularized solution operator). Under Assumption 5.1(ii),
the solution operatorSs is Fréchet di�erentiable fromH 1(0,T ;X) toH 1(0,T ;Z). Its directional derivative
at ` ∈ H 1(0,T ;X) in direction h ∈ H 1(0,T ;X) is given by the unique solution of

.
η = A′s (R` −Qz)(Rh −Qη), η(0) = 0,(5.3)

where z B Ss (`) ∈ H 1(0,T ;Y). Moreover, there exists a constant C such that ‖S′s (`)h‖H 1(0,T ;Z) ≤
C‖h‖L2(0,T ;X) holds for all `,h ∈ H 1(0,T ;X).

Proof. Let `,h ∈ H 1(0,T ;X) be arbitrary and abbreviate zh B Ss (` + h). Thanks to Lemma 5.4, there

exists a unique solution η ∈ H 1(0,T ;Z) of (5.3). Clearly, the solution operator of (5.3) is linear with

respect to h. Moreover, Assumption 5.1(ii) implies for almost all t ∈ [0,T ] that

‖ .η(t)‖Z ≤ C
(
‖h(t)‖X + ‖η(t)‖Z

)
,

so that Gronwall’s inequality gives ‖η‖H 1(0,T ;Z) ≤ C‖h‖L2(0,T ;X), i.e., the continuity of the solution

operator of (5.3). This also proves the asserted inequality (after having proved that η = S′s (`)h, which

we do next).

It remains to verify the remainder term property. For this purpose, let us denote the remainder term

of As by r1, i.e.,

As (y + ζ ) = As (y) +A′s (y)ζ + r1(y ; ζ ) with

‖r1(y ; ζ )‖Z
‖ζ ‖Y

→ 0 as ζ → 0 in Y.

Moreover, we abbreviate

y B R` −Qz ∈ H 1(0,T ;Y) and ζ B Rh −Q(zh − z) ∈ H 1(0,T ;Y).

Then, in view of the de�nition of z, zh , and η (as solution of (5.3)), we �nd for almost all t ∈ [0,T ]

‖ .zh(t) −
.
z(t) − .

η(t)‖Z = ‖As (y(t) + ζ (t)) −As (y(t)) −A′s (y(t))(ζ (t) +Q(zh(t) − z(t) − η(t)))‖Z
≤ ‖A′s (y(t))Q(zh(t) − z(t) − η(t))‖Z + ‖r1(y(t); ζ (t))‖Z .

Hence, Assumption 5.1(ii) and Gronwall’s inequality yield

(5.4) ‖zh − z − η‖H 1(0,T ;Z) ≤ C ‖r1(y ; ζ )‖L2(0,T ;Z).

(note that r1(y ; ζ ) ∈ L2(0,T ;Z) by its de�nition as remainder term). Furthermore, thanks to Lemma 5.3

and the de�nition of ζ , we obtain

(5.5) ‖ζ ‖H 1(0,T ;Y) ≤ C ‖h‖H 1(0,T ;X)
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such thath → 0 inH 1(0,T ;X) implies ζ → 0 inH 1(0,T ;Y). The continuous embeddingH 1(0,T ;Y) ↪→
C([0,T ];Y) and the remainder term property of r1 thus give for almost all t ∈ (0,T ) that

(5.6)

‖r1(y(t); ζ (t))‖Z
‖h‖H 1(0,T ;X)

≤ C
‖r1(y(t); ζ (t))‖Z
‖ζ (t)‖Y

‖ζ ‖H 1(0,T ;Y)
‖h‖H 1(0,T ;X)

→ 0

as h → 0 in H 1(0,T ;X). Moreover, the Lipschitz continuity of As : Y → Y together with 5.1(ii),

Y ↪→Z, and (5.5) yield for almost all t ∈ (0,T ) that

‖r1(y(t); ζ (t))‖Z
‖h‖H 1(0,T ;X)

=
‖(As (y + ζ ) −As (y) −A′s (y)ζ )(t)‖Z

‖h‖H 1(0,T ;X)
≤ C

‖ζ (t)‖Y
‖h‖H 1(0,T ;X)

≤ C .

In combination with (5.6) and Lebesgue’s dominated convergence theorem, this yields

‖r1(y ; ζ )‖L2(0,T ;Z)
‖h‖H 1(0,T ;X)

→ 0

as h → 0 in H 1(0,T ;X), which, in view of (5.4) �nishes the proof. �

Remark 5.6. It is to be noted that we did not employ the implicit function theorem to show the

di�erentiability of Ss . The reason is that H : z 7→ .
z − As (R` − Qz) is Fréchet di�erentiable from

H 1(0,T ;Y) to L2(0,T ;Z), but the derivative H ′(z) is not continuously invertible in these spaces, cf.

Lemma 5.4. On the other hand, H is not di�erentiable from H 1(0,T ;Y) to L2(0,T ;Y) (due to the

di�erentiability properties of As , see Remark 5.2), which would be the right spaces for the existence

result from Lemma 5.4. The same observation for a more abstract setting was already made in [41].

5.2 adjoint equation

Now that we know that the (regularized) control-to-state map is Gâteaux di�erentiable, we can apply

the standard adjoint approach to derive �rst-order necessary optimality conditions in form of a Karush-

Kuhn-Tucker (KKT) system. To keep the discussion concise, we restrict our analysis to the case without

further control constraints. To be more precise, we require the following:

Assumption 5.7. Let z0 ∈ Y such that −Qz0 ∈ D(A). The set M in the de�nition of the set of admissible

controls is given by the singleton M = {−Qz0} such that

U B U
(
z0; {−Qz0}

)
=

{
` ∈ H 1(0,T ;X) : `(0) ∈ kerR

}
.

Note thatU is a linear subspace of H 1(0,T ;X).
Remark 5.8 (Additional Control Constraints). One could allow for additional control constraints in

our analysis, even more complex ones than the ones covered byU(z0;M) such as for instance box

constraints over the whole time interval or vanishing initial and �nal loading, i.e., `(0) = `(T ) = 0, which

is certainly meaningful for many practically relevant problems. However, since the di�erentiability of

the control-to-state map is the essential issue in the derivation of optimality conditions and additional

(convex and closed) control constraints can be incorporated by standard argument, we decided to leave

them out in order to keep the discussion as concise as possible.

However, without any further assumptions, the existence of solutions to the unregularized state

equation (3.1) cannot be guaranteed. To be more precise, one needs that R`(0) − Qz0 ∈ D(A), see

Theorem 3.3, which holds in case ofU, provided that −Qz0 ∈ D(A). This is the reason for considering

the set H 1(0,T ;XC ) ∩ U as set of admissible controls in the rest of the paper.

Note moreover that, if the operator R is injective (which is the case in Section 7), thenU = {` ∈
H 1(0,T ;X) : `(0) = 0}.
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The chain rule immediately gives that the reduced objective de�ned by

(5.7) F : H 1(0,T ;Xc ) → R, ` 7→ J (Ss (`), `)

is Fréchet di�erentiable, too. Thus, by standard arguments, one derives the following

Lemma 5.9 (Purely Primal Necessary Optimality Conditions). Let Assumption 5.1 and Assumption 5.7
hold. Then, if a control ` ∈ H 1(0,T ;Xc ) ∩ U with associated state z = Ss (`) is locally optimal for (Ps ),
then

(5.8) F ′(`)h = J ′z (z, `)S′s (`)h + J ′`(z, `)h = 0,

for all h ∈ H 1(0,T ;Xc ) ∩ U.

Next, we reformulate (5.8) in terms of a KKT-system by introducing an adjoint equation, which

formally reads

(5.9)

.
φ = QA′s (y)∗φ +v, φ(T ) = 0.

Depending on the regularity of the right hand side v , we de�ne di�erent notions of solutions:

Definition 5.10. Let y ∈ L2(0,T ;Y) and v ∈ H 1(0,T ;H)∗ be given. A function φ ∈ L2(0,T ;H) is called

weak solution of (5.9), if

(5.10) −
(
φ,

.
η
)
L2(0,T ;H) =

(
φ,A′s (y)Qη

)
L2(0,T ;H) +v(η)

holds for all η ∈ H 1(0,T ;H) with η(0) = 0.

If v takes the form

(5.11) v(η) = (v1,η)L2(0,T ;H) + (v2,η(T ))H

with some v1 ∈ L2(0,T ;H) and v2 ∈ H , then we call φ ∈ H 1(0,T ;H) strong solution of (5.9), if, for

almost all t ∈ (0,T ),

(5.12)

.
φ(t) =

(
QA′s (y)∗φ

)
(t) +v1(t) inH , φ(T ) = −v2 inH .

In the following, we will—as usual—identify v ∈ L2(0,T ;H) with an element of H 1(0,T ;H)∗ via

(v, · )L2(0,T ;H) and denote this element with a slight abuse of notation by the same symbol.

Lemma 5.11. Let y ∈ L2(0,T ;Y) and v ∈ H 1(0,T ;H)∗. Then there is a unique weak solution of (5.9),
which is given by φ B −v ◦ Sy ∈ L2(0,T ;H)∗ = L2(0,T ;H), where Sy : L2(0,T ;H) → H 1(0,T ;H) is
the solution operator of

.
η = −A′s (y)Qη +w, η(0) = 0,(5.13)

that is, Sy (w) = η.
Moreover, ifv is of the form (5.11), then there exists a unique strong solution of (5.9), and the weak and

the strong solution coincide.

Proof. At �rst note that the existence of a solution of (5.13) can be proven exactly as in Lemma 5.4.

Let η ∈ H 1(0,T ;H) with η(0) = 0 be arbitrary and de�ne w B
.
η + A′s (y)Qη ∈ L2(0,T ;H), hence,

η = Sy (w). By the de�nition of w and φ, it follows that

( .η +A′s (y)Qη,φ)L2(0,T ;H) = (φ,w)L2(0,T ;H) = −v(Sy (w)) = −v(η),

i.e., (5.10) holds. Since η was arbitrary, we see that φ is a weak solution of (5.9).
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To prove uniqueness, let φ̃ ∈ L2(0,T ;H) be another weak solution. Then, we choose an arbitrary

w ∈ L2(0,T ;H) and set η B Sy (w) to see that

(φ,w)L2(0,T ;H) = −v(η) =
(
φ̃,

.
η +A′s (y)Qη

)
L2(0,T ;H) = (φ̃,w)L2(0,T ;H) ,

and therefore φ = φ̃.

Now we turn to the strong solution and suppose thatv is as given in (5.11). Existence and uniqueness

of a strong solution can again be shown by means of Banach’s �xed point theorem. To this end, let us

consider the a�ne-linear operator

B : [0,T ] × Z → Z, B(t ,φ) = QA′s (y(t))∗φ +v1(t).

SinceH is separable by our standing assumptions, we can apply [20, Chap. IV, Thm. 1.4] to obtain that,

for every φ ∈ L2(0,T ;H), the mapping (0,T ) 7→ B(t ,φ(t)) is Bochner measureable. Moreover, since

‖A′s (y)∗‖L(H;H) = ‖A′s (y)‖L(H;H), Assumption 5.1(ii) yields that B is also Lipschitz continuous w.r.t. the

second variable for almost all t ∈ (0,T ). Therefore, similarly to the proof of Lemma 5.4, one can apply

Banach’s �xed point theorem to the integral equation associated with (5.12) to establish the existence

of a unique strong solution.

Finally, if we test (5.12) with an arbitrary η ∈ H 1(0,T ;H) with η(0) = 0 and integrate by parts, then

we see that every strong solution is also a weak solution. Since the latter one is unique, as seen above,

we deduce that weak and strong solution coincide. �

Theorem 5.12 (KKT-Conditions for (Ps )). Assume that Assumption 5.1 and Assumption 5.7 hold and let
` ∈ H 1(0,T ;Xc ) ∩ U be a locally optimal control for (Ps ) with associated state z = Ss (`). Then there
exists a unique adjoint state φ ∈ L2(0,T ;H) such that the following optimality system is ful�lled

.
z = As (R` −Qz), z(0) = z0,(5.14a) 
−

(
φ,

.
η
)
L2(0,T ;H)

=
(
φ,A′s (R` −Qz)Qη

)
L2(0,T ;H)

+ J ′z (z, `)η
∀η ∈ H 1(0,T ;H) :

η(0) = 0

(5.14b)

(
φ,A′s (R` −Qz)Rh

)
L2(0,T ;H)

= J ′`(z, `)h ∀h ∈ H 1(0,T ;Xc ) ∩ U .(5.14c)

If J enjoys extra regularity, namely

(5.15) J (z, `) = Ψ1(z, `) + Ψ2(z(T ), `(T )) + Φ(`)

with two Fréchet di�erentiable functionals Ψ1 : L2(0,T ;H) × H 1(0,T ;Xc ) → R and Ψ2 : H × Xc → R,
then φ ∈ H 1(0,T ;H) is a strong solution of

(5.16)

.
φ(t) =

(
QA′s (R` −Qz)∗φ

)
(t) + ∂Ψ1

∂z
(z, `), φ(T ) = −∂Ψ2

∂z
(z(T ), `(T )).

Remark 5.13. The exemplary objective functionals in Section 7 are precisely of the form in (5.15).

Proof of Theorem 5.12. Since J ′z (z, `) ∈ H 1(0,T ;W)∗ ↪→ H 1(0,T ;H)∗, Lemma 5.11 gives the existence

of a unique solution of (5.14b). Now, let h ∈ H 1(0,T ;Xc ) ∩ U be arbitrary and de�ne η B S′s (`)h ∈
H 1(0,T ;Z) ⊂ H 1(0,T ;H). The weak form of the adjoint equation then implies

(5.17)

(
φ,A′s (R` −Qz)Rh

)
L2(0,T ;H)

=
(
φ,

.
η +A′s (R` −Qz)Qη

)
L2(0,T ;H)

= −J ′z (Ss (`), `)η.

This together with Lemma 5.9 shows that (z, `,φ) ful�lls the optimality system (5.14). If J is of the form

in (5.15), then Lemma 5.11 implies that the weak solution of the adjoint equation is in fact a strong

solution and solves (5.16). �
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Corollary 5.14. Let Assumption 5.1 and Assumption 5.7 hold. Then ¯` ∈ H 1(0,T ;Xc ) ∩ U with associated
state z = Ss (`) ful�lls (5.8) if and only if there exists an adjoint state φ ∈ L2(0,T ;H) such that (z, `,φ)
satis�es the optimality system (5.14).

Proof. The proof of Theorem 5.12 already shows that (5.8) implies the optimality system in (5.14).

To prove the reverse implication, assume that (z, `,φ) ful�lls the optimality system (5.14). Then

choose an arbitrary h ∈ H 1(0,T ;H), de�ne η B S′s (`)h, and use the fact that φ is the weak solution

of (5.14b) to obtain (5.17). This together with (5.14c) �nally give (5.8). �

Example 5.15. Under suitable additional assumptions, it is possible to further simplify the gradient

equation (5.14c). For this purpose assume that R is injective (so thatU = {` ∈ H 1(0,T ,X) : `(0) = 0}),
Xc is a Hilbert space, and

(5.18) J (z, `) = Ψ1(z, `) + Ψ2(z(T ), `(T )) +
γ

2

‖
.
`‖2L2(0,T ;Xc ),

where Ψ1 : H 1(0,T ;W)× L2(0,T ;Xc ) → R and Ψ2 : W×Xc → R are Fréchet di�erentiable and γ > 0.

This type of objective will also appear in the application problem in Section 7. Then (5.14c) becomes

(5.19) γ (∂t `, ∂th)L2(0,T ;Xc ) −
ˆ T

0

〈R∗A′s (R` −Qz)∗φ,h〉X∗,X dt

+

ˆ T

0

∂Ψ1

∂`
(z, `)h dt + ∂Ψ2

∂`
(z(T ), `(T ))h(T ) = 0

∀h ∈ H 1(0,T ;Xc ) with h(0) = 0,

where we identi�ed ∂`Ψ1(z, `) ∈ (L2(0,T ;Xc ))∗ = L2(0,T ;Xc ). Note that Xc as a Hilbert space satis�es

the Radon-Nikodým-property. Since Xc ↪→ X, we may identify R∗A′s (R` − Qz)∗φ with an element

of L2(0,T ;Xc ), too, which we denote by the same symbol. Then, if we choose h(t) = ψ (t) ξ with

ψ ∈ C∞c (0,T ) and ξ ∈ Xc arbitrary, we obtain(
−
ˆ T

0

[
γ ∂tψ ∂t ` + R

∗A′s (R` −Qz)∗φψ −
∂Ψ1

∂`
(z, `)ψ

]
dt , ξ

)
Xc
= 0.

Now, since ξ ∈ Xc was arbitrary, we �nd that the second distributional time derivative of ` is a regular

distribution in L2(0,T ;Xc ), i.e., ` ∈ H 2(0,T ;Xc ), satisfying for almost all t ∈ (0,T )

(5.20) γ ∂2

t `(t) + R∗A′s
(
R`(t) −Qz(t)

)∗
φ(t) = ∂Ψ1

∂`
(z, `)(t) in Xc .

Since Xc is supposed to be a Hilbert space, we can apply integration by parts to (5.19). Together with

` ∈ U = {` ∈ H 1(0,T ;X) : `(0) = 0} and (5.20), this implies the following boundary conditions:

(5.21) `(0) = 0, γ ∂t `(T ) = −
∂Ψ2

∂`
(z(T ), `(T )),

where we again identi�ed ∂`Ψ2(z(T ), `(T )) ∈ X∗c with its Riesz representative. In summary, we have

thus seen that the gradient equation in (5.14c) becomes an operator boundary value problem in Xc ,

namely (5.20)–(5.21).
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6 second-order sufficient conditions

The next section is devoted to the derivation of second-order su�cient optimality conditions for the

regularized problem (Ps ). As it was the case for the �rst-order conditions, the main part concerns

the di�erentiability properties of the control-to-state map Ss and the reduced objective, to be more

precise to show that these are twice continuously Fréchet di�erentiable. For this purpose, we need the

following sharpened assumptions on the objective and the regularized operator As :

Assumption 6.1.

(i) J : H 1(0,T ;W) × H 1(0,T ;Xc ) → R is twice continuously Fréchet di�erentiable.

(ii) The Fréchet-derivative A′s is Lipschitz continuous from Y to L(Z;Z). Moreover, for every

y ∈ Y, A′s (y) can be extended to an element of L(W;W). The mapping arising in this way is

Lipschitz continuous from Y to L(W;W). Furthermore, there is a constant C > 0 such that

‖A′s (y)w ‖W ≤ C‖w ‖W hold for all y ∈ Y and all w ∈ W.

(iii) A′s is Fréchet di�erentiable from Y to L(Z;W). For all y ∈ Y, its derivative A′′s (y) can be

extended to an element of L(Z;L(Z;W)) and the mapping y 7→ A′′s (y) is continuous in these

spaces. Moreover, there exists a constant C such that ‖A′′s (y)[z1, z2]‖W ≤ C‖z1‖Z ‖z2‖Z for all

y ∈ Y and all z1, z2 ∈ Z.

Remark 6.2. We point out that a second norm gap arises in Assumption 6.1, since A′s is only Fréchet

di�erentiable as an operator with values inW and not inZ ↪→W. This assumption is again motivated

by the application problem in Section 7. The example given there demonstrates that such as second

norm gap is indeed necessary in general, since, given a concrete application, one cannot expect As to

be twice Fréchet di�erentiable in Y, and even not as an operator from Y toZ.

The following proposition addresses the second derivative of the solution operator under the above

assumptions. Its proof is in principle completely along the lines of the proof of Theorem 5.5 on the

�rst derivative of S. We therefore postpone it to Appendix a.

Proposition 6.3 (Second Derivative of the Solution Operator). Under Assumption 5.1(ii) and Assump-
tion 6.1(ii) & (iii), the solution operator Ss : H 1(0,T ;X) → H 1(0,T ;W) is twice Fréchet di�erentiable.
Given `,h1,h2 ∈ H 1(0,T ;X), its second derivative S′′s (`)[h1,h2] ∈ H 1(0,T ;W) is given by the unique
solution of

.
ξ = A′′s (R` −Qz)[Rh1 −Qη1,Rh2 −Qη2] −A′s (R` −Qz)Qξ , ξ (0) = 0,(6.1)

where z B Ss (`) ∈ H 1(0,T ;Y) and ηi B S′s (`)hi ∈ H 1(0,T ;Z), i = 1, 2.
Moreover, there exists a constant C such that

(6.2) ‖S′′s (`)[h1,h2]‖H 1(0,T ;W) ≤ C‖h1‖H 1(0,T ;X)‖h2‖H 1(0,T ;X)

for all `,h1,h2 ∈ H 1(0,T ;X).
Lemma 6.4. Assume that Assumption 5.1 (ii) and Assumption 6.1 (ii) and (iii) are ful�lled. Then there
exists a constant C such that

‖S′′s (`1) − S′′s (`2)‖L(H 1(0,T ;X);L(H 1(0,T ;X);H 1(0,T ;W)))

≤ C
(
‖A′′s (R`1 −Qz1) −A′′s (R`2 −Qz2)‖L2(0,T ;L(Z;L(Z;W))) + ‖`1 − `2‖H 1(0,T ;X)

)
holds for all `1, `2 ∈ H 1(0,T ;X), where zi B Ss (`i ), i = 1, 2.
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Proof. Let `1, `2,h1,h2 ∈ H 1(0,T ;X) be arbitrary. We again abbreviate zi B Ss (`i ), ηi, j B S′s (`i )hj ,
ξi B S′′s (`i )[h1,h2], and yi B R`i −Qzi for i, j ∈ {1, 2}. By the equation for S′′s , we obtain for almost

all t ∈ [0,T ]
.
ξ

1
−

.
ξ

2
= A′′s (y1)[Rh1 −Qη1,1,Rh2 −Qη1,2] −A′s (y1)Qξ1

−A′′s (y2)[Rh1 −Qη2,1,Rh2 −Qη2,2] −A′s (y2)Qξ2

=
(
A′′s (y1)(Rh1 −Qη1,1) −A′′s (y2)(Rh1 −Qη2,1)

)
(Rh2 −Qη1,2)

+A′′s (y2)[Rh1 −Qη2,1,Q(η2,2 − η1,2)] +
(
A′s (y2) −A′s (y1)

)
Qξ1 +A

′
s (y2)Q(ξ2 − ξ1).

With the help of

A′′s (y1)(Rh1 −Qη1,1) −A′′s (y2)(Rh1 −Qη2,1)
=

(
A′′s (y1) −A′′s (y2)

)
(Rh1 −Qη1,1) +A′′s (y2)Q(η2,1 − η1,1),

and Gronwall’s inequality, we thus arrive at

‖ξ1 − ξ2‖H 1(0,T ;W)

≤ C
[
‖Rh1 −Qη2,1‖H 1(0,T ;Z)‖η1,2 − η2,2‖H 1(0,T ;Z) + ‖y1 − y2‖H 1(0,T ;Y)‖ξ1‖H 1(0,T ;W)

+
(
‖A′′s (y1) −A′′s (y2)‖L2(0,T ;L(Z;L(Z;W)))‖Rh1 −Qη1,1‖H 1(0,T ;Z)

+ ‖η1,1 − η2,1‖H 1(0,T ;Z)

)
‖Rh2 −Qη1,2‖H 1(0,T ;Z)

]
≤ C

(
‖A′′s (y1) −A′′s (y2)‖L2(0,T ;L(Z;L(Z;W))) + ‖`1 − `2‖H 1(0,T ;X)

)
‖h1‖H 1(0,T ;X)‖h2‖H 1(0,T ;X),

where we used the estimate in Theorem 5.5, (6.2), and the Lipschitz continuity of S′s by Lemma a.1 in

the Appendix. �

If A′′s were Lipschitz continuous from Y to L(Z;L(Z;W)), then Lemma 6.4 would immediately

imply the Lipschitz continuity of S′′s . However, to obtain the continuity of the second derivative, this

additional assumption is not necessary as the following theorem shows:

Theorem 6.5 (Second-Order Continuous Fréchet Di�erentiability of the Solution Operator). Suppose
that Assumption 5.1(ii) and Assumption 6.1(ii) & (iii) are ful�lled. Then Ss : H 1(0,T ;X) → H 1(0,T ;W)
is twice continuously Fréchet di�erentiable. Its second derivative at ` ∈ H 1(0,T ;X) in directions h1,h2 ∈
H 1(0,T ;X) is given by the unique solution of (6.1).

Proof. Thanks to Proposition 6.3, we only have to show that S′′s is continuous from H 1(0,T ;X) to

L(H 1(0,T ;X);L(H 1(0,T ;X);H 1(0,T ;W))). For this let {`n}n∈N ⊂ H 1(0,T ;X) and ` ∈ H 1(0,T ;X) be

given such that `n → ` in H 1(0,T ;X) so that in particular `n → ` in C([0,T ];X). Then, Lemma 5.3

implies zn B Ss (`n) → Ss (`) C z inC([0,T ];Y). With this convergence results at hand, we can apply

Lemma c.2 with M = [0,T ], N = Y, Gn = R`n −Qzn and G = R` −Qz to see that

U B
( ∞⋃
n=1

(R`n −Qzn)([0,T ])
)
∪

(
(R` −Qz)([0,T ])

)
is compact. Therefore, thanks to the continuity assumption in Assumption 6.1(iii),

A′′s : Y → L(Z;L(Z;W)) is uniformly continuous on U . Consequently, A′′s (R`n −Qzn) converges to

A′′s (R` −Qz) in C([0,T ];L(Z;L(Z;W))), which, together with Lemma 6.4, yields the assertion. �
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Remark 6.6. It is to be noted that the regularized state equation (5.1) and the equations corresponding

to the derivatives of Ss , i.e., (5.3) and (6.1), provide more regular solutions under the hypotheses of

Assumption 5.1(ii) and Assumption 6.1(ii) & (iii). Indeed, if `,h1,h2 ∈ H 1(0,T ;X), then the solutions of

all three equations can be shown to be continuously di�erentiable in time with values in the respective

spaces (Y,Z, andW, respectively). Moreover, the time derivatives of z and η are absolutely continuous

and the same would hold for ξ , if A′′s were Lipschitz continuous. However, we did not exploit this

additional regularity, since the original unregularized problem (P) does not provide this property in

general.

With the above di�erentiability result at hand, it is now standard to derive the following:

Theorem 6.7 (Second-Order Su�icient Optimality Conditions for (Ps )). Assume that Assumption 5.1,
Assumption 5.7, and Assumption 6.1 hold. Let (z, `,φ) ∈ H 1(0,T ;Y) × (H 1(0,T ;Xc ) ∩ U) × L2(0,T ;H)
be a solution of the optimality system (5.14). Moreover, suppose that there is a δ > 0 such that

(SSC) F ′′(`)h2 ≥ δ ‖h‖2H 1(0,T ;Xc )

for all h ∈ H 1(0,T ;Xc ) ∩U, where F is the reduced objective from (5.7). Then (z, `) is locally optimal for
(Ps ) and there exist ε > 0 and τ > 0 such that the following quadratic growth condition

(6.3) F (`) ≥ F (`) + τ ‖` − `‖2H 1(0,T ;Xc )

holds for all ` ∈ H 1(0,T ;Xc ) ∩ U with ‖` − `‖H 1(0,T ;Xc ) ≤ ε .

Proof. Thanks to the assumptions on J and Theorem 6.5, the chain rule implies that the reduced

objective function F (·) = J (Ss (·), ·) : H 1(0,T ;Xc ) → R is twice continuously Fréchet di�erentiable and,

according to Corollary 5.14, the equation in (5.8) holds for all h ∈ H 1(0,T ;Xc ) ∩ U. SinceU is a linear

subspace, the claim then follows from standard arguments, see e.g. [39, Satz 4.23]. �

Remark 6.8. As already mentioned in Remark 5.8, one could also account for additional control con-

straints. In this case, a critical cone would arise in the second-order conditions, cf. e.g. the survey

article [13].

Using the adjoint equation, the second derivative of the reduced objective in (SSC) can be reformu-

lated as follows:

Corollary 6.9. Assume in addition to the hypotheses of Assumption 6.1(iii) that ‖A′′s (y)[z1, z2]‖H ≤
C ‖z1‖Z ‖z2‖Z for all y ∈ Y and z1, z2 ∈ Z, i.e., the last inequality in Assumption 6.1 holds in H
instead of the weaker spaceW. Then it holds for all `,h ∈ H 1(0,T ;H) that

F ′′(`)h2 = Ψ′′(z, `)(η,h)2 + Φ′′(`)h2 −
(
φ,A′′s (R` −Qz)(Rh −Qη)2

)
L2(0,T ;H),

where z = Ss (`), η = S′s (`)h, and φ solves the adjoint equation in (5.14b).

Proof. Let us again abbreviate y = R` −Qz. According to the chain rule, the second derivative of the

reduced objective is given by

F ′′(`)h2 = ∂2

∂`2
J (z, `)h2 + ∂2

∂z2
J (z, `)η2 + 2

∂2

∂`∂z J (z, `)[h,η] +
∂
∂z J (z, `)ξ

= Ψ′′(z, `)(η,h)2 + Φ′′(`)h2 + ∂
∂z J (z, `)ξ

with z = Ss (`), η = S′s (`)h, and ξ = S′′s (`)h2
. Now, since A′′s (y) is a bilinear form onH by assumption,

we obtain that ξ ∈ H 1(0,T ;H). Therefore, we are allowed to test the adjoint equation in (5.14b) (in its

weak form) with ξ , which results in

∂
∂z J (z, `)ξ = −(φ,

.
ξ +A′s (y)Qξ )L2(0,T ;H) = −(φ,A′′s (y)(Rh −Qη)2)L2(0,T ;H),

where we used the precise form of S′′s (`) in (6.1) for the last identity. �
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7 application to optimal control of homogenized elastoplasticity

In the upcoming sections, we apply the analysis from the previous sections to an optimal control

problem governed by a system of equations that arise as homogenization limit in elastoplasticity and

was derived in [33, Theorem. 2.2]. It describes the evolution of plastic deformation in a material with

periodic microstructure and formally (i.e., in its strong form) reads as follows:

−∇x · πΣ = f in Ω,(7.1a)

Σ = C(∇sxu + ∇syv − Bz) in Ω × Y ,(7.1b)

−∇y · Σ = 0 in Ω × Y ,(7.1c)

.
z ∈ A(B>Σ − Bz) in Ω × Y ,(7.1d)

u = 0 on ΓD ,(7.1e)

ν · πΣ = д on ΓN ,(7.1f)

z(0) = z0 in Ω × Y .(7.1g)

Herein, Ω ⊂ Rd
,d = 2, 3, is a given domain occupied by the body under consideration, whileY = [0, 1]d

is the unit cell. The boundary of Ω consists of two disjoint parts, the Dirichlet boundary ΓD and the

Neumann boundary ΓN . Furthermore,u : (0,T )×Ω → Rd
is the displacement on the macro level, while

v : (0,T ) ×Ω ×Y → Rd
is the displacement re�ecting the micro structure. The stress tensor is denoted

by Σ : (0,T ) × Ω ×Y → Rd×d
sym

and z : (0,T ) × Ω ×Y → V is the internal variable describing changes in

the material behavior under plastic deformation (such as hardening), where V is a �nite dimensional

Banach space. Moreover, ∇sx B 1

2
(∇x + ∇>x ) is the linearized strain in Ω and ∇sy is de�ned analogously.

The elasticity tensor C : Ω ×Y → L(Rd×d
sym
) and the hardening parameter B : Ω ×Y → L(V) are given

linear and coercive mappings and, by B : Ω × Y → L(V ;Rd×d
sym
), one recovers the plastic strain from

the internal variables z. The evolution of the internal variables is determined by a maximal monotone

operator A : V → 2
V

. In Section 7.4 below, we present a concrete example for such an operator, namely

the case of linear kinematic hardening with von Mises yield condition. Finally, z0 is a given initial state

and π is the averaging over the unit cell, i.e.,

(7.2) π : Σ 7→
 
Y
Σ(·,y)dy B 1

|Y |

ˆ
Y
Σ(·,y)dy .

The precise assumptions on these data as well as the precise notion of solutions to (7.1) are given below.

The volume force f : (0,T ) ×Ω → Rd
and the boundary loads д : (0,T ) × ΓN → Rd

, serve as control

variables. In the following, we will frequently write ` for the tuple (f ,д). Possible objectives could

include a desired displacement or stress distribution at end time, i.e.,

J (u, Σ, `) B α

2

ˆ
Ω
|u(T ) − ud |2 dx +

β

2

ˆ
Ω
|(πΣ)(T ) − σd |2 dx + Φ(`),

where ud : Ω → Rd
and σd : Ω → Rd×d

sym
are given desired displacement and stress �eld, respectively,

α , β ≥ 0, and Φ is a regularization term depending on the choice of the control space that will be

speci�ed below, see Remark 7.14.

7.1 homogenized plasticity – notation and standing assumptions

Before discussing the optimal control problem, we �rst have to introduce the precise notion of solution

for homogenized elastoplasticity system in (7.1). For this purpose, we need several assumptions and

de�nitions. We start with the following

Assumption 7.1 (Hypotheses on the data in (7.1)).
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• Regularity of the domain: The domain Ω ⊂ Rd
, d ∈ {2, 3}, is bounded with Lipschitz boundary

Γ. The boundary consists of two disjoint measurable parts ΓN and ΓD such that Γ = ΓN ∪ ΓD .

While ΓN is a relatively open subset, ΓD is a relatively closed subset of Γ with positive measure.

In addition, the set Ω ∪ ΓN is regular in the sense of Gröger, cf. [23].

• Assumptions on the coe�cients: The elasticity tensor and the hardening parameter satisfy C ∈
L∞(Ω × Y ;L(Rd×d

sym
)) and B ∈ L∞(Ω × Y ;L(V)) and are symmetric and uniformly coercive, i.e.,

there exist constants c > 0 and b > 0 such that

C(x ,y)σ : σ ≥ c ‖σ ‖2
Rd×d ∀σ ∈ Rd×d

sym
, f.a.a. (x ,y) ∈ Ω × Y ,

B(x ,y)ζ : ζ ≥ b ‖ζ ‖2V ∀ ζ ∈ V , f.a.a. (x ,y) ∈ Ω × Y .

In addition, B ∈ L∞(Ω × Y ;L(V ;Rd×d
sym
)) is a given linear mapping.

Next, we de�ne the function spaces for the various variables in (7.1):

Definition 7.2 (Function spaces). Let s ∈ [1,∞). For the quantities in (7.1), we de�ne the following

spaces:

• space for the macro displacement u:

U s BW 1,s
D (Ω;Rd ) B

{
ψ |Ω : ψ ∈ C∞

0
(Rd

;Rd ), supp(ψ ) ∩ ΓD = ∅
}W 1,s (Ω;Rd )

• space for the internal variable z:

Z s B Ls
(
Ω × Y ;V

)
• stress space for Σ:

Ss B Ls
(
Ω × Y ;Rd×d

sym

)
.

• space for the micro displacement v :

V s B Ls
(
Ω;W 1,s

per,⊥(Y ;Rd )
)
.

For the latter, we denote by C∞
per
(Y ;Rd ) the space of C∞(Rd

;Rd ) functions which are Y -periodic,

identi�ed with their restriction on Y , and de�ne W 1,s
per
(Y ;Rd ) to be the closure of C∞

per
(Y ;Rd ) with

respect to theW 1,s (Y ;Rd ) norm. Further,W 1,s
⊥ (Y ;Rd ) is the closed subspace ofW 1,s (Y ;Rd ) consisting

of functions of mean 0, and

W 1,s
per,⊥(Y ;Rd ) =W 1,s

per
(Y ;Rd ) ∩W 1,s

⊥ (Y ;Rd ).

We set the norm on V s
to be

‖v ‖V s B ‖v ‖Ls (Ω×Y ;Rd ) + ‖∇syv ‖Ls (Ω×Y ;Rd×d ),

with which V s
becomes a Banach space and for the case s = 2 a Hilbert space with the obvious scalar

product.

Assumption 7.3 (Maximal monotone operator). The maximal monotone operator A from the evolution

law in (7.1d) is a set-valued map in the Hilbert spaceH = Z 2
, i.e., A : Z 2 → 2

Z 2

. It is assumed to satisfy

our standing assumptions from Section 2. Moreover, we assume that there is a sequence of operators

{An} from Z 2
to Z 2

satisfying Assumption 4.3.
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In Section 7.4 below, we will investigate the maximal monotone operator arising in the case of linear

kinematic hardening with von Mises yield condition and show how to construct the approximating

sequence of smooth operators for this particular case. With the above de�nitions at hand, we are now

in the position to de�ne our precise notion of solutions to (7.1):

Definition 7.4 (Weak solutions). Let ` ∈ H 1(0,T ; (U 2)∗) and z0 ∈ Z 2
. Then we say that a tuple

(u,v, z, Σ) ∈ H 1(0,T ;U s ) × H 1(0,T ;V 2) × H 1(0,T ;Z 2) × H 1(0,T ; S2)

is a solution of (7.1), if, for almost all t ∈ (0,T ), there holds

ˆ
Ω
(πΣ(t))(x) · ∇sxφ(x)dx = 〈`(t),φ〉 ∀φ ∈ U 2,(7.3a)

Σ(t) = C(π−1

r ∇sxu(t) + ∇syv(t) − Bz(t)) in S2,(7.3b) ˆ
Ω×Y

Σ(t ,x ,y) · ∇syψ (x ,y)dy = 0 ∀ψ ∈ V 2,(7.3c)

.
z(t) ∈ A(B>Σ(t) − Bz(t)) in Z 2,(7.3d)

z(0) = z0 in Z 2,(7.3e)

where π : S2 → L2(Ω;Rd×d
sym
) is the average mapping from (7.2) and

π−1

r : L2(Ω;Rd×d
sym
) 3 ε 7→

(
Ω × Y 3 (x ,y) 7→ ε(x) ∈ Rd×d

sym

)
∈ S2.

In the following, we will frequently consider π−1

r in di�erent domains and ranges, for simplicity denoted

by the same symbol.

7.2 reduction of the system

In the following, we reduce the system (7.3) to an equation in the internal variable z only and it will

turn out that this equation has exactly the form of our general equation (3.1). To this end we proceed

analog to [24, Chapter 4]. For this purpose, let us de�ne the following operators:

Definition 7.5. Let s ∈ [1,∞). Then we de�ne

∇s(x,y ) : U
s ×V s → Ss , ∇s(x,y )(u,v) B π−1

r ∇sxu + ∇syv .

For its adjoint, we write

Div(x,y ) : S
s ′ → (U s )∗ × (V s )∗,

〈Div(x,y ) σ , (φ,ψ )〉 B −〈∇s(x,y )
∗σ , (φ,ψ )〉 = −

ˆ
Ω×Y

σ (x ,y) : (∇sxφ(x) + ∇syψ (x ,y))d(x ,y).

With a slight abuse of notation, we denote these operators for di�erent values of s always by the same

symbol.

Lemma 7.6. Let Assumption 7.1 be ful�lled. Then there is an index s̄ > 2 such that, for every s ∈ [s̄ ′, s̄]
and every (f, g) ∈ (U s ′)∗ × (V s ′)∗, there exists a unique solution (u,v) ∈ U s ×V s of

(7.4) − Div(x,y )
(
C∇s(x,y )(u,v)

)
= (f, g) in (U s ′)∗ × (V s ′)∗

and there is a constant Cs > 0, independent of f and g, such that

‖(u,v)‖U s×V s ≤ Cs
(
‖f‖(U s′ )∗ + ‖g‖(V s′ )∗

)
.
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Proof. The claim is equivalent to −Div(x,y ) C∇s(x,y ) being a topological isomorphism betweenU s ×V s

and its dual space (U s )∗ × (V s )∗ for s ∈ [s̄ ′, s̄]. We start with the case s = 2. For this, the left hand side

of (7.4) gives rise to a bilinear form b on the Hilbert space U 2 ×V 2
:

b
(
(u,v), (φ,ψ )

)
B

(
C∇s(x,y )(u,v),∇

s
(x,y )(φ,ψ )

)
S2

Clearly, b is bounded. Due to Poincaré’s inequality for functions with zero mean value, which implies

b
(
(u,v), (u,v)

)
≥ c |Y |

ˆ
Ω
|∇sxu(x)|2 dx + c

ˆ
Ω×Y
|∇syv(x ,y)|2 d(x ,y)

≥ C
(
‖u‖H 1

D (Ω;Rd ) + ‖v ‖V 2(Ω×Y ;Rd )
)

2 ∀ (u,v) ∈ U 2 ×V 2,

it is also coercive so that the claim and isomorphism property for −Div(x,y ) C∇s(x,y ) for s = 2 follows

from the Lax-Milgram lemma.

We next extrapolate this isomorphism property to U s ×V s
for s around 2 using the fundamental

stability theorem by Šne
˘
iberg [36]. (See also the more accessible and extensive [3, Appendix A].) More

precisely, we show that the spaces U s × V s
and their duals form complex interpolation scales in s .

Then the stability theorem shows that the set of scale parameters s such that −Div(x,y ) C∇s(x,y ) is a

topological isomorphism between U s ×V s
and its dual space is open. Since the set includes 2, as seen

above, this then implies the claim.

To establish the interpolation scale, it is enough to consider the primal case, since the dual inter-

polation scale is inherited from the primal one by duality properties of the complex interpolation

functor [38, Theorem 1.11.3]. So, we show that

U sθ ×V sθ =
[
U s0 ×V s0 ,U s1 ×V s1

]
θ for

1

s
=

1 − θ
s0

+
θ

s1

for all s0, s1 ∈ (1,∞) and θ ∈ (0, 1). It is moreover su�cient to consider each component in the

interpolation separately.

For the U s = W 1,s
D (Ω;Rd ) spaces, the interpolation scale property is well known by now in the

setting of Assumption 7.1 and even much more general ones; we refer to [6]. The result for V s
is

proven by reducing the problem to theW 1,s
per,⊥(Y ;Rd ) spaces and showing that these are complemented

subspaces of W 1,s (Y ;Rd ) and thus inherit the latter’s interpolation properties. This is done in the

appendix, Theorem b.3, and �nishes the proof. �

Remark 7.7. In general, one cannot expect s̄ to be signi�cantly larger than 2, due to both the irregular

coe�cient tensors and the mixed boundary conditions, see e.g. [18, 28, 34]. This issue will become

crucial in the discussion of second-order necessary optimality conditions in 7.3 below.

Now we are in the position to reduce (7.3) to an equation in the variable z only. For this purpose, we

need the following

Definition 7.8 (Q and R for the case of homogenized plasticity). Let s ∈ [s̄ ′, s̄] be given. By Lemma 7.6,

the solution operator associated with (7.4), denoted by

G B
(
− Div(x,y ) C∇s(x,y )

)−1

: (U s ′)∗ × (V s ′)∗ → U s ×V s ,

is well de�ned, linear and bounded. The components of G are abbreviated by

Gu B (1, 0) G : (U s ′)∗ × (V s ′)∗ → U s , Gv B (0, 1) G : (U s ′)∗ × (V s ′)∗ → V s .

Based on this solution operator, we moreover de�ne

T : Z s 3 z 7→ B>C∇s(x,y )G(−Div(x,y )(CBz)) ∈ Z s .
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Now, we have everything at hand to de�ne the mappings R and Q from our general equation (3.1) for

the special case of homogenized plasticity:

R : (U s ′)∗ 3 ` 7→ B>C∇s(x,y )G(`, 0) ∈ Z
s ,(7.5)

Q : Z s 3 z 7→ (B>CB + B −T )z ∈ Z s .(7.6)

Again, with a slight abuse of notation, we denote all of the above operators for di�erent values of

s ∈ [s̄ ′, s̄] always by the same symbol.

The reason for de�ning the operators Q and R in the way we did in De�nition 7.8 is the following:

Owing to Lemma 7.6, given z ∈ Z 2
, one can solve (7.3a)–(7.3c) for u, v , and Σ so that the tuple

(u,v, Σ) ∈ U 2×V 2×S2
is uniquely determined by z. Even more, using the operators from De�nition 7.8,

we see that the solution of (7.3a)–(7.3c) for given z is

(u,v) = G(−Div(x,y )(CBz)) + (`, 0)),(7.7)

Σ = C
[
∇s(x,y )G

(
− Div(x,y )(CBz)) + (`, 0)

)
− Bz

]
.(7.8)

Inserting the last equation in (7.3d) and employing the de�nition of Q and R in (7.6) and (7.5) then

yields

.
z ∈ A(B>Σ − Bz) = A(R` −Qz),

i.e., exactly an evolution equation of the general form in (3.1). This shows that the system (7.3) of

homogenized elastoplasticity can equivalently be rewritten as an abstract operator evolution equation

of the form (3.1).

For the di�erentiability properties needed in sections 5 and 6, a norm gap is required such that it is

no longer su�cient to consider just the Hilbert spaceH = Z 2
. In accordance with the de�nitions of R

and Q , we therefore de�ne the spaces in the abstract setting in our concrete application problem as

follows:

Definition 7.9 (Spaces in case of homogenized plasticity). The spaces Y,Z,H , andW from Section 2

are set to

(7.9) Y B Z s1 ↪→Z B Z s2 ↪→H = Z 2 ↪→W B Z s3

with s1 ≥ s2 ≥ 2 ≥ s3. The integrability indices s1, s2, and s3 depend crucially on the di�erentiability

properties of the regularized version of A and will be speci�ed for a concrete realization of A in

Section 7.4 below. Moreover, we choose

X B (U s ′
1 )∗ =W 1,s ′

1

D (Ω;Rd )∗ CW −1,s1

D (Ω;Rd ).

Furthermore, the control space is given by

(7.10) Xc B Lp (Ω;Rd ) × Lr (ΓN ;Rd ) with p > ds1

d+s1

and r > (d−1)s1

d .

Due to s1 ≥ 2, Xc is re�exive and embeds compactly in X by Sobolev embedding and trace theorems.

Therefore, all our standing assumptions on the spaces in Section 2 are ful�lled.

Of course, elements in Xc are identi�ed with those in X by

〈(f ,д),u〉(U s
1 )∗,U s

1 B

ˆ
Ω
f u dx +

ˆ
ΓN

дu ds, (f ,д) ∈ Xc , u ∈ U s1 .

In order to apply our general theory to the present setting, we need the following assumption on the

regularity of the linear equation (7.4). As we will see in subsections 7.3 and 7.4 below, this assumption

may become fairly restrictive, if one aims to establish second-order su�cient optimality conditions,

since, in this case, s1 and the conjugate index s ′
3

may be rather large.
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Assumption 7.10 (Critical regularity condition). The index s̄ from Lemma 7.6 satis�es s̄ ≥ max{s1, s
′
3
},

where s1 and s3 are the integrability indices from (7.9).

Proposition 7.11. Under Assumption 7.10 and with the spaces de�ned in De�nition 7.9, the operators R and
Q from (7.5) and (7.6), respectively, satisfy the standing assumptions from Section 2, that is, R is linear
and bounded from (U s ′

1 )∗ to Z s1 and Q is a linear and bounded operator from Z s to Z s for all s ∈ [s3, s1]
and, considered as an operator in Z 2, coercive and self-adjoint.

Proof. The required mapping properties of Q and R directly follow from their construction in De�ni-

tion 7.8 in combination with Lemma 7.6 and Assumption 7.10, respectively. It remains to show that

Q is coercive and self-adjoint. Since B is symmetric and coercive according to Assumption 7.1, it is

su�cient to prove that the operator B>CB − T : Z 2 → Z 2
is symmetric and positive. To prove the

symmetry, �rst observe that B>CB is symmetric by the symmetry of C. The symmetry of C moreover

implies that G : (U 2)∗ × (V 2)∗ → U 2 ×V 2
, i.e., the solution operator of (7.4), is self-adjoint. Therefore,

the construction of T in De�nition 7.8 implies for all z1, z2 ∈ Z 2
that

(Tz1, z2)Z 2 = 〈−Div(x,y )(CBz2),G(−Div(x,y )(CBz1))〉
= 〈G(−Div(x,y )(CBz2)),−Div(x,y )(CBz1)〉 = (z1,Tz2)Z 2

so that T is also symmetric. To show the positivity of B>CB −T , let z ∈ Z 2
be arbitrary. To shorten

the notation, we abbreviate (uz ,vz ) B G(−Div(x,y )(CBz)). Then, by testing the equation for (uz ,vz ),
i.e., (7.4) with (f, g) = −Div(x,y )(CBz), with (−uz ,−vz ), we arrive at(

C(Bz − ∇s(x,y )(uz ,vz ),−∇
s
(x,y )(uz ,vz )

)
S2
= 0.

Since, by construction, Tz = B>C∇s(x,y )(uz ,vz ), the coercivity of C therefore implies(
(B>CB −T )z, z

)
Z 2
=

(
C(Bz − ∇s(x,y )(uz ,vz ),Bz

)
S2

=
(
C(Bz − ∇s(x,y )(uz ,vz ),Bz − ∇

s
(x,y )(uz ,vz )

)
S2
≥ 0.

As z was arbitrary, this proves the positivity. �

We point out that the whole analysis in sections 3 and 4 is carried out in the Hilbert spaceH = Z 2
.

Therefore, for the mere existence and approximation results from these two sections, the critical

regularity condition in Assumption 7.10 is automatically ful�lled by setting s1 = s2 = s3 = 2 (so that

Y = Z =W = H = Z 2
). Note that, in this case, the Lax-Milgram lemma guarantees the assertion

of Assumption 7.10 without any further regularity assumptions, see the proof of Lemma 7.6. The

additional crucial regularity assumption only comes into play, when �rst- and second-order optimality

conditions are investigated, see Remark 2.1. In Section 7.4 below, we will elaborate in detail, where the

critical Assumption 7.10 is needed to ensure the required di�erentiability properties of the regularized

control-to-state map for the example of a speci�c yield condition.

We collect our �ndings so far in the following

Theorem 7.12 (Homogenized plasticity as abstract evolution VI). Under the Assumptions 7.1 and 7.3,
the system of homogenized elastoplasticty in its weak form in (7.3) is equivalent to an abstract operator
di�erential equation of the form

(7.11)

.
z ∈ A(R` −Qz), z(0) = z0,

with Q and R as de�ned in (7.5) and (7.6) in the following sense: If (u,v, z, Σ) solves (7.3), then z is
a solution (7.11), and vice versa, if z solves (7.11), then z together with (u,v) and Σ as de�ned in (7.7)

and (7.8), respectively, form a solution of (7.3).
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In addition,Q and R satisfy the standing assumptions from Section 2 (provided that the function spaces
are chosen according to De�nition 7.9). Therefore, the existence and approximation results of Sections 3
and 4 hold for (7.11), in particular:

• For every ` ∈ U(z0,D(A)), there is a unique solution (u,v, z, Σ) of the weak system of homogenized
plasticity in (7.3), cf. Theorem 3.3.

• Optimal control problems governed by the weak system of homogenized elastoplasticity admit glob-
ally optimal solutions, provided that the standing assumptions on the objective are ful�lled, cf. The-
orem 4.2.

• The approximation results of Theorem 4.5 and Corollary 4.6 apply in case of homogenized elasto-
plasticity.

Remark 7.13. Existence and uniqueness of solutions to (7.3) was already established in [33].

Remark 7.14. The example for objective functionals mentioned above, i.e.,

(7.12) J (u, Σ, f ,д) B α
2

ˆ
Ω
|u(T ) − ud |2 dx + β

2

ˆ
Ω
|(πΣ)(T ) − σd |2 dx + γ

2
‖(f ,д)‖2H 1(0,T ;Xc )

with uD ∈ L2(Ω;Rd ) and σD ∈ L2(Ω;Rd×d
sym
) and α , β ≥ 0, γ > 0, satis�es the standing assumptions on

the objective functional, as we will see in the following. In this case, the functional Ψ : (z, `) → R in the

general setting consists of the two integrals at end pointT . Let us consider the �rst one containing the

displacement u. Since the latter is given by the �rst component of the solution operator of (7.7), which

maps H 1(0,T ;Z 2) × H 1(0,T ;Xc ) to H 1(0,T ;U 2) ↪→ C([0,T ];L2(Ω;Rd )), this integral is well de�ned.

(Note that the operators in (7.7) just act pointwise in time and the time regularity of z and ` carries

over to u and v .) Clearly, this solution operator is linear and bounded. In case of the second integral

involving Σ, one can argue completely analogously based on the solution operator of (7.8). Thus, Ψ is

convex and continuous, hence weakly lower semicontinuous, and in addition, bounded from below by

zero. Moreover, the purely control part of the objective is given by Φ(f ,д) = γ
2
‖(f ,д)‖2H 1(0,T ;Xc )

and

therefore clearly weakly lower semicontinuous and coercive as required. Thus all standing assumptions

are ful�lled as claimed. Of course, various other objective functionals are possible as well, such as

tracking type objectives over the whole space-time-cylinder, but to keep the discussion concise, we

just mention the example above.

7.3 optimality system

In the following section, we establish necessary and su�cient optimality conditions for the optimal

control of regularized homogenized elastoplasticity. To be more precise, we consider a single element

of the sequence of regularizations of the maximal monotone operator A from Assumption 7.3, which

we again denote by As , and apply the general theory from Section 5 and Section 6. In view of the norm

gap needed for the di�erentiability of As , we will consider As in di�erent domains and ranges (denoted

by the same symbol) and assume that As maps Y = Z s1
to itself. Accordingly, we treat the regularized

version of the state equation (with As instead of A) in the same manner, i.e., with integrability index s1

instead of 2, see (7.13) below. To keep the discussion concise, we moreover assume in all what follows

that s1 ≥ 2 is such that p = r = 2 satisfy the conditions in (7.10). For d = dim(Ω) = 3, this implies

s1 < 3 and, in case without boundary control, i.e., д ≡ 0, s1 < 6 is su�cient. This will become important

in the discussion of second-order su�cient conditions, as we will see below. Motivated by (7.12), we
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consider an optimal control problem of the form

(7.13)



min J (u, Σ, f ,д) B F1(u, Σ) + F2(u(T ), Σ(T ))

+
γ

2

(
‖
.
f ‖2L2(0,T ;L2(Ω;Rd )) + ‖

.
д‖2L2(0,T ;L2(ΓN ;Rd ))

)
s.t. (f ,д) ∈ H 1(0,T ;L2(Ω;Rd ) × L2(ΓN ;Rd )),

(u,v, z, Σ) ∈ H 1(0,T ;U s1 ×V s1 × Z s1 × Ss1),
and −Div(x,y ) Σ = ((f ,д), 0),

Σ = C
(
∇s(x,y )(u,v) − Bz

)
,

.
z = As (B>Σ − Bz), z(0) = z0,

`(0) = 0.

Since, in many applications, displacement and stress on the macro level are of special interest, especially

at end time, we focus on objectives with this particular structure with continuously Fréchet di�erentiable

mappings

(7.14) F1 : L2(0,T ;U 2) × L2(0,T ; S2) → R, F2 : U 2 × S2 → R.

In order to apply our general theory, we not only have to reduce the state system to an equation of the

form (7.11), but also have to reduce the objective. For this purpose, let us denote the solution operators

of (7.7) and (7.8) by u : (`, z) 7→ u andS : (`, z) 7→ Σ. To shorten the notation, we will consider u and

S with di�erent domains and ranges, e.g. u : (U s ′)∗ ×Z s → U s
and u : L2(0,T ; (U s ′)∗) × L2(0,T ;Z s ) →

L2(0,T ;U s )with s ∈ [s̄ ′, s̄] and analogously forS. Note again that the time regularity of z and ` directly

carries over to the time regularity of u and Σ. Given these operators, we de�ne

Ψ1 : L2(0,T ;Z 2) × L2(0,T ; (U 2)∗) → R, Ψ1(z, `) B F1(u(z, `),S(z, `)),
Ψ2 : Z 2 × (U 2)∗ → R, Ψ2(z, `) B F2(u(z, `),S(z, `)),

so that the objective in (7.13) becomes

(7.15) J (z, `) = Ψ1(z, `) + Ψ2(z(T ), `(T )) + γ
2
‖(

.
f ,

.
д)‖2L2(0,T ;Xc ),

i.e., exactly an objective of the form in (5.15) and (5.18), respectively. Since u and S are linear and

bounded and F1 and F2 are assumed to be continuously Fréchet di�erentiable, the chain rule implies

the di�erentiability of Ψ1 and Ψ2 so that Assumption 5.1(i) is met, if we set s3 = 2 so thatW = Z 2
. To

apply the results of Section 5 in order to establish an optimality system for (7.13), we additionally need

that As satis�es Assumption 5.1(ii), which is ensured by the following

Assumption 7.15. We set s2 = s3 = 2, i.e.,W = Z = Z 2
, and assume that As ful�lls Assumption 5.1(ii)

with Y = Z s1
, s1 ≥ 2, i.e., in particular that As is Fréchet di�erentiable fromZs1

toZ2
.

In light of Lemma 7.6, Assumption 7.15 does not impose any restriction for practical realizations of

As , as we will see in Section 7.4 below. Given this assumption, Theorem 5.12 and Example 5.15 imply

for a locally optimal solution (`) = (f ,д) with associated optimal internal variable z:

.
z(t) = As (R` −Qz)(t), z(0) = z0,(7.16a)

.
φ(t) =

(
QA′s (R` −Qz)∗φ

)
(t) + ∂Ψ1

∂z
(z, `)(t), φ(T ) = −∂Ψ2

∂z
(z(T ), `(T )),(7.16b) 

γ ∂2

t `(t) + R∗A′s
(
R`(t) −Qz(t)

)∗
φ(t) = ∂Ψ1

∂`
(z, `)(t),

`(0) = 0, ∂t `(T ) = −
∂Ψ2

∂`
(z(T ), `(T )).

(7.16c)

Then, owing to the precise structure of R, Q , Ψ1, and Ψ2, this leads us to the following
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Theorem 7.16 (KKT-system for optimal control of homogenized plasticity). Let Assumption 7.1 be sat-
is�ed and assume that As ful�lls Assumption 7.15. Suppose moreover that the regularity condition in
Assumption 7.10 is satis�ed, i.e., s̄ ≥ s1. Then, if (f ,д) ∈ H 1(0,T ;L2(Ω))×H 1(0,T ;L2(ΓN )) is locally opti-
mal for (7.13) with associated state (u,v, z, Σ) ∈ H 1(0,T ;U s1)×H 1(0,T ;V s1)×H 1(0,T ;Z s1)×H 1(0,T ; Ss1),
then there exists an adjoint state

(w,q,φ, ϒ) ∈ H 1(0,T ;U 2) × H 1(0,T ;V 2) × H 1(0,T ;Z 2) × H 1(0,T ; S2),
(wT ,qT , ϒT ) ∈ U 2 ×V 2 × S2

such that the following optimality system is satis�ed:

State equation:

−Div(x,y ) Σ = ((f ,д), 0),(7.17a)

Σ = C
(
∇s(x,y )(u,v) − Bz

)
,(7.17b)

.
z = As (B>Σ − Bz), z(0) = z0,(7.17c)

Adjoint equation:

−Div(x,y ) ϒ =
(
∂
∂u F1(u, Σ), 0

)
− Div(x,y )

(
CBA′s (B>Σ − Bz)∗φ

)
,(7.17d)

ϒ = C
(
∇s(x,y )(w,q) −

∂
∂ΣF1(u, Σ)

)
,(7.17e)

.
φ = (B>CB + B)A′s (B>Σ − Bz)∗φ + B>ϒ, φ(T ) = −B>ϒT ,(7.17f)

−Div(x,y ) ϒT =
(
∂
∂u F2(u(T ), Σ(T )), 0

)
,(7.17g)

ϒT = C
(
∇s(x,y )(wT ,qT ) − ∂

∂ΣF2(u(T ), Σ(T ))
)
,(7.17h)

Gradient equation:

γ ∂2

t f +w = 0, f (0) = 0, γ ∂t f (T ) +wT = 0,(7.17i)

γ ∂2

t д +w = 0, д(0) = 0, γ ∂tд(T ) +wT = 0.(7.17j)

Remark 7.17. A passage to the limit w.r.t. the regularization in order to obtain an optimality system for

the original optimal control problem involving the maximal monotone operator A would of course

be of particular interest. The results of [43] however indicate that the optimality conditions obtained

in this way are in general rather weak. In [43], an optimal control problem governed by quasi-static

elastoplasticity (without homogenization) is considered, which provides substantial similarities to (7.13).

This system could also be treated by means of a reduction to the internal variable similar to our

procedure for (7.1). In [43] however, a time discretization followed by a regularization was employed for

the derivation of �rst-order optimality conditions. The reason for the comparatively weak optimality

conditions obtained for the original (non-smooth) problem is the poor regularity of the dual variables

in the limit, in particular the adjoint state. We expect a similar behavior in case of (7.17), when the

regularization is driven to zero. This however is subject to future research.

Next, we turn to second-order su�cient optimality conditions. Now, Ψ1, Ψ2, and As have to ful�ll

Assumption 6.1. For this purpose, we require the following

Assumption 7.18. The mappings F1 and F2 from (7.14) are twice Fréchet di�erentiable. Moreover, As
satis�es Assumption 5.1 (ii) and Assumption 6.1(ii) and (iii) withW = H = Z 2

(i.e., s3 = 2),Z = Z s2
,

s2 ≥ 2, and Y = Z s1
, s1 ≥ s2.
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In contrast to Assumption 7.15, this assumption is very restrictive. If we assume that As arises as a

Nemyzki operator from a nonlinear function As : V → V (for simplicity denoted by the same symbol),

then the last condition in Assumption 6.1, i.e.,

(7.18) ‖A′′s (z)[z1, z2]‖W ≤ C ‖z1‖Z s
2 ‖z2‖Z s

2 ∀ z ∈ Z s1 , z1, z2 ∈ Z s2

withW = Z 2
, may only hold—even in case A′′s (z) ∈ L∞(Ω × Y ;L(V,V))—provided that s2 ≥ 2 s3 = 4.

In order to have that As is Fréchet di�erentiable from Z s1
to Z s2

, we therefore need s1 > 4 such that

Assumption 7.10 indeed becomes very restrictive, see Remark 7.7 and Remark 7.28 below. Moreover,

as described at the beginning of this subsection, if one sets r = 2, i.e., considers to boundary loads in

H 1(0,T ;L2(ΓN ;Rd )), then, in view of (7.10), s1 < 3 has to hold (at least in three spatial dimensions) so

that our second-order analysis cannot be applied in case of boundary controls (at least if r = 2 and

d = 3). Therefore, we restrict to volume forces, i.e., controls in H 1(0,T ;L2(Ω;Rd )) in what follows.

Then, given all these assumptions, we can apply Theorem 6.7 and Corollary 6.9 to (7.13) to obtain

the following

Theorem 7.19 (Second-order su�icient conditions for optimal control of homogenized plasticity).
Let Assumptions 7.1 and 7.18 hold and suppose that s̄ ≥ s1 so that Assumption 7.10 is ful�lled. Assume
moreover that f ∈ H 1(0,T ;L2(Ω;Rd )) together with its associated state (u,v, z, Σ) and an adjoint state
(w,q,φ, ϒ,wT ,qT , ϒT ) satis�es the optimality system (7.17a)–(7.17i) (without (7.17j) because boundary
controls are omitted) and, in addition, that there exists δ > 0 such that

∂2

∂u2
F1(u, Σ)η2

u +
∂2

∂Σ2
F1(u, Σ)η2

Σ

+ ∂2

∂u2
F2(u(T ), Σ(T ))ηu (T )2 + ∂2

∂Σ2
F2(u(T ), Σ(T ))ηΣ(T )2 + γ ‖

.
h‖2L2(0,T ;L2(Ω;Rd ))

+

ˆ T

0

ˆ
Ω

(
φ,A′′s (B>Σ − Bz)(B>ηΣ − Bηz )2

)
V
dx dt ≥ δ ‖h‖2H 1(0,T ;L2(Ω;Rd ))

holds for all h ∈ H 1(0,T ;L2(Ω;Rd )) with h(0) = 0, where (ηu ,ηv ,ηz ,ηΣ) ∈ H 1(0,T ;U 2 ×V 2 × Z 2 × S2)
is the solution of the linearized state system associated with h, i.e.,

−Div(x,y ) ηΣ = (h, 0),
ηΣ = C

(
∇s(x,y )(ηu ,ηv ) − Bηz

)
,

.
ηz = A′s (B>Σ − Bz)(B>ηΣ − Bηz ), ηz (0) = 0.

Then f is a strict local minimizer of (7.13) and satis�es the quadratic growth condition (6.3).

Remark 7.20. As indicated above, Assumption 7.18 in combination with Assumption 7.10 is very

restrictive. One can however weaken these assumptions, if the objective provides certain properties.

Let us for instance consider an objective of the form

(7.19) J (u, f ) B F3(u) + γ
2
‖
.
f ‖2L2(0,T ;L2(Ω;Rd ))

with a twice Fréchet di�erentiable functional

F3 : H 1(0,T ;L2(Ω;Rd )) → R.

In this case, it is su�cient to choose s3 such that u : (z, `) 7→ u maps W × Xc withW = Z s3
to

W 1,p (Ω;Rd ) ↪→ L2(Ω;Rd ), i.e., p ≥ 6/5 for d = 3. Moreover, as seen above, in order to have that the

Nemyzki operator As ful�lls (7.18), we need s1 > 2s3. Thus, we are tempted to choose s3 as small as

possible. However, the crucial, limiting condition is the regularity assumption in Assumption 7.10

involving the conjugate exponent, i.e., s̄ ≥ max{s1, s
′
3
}, and this leads to the following equilibration
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of s1 and s3 in the case d = 3: s1 > 3, s3 = 3/2 (such that s ′
3
= 3). Then, in view of (7.7), u maps Z s3

to

W 1,s3(Ω;Rd ), which is continuously embedded in L2(Ω;Rd ) ford ≤ 3 as desired. In the next subsection,

we will present an example for a Nemyzki operator As ful�lling all assumptions for s1 arbitrarily close

to 3. But nonetheless, s̄ > 3 in Assumption 7.10 is still a rather restrictive assumption and will not be

satis�ed in general (depending on the regularity of C and the boundary of Ω). This shows that the

second-order analysis for problems of type (P) (resp. its regularized counterparts, to be precise) is in

general a delicate issue, mainly due to the quasi-linear structure of the state equation.

7.4 a concrete flow rule

In the following, we will discuss a concrete realization of the maximal monotone operator A and its

regularization, respectively, in order to demonstrate how the Assumptions 7.3, 7.15, and 7.18 can be

satis�ed in practice and how restrictive they are, in particular Assumption 7.18.

We consider the case of linear kinematic hardening with von Mises yield condition, cf. [25] for a

detailed description of this model. In this case, the �nite dimensional space for the internal variable is

given by V = Rd×d
sym

and B : Rd×d
sym
→ Rd×d

sym
is the identity so that Z 2 = S2

. Moreover, A is the convex

subdi�erential of the indicator functional IK of following set of admissible stresses

K B {τ ∈ Ss : |τD (x ,y)| ≤ σ0 f.a.a. (x ,y) ∈ Ω × Y },

where τD B τ − 1

d tr(τ )I is the deviator of τ ∈ Rd×d
sym

and σ0 denotes the initial uni-axial yield

stress, a given material parameter. The domain of A = ∂IK is trivially K , which is closed and convex.

Furthermore, it is easily seen thatA0(τ ) = 0 for all τ ∈ D(A) = K so that all of our standing assumptions

are ful�lled in this case. Note moreover thatA satis�es Assumption 3.9 so that the second approximation

result on the convergence of the optimal states in Corollary 4.6 applies in this case. For the Yosida-

approximation of ∂IK , one obtains

(7.20) Aλ =
1

λ
(I − πK) =

1

λ
max

{
0, 1 − σ0

|τD |

}
τD ,

cf. [26], where πK denotes the projection onK in Z 2
, i.e., πK(σ ) B arg minτ ∈K ‖τ −σ ‖2Z 2

. Herein, with

a slight abuse of notation, we denote the Nemyzki operator in L∞(Ω×Y ) associated with the pointwise

maximum, i.e., R 3 r 7→ max{0, r } ∈ R, by the same symbol. In addition, we set max{0, 1−σ0/r } B 0,

if r = 0.

The precise form of Aλ in (7.20) immediately suggests the following regularization of the Yosida

approximation:

Aλ,ϵ (τ ) B
1

λ
maxϵ

(
1 − σ0

|τD |

)
τD ,

where maxϵ is a regularized version of the max-function, depending on a regularization parameter

ϵ > 0. To be more precise, maxϵ : L∞(Ω × Y ) → L∞(Ω × Y ) is the Nemyzki operator associated with a

real valued function (again denoted by the same symbol) with the following properties:

1. For every ϵ > 0, there holds maxϵ ∈ C2(R),

2. maxϵ (r ) = max{0, r } for |r | ≥ 1

2
and every 0 < ϵ ≤ 1/2,

3. |maxϵ (r ) −max{0, r }| ≤ O(ϵ) for all r ∈ R.

Example 7.21. An example for a function satisfying the above conditions is

maxϵ (r ) B
{

max{0, r }, |r | ≥ ϵ,
1

16ϵ 3
(r + ϵ)3(3ϵ − r ), |r | < ϵ .

One easily veri�es that maxε is twice continuously di�erentiable and that |maxε (r ) = max{0, r }| ≤ 3

16
ϵ .
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Lemma 7.22. Let {λn}n∈N ⊂ R+ and {ϵn}n∈N ⊂ R+ be null sequences satisfying

(7.21) ϵn = o
(
λ2

n exp

(
− T ‖Q ‖

λn

) )
,

and de�ne An B Aλn,ϵn : Z 2 → Z 2. Then, the sequence {An}n∈N satis�es Assumption 4.3. Thus, As-
sumption 7.3 is ful�lled in this case so that the approximation results from Theorem 7.12 apply.

Proof. Based on our assumptions on maxϵ , we �nd for every τ ∈ Z 2
and all n ∈ N such that ϵn ≤ 1/2

that

‖An(τ ) −Aλn (τ )‖2Z 2

=
1

λ2

n

ˆ
Ω

��� maxϵn
(
1 − σ0

|τD |
)
−max

{
0, 1 − σ0

|τD |
}���2 |τD |2 dx ≤ C

ϵ2

n

λ2

n
.

The coupling of ϵn and λn in (7.21) then implies that (4.1) is ful�lled. �

Remark 7.23. We point out that we neither claim that the coupling of λ and ϵ in (7.21) is optimal nor

that our regularization approach is the most e�cient one for this speci�c �ow rule.

Let us now �x n ∈ N and set λs B λn , maxs B maxϵn , and As B An . As before, we will denote the

Nemyzki operators generated by maxs and its derivatives by the same symbol. The following result

can be proven as in [27, Prop. 2.11] by using [22, Theorem 7]:

Lemma 7.24. Let s > r ≥ 1 be arbitrary. ThenAs is continuously Fréchet di�erentiable from Z s to Z r and
its directional derivative at τ ∈ Z s in direction h ∈ Z r is given by

A′s (τ )h =
1

λs
max

′
s

(
1 − σ0

|τD |

) σ0

|τD |3 (τ
D

: hD )τD + 1

λs
maxs

(
1 − σ0

|τD |

)
hD .

As a consequence of this result, we obtain the following

Corollary 7.25. Assumption 7.15 is ful�lled by setting s1 B s̄ , where s̄ > 2 is the exponent, whose existence
is guaranteed by Lemma 7.6. Thus, in case of linear kinematic hardening with von Mises yield condition
and the regularization introduced above, the optimality condition in Theorem 7.16 are indeed necessary
for local optimality without any further assumptions (except our standing Assumption 7.1).

Proof. We have to verify Assumption 5.1(ii) forY = Z s̄
andZ = H = Z 2

. The Fréchet di�erentiability

from Z s̄
to Z 2

follows from Lemma 7.24. Moreover, the (global) Lipschitz continuity of As in Z s̄
can

be deduced from the smoothness of maxs and the condition maxs (r ) = max{0, r } for all |r | ≥ 1/2.

The latter condition also guarantees that ‖A′s (y)h‖Z 2 ≤ C ‖h‖Z 2 for all y ∈ Z s̄
and all h ∈ Z 2

. This

completes the proof. �

Furthermore, following the lines of [41] and [22, Theorem 9], one proves the following

Lemma 7.26. For every s > 2 and 1 ≥ r < s/2, As is twice Fréchet di�erentiable and its second derivative
at τ ∈ Z s in directions h1,h2 ∈ Z r is given by

A′′s (τ )[h1,h2] = γ
λs |τD |3

[
max

′′
s

(
1 − γ

|τD |
) γ
|τD |3 (τ

D
: hD

1
)(τD : hD

2
)τD

+max
′
s
(
1 − γ

|τD |
) (
− 3

|τD |2 (τ
D

: hD
1
)(τD : hD

2
)τD + (hD

1
: hD

2
)τD

+(τD : hD
1
)hD

2
+ (τD : hD

2
)hD

1

)]
.

Corollary 7.27. The conditions onAs in Assumption 7.18 are satis�ed, if the index s̄ from Lemma 7.6 ful�lls
s̄ > 4.
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Proof. If we set s1 = s̄ > 4,s2 ∈]4, s1[, and s3 = 2, then Lemma 7.26 implies the di�erentiability conditions

in Assumption 6.1(iii) withY = Z s1
,Z = Z s2

, andW = Z s3
. The Lipschitz continuity ofA′s from Z s1

to

L(Z s2) as well as the estimate ‖A′s (y)w ‖Z 2 ≤ C ‖w ‖Z 2 follow from the condition maxs (r ) = max{0, r }
for all |r | ≥ 1/2. This condition also ensures that ‖A′′s (y)[z1, z2]‖Z 2 ≤ C ‖z1‖Z 4 ‖z2‖Z 4 , which in turn

implies the last condition in Assumption 6.1(iii) thanks to s2 > 4. �

Remark 7.28. As indicated in Remark 7.7, the assumption s̄ > 4 is very restrictive. However, ifW = Z 2
,

then any Nemyzki operator is only twice Fréchet di�erentiable from Y toW, if Y = Z s
with s > 4,

see e.g. [22] and the references therein. In light of this observation, the above regularization is rather

well-behaved. As explained in Remark 7.20, one can reduce the value of s3, if only the L2
-norm of

the displacement appears in the objective. However, one still needs s̄ > 3 in this case, which is not

guaranteed by Lemma 7.6 in general. But again, one can show that any s̄ > 3 is su�cient for our

concrete example, no matter how close it is to 3. This concrete realization of As thus allows for the

weakest possible regularity assumptions.

appendix a second derivative of the solution operator

Before we are in the position to show that S is twice Fréchet di�erentiable, we need the following

result on the Lipschitz continuity of the �rst derivative, which is also needed in the proof of Lemma 6.4.

Lemma a.1. Assume that Assumption 5.1(ii) and Assumption 6.1(ii) are ful�lled. Then S′s is Lipschitz
continuous from H 1(0,T ;X) to L(H 1(0,T ;X);H 1(0,T ;Z)).

Proof of Proposition 6.3. Let `1, `2,h ∈ H 1(0,T ;X) be arbitrary and abbreviate

zi B Ss (`i ), ηi B S′s (`i )h, and yi B R`i −Qzi , i = 1, 2.

Using the �rst Lipschitz-assumption in Assumption 6.1(ii), we deduce for almost all t ∈ [0,T ] that

‖ .η
1
(t) − .

η
2
(t)‖Z = ‖

(
A′s (y1(t)) −A′s (y2(t))

)
(Rh(t) −Qη1(t)) +A′s (y2(t))Q(η1(t) − η2(t))‖Z

≤ C
(
‖y1(t) − y2(t)‖Y ‖Rh(t) −Qη1(t)‖Z + ‖η1(t) − η2(t)〉‖Z

)
.

Gronwall’s inequality and the de�nition of y1 and y2 then yield

‖η1 − η2‖H 1(0,T ;Z) ≤ C‖R(`1 − `2) −Q(z1 − z2)‖L2(0,T ;Y )‖Rh −Qη1‖H 1(0,T ;Z)

≤ C‖`1 − `2‖L2(0,T ;X)‖h‖H 1(0,T ;X),

where we used Lemma 5.3 and the estimate in Theorem 5.5. �

Now, we are ready to prove that the solution operator is twice Fréchet-differentiable. The proof is

based on an estimate of the remainder term and thus similar to the one of Theorem 5.5.

Proof. The proof is similar to the one of Theorem 5.5. Let `,h1,h2 ∈ H 1(0,T ;X) be arbitrary and de�ne

z B Ss (`), z1 B Ss (` + h1), ηi B S′s (`)hi ∈ H 1(0,T ;Z), i ∈ {1, 2}, and η1,2 B S′s (` + h1)h2.

We �rst address the existence of solutions to (6.1). We argue similarly to Lemma 5.4 and set

w : [0,T ] →W, t 7→ A′′s (R`(t) −Qz(t))[Rh1(t) −Qη1(t),Rh2(t) −Qη2(t)].

From the estimate in Assumption 6.1(iii) it follows that

‖w(t)‖W ≤ C‖Rh1(t) −Qη1(t)‖Z ‖Rh2(t) −Qη2(t)‖Z,
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and, since the limit of Bochner measurable functions is Bochner measurable, we obtainw ∈ L2(0,T ;W).
Since A′s (y) is assumed to be bounded inW by 6.1(ii), we can now follow the proof of Lemma 5.4 (with

W instead ofZ) to deduce the existence of a unique solution ξ ∈ H 1(0,T ;W) of (6.1). The (bi-)linearity

of the associated solution operator w.r.t. h1 and h2 is straightforward to see. For its continuity, we

calculate

‖
.
ξ (t)‖W ≤ C‖Rh1(t) −Qη1(t)‖Z ‖Rh2(t) −Qη2(t)‖Z +C‖ξ (t)‖W

so that Gronwall’s inequality and the estimate in Theorem 5.5 give

‖ξ ‖H 1(0,T ;W) ≤ C‖h1‖H 1(0,T ;X)‖h2‖H 1(0,T ;X).

This shows also (6.2) (after having proved that ξ = S′′s (`)[h1,h2]).
It only remains to prove the remainder term property. To this end, we de�ne

y B R` −Qz, ζ B Rh1 −Q(z1 − z).

Then, the equations for η1,2, η2, and ξ lead to

.
η

1,2 −
.
η

2
−

.
ξ =

(
A′s (y + ζ ) −A′s (y)

)
(Rh2 −Qη1,2)

−A′′s (y)[Rh1 −Qη1,Rh2 −Qη2] −A′s (y)Q(η1,2 − η2 − ξ )
= A′′s (y)[ζ ,Rh2 −Qη1,2] + r2(y ; ζ )(Rh2 −Qη1,2)
−A′′s (y)[Rh1 −Qη1,Rh2 −Qη2] −A′s (y)Q(η1,2 − η2 − ξ )
= A′′s (y)[ζ ,Q(η2 − η1,2)] −A′′s (y)[Q(z1 − z − η1),Rh2 −Qη2]
+ r2(y ; ζ )(Rh2 −Qη1,2) −A′s (y)Q(η1,2 − η2 − ξ ),

where r2(y ; ζ ) B A′s (y+ζ )−A′s (y)−A′′s (y)ζ ∈ L2(0,T ;L(Z;W)) denotes the corresponding remainder

term. The estimate in Assumption 6.1(iii) thus implies

‖ .η
1,2(t) −

.
η

2
(t) −

.
ξ (t)‖W

≤ C
(
‖ζ (t))‖Z ‖η2(t) − η1,2(t)‖Z + ‖z1(t) − z(t) − η1(t)‖Z ‖Rh2(t) −Qη2(t)‖Z
+ ‖r2(y(t), ζ (t))‖L(Z;W)‖Rh2(t) −Qη1,2(t)‖Z + ‖η1,2(t) − η2(t) − ξ (t)‖W

)
for almost all t ∈ [0,T ] such that Gronwall’s inequality yields

‖η1,2 − η2 − ξ ‖H 1(0,T ;W)

≤ C
(
‖Rh1 −Q(z1 − z)‖L∞(0,T ;Z)‖η2 − η1,2‖L2(0,T ;Z) + ‖z1 − z − η1‖L∞(0,T ;Z)‖Rh2 −Qη2‖L2(0,T ;Z)

+ ‖r2(y ; ζ )‖L2(0,T ;L(Z;W))‖Rh2 −Qη1,2‖H 1(0,T ;Z)
)

≤ C‖h2‖H 1(0,T ;X)
(
‖h1‖2H 1(0,T ;X) + ‖z1 − z − η1‖H 1(0,T ;Z) + ‖r2(y ; ζ )‖L2(0,T ;L(Z;W))

)
,

where we used Lemma 5.3, Lemma a.1 and the estimate in Theorem 5.5. Denoting the solution operator

of (6.1) already by S′′s (`)[h1,h2], we have thus shown

‖S′s (` + h1) − S′s (`) − S′′s (`)h1‖L(H 1(0,T ;X);H 1(0,T ;W))

≤ C
(
‖h1‖2H 1(0,T ;X) + ‖Ss (` + h1) − Ss (`) − S′s (`)h1‖H 1(0,T ;Z) + ‖r2(y ; ζ )‖L2(0,T ;L(Z;W))

)
.

Therefore, thanks to the Fréchet di�erentiability of Ss : H 1(0,T ;X) → H 1(0,T ;Z), it only remains to

show that

‖r2(y ; ζ )‖L2(0,T ;L(Z;W))
‖h1‖H 1(0,T ;X)

→ 0,(a.1)
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as 0 , h1 → 0 in H 1(0,T ;X). To this end, we note that the embedding H 1(0,T ;Y) ↪→ C([0,T ];Y) and

Lemma 5.3 yield for all t ∈ [0,T ]

‖ζ (t)‖Y
‖h1‖H 1(0,T ;X)

≤ C
‖ζ ‖H 1(0,T ;Y)
‖h1‖H 1(0,T ;X)

= C
‖Rh1 −Q(z1 − z)‖H 1(0,T ;Y)

‖h1‖H 1(0,T ;X)
≤ C(a.2)

Hence, thanks to the Fréchet di�erentiability of A′s : Y → L(Z;W), we have for almost all t ∈ [0,T ]
‖r2(y ; ζ )(t)‖L(Z;W)
‖h1‖H 1(0,T ;X)

≤ C
‖r2(y ; ζ )(t)‖L(Z;W)

‖ζ (t)‖Y
→ 0

as 0 , h1 → 0 in H 1(0,T ;X). Furthermore, using the Lipschitz continuity of A′s : Y → L(Z;Z), the

estimate for A′′s in Assumption 6.1(iii) and again (a.2), we deduce

‖r2(y ; ζ )(t)‖L(Z;W)
‖h1‖H 1(0,T ;X)

=
‖A′s (y(t) + ζ (t)) −A′s (y(t)) −A′′s (y(t))ζ (t)‖L(Z;W)

‖h1‖H 1(0,T ;X)
≤ C

‖ζ (t)‖Y
‖h1‖H 1(0,T ;X)

≤ C

for almost all t ∈ [0,T ]. The convergence in (a.1) now follows from Lebesgue’s dominated convergence

theorem. �

appendix b interpolation for the V s spaces

We prove that the spaces V s = Ls (Ω;W 1,s
per,⊥(Y ;Rd )) de�ned in Section 7 form a complex interpolation

scale in s . This result is a cornerstone in the proof of Lemma 7.6.

Lemma b.1. Let θ ∈ (0, 1) and s0, s1 ∈ (1,∞) and set 1

s =
1−θ
s0

+ θ
s1

. Then

(b.1)

[
W 1,s0

per
(Y ;Rd ),W 1,s1

per
(Y ;Rd )

]
θ
=W 1,s

per
(Y ;Rd ).

Proof. The proof relies on the complemented subspace interpolation theorem [38, Theorem 1.17.1]

which essentially says that one can transfer interpolation properties to complemented subspaces

provided there exists a common projection onto these subspaces on all involved spaces.

In this spirit, we �rst consider a larger regular domain Y # ⊃ Y which includes a �nite open covering

ofY , and, for all 1 < r < ∞, identifyW 1,r
per
(Y ;Rd ) isomorphically with the closed subspaceW 1,r

per,Y (Y
#
;Rd )

ofW 1,r (Y #
;Rd ) consisting of periodic extensions ofW 1,r

per
(Y ;Rd )-functions. This is possible since the

periodic extension of aW 1,r
per
(Y ;Rd ) function will preserve the Sobolev regularity [14, Proposition 3.50].

We next argue that there exists a projection Pper mappingW 1,r (Y #
;Rd ) ontoW 1,r

per,Y (Y
#
;Rd ). (We

will not give a detailed proof of this since the details are somewhat tedious and lengthy.) To this end,

we �rst wrap u ∈W 1,r (Y #
;Rd ) around the torus Td in a smooth manner using a �xed smooth partition

of unity on Td derived from the open covering of Y , and then pull it back. One checks that this indeed

yields a function Pperu which is periodic on Y . Moreover, Pper is in fact a continuous linear operator

onW 1,r (Y #
;Rd ), which in addition acts as the identity on the periodic extensions of C∞

per
(Y ;Rd ). This

implies that Pper is indeed the searched-for projection ofW 1,r (Y #
;Rd ) ontoW 1,r

per,Y (Y
#
;Rd ).

The complemented subspace interpolation theorem [38, Theorem 1.17.1] then allows to argue as

follows:[
W 1,s0

per
(Y ;Rd ),W 1,s1

per
(Y ;Rd )

]
θ
=

[
W 1,s0

per,Y (Y
#
;Rd ),W 1,s1

per,Y (Y
#
;Rd )

]
θ

=
[
W 1,s0(Y #

;Rd ) ∩W 1,max(s0,s1)
per,Y (Y #

;Rd ),W 1,s1(Y #
;Rd ) ∩W 1,max(s0,s1)

per,Y (Y #
;Rd )

]
θ

=
[
W 1,s0(Y #

;Rd ),W 1,s1(Y #
;Rd )

]
θ
∩W 1,max(s0,s1)

per,Y (Y #
;Rd )

=W 1,s (Y #
;Rd ) ∩W 1,max(s0,s1)

per,Y (Y #
;Rd ) =W 1,s

per,Y (Y
#
;Rd ) =W 1,s

per
(Y ;Rd ).
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Here, the interpolation ofW 1,r (Y #
;Rd ) is classical since we have assumed Y #

to be regular. Overall,

this gives the claim. �

Lemma b.2. Let θ ∈ (0, 1) and s0, s1 ∈ (1,∞) and set 1

s =
1−θ
s0

+ θ
s1

. Then[
W 1,s0

per,⊥(Y ;RN ),W 1,s1

per,⊥(Y ;RN )
]
θ
=W 1,s

per,⊥(Y ;RN ).

Proof. We again argue via the complemented subspace interpolation theorem. For every 1 < r < ∞,

the operator

P⊥u := u −
 
Y
u dy

is a projection ofW 1,r (Y ;Rd ) ontoW 1,r
⊥ (Y ;Rd ). Note that P⊥ maps the closed subspaceW 1,r

per
(Y ;Rd )

into itself, henceW 1,r
per,⊥(Y ;Rd ) is a complemented subspace ofW 1,r

per
(Y ;Rd ) by means of the projection

P⊥. Using [38, Theorem 1.17.1] and Lemma b.1, we thus obtain[
W 1,s0

per,⊥(Y ;Rd ),W 1,s1

per,⊥(Y ;Rd )
]
θ

=
[
W 1,s0

per
(Y ;Rd ) ∩W 1,max(s0,s1)

⊥ (Y ;Rd ),W 1,s1

per
(Y ;Rd ) ∩W 1,max(s0,s1)

⊥ (Y ;Rd )
]
θ

=
[
W 1,s0

per
(Y ;Rd ),W 1,s1

per
(Y ;Rd )

]
θ
∩W 1,max(s0,s1)

⊥ (Y ;Rd )

=W 1,s
per
(Y ;Rd ) ∩W 1,max(s0,s1)

⊥ (Y ;Rd ) =W 1,s
per,⊥(Y ;Rd ),

as desired. �

Theorem b.3. Let θ ∈ (0, 1) and s0, s1 ∈ (1,∞) and set 1

s =
1−θ
s0

+ θ
s1

. Then[
Vs0
,Vs1

]
θ = Vs .

Proof. By [38, Thm. 1.18.4], we have[
Vs0
,Vs1

]
θ =

[
Ls0

(
Ω;W 1,s0

per,⊥(Y ;Rd )
)
,Ls1

(
Ω;W 1,s1

per,⊥(Y ;Rd )
) ]
θ

= Ls
(
Ω;

[
W 1,s0

per,⊥(Y ;Rd ),W 1,s1

per,⊥(Y ;Rd )
]
θ

)
= Ls

(
Ω;W 1,s

per,⊥(Y ;Rd )
)
= Vs ,

where the interpolation identity forW 1,s
per,⊥(Y ;Rd ) is a consequence of Lemma b.2. �

appendix c auxiliary results

Lemma c.1. Let M be a compact metric space and N a metric space. Furthermore, let {Gn}n∈N ⊂
C(M;N), G ∈ C(M;N) with Gn(x) → G(x) for all x ∈ M and suppose that Gn is uniformly Lips-
chitz continuous, that is, there exists a constant L such that

dN(Gn(x),Gn(y)) ≤ LdM(x ,y)

for all n ∈ N, x ,y ∈ M.
Then Gn → G in C(M;N).
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Proof. We argue by contradiction. Assume that there exists ε > 0 and a strictly monotonically increasing

function n : N→ N, such that for all k ∈ N there exists xk ∈ M with

ε ≤ dN(Gn(k )(xk ),G(xk ))

for all k ∈ N. SinceM is compact, we can extract a subsequence xkj of xk such that xkj → x inM,

thus

dN(Gn(kj )(xkj ),G(xkj )) ≤ dN(Gn(kj )(xkj ),Gn(kj )(x)) + dN(Gn(kj )(x),G(xkj ))
≤ LdM(xkj ,x) + dN(Gn(kj )(x),G(xkj )) → 0,

which gives the contradiction. �

Lemma c.2. Let M be a compact metric space and N a metric space. Furthermore, let {Gn}n∈N ⊂
C(M;N), G ∈ C(M;N) with Gn → G in C(M;N). De�ne Un B Gn(M) and U0 B G(M). Then
the setU B ∪∞n=0

Un is compact.

Proof. Let {yk }k ∈N ⊂ U . Since a �nite union of compact sets is compact, we can assume that there

exists a subsequence {ykj }j ∈N and a strictly monotonically increasing function n : N→ N, such that

ykj ∈ Un(j). Then there exists a sequence {x j }j ∈N ⊂ M, with ykj = Gn(j)(x j ). BecauseM is compact

we can select a subsequence, again denoted by x j , and a limit x ∈ M, such that x j → x , hence,

dN(ykj ,G(x)) ≤ dN(ykj ,G(x j )) + dN(G(x j ),G(x)) → 0,

thus the proof is complete. �
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constructing a subgradient from directional
derivatives for functions of two variables

Kamil A. Khan∗ Yingwei Yuan

Abstract For any scalar-valued bivariate function that is locally Lipschitz continuous and di-

rectionally di�erentiable, it is shown that a subgradient may always be constructed from the

function’s directional derivatives in the four compass directions, arranged in a so-called “compass

di�erence”. When the original function is nonconvex, the obtained subgradient is an element of

Clarke’s generalized gradient, but the result appears to be novel even for convex functions. The

function is not required to be represented in any particular form, and no further assumptions

are required, though the result is strengthened when the function is additionally L-smooth in

the sense of Nesterov. For certain optimal-value functions and certain parametric solutions of

di�erential equation systems, these new results appear to provide the only known way to compute a

subgradient. These results also imply that centered �nite di�erences will converge to a subgradient

for bivariate nonsmooth functions. As a dual result, we �nd that any compact convex set in two

dimensions contains the midpoint of its interval hull. Examples are included for illustration, and it

is demonstrated that these results do not extend directly to functions of more than two variables

or sets in higher dimensions.

Keywords: subgradients, directional derivatives, support functions, Clarke’s generalized gradient,

interval hull

1 introduction

Subgradient methods [2,40] and bundle methods [2,26,28,29] for nonsmooth optimization typically use

a subgradient at each iteration to provide local sensitivity information that is ultimately useful enough

to infer descent. For convex problems, these subgradients are elements of the convex subdi�erential;

for nonconvex problems, the subgradients must typically be elements of either Clarke’s generalized

gradient [6] or other established generalized subdi�erentials [27, 31, 32]. Evaluating a subgradient

directly, however, may be a challenging task; this di�culty has motivated the development of numerous

subdi�erential approximations [2, 11, 34].

Nevertheless, there are several settings in which evaluating directional derivatives is much simpler

than evaluating a subgradient using established methods. For �nite compositions of simple smooth and

nonsmooth functions, directional derivatives may be evaluated e�ciently [12] by extending the standard

forward/tangent mode of algorithmic di�erentiation [13], while extensions to e�cient subgradient

evaluation methods require more care [21, 24]. Directional derivatives of implicit functions and inverse

functions may be obtained by solving auxiliary equation systems [39], whereas subgradient results

in this setting assume either special structure [25, 39] or a series of recursive equation-solves [25].
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For solutions of parametric ordinary di�erential equations (ODEs) with nonsmooth right-hand sides,

directional derivatives may be evaluated by solving an auxiliary ODE system [34, Theorem 7] using a

standard ODE solver, whereas the only general method for subgradient evaluation involves solving a

series of ODEs punctuated by discrete jumps that must be handled carefully [19, 23]. In parametric

optimization, Danskin’s classical result [8, 17] describes directional derivatives for optimal-value

functions as the solutions of related optimization problems in a general setting, while subgradient

results such as [43, Theorem 5.1] tend to additionally require unique solutions for the embedded

optimization problem.

Moreover, directional derivatives and subdi�erentials of convex functions are essentially duals [15].

Hence, this article examines the question of whether, given a directional-derivative evaluation oracle

for a function and little else, this oracle may be used to compute a subgradient at each iteration of a

typical nonsmooth optimization method. This is clearly true for univariate functions, for example; in

this case, the entire subdi�erential may be constructed from directional derivatives in the positive and

negative directions.

To address this question, this article de�nes a function’s compass di�erences to be vectors obtained

by arranging directional derivatives in the coordinate directions and negative coordinate directions in a

certain way. Thus, for a bivariate function, a compass di�erence involves directional derivatives in the

four compass directions. For a bivariate function that is locally Lipschitz continuous and directionally

di�erentiable, it is shown that the compass di�erence at any domain point is a subgradient, with

this subgradient understood to be an element of Clarke’s generalized gradient in the nonconvex case.

Surprisingly, while this result is simple to state, it appears to be previously unknown even for convex

functions, and does not require any additional assumptions. It is also shown that this result does not

extend directly to functions of more than two variables. As a related result, this article shows that a

compact convex set in R2
must always contain the midpoint of its interval hull, though this does not

extend directly to sets in Rn
for n > 2. Hence, four calls to a directional-derivative evaluation oracle are

su�cient to compute a subgradient for a nonsmooth bivariate function, and centered �nite di�erences

for these functions are useful approximations of a subgradient. In several cases, the approach of this

article appears to be the only way known thus far to evaluate a subgradient correctly.

Audet and Hare [1] studied a similar problem involving the similar setup, in the �eld of geometric

probing [41]. Unlike our work, Audet and Hare additionally assume that: (a) their oracle D is convex

(as a set’s support function), (b) the bivariate function’s regular subdi�erential is polyhedral, and

(c) the oracle D evaluates the function’s directional derivative
1
. These assumptions are evidently

satis�ed, for example, by any function that is both convex and piecewise-di�erentiable in the sense

of Scholtes [39]. Under these assumptions, Audet and Hare present a method to use �nitely many

directional derivative evaluations to construct the whole regular subdi�erential at a given domain

point. This method proceeds by deducing each vertex of the subdi�erential, and depends heavily

on the assumption of subdi�erential polyhedrality; its complexity scales linearly with the number

of subdi�erential vertices. It is readily veri�ed, for example, that their Algorithm 1 will run forever

without locating any subgradients when applied to the convex Euclidean norm function:

f : R2 → R : x 7→
√
x2

1
+ x2

2

at x = 0. Indeed, their algorithm is not intended to work in this case. Unlike the work of [1], we do

not assume that subdi�erentials are polyhedral, do not require the subdi�erential’s support function

1
We note brie�y that the piecewise-linear function f : x ∈ R2 7→ max(0,min(x1,x2)) has a polyhedral regular subdi�erential

at x̄ B (0, 0), but here the oracle D of [1] is distinct from both the directional derivative d 7→ f ′(x̄ ;d) (c.f. De�nition 2.1

below) and Clarke’s generalized directional derivative d 7→ f ◦(x̄ ;d) (from [6]). In this case d 7→ f ′(x̄ ;d) is nonconvex,

so (a) and (c) cannot be satis�ed simultaneously even if D is rede�ned.
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to be available in the nonconvex case, and do not assume directional derivatives to be convex with

respect to direction. Our goal is only to identify one subgradient rather than a whole subdi�erential;

characterizing a whole subdi�erential in closed form may be di�cult or impossible when we do not

know a priori that it is polyhedral. As mentioned above, in the nonconvex case, we evaluate an element

of Clarke’s generalized gradient [6] instead of a subgradient.

The remainder of this article is structured as follows. Section 2 summarizes relevant established

constructions in nonsmooth analysis, Section 3 de�nes compass di�erences in terms of directional

derivatives and shows that they are valid subgradients, and Section 4 presents several examples for

illustration.

2 mathematical background

The Euclidean norm ‖ · ‖ and inner product 〈·, ·〉 are used throughout this article. The ith unit coordinate

vector in Rn
is denoted as e(i), and components of vectors are indicated using subscripts, e.g. xi B

〈e(i),x〉. The convex hull and the closure of a set S ⊂ Rn
are denoted as conv S and cl S , respectively.

2.1 directional derivatives and convex subgradients

Definition 2.1. Consider an open set X ⊂ Rn
and a function f : X → R. The following limit, if it exists,

is the (one-sided) directional derivative of f at x ∈ X in the direction d ∈ Rn
:

f ′(x ;d) B lim

t→0
+

f (x + td) − f (x)
t

.

If f ′(x ;d) exists in R for each d ∈ Rn
, then f is directionally di�erentiable at x .

This article primarily considers situations where directional derivatives are available via a black-box

oracle. For example, this oracle could represent symbolic calculation, the situation-speci�c direc-

tional derivatives described in Section 1, algorithmic di�erentiation [13], or even �nite di�erence

approximation if some error is tolerable.

The primary goal of this article is to use directional derivatives to evaluate a subgradient, de�ned for

convex functions as follows, and generalized to nonconvex functions as in Section 2.2 below. Individual

subgradients are used at each iteration of subgradient methods for convex minimization [40] and

bundle methods for nonconvex minimization [16]. They are also used to build useful a�ne outer

approximations for nonconvex sets [22, 38]. In each of these applications, only a single subgradient is

needed at each visited domain point.

Definition 2.2. Given a convex set X ⊂ Rn
and a convex function f : X → R, s ∈ Rn

is a subgradient
of f at x ∈ X if

(2.1) f (y) ≥ f (x) + 〈s,y − x〉, ∀y ∈ X .

The set of all subgradients of f at x is the (convex) subdi�erential ∂ f (x).
In this de�nition, if X is open, then ∂ f (x) is convex, compact, and nonempty [15]. The directional

derivative and subdi�erentials of f at x are related as follows [15]. For each d ∈ Rn
,

(2.2) f ′(x ;d) = max{〈s,d〉 : s ∈ ∂ f (x)} and ∂ f (x) = {s ∈ Rn
: f ′(x ;d) ≥ 〈s,d〉, ∀d ∈ Rn}.

Thus, the subdi�erential characterizes the local behavior of convex functions via (2.2), and characterizes

the global behavior of convex functions via (2.1). Moreover, (2.2) shows that directional derivatives

and subgradients of convex functions are essentially duals of each other.

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives



J. Nonsmooth Anal. Optim. 1 (2020), 6061 page 4 of 16

2.2 nonsmooth analysis

The following constructions by Clarke [6] extend certain subgradient properties to nonconvex functions,

and are used in methods for equation-solving [10, 36] and optimization [26, 30, 40].

Definition 2.3. Consider an open set X ⊂ Rn
and a locally Lipschitz continuous function f : X → R.

The (Clarke–)generalized directional derivative of f at x ∈ X in the direction d ∈ Rn
is:

f ◦(x ;d) B lim sup

y→x
t→0

+

f (y + td) − f (y)
t

.

Clarke’s generalized gradient of f at x is then:

∂ f (x) B {s ∈ Rn
: f ◦(x ;d) ≥ 〈s,d〉, ∀d ∈ Rn}.

Elements of Clarke’s generalized gradient will be called Clarke subgradients.

With f as in the above de�nition, and for any x ∈ X , ∂ f (x) is guaranteed to be nonempty, convex, and

compact in Rn
. As suggested by its notation, Clarke’s generalized gradient does indeed coincide with

the convex subdi�erential when f is convex [6]. When f is nonconvex, (2.2) is no longer guaranteed

to hold with Clarke’s generalized gradient in place of the convex subdi�erential. The following result

for univariate functions is easily demonstrated, and is summarized in [1].

Proposition 2.4. Consider an open set X ⊂ R and a univariate function f : X → R that is locally
Lipschitz continuous and directionally di�erentiable. For each x ∈ X ,

(2.3) ∂ f (x) = conv { f ′(x ; 1),−f ′(x ;−1)}.

Hence, one call to an oracle that evaluates directional derivatives is su�cient to obtain a single

Clarke subgradient for such a univariate function f . It will be shown in this article that, for bivariate

functions f : R2 → R that are locally Lipcshitz continuous and directionally di�erentiable, four

directional derivative evaluations are su�cient to evaluate a single Clarke subgradient.

The following de�nition by Nesterov [32] will be used to specialize this result in a useful way.

Nesterov’s de�nition is based on repeated directional di�erentiation, and permits certain extensions of

calculus rules for smooth functions to nonsmooth functions.

Definition 2.5. Consider an open set X ⊂ Rn
and a locally Lipschitz continuous function f : X → R.

The function f is lexicographically (L–)smooth at x ∈ X if the following conditions are satis�ed:

• f is directionally di�erentiable at x ,

• with f (0) B f ′(x ; ·), for any collection of vectors m(1), . . . ,m(n) ∈ Rn
, the following inductive

sequence of higher-order directional derivatives is well-de�ned:

f (k ) B [f (k−1)]′(m(k ); ·), for each k ∈ {1, 2, . . . ,n}.

If these vectorsm(i) are linearly independent, then f (n) is linear, and its constant gradient is called a

lexicographic subgradient of f atx . The lexicographic subdi�erential ∂L f (x) is the set of all lexicographic

subgradients of f at x .

All convex functions on open domains in Rn
are L-smooth [32], as are di�erentiable functions,

functions that are piecewise di�erentiable in the sense of Scholtes [24, 39], and functions that are

well-de�ned �nite compositions of other L-smooth functions [32]. Further characterizations of L-

smoothness have been developed for certain optimal-value functions [43], and for parametric systems

of ordinary di�erential equations or di�erential-algebraic equations [23, 42].

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives
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3 constructing a subgradient from directional derivatives

This section de�nes compass di�erences for functions in terms of directional derivatives, and shows

that a compass di�erence of a bivariate function is a subgradient. As a corollary, it is also shown that

any compact convex set in R2
contains the midpoint of its interval hull. As there is nothing particularly

special about the compass directions in this context, other choices of directions are also considered.

3.1 compass differences

Definition 3.1. Consider an open setX ⊂ Rn
and a function f : X → R that is directionally di�erentiable

at x ∈ X . The compass di�erence of f at x is a vector ∆⊕ f (x) B (∆⊕
1
f (x), . . . ,∆⊕n f (x)) ∈ Rn

for which,

for each i ∈ {1, . . . ,n},
∆⊕i f (x) B

1

2

(f ′(x ; e(i)) − f ′(x ;−e(i))).

The compass di�erence is so named because it considers how f behaves when its argument is varied

in each of the compass directions. This metaphor works best when n = 2; this case is also the focus of

this article.

Evaluating ∆⊕ f (x) ostensibly requires 2n directional derivative evaluations. However, if directional

derivative values are not available, compass di�erences may instead be approximated using �nite

di�erences. Observe that the compass di�erence of a function is a centered �nite di�erence of the

directional derivative mapping f ′(x ; ·) at 0. From the de�nition of the directional derivative, we have,

for each i ∈ {1, . . . ,n},

∆⊕i f (x) = lim

δ→0
+

f (x + δe(i)) − f (x − δe(i))
2δ

.

So, if numerical evaluations of f : Rn → R are viable but evaluations of f ′(x ; ·) are not, then 2n
evaluations of f may be used to approximate ∆⊕ f (x) using the argument of the above limit. That is,

for su�ciently small δ > 0,

(3.1) ∆⊕ f (x) ≈ 1

2δ


f (x + δe(1)) − f (x − δe(1))
f (x + δe(2)) − f (x − δe(2))

...

f (x + δe(n)) − f (x − δe(n))


,

which is incidentally the centered simplex gradient of f at x with a sampling set comprising the

coordinate vectors (c.f. [7]). However, if f is evaluated here using a numerical method, and if δ is too

small, then the subtraction operations in this approximation may introduce unacceptable numerical

error. This drawback is typical of �nite di�erence approximations.

3.2 nonconvex functions of two variables

As in [11], let us say that a function Rn → R is B-di�erentiable if it is both directionally di�erentiable

and locally Lipschitz continuous. This section presents the main result of this article: that any com-

pass di�erence of a B-di�erentiable function of two variables is a Clarke subgradient. This result is

strengthened somewhat when the considered function is L-smooth, and is also specialized to convex

functions and convex sets in the subsequent sections.

To our knowledge, the main result in this section is the �rst general closed-form description of a

Clarke subgradient for a nonconvex bivariate function in terms of that function’s directional derivatives

(in the sense of De�nition 2.1). Moreover, the result shows that four calls to a directional derivative oracle

are su�cient to evaluate a Clarke subgradient for a bivariate B-di�erentiable function, without any

further structural knowledge of the function at all. Unlike established characterizations of generalized

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives



J. Nonsmooth Anal. Optim. 1 (2020), 6061 page 6 of 16

subgradients such as [39, Proposition 4.3.1] and [21, Theorem 3.5], this result does not require f to be

represented in any particular format.

The following mean-value theorem will be useful in this development.

Lemma 3.2. Consider a function ψ : Rn → R that is positively homogeneous and locally Lipschitz
continuous. For any x ,y ∈ Rn , there exists s ∈ ∂ψ (0) for which

(3.2) ψ (y) −ψ (x) = 〈s,y − x〉.

Ifψ is also L-smooth, then there exists s ∈ conv ∂Lψ (0) ⊂ ∂ψ (0) satisfying (3.2).

Proof. We �rst proceed without the L-smoothness assumption. According to Lebourg’s mean-value

theorem [6, Theorem 2.3.7], the equation (3.2) holds for some z ∈ conv {x ,y} and some s ∈ ∂ψ (z).
Since ψ is positively homogeneous and locally Lipschitz continuous, [23, Lemma 3.1] implies that

∂ψ (z) ⊂ ∂ψ (0), and so s ∈ ∂ψ (0), as required.

Next, if ψ is additionally assumed to be L-smooth, then the �nal claimed result is obtained by a

similar argument, applying Nesterov’s mean-value theorem [32, Theorem 12] instead of Lebourg’s,

applying [20, Lemma 4] instead of [23, Lemma 3.1], and applying [32, Theorem 11] to establish the

inclusion conv ∂Lψ (0) ⊂ ∂ψ (0). �

The following theorem is the main result of this article, and rests heavily on Lemma 3.2. It shows

that any compass di�erence of a B-di�erentiable function is a Clarke subgradient, and specializes this

result to L-smooth functions.

Theorem 3.3. Consider an open set X ⊂ R2 and a locally Lipschitz continuous function f : X → R. If f
is directionally di�erentiable at some x ∈ X , then ∆⊕ f (x) ∈ ∂ f (x). Moreover, if f is L-smooth at x ∈ X ,
then ∆⊕ f (x) ∈ cl conv ∂L f (x) ⊂ ∂ f (x).

Proof. Suppose that f is directionally di�erentiable at x ∈ X . Consider the auxiliary mapping:

ψ : y 7→ f ′(x ;y) − 〈∆⊕ f (x),y〉,

and observe thatψ is Lipschitz continuous [39], and that f ′(x ;y) = ψ (y)+ 〈∆⊕ f (x),y〉 for each y ∈ R2
.

Thus, Clarke’s calculus rule for addition [6, Corollary 1 to Proposition 2.3.3] implies:

∂[f ′(x ; ·)](0) = {a + ∆⊕ f (x) : a ∈ ∂ψ (0)}.

Moreover, [23, Corollary 3.1] and [18] imply ∂[f ′(x ; ·)](0) ⊂ ∂ f (x), and so

{a + ∆⊕ f (x) : a ∈ ∂ψ (0)} ⊂ ∂ f (x).

It therefore su�ces to show that 0 ∈ ∂ψ (0).
Now, observe thatψ is positively homogeneous, and so ψ is equivalent to ψ ′(0; ·). Thus, for each

i ∈ {1, 2},

∆⊕i ψ (0) = 1

2
(ψ (e(i)) −ψ (−e(i)))

= 1

2

[
(f ′(x ; e(i)) − 〈∆⊕ f (x), e(i)〉) − (f ′(x ;−e(i)) − 〈∆⊕ f (x),−e(i)〉)

]
= ∆⊕i f (x) − 〈∆⊕ f (x), e(i)〉
= 0.

Hence ∆⊕ψ (0) = 0.

To obtain a contradiction, suppose that 0 < ∂ψ (0). Then, since ∂ψ (0) is convex and closed, there

must exist a strictly separating hyperplane between 0 and ∂ψ (0). That is, there exist a nonzero vector

p B (p1,p2) ∈ R2
and a scalar a > 0 for which 〈p, s〉 ≥ a for each s ∈ ∂ψ (0).
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Since ∆⊕ψ (0) = 0, we have ψ (1, 0) = ψ (−1, 0) and ψ (0, 1) = ψ (0,−1). Since ψ is positively homoge-

neous, we then haveψ (p1, 0) = ψ (−p1, 0) andψ (0,p2) = ψ (0,−p2) (regardless of the signs of p1 and p2).

Subtraction then yields:

(3.3) ψ (p1, 0) −ψ (0,−p2) = ψ (−p1, 0) −ψ (0,p2).

Now, according to Lemma 3.2, there exist vectors η,σ ∈ ∂ψ (0) for which

ψ (p1, 0) −ψ (0,−p2) = 〈p,η〉 and ψ (−p1, 0) −ψ (0,p2) = −〈p,σ 〉.

Hence, since 〈p, s〉 ≥ a for each s ∈ ∂ψ (0), we have

ψ (p1, 0) −ψ (0,−p2) ≥ a > 0 > −a ≥ ψ (−p1, 0) −ψ (0,p2),

which contradicts (3.3). Thus, 0 ∈ ∂ψ (0) as required.

Next, suppose that f is L-smooth at x ∈ X . The inclusion ∂L f (x) ⊂ ∂ f (x)was shown by Nesterov [32,

Theorem 11]; since ∂ f (x) is closed and convex, it follows that cl conv ∂L f (x) ⊂ ∂ f (x). Consider the

auxiliary mappingψ as above, and note that (3.3) still holds. The calculus rules of the lexicographic

subdi�erential [32, Theorem 5 and De�nitions 1 and 5] imply that both f ′(x ; ·) andψ are L-smooth at

0, and that

∂L f (x) = ∂L[f ′(x ; ·)](0) = {a + ∆⊕ f (x) : a ∈ ∂Lψ (0)}.

From here, a similar argument to the previous case shows that ∆⊕ f (x) ∈ cl conv ∂L f (x). �

Intuitively, there is nothing special about the coordinate directions used to construct a compass

di�erence, and a change of basis in Theorem 3.3 may be carried out as follows.

Corollary 3.4. Consider an open set X ⊂ R2, a locally Lipschitz continuous function f : X → R, and a
nonsingular matrix V ∈ R2×2. If f is directionally di�erentiable at some x ∈ X , and if v(i) denotes the
i th column of V , then

1

2

(V T)−1

[
f ′(x ;v(1)) − f ′(x ;−v(1))
f ′(x ;v(2)) − f ′(x ;−v(2))

]
∈ ∂ f (x).

Proof. Consider auxiliary mappings:

д : R2 → R2
: y 7→ x +V (y − x)

and h B f ◦ д. Let

z B
1

2

[
f ′(x ;v(1)) − f ′(x ;−v(1))
f ′(x ;v(2)) − f ′(x ;−v(2))

]
.

The chain rule for directional derivatives [39, Theorem 3.1.1] implies that∆⊕h(x) = z, and so Theorem 3.3

shows that z ∈ ∂h(x). Since V is nonsingular, д is surjective, in which case [6, Theorem 2.3.10] implies

that:

∂h(x) = {V Ts : s ∈ ∂ f (x)}.

Thus, z = V Ts for some s ∈ ∂ f (x), and so (V T)−1z ∈ ∂ f (x) as claimed. �

The particular Clarke subgradients identi�ed by Theorem 3.3 and Corollary 3.4 do not necessarily

coincide.

We may remove the directional di�erentiability requirement of Theorem 3.3 as follows, by employing

Clarke’s generalized directional derivative f ◦ from De�nition 2.3. We note, however, that the generalized

directional derivative is typically inaccessible in practice.
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Corollary 3.5. Given an open set X ⊂ R2, a locally Lipschitz continuous function f : X → R, and some
x ∈ X ,

∆⊕[f ◦(x ; ·)](0) = 1

2

[
f ◦(x ; (1, 0)) − f ◦(x ; (−1, 0))
f ◦(x ; (0, 1)) − f ◦(x ; (0,−1))

]
∈ ∂[f ◦(x ; ·)](0) = ∂ f (x).

Proof. Established results [15, Section V, Proposition 2.1.2] and [6, Proposition 2.1.2] imply that f ◦(x ; ·)
is convex and positively homogeneous (as the support function of ∂ f (x)), and has the subdi�erential

∂ f (x) at 0. Moreover, as a convex function on an open domain, f ◦(x ; ·) is locally Lipschitz continuous

and directionally di�erentiable [15]. Hence, Theorem 3.3 implies the claimed result. �

3.3 convex functions of two variables

This section specializes Theorem 3.3 to convex functions; this specialization appears to be a novel

result in convex analysis and is simpler to state. Namely, any compass di�erence of a bivariate convex

function is in fact a subgradient in the traditional sense. Hence, four directional derivative evaluations

are su�cient to construct a subgradient of a bivariate convex function.

Corollary 3.6. Consider an open convex set X ⊂ R2 and a convex function f : X → R. For each x ∈ X ,
∆⊕ f (x) ∈ ∂ f (x).

Proof. Since f is convex and X is open, f is locally Lipschitz continuous and directionally di�eren-

tiable [15]. The claimed result then follows immediately from Theorem 3.3. �

Corollary 3.7. Consider an open convex set X ⊂ R2, a convex function f : X → R, and a nonsingular
matrix V ∈ R2×2. For any x ∈ X , with v(i) denoting the i th column of V ,

1

2

(V T)−1

[
f ′(x ;v(1)) − f ′(x ;−v(1))
f ′(x ;v(2)) − f ′(x ;−v(2))

]
∈ ∂ f (x).

Proof. Again, since f is locally Lipschitz continuous and directionally di�erentiable, the claimed

corollary is a special case of Corollary 3.4. �

3.4 compact convex sets in R2

This section applies Corollary 3.6 to show that any nonempty compact convex set in R2
contains the

center of its smallest enclosing box (or interval). These notions are formalized in the following classical

de�nitions (summarized in [33]), followed by the claimed result.

Definition 3.8. An interval in Rn
is a nonempty set of the form {x ∈ Rn

: a ≤ x ≤ b}, where

a,b ∈ Rn
, and where each inequality is to be interpreted componentwise. The midpoint of an interval

{x ∈ Rn
: a ≤ x ≤ b} is

1

2
(a + b) ∈ Rn

.

Given a bounded set B ⊂ Rn
, the interval hull of B is the intersection in Rn

of all interval supersets

of B.

The interval hull of a bounded set B ⊂ Rn
is itself an interval, and is, intuitively, the smallest interval

superset of B. Support functions of convex sets, de�ned as follows and discussed at length in [15], are

useful when relating convex sets to properties of subdi�erentials of convex functions.

Definition 3.9. Given a set C ⊂ Rn
, the support function of C is the mapping:

σC : Rn → R ∪ {±∞} : d 7→ sup{〈d,x〉 : x ∈ C}.

The following corollary uses support functions to extend Corollary 3.6 to the problem of locating an

element of a closed convex set in R2
.

Corollary 3.10. Any nonempty compact convex set C ⊂ R2 contains the midpoint of its interval hull.

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives
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Proof. The interval hull of C may be expressed in terms of the support function σC as:

{x ∈ R2
: −σC (−1, 0) ≤ x1 ≤ σC (1, 0), −σC (0,−1) ≤ x2 ≤ σC (0, 1)};

the midpoint of this interval hull is then

z B
1

2

[
σC (1, 0) − σC (−1, 0)
σC (0, 1) − σC (0,−1)

]
.

As shown in [15, Section VI, Example 3.1], σC is directionally di�erentiable at 0, with (σC )′(0;d) = σC (d)
for each d ∈ R2

. Thus, ∆⊕σC (0) = z.

Next, [15, Section VI, Example 3.1] also shows that σC is convex, with ∂σC (0) = C . Combining these

observations with Corollary 3.6 yields z = ∆⊕σC (0) ∈ ∂σC (0) = C , as claimed. �

4 examples

This section illustrates the main results of this article. Section 4.1 motivates the assumptions of

Corollary 3.6 and Corollary 3.10 by showing how these results could fail if their assumptions were

weakened. Section 4.2 uses compass di�erences to compute individual subgradients in cases where

this was previously di�cult or impossible.

4.1 counterexamples for related claims

The following example shows that, for functions mapping R2
into R, compass di�erences are not

necessarily elements of either the regular subdi�erential [37], the lexicographic subdi�erential [32],

the B-subdi�erential [35, 39], or the Mordukhovich upper subdi�erential [31].

Example 4.1. Consider the concave piecewise-linear function:

f : R2 → R : x 7→ −|x1 |.

Direct computation yields ∆⊕ f (0, 0) = (0, 0), which is indeed an element of ∂ f (0, 0) = {(λ, 0) : −1 ≤
λ ≤ 1}. However, the lexicographic subdi�erential, the B-subdi�erential, and the Mordukhovich upper

subdi�erential of f at (0, 0) are each equal to {(−1, 0), (1, 0)}, which does not contain (0, 0). The regular

subdi�erential of f at (0, 0) is empty.

The following example shows that Theorem 3.3, Corollary 3.6, and Corollary 3.10 are minimal in the

sense that, under the respective assumptions of these results, three support function evaluations are

generally not su�cient to infer a set element, and three directional derivative evaluations are generally

not su�cient to infer a function’s subgradient.

Example 4.2. Suppose that C ⊂ R2
is the unit ball {x ∈ R2

: ‖x ‖ ≤ 1}, which has the constant support

function σC : d 7→ 1. Consider three nonzero points u,v,w ∈ R2
in general position. From the support

function’s de�nition, if we did not know the set C but did know that σC (u) = σC (v) = σC (w) = 1, then

we could infer that C is a subset of the triangle:

T B {x ∈ R2
: 〈u,x〉 ≤ 1, 〈v,x〉 ≤ 1, 〈w,x〉 ≤ 1}.

Denote the three vertices of T as a,b, c ∈ R2
, and denote the three edges of T as

T1 B conv {a,b}, T2 B conv {b, c}, and T3 B conv {a, c}.

Since {a,b} ⊂ T1 ⊂ T , observe that

σC (u) = 1 = σT (u) ≥ σT1
(u) ≥ 〈u,x〉 ∀x ∈ {a,b}.
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x1

x2

x3

Figure 1: The disjoint convex compact sets C1 (red) and C2 (blue) in R3
described in Example 4.3, and

the common midpoint (black dot) of their interval hulls.

But, since a,b, c are the vertices of the triangle T , and since one edge of T lies on the line 〈u,x〉 = 1, it

cannot be that 〈u,a〉 and 〈u,b〉 are both less than 1. Hence σT1
(u) ≥ 1, and so σC (u) = σT1

(u).
Similar logic shows that σTi (u) = σC (u), σTi (v) = σC (v), and σTi (w) = σC (w) for each i ∈ {1, 2, 3}.

EachTi is compact and convex, and the intersectionT1∩T2∩T3 is empty. Hence, there is no way to infer

an element of C from the support function evaluations σC (u), σC (v), and σC (w) and the knowledge

that C is compact and convex; these support function evaluations are consistent with the incorrect

hypotheses C = T1, C = T2, and C = T3, yet these guesses have no point in common.

Similarly, considering the convex Euclidean norm function

f : R2 → R : x 7→ ‖x ‖,

it is readily veri�ed that ∂ f (0) = C . Suppose we know nothing about f other than its convexity and

the fact that f ′(0;u) = f ′(0;v) = f ′(0;w) = 1. In this case, there is no way to infer an element of ∂ f (0)
from these three directional derivatives alone, since for each i ∈ {1, 2, 3}, the functions

ϕi : R2 → R : d 7→ max{〈s,d〉 : s ∈ Ti }

all have the same directional derivatives as f at 0 in the directions u, v , and w . However, their subdif-

ferentials at 0 are the sets Ti , which have no point in common.

The following example shows that the results of this article do not extend directly to functions of

more than two variables or sets in more than two dimensions.

Example 4.3. Consider the following convex compact sets in R3
:

C1 B conv {(1, 1,−1), (−1, 1, 1), (1,−1, 1), (1, 1, 1)},
and C2 B conv {(1,−1,−1), (−1, 1,−1), (−1,−1, 1), (−1,−1,−1)}.

These sets are illustrated in Figure 1. They are disjoint; for any x ∈ C1 and y ∈ C2, and with e B
(1, 1, 1) ∈ R3

, observe that

〈e,x〉 ≥ 1 > −1 ≥ 〈e,y〉.
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However, it is readily veri�ed that both C1 and C2 have the interval hull [−1, 1]3, whose midpoint is

(0, 0, 0), which is in neither C1 nor C2. Thus, Corollary 3.10 does not extend immediately to R3
.

Similarly, consider the following two convex piecewise-linear functions:

f : R3 → R : x 7→ max{x1 + x2 − x3, x2 + x3 − x1, x3 + x1 − x2},
ϕ : R3 → R : x 7→ max{x1 − x2 − x3, x2 − x3 − x1, x3 − x1 − x2}.

According to [39, Proposition 4.3.1], ∂ f (0) ⊂ conv {(1, 1,−1), (−1, 1, 1), (1,−1, 1)} ⊂ C1, and ∂ϕ(0) ⊂
conv {(1,−1,−1), (−1, 1,−1), (−1,−1, 1)} ⊂ C2. Thus, the subdi�erentials ∂ f (0) and ∂ϕ(0) are disjoint.

Moreover, it is readily veri�ed that:

1 = f ′(0; se(i)) = ϕ ′(0; se(i)), ∀s ∈ {−1,+1}, ∀i ∈ {1, 2, 3}.
Thus, the functions f and ϕ cannot be distinguished based on their directional derivatives at 0 in

any coordinate direction or negative coordinate direction, and ∆⊕ f (0) = ∆⊕ϕ(0) = 0, but the two

functions’ subdi�erentials at 0 are disjoint. This shows that Theorem 3.3 and Corollary 3.6 do not

extend immediately to functions of three variables.

The following example illustrates that the assumption in Corollary 3.10 that C is closed is crucial.

Example 4.4. Consider the convex set:

C B {x ∈ R2
: −1 < x1, x2 < 1, x1 < x2}.

Observe thatC is not closed, and that the interval hull ofC is [−1, 1]2. The midpoint of this hull is (0, 0),
which is not an element of C .

4.2 applications

4.2.1 solutions of parametric differential equations

This section applies Theorem 3.3 to describe correct single subgradients for solutions of parametric

ordinary di�erential equations (ODEs) with parameters in R2
. This approach reduces to the classical

ODE sensitivity approach of [14, Section V, Theorem 3.1] when the original ODE is de�ned in terms of

smooth functions. Unlike existing methods [23] for generalized derivative evaluation for these systems,

the approach of this article describes a subgradient in terms of auxiliary ODE systems that can be

integrated numerically using o�-the-shelf ODE solvers, but is of course restricted to systems with two

parameters.

We consider the following setup, which is readily adapted to other ODE representations.

Assumption 4.5. Consider functions f : Rn → Rn
, x0 : R2 → Rn

, and д : R2 × Rn → R that are

locally Lipschitz continuous and directionally di�erentiable. For some scalar tf > 0, let x : [0, tf ] ×R2

be de�ned so that, for each p ∈ R2
, x(·,p) solves the following ODE system uniquely:

dx

dt
(t ,p) = f (x(t ,p)), x(0,p) = x0(p).

De�ne ϕ : R2 → R to be the cost function:

ϕ : p 7→ д(p,x(tf ,p)).

Under this assumption, a subgradient for ϕ may be computed by combining the results of this article

with directional derivatives described by [34, Theorem 7] as follows. If it is desired for the ODE right-

hand-side to depend explicitly on t , then an alternative directional derivative result [23, Theorem 4.1]

may be used instead.

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives



J. Nonsmooth Anal. Optim. 1 (2020), 6061 page 12 of 16

Proposition 4.6. Suppose that Assumption 4.5 holds, and consider some particular p ∈ R2. For each
d ∈ R2, let y(·,d) denote a solution on [0, tf ] of the following ODE:

dy

dt
(t ,d) = f ′(x(t ,p);y(t ,d)) y(0,d) = x ′

0
(p;d).(4.1)

Then y(·,d) is in fact the unique solution of this ODE for each d ∈ R2. Moreover, if we de�ne

ψ (d) B д′((p,x(tf ,p)); (d,y(tf ,d)))

for each d ∈ R2, then
1

2

[
ψ (1, 0) −ψ (−1, 0)
ψ (0, 1) −ψ (0,−1)

]
is an element of ∂ϕ(p).

Proof. According to [34, Theorem 7], y(t ,d) is the directional derivative x ′((t ,p); (0,d)) for each t ∈
[0, tf ] and d ∈ R2

. The result then follows immediately from Corollary 3.4 and the chain rule [39,

Theorem 3.1.1]. �

If lexicographic derivatives are unavailable for the functions in Assumption 4.5 or do not exist, then

Proposition 4.6 is, to our knowledge, the �rst method for describing a subgradient of ϕ. The following

numerical example illustrates this proposition.

Example 4.7. Consider a function x0 : R2 → R3
: p 7→ (p1,p2,p1). For each p ∈ R2

, let x(·,p) denote

the unique solution on [0, 1] of the following parametric ODE system. Here dotted variables denote

derivatives with respect to t .

Ûx1 = |x1 | + |x2 | + x3,

Ûx2 = |x2 |,
Ûx3 = x3,

x(0,p) = x0(p).

Consider a cost function ϕ : p 7→ x1(1,p). In this case, for each d ∈ R2
the ODE (4.1) becomes:

Ûy1 =



−y1 − y2 + y3, if x1 < 0, x2 < 0,

−y1 + y2 + y3, if x1 < 0, x2 > 0,

−y1 + |y2 | + y3, if x1 < 0, x2 = 0,

y1 − y2 + y3, if x1 > 0, x2 < 0,

y1 + y2 + y3, if x1 > 0, x2 > 0,

y1 + |y2 | + y3, if x1 > 0, x2 = 0,

|y1 | − y2 + y3, if x1 = 0, x2 < 0,

|y1 | + y2 + y3, if x1 = 0, x2 > 0,

|y1 | + |y2 | + y3, if x1 = 0, x2 = 0,

Ûy2 =


y2, if x2 > 0,

|y2 |, if x2 = 0,

−y2, if x2 < 0,

Ûy3 = y3,

K.A. Khan and Y. Yuan Constructing a subgradient from directional derivatives



J. Nonsmooth Anal. Optim. 1 (2020), 6061 page 13 of 16

Figure 2: Plot of the function ϕ (top) described in Example 4.7, which appears to dominate the ap-

proximation p 7→ ϕ(0) + 〈s,p〉 (bottom) based on the computed compass di�erence s of ϕ
at 0.

with y(0,d) ≡ (d1,d2,d1). In this case ϕ is convex. To evaluate a compass di�erence of ϕ, the numerical

variable-step variable-order ODE solver ode15s was used in Matlab to evaluate y numerically, using

Matlab’s default precision (on the order of 16 signi�cant digits) for arithmetic, and using respective

local absolute and relative tolerances of 10
−6

and 10
−3

for each integration step. Thus, to within the

corresponding computational error, we obtained ∆⊕ϕ(0) ≈ (3.490, 0.772) =: s , and Proposition 4.6

yields ∆⊕ϕ(0) ∈ ∂ϕ(0). Figure 2 shows that s does indeed appear to satisfy (2.1), and does thereby

appear to be a subgradient of ϕ at 0 to within numerical precision.

4.2.2 optimal-value functions

A well-known result by Danskin [8, Theorem 1] describes directional derivatives for certain optimal-

value functions, and has been extended to a variety of settings (e.g. [3, 17]). The following proposition

and its proof are intended to show how any of these results may be combined with Theorem 3.3 or

Corollary 3.6 to describe a subgradient in each case.

Proposition 4.8. Consider a compact set C ⊂ Rn , some open superset Z of C , and a continuously di�er-
entiable function f : R2 × Z → R. De�ne an optimal-value function ϕ : R2 → R for which

ϕ : x 7→ min{ f (x ,y) : y ∈ C}.

For some particular x̂ ∈ R2, de�ne the following:

• a set Y B {ŷ ∈ C : f (x̂ , ŷ) ≤ f (x̂ ,y), ∀y ∈ C},
• for each d ∈ R2, a pointψ (d) B min{〈d,∇x f (x̂ ,y)〉 : y ∈ Y }.

Then ϕ is locally Lipschitz continuous and directionally di�erentiable, and

1

2

[
ψ (1, 0) −ψ (−1, 0)
ψ (0, 1) −ψ (0,−1)

]
is an element of ∂ϕ(x̂).
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Proof. The optimal-value function ϕ has already been established to be locally Lipschitz continuous [9,

Theorem 2.1] and directionally di�erentiable [8], with directional derivatives given by ϕ ′(x̂ ;d) = ψ (d)
for each d ∈ R2

. The claimed result then follows immediately from Theorem 3.3. �

Observe that, unlike several established sensitivity results for optimal-value functions [4, 5], the

above result does not require second-order su�cient optimality conditions to hold, and does not

require unique solutions of the optimization problems de�ning ϕ. An analogous approach describes

subgradients of the Tsoukalas-Mitsos convex relaxations [44] of composite functions of two variables;

the Tsoukalas-Mitsos approach is based entirely on analogous optimal-value functions.

5 conclusion

For a bivariate nonsmooth function under minimal assumptions, the compass di�erence introduced in

this article is guaranteed to be a subgradient and may be computed using four calls to a directional-

derivative evaluation oracle. This remains true for nonconvex functions, with the “subgradient” under-

stood in this case to be an element of Clarke’s generalized gradient. Thus, for such functions, centered

�nite di�erences will necessarily converge to a subgradient as the perturbation width tends to zero. The

presented examples show that this new relationship between directional derivatives and subgradients

may be useful for functions of two variables, and may in some cases provide the only known way to

evaluate a subgradient, but does not extend directly to functions of three or more variables. Such a

nontrivial extension represents a possible avenue for future work.
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asymptotic stationarity and regularity for
nonsmooth optimization problems

Patrick Mehlitz ∗

Abstract Based on the tools of limiting variational analysis, we derive a sequential necessary
optimality condition for nonsmooth mathematical programs which holds without any additional
assumptions. In order to ensure that stationary points in this new sense are already Mordukhovich-
stationary, the presence of a constraint quali�cation which we call AM-regularity is necessary.
We investigate the relationship between AM-regularity and other constraint quali�cations from
nonsmooth optimization like metric (sub-)regularity of the underlying feasibility mapping. Our
�ndings are applied to optimization problems with geometric and, particularly, disjunctive con-
straints. This way, it is shown that AM-regularity recovers recently introduced cone-continuity-
type constraint quali�cations, sometimes referred to as AKKT-regularity, from standard nonlinear
and complementarity-constrained optimization. Finally, we discuss some consequences of AM-
regularity for the limiting variational calculus.

Keywords: Asymptotic regularity, Asymptotic stationarity, Constraint quali�cations, M-stationarity,
Nonsmooth optimization, Variational analysis

MSC (2020): 49J52, 49J53, 90C30, 90C33

1 introduction

Due to their inherent practical relevance in the context of solution algorithms for optimization problems,
sequential necessary optimality conditions and constraint quali�cations became quite popular during
the last decade. A suitable theory has been developed in the context of standard nonlinear programming,
see e.g. [1, 2, 5, 6, 7], complementarity-constrained programming, see [3, 35], and nonlinear semide�nite
programming, see [4]. Recently, these concepts were generalized to optimization problems in Banach
spaces in [14]. The main idea behind the concept is that even when a local minimizer of a given
optimization problem is not stationary in classical sense (e.g., a Karush–Kuhn–Tucker point in standard
nonlinear programming), it might be asymptotically stationary along a sequence of points converging
to the point of interest without any constraint quali�cation. Now, the question arises which type of
quali�cation condition is necessary in order to guarantee that an asymptotically stationary point is
already stationary. This indeed leads to the concept of sequential constraint quali�cations. It has been
reported in [1, 3, 5, 14, 35] that such sequential constraint quali�cations are comparatively weak in
comparison with classical quali�cation conditions which makes them particularly interesting.
It is a nearby guess that sequential stationarity and regularity might be concepts which are quite

compatible with the popular tools of limiting variational analysis, see e.g. [31, 32, 38] and the references
therein. Indeed, this has been worked out for mathematical problems with complementarity constraints
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and the associated concept of Mordukhovich-stationarity (M-stationarity for short) in the recent
paper [35]. However, the ideas obviously will work for other classes of disjunctive programs like
mathematical programs with vanishing, switching, or cardinality constraints as well. It is the purpose
of this paper to show that the underlying concepts can be further generalized to a quite abstract class
of optimization problems which covers not only all the aforementioned settings but also conic as
well as cone-complementarity-constrained optimization problems and other mathematical programs
with equilibrium constraints which model amongst others that the feasible points need to solve
underlying (quasi-) variational inequalities. Thus, the theory is likely to possess some extensions to
bilevel programming as well.

In this paper, let us consider the mathematical program

𝑓 (𝑥) → min
0 ∈ Φ(𝑥)

(P)

where 𝑓 : ℝ𝑛 → ℝ is a locally Lipschitz continuous function and Φ : ℝ𝑛 ⇒ ℝ𝑚 is a set-valued mapping
whose graph is closed. Throughout the paper, let 𝑀 := {𝑥 ∈ ℝ𝑛 | 0 ∈ Φ(𝑥)} denote the feasible
set of (P). We assume that this set is nonempty. Let us point out that the theory of this paper stays
correct whenever ℝ𝑛 and ℝ𝑚 from above are replaced by �nite-dimensional Banach spaces 𝑋 and 𝑌 .
Particularly, the results of this manuscript extend to instances of nonlinear semide�nite programming
comprising optimization problems with semide�nite cone complementarity constraints. Problems
of the general form (P) have been considered in e.g. [18], [31, Section 5.2.3], or [40, Section 3]. In all
these contributions, it has been pointed out that whenever 𝑥 ∈ 𝑀 is a local minimizer of (P) such
that the mapping Φ enjoys the metric subregularity property at (𝑥, 0), see Section 2.2 for a de�nition
and additional references to the literature, then 𝑥 is indeed an M-stationary point of this problem.
An easy approach to verify the presence of metric subregularity is given by checking validity of the
stronger metric regularity property since the latter can be carried out with the aid of the so-called
Mordukhovich criterion which is stated in terms of the limiting coderivative of Φ, see Section 2.3 for
details. The latter, however, might be too restrictive which is why several weaker su�cient conditions
for metric subregularity have been worked out in particular problem settings during the last years, see
e.g. [9, 10, 21, 23, 25, 26] and the references therein.
As we will see, the sequential approach to necessary optimality conditions and constraint quali-

�cations for (P) leads to a new regularity concept that we call asymptotic Mordukhovich-regularity
(AM-regularity for short). The latter is weaker than metric regularity of Φ and not related to the metric
subregularity of this map, see Examples 3.14 and 3.15. It, thus, puts some other light onto the previously
known landscape of constraint quali�cations which address (P). Furthermore, we will demonstrate that
this new regularity concept ensures validity of fundamental calculus rules from limiting variational
analysis like the pre-image and the intersection rule, see Theorem 3.16 and Section 5.3. Besides, we
show how AM-regularity speci�es in exemplary problem settings. It will turn out that it covers several
sequential constraint quali�cations from the literature. Throughout the manuscript, simple examples
and counterexamples visualize applicability and limits of the obtained theory.

The paper is organized as follows: In Section 2, we present the notation exploited in this manuscript.
Furthermore, we review the necessary essentials of set-valued and variational analysis. Section 3 is
dedicated to the introduction of the asymptotic stationarity and regularity concepts of our interest.
We �rst derive a sequential necessary optimality condition of M-stationarity-type in Section 3.1 via a
simple penalization argument. Based on that, we introduce the concept of AM-regularity in Section 3.2
and study its theoretical properties as well as its relationship to other constraint quali�cations. In
Section 4, we investigate the particular situation where the map Φ can be split in two parts where one
is, again, modeled with the aid of an abstract set-valued mapping while the other one just describes
that the variables need to belong to an abstract constraint set 𝐶 ⊂ ℝ𝑛 which, in practice, can be
imagined as a set of simple variational structure. We show that whenever the set-valued part of Φ
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possesses the Aubin property than a weaker constraint quali�cation than AM-regularity is su�cient
for M-stationarity of local minimizers. We discuss some applications of our results in Section 5. First,
we apply the concept of AM-regularity to the broad class of mathematical problems with geometric
constraints in Section 5.1. The even more special class of disjunctive optimization problems, where the
de�nition of AM-regularity can be essentially simpli�ed, is inspected in Section 5.2. In this context,
a comparison to sequential constraint quali�cations from the literature will be provided. Third, we
discuss some consequences of AM-regularity for the limiting variational calculus in Section 5.3. We
close the paper with some concluding remarks in Section 6.

2 notation and preliminaries

2.1 basic notation

Throughout the manuscript, we equip ℝ𝑛 with the Euclidean norm ‖·‖. For some point 𝑥 ∈ ℝ𝑛 and
a scalar 𝜀 > 0, 𝔹𝜀 (𝑥) := {𝑦 ∈ ℝ𝑛 | ‖𝑦 − 𝑥 ‖ ≤ 𝜀} represents the closed ball around 𝑥 of radius 𝜀. For
brevity, we exploit 𝔹 := 𝔹1(0). Let 𝐴 ⊂ ℝ𝑛 be a nonempty set. We use

dist(𝑥,𝐴) := inf
𝑦∈𝐴

‖𝑦 − 𝑥 ‖ Π(𝑥,𝐴) := argmin
𝑦∈𝐴

‖𝑦 − 𝑥 ‖

in order to denote the distance of 𝑥 to 𝐴 and the associated set of projections. For brevity, we make
use of 𝐴 + 𝑥 = 𝑥 +𝐴 := {𝑥 + 𝑦 ∈ ℝ𝑛 | 𝑦 ∈ 𝐴}. The set

𝐴◦ := {𝑧 ∈ ℝ𝑛 | ∀𝑦 ∈ 𝐴 : 𝑦>𝑧 ≤ 0}

is referred to as the polar cone of 𝐴. It is a nonempty, closed, convex cone. The derivative of a
di�erentiable function 𝐹 : ℝ𝑛 → ℝ𝑚 at 𝑥 will be represented by 𝐹 ′(𝑥) ∈ ℝ𝑚×𝑛 while, in case𝑚 = 1,
we use ∇𝐹 (𝑥) ∈ ℝ𝑛 to denote its gradient at 𝑥 .

2.2 properties of set-valued mappings

Let Υ : ℝ𝑛 ⇒ ℝ𝑚 be a set-valued mapping. We exploit

dom Υ := {𝑥 ∈ ℝ𝑛 | Υ(𝑥) ≠ ∅}
gph Υ := {(𝑥, 𝑦) ∈ ℝ𝑛 ×ℝ𝑚 | 𝑦 ∈ Υ(𝑥)}
ker Υ := {𝑥 ∈ ℝ𝑛 | 0 ∈ Υ(𝑥)}

in order to represent the domain, the graph, and the kernel of Υ. Frequently, we will make use of the
sequential outer Painlevé–Kuratowski limit of Υ at some point of interest 𝑥 ∈ dom Υ given by

lim sup
𝑥→𝑥

Υ(𝑥) :=
{
𝑦 ∈ ℝ𝑚

�����∃{𝑥𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 ∃{𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 :
𝑥𝑘 → 𝑥, 𝑦𝑘 → 𝑦, 𝑦𝑘 ∈ Υ(𝑥𝑘 ) ∀𝑘 ∈ ℕ

}
.

For some closed set 𝐴 ⊂ ℝ𝑛 , we exploit the indicator map Δ𝐴 : ℝ𝑛 ⇒ ℝ𝑚 given by

∀𝑥 ∈ ℝ𝑛 : Δ𝐴 (𝑥) :=
{
{0} 𝑥 ∈ 𝐴
∅ 𝑥 ∉ 𝐴

where the dimension of the image space will be clear from the context.
In this manuscript, we will often deal with Lipschitzian properties of set-valued mappings. Recall

that Υ is said to be metrically regular at some point (𝑥, 𝑦) ∈ gph Υ whenever there are neighborhoods
𝑈 ⊂ ℝ𝑛 and 𝑉 ⊂ ℝ𝑚 of 𝑥 and 𝑦 , respectively, and some constant 𝜅 > 0 such that

∀𝑥 ∈ 𝑈 ∀𝑦 ∈ 𝑉 : dist(𝑥, Υ−1(𝑦)) ≤ 𝜅 dist(𝑦, Υ(𝑥))
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holds. Above, Υ−1 : ℝ𝑚 ⇒ ℝ𝑛 is the inverse set-valued mapping associated with Υ given by Υ−1(𝑦) :=
{𝑥 ∈ ℝ𝑛 | 𝑦 ∈ Υ(𝑥)} for all 𝑦 ∈ ℝ𝑚 . Fixing 𝑦 := 𝑦 in the de�nition of metric regularity, we obtain
the notion of metric subregularity, i.e., Υ is said to be metrically subregular at (𝑥, 𝑦) if there are a
neighborhood𝑈 ⊂ ℝ𝑛 of 𝑥 and a constant 𝜅 > 0 such that

∀𝑥 ∈ 𝑈 : dist(𝑥, Υ−1(𝑦)) ≤ 𝜅 dist(𝑦, Υ(𝑥))

is valid. The in�mum over all such constants 𝜅 is referred to as the modulus of metric subregularity.
Let us recall that Υ is said to possess the Aubin property at (𝑥, 𝑦) if there are neighborhoods𝑈 ⊂ ℝ𝑛

and 𝑉 ⊂ ℝ𝑚 of 𝑥 and 𝑦 , respectively, as well as a constant 𝜅 > 0 such that the following estimate is
valid:

(2.1) ∀𝑥, 𝑥 ′ ∈ 𝑈 : Υ(𝑥) ∩𝑉 ⊂ Υ(𝑥 ′) + 𝜅 ‖𝑥 − 𝑥 ′‖ 𝔹.

It is well known that Υ possesses the Aubin property at (𝑥, 𝑦) if and only if Υ−1 is metrically regular at
(𝑦, 𝑥). In the literature, the Aubin property is often referred to as Lipschitz likeness. Fixing 𝑥 ′ := 𝑥
in the de�nition of the Aubin property yields the de�nition of calmness of Υ at (𝑥, 𝑦). The latter is
equivalent to metric subregularity of Υ−1 at (𝑦, 𝑥). We refer the interested reader to [27, 29, 31, 38] for
an overview of the theory and applications of metric regularity and the Aubin property. Background
information about metric subregularity and calmness can be found in [10, 16, 18, 21, 25, 26, 28]. We
would like to mention that polyhedral set-valued mappings, i.e., set-valued mappings whose graph
can be represented as the union of �nitely many convex polyhedral sets, are calm at each point of
their graphs, see [36, Proposition 1]. Noting that the inverse of a polyhedral set-valued mapping is also
polyhedral, such set-valued mappings are also metrically subregular at each point of their graphs.

We �nalize this paragraph with the following observation: Whenever Υ possesses the Aubin property
at (𝑥, 𝑦) ∈ gph Υ, then we �nd 𝜅 > 0 such that for each sequence {𝑥𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 with 𝑥𝑘 → 𝑥 , we
have dist(𝑦, Υ(𝑥𝑘 )) ≤ 𝜅 ‖𝑥𝑘 − 𝑥 ‖ for su�ciently large 𝑘 ∈ ℕ from (2.1). Particularly, there exists a
sequence {𝑦𝑘 }𝑘∈ℕ satisfying 𝑦𝑘 → 𝑦 and 𝑦𝑘 ∈ Υ(𝑥𝑘 ) for su�ciently large 𝑘 ∈ ℕ. Thus, Υ is so-called
inner semicontinuous at (𝑥, 𝑦). Let us also mention that Υ is called inner semicompact at 𝑥 whenever
for each sequence {𝑥𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 with 𝑥𝑘 → 𝑥 , there is a bounded sequence {𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that
𝑦𝑘 ∈ Υ(𝑥𝑘 ) holds for all su�ciently large 𝑘 ∈ ℕ.

2.3 variational analysis

The subsequently introduced tools of variational analysis can be found in the monographs [31, 32] or
[38].

For a closed set 𝐴 ⊂ ℝ𝑚 and a point 𝑥 ∈ 𝐴, we exploit

T𝐴 (𝑥) := lim sup
𝑡↘0

𝐴 − 𝑥
𝑡

N̂𝐴 (𝑥) := T𝐴 (𝑥)◦ N𝐴 (𝑥) := lim sup
𝑥→𝑥, 𝑥 ∈𝐴

N̂𝐴 (𝑥)

in order to denote the tangent (or Bouligand) cone as well as the regular (or Fréchet) and the limiting
(or Mordukhovich) normal cone to 𝐴 at 𝑥 . For each 𝑥 ∉ 𝐴, we stipulate T𝐴 (𝑥) := ∅, N̂𝐴 (𝑥) := ∅, and
N𝐴 (𝑥) := ∅. By de�nition of the limiting normal cone, it is robust in the sense that we even have

lim sup
𝑥→𝑥

N𝐴 (𝑥) = N𝐴 (𝑥),

see [38, Proposition 6.6]. We recall that whenever 𝐴 is convex, then the normal cones from above
coincide with the standard normal cone of convex analysis, i.e.,

N̂𝐴 (𝑥) = N𝐴 (𝑥) = {𝑣 ∈ ℝ𝑛 | ∀𝑥 ∈ 𝐴 : 𝑣>(𝑥 − 𝑥) ≤ 0}
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holds true in this situation.
For some extended real-valued, lower semicontinuous function 𝜑 : ℝ𝑛 → ℝ, we denote its epigraph

by epi𝜑 := {(𝑥, 𝛼) ∈ ℝ𝑛 × ℝ | 𝛼 ≥ 𝜑 (𝑥)}. Fixing 𝑥 ∈ ℝ𝑛 with |𝜑 (𝑥) | < ∞, we introduce the limiting
and singular subdi�erential of 𝜑 at 𝑥 , respectively, as

𝜕𝜑 (𝑥) :=
{
𝑣 ∈ ℝ𝑛

�� (𝑣,−1) ∈ Nepi𝜑 (𝑥, 𝜑 (𝑥))
}

𝜕∞𝜑 (𝑥) :=
{
𝑣 ∈ ℝ𝑛

�� (𝑣, 0) ∈ Nepi𝜑 (𝑥, 𝜑 (𝑥))
}
.

It is well known that 𝜑 is locally Lipschitz continuous at 𝑥 if and only if 𝜕∞𝜑 (𝑥) = {0} holds.
Next, for a set-valued mapping Υ : ℝ𝑛 ⇒ ℝ𝑚 with closed graph and some point (𝑥, 𝑦) ∈ gph Υ, we

de�ne the (limiting) coderivative 𝐷∗Υ(𝑥, 𝑦) : ℝ𝑚 ⇒ ℝ𝑛 of Υ at (𝑥, 𝑦) as stated below:

∀𝑦∗ ∈ ℝ𝑚 : 𝐷∗Υ(𝑥, 𝑦) (𝑦∗) :=
{
𝑥∗ ∈ ℝ𝑛

�� (𝑥∗,−𝑦∗) ∈ Ngph Υ (𝑥, 𝑦)
}
.

In case where 𝜐 : ℝ𝑛 → ℝ𝑚 is a single-valued mapping, we exploit 𝐷∗𝜐 (𝑥) (𝑦∗) := 𝐷∗𝜐 (𝑥,𝜐 (𝑥)) (𝑦∗) for
all 𝑦∗ ∈ ℝ𝑚 . If 𝜐 is continuously di�erentiable at 𝑥 , 𝐷∗𝜐 (𝑥) (𝑦∗) = {𝜐 ′(𝑥)>𝑦∗} is valid for all 𝑦∗ ∈ ℝ𝑚 .

Using the concept of coderivatives, it is possible to characterize the presence of metric regularity or
the Aubin property for Υ at (𝑥, 𝑦) ∈ gph Υ. More precisely, Υ possesses the Aubin property at (𝑥, 𝑦) if
and only if

𝐷∗Υ(𝑥, 𝑦) (0) = {0}
holds, see [31, Theorem 4.10]. Noting that we have

Ngph Υ−1 (𝑦, 𝑥) =
{
(𝑦∗, 𝑥∗) ∈ ℝ𝑚 ×ℝ𝑛

�� (𝑥∗, 𝑦∗) ∈ Ngph Υ (𝑥, 𝑦)
}

from the change-or-coordinates formula of limiting normals, see [31, Theorem 1.17], while Υ is metrically
regular at (𝑥, 𝑦) if and only if Υ−1 possesses the Aubin property at (𝑦, 𝑥), the above result also implies
that Υ is metrically regular at (𝑥, 𝑦) if and only if the condition

ker𝐷∗Υ(𝑥, 𝑦) = {0}

holds. This result can be distilled from [31, Theorem 4.18] as well. Both criteria are referred to as
Mordukhovich criterion in the literature.
Below, we present a simple calculus rule for the coderivative of set-valued mappings of certain

product structure.
Lemma 2.1. Let Γ : ℝ𝑛 ⇒ ℝ𝑚 be a set-valued mapping with closed graph. Furthermore, let 𝐶 ⊂ ℝ𝑛 be a
nonempty, closed set. Let Ψ : ℝ𝑛 ⇒ ℝ𝑚 ×ℝ𝑛 be the set-valued mapping given by

∀𝑥 ∈ ℝ𝑛 : Ψ(𝑥) :=
(
Γ(𝑥)
𝑥 −𝐶

)
.

For a �xed point (𝑥, (𝑦, 𝑧)) ∈ gphΨ, it holds

∀𝑦∗ ∈ ℝ𝑚 ∀𝑧∗ ∈ ℝ𝑛 : 𝐷∗Ψ(𝑥, (𝑦, 𝑧)) (𝑦∗, 𝑧∗) =
{
𝐷∗Γ(𝑥, 𝑦) (𝑦∗) + 𝑧∗ 𝑧∗ ∈ N𝐶 (𝑥 − 𝑧)
∅ otherwise.

Proof. Introducing a linear map𝜓 : ℝ𝑛 ×ℝ𝑚 ×ℝ𝑛 → ℝ𝑛 ×ℝ𝑚 ×ℝ𝑛 by𝜓 (𝑥, 𝑦, 𝑧) := (𝑥, 𝑦, 𝑥 − 𝑧) for
all 𝑥, 𝑧 ∈ ℝ𝑛 and 𝑦 ∈ ℝ𝑚 , we have

gphΨ = {(𝑥, 𝑦, 𝑧) |𝜓 (𝑥, 𝑦, 𝑧) ∈ gph Γ ×𝐶}.

Noting that the derivative of𝜓 is a constant invertible matrix, the desired result follows by elementary
calculations from the change-of-coordinates formula from [31, Theorem 1.17] and the product rule for
the computation of limiting normals, see [31, Proposition 1.2]. �
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2.4 generalized distance functions

In our analysis, we will make use of the distance function to a moving set. Therefore, let Γ : ℝ𝑛 ⇒ ℝ𝑚

be a set-valued mapping with closed graph and consider

∀𝑥 ∈ ℝ𝑛 ∀𝑦 ∈ ℝ𝑚 : 𝜌Γ (𝑥, 𝑦) := inf
𝑧∈Γ (𝑥)

‖𝑦 − 𝑧‖ .

The function 𝜌Γ : ℝ𝑛 ×ℝ𝑚 → ℝ has been studied in several di�erent publications, see e.g. [33, 37, 39]
and the references therein. In contrast to the classical distance function, see [15, Section 2.4], 𝜌Γ is not
Lipschitz continuous in general. In fact, it does not even need to be continuous. However, as we will
show below, this function is lower semicontinuous since Γ possesses a closed graph.
Lemma 2.2. Let Γ : ℝ𝑛 ⇒ ℝ𝑚 be a set-valued mapping with closed graph. Then the associated function
𝜌Γ is lower semicontinuous.

Proof. Suppose that there exists a point (𝑥, 𝑦) ∈ ℝ𝑛 × ℝ𝑚 where Γ is not lower semicontinuous.
Then we �nd sequences {𝑥𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 and {𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 as well as 𝛼 ≥ 0 with 𝑥𝑘 → 𝑥 , 𝑦𝑘 → 𝑦 ,
and 𝜌Γ (𝑥𝑘 , 𝑦𝑘 ) → 𝛼 < 𝜌Γ (𝑥, 𝑦). Particularly, we can assume w.l.o.g. that Γ(𝑥𝑘 ) ≠ ∅ holds for all
𝑘 ∈ ℕ. Noting that Γ(𝑥𝑘 ) is closed for each 𝑘 ∈ ℕ, we �nd points 𝑧𝑘 ∈ Π(𝑦𝑘 , Γ(𝑥𝑘 )). This yields
𝜌Γ (𝑥𝑘 , 𝑦𝑘 ) = ‖𝑦𝑘 − 𝑧𝑘 ‖ for all 𝑘 ∈ ℕ. Due to

‖𝑧𝑘 ‖ ≤ ‖𝑧𝑘 − 𝑦𝑘 ‖ + ‖𝑦𝑘 ‖ = 𝜌Γ (𝑥𝑘 , 𝑦𝑘 ) + ‖𝑦𝑘 ‖

and the boundedness of {𝜌Γ (𝑥𝑘 , 𝑦𝑘 )}𝑘∈ℕ and {𝑦𝑘 }𝑘∈ℕ, {𝑧𝑘 }𝑘∈ℕ is bounded as well and possesses an
accumulation point 𝑧. Due to 𝜌Γ (𝑥𝑘 , 𝑦𝑘 ) → 𝛼 , we have 𝛼 = ‖𝑦 − 𝑧‖. Observing that 𝑧𝑘 ∈ Γ(𝑥𝑘 ) holds
true for all 𝑘 ∈ ℕ, the closedness of gph Γ yields 𝑧 ∈ Γ(𝑥). Thus, we have 𝜌Γ (𝑥, 𝑦) ≤ ‖𝑦 − 𝑧‖ = 𝛼

which is a contradiction. �

Now, we want to identify situations where 𝜌Γ is a locally Lipschitz continuous function. Furthermore,
we aim for an upper estimate of the limiting subdi�erential of this function which holds at in-set points
from gph Γ but also at out-of-set points.
Lemma 2.3. Let Γ : ℝ𝑛 ⇒ ℝ𝑚 be a set-valued mapping with closed graph and �x a point (𝑥, 𝑦) ∈ ℝ𝑛×ℝ𝑚
such that 𝑥 ∈ dom Γ. Then the following assertions hold.

(a) Assume that Γ possesses the Aubin property at all points (𝑥, 𝑦) satisfying 𝑦 ∈ Π(𝑦, Γ(𝑥)). Then 𝜌Γ
is locally Lipschitz continuous at (𝑥, 𝑦).

(b) The following upper estimate for the limiting subdi�erential does always hold:

𝜕𝜌Γ (𝑥, 𝑦) ⊂
⋃

𝑦∈Π (𝑦,Γ (𝑥))
Ngph Γ (𝑥, 𝑦) .

Proof. (a) First, assume that (𝑥, 𝑦) ∈ gph Γ holds. Then we clearly have Π(𝑦, Γ(𝑥)) = {𝑦}. Due to
the assumptions of the lemma, Γ possesses the Aubin property at (𝑥, 𝑦). Thus, we can invoke
[37, Theorem 2.3] in order to obtain the Lipschitz continuity of 𝜌Γ at (𝑥, 𝑦).
Next, we assume that (𝑥, 𝑦) ∉ gph Γ holds. In this case, [33, Theorem 4.9, Corollary 4.10]
guarantee validity of the estimate

𝜕∞𝜌Γ (𝑥, 𝑦) ⊂
⋃

𝑦∈Π (𝑦,Γ (𝑥))
{(𝜉, 0) | 𝜉 ∈ 𝐷∗Γ(𝑥, 𝑦) (0)}.

Noting that Γ possesses the Aubin property at all points (𝑥, 𝑦) with 𝑦 ∈ Π(𝑦, Γ(𝑥)), the Mor-
dukhovich criterion ensures 𝐷∗Γ(𝑥, 𝑦) (0) = {0} which is why we obtain 𝜕∞𝜌Γ (𝑥, 𝑦) = {(0, 0)}
from the above formula. Due to Lemma 2.2, we already know that 𝜌Γ is lower semicontinuous.
Combining these two properties, we obtain that 𝜌Γ is locally Lipschitz continuous at (𝑥, 𝑦).
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(b) If we have (𝑥, 𝑦) ∈ gph Γ, then [39, Proposition 2.7] guarantees

Ngph Γ (𝑥, 𝑦) =
⋃
𝛼≥0

𝛼𝜕𝜌Γ (𝑥, 𝑦).

On the other hand, in case (𝑥, 𝑦) ∉ gph Γ, [33, Theorem 4.9, Corollary 4.10] can be applied in
order to �nd the estimate

𝜕𝜌Γ (𝑥, 𝑦) ⊂
⋃

𝑦∈Π (𝑦,Γ (𝑥))

{
(𝜉,𝜐) ∈ Ngph Γ (𝑥, 𝑦)

�� ‖𝜐‖ = 1
}
.

Taking both formulas together, we obtain the desired general estimate.
�

3 asymptotic m-stationarity conditions and asymptotic regularity

3.1 asymptotic m-stationary conditions

Let 𝑥 ∈ 𝑀 be a local minimizer of (P). Under suitable assumptions, so-called constraint quali�cations,
one can guarantee that this ensures the existence of a multiplier 𝜆 ∈ ℝ𝑚 such that

(3.1) 0 ∈ 𝜕𝑓 (𝑥) + 𝐷∗Φ(𝑥, 0) (𝜆)

holds, see e.g. [31, Theorem 5.48]. We will refer to this condition as the Mordukhovich-stationarity
condition (M-stationarity condition for short) of (P). Now, the question arises whether it is possible to
�nd a milder condition which holds for each local minimizer of (P) even in the absence of a constraint
quali�cation. A potential candidate for such a condition could be an asymptotic version ofM-stationarity
which holds along a sequence of points {𝑥𝑘 }𝑘∈ℕ converging to the local minimizer of interest. However,
one has to specify what asymptotic means in this regard. The following de�nition provides a potential
and, as we will see later, reasonable answer to this question.
Definition 3.1. Let 𝑥 ∈ 𝑀 be a feasible point of (P). Then we call 𝑥 an asymptotically Mordukhovich-
stationary point (AM-stationary point) of (P) whenever there exist sequences {𝑥𝑘 }𝑘∈ℕ, {𝜀𝑘 }𝑘∈ℕ ⊂ ℝ𝑛

as well as {𝑦𝑘 }𝑘∈ℕ, {𝜆𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that

(3.2) ∀𝑘 ∈ ℕ : 𝜀𝑘 ∈ 𝜕𝑓 (𝑥𝑘 ) + 𝐷∗Φ(𝑥𝑘 , 𝑦𝑘 ) (𝜆𝑘 )

as well as 𝑥𝑘 → 𝑥 , 𝜀𝑘 → 0, and 𝑦𝑘 → 0 hold. This implicitly requires {(𝑥𝑘 , 𝑦𝑘 )}𝑘∈ℕ ⊂ gphΦ.
Observe that in the above de�nition, no convergence of the multiplier sequence {𝜆𝑘 }𝑘∈ℕ is postulated.

Indeed, if it would be bounded, then one could simply take the limit 𝑘 → ∞ along a subsequence in
(3.2) in order to recover the M-stationarity condition from (3.1), see Lemma 3.4 below.

Using a simple penalization argument, we obtain the following result which shows that each local
minimizer of (P) is an AM-stationary point without any additional assumptions.
Theorem 3.2. Let 𝑥 ∈ 𝑀 be a local minimizer of (P). Then 𝑥 is an AM-stationary point of (P).

Proof. Let 𝜀 > 0 be chosen such that 𝑓 (𝑥) ≥ 𝑓 (𝑥) holds for all 𝑥 ∈ 𝑀∩𝔹𝜀 (𝑥). Consider the optimization
problem

(P(𝑘))
𝑓 (𝑥) + 𝑘

2
‖𝑦 ‖2 + 1

2
‖𝑥 − 𝑥 ‖2 → min

𝑥,𝑦

(𝑥, 𝑦) ∈ gphΦ ∩ (𝔹𝜀 (𝑥) × 𝔹)

which depends on the parameter𝑘 ∈ ℕ. Observe that the objective function of this optimization problem
is locally Lipschitz continuous while its feasible set is nonempty and compact. Consequently, (P(𝑘))
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possesses a global minimizer (𝑥𝑘 , 𝑦𝑘 ) ∈ ℝ𝑛 ×ℝ𝑚 for each 𝑘 ∈ ℕ. Due to {(𝑥𝑘 , 𝑦𝑘 )}𝑘∈ℕ ⊂ 𝔹𝜀 (𝑥) × 𝔹,
this sequence is bounded. Choosing a subsequence (if necessary) without relabeling, we can guarantee
𝑥𝑘 → 𝑥 for some 𝑥 ∈ 𝔹𝜀 (𝑥) and 𝑦𝑘 → 𝑦̃ for some 𝑦̃ ∈ 𝔹. Noting that (𝑥, 0) ∈ gphΦ is feasible to
(P(𝑘)), we �nd

(3.3) ∀𝑘 ∈ ℕ : 𝑓 (𝑥𝑘 ) +
𝑘

2
‖𝑦𝑘 ‖2 +

1
2
‖𝑥𝑘 − 𝑥 ‖2 ≤ 𝑓 (𝑥) .

By boundedness of {𝑓 (𝑥𝑘 )}𝑘∈ℕ, there is a constant 𝑐 ∈ ℝ such that ‖𝑦𝑘 ‖2 ≤ 2(𝑓 (𝑥) −𝑐)/𝑘 holds for all
𝑘 ∈ ℕ. Consequently, {𝑦𝑘 }𝑘∈ℕ converges to 0 as 𝑘 → ∞, i.e., we have 𝑦̃ = 0. The closedness of gphΦ
now yields (𝑥, 0) ∈ gphΦ. Particularly, we infer 𝑥 ∈ 𝑀 ∩ 𝔹𝜀 (𝑥). Now, (3.3) and the continuity of all
appearing functions yield

𝑓 (𝑥) + 1
2
‖𝑥 − 𝑥 ‖2 = lim

𝑘→∞

(
𝑓 (𝑥𝑘 ) +

1
2
‖𝑥𝑘 − 𝑥 ‖2

)
≤ lim
𝑘→∞

(
𝑓 (𝑥𝑘 ) +

𝑘

2
‖𝑦𝑘 ‖2 +

1
2
‖𝑥𝑘 − 𝑥 ‖2

)
≤ 𝑓 (𝑥) ≤ 𝑓 (𝑥),

and this implies 𝑥 = 𝑥 . Particularly, we have 𝑥𝑘 → 𝑥 .
Noting that (𝑥𝑘 , 𝑦𝑘 ) lies in the interior of 𝔹𝜀 (𝑥) × 𝔹 for su�ciently large 𝑘 ∈ ℕ, we can apply [31,

Proposition 5.3] and the subdi�erential sum rule from [31, Theorem 3.36] in order to obtain

(0, 0) ∈ 𝜕𝑓 (𝑥𝑘 ) × {0} + {(𝑥𝑘 − 𝑥, 𝑘𝑦𝑘 )} + NgphΦ(𝑥𝑘 , 𝑦𝑘 )

for large enough 𝑘 ∈ ℕ. Setting 𝜆𝑘 := 𝑘𝑦𝑘 and 𝜀𝑘 := 𝑥 − 𝑥𝑘 for any such 𝑘 ∈ ℕ, we have

𝜀𝑘 ∈ 𝜕𝑓 (𝑥𝑘 ) + 𝐷∗Φ(𝑥𝑘 , 𝑦𝑘 ) (𝜆𝑘 ),

and due to 𝜀𝑘 → 0, 𝑥𝑘 → 𝑥 , and 𝑦𝑘 → 0, 𝑥 is an AM-stationary point of (P). �

Note that in case where the objective function 𝑓 is di�erentiable, one could exploit [31, Proposition 5.1]
in the above proof. This way, it would be possible to replace the limiting coderivative by the regular
one (i.e., one replaces the limiting normal cone to gphΦ by the regular normal cone to this set in the
de�nition of the coderivative) leading to a slightly stronger concept of asymptotic stationarity. We
are, however, interested in taking the limit 𝑘 → ∞ in (3.2), and by de�nition of the limiting normal
cone and its robustness, it does not matter which of these coderivative constructions is used in the
de�nition of AM-stationarity since after taking the limit, we obtain a condition in terms of the limiting
coderivative either way.
The above theorem states that in contrast to M-stationarity, AM-stationarity always provides a

necessary optimality condition for optimization problems of type (P). The subsequently stated example
visualizes this issue.
Example 3.3. Consider the setting

∀𝑥 ∈ ℝ : 𝑓 (𝑥) := 𝑥 Φ(𝑥) := [𝑥2,∞).

The uniquely determined feasible point 𝑥 := 0 must be the global minimizer of the associated program
(P). Exploiting

𝐷∗Φ(𝑥, 𝑦) (𝜆) =


{2𝜆𝑥} 𝑦 = 𝑥2, 𝜆 ≥ 0
{0} 𝑦 > 𝑥2, 𝜆 = 0
∅ otherwise
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for all 𝑥, 𝑦, 𝜆 ∈ ℝ, one can easily check that 𝑥 is not an M-stationary point of this program. However,
we can set

𝑥𝑘 := − 1
𝑘

𝜀𝑘 := 0 𝑦𝑘 := 1
𝑘2

𝜆𝑘 := 𝑘
2

for all 𝑘 ∈ ℕ in order to see that 𝑥 is an AM-stationary point of the given optimization problem.
Observe that the multiplier sequence {𝜆𝑘 }𝑘∈ℕ from above is not bounded.

It has been shown in [18, Theorem 8] that whenever 𝑥 ∈ ℝ𝑛 is a local minimizer of (P), then, without
any additional assumptions, there exist multipliers (𝜆0, 𝜆) ∈ ℝ ×ℝ𝑚 which satisfy

(3.4) 0 ∈ 𝜆0𝜕𝑓 (𝑥) + 𝐷∗Φ(𝑥, 0) (𝜆) 𝜆0 ≥ 0 𝜆0 + ‖𝜆‖ > 0.

Due to the appearance of the leading multiplier 𝜆0, one might be tempted to call 𝑥 a Fritz–John–
Mordukhovich-stationary point (FJM-stationary point) of (P) in this case. Observe that whenever we
have 𝜆0 > 0 in (3.4), then 𝑥 is already M-stationary by positive homogeneity of the coderivative.
Lemma 3.4. Let 𝑥 ∈ ℝ𝑛 be an AM-stationary point of (P) such that the sequences {𝑥𝑘 }𝑘∈ℕ, {𝜀𝑘 }𝑘∈ℕ ⊂ ℝ𝑛

as well as {𝑦𝑘 }𝑘∈ℕ, {𝜆𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 satisfy (3.2), 𝑥𝑘 → 𝑥 , 𝜀𝑘 → 0, and 𝑦𝑘 → 0. Then the following
assertions hold.

(a) If {𝜆𝑘 }𝑘∈ℕ is bounded, then 𝑥 is an M-stationary point of (P).

(b) If {𝜆𝑘 }𝑘∈ℕ is not bounded, then we �nd 𝜆 ∈ ℝ𝑚 with 𝜆 ≠ 0 and 0 ∈ 𝐷∗Φ(𝑥, 0) (𝜆).

Particularly, 𝑥 is an FJM-stationary point of (P).

Proof. First, we show the statements (a) and (b) separately.

(a) Due to (3.2), we �nd a sequence {𝑥∗
𝑘
}𝑘∈ℕ ⊂ ℝ𝑛 such that

(3.5) ∀𝑘 ∈ ℕ : 𝜀𝑘 − 𝑥∗𝑘 ∈ 𝐷∗Φ(𝑥𝑘 , 𝑦𝑘 ) (𝜆𝑘 ) 𝑥∗
𝑘
∈ 𝜕𝑓 (𝑥𝑘 )

holds. Noting that the set 𝜕𝑓 (𝑥) is uniformly bounded in a neighborhood of 𝑥 by local Lipschitz
continuity of 𝑓 , see [31, Corollary 1.81], the sequence {𝑥∗

𝑘
}𝑘∈ℕ is bounded. Let us assume w.l.o.g.

that there are 𝑥∗ ∈ ℝ𝑛 and 𝜆 ∈ ℝ𝑚 such that the convergences 𝑥∗
𝑘
→ 𝑥∗ and 𝜆𝑘 → 𝜆 hold.

Exploiting the robustness of the limiting normal cone,we �nd−𝑥∗ ∈ 𝐷∗Φ(𝑥, 0) (𝜆) and𝑥∗ ∈ 𝜕𝑓 (𝑥)
by taking the limit 𝑘 → ∞ in (3.5). Thus, 𝑥 is an M-stationary point of (P).

(b) Let us assume w.l.o.g. that ‖𝜆𝑘 ‖ → ∞ holds true. Similar to (a), we �nd a bounded sequence
{𝑥∗
𝑘
}𝑘∈ℕ ⊂ ℝ𝑛 such that (3.5) holds. Dividing the �rst term in (3.5) by ‖𝜆𝑘 ‖ and exploiting the

positive homogeneity of the coderivative, we �nd

(3.6) ∀𝑘 ∈ ℕ :
𝜀𝑘 − 𝑥∗𝑘
‖𝜆𝑘 ‖

∈ 𝐷∗Φ(𝑥𝑘 , 𝑦𝑘 )
(
𝜆𝑘

‖𝜆𝑘 ‖

)
.

Clearly, {𝜆𝑘/‖𝜆𝑘 ‖}𝑘∈ℕ possesses a non-vanishing accumulation point 𝜆 ∈ ℝ𝑚 . Thus, we may
assume w.l.o.g. that 𝜆𝑘/‖𝜆𝑘 ‖ → 𝜆 holds. Taking the limit 𝑘 → ∞ in (3.6) and exploiting the
robustness of the limiting normal cone, we �nd 0 ∈ 𝐷∗Φ(𝑥, 0) (𝜆). Due to 𝜆 ≠ 0, the claim
follows.

Finally, let us comment on FJM-stationarity of the AM-stationary point 𝑥 . In the case (a), 𝑥 is M- and,
thus, FJM-stationary with 𝜆0 := 1. In the setting (b), 𝑥 is FJM-stationary with 𝜆0 := 0. This completes
the proof. �

The example below shows that the concept ofAM-stationarity is indeed stronger than FJM-stationarity.

P. Mehlitz Asymptotic regularity in optimization theory
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Example 3.5. We consider the setting

∀𝑥 ∈ ℝ : 𝑓 (𝑥) := −|𝑥 | Φ(𝑥) := {0}

and investigate the point 𝑥 := 0. Clearly, we have gphΦ = ℝ × {0}. Furthermore, for arbitrary 𝑥 ∈ ℝ

and 𝜆 ∈ ℝ, we �nd
𝜕𝑓 (𝑥) ⊂ {−1, 1} 𝐷∗Φ(𝑥, 0) (𝜆) = {0},

and this already shows that 𝑥 is FJM-stationary (with 𝜆0 := 0 and arbitrary 𝜆 ≠ 0) but not AM-stationary.
Let 𝑥 ∈ ℝ𝑛 be an FJM-stationary point of (P). In order to ensure that it is already an M-stationary

point, we need to exclude the case where the leading multiplier equals zero. This corresponds to
validity of the constraint quali�cation

0 ∈ 𝐷∗Φ(𝑥, 0) (𝜆) =⇒ 𝜆 = 0

which is equivalent to ker𝐷∗Φ(𝑥, 0) = {0} and, thus, metric regularity of Φ at (𝑥, 0). In the subsequent
section, we construct a reasonably mild condition, which will be called AM-regularity, ensuring that
a given AM-stationary point of (P) is already M-stationary. Noting that AM-stationarity is more
restrictive than FJM-stationarity, there is some justi�ed hope that AM-regularity is weaker than metric
regularity of Φ, see Theorem 3.12 where this is actually proven. Foresightfully, we summarize our
results in Figure 1.

local minimizer

AM-stationarity

FJM-stationarity

M-stationarity

AM-regularity

metric regularity

Figure 1: Relations between the stationarity conditions addressing (P). Dashed relations hold under
validity of the mentioned quali�cation conditions, respectively.

3.2 asymptotic regularity

We now raise the question under which additional condition a given AM-stationary point of (P) is
already an M-stationary point. In order to deal with this issue, we make use of the set-valued mapping
M : ℝ𝑛 ×ℝ𝑚 ⇒ ℝ𝑛 given by

∀𝑥 ∈ ℝ𝑛 ∀𝑦 ∈ ℝ𝑚 : M(𝑥, 𝑦) :=
⋃
𝜆∈ℝ𝑚

𝐷∗Φ(𝑥, 𝑦) (𝜆) .

By de�nition, we have the following result.
Lemma 3.6. Let 𝑥 ∈ 𝑀 be a feasible point of (P). Then the following assertions hold.

(a) If 𝑥 is an AM-stationary point of (P), then we have

(3.7) 𝜕𝑓 (𝑥) ∩
(
− lim sup
𝑥→𝑥, 𝑦→0

M(𝑥, 𝑦)
)
≠ ∅.

P. Mehlitz Asymptotic regularity in optimization theory
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(b) If, on the other hand, 𝑓 is continuously di�erentiable at 𝑥 while

−∇𝑓 (𝑥) ∈ lim sup
𝑥→𝑥, 𝑦→0

M(𝑥, 𝑦)

holds, then 𝑥 is an AM-stationary point of (P).

Proof. (a) Let 𝑥 be an AM-stationary point of (P). Then we �nd {𝑥𝑘 }𝑘∈ℕ, {𝜀𝑘 }𝑘∈ℕ, {𝑥∗𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 , and
{𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that𝑥𝑘 → 𝑥 , 𝜀𝑘 → 0, 𝑦𝑘 → 0, as well as 𝑥∗

𝑘
∈ M(𝑥𝑘 , 𝑦𝑘 ) and 𝜀𝑘−𝑥∗𝑘 ∈ 𝜕𝑓 (𝑥𝑘 )

for all 𝑘 ∈ ℕ hold. Noting that the set-valued map 𝑥 ⇒ 𝜕𝑓 (𝑥) possesses uniformly bounded
image sets around 𝑥 by local Lipschitz continuity of 𝑓 , see [31, Corollary 1.81], the sequence
{𝑥∗
𝑘
}𝑘∈ℕ needs to be bounded as well and, thus, possesses an accumulation point 𝑥∗ ∈ ℝ𝑛 which,

by de�nition, belongs to lim sup𝑥→𝑥,𝑦→0M(𝑥, 𝑦). On the other hand, −𝑥∗ ∈ 𝜕𝑓 (𝑥) is also true
by robustness of the limiting normal cone to epi 𝑓 , i.e., by closedness of the graph associated
with the normal cone mapping of this set.

(b) From the assumptions, we �nd {𝑥𝑘 }𝑘∈ℕ, {𝑥∗𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 , and {𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that 𝑥𝑘 → 𝑥 ,
𝑦𝑘 → 0, and𝑥∗

𝑘
→ −∇𝑓 (𝑥) as well as 𝑥∗

𝑘
∈ M(𝑥𝑘 , 𝑦𝑘 ) for all𝑘 ∈ ℕ hold. Setting 𝜀𝑘 := ∇𝑓 (𝑥𝑘 )+𝑥∗𝑘

for each 𝑘 ∈ ℕ, we have 𝜀𝑘 → 0 by continuity of ∇𝑓 at 𝑥 . Thus, the de�nition of M shows that
𝑥 is an AM-stationary point of (P).

�

Observe that statement (b) of the above lemma cannot be generalized to situations where 𝑓 is
nonsmooth at the point of interest, i.e., condition (3.7) is not necessarily su�cient for a feasible point
𝑥 ∈ 𝑀 of (P) to be AM-stationary.
Example 3.7. Let us consider the setting

∀𝑥 ∈ ℝ : 𝑓 (𝑥) := −|𝑥 | Φ(𝑥) := [−𝑥2,∞)

and �x the feasible point 𝑥 := 0 of the associated problem (P). We obtain

𝜕𝑓 (𝑥) =


−1 𝑥 > 0
{−1, 1} 𝑥 = 0
1 𝑥 < 0

𝐷∗Φ(𝑥, 𝑦) (𝜆) =


{−2𝜆𝑥} 𝑦 = −𝑥2, 𝜆 ≥ 0
{0} 𝑦 > −𝑥2, 𝜆 = 0
∅ otherwise

for all 𝑥, 𝑦, 𝜆 ∈ ℝ. This yields

M(𝑥, 𝑦) =


ℝ− 𝑥 > 0, 𝑦 = −𝑥2

ℝ+ 𝑥 < 0, 𝑦 = −𝑥2

{0} 𝑦 > −𝑥2 or 𝑥 = 𝑦 = 0

for all 𝑥, 𝑦 ∈ ℝ, i.e., we �nd
lim sup
𝑥→𝑥, 𝑦→0

M(𝑥, 𝑦) = ℝ

in the present situation, and this shows that (3.7) holds. On the other hand, we clearly have the inclusion
𝜕𝑓 (𝑥) +M(𝑥, 𝑦) ⊂ (−∞,−1] ∪ [1,∞) for all 𝑥, 𝑦 ∈ ℝ, and this clari�es that 𝑥 cannot be AM-stationary.
By de�nition ofM, a given feasible point 𝑥 ∈ 𝑀 of (P) is M-stationary if and only if

𝜕𝑓 (𝑥) ∩ (−M(𝑥, 0)) ≠ ∅

holds. Keeping statement (a) of Lemma 3.6 in mind, this motivates the subsequent de�nition.

P. Mehlitz Asymptotic regularity in optimization theory
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Definition 3.8. A feasible point 𝑥 ∈ 𝑀 of (P) is said to be asymptotically Mordukhovich-regular (AM-
regular for short) whenever

lim sup
𝑥→𝑥,𝑦→0

M(𝑥, 𝑦) ⊂ M(𝑥, 0)

is valid.
By de�nition, a feasible point 𝑥 ∈ 𝑀 of (P) is AM-regular if and only if the mapping M is so-called

outer (sometimes also referred to as upper) semicontinuous at (𝑥, 0) in the sense of set-valuedmappings,
see [8, 38].
Based on the above observations, the subsequent theorem follows immediately from Theorem 3.2

and Lemma 3.6. It basically says that AM-regularity is a constraint quali�cation for (P) ensuring
M-stationarity of local minimizers.
Theorem 3.9. Let 𝑥 ∈ 𝑀 be an AM-regular local minimizer of (P). Then 𝑥 is an M-stationary point of (P).

Next, we want to embed AM-regularity into the landscape of quali�cation conditions which address
(P). It is well known from [18, Theorem 3] or [31, Theorem 5.48] that metric subregularity of Φ at (𝑥, 0)
is enough to guarantee that a local minimizer 𝑥 ∈ 𝑀 of (P) is an M-stationary point of the latter. Using
the concept of directional metric subregularity, this statement can be weakened even more, see [18,
Corollary 2]. We know that polyhedral set-valued mappings are metrically subregular at all points of
their graphs, i.e., this property already serves as a constraint quali�cation for (P). Below, we show that
polyhedrality of Φ is also su�cient for the validity of AM-regularity.
Theorem 3.10. Let Φ be a polyhedral set-valued mapping. Then each feasible point 𝑥 ∈ 𝑀 of (P) is
AM-regular.

Proof. Fix sequences {𝑥𝑘 }𝑘∈ℕ, {𝑥∗𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 and {𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 with 𝑥𝑘 → 𝑥 , 𝑦𝑘 → 0, and 𝑥∗
𝑘
→ 𝑥∗

for some 𝑥∗ ∈ ℝ𝑛 such that 𝑥∗
𝑘
∈ M(𝑥𝑘 , 𝑦𝑘 ) holds for all 𝑘 ∈ ℕ. For each 𝑘 ∈ ℕ, we �nd 𝜆𝑘 ∈ ℝ𝑚

such that (𝑥∗
𝑘
,−𝜆𝑘 ) ∈ NgphΦ(𝑥𝑘 , 𝑦𝑘 ) holds. Noting that gphΦ is the union of �nitely many convex

polyhedral sets, there only exist �nitely many regular and, thus, limiting normal cones to the set gphΦ.
Particularly, we �nd a closed cone K ⊂ ℝ𝑛 × ℝ𝑚 such that (𝑥∗

𝑘
,−𝜆𝑘 ) ∈ K ⊂ NgphΦ(𝑥𝑘 , 𝑦𝑘 ) holds

along a subsequence (without relabeling). By polyhedrality of Φ, K can be represented as the union of
�nitely many convex, polyhedral cones K1, . . . ,K𝑠 ⊂ ℝ𝑛 ×ℝ𝑚 . Again, along a subsequence (without
relabeling), we have (𝑥∗

𝑘
,−𝜆𝑘 ) ∈ K𝑖 for some 𝑖 ∈ {1, . . . , 𝑠}. Let 𝑃 : ℝ𝑛 ×ℝ𝑚 → ℝ𝑛 be the projection

operator given by 𝑃 (𝑥, 𝑦) := 𝑥 for all 𝑥 ∈ ℝ𝑛 and 𝑦 ∈ ℝ𝑚 . Then 𝑃K𝑖 is polyhedral and, thus, closed by
polyhedrality of K𝑖 , i.e., from {𝑥∗

𝑘
}𝑘∈ℕ ⊂ 𝑃K𝑖 we obtain 𝑥∗ ∈ 𝑃K𝑖 . This yields the existence of some

𝜆 ∈ ℝ𝑚 such that (𝑥∗,−𝜆) ∈ K𝑖 and, thus, (𝑥∗,−𝜆) ∈ K . The robustness of the limiting normal cone
implies K ⊂ NgphΦ(𝑥, 0) due to 𝑥𝑘 → 𝑥 and 𝑦𝑘 → 0. Particularly, we have 𝑥∗ ∈ 𝐷∗Φ(𝑥, 0) (𝜆), i.e.,
𝑥∗ ∈ M(𝑥, 0). This shows that 𝑥 is an AM-regular point of (P). �

A natural consequence of the de�nition of AM-regularity via the Painlevé–Kuratowski limit is
subsumed in the following lemma.
Lemma 3.11. Let 𝑥 ∈ 𝑀 be a feasible point of (P). Assume that for each sequences {𝑥𝑘 }𝑘∈ℕ, {𝑥∗𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 ,
and {𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that 𝑥𝑘 → 𝑥 , 𝑦𝑘 → 0, 𝑥∗

𝑘
→ 𝑥∗ for some 𝑥∗ ∈ ℝ𝑛 , and 𝑥∗

𝑘
∈ M(𝑥𝑘 , 𝑦𝑘 ) for all

𝑘 ∈ ℕ hold, we �nd a bounded sequence {𝜆𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that 𝑥∗
𝑘
∈ 𝐷∗Φ(𝑥𝑘 , 𝑦𝑘 ) (𝜆𝑘 ) holds for all

𝑘 ∈ ℕ. Then 𝑥 is AM-regular.

Proof. Let 𝑥∗ ∈ lim sup𝑥→𝑥,𝑦→0M(𝑥, 𝑦) be arbitrarily chosen. Then we �nd {𝑥𝑘 }𝑘∈ℕ, {𝑥∗𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 ,
and {𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that 𝑥𝑘 → 𝑥 , 𝑦𝑘 → 0, 𝑥∗

𝑘
→ 𝑥∗, and 𝑥∗

𝑘
∈ M(𝑥𝑘 , 𝑦𝑘 ) for all 𝑘 ∈ ℕ hold. By

assumption, there is a bounded sequence {𝜆𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 satisfying 𝑥∗
𝑘
∈ 𝐷∗Φ(𝑥𝑘 , 𝑦𝑘 ) (𝜆𝑘 ) for all 𝑘 ∈ ℕ.

Observing that {𝜆𝑘 }𝑘∈ℕ possesses an accumulation point 𝜆 ∈ ℝ𝑚 , 𝑥∗ ∈ 𝐷∗Φ(𝑥, 0) (𝜆) follows from
the robustness of the limiting normal cone and the de�nition of the coderivative. The latter, however,
yields 𝑥∗ ∈ M(𝑥, 0), i.e., 𝑥 is AM-regular. �
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Employing the neighborhood characterization of the metric regularity property, we now can state a
su�cient condition for AM-regularity.
Theorem 3.12. Let 𝑥 ∈ 𝑀 be a feasible point of (P) such that Φ is metrically regular at (𝑥, 0). Then 𝑥 is
AM-regular.

Proof. Exploiting [31, Theorem 4.5] and the de�nition of the limiting coderivative, metric regularity of
Φ at (𝑥, 0) guarantees the existence of a constant 𝜅 > 0 and a neighborhood𝑈 of (𝑥, 0) such that

∀(𝑥, 𝑦) ∈ gphΦ ∩𝑈 ∀𝑥∗ ∈ ℝ𝑛 ∀𝜆 ∈ ℝ𝑚 : 𝑥∗ ∈ 𝐷∗Φ(𝑥, 𝑦) (𝜆) =⇒ ‖𝜆‖ ≤ 𝜅 ‖𝑥∗‖ .

Choose sequences {𝑥𝑘 }𝑘∈ℕ, {𝑥∗𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 and {𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 as well as 𝑥∗ ∈ ℝ𝑛 such that 𝑥𝑘 → 𝑥 ,
𝑦𝑘 → 0, 𝑥∗

𝑘
→ 𝑥∗, and 𝑥∗

𝑘
∈ M(𝑥𝑘 , 𝑦𝑘 ) for all 𝑘 ∈ ℕ hold. By de�nition of M, we �nd a sequence

{𝜆𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that 𝑥∗
𝑘
∈ 𝐷∗Φ(𝑥𝑘 , 𝑦𝑘 ) (𝜆𝑘 ) holds for all 𝑘 ∈ ℕ. The above considerations show that

the sequence {𝜆𝑘 }𝑘∈ℕ needs to be bounded since {𝑥∗
𝑘
}𝑘∈ℕ is bounded. Now, the theorem’s assertion

follows from Lemma 3.11. �

Recall that the Mordukhovich criterion provides a necessary and su�cient condition for metric
regularity of Φ at arbitrary points of its graph. Thus, it can be used as a su�cient condition for
AM-regularity as well.
Corollary 3.13. Let 𝑥 ∈ 𝑀 be a feasible point of (P) such that ker𝐷∗Φ(𝑥, 0) = {0}. Then 𝑥 is AM-regular.

Clearly, there exist polyhedral set-valued mappings which are not metrically regular at all points
of their graphs. In the light of Theorem 3.10, this shows that AM-regularity is generally weaker than
metric regularity.
It remains to investigate the relationship between AM-regularity and metric subregularity of Φ.

The subsequently stated example depicts that metric subregularity of Φ does not imply validity of
AM-regularity.
Example 3.14. We set

∀𝑥 ∈ ℝ2 : Φ(𝑥) := (−𝑥21 + 𝑥2,−𝑥2) −ℝ2
−

and consider the point 𝑥 := (0, 0).
Using the formulas from Section 5.1, we �nd

𝐷∗Φ(𝑥, 𝑦) (𝜆) =
{
{(−2𝑥1𝜆1, 𝜆1 − 𝜆2)} 𝜆 ∈ Nℝ2− (−𝑥

2
1 + 𝑥2 − 𝑦1,−𝑥2 − 𝑦2)

∅ otherwise

for all 𝑥, 𝑦, 𝜆 ∈ ℝ2. This yieldsM(𝑥, (0, 0)) = {0} ×ℝ. Using the sequences given by

∀𝑘 ∈ ℕ : 𝑥𝑘,1 := − 1
𝑘

𝑥𝑘,2 := 0 𝑦𝑘,1 := − 1
𝑘2

𝑦𝑘,2 := 0,

we have 𝑥𝑘 → 𝑥 and 𝑦𝑘 → (0, 0) as well as (1, 0) ∈ M(𝑥𝑘 , 𝑦𝑘 ) for all𝑘 ∈ ℕ. Due to (1, 0) ∉ M(𝑥, (0, 0)),
𝑥 is not an AM-regular point of the associated constraint set𝑀 .

One can, however, check that Gfrerer’s second-order su�cient condition for metric subregularity is
valid at 𝑥 , see [21, Corollary 1], which shows that Φ is metrically subregular at (𝑥, (0, 0)).

The next example depicts that validity of AM-regularity is not enough to ensure metric subregularity
of Φ. Particularly, these conditions are independent of each other.
Example 3.15. We �x

∀𝑥 ∈ ℝ : Φ(𝑥) :=
{
ℝ 𝑥 ≤ 0
[𝑥2,∞) 𝑥 > 0.

In this case, we have𝑀 = (−∞, 0]. Let us consider the point 𝑥 := 0.
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Some calculations show

𝐷∗Φ(𝑥, 𝑦) (𝜆) =


{2𝑥𝜆} 𝑥 > 0, 𝑦 = 𝑥2, 𝜆 ≥ 0
ℝ+ 𝑥 = 0, 𝑦 ≤ 0, 𝜆 = 0
{0} 𝑥 = 𝑦 = 0, 𝜆 > 0 or 𝑥 < 0, 𝜆 = 0 or 𝑥 ≥ 0, 𝑦 > 𝑥2, 𝜆 = 0
∅ otherwise

for all 𝑥, 𝑦, 𝜆 ∈ ℝ. This yields M(𝑥, 0) = ℝ+, and since all other images of the coderivative are subsets
of ℝ+, we infer that 𝑥 is an AM-regular point of𝑀 .
Setting 𝑥𝑘 := 1/𝑘 for each 𝑘 ∈ ℕ, we �nd dist(𝑥𝑘 , 𝑀) = 1/𝑘 and dist(0,Φ(𝑥𝑘 )) = 1/𝑘2. Thus, taking

the limit 𝑘 → ∞, it is clear that Φ is not metrically subregular at (𝑥, 0).
The proof of the upcoming result, which provides an upper estimate of the limiting normal cone

to the set 𝑀 at some AM-regular point in terms of initial problem data, is inspired by [14, proof of
Theorem 5.9].
Theorem 3.16. Let 𝑥 ∈ 𝑀 be a feasible AM-regular point of (P). Then we have N𝑀 (𝑥) ⊂ M(𝑥, 0).

Proof. Choose 𝑥∗ ∈ N𝑀 (𝑥) arbitrarily. Then we �nd sequences {𝑥𝑘 }𝑘∈ℕ ⊂ 𝑀 and {𝑥∗
𝑘
} ⊂ ℝ𝑛 such that

𝑥𝑘 → 𝑥 , 𝑥∗
𝑘
→ 𝑥∗, and 𝑥∗

𝑘
∈ N̂𝑀 (𝑥𝑘 ) for all 𝑘 ∈ ℕ. Using the variational description of regular normals

from [31, Theorem 1.30(ii)], for each 𝑘 ∈ ℕ, we �nd a di�erentiable convex function ℎ𝑘 : ℝ𝑛 → ℝ which
achieves a global minimum at 𝑥𝑘 when restricted to𝑀 and which satis�es ∇ℎ𝑘 (𝑥𝑘 ) = −𝑥∗

𝑘
. Observe

that the properties of ℎ𝑘 already guarantee that this function is continuously di�erentiable for each
𝑘 ∈ ℕ, see [34, Corollary of Proposition 2.8]. Applying Theorem 3.2 for �xed 𝑘 ∈ ℕ, we �nd that 𝑥𝑘
is an AM-stationary point of the optimization problem min{ℎ𝑘 (𝑥) | 𝑥 ∈ 𝑀}. Thus, we �nd sequences
{𝑥𝑘,ℓ }ℓ∈ℕ, {𝜀𝑘,ℓ }ℓ∈ℕ ⊂ ℝ𝑛 and {𝑦𝑘,ℓ }ℓ∈ℕ ⊂ ℝ𝑚 such that 𝑥𝑘,ℓ → 𝑥𝑘 , 𝜀𝑘,ℓ → 0, 𝑦𝑘,ℓ → 0, as ℓ → ∞ and
𝜀𝑘,ℓ − ∇ℎ𝑘 (𝑥𝑘,ℓ ) ∈ M(𝑥𝑘,ℓ , 𝑦𝑘,ℓ ) for all ℓ ∈ ℕ hold. We set 𝑥∗

𝑘,ℓ
:= −∇ℎ𝑘 (𝑥𝑘,ℓ ) for all ℓ ∈ ℕ and obtain

𝑥∗
𝑘,ℓ

→ 𝑥∗
𝑘
as ℓ → ∞ by continuous di�erentiability of ℎ𝑘 . Exploiting a standard diagonal sequence

argument, we, thus, �nd sequences {𝑥𝑘 }𝑘∈ℕ, {𝜀𝑘 }𝑘∈ℕ, {𝑥∗𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 , and {𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that
𝑥𝑘 → 𝑥 , 𝜀𝑘 → 0, 𝑥∗

𝑘
→ 𝑥∗, 𝑦𝑘 → 0, and 𝜀𝑘 +𝑥∗𝑘 ∈ M(𝑥𝑘 , 𝑦𝑘 ) for all 𝑘 ∈ ℕ hold. Taking the limit 𝑘 → ∞

and exploiting the fact that 𝑥 is AM-regular, we obtain 𝑥∗ ∈ M(𝑥, 0). �

Let us recall that the assertion of Theorem 3.16 can be interpreted in the following way: Observing
that𝑀 = Φ−1(0) holds, under validity of AM-regularity at a given feasible point 𝑥 ∈ 𝑀 of (P), some
kind of pre-image rule for the computation of the limiting normal cone to𝑀 in terms of initial problem
data, i.e., the coderivative ofΦ, holds. Keeping [31, Proposition 5.3] in mind, this alone is enough to show
that AM-regularity is indeed a constraint quali�cation which guarantees validity of M-stationarity at
the local minimizers of (P). A similar observation can be made in the presence of metric subregularity
of Φ at (𝑥, 0), and the upper estimate for the limiting normal cone to𝑀 can be sharpened if the precise
modulus of metric subregularity is known or can be estimated from above, see [22, Proposition 4.1].

We summarize our results on the relations between all mentioned quali�cation conditions in Figure 2.

We want to close this section with two remarks.
Remark 3.17. In light of Theorem 3.16, it might be reasonable to call a set-valued mapping Φ : ℝ𝑛 ⇒ ℝ𝑚

with a closed graph AM-regular at (𝑥, 𝑦) ∈ gphΦ whenever

lim sup
𝑥→𝑥, 𝑦→𝑦

M(𝑥, 𝑦) ⊂ M(𝑥, 𝑦)

holds. Indeed, this implies validity of the estimate

NΦ−1 (𝑦) (𝑥) ⊂ M(𝑥, 𝑦).
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Metric regularity Polyhedrality of Φ

Metric subregularity AM-regularity

pre-image rule

Figure 2: Relations between constraint quali�cations addressing (P) which guarantee M-stationarity of
associated local minimizers.

Besides, this approach opens a way to apply AM-regularity in more general contexts ranging from
applications addressing the limiting variational calculus to other interesting settings of optimization
theory.
Remark 3.18. Let Φ : ℝ𝑛 ⇒ ℝ𝑚 be a set-valued mapping with a closed graph and �x (𝑥, 𝑦) ∈ gphΦ. In
[31, De�nition 5.69], the author introduces a concept called normal semicontinuity of Φ at (𝑥, 𝑦) which
demands that

lim sup
𝑥→𝑥, 𝑦→𝑦

NΦ(𝑥) (𝑦) ⊂ NΦ(𝑥) (𝑦)

holds. This property and related results turned out to be useful in light of, e.g., extremal principles for
set-valued mappings, multiobjective optimization, and optimal control, see [31, Sections 5.3, 5.5.20, and
6.1.5].
By de�nition, normal semicontinuity seems to be related to AM-regularity. However, one can

easily check that both properties are independent of each other. Indeed, considering the data from
Example 3.7, we �nd that AM-regularity fails at 𝑥 := 0 while the mapping Φ is normally semicontinuous
at (𝑥, 0). On the other hand, let us revisit Example 3.15. Therein, 𝑥 := 0 is AM-regular while Φ is not
normally semicontinuous at (𝑥, 0). Nevertheless, AM-regularity and normal semicontinuity both
provide sequential stability properties of set-valued mappings which is why we believe that AM-
regularity could be useful in similar settings where normal semicontinuity turned out to be valuable.

4 decoupling of abstract constraints

In this section, we want to investigate the particular case where the mapping Φ is given by

(4.1) ∀𝑥 ∈ ℝ𝑛 : Φ(𝑥) :=
(
Γ(𝑥)
𝑥 −𝐶

)
where Γ : ℝ𝑛 ⇒ ℝℓ is a set-valued mapping with closed graph and 𝐶 ⊂ ℝ𝑛 is a nonempty, closed set.
Roughly speaking, we assume that the abstract constraint set 𝐶 is simple and shall be decoupled from
the more enhanced constraints which are modeled with the aid of the generalized equation 0 ∈ Γ(𝑥).
Exploiting the product rule for coderivative calculus from Lemma 2.1, a feasible point 𝑥 ∈ 𝑀 of

problem (P) where Φ is given as in (4.1) is M-stationary if and only if there is a multiplier 𝜆̃ ∈ ℝℓ

satisfying
0 ∈ 𝜕𝑓 (𝑥) + 𝐷∗Γ(𝑥, 0) (𝜆̃) + N𝐶 (𝑥) .

Furthermore, applying De�nition 3.1 to the situation at hand, 𝑥 is an AM-stationary point of the
associated problem (P) if and only if there exist sequences {𝑥𝑘 }𝑘∈ℕ, {𝜀𝑘 }𝑘∈ℕ, {𝑧𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 as well as
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{𝑦̃𝑘 }𝑘∈ℕ, {𝜆̃𝑘 }𝑘∈ℕ ⊂ ℝℓ satisfying 𝑥𝑘 → 𝑥 , 𝜀𝑘 → 0, 𝑦̃𝑘 → 0, 𝑧𝑘 → 0, and

∀𝑘 ∈ ℕ : 𝜀𝑘 ∈ 𝜕𝑓 (𝑥𝑘 ) + 𝐷∗Γ(𝑥𝑘 , 𝑦̃𝑘 ) (𝜆̃𝑘 ) + N𝐶 (𝑥𝑘 − 𝑧𝑘 ) .

The relation 𝑧𝑘 := 0 for all 𝑘 ∈ ℕ seems to be desirable since this would mean that all points 𝑥𝑘
from above already satisfy the abstract constraint 𝑥 ∈ 𝐶 hidden in the de�nition of Φ, i.e., some
partial feasibility of the sequence {𝑥𝑘 }𝑘∈ℕ would be guaranteed in this situation. This motivates the
subsequent de�nition of decoupled AM-stationary points.
Definition 4.1. Let Φ be given as in (4.1). A feasible point 𝑥 ∈ 𝑀 of the associated problem (P) is referred
to as a decoupled asymptotically Mordukhovich-stationary point (dAM-stationary point for short)
whenever there are sequences {𝑥𝑘 }𝑘∈ℕ, {𝜀𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 as well as {𝑦̃𝑘 }𝑘∈ℕ, {𝜆̃𝑘 }𝑘∈ℕ ⊂ ℝℓ satisfying
𝑥𝑘 → 𝑥 , 𝜀𝑘 → 0, 𝑦̃𝑘 → 0, and

∀𝑘 ∈ ℕ : 𝜀𝑘 ∈ 𝜕𝑓 (𝑥𝑘 ) + 𝐷∗Γ(𝑥𝑘 , 𝑦̃𝑘 ) (𝜆̃𝑘 ) + N𝐶 (𝑥𝑘 ) .

Let us note that, by de�nition, the sequence {𝑥𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 from De�nition 4.1 has to satisfy
{𝑥𝑘 }𝑘∈ℕ ⊂ dom Γ ∩𝐶 .
The following theorem shows that under an additional assumption on the mapping Γ, each local

minimizer of (P) with Φ given as in (4.1) is already a dAM-stationary point.
Theorem 4.2. Let 𝑥 ∈ 𝑀 be a local minimizer of (P) where Φ is given as in (4.1). Furthermore, assume
that Γ possesses the Aubin property at (𝑥, 0). Then 𝑥 is a dAM-stationary point of (P).

Proof. To start, observe that by de�nition of the Aubin property, we �nd 𝛾, 𝛿 > 0 such that Γ possesses
the Aubin property at all the points from gph Γ ∩ (𝔹𝛾 (𝑥) × 𝔹𝛿 (0)). For small enough 𝛾, 𝛿 > 0, we can
also guarantee Γ(𝑥) ∩ 𝔹𝛿/2(0) ≠ ∅ for all 𝑥 ∈ 𝔹𝛾 (𝑥) since Γ is inner semicontinuous at (𝑥, 0).

Next, for each 𝑘 ∈ ℕ, we investigate the optimization problem

(Q(𝑘))
𝑓 (𝑥) + 𝑘

2
(
𝜌Γ (𝑥, 𝑦) + ‖𝑦 ‖2

)
+ 1
2
‖𝑥 − 𝑥 ‖2 → min

𝑥,𝑦

𝑥 ∈ 𝐶 ∩ 𝔹𝛾 (𝑥)
𝑦 ∈ 𝔹𝛿/4(0) .

Observing that the objective function of this problem is lower semicontinuous by Lemma 2.2 while its
feasible set is nonempty and compact, (Q(𝑘)) possesses a global minimizer (𝑥𝑘 , 𝑦𝑘 ) ∈ ℝ𝑛 ×ℝℓ for each
𝑘 ∈ ℕ. Since {𝑥𝑘 }𝑘∈ℕ and {𝑦𝑘 }𝑘∈ℕ are bounded, we may pass to a subsequence (without relabeling)
in order to �nd 𝑥 ∈ 𝔹𝛾 (𝑥) and 𝑦̃ ∈ 𝔹𝛿/4(0) such that 𝑥𝑘 → 𝑥 and 𝑦𝑘 → 𝑦̃ . Similar as in the proof of
Theorem 3.2, we �nd 𝑦̃ = 0. In analogous way, we obtain 0 ∈ Γ(𝑥) by lower semicontinuity of the
generalized distance function. Finally, the closedness of 𝐶 guarantees 𝑥 ∈ 𝐶 , i.e., 𝑥 ∈ 𝑀 . Furthermore,
𝑥 = 𝑥 can be shown as in the proof of Theorem 3.2.

For �xed 𝑘 ∈ ℕ, we know Γ(𝑥𝑘 ) ∩ 𝔹𝛿/2(0) ≠ ∅ from the choice of 𝛾 and 𝛿 . Due to 𝑦𝑘 ∈ 𝔹𝛿/4(0),
we have ∅ ≠ Π(𝑦𝑘 , Γ(𝑥𝑘 )) ⊂ 𝔹𝛿 (0). Particularly, Γ possesses the Aubin property at all point from
{𝑥𝑘 } × Π(𝑦𝑘 , Γ(𝑥𝑘 )). As a consequence, Lemma 2.3 guarantees that 𝜌Γ is locally Lipschitz continuous
at (𝑥𝑘 , 𝑦𝑘 ). For su�ciently large 𝑘 ∈ ℕ, 𝑥𝑘 is an interior point of 𝔹𝛾 (𝑥) while 𝑦𝑘 is an interior point
of 𝔹𝛿/4(0). Due to these observations, we may now apply [31, Proposition 5.3], the sum rule for the
limiting subdi�erential, see [31, Theorem 3.36], and Lemma 2.3 in order to �nd 𝑦̃𝑘 ∈ Π(𝑦𝑘 , Γ(𝑥𝑘 )) such
that

(0, 0) ∈ 𝜕𝑓 (𝑥𝑘 ) × {0} + Ngph Γ (𝑥𝑘 , 𝑦̃𝑘 ) + {(𝑥𝑘 − 𝑥, 𝑘𝑦𝑘 )} + N𝐶 (𝑥𝑘 ) × {0}

holds for large enough 𝑘 ∈ ℕ. De�ning 𝜆̃𝑘 := 𝑘𝑦𝑘 and 𝜀𝑘 := 𝑥 − 𝑥𝑘 , this yields

𝜀𝑘 ∈ 𝜕𝑓 (𝑥𝑘 ) + 𝐷∗Γ(𝑥𝑘 , 𝑦̃𝑘 ) (𝜆̃𝑘 ) + N𝐶 (𝑥𝑘 )
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for large enough 𝑘 ∈ ℕ. The above observations guarantee 𝜀𝑘 → 0. It remains to show 𝑦̃𝑘 → 0 in order
to complete the proof. Since Γ is inner semicontinuous at (𝑥, 0), we �nd a sequence {𝑦𝑘 }𝑘∈ℕ ⊂ ℝℓ

with 𝑦𝑘 → 0 and 𝑦𝑘 ∈ Γ(𝑥𝑘 ) for all su�ciently large 𝑘 ∈ ℕ. By de�nition of the projector, we have

‖𝑦̃𝑘 ‖ ≤ ‖𝑦̃𝑘 − 𝑦𝑘 ‖ + ‖𝑦𝑘 ‖ ≤ ‖𝑦𝑘 − 𝑦𝑘 ‖ + ‖𝑦𝑘 ‖ ≤ 2 ‖𝑦𝑘 ‖ + ‖𝑦𝑘 ‖ → 0,

and this, �nally, shows 𝑦̃𝑘 → 0. �

The subsequently stated example demonstrates that the statement of Theorem 4.2 does not remain
true in general when Γ does not possess the Aubin property at the point of interest.
Example 4.3. We investigate the set-valued mapping Γ : ℝ2 ⇒ ℝ given by

∀𝑥 ∈ ℝ2 : Γ(𝑥) :=
{
[0,∞) 𝑥2 = 0
∅ otherwise

as well as the closed set 𝐶 := {𝑥 ∈ ℝ2 | 𝑥21 + (𝑥2 − 1)2 ≤ 1}. We consider the associated optimization
problem

𝑥1 → min
0 ∈ Γ(𝑥)
𝑥 ∈ 𝐶.

Its uniquely determined feasible point and, thus, global minimizer is 𝑥 := (0, 0).
Assuming that 𝑥 is a dAM-stationary point of the problem of interest and keeping the relation

dom Γ∩𝐶 = {𝑥} in mind, there need to exist sequences {𝜀𝑘 }𝑘∈ℕ ⊂ ℝ2, {𝑦̃𝑘 }𝑘∈ℕ ⊂ ℝ, and {𝜆̃𝑘 }𝑘∈ℕ ⊂ ℝ

such that 𝜀𝑘 → (0, 0) and 𝑦̃𝑘 → 0 as well as

(4.2) ∀𝑘 ∈ ℕ : (𝜀𝑘,1, 𝜀𝑘,2) ∈ (1, 0) + 𝐷∗Γ(𝑥, 𝑦̃𝑘 ) (𝜆̃𝑘 ) + {0} ×ℝ−

hold true. We note, however, that

𝐷∗Γ(𝑥, 𝑦̃) (𝜆̃) =
{
{0} ×ℝ 𝑦̃ = 0, 𝜆̃ ≥ 0 or 𝑦̃ > 0, 𝜆̃ = 0
∅ otherwise

is valid for all 𝑦̃, 𝜆̃ ∈ ℝ. Thus, (4.2) yields 𝜀𝑘,1 = 1 for all 𝑘 ∈ ℕ which contradicts 𝜀𝑘 → (0, 0). Thus, 𝑥
is not a dAM-stationary point of the problem of interest.
Note that Φ is a polyhedral set-valued mapping which does not possess the Aubin property at the

reference point (𝑥, 0).
Keeping our arguments from Section 3.2 in mind, Theorem 4.2 motivates the de�nition of another

constraint quali�cation weaker than AM-regularity which ensures that a dAM-stationary point of
(P) where Φ is given as in (4.1) is already an M-stationary point. For that purpose, we introduce a
set-valued mapping M̃ : ℝ𝑛 ×ℝℓ ⇒ ℝ𝑛 by

(4.3) ∀𝑥 ∈ ℝ𝑛 ∀𝑦̃ ∈ ℝℓ : M̃(𝑥, 𝑦̃) :=
⋃
𝜆̃∈ℝℓ

𝐷∗Γ(𝑥, 𝑦̃) (𝜆̃) + N𝐶 (𝑥) .

Definition 4.4. A feasible point 𝑥 ∈ 𝑀 of (P) where Φ is given as in (4.1) is said to be decoupled
asymptotically Mordukhovich-regular (dAM-regular for short) whenever

lim sup
𝑥→𝑥, 𝑦̃→0

M̃(𝑥, 𝑦̃) ⊂ M̃(𝑥, 0)

is valid.
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For each feasible point 𝑥 ∈ 𝑀 of (P) forΦ given in (4.1), we have the relationsM(𝑥, (0, 0)) = M̃(𝑥, 0)
and

lim sup
𝑥→𝑥, 𝑦̃→0

M̃(𝑥, 𝑦̃) ⊂ lim sup
𝑥→𝑥, 𝑦̃→0, 𝑧→0

M(𝑥, (𝑦̃, 𝑧))

which is why dAM-regularity is weaker than AM-regularity as promoted above. Example 4.3 shows
that there are situations where dAM-regularity is strictly weaker than AM-regularity. Therein, 𝑥
is a dAM-regular point. On the other hand, we have (1, 0) ∈ lim sup𝑥→𝑥, 𝑦̃→0, 𝑧→0M(𝑥, (𝑦̃, 𝑧)) but
M(𝑥, (0, 0)) = {0} ×ℝ which is why 𝑥 cannot be AM-regular. The subsequent example visualizes that
dAM-regularity might be strictly weaker than AM-regularity even in situations where Γ possesses the
Aubin property at all points of its graph.
Example 4.5. We set 𝐶 := ℝ+ as well as

∀𝑥 ∈ ℝ : Γ(𝑥) := [−𝑥2,∞)

and investigate the mapping Φ from (4.1). In this situation, 𝑀 = ℝ+ is valid. Let us focus on the
point 𝑥 := 0. In Example 3.7, one can �nd a formula for the coderivative of Γ. Using it and exploiting
N𝐶 (0) = ℝ−, we �nd

M̃(𝑥, 𝑦̃) =


ℝ− 𝑥 > 0, 𝑦̃ = −𝑥2 or 𝑥 = 0, 𝑦̃ ≥ 0
{0} 𝑥 > 0, 𝑦̃ > −𝑥2

∅ otherwise

for all 𝑥, 𝑦̃ ∈ ℝ. Due to M̃(𝑥, 0) = ℝ−, 𝑥 is dAM-regular. Let us set

𝑥𝑘 := − 1
𝑘

𝑦̃𝑘 := − 1
𝑘2

𝑧𝑘 := − 1
𝑘

for all 𝑘 ∈ ℕ. Then we �ndM(𝑥𝑘 , (𝑦̃𝑘 , 𝑧𝑘 )) = ℝ, i.e.,

lim sup
𝑥→𝑥, 𝑦̃→0, 𝑧→0

M(𝑥, (𝑦̃, 𝑧)) = ℝ,

and this shows that 𝑥 cannot be AM-regular sinceM(𝑥, (0, 0)) = M̃(𝑥, 0) = ℝ− holds true. Observing
that Γ is the sum of the locally Lipschitzian single-valued mapping 𝑥 ↦→ −𝑥2 and the constant set ℝ+,
Γ possesses the Aubin property at all points of its graph.
Clearly, 𝑥 ∈ 𝑀 is an M-stationary point of (P) where Φ is given as in (4.1) if and only if

𝜕𝑓 (𝑥) ∩
(
−M̃(𝑥, 0)

)
≠ ∅

is valid. Furthermore, similar as in the proof of Lemma 3.6, one can show that whenever 𝑥 is a dAM-
stationary point of the problem of interest, then

𝜕𝑓 (𝑥) ∩
(
− lim sup
𝑥→𝑥, 𝑦̃→0

M̃(𝑥, 𝑦̃)
)
≠ ∅

is true. Thus, Theorem 4.2 yields the following result.
Theorem 4.6. Let 𝑥 ∈ 𝑀 be a dAM-regular local minimizer of (P) where Φ is given as in (4.1). Furthermore,
let Γ possess the Aubin property at (𝑥, 0). Then 𝑥 is an M-stationary point of (P).

Using the product rule from Lemma 2.1 as well as the result of Corollary 3.13, the condition

(4.4) 0 ∈ 𝐷∗Γ(𝑥, 0) (𝑦∗) + 𝑧∗, 𝑧∗ ∈ N𝐶 (𝑥) =⇒ 𝑦∗ = 0, 𝑧∗ = 0
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is su�cient for AM-regularity and, thus, dAM-regularity of a feasible point 𝑥 ∈ 𝑀 of (P) where Φ is
given as in (4.1).
Finally, we would like to mention that the assertion of Theorem 3.16 also holds true in the present

setting under validity of dAM-regularity whenever Γ possesses the Aubin property at the point of
interest.
Theorem 4.7. Let 𝑥 ∈ 𝑀 be a feasible dAM-regular point of (P) where Φ is given as in (4.1). Furthermore,
let Γ possess the Aubin property at (𝑥, 0). Then we have N𝑀 (𝑥) ⊂ M̃(𝑥, 0).

Proof. The proof is analogous to the one of Theorem 3.16 exploiting Theorem 4.2 and the fact that Γ
possesses the Aubin property at all points from gph Γ ∩𝑈 where 𝑈 ⊂ ℝ𝑛 ×ℝℓ is a su�ciently small
neighborhood of (𝑥, 0). �

5 applications of asymptotic regularity

5.1 asymptotic regularity for mathematical programs with geometric constraints

In this section, we assume that Φ : ℝ𝑛 ⇒ ℝℓ ×ℝ𝑛 is given by

(5.1) ∀𝑥 ∈ ℝ𝑛 : Φ(𝑥) :=
(
𝐺 (𝑥) − 𝐾
𝑥 −𝐶

)
where 𝐺 : ℝ𝑛 → ℝℓ is a locally Lipschitz continuous, single-valued mapping, while the sets 𝐾 ⊂ ℝℓ

and 𝐶 ⊂ ℝ𝑛 are nonempty as well as closed. Thus, the associated feasible region of (P) is given by

(5.2) 𝑀 = {𝑥 ∈ 𝐶 |𝐺 (𝑥) ∈ 𝐾},

and this rather general description still covers numerous interesting classes of optimization problems
comprising standard nonlinear problems, instances of conic programming, disjunctive programs (e.g.,
mathematical problems with complementarity, vanishing, switching, or cardinality constraints, see
Section 5.2), and conic complementarity programming. Generally, one refers to constraint systems of
this type as geometric constraints.

We observe that the structure of Φ is precisely the one discussed in Section 4 if we use the feasibility
mapping Γ : ℝ𝑛 ⇒ ℝℓ given by Γ(𝑥) := 𝐺 (𝑥) −𝐾 for all 𝑥 ∈ ℝ𝑛 . Observing that𝐺 is a locally Lipschitz
continuous map, Γ possesses the Aubin property at each point of its graph. Due to Theorems 4.2
and 4.6, the local minimizers of the underlying optimization problem are always dAM-stationary
points and dAM-regularity provides a constraint quali�cation for the presence of M-stationarity. Using
the coderivative sum rule from [31, Theorem 1.62], we have

∀(𝑥, 𝑦̃) ∈ gph Γ ∀𝜆̃ ∈ ℝℓ : 𝐷∗Γ(𝑥, 𝑦̃) (𝜆̃) =
{
𝐷∗𝐺 (𝑥) (𝜆̃) 𝜆̃ ∈ N𝐾 (𝐺 (𝑥) − 𝑦̃)
∅ otherwise.

Particularly, the mapping M̃ : ℝ𝑛 ×ℝℓ ⇒ ℝ𝑛 from (4.3) takes the form

∀𝑥 ∈ ℝ𝑛 ∀𝑦̃ ∈ ℝℓ : M̃(𝑥, 𝑦̃) = 𝐷∗𝐺 (𝑥)N𝐾 (𝐺 (𝑥) − 𝑦̃) + N𝐶 (𝑥) .

The latter can be used to specify the precise nature of dAM-regularity for particular classes of optimiza-
tion problems with geometric constraints. We also note that validity of this constraint quali�cation at
an arbitrary point 𝑥 ∈ 𝑀 yields the estimate

N𝑀 (𝑥) ⊂ 𝐷∗𝐺 (𝑥)N𝐾 (𝐺 (𝑥)) + N𝐶 (𝑥),
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see Theorem 4.7. In the literature, metric subregularity of Φ from (5.1) at (𝑥, (0, 0)) is often assumed
for that purpose, see e.g. [25, Theorem 4.1] where it is shown that already metric subregularity of
Φ̂ : ℝ𝑛 ⇒ ℝℓ given by

∀𝑥 ∈ ℝ𝑛 : Φ̂(𝑥) :=
{
𝐺 (𝑥) − 𝐾 𝑥 ∈ 𝐶
∅ otherwise

at the point (𝑥, 0) is enough for that purpose. In the light of Section 3.2, dAM-regularity is, however,
independent of the metric subregularity of Φ and, thus, provides a di�erent approach to this pre-image
rule. In case where 𝐺 is smooth, 𝐶 = ℝ𝑛 , and 𝐾 is of special structure, the fact that dAM-regularity
provides a constraint quali�cation has been observed in [35, Theorem 3.13]. A related observation
has been made in the context of semide�nite programming in [4]. Replacing the image space ℝℓ by
the Hilbert space of all real symmetric matrices, this paper’s theory covers this special situation, too.
Under additional assumptions on the data (e.g., convexity of 𝐾 and 𝐶), related results can be obtained
for optimization problems in Banach spaces as well, see [14] and Remark 5.2 below. It follows from
[35, Section 4] that dAM-regularity for feasible sets of type (5.2) is not related to suitable notions of
pseudo- and quasinormality which apply to feasible sets of type (5.2), see [10, De�nition 3.4] and [24,
De�nition 4.2] as well. On the other hand, we know from our investigations in the earlier sections that
this new constraint quali�cation is generally weaker than metric regularity of Φ from (5.1) at some
point (𝑥, (0, 0)) ∈ gphΦ, and the latter is equivalent to

−𝐺 ′(𝑥)>𝜆̃ ∈ N𝐶 (𝑥), 𝜆̃ ∈ N𝐾 (𝐺 (𝑥)) =⇒ 𝜆̃ = 0

in case where𝐺 is continuously di�erentiable at 𝑥 , see (4.4) as well. This condition is well known as no
nonzero abnormal multiplier constraint quali�cation (NNAMCQ) or generalized Mangasarian–Fromovitz
constraint quali�cation (GMFCQ) in the literature.
In the subsequently stated example, we interrelate our �ndings with the results from [5] where a

sequential constraint quali�cation has been introduced for standard nonlinear programs.
Example 5.1. Fix ℓ := 𝑝 + 𝑞, 𝐾 := ℝ

𝑝
− × {0}, as well as 𝐶 := ℝ𝑛 and let the mapping 𝐺 : ℝ𝑛 → ℝ𝑝+𝑞

be continuously di�erentiable. Furthermore, let 𝐺1, . . . ,𝐺𝑝+𝑞 : ℝ𝑛 → ℝ be the component mappings
associated with 𝐺 . In this situation, the mapping M̃ from above takes the particular form

M̃(𝑥, 𝑦̃) =
{
𝑝+𝑞∑︁
𝑖=1

𝜆̃𝑖∇𝐺𝑖 (𝑥)
�����min(𝜆̃𝑖 , 𝑦̃𝑖 −𝐺𝑖 (𝑥)) = 0 ∀𝑖 ∈ {1, . . . , 𝑝}

𝑦̃𝑖 −𝐺𝑖 (𝑥) = 0 ∀𝑖 ∈ {𝑝 + 1, . . . , 𝑞}

}
for all 𝑥 ∈ ℝ𝑛 and 𝑦̃ ∈ ℝ𝑝+𝑞 . We want to compare the associated AM-regularity condition (which
equals dAM-regularity due to 𝐶 = ℝ𝑛) with the so-called cone-continuity property (CCP for short)
from [5, De�nition 3.1] which has been shown to be a constraint quali�cation for standard nonlinear
problems. It is based on the mapping K : ℝ𝑛 ⇒ ℝ𝑛 given by

∀𝑥 ∈ ℝ𝑛 : K(𝑥) :=
{
𝑝+𝑞∑︁
𝑖=1

𝜆𝑖∇𝐺𝑖 (𝑥)
�����min(𝜆𝑖 ,−𝐺𝑖 (𝑥)) = 0 ∀𝑖 ∈ {1, . . . , 𝑝}

}
and demands that

lim sup
𝑥→𝑥

K(𝑥) ⊂ K(𝑥)

holds at a given point 𝑥 ∈ 𝑀 . Note that we have M̃(𝑥, 0) = K(𝑥).
Observing that, for each 𝑥 ∈ ℝ𝑛 , we have K(𝑥) = M̃(𝑥,𝐺 (𝑥) − 𝐺 (𝑥)) while the convergence

𝐺 (𝑥) −𝐺 (𝑥) → 0 holds as 𝑥 → 𝑥 , validity of AM-regularity at 𝑥 yields that CCP holds at 𝑥 , too. On the
other hand, let CCP hold at 𝑥 . If {𝑥𝑘 }𝑘∈ℕ, {𝑥∗𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 as well as {𝑦̃𝑘 }𝑘∈ℕ ⊂ ℝ𝑝+𝑞 are sequences with
𝑥𝑘 → 𝑥 , 𝑥∗

𝑘
→ 𝑥∗ for some 𝑥∗ ∈ ℝ𝑛 , and 𝑦̃𝑘 → 0 such that 𝑥∗

𝑘
∈ M̃(𝑥𝑘 , 𝑦̃𝑘 ) holds for each 𝑘 ∈ ℕ, then
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we �nd a sequence {𝜆̃𝑘 }𝑘∈ℕ ⊂ ℝ𝑝+𝑞 such that 𝑥∗
𝑘
=

∑𝑝+𝑞
𝑖=1 𝜆̃𝑘,𝑖∇𝐺𝑖 (𝑥𝑘 ) and min(𝜆̃𝑘,𝑖 , 𝑦̃𝑘,𝑖 −𝐺𝑖 (𝑥𝑘 )) = 0,

𝑖 = 1, . . . , 𝑝 , are valid for all 𝑘 ∈ ℕ. Let 𝐼 (𝑥) := {𝑖 ∈ {1, . . . , 𝑝} |𝐺𝑖 (𝑥) = 0} denote the set of indices
associated with inequality constraints active at 𝑥 . For each 𝑘 ∈ ℕ, we have 𝜆̃𝑘,𝑖 ≥ 0 for all 𝑖 ∈ {1, . . . , 𝑝}.
Whenever 𝑖 ∉ 𝐼 (𝑥) holds, 𝑦̃𝑘,𝑖 −𝐺𝑖 (𝑥𝑘 ) > 0 is valid for su�ciently large 𝑘 ∈ ℕ due to 𝑥𝑘 → 𝑥 , 𝑦̃𝑘 → 0,
and continuity of𝐺 . Thus, we have 𝜆̃𝑘,𝑖 = 0 for su�ciently large 𝑘 ∈ ℕ and all 𝑖 ∉ 𝐼 (𝑥). This particularly
yields min(𝜆̃𝑘,𝑖 ,−𝐺𝑖 (𝑥)) = 0 for su�ciently large 𝑘 ∈ ℕ and all 𝑖 ∈ {1, . . . , 𝑝}. Hence, we have shown
𝑥∗
𝑘
∈ K(𝑥𝑘 ) for su�ciently large 𝑘 ∈ ℕ. By validity of CCP, 𝑥∗ ∈ K(𝑥) = M̃(𝑥, 0) follows, i.e., 𝑥 is

AM-regular.
The above investigations show that AM-regularity is equivalent to CCP in the setting of standard

nonlinear programming. Let us mention that CCP has also been referred to as AKKT-regularity in the
literature which is why the latter is a particular instance of AM-regularity as well.

In the subsequent remark, we address the situation where 𝐾 ⊂ ℝℓ is convex and 𝐺 is continuously
di�erentiable.
Remark 5.2. Assume that 𝐾 ⊂ ℝℓ is convex while 𝐺 is continuously di�erentiable. Adapting the proof
of [14, Proposition 3.3], whenever 𝑥 ∈ 𝑀 is a local minimizer of the associated problem (P) where Φ is
given as in (5.1), we �nd sequences {𝑥𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 and {𝜀𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 such that 𝑥𝑘 → 𝑥 , 𝜀𝑘 → 0, and

∀𝑘 ∈ ℕ : 𝜀𝑘 ∈ 𝜕𝑓 (𝑥𝑘 ) +𝐺 ′(𝑥𝑘 )>(𝐾 −𝐺 (𝑥𝑘 ))◦ + N𝐶 (𝑥𝑘 )

hold. Note, however, that we cannot replace (𝐾 −𝐺 (𝑥𝑘 ))◦ by N𝐾 (𝐺 (𝑥𝑘 )) in the above formula since
𝐺 (𝑥𝑘 ) does not need to be an element of 𝐾 in general. Consequently, this sequential concept of
stationarity is slightly di�erent from dAM-stationarity. However, it can be used in similar fashion
for the derivation of a constraint quali�cation which guarantees that 𝑥 satis�es the M-stationarity
conditions of the associated optimization problem, namely

lim sup
𝑥→𝑥

M̂(𝑥) ⊂ M̂(𝑥)

where M̂ : ℝ𝑛 ⇒ ℝ𝑛 is de�ned by

∀𝑥 ∈ ℝ𝑛 : M̂(𝑥) := 𝐺 ′(𝑥)>(𝐾 −𝐺 (𝑥))◦ + N𝐶 (𝑥),

see [14, Corollary 4.8] as well.

5.2 asymptotic regularity in disjunctive programming

In this section, we take a closer look at mathematical programs with disjunctive constraints which are
optimization problems of the form

(MPDC)
𝑓 (𝑥) → min
𝐺 (𝑥) ∈ 𝐾

where 𝑓 : ℝ𝑛 → ℝ and 𝐺 : ℝ𝑛 → ℝ𝑚 are continuously di�erentiable mappings and 𝐾 :=
⋃𝑝

𝑖=1 𝐷𝑖
is the union of �nitely many convex polyhedral sets 𝐷1, . . . , 𝐷𝑝 ⊂ ℝ𝑚 . Again, we denote its feasi-
ble set by 𝑀 . Such optimization problems have been dealt with e.g. in [10, 12, 17, 19, 30] in terms
of �rst- and second-order optimality conditions as well as suitable constraint quali�cations. The
model (MPDC) is attractive since it covers numerous classes from structured nonlinear optimization
like mathematical programs with complementarity constraints (MPCCs), mathematical programs
with vanishing constraints (MPVCs), mathematical programs with switching constraints (MPSCs), or
cardinality-constrained mathematical problems (CCMPs), see [30, Section 5] for an overview of these
popular classes from disjunctive programming and references to the literature. Noting that (MPDC) is
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a particular instance of a mathematical program with geometric constraints, we are in position to apply
the theory from above to the problem of interest. Noting that no abstract constraints are present in the
formulation of (MPDC), we rely on AM-regularity as a constraint quali�cation for (P). The associated
mapping M : ℝ𝑛 ×ℝ𝑚 ⇒ ℝ𝑛 is given by

∀𝑥 ∈ ℝ𝑛 ∀𝑦 ∈ ℝ𝑚 : M(𝑥, 𝑦) = 𝐺 ′(𝑥)>N𝐾 (𝐺 (𝑥) − 𝑦)

in this setting.
Our �rst result, which is inspired by our observations from Example 5.1, shows that we can rely on

the continuity properties of a much simpler map than M in order to check validity of AM-regularity.
The proof of this result exploits some arguments we already used to verify Theorem 3.10.
Theorem 5.3. Fix a feasible point 𝑥 ∈ 𝑀 of (MPDC) and de�ne a set-valued mapping K : ℝ𝑛 ⇒ ℝ𝑛 by
means of

∀𝑥 ∈ ℝ𝑛 : K(𝑥) := 𝐺 ′(𝑥)>N𝐾 (𝐺 (𝑥)) .

Then 𝑥 is AM-regular if and only if the following condition holds:

(5.3) lim sup
𝑥→𝑥

K(𝑥) ⊂ K(𝑥).

Proof. We show both implications separately.
[=⇒] Let 𝑥 be AM-regular. Then we have

lim sup
𝑥→𝑥

K(𝑥) = lim sup
𝑥→𝑥

M(𝑥,𝐺 (𝑥) −𝐺 (𝑥)) ⊂ lim sup
𝑥→𝑥, 𝑦→0

M(𝑥, 𝑦) ⊂ M(𝑥, 0) = K(𝑥)

by continuity of 𝐺 .
[⇐=] Assume that (5.3) holds. Furthermore, choose {𝑥𝑘 }𝑘∈ℕ, {𝑥∗𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 and {𝑦𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such
that 𝑥𝑘 → 𝑥 , 𝑥∗

𝑘
→ 𝑥∗ for some 𝑥∗ ∈ ℝ𝑛 , 𝑦𝑘 → 0, as well as 𝑥∗

𝑘
∈ 𝐺 ′(𝑥𝑘 )>N𝐾 (𝐺 (𝑥𝑘 ) − 𝑦𝑘 ) for all 𝑘 ∈ ℕ

hold. Then we �nd a sequence {𝜆𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 such that 𝑥∗
𝑘
= 𝐺 ′(𝑥𝑘 )>𝜆𝑘 and 𝜆𝑘 ∈ N𝐾 (𝐺 (𝑥𝑘 ) − 𝑦𝑘 )

are valid for all 𝑘 ∈ ℕ. Exploiting that 𝐾 is the union of �nitely many convex polyhedral sets, we
can use similar arguments as in the proof of Theorem 3.10 in order to �nd a convex, polyhedral cone
𝑃 ⊂ ℝ𝑚 which satis�es 𝑃 ⊂ N𝐾 (𝐺 (𝑥𝑘 ) − 𝑦𝑘 ) and 𝜆𝑘 ∈ 𝑃 along a subsequence (without relabeling). The
robustness of the limiting normal cone yields 𝑃 ⊂ N𝐾 (𝐺 (𝑥)) due to 𝐺 (𝑥𝑘 ) − 𝑦𝑘 → 𝐺 (𝑥) as 𝑘 → ∞.
Thus, we have {𝜆𝑘 }𝑘∈ℕ ⊂ N𝐾 (𝐺 (𝑥)) and, consequently, 𝑥∗

𝑘
∈ K(𝑥𝑘 ) for all 𝑘 ∈ ℕ. By means of (5.3),

we �nd 𝑥∗ ∈ K(𝑥) = M(𝑥, 0), i.e., 𝑥 is AM-regular. �

The following example points out that the assertion of Theorem 5.3 does not need to be true whenever
the set𝐾 is not disjunctive, i.e., in this setting, (5.3) does not provide a constraint quali�cation in general.

Example 5.4.We investigate the setting where 𝐺 : ℝ → ℝ2 is given by 𝐺 (𝑥) := (𝑥, 0) for all 𝑥 ∈ ℝ

and 𝐾 ⊂ ℝ2 is given by 𝐾 := {𝑦 ∈ ℝ2 | 𝑦2 ≥ 𝑦21 }. Obviously, 𝐾 is not of disjunctive structure. The
only feasible point of the associated constraint system 𝐺 (𝑥) ∈ 𝐾 is 𝑥 := 0. The mapping K from
Theorem 5.3 is given by K(𝑥) ≡ {0} in this situation which is why the condition (5.3) holds trivially.
On the other hand, one can check

∀𝑘 ∈ ℕ : M
( 1
𝑘
, (0,− 1

𝑘2
)
)
= ℝ+ M

(
− 1
𝑘
, (0,− 1

𝑘2
)
)
= ℝ−

and M(𝑥, (0, 0)) = {0}, i.e., 𝑥 is not AM-regular.
Let us mention that one could also check the validity of the constraint quali�cation from Remark 5.2
which applies to the present situation since 𝐾 is convex and𝐺 is continuously di�erentiable. The latter,
however, is violated as well.
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In the literature on disjunctive programs, there exist two other weak constraint quali�cations which
we will recall below, see [17, De�nition 6].
Definition 5.5. Fix a feasible point 𝑥 ∈ 𝑀 . We de�ne the linearization cone to𝑀 at 𝑥 as stated below:

L𝑀 (𝑥) := {𝑑 ∈ ℝ𝑛 |𝐺 ′(𝑥)𝑑 ∈ T𝐾 (𝐺 (𝑥))}.

We say that

(a) the generalized Abadie constraint quali�cation (GACQ) holds at the point 𝑥 whenever the relation
T𝑀 (𝑥) = L𝑀 (𝑥) is valid,

(b) the generalized Guignard constraint quali�cation (GGCQ) holds at the point 𝑥 whenever the
relation N̂𝑀 (𝑥) = L𝑀 (𝑥)◦ is valid.

Let us brie�y mention that the linearization cone introduced above is, by the special structure of 𝐾 ,
also polyhedral in the sense that it is the union of �nitely many convex polyhedral cones. This is a
simple consequence of

T𝐾 (𝐺 (𝑥)) =
⋃
𝑖∈𝐽 (𝑥)

T𝐷𝑖
(𝐺 (𝑥))

where we used 𝐽 (𝑥) := {𝑖 ∈ {1, . . . , 𝑝} |𝐺 (𝑥) ∈ 𝐷𝑖} and 𝑥 ∈ 𝑀 , see [8, Table 4.1]. It has been shown
in [17, Theorem 7] that whenever 𝑥 ∈ 𝑀 is a local minimizer of (MPDC) where GGCQ holds, then 𝑥
is already an M-stationary point. As pointed out in [17], this result does not need to hold anymore
whenever continuous di�erentiability of 𝑓 is replaced by local Lipschitz continuity.

Clearly, one could also de�ne GACQ and GGCQ in the situation where 𝐾 is a general closed
set. In this case, however, GGCQ on its own does not necessarily provide a constraint quali�cation
ensuring M-stationarity of local minimizers. As pointed out in [11, Proposition 3], some additional
metric subregularity of a linearized feasibility mapping is needed in this more general situation, see
[20] as well, and the latter is inherent whenever𝐾 is of disjunctive structure due to Robinson’s classical
result on the inherent calmness of polyhedral set-valued mappings.

Let us now focus on (MPDC) again. Let us �x one of its feasible points 𝑥 ∈ 𝑀 . It is well known that
metric subregularity of the feasibility mapping Φ : ℝ𝑛 ⇒ ℝ𝑚 , given by Φ(𝑥) = 𝐺 (𝑥) −𝐾 for all 𝑥 ∈ ℝ𝑛

in the present situation, at (𝑥, 0) implies validity of GACQ which, in turn, implies validity of GGCQ,
see [17, formula (13)]. Noting that (MPDC) covers standard nonlinear problems while AM-regularity
coincides with CCP in this setting, see Example 5.1, the considerations from [5, Section 4.2] show that
validity of GACQ at 𝑥 is not su�cient for AM-regularity of 𝑥 . In the following example, we show that
validity of AM-regularity does not need to imply validity of GGCQ.
Example 5.6. Let us consider the mapping𝐺 : ℝ → ℝ2 given by𝐺 (𝑥) := (𝑥, 𝑥3) for all 𝑥 ∈ ℝ as well as
the disjunctive set 𝐾 := 𝐷1 ∪ 𝐷2 where 𝐷1 := ℝ− × ℝ and 𝐷2 := ℝ+ × ℝ− hold. In this situation, we
have𝑀 = (−∞, 0]. Let us �x 𝑥 := 0. One can easily check that T𝐾 (𝐺 (𝑥)) = 𝐾 holds. We conclude

L𝑀 (𝑥) = {𝑑 ∈ ℝ | (𝑑, 0) ∈ 𝐾} = ℝ,

and this shows that GACQ and GGCQ are violated at 𝑥 since we have T𝑀 (𝑥) = ℝ−. On the other hand,
we have

𝐺 ′(𝑥)>N𝐾 (𝐺 (𝑥)) = {𝜆1 + 3𝑥2𝜆2 | (𝜆1, 𝜆2) ∈ (ℝ+ × {0}) ∪ ({0} ×ℝ+)} = ℝ+

for each 𝑥 ∈ ℝ and, thus, due to Theorem 5.3, 𝑥 is AM-regular.
The above considerations show that AM-regularity for disjunctive programs is not related to the

constraint quali�cations GACQ and GGCQ. In the particular case of MPCCs, this already has been
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observed in [35, Section 4]. Due to the results of Section 5.1, AM-regularity is generally weaker than
NNAMCQ, i.e.,

𝐺 ′(𝑥)>𝜆 = 0, 𝜆 ∈ N𝐾 (𝐺 (𝑥)) =⇒ 𝜆 = 0,

and the later is, again, weaker than the problem-tailored version of the linear independence constraint
quali�cation discussed in [30].

5.3 variational calculus and asymptotic regularity

In this section, we are going to show how the concept of asymptotic regularity can be used to establish
some fundamental calculus rules for limiting normals and the limiting coderivative.

First, we show that asymptotic regularity may serve as a su�cient condition for the validity of the
intersection rule for limiting normals.
Theorem 5.7. Let 𝐾,𝐶 ⊂ ℝ𝑛 be closed sets and �x 𝑥 ∈ 𝐾 ∩𝐶 . Suppose that the quali�cation condition

(5.4) lim sup
𝑥→𝑥, 𝑥′→𝑥

(
N𝐾 (𝑥) + N𝐶 (𝑥 ′)

)
⊂ N𝐾 (𝑥) + N𝐶 (𝑥)

holds. Then we have
N𝐾∩𝐶 (𝑥) ⊂ N𝐾 (𝑥) + N𝐶 (𝑥) .

Proof. This result is a simple consequence of our considerations from Section 5.1 and Theorem 4.7
when �xing 𝐺 : ℝ𝑛 → ℝ𝑛 to be the identity mapping. Indeed, validity of (5.4) is equivalent to the
validity of dAM-regularity for the constraint system𝑀 := 𝐾 ∩𝐶 . �

Following the structure of the books [31, 32], the intersection rule provides the fundamental basis of
the overall variational calculus. Classically, validity of the intersection rule at some point 𝑥 ∈ 𝐾 ∩𝐶 is
guaranteed by the so-called normal quali�cation condition

N𝐾 (𝑥) ∩ (−N𝐶 (𝑥)) = {0},

and the latter is equivalent to metric regularity of the mapping 𝑥 ⇒ (𝑥 − 𝐾) × (𝑥 −𝐶) at (𝑥, (0, 0)).
Following the arguments from Section 5.1, metric subregularity of this mapping at (𝑥, (0, 0)) is already
enough to guarantee validity of the intersection rule. Apart from these classical results, Theorem 5.7
shows that the intersection rule is also valid in the presence of the asymptotic stability condition (5.4)
which originates from the notion of asymptotic regularity. Keeping in mind our results from Section 3.2,
(5.4) is independent of the aforementioned metric subregularity condition and, thus, provides a new
approach to the variational calculus. Exemplary, we will show how the coderivative sum and chain
rule can be derived in the presence of asymptotic stability conditions.

Let us note that validity of (5.4) is equivalent to

lim sup
𝑥→𝑥, 𝑥′→𝑥

(
N̂𝐾 (𝑥) + N̂𝐶 (𝑥 ′)

)
⊂ N𝐾 (𝑥) + N𝐶 (𝑥)

by de�nition of the limiting normal cone. Thus, a direct proof of the intersection rule for limiting
normals under validity of (5.4) can be obtained from the fuzzy intersection rule for regular normals,
see [31, Lemma 3.1], and a simple diagonal sequence argument.

Next,wewill inspect how validity of the coderivative sum rule can be guaranteed under an asymptotic
stability condition. Let us mention that in [31, Theorem 3.10], [32, Theorem 3.9], or [38, Theorem 10.41],
the coderivative sum rule has been derived under validity of the Mordukhovich criterion. In order
to proceed, we �x set-valued mappings 𝑆1, 𝑆2 : ℝ𝑛 ⇒ ℝ𝑚 with closed graphs and consider their sum
mapping 𝑆 : ℝ𝑛 ⇒ ℝ𝑚 given by

∀𝑥 ∈ ℝ𝑛 : 𝑆 (𝑥) := 𝑆1(𝑥) + 𝑆2(𝑥) .
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Furthermore, we make use of the intermediate mapping Ξ : ℝ𝑛 ×ℝ𝑚 ⇒ ℝ𝑚 ×ℝ𝑚 given by

(5.5) ∀𝑥 ∈ ℝ𝑛 ∀𝑦 ∈ ℝ𝑚 : Ξ(𝑥, 𝑦) := {(𝑦1, 𝑦2) ∈ ℝ𝑚 ×ℝ𝑚 | 𝑦1 + 𝑦2 = 𝑦, 𝑦1 ∈ 𝑆1(𝑥), 𝑦2 ∈ 𝑆2(𝑥)}.

Observe that we have domΞ = gph 𝑆 .
Theorem 5.8. Fix some point (𝑥, 𝑦) ∈ gph 𝑆 . Then the following assertions hold.

(a) Assume that there exists (𝑦1, 𝑦2) ∈ Ξ(𝑥, 𝑦) such that Ξ is inner semicontinuous at ((𝑥, 𝑦), (𝑦1, 𝑦2)).
Furthermore, let the quali�cation condition

(5.6)

lim sup
(𝑥1,𝑦1)→(𝑥,𝑦1)
(𝑥2,𝑦2)→(𝑥,𝑦2)
(𝑦∗1 ,𝑦∗2 )→(𝑦∗1 ,𝑦∗2 )

(
𝐷∗𝑆1(𝑥1, 𝑦1) (𝑦∗1 ) + 𝐷∗𝑆2(𝑥2, 𝑦2) (𝑦∗2)

)
⊂ 𝐷∗𝑆1(𝑥, 𝑦1) (𝑦∗1 ) + 𝐷∗𝑆2(𝑥, 𝑦2) (𝑦∗2)

hold for all 𝑦∗1 , 𝑦
∗
2 ∈ ℝ𝑚 . Then, for all 𝑦∗ ∈ ℝ𝑚 , we have

𝐷∗𝑆 (𝑥, 𝑦) (𝑦∗) ⊂ 𝐷∗𝑆1(𝑥, 𝑦1) (𝑦∗) + 𝐷∗𝑆2(𝑥, 𝑦2) (𝑦∗).

(b) Assume that Ξ is inner semicompact at (𝑥, 𝑦). Furthermore, let the quali�cation condition (5.6) hold
for each (𝑦1, 𝑦2) ∈ Ξ(𝑥, 𝑦) and all 𝑦∗1 , 𝑦∗2 ∈ ℝ𝑚 . Then, for all 𝑦∗ ∈ ℝ𝑚 , we have

𝐷∗𝑆 (𝑥, 𝑦) (𝑦∗) ⊂
⋃

(𝑦1,𝑦2) ∈Ξ(𝑥,𝑦)

(
𝐷∗𝑆1(𝑥, 𝑦1) (𝑦∗) + 𝐷∗𝑆2(𝑥, 𝑦2) (𝑦∗)

)
.

Proof. The proof essentially relies on the normal cone intersection rule from Theorem 5.7 and adapts
the arguments used to verify [31, Theorem 3.10].

(a) Fix 𝑥∗ ∈ 𝐷∗𝑆 (𝑥, 𝑦) (𝑦∗) for an arbitrarily chosen 𝑦∗ ∈ ℝ𝑚 . Mimicking the proof of [31, The-
orem 3.10(i)] and exploiting the postulated inner semicontinuity of Ξ, we �nd the relation
(𝑥∗,−𝑦∗,−𝑦∗) ∈ NΩ1∩Ω2 (𝑥, 𝑦1, 𝑦2) where we used the closed sets Ω1,Ω2 ⊂ ℝ𝑛 ×ℝ𝑚 ×ℝ𝑚 given
by Ω𝑖 := {(𝑥, 𝑦1, 𝑦2) | 𝑦𝑖 ∈ 𝑆𝑖 (𝑥)}, 𝑖 = 1, 2.
Let us now show that (5.6) is su�cient for the applicability of the normal cone intersection rule
from Theorem 5.7 for the estimation of NΩ1∩Ω2 (𝑥, 𝑦1, 𝑦2) from above. Therefore, we show that
(5.4) holds for the situation at hand. Choose sequences {𝑥∗

𝑘
}𝑘∈ℕ ⊂ ℝ𝑛 , {𝑦∗

𝑘,1}𝑘∈ℕ, {𝑦
∗
𝑘,2}𝑘∈ℕ ⊂ ℝ𝑚

as well as {𝑥𝑘,1}𝑘∈ℕ, {𝑥𝑘,2}𝑘∈ℕ ⊂ ℝ𝑛 and {𝑦1
𝑘,1}𝑘∈ℕ, {𝑦

1
𝑘,2}𝑘∈ℕ, {𝑦

2
𝑘,1}𝑘∈ℕ, {𝑦

2
𝑘,2}𝑘∈ℕ ⊂ ℝ𝑚 such

that 𝑥𝑘,1 → 𝑥 , 𝑥𝑘,2 → 𝑥 , 𝑦1
𝑘,1 → 𝑦1, 𝑦1𝑘,2 → 𝑦2, 𝑦2𝑘,1 → 𝑦1, 𝑦2𝑘,2 → 𝑦2, 𝑥∗𝑘 → 𝑥∗ for some 𝑥∗ ∈ ℝ𝑛 ,

𝑦∗
𝑘,1 → 𝑦∗1 as well as 𝑦

∗
𝑘,2 → 𝑦∗2 for some 𝑦∗1 , 𝑦

∗
2 ∈ ℝ𝑚 , and

(𝑥∗
𝑘
, 𝑦∗
𝑘,1, 𝑦

∗
𝑘,2) ∈ NΩ1 (𝑥𝑘,1, 𝑦1𝑘,1, 𝑦

1
𝑘,2) + NΩ2 (𝑥𝑘,2, 𝑦2𝑘,1, 𝑦

2
𝑘,2)

for all 𝑘 ∈ ℕ hold. By construction of Ω1 and Ω2, this guarantees the existence of sequences
{𝑥∗
𝑘,1}𝑘∈ℕ, {𝑥

∗
𝑘,2}𝑘∈ℕ ⊂ ℝ𝑛 such that 𝑥∗

𝑘
= 𝑥∗

𝑘,1 + 𝑥
∗
𝑘,2 as well as (𝑥∗

𝑘,𝑖
, 𝑦∗
𝑘,𝑖
) ∈ Ngph𝑆𝑖 (𝑥𝑘,𝑖 , 𝑦𝑖𝑘,𝑖),

𝑖 = 1, 2, for all 𝑘 ∈ ℕ hold. This leads to

∀𝑘 ∈ ℕ : 𝑥∗
𝑘
∈ 𝐷∗𝑆1(𝑥𝑘,1, 𝑦1𝑘,1) (−𝑦

∗
𝑘,1) + 𝐷

∗𝑆2(𝑥𝑘,2, 𝑦2𝑘,2) (−𝑦
∗
𝑘,2).

Due to validity of (5.6), we �nd 𝑥∗ ∈ 𝐷∗𝑆1(𝑥, 𝑦1) (−𝑦∗1 ) + 𝐷∗𝑆2(𝑥, 𝑦2) (−𝑦∗2), i.e., there are points
𝑥∗1 , 𝑥

∗
2 ∈ ℝ𝑛 with (𝑥∗𝑖 , 𝑦∗𝑖 ) ∈ Ngph𝑆𝑖 (𝑥, 𝑦𝑖), 𝑖 = 1, 2, and 𝑥∗ = 𝑥∗1 + 𝑥∗2 . Particularly, we have

(𝑥∗, 𝑦∗1 , 𝑦∗2) ∈ NΩ1 (𝑥, 𝑦1, 𝑦2) + NΩ2 (𝑥, 𝑦1, 𝑦2).

Due to the above considerations, we can apply Theorem 5.7 in order to obtain

(𝑥∗,−𝑦∗,−𝑦∗) ∈ NΩ1 (𝑥, 𝑦1, 𝑦2) + NΩ2 (𝑥, 𝑦1, 𝑦2).

Now, the claim follows by de�nition of the sets Ω1 and Ω2, cf. [31, proof of Theorem 3.10].
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(b) Fixing 𝑥∗ ∈ 𝐷∗𝑆 (𝑥, 𝑦) (𝑦∗) for an arbitrarily chosen 𝑦∗ ∈ ℝ𝑚 , the inner semicompactness of Ξ
at (𝑥, 𝑦) can be used to obtain

(𝑥∗,−𝑦∗,−𝑦∗) ∈
⋃

(𝑦1,𝑦2) ∈Ξ(𝑥,𝑦)
NΩ1∩Ω2 (𝑥, 𝑦1, 𝑦2),

see [31, proof of Theorem 3.10(ii)] as well. Proceeding as in the proof of (a), the claim follows.

�

Finally, we would like to take a look at the coderivative chain rule. Therefore, let us consider set-
valued mappings 𝑇1 : ℝ𝑛 ⇒ ℝ𝑚 and 𝑇2 : ℝ𝑚 ⇒ ℝℓ with closed graphs as well as their composition
𝑇 : ℝ𝑛 ⇒ ℝℓ given by

∀𝑥 ∈ ℝ𝑛 : 𝑇 (𝑥) :=
⋃

𝑦∈𝑇1 (𝑥)
𝑇2(𝑦) .

Again, we will make use of an intermediate mapping Θ : ℝ𝑛 ×ℝℓ ⇒ ℝ𝑚 which is given as stated below:

∀𝑥 ∈ ℝ𝑛 ∀𝑧 ∈ ℝℓ : Θ(𝑥, 𝑧) := {𝑦 ∈ 𝑇1(𝑥) | 𝑧 ∈ 𝑇2(𝑦)}.

Oncemore,we note that gph𝑇 = domΘ is valid. Similar as in [31,Theorem 3.13] or [32,Theorem 3.11],we
will derive the coderivative chain rule from the coderivative sum rule. Exploiting Theorem 5.8 for that
purpose, we will see that validity of the chain rule can be guaranteed in the presence of an asymptotic
stability condition. In [31, 32] or [38, Theorem 10.37], a condition related to the Mordukhovich criterion
has been imposed for that purpose.
Theorem 5.9. Fix some point (𝑥, 𝑧) ∈ gph𝑇 . Then the following assertions hold.

(a) Assume that there exists 𝑦 ∈ Θ(𝑥, 𝑧) such thatΘ is inner semicontinuous at ((𝑥, 𝑧), 𝑦). Furthermore,
let the quali�cation condition

(5.7)

lim sup
(𝑥,𝑦1)→(𝑥,𝑦)
(𝑦2,𝑧)→(𝑦,𝑧)

(𝑥∗,𝑧∗)→(𝑥∗,𝑧∗)

(
𝐷∗𝑇2(𝑦2, 𝑧) (𝑧∗) − (𝐷∗𝑇1(𝑥, 𝑦1))−1(𝑥∗)

)
⊂ 𝐷∗𝑇2(𝑦, 𝑧) (𝑧∗) − (𝐷∗𝑇1(𝑥, 𝑦))−1(𝑥∗)

hold for each 𝑥∗ ∈ ℝ𝑛 and 𝑧∗ ∈ ℝℓ . Then, for each 𝑧∗ ∈ ℝℓ , we have

𝐷∗𝑇 (𝑥, 𝑧) (𝑧∗) ⊂
⋃

𝑦∗∈𝐷∗𝑇2 (𝑦,𝑧) (𝑧∗)
𝐷∗𝑇1(𝑥, 𝑦) (𝑦∗) .

(b) Assume that Θ is inner semicompact at (𝑥, 𝑧). Furthermore, let the quali�cation condition (5.7) hold
for each 𝑦 ∈ Θ(𝑥, 𝑧), 𝑥∗ ∈ ℝ𝑛 , and 𝑧∗ ∈ ℝℓ . Then, for each 𝑧∗ ∈ ℝℓ , we have

𝐷∗𝑇 (𝑥, 𝑧) (𝑧∗) ⊂
⋃

𝑦∈Θ(𝑥,𝑧)

⋃
𝑦∗∈𝐷∗𝑇2 (𝑦,𝑧) (𝑧∗)

𝐷∗𝑇1(𝑥, 𝑦) (𝑦∗).

Proof. We only show validity of statement (a). Assertion (b) can be obtained in analogous way. For
the proof of (a), we exploit the idea from [31, proof of Theorem 3.13] and consider the mapping
𝑆 : ℝ𝑛 ×ℝ𝑚 ⇒ ℝℓ given by

∀𝑥 ∈ ℝ𝑛 ∀𝑦 ∈ ℝ𝑚 : 𝑆 (𝑥, 𝑦) := Δgph𝑇1 (𝑥, 𝑦) +𝑇2(𝑦).
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Then [31, Theorem 1.64] yields

(5.8) 𝐷∗𝑇 (𝑥, 𝑧) (𝑧∗) ⊂ {𝑥∗ ∈ ℝ𝑛 | (𝑥∗, 0) ∈ 𝐷∗𝑆 ((𝑥, 𝑦), 𝑧) (𝑧∗)}

for all 𝑧∗ ∈ ℝℓ since Θ is inner semicontinuous at ((𝑥, 𝑧), 𝑦).
In order to estimate the coderivative of 𝑆 from above, we make use of Theorem 5.8. Therefore, we

introduce 𝑆1, 𝑆2 : ℝ𝑛 ×ℝ𝑚 ⇒ ℝℓ by means of

∀𝑥 ∈ ℝ𝑛 ∀𝑦 ∈ ℝ𝑚 : 𝑆1(𝑥, 𝑦) := Δgph𝑇1 (𝑥, 𝑦) 𝑆2(𝑥, 𝑦) := 𝑇2(𝑦) .

Next, we show that (5.6) holds in the present setting. Therefore, we make use of the formulas

𝐷∗𝑆1((𝑥, 𝑦), 𝑧) (𝑧∗) =
{
Ngph𝑇1 (𝑥, 𝑦) 𝑧 = 0
∅ 𝑧 ≠ 0

𝐷∗𝑆2((𝑥, 𝑦), 𝑧) (𝑧∗) = {0} × 𝐷∗𝑇2(𝑦, 𝑧) (𝑧∗)

which, by elementary calculations, hold for all 𝑥 ∈ ℝ𝑛 , 𝑦 ∈ ℝ𝑚 , and 𝑧, 𝑧∗ ∈ ℝℓ . In order to infer validity
of (5.6), we thus need to verify validity of

(5.9)

lim sup
(𝑥,𝑦1)→(𝑥,𝑦)
(𝑦2,𝑧)→(𝑦,𝑧)

𝑧∗→𝑧∗

(
Ngph𝑇1 (𝑥, 𝑦1) + {0} × 𝐷∗𝑇2(𝑦2, 𝑧) (𝑧∗)

)
⊂ Ngph𝑇1 (𝑥, 𝑦) + {0} × 𝐷∗𝑇2(𝑦, 𝑧) (𝑧∗)

for all 𝑧∗ ∈ ℝℓ . Thus, for some point 𝑧∗ ∈ ℝℓ , we �x sequences {𝑥𝑘 }𝑘∈ℕ ⊂ ℝ𝑛 , {𝑦1
𝑘
}𝑘∈ℕ, {𝑦2𝑘 }𝑘∈ℕ ⊂ ℝ𝑚 ,

{𝑧𝑘 }𝑘∈ℕ, {𝑧∗𝑘 }𝑘∈ℕ ⊂ ℝℓ , as well as {𝑥∗
𝑘
}𝑘∈ℕ ⊂ ℝ𝑛 and {𝑦∗

𝑘
}𝑘∈ℕ ⊂ ℝ𝑚 such that 𝑥𝑘 → 𝑥 , 𝑦1

𝑘
→ 𝑦 ,

𝑦2
𝑘
→ 𝑦 , 𝑧𝑘 → 𝑧, 𝑧∗

𝑘
→ 𝑧∗, 𝑥∗

𝑘
→ 𝑥∗ and 𝑦∗

𝑘
→ 𝑦∗ for some 𝑥∗ ∈ ℝ𝑛 and 𝑦∗ ∈ ℝ𝑚 , as well as

(𝑥∗
𝑘
, 𝑦∗
𝑘
) ∈ Ngph𝑇1 (𝑥𝑘 , 𝑦1𝑘 ) + {0} × 𝐷∗𝑇2(𝑦2𝑘 , 𝑧𝑘 ) (𝑧

∗
𝑘
)

for all 𝑘 ∈ ℕ hold. Keeping the de�nitions of the coderivative and the inverse mapping in mind, we
�nd

∀𝑘 ∈ ℕ : 𝑦∗
𝑘
∈ 𝐷∗𝑇2(𝑦2𝑘 , 𝑧𝑘 ) (𝑧

∗
𝑘
) − (𝐷∗𝑇1(𝑥𝑘 , 𝑦1𝑘 ))

−1(𝑥∗
𝑘
) .

Inspecting (5.7), we obtain

𝑦∗ ∈ 𝐷∗𝑇2(𝑦, 𝑧) (𝑧∗) − (𝐷∗𝑇1(𝑥, 𝑦))−1(𝑥∗),

i.e., (𝑥∗, 𝑦∗) ∈ Ngph𝑇1 (𝑥, 𝑦) + {0} × 𝐷∗𝑇1(𝑥, 𝑦) (𝑧∗). This shows validity of (5.9). Observing that the
intermediate mapping Ξ from (5.5) is given by

∀𝑥 ∈ ℝ𝑛 ∀𝑦 ∈ ℝ𝑚 ∀𝑧 ∈ ℝℓ : Ξ(𝑥, 𝑦, 𝑧) = {(0, 𝑧) | 𝑦 ∈ 𝑇1(𝑥), 𝑧 ∈ 𝑇2(𝑦)}

=

{
{(0, 𝑧)} ((𝑥, 𝑧), 𝑦) ∈ gphΘ
∅ otherwise

in this situation and, thus, is trivially inner semicontinuous at ((𝑥, 𝑦, 𝑧), (0, 𝑧)) by inner semicontinuity
of Θ at ((𝑥, 𝑧), 𝑦), we can apply assertion (a) of Theorem 5.8 in order to �nd

𝐷∗𝑆 ((𝑥, 𝑦), 𝑧) (𝑧∗) ⊂ Ngph𝑇1 (𝑥, 𝑦) + {0} × 𝐷∗𝑇2(𝑦, 𝑧) (𝑧∗) .

Due to (5.8), the desired estimate is obtained. �
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6 conclusions

In this paper, we introduced a new sequential constraint quali�cation, namely AM-regularity, for
nonsmooth optimization problems. This concept has been shown to be generally weaker than metric
regularity of the associated feasibility mapping while it is not related to metric subregularity of the
latter. AM-regularity turned out to be a condition which is su�cient for the validity of the pre-image
rule from the limiting variational calculus.

We clari�ed how abstract constraints can be incorporated into the framework of AM-regularity and
presented some associated consequences for optimization problems with geometric constraints. Our
�ndings were applied to mathematical programs with disjunctive constraints as well. This revealed that
AM-regularity is a generalization of the cone-continuity property (also referred to as AKKT-regularity)
for standard nonlinear problems and mathematical programs with complementarity constraints, see
[5, 35]. Keeping e.g. [1, 4, 14, 35] in mind, constraint quali�cations of AM-regularity-type can be used to
ensure convergence of di�erent types of solution algorithms like augmented Lagrangian or relaxation
methods to stationary points of several classes of optimization problems. It is a promising subject of
future research to investigate more general algorithmic consequences of AM-regularity.
We �nalized the paper by showing that asymptotic regularity provides a new approach to the

limiting variational calculus. It remains to be seen whether the resulting new asymptotic stability
conditions which ensure validity of the normal cone intersection rule, the coderivative sum rule, or the
coderivative chain rule can be used pro�tably in the context of variational analysis. Following ideas
from [13, 18], it might be possible to introduce a reasonable concept of directional AM-regularity. Such a
concept may provide quali�cation conditions for optimization problems of type (P) and the directional
limiting variation calculus which are even weaker than the criteria inferred from AM-regularity.
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first-order differentiability properties of a class
of equality constrained optimal value functions

with applications

Kevin Sturm∗

Abstract In this paper we study the right di�erentiability of a parametric in�mum function over a
parametric set de�ned by equality constraints. We present a new theorem with su�cient conditions
for the right di�erentiability with respect to the parameter. Target applications are nonconvex
objective functions with equality constraints arising in optimal control and shape optimisation.
The theorem makes use of the averaged adjoint approach in conjunction with the variational
approach of Kunisch, Ito and Peichl. We provide two examples of our abstract result: (a) a shape
optimisation problem involving a semilinear partial di�erential equation which exhibits in�nitely
many solutions, (b) a �nite dimensional quadratic function subject to a nonlinear equation.

1 introduction

Let a normed space 𝑋 , a vector space 𝑌 and 𝜏 > 0 be given. In this paper we study the one-sided
di�erentiability in 𝑡 = 0+ of the optimal value-function

(1.1) 𝑡 ↦→ 𝑔(𝑡) := inf
𝑢∈𝐸 (𝑡 )

𝑓 (𝑡,𝑢),

where 𝑓 : [0, 𝜏] × 𝑋 → R is a given function. The 𝐸 (𝑡) denotes the set of states given by

(1.2) 𝐸 (𝑡) = {𝑢𝑡 ∈ 𝑋 : 𝑒 (𝑡,𝑢𝑡 , 𝜑) = 0 for all 𝜑 ∈ 𝑌 },

where 𝑒 : [0, 𝜏] × 𝑋 × 𝑌 → R is a function that is linear with respect to the last argument. The
Lagrangian (𝑡,𝑢, 𝑝) ↦→ 𝐺 (𝑡,𝑢, 𝑝) : [0, 𝜏] × 𝑋 × 𝑌 → R associated with (1.1) is de�ned by

(1.3) 𝐺 (𝑡,𝑢, 𝑞) = 𝑓 (𝑡,𝑢) + 𝑒 (𝑡,𝑢, 𝑞) .

With this Lagrangian the set 𝐸 (𝑡) can be expressed in terms of the Lagrangian 𝐺 as follows

(1.4) 𝐸 (𝑡) = {𝑢𝑡 ∈ 𝑋 : 𝜕𝑝𝐺 (𝑡,𝑢𝑡 , 0) (𝜑) = 0 for all 𝜑 ∈ 𝑌 }

and 𝑔 can be written as a minimax (see [14])

(1.5) 𝑔(𝑡) = inf
𝜑 ∈𝑋

sup
𝜓 ∈𝑌

𝐺 (𝑡, 𝜑,𝜓 ) = inf
𝜑 ∈𝐸 (𝑡 )

𝐺 (𝑡, 𝜑, 0) .

We will provide new conditions (see Hypothesis (H3)) under which the function 𝑔 is right di�erentiable.
The pertinence of the result is illustrated by applying it to a �nite dimensional problem and a shape
optimisation problem.
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The problem of �nding the right derivative of (1.1) arises naturally when deriving optimality condi-
tions appearing in equality constrained �nite and in�nite dimensional control and shape optimisation
problems. Accordingly it has been studied by many authors before and su�cient conditions, even
with inequality constraints are known; see, e.g., the review article [4]. Often for inequality constrained
problems suitable constraint quali�cations (e.g. Robinson’s constraint quali�cation [32]) are required
which impose a certain regularity on minimisers; see [24, 38, 29]. In [30] the right di�erentiability is
examined in in�nite dimensions under the assumption that the elements of 𝐸 (𝑡) arise from convex
optimisation problems; see also [33] and [2, 3] for results in in�nite dimension.

In case 𝐸 (𝑡) is independent of 𝑡 let us mention the early work of J. M. Danskin [8, 7] where amaximum
function with respect to a parameter was studied. When the solution of the maximum problem (and
similarly minimum problem) is not unique, then a natural non-di�erentiability arises. In this case only
directional derivatives or sub-di�erentials are computable. We also refer to the monographs [17, 20, 31]
and references therein. In the review article [4] and also the book chapters [5, Chap. 4] and [22, Chap.
2] several conditions for right di�erentiability of 𝑔 are given (see also references therein). In particular
�rst and second order expansions of value functions are studied using second order conditions.
As mentioned before second order analysis can be used to obtain di�erentiability of the optimal

solution𝑢𝑡 and hence di�erentiability of the value function 𝑔. Let us mention [21] where the di�erentia-
bility of the value function with respect to Dirichlet data of a tracking-type cost function constrained
by a semilinear parabolic PDE is studied. A key ingredient is a Hölder estimate of order 1/2 of the
optimal control with respect to the Dirichlet data.
The di�erentiability of parametric minimax functions under saddle point assumptions has been

studied in [6] by Correa and Seeger and was subsequently extended and applied to shape optimisation
problems by Delfour and Zolésio in [15]. For nonlinear equality constraints this saddle point assumption
is unfortunately often not satis�ed.
In [35, 34] an approach to the di�erentiability of a minimax without a saddle point assumption

for the Lagrangian was presented. An extension to the multivalued case can be found in [14, Thm.
4.1] and [12, Thm. 2 and Thm. 3]. In addition in [14, Thm. 3.1] and [12, Thm. 1] also the singleton
case was revisited and extended by introducing an extra term. For applications to the single valued
case of this approach we refer to [35] and also [25] and [36]. In this context let us also mention the
approaches of [34, p.54, Thm. 4.6] and [10, Thm. 3.3] (see also [11]), where a Lagrangian approach using
an unperturbed adjoint variable is proposed for the single-valued case. The adjoint method [10, Thm.
3.3] has also been recently used in [19] and [18] to compute topological derivatives and, in addition,
also a thorough comparison with the averaged adjoint method is provided. From this it appears, at
least in the context of computing topological derivatives, that the averaged adjoint method seems
favorable, since a larger class of cost functionals could be treated. This may be rooted in the in�nite
dimensionality of the problem.
The key idea of the averaged adjoint approach is to replace the perturbed standard adjoint by the

so-called averaged adjoint state equation. This allows to deal with non-convex objective functions
and non-linear state equations. Let us also mention the variational approach of [23] where another
approach is proposed to show the di�erentiability of a minimax by using some sort of second order
expansion. Both approaches have in common that they bypass the computation of the derivative of the
control-to-state operator. Although both approaches are from its nature very di�erent we will show in
this paper how they can e�ectively be combined to establish yet another even more powerful new
theorem on the di�erentiability of the minimax.

Our result gives new easy to check conditions and generalises results in [14]. The target applications
of our theorem are the shape sensitivity analysis yet the result can also be applied to optimal control
problems in general.

Sturm First-order di�erentiability properties of a class of equality . . .
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notation

Let 𝑓 : [0, 𝜏] × U1 × U2 → R be a function de�ned on the Cartesian product of the interval [0, 𝜏],
𝜏 > 0 and the open subsets U1 ⊂ 𝑋 and U2 ⊂ 𝑌 of normed spaces. Then we de�ne for (𝑡,𝑢, 𝑝) ∈
[0, 𝜏) × U1 ×U2 and 𝑣 ∈ 𝑋 and𝑤 ∈ 𝑌 the following one sided directional derivatives

𝜕𝑡 𝑓 (𝑡,𝑢, 𝑝) := lim
ℎ↘0

𝑓 (𝑡 + ℎ,𝑢, 𝑝) − 𝑓 (𝑡,𝑢, 𝑝)
ℎ

,

𝜕𝑢 𝑓 (𝑡,𝑢, 𝑝) (𝑣) := lim
ℎ↘0

𝑓 (𝑡,𝑢 + ℎ𝑣, 𝑝) − 𝑓 (𝑡,𝑢, 𝑝)
ℎ

,

𝜕𝑝 𝑓 (𝑡,𝑢, 𝑝) (𝑤) := lim
ℎ↘0

𝑓 (𝑡,𝑢, 𝑝 + ℎ𝑤) − 𝑓 (𝑡,𝑢, 𝑝)
ℎ

,

(1.6)

provided the limits on the right hand side exist, respectively. The notation ℎ ↘ 0 indicates that ℎ → 0
under the condition ℎ > 0.

We equip R𝑑 with the Euclidean norm ‖ · ‖ and denote by ‖𝐴‖ the corresponding operator norm for
𝐴 ∈ R𝑑×𝑑 .

Throughout the paper, we will use the terminology state equation and adjoint state equation.

2 minimax theorem via the averaged adjoint equation

2.1 averaged adjoint equation

Let 𝑋,𝑌 and 𝐺 be as in the introduction. We will henceforth assume that 𝑔(𝑡) is �nite for all 𝑡 ∈ [0, 𝜏].
Definition 2.1. We introduce for 𝑡 ∈ [0, 𝜏] the set of minimisers

(2.1) 𝑋 (𝑡) := {𝑢𝑡 ∈ 𝐸 (𝑡) : inf
𝑢∈𝐸 (𝑡 )

𝑓 (𝑡,𝑢) = 𝑓 (𝑡,𝑢𝑡 )}.

Notice that 𝑋 (𝑡) ⊂ 𝐸 (𝑡) and that 𝑋 (𝑡) = 𝐸 (𝑡) whenever 𝐸 (𝑡) is a singleton. However, in general
𝑋 (𝑡) and 𝐸 (𝑡) do not need to coincide. The de�nition of the averaged adjoint equation requires that
the set of states is not empty:
Assumption (H0). For all 𝑡 ∈ [0, 𝜏] we have 𝑋 (𝑡) ≠ ∅.

Before we can introduce the averaged adjoint equation we need the following hypothesis.
Assumption (H1). For all 𝑡 ∈ [0, 𝜏] and (𝑢0, 𝑢𝑡 ) ∈ 𝑋 (0) × 𝐸 (𝑡) we assume:

(i) For all 𝑝 ∈ 𝑌 , the mapping 𝑠 ↦→ 𝐺 (𝑡, 𝑠𝑢𝑡 + (1 − 𝑠)𝑢0), 𝑝) : [0, 1] → R is absolutely continuous.

(ii) For all (𝜑,𝑞) ∈ 𝑋 × 𝑌 and almost all 𝑠 ∈ (0, 1) the function

(2.2) 𝑠 ↦→ 𝜕𝑢𝐺 (𝑡, 𝑠𝑢𝑡 + (1 − 𝑠)𝑢0, 𝑝) (𝜑) : [0, 1] → R

is well-de�ned and belongs to 𝐿1(0, 1).

Remark 2.2. Notice that item (i) implies that for all 𝑡 ∈ [0, 𝜏], (𝑢0, 𝑢𝑡 ) ∈ 𝑋 (0) × 𝐸 (𝑡) and 𝑝 ∈ 𝑌 ,

(2.3) 𝐺 (𝑡,𝑢𝑡 , 𝑝) = 𝐺 (𝑡,𝑢0, 𝑝) +
∫ 1

0
𝜕𝑢𝐺 (𝑡, 𝑠𝑢𝑡 + (1 − 𝑠)𝑢0, 𝑝) (𝑢𝑡 − 𝑢0) 𝑑𝑠.

This follows at once by applying the fundamental theorem of calculus to 𝑠 ↦→ 𝐺 (𝑡, 𝑠𝑢𝑡 + (1 − 𝑠)𝑢0, 𝑝)
on [0, 1].

The following gives the de�nition of the adjoint and averaged adjoint equation; see [35].

Sturm First-order di�erentiability properties of a class of equality . . .
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Definition 2.3 (Averaged adjoint equation). Let 𝑋̃ ⊂ 𝑋 be a linear subspace. Given 𝑡 ∈ [0, 𝜏] and
(𝑢0, 𝑢𝑡 ) ∈ 𝐸 (0) × 𝐸 (𝑡), the averaged adjoint state equation is de�ned as follows: �nd 𝑞𝑡 ∈ 𝑌 , such that

(2.4)
∫ 1

0
𝜕𝑢𝐺 (𝑡, 𝑠𝑢𝑡 + (1 − 𝑠)𝑢0, 𝑞𝑡 ) (𝜑) 𝑑𝑠 = 0 for all 𝜑 ∈ 𝑋̃ .

For every triplet (𝑡,𝑢0, 𝑢𝑡 ) the set of solutions to (2.4) is denoted by 𝑌 (𝑡,𝑢0, 𝑢𝑡 ).
Definition 2.4. The standard adjoint 𝑝𝑡 ∈ 𝑋 is de�ned by 𝜕𝑢𝐺 (𝑡,𝑢𝑡 , 𝑝𝑡 ) (𝜑) = 0 for all 𝜑 ∈ 𝑋̃ and the set
of adjoints associated with (𝑡,𝑢𝑡 ) is denoted 𝑌 (𝑡,𝑢𝑡 ).

Notice that 𝑌 (0, 𝑢0) = 𝑌 (0, 𝑢0, 𝑢0) for all 𝑢0 ∈ 𝐸 (0), that is, the averaged adjoint equation reduces to
the usual adjoint equation. The averaged adjoint equation allows us to express the Lagrangian at time
𝑡 solely through the Lagrangian evaluated at (𝑡,𝑢0, 𝑞𝑡 ).
Lemma 2.5. Let 𝑡 ∈ (0, 𝜏]. Then for all (𝑢0, 𝑢𝑡 ) ∈ 𝐸 (0) × 𝐸 (𝑡) with 𝑢𝑡 − 𝑢0 ∈ 𝑋̃ , and 𝑞𝑡 ∈ 𝑌 (𝑡,𝑢0, 𝑢𝑡 ), we
have

(2.5) 𝐺 (𝑡,𝑢𝑡 , 𝑞𝑡 ) = 𝐺 (𝑡,𝑢0, 𝑞𝑡 ).

Proof. This follows directly from Remark 2.2 noting that 𝑢𝑡 − 𝑢0 ∈ 𝑋̃ is an admissible test function in
(2.4) and hence the last term in (2.3) vanishes. �

Remark 2.6. Notice that (2.5) holds for all 𝑡 > 0, but not necessarily at 𝑡 = 0. The reason behind this
is a discontinuity at 𝑡 = 0. Let 𝑢𝑡 ∈ 𝐸 (𝑡) and 𝑢0 ∈ 𝐸 (0) with 𝑢0 ≠ 𝑢0 and let 𝑞𝑡 ∈ 𝑌 (𝑡,𝑢0, 𝑢𝑡 ). Set
𝑓1(𝑡) := 𝐺 (𝑡,𝑢𝑡 , 𝑞𝑡 ) and 𝑓2(𝑡) := 𝐺 (𝑡,𝑢0, 𝑞𝑡 ) for 𝑡 ∈ [0, 𝜏]. Then from (2.5) we obtain

(2.6) 𝑓1(𝑡) = 𝑓2(𝑡) for all 𝑡 > 0,

but 𝑓1 and 𝑓2 do not coincide at 𝑡 = 0 unless 𝑓1(0) = 𝑓 (0, 𝑢0) = 𝑓 (0, 𝑢0) = 𝑓2(0). However, if we
also let 𝑢0𝑡 ∈ 𝐸 (0), such that 𝑢00 = 𝑢0, then the functions 𝑓1(𝑡) := 𝐺 (𝑡,𝑢𝑡 , 𝑞𝑡 ) and 𝑓2(𝑡) := 𝐺 (𝑡,𝑢0𝑡 , 𝑞𝑡 )
will coincide at 𝑡 = 0. This observation is important for our main theorem (Theorem 2.10); see also
Hypothesis (H3).
Corollary 2.7. For all 𝑡 ∈ (0, 𝜏], (𝑢0, 𝑢𝑡 ) ∈ 𝐸 (0) ×𝑋 (𝑡) with 𝑢𝑡 − 𝑢0 ∈ 𝑋̃ , and for all 𝑞𝑡 ∈ 𝑌 (𝑡,𝑢0, 𝑢𝑡 ), we
have

(2.7) 𝑔(𝑡) = 𝐺 (𝑡,𝑢𝑡 , 𝑞𝑡 ) = 𝐺 (𝑡,𝑢0, 𝑞𝑡 ) .

Proof. Let 𝑡 ∈ (0, 𝜏], (𝑢0, 𝑢𝑡 ) ∈ 𝐸 (0) × 𝑋 (𝑡), and 𝑞𝑡 ∈ 𝑌 (𝑡,𝑢0, 𝑢𝑡 ) be given. Since 𝑢𝑡 ∈ 𝑋 (𝑡) we obtain
by de�nition

(2.8) 𝑔(𝑡) = inf
𝑢∈𝐸 (𝑡 )

𝐺 (𝑡,𝑢, 0) = 𝐺 (𝑡,𝑢𝑡 , 0) .

On the other hand since 𝑋 (𝑡) ⊂ 𝐸 (𝑡), we have 𝑢𝑡 ∈ 𝐸 (𝑡) and thus 𝐺 (𝑡,𝑢𝑡 , 0) = 𝐺 (𝑡,𝑢𝑡 , 𝑞𝑡 ). Now we
can apply Lemma 2.5 to obtain

(2.9) 𝐺 (𝑡,𝑢𝑡 , 𝑞𝑡 ) = 𝐺 (𝑡,𝑢0, 𝑞𝑡 ).

Finally (2.8) and (2.9) together imply (2.7). �

Remark 2.8. Notice that in our setting the test space of the adjoint and averaged adjoint equation might
be smaller than the space of de�nition of the parametrised Lagrangian, that is, 𝑋̃ ≠ 𝑋 in general. This
is for instance the case when solving the Dirichlet Laplacian where the test space would be 𝐻 1

0 and the
trial space 𝐻 1. We refer to the last section for an example.
Remark 2.9. Let𝐺 : [0, 𝜏] ×𝑋 ×𝑌 → R be a Lagrangian and 𝑢 ∈ 𝑋 . Assume that 𝜕𝑡𝐺 (0, 𝑢, 𝑝) exists for
all 𝑝 ∈ 𝑌 . Then 𝑝 ↦→ 𝜕𝑡𝐺 (0, 𝑢, 𝑝) : 𝑌 → R is a�ne.
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2.2 a new minimax theorem for lagrangians

The next theorem gives new su�cient conditions for 𝑔 to be right di�erentiable at 𝑡 = 0. Our theorem
extends [6] and complements [14, Theorem 4.1] for functions 𝐺 that are Lagrangians. We will give a
new theorem which provides new su�cient conditions for which the limit

(2.10) 𝑑𝑔(0) := lim
𝑡↘0

𝑔(𝑡) − 𝑔(0)
𝑡

exists, where 𝑔 is given by (1.1).
Theorem 2.10. Let𝐺 be a Lagrangian and suppose that Hypotheses (H0)–(H1) and the following conditions
are satis�ed.

(H2) For all 𝑢 ∈ 𝑋 (0) and all 𝑝 ∈ 𝑌 (0, 𝑢), 𝜕𝑡𝐺 (0, 𝑢, 𝑝) exists;

(H3) For every null-sequence (𝑡𝑛), 𝑡𝑛 ∈ (0, 𝜏], there exist 𝑢0 ∈ 𝑋 (0) and 𝑝0 ∈ 𝑌 (0, 𝑢0), a subsequence
(𝑡𝑛𝑘 ), elements (𝑢0𝑡𝑛𝑘 , 𝑢

𝑡𝑛𝑘 ) ∈ 𝐸 (0) × 𝑋 (𝑡𝑛𝑘 ), 𝑢𝑡𝑛𝑘 − 𝑢0𝑡𝑛𝑘
∈ 𝑋̃ and 𝑞𝑡𝑛𝑘 ∈ 𝑌 (𝑡𝑛𝑘 , 𝑢0𝑡𝑛𝑘 , 𝑢

𝑡𝑛𝑘 ), such
that

lim inf
𝑘→∞

𝐺 (𝑡𝑛𝑘 , 𝑢0𝑡𝑛𝑘 , 𝑞
𝑡𝑛𝑘 ) −𝐺 (0, 𝑢0𝑡𝑛𝑘 , 𝑞

𝑡𝑛𝑘 )
𝑡𝑛𝑘

≥ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0).

(H4) For every𝑢0 ∈ 𝑋 (0) there is a suboptimal path 𝑡 ↦→ 𝑢𝑡 : [0, 𝜏] → 𝑋 satisfying,𝑢0 = 𝑢0,𝑢𝑡 −𝑢0 ∈ 𝑋̃ ,
𝑢𝑡 ∈ 𝐸 (𝑡) and

lim
𝑡↘0

‖𝑢𝑡 − 𝑢0‖𝑋
𝑡 1/2

= 0

and for all 𝑝0 ∈ 𝑌 (0, 𝑢0),

(2.11) lim sup
𝑡↘0

𝐺 (𝑡,𝑢𝑡 , 𝑝0) −𝐺 (0, 𝑢𝑡 , 𝑝0)
𝑡

≤ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0) .

(H5) For every 𝑢0 ∈ 𝑋 (0) and every 𝑝0 ∈ 𝑌 (0, 𝑢0),

(2.12) |𝐺 (0, 𝑢, 𝑝0) −𝐺 (0, 𝑢0, 𝑝0) − 𝜕𝑢𝐺 (0, 𝑢0, 𝑝0) (𝑢 − 𝑢0) | = O(‖𝑢 − 𝑢0‖2𝑋 ) .

Then the one sided derivative 𝑑𝑔(0) exists and we �nd 𝑢0 ∈ 𝑋 (0) and 𝑝0 ∈ 𝑌 (0, 𝑢0), such that

(2.13) 𝑑𝑔(0) = 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0)

and we have the bound

(2.14) inf
𝑢∈𝑋 (0)

inf
𝑝∈𝑌 (0,𝑢)

𝜕𝑡𝐺 (0, 𝑢, 𝑝) ≤ 𝑑𝑔(0) ≤ inf
𝑢∈𝑋 (0)

sup
𝑝∈𝑌 (0,𝑢)

𝜕𝑡𝐺 (0, 𝑢, 𝑝) .

If, in addition, for all 𝑢 ∈ 𝑋 (0) the set 𝑌 (0, 𝑢) = {𝑝0(𝑢)} is a singleton, then

(2.15) 𝑑𝑔(0) = inf
𝑢∈𝑋 (0)

𝜕𝑡𝐺 (0, 𝑢, 𝑝0(𝑢)) = 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0) .

Before we turn our attention to the proof of this theorem let us make a few remarks.
Remark 2.11. Let us give a guideline on how Hypothesis (H3) can be veri�ed in practice. Let a null-
sequence (𝑡𝑛) and (𝑢𝑡𝑛 ) ∈ 𝑋 (𝑡𝑛) be given. Typically one can use compactness arguments to �nd
𝑢0 ∈ 𝑋 (0) and a subsequence (denoted the same) such that 𝑢𝑡𝑛 → 𝑢0 in some topology on 𝑋 (e.g. weak
or strong). Then one constructs 𝑢𝑡𝑛0 ∈ 𝐸 (0), such that 𝑢𝑡𝑛0 → 𝑢0 and 𝑌 (𝑡𝑛, 𝑢𝑡𝑛0 , 𝑢𝑡𝑛 ) ≠ ∅. Then it only
remains to verify that there is a sequence 𝑞𝑡𝑛 ∈ 𝑌 (𝑡𝑛, 𝑢𝑡𝑛0 , 𝑢𝑡𝑛 ) of averaged adjoints that converges to
some element 𝑞0 ∈ 𝑌 (0, 𝑢0).
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Remark 2.12. • In contrast to previous theorems (see, e.g., [14, 12]) we allow the points𝑢0𝑡 ∈ 𝐸 (0) to
change when 𝑡 approaches zero. The idea is to choose 𝑢𝑡0 in such a way that the averaged adjoint
variable 𝑞𝑡 ∈ 𝑌 (𝑡,𝑢0𝑡 , 𝑢𝑡 ) exists. We will illustrate this with a nonconvex example in Section 3.

• Assumption (H3) extends Hypothesis (H3) of [14, Thm. 4.1] by perturbing the elements𝑢0 ∈ 𝑋 (0).
This allows us to treat examples where the original averaged adjoint variable is not well-de�ned;
see Section 3.4.

• Assumptions (H4) and (H5) in Theorem 2.10 follow ideas used in [23] (see also their follow
up work [27, 26]) and replace Hypothesis (H4) of [14, Thm. 4.1]. The main motivation and
advantage is that we do not need to assume that we �nd for all 𝑢0 ∈ 𝑋 (0) a continuous path
[0, 𝜏] → R𝑑 : 𝑡 ↦→ 𝑢𝑡 with 𝑢𝑡 ∈ 𝑋 (𝑡), which might be di�cult to check or might be even false
(see the example in Section 3.4). We also refer to [23] for an example where 𝑡 ↦→ 𝑢𝑡 is in fact not
di�erentiable, but where (H4),(H5) are satis�ed. We also note that the other recent articles such
as [14, Thm. 4.1.], [10, Thm. 4.1.],[11, Thm. 6.1 and Thm. 6.2] always work with optimal paths.
Therefore the replacement of this condition with the present one is crucial.

• Let us mention other results related to ours. In [4, Thm. 4.4] the di�erentiability of 𝑡 ↦→ 𝑔(𝑡) is
proved under the assumption that the minimisation problem (1.1) is convex and that there is an
𝑜 (𝑡) optimal path 𝑢𝑡 , such that ‖𝑢𝑡 − 𝑢0‖𝑋 = 𝑜 (𝑡). This latter condition is similar to condition
(H3), however, we only require the existence of 𝑢𝑡 ∈ 𝐸 (𝑡) with 1/2 Hölder continuity. However,
the result [4, Thm. 4.4] also includes inequality constraints; see also [33] and [2, 3].

We split the proof of this theorem in two lemmas in which we prove upper and lower bounds for
the following liminf and limsup of the di�erential quotients of 𝑔:

𝑑𝑔(0) := lim inf
𝑡↘0

𝑔(𝑡) − 𝑔(0)
𝑡

and 𝑑𝑔(0) := lim sup
𝑡↘0

𝑔(𝑡) − 𝑔(0)
𝑡

.(2.16)

Lemma 2.13. Assume that 𝐺 satis�es Hypotheses (H0)–(H3). Then

(2.17) ∃𝑢0 ∈ 𝑋 (0), ∃𝑝0 ∈ 𝑌 (0, 𝑢0), 𝑑𝑔(0) ≥ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0) .

In particular, we have

(2.18) 𝑑𝑔(0) ≥ inf
𝑢∈𝑋 (0)

inf
𝑞∈𝑌 (0,𝑢)

𝜕𝑡𝐺 (0, 𝑢, 𝑞) .

Proof. Let (𝑡𝑛), 𝑡𝑛 > 0 be a null-sequence, such that

lim
𝑛→∞

𝑔(𝑡𝑛) − 𝑔(0)
𝑡𝑛

= 𝑑𝑔(0).

From Corollary 2.7 we get for all 𝑡 ∈ (0, 𝜏], (𝑢0, 𝑢𝑡 ) ∈ 𝐸 (0) × 𝑋 (𝑡) with 𝑢𝑡 − 𝑢0 ∈ 𝑋̃ , and for all
𝑞𝑡 ∈ 𝑌 (𝑡,𝑢0, 𝑢𝑡 ),

(2.19) 𝑔(𝑡) = 𝐺 (𝑡,𝑢𝑡 , 𝑞𝑡 ) = 𝐺 (𝑡,𝑢0, 𝑞𝑡 ) .

In addition, from the de�nition of 𝑋 (0), we have for every 𝑝 ∈ 𝑌 ,

(2.20) 𝑔(0) ≤ 𝐺 (0, 𝑢0, 0) = 𝐺 (0, 𝑢0, 𝑝) .

Equations (2.19) and (2.20) together yield: for all 𝑡 ∈ (0, 𝜏], (𝑢0, 𝑢𝑡 ) ∈ 𝐸 (0) × 𝑋 (𝑡) and 𝑞𝑡 ∈ 𝑌 (𝑡,𝑢0, 𝑢𝑡 ),

(2.21) 𝑔(𝑡) − 𝑔(0)
𝑡

≥ 𝐺 (𝑡,𝑢0, 𝑞𝑡 ) −𝐺 (0, 𝑢0, 𝑞𝑡 )
𝑡

.
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From Assumption (H3): for every null-sequence (𝑡𝑛) there exist 𝑢0 ∈ 𝑋 (0) and 𝑝0 ∈ 𝑌 (0, 𝑢0), such that
there is a subsequence (𝑡𝑛), indexed the same, (𝑢0𝑡𝑛 , 𝑢

𝑡𝑛 ) ∈ 𝐸 (0) × 𝑋 (𝑡𝑛) and 𝑞𝑡𝑛 ∈ 𝑌 (𝑡𝑛, 𝑢0𝑡𝑛 , 𝑢
𝑡𝑛 ), such

that

lim
𝑛→∞

𝑔(𝑡𝑛) − 𝑔(0)
𝑡𝑛

(2.21)
≥ lim inf

𝑛→∞

𝐺 (𝑡𝑛, 𝑢0𝑡𝑛 , 𝑞
𝑡𝑛 ) −𝐺 (0, 𝑢0𝑡𝑛 , 𝑞

𝑡𝑛 )
𝑡𝑛

≥ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0)

which is precisely (2.17). �

Remark 2.14. The lower bound obtained in (2.18) is weaker than the one of e.g. [33, Prop. 2.3]. In fact,
there it is proven that

(2.22) inf
𝑢∈𝑋 (0)

sup
𝑝0∈𝑌 (0,𝑢)

𝜕𝑡𝐺 (0, 𝑢, 𝑝0) ≤ 𝑑𝑔(0) .

However, in this proposition it is assumed that the optimisation problem appearing in the de�nition
of 𝑔(𝑡) is a convex optimisation problem, which together with assumptions on 𝑋 (0) leads to a lower
bound for 𝑑𝑔(0). Nevertheless our bound together with the bound proved in the following lemma will
still lead to the right di�erentiability of 𝑔. The price we have to pay here is that the �nal expression of
the derivative is not a minmax anymore and thus contains less information.
Lemma 2.15. Assume that 𝐺 satis�es Hypotheses (H0)–(H2) and (H4)–(H5). Then

(2.23) ∀𝑢0 ∈ 𝑋 (0), ∀𝑝0 ∈ 𝑌 (0, 𝑢0), 𝑑𝑔(0) ≤ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0).

In particular,

(2.24) 𝑑𝑔(0) ≤ inf
𝑢∈𝑋 (0)

sup
𝑞∈𝑌 (0,𝑢)

𝜕𝑡𝐺 (0, 𝑢, 𝑞) .

Proof. Let (𝑡𝑛), 𝑡𝑛 > 0 be a null-sequence, such that

lim
𝑛→∞

𝑔(𝑡𝑛) − 𝑔(0)
𝑡𝑛

= 𝑑𝑔(0).

We have for all 𝑡 ∈ [0, 𝜏], 𝑢𝑡 ∈ 𝐸 (𝑡) and all 𝑝 ∈ 𝑌 ,

(2.25) 𝑔(𝑡) = inf
𝑢∈𝐸 (𝑡 )

𝐺 (𝑡,𝑢, 0) ≤ 𝐺 (𝑡,𝑢𝑡 , 0) = 𝐺 (𝑡,𝑢𝑡 , 𝑝).

As a result for all 𝑡 ∈ (0, 𝜏], (𝑢0, 𝑢𝑡 ) ∈ 𝑋 (0) × 𝐸 (𝑡), and all 𝑝 ∈ 𝑌 ,

(2.26) 𝑔(𝑡) − 𝑔(0)
𝑡

(2.25)
≤ 𝐺 (𝑡,𝑢𝑡 , 𝑝) −𝐺 (0, 𝑢0, 𝑝)

𝑡

=
𝐺 (𝑡,𝑢𝑡 , 𝑝) −𝐺 (0, 𝑢𝑡 , 𝑝)

𝑡
+ 𝐺 (0, 𝑢𝑡 , 𝑝) −𝐺 (0, 𝑢0, 𝑝)

𝑡
.

To further estimate the right hand side note that it follows from Assumption (H5): For every 𝑢0 ∈ 𝑋 (0)
and every 𝑝0 ∈ 𝑌 (0, 𝑢0),

(2.27) |𝐺 (0, 𝑢, 𝑝0) −𝐺 (0, 𝑢0, 𝑝0) − 𝜕𝑢𝐺 (0, 𝑢0, 𝑝0) (𝑢 − 𝑢0) | = O(‖𝑢 − 𝑢0‖2𝑋 ).

On the other hand by de�nition of the adjoint state 𝑝0 ∈ 𝑌 (0, 𝑢0),

(2.28) 𝜕𝑢𝐺 (0, 𝑢0, 𝑝0) (𝜑) = 0 for all 𝜑 ∈ 𝑋̃ .

Moreover thanks to Assumption (H4) we �nd 𝑡 ↦→ 𝑢𝑡 : [0, 𝜏] → 𝑋 , such that 𝑢0 = 𝑢0, 𝑢𝑡 − 𝑢0 ∈ 𝑋̃ ,
𝑢𝑡 ∈ 𝐸 (𝑡) and ‖𝑢𝑡 − 𝑢0‖𝑋 = 𝑜 (𝑡 1/2). Hence combining (2.27) and (2.28) gives that for every 𝑢0 ∈ 𝑋 (0)
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and every 𝑝0 ∈ 𝑌 (0, 𝑢0) there is a constant 𝐶 (depending on 𝑢0 and 𝑝0) such that for all small 𝑡 , we
have

(2.29) |𝐺 (0, 𝑢𝑡 , 𝑝0) −𝐺 (0, 𝑢0, 𝑝0) | (2.28)= |𝐺 (0, 𝑢𝑡 , 𝑝0) −𝐺 (0, 𝑢0, 𝑝0) − 𝜕𝑢𝐺 (0, 𝑢0, 𝑝) (𝑢𝑡 − 𝑢0) |
(2.27)
≤ 𝐶 ‖𝑢𝑡 − 𝑢0‖2𝑋 .

As a result

(2.30)

�����lim sup
𝑡↘0

𝐺 (0, 𝑢𝑡 , 𝑝0) −𝐺 (0, 𝑢0, 𝑝0)
𝑡

����� ≤ lim sup
𝑡↘0

|𝐺 (0, 𝑢𝑡 , 𝑝0) −𝐺 (0, 𝑢0, 𝑝0) |
𝑡

(2.29)
≤ 𝐶 lim sup

𝑡↘0

‖𝑢𝑡 − 𝑢0‖2
𝑋

𝑡

(2.11)
= 0.

Therefore from (2.26) for every 𝑢0 ∈ 𝑋 (0), there is 𝑡 ↦→ 𝑢𝑡 as before such that, for all 𝑝0 ∈ 𝑌 (0, 𝑢0),

(2.31) 𝑑𝑔(0) ≤ lim sup
𝑡↘0

𝐺 (𝑡,𝑢𝑡 , 𝑝0) −𝐺 (0, 𝑢𝑡 , 𝑝0)
𝑡

+ lim sup
𝑡↘0

𝐺 (0, 𝑢𝑡 , 𝑝0) −𝐺 (0, 𝑢0, 𝑝0)
𝑡

≤ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0)

which is precisely (2.23). �

Remark 2.16. A su�cient condition in the convex case to derive an upper bound for 𝑑𝑔(0) (even with
inequality constraints) as in the previous lemma is the assumption that every point in 𝑋 (0) satis�es
the Robinson constraint quali�cation (see [22, p. 5] and [32] for a de�nition). We refer to [33, Prop. 2.1]
which is due to [30].

Proof of Theorem 2.10 Let Hypotheses (H0)–(H5) hold true. Combining (2.17) and (2.23) shows there
exist 𝑢0 ∈ 𝑋 (0) and 𝑝0 ∈ 𝑌 (0, 𝑢0), such that

(2.32) 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0) ≤ 𝑑𝑔(0) ≤ 𝑑𝑔(0) ≤ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0),

which implies that 𝑑𝑔(0) exists and is equal to 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0). If for all 𝑢0 ∈ 𝑋 (0) the set 𝑌 (0, 𝑢0) =
{𝑝0(𝑢0)} is a singleton, then we obtain from (2.17) and (2.32), that for all 𝑢̃ ∈ 𝑋 (0),

(2.33) inf
𝑢∈𝑋 (0)

𝜕𝑡𝐺 (0, 𝑢, 𝑝0(𝑢)) ≤ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0) ≤ 𝑑𝑔(0) ≤ 𝜕𝑡𝐺 (0, 𝑢̃, 𝑝0(𝑢̃)) .

Taking the in�mum over 𝑢̃ in 𝑋 (0) yields (2.15).

Alternative upper bound Let us �nish this section with an upper bound for 𝑑𝑔(0), which can be
derived by replacing Hypotheses (H4),(H5) by the following relaxed Hypothesis (H4’). Its advantage
over (H4),(H5) is that no Hölder continuity of 𝑢𝑡 is needed, but only convergence. However, the bound
is weaker than the one of Lemma 2.13. Compare also with the general result [4, Thm. 4.5].
Assumption (H4’). For every null-sequence (𝑡𝑛), 𝑡𝑛 > 0 and every 𝑢0 ∈ 𝑋 (0), there exist 𝑝0 ∈ 𝑌 (0, 𝑢0),
a subsequence (𝑡𝑛𝑘 ) of (𝑡𝑛), 𝑢𝑡𝑛𝑘 ∈ 𝐸 (𝑡𝑛𝑘 ), and 𝑞𝑡𝑛𝑘 ∈ 𝑌 (𝑡𝑛𝑘 , 𝑢0, 𝑢𝑡𝑛𝑘 ), such that

lim sup
𝑘→∞

𝐺 (𝑡,𝑢0, 𝑞𝑡𝑛𝑘 ) −𝐺 (0, 𝑢0, 𝑞𝑡𝑛𝑘 )
𝑡𝑛𝑘

≤ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0) .
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Lemma 2.17. Let Hypotheses (H0)–(H3) and (H4’) be satis�ed. Then

(2.34) ∀𝑢0 ∈ 𝑋 (0), ∃𝑝0 ∈ 𝑌 (0, 𝑢0), 𝑑𝑔(0) ≤ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0) .

In particular,

(2.35) 𝑑𝑔(0) ≤ inf
𝑢∈𝑋 (0)

sup
𝑝∈𝑌 (0,𝑢)

𝜕𝑡𝐺 (0, 𝑢, 𝑝) .

Proof. Let (𝑡𝑛), 𝑡𝑛 > 0 be a null-sequence, such that

lim
𝑛→∞

𝑔(𝑡𝑛) − 𝑔(0)
𝑡𝑛

= 𝑑𝑔(0).

By de�nition we have for all 𝑡 > 0, 𝑢𝑡 ∈ 𝐸 (𝑡), 𝑢0 ∈ 𝑋 (0) and 𝑞𝑡 ∈ 𝑌 (𝑡,𝑢0, 𝑢𝑡 ):

(2.36) 𝑔(𝑡) ≤ 𝐺 (𝑡,𝑢𝑡 , 0) = 𝐺 (𝑡,𝑢𝑡 , 𝑞𝑡 ) = 𝐺 (𝑡,𝑢0, 𝑞𝑡 ),

where in the last step we used Corollary 2.7. Hence we obtain from Hypothesis (H4’) that we �nd (𝑡𝑛)
and 𝑢0 ∈ 𝑋 (0), a subsequence, denoted the same, an element 𝑝0 ∈ 𝑌 (0, 𝑢0), elements 𝑢𝑡𝑛 ∈ 𝐸 (𝑡𝑛) and
𝑞𝑡𝑛 ∈ 𝑌 (𝑡𝑛, 𝑢0, 𝑢𝑡𝑛 ), such that

𝑑𝑔(0) = lim
𝑛→∞

𝑔(𝑡𝑛) − 𝑔(0)
𝑡𝑛

≤ lim sup
𝑛→∞

𝐺 (𝑡𝑛, 𝑢0, 𝑞𝑡𝑛 ) −𝐺 (0, 𝑢0, 𝑞𝑡𝑛 )
𝑡𝑛

≤ 𝜕𝑡𝐺 (0, 𝑢0, 𝑝0) .(2.37)

Hence in particular for every 𝑢0 ∈ 𝑋 (0)

(2.38) 𝑑𝑔(0) ≤ sup
𝑝∈𝑌 (0,𝑢0)

𝜕𝑡𝐺 (0, 𝑢0, 𝑝) .

Taking the in�mum over 𝑢0 yields (2.35). �

As said before the statement of the previous lemma is weaker than the one of Lemma 2.15. However,
if for all 𝑢0 ∈ 𝑋 (0), the set 𝑌 (0, 𝑢0) is a singleton we obtain right di�erentiability of 𝑔.
Corollary 2.18. Let Hypotheses (H0)–(H3) and (H4’) be satis�ed. Assume that for all 𝑢 ∈ 𝑋 (0) the set
𝑌 (0, 𝑢) = {𝑝0(𝑢)} is a singleton. Then 𝑔 is right di�erentiable and

(2.39) 𝑑𝑔(0) = inf
𝑢∈𝑋 (0)

𝜕𝑡𝐺 (0, 𝑢, 𝑝0(𝑢)) .

Proof. This directly follows from the proof of Lemma 2.17 (equation (2.37)) and Lemma 2.13. �

3 application to a finite dimensional problem

In this section we study a simple �nite dimensional minimisation problem for which we can apply
Theorem 2.10. The following example is a generalisation of the one considered [11, Sec. 6.3]; see also [9,
p.143]. We also refer to [28], where existence of an optimisation problem with a quadratic cost function
and quadratic separable inequality constraints is studied.
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3.1 problem formulation

Given two symmetric matrices 𝐴,𝑄 ∈ R𝑑×𝑑 we de�ne

(3.1) 𝑓 (𝑢) := 𝑄𝑢 · 𝑢, 𝐸 := {𝑢 ∈ R𝑑 : 𝐴𝑢 · 𝑢 = 1}

and consider the minimisation problem

(3.2) inf
𝑢∈𝐸

𝑓 (𝑢) .

The following assumption guarantees that (3.2) admits at least one solution.
Assumption 3.1.We assume that the pair of symmetric matrices (𝑄,𝐴) satis�es one of the following
two conditions:

(a) 𝑄 is positive de�nite and there is 𝑢 ∈ R𝑑 with 𝐴𝑢 · 𝑢 > 0.

(b) 𝑄 is arbitrary and 𝐴 positive de�nite.

Remark 3.2.We note that the case of nonsymmetric 𝐴 and 𝑄 can be reduced to the symmetric case.
Indeed suppose (𝑄,𝐴) are nonsymmetric. Then 𝐴 := 1

2 (𝐴 +𝐴>) and 𝑄̂ := 1
2 (𝑄 +𝑄>) satisfy (a) (resp.

(b)) if and only if (𝑄,𝐴) satisfy (a) (resp. (b)). Hence we could work with (𝑄̂, 𝐴) instead.
Lemma 3.3. Let (𝑄,𝐴) satisfy Assumption 3.1(a) or (b). Then the minimisation problem (3.2) admits a
solution.

Proof. If 𝐴 is positive de�nite, then it is readily checked that 𝐸 is compact. If 𝐴 is inde�nite, then 𝐸

need not to be bounded, but in this case 𝑄 is positive de�nite. Hence in either cases (3.2) is �nite and a
minimiser exists. �

Remark 3.4.We note that if Assumption 3.1(a) or (b) is satis�ed, then the set 𝐸 is a 𝑑 − 1 dimensional
embedded 𝐶∞-submanifold of R𝑑 . This is a consequence of the regular value theorem; see [1, Thm.9.3,
p.243]. In fact, setting 𝑓 (𝑢) := 𝐴𝑢 · 𝑢 − 1, then we have ∇𝑓 (𝑢) = 2𝐴𝑢 ≠ 0 for all 𝑢 ∈ 𝐸, so that 0 is a
regular value of the function 𝑓 .

Let us continue with a few examples of matrices that satisfy (a) or (b).
Example 3.5. (i) A pair (𝑄,𝐴) satisfying (a) is

(3.3) 𝑄 =

(
1 0
0 1

)
, 𝐴 =

(
1 0
0 −1

)
.

In this case 𝐸 = {(𝑥, 𝑦)> : 𝑥2 − 𝑦2 = 1} is a hyperbola.

(ii) Another example of (𝑄,𝐴) satisfying (a) is

(3.4) 𝑄 =

(
1 0
0 1

)
, 𝐴 =

(
0 0
0 1

)
.

In this case 𝐸 = {(𝑥, 𝑦)> : 𝑦2 = 1} = R × {1,−1} are two lines parallel to the 𝑥-axis.

(iii) A pair (𝑄,𝐴) for which (b) is satis�ed is given by

(3.5) 𝑄 =

(
1 0
0 0

)
, 𝐴 =

(
2 0
0 1

)
.

In this case 𝐸 = {(𝑥, 𝑦)> : 2𝑥2 + 𝑦2 = 1} is an ellipse.
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Figure 1: Ellipse converging to the two blue lines

If (a) or (b) are satis�ed, then (3.2) admits at least one minimiser 𝑢 ∈ 𝐸. The Lagrange multiplier rule
shows that we �nd 𝑝 ∈ R, such that

(3.6) 𝑄𝑢 + 𝑝𝐴𝑢 = 0.

So 𝜆 := −𝑝 is a generalised eigenvalue for the matrices (𝑄,𝐴). It also follows from (3.6) and 𝐴𝑢 · 𝑢 = 1
that

(3.7) 𝜆 = −𝑝 = 𝑄𝑢 · 𝑢.

From this it follows that if (a) holds, then 0 < 𝑄𝑢 · 𝑢 = −𝑝 , so 𝑝 ≠ 0. If (b) holds, then 𝑝 = 0 is possible.

3.2 perturbation and lagrangian

We now consider the following perturbation of (3.1)

(3.8) 𝑓 (𝑡,𝑢) := 𝑄 (𝑡)𝑢 · 𝑢, 𝐸 (𝑡) := {𝑢𝑡 ∈ R𝑑 : 𝐴(𝑡)𝑢𝑡 · 𝑢𝑡 = 1},

where 𝑄,𝐴 : [0, 𝜏] → R𝑑×𝑑 are matrix functions satisfying the following assumption.
Assumption 3.6. Let 𝑄,𝐴 : [0, 𝜏] → R𝑑×𝑑 be continuously di�erentiable functions, such that 𝑄 (𝑡) and
𝐴(𝑡) are symmetric for all 𝑡 ∈ [0, 𝜏] and the pair (𝑄 (0), 𝐴(0)) satis�es Assumption 3.1, (a) or (b).
Example 3.7. A pair (𝑄,𝐴) satisfying the previous assumption is given by

(3.9) 𝑄 (𝑡) =
(
1 0
0 1

)
, 𝐴(𝑡) =

(
𝑡 0
0 1

)
.

In this case 𝐸 (𝑡) = {(𝑥, 𝑦)> : 𝑡𝑥2 + 𝑦2 = 1} is an ellipse for 𝑡 > 0, but 𝐸 (0) = {(𝑥,±1)> : 𝑥 ∈ R}
consists of two lines parallel to the 𝑥-axis. We illustrate the set 𝐸 (𝑡) for various 𝑡 > 0 in Figure 1.

We will show that if Assumption 3.6 holds true, then

(3.10) 𝑔(𝑡) := inf
𝑢∈𝐸 (𝑡 )

𝑄 (𝑡)𝑢 · 𝑢

is right di�erentiable at 𝑡 = 0+ by applying Theorem 2.10.
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The Lagrangian 𝐺 : [0, 𝜏] × R𝑑 × R → R associated with the minimisation problem (3.10) reads

(3.11) 𝐺 (𝑡,𝑢, 𝑝) := 𝑄 (𝑡)𝑢 · 𝑢 + 𝑝 (𝐴(𝑡)𝑢 · 𝑢 − 1) .

By the Lagrangian multiplier rule we �nd for every minimiser 𝑢𝑡 ∈ 𝑋 (𝑡) a number 𝑝𝑡 ∈ R, such that

(3.12) 𝑄 (𝑡)𝑢𝑡 + 𝑝𝑡𝐴(𝑡)𝑢𝑡 = 0.

It also follows from (3.12) and 𝐴(𝑡)𝑢𝑡 · 𝑢𝑡 = 1, that

(3.13) 𝑔(𝑡) = 𝑄 (𝑡)𝑢𝑡 · 𝑢𝑡 = −𝑝𝑡 .

This shows that the set 𝑌 (𝑡,𝑢𝑡 ) = {𝑝𝑡 } is a singleton and also

(3.14) 𝑋 (𝑡) = {𝑢𝑡 ∈ R𝑑 : 𝑄 (𝑡)𝑢𝑡 + 𝑝𝑡 (𝑡)𝐴(𝑡)𝑢𝑡 = 0, 𝐴(𝑡)𝑢𝑡 · 𝑢𝑡 = 1}.

The averaged adjoint equation associated with two states (𝑢0, 𝑢𝑡 ) ∈ 𝐸 (0) ×𝐸 (𝑡) reads: �nd 𝑞𝑡 ∈ R such
that

(3.15) 𝑄 (𝑡) (𝑢𝑡 + 𝑢0) + 𝑞𝑡𝐴(𝑡) (𝑢𝑡 + 𝑢0) = 0.

The existence of 𝑞𝑡 can not be guaranteed for all pairs (𝑢0, 𝑢𝑡 ); see Section 3.4 for a counter example.
However, Theorem 2.10 only requires the existence of the averaged adjoint variable for certain pairs of
states.
Remark 3.8. We note that if Assumption 3.1, (b) is satis�ed we have

(3.16) 𝑔(𝑡) = inf
𝑢∈𝐸 (𝑡 )

𝑓 (𝑡,𝑢) = inf
𝑢∈R𝑑
𝑢≠0

𝑄 (𝑡)𝑢 · 𝑢
𝐴(𝑡)𝑢 · 𝑢 .

Therefore in this case we can also apply Danskin’s theorem (see, e.g., [16, p. 524, Thm. 2.1], [9, p.140,
Thm.5.1] or [4, Thm. 4.1]) to prove the right di�erentiability of 𝑔 at 𝑡 = 0 (in fact, one could even
consider a more general 𝑓 (𝑡,𝑢) in this case). Assumption 3.1, (a) does not allow this simpli�cation since
𝐴 is not necessarily positive de�nite in this case. Indeed consider the pair (𝑄,𝐴) from Example 3.5, (i)
(which satis�es (a)):

(3.17) inf
𝑢∈R2
𝑢≠0

𝑄𝑢 · 𝑢
𝐴𝑢 · 𝑢 = inf

𝑢∈R2
𝑢≠0

𝑥2 + 𝑦2

𝑥2 − 𝑦2
= −∞,

while argmin𝑢∈𝐸 𝑥2 + 𝑦2 = {(−1, 0)>, (1, 0)>} and hence min𝑢∈𝐸 𝑄𝑢 · 𝑢 = min𝑢∈𝐸 𝑥2 + 𝑦2 = 1 is �nite.

3.3 verification of the hypotheses

We now verify Hypotheses (H0)–(H5) for the Lagrangian 𝐺 in (3.11) with 𝑋̃ = 𝑋 = R𝑑 and 𝑌 = R
and a real number 𝜏 > 0 which has to be chosen su�ciently small. In view of Assumption 3.1 it is
clear that Hypothesis (H0) is satis�ed. Hypotheses (H1) and (H2) are also obvious since 𝐴 and 𝑄 are
di�erentiable.

Verification of Hypothesis (H3) To this end, we �rst prove the following lemma.
Lemma 3.9. (i) For su�ciently small 𝜏 the set 𝑆𝜏 := ∪𝑡 ∈[0,𝜏 ]𝑋 (𝑡) is bounded.

(ii) For every null-sequence (𝑡𝑛) and 𝑢𝑡𝑛 ∈ 𝑋 (𝑡𝑛), there is a subsequence still indexed the same, and
𝑢0 ∈ 𝑋 (0), such that 𝑢𝑡𝑛 → 𝑢0 as 𝑛 → ∞.
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Proof. We �rst show the boundedness of 𝑆𝜏 for 𝜏 small if either (a) or (b) of Assumption 3.1 hold. First
suppose that Assumption 3.1, (a) is satis�ed. Notice that𝑄 (𝑡) is uniformly positive de�nite for all small
𝑡 . Then by de�nition of 𝑢𝑡 ∈ 𝑋 (𝑡), we have for all 𝑡 ∈ [0, 𝜏],

(3.18) 𝛼 ‖𝑢𝑡 ‖2 ≤ 𝑄 (𝑡)𝑢𝑡 · 𝑢𝑡 ≤ 𝑄 (𝑡)𝑢 · 𝑢 for all 𝑢 ∈ R𝑑 , 𝐴(𝑡)𝑢 · 𝑢 = 1

for some 𝛼 > 0. Now pick any 𝑢0 ∈ R𝑑 with 𝐴(0)𝑢0 · 𝑢0 = 1. By continuity we �nd 𝜏 > 0 and 𝑐 > 0
such that 𝐴(𝑡)𝑢0 · 𝑢0 ≥ 𝑐 > 0 for all 𝑡 ∈ [0, 𝜏] and hence 𝑢𝑡 := 𝑢0/

√︁
𝐴(𝑡)𝑢0 · 𝑢0 satis�es 𝐴(𝑡)𝑢𝑡 · 𝑢𝑡 = 1

and thus 𝑢𝑡 ∈ 𝐸 (𝑡). Then plugging 𝑢𝑡 into (3.18) we obtain

(3.19) 𝛼 ‖𝑢𝑡 ‖2 ≤ 𝑄 (𝑡)𝑢0 · 𝑢0
𝐴(𝑡)𝑢0 · 𝑢0 ≤ 𝑐−1 max

𝑡 ∈[0,𝜏 ]
‖𝑄 (𝑡)‖‖𝑢0‖2.

Thus 𝑆𝜏 is bounded.
Now suppose that Assumption 3.1, (b) holds. Since 𝐴(0) is positive de�nite and since 𝐴(·) is continu-

ous also𝐴(𝑡) is positive de�nite provided 𝑡 is small enough. Sowe �nd𝛼 > 0, such that𝛼 ‖𝑢‖2 ≤ 𝐴(𝑡)𝑢 ·𝑢
for all 𝑢 ∈ R𝑑 and all small 𝑡 . Therefore for all 𝑢𝑡 ∈ 𝐸 (𝑡) we have 𝛼 ‖𝑢𝑡 ‖2 ≤ 𝐴(𝑡)𝑢𝑡 · 𝑢𝑡 = 1 which
implies that 𝑆𝜏 is bounded.

The proof of (𝑖𝑖) follows by standard arguments and hence is omitted. �

Lemma 3.10. For every null-sequence (𝑡𝑛), we �nd 𝑢0 ∈ 𝑋 (0) and 𝑝0 ∈ 𝑌 (0, 𝑢0), and a subsequence
(denoted the same), elements (𝑢0𝑡𝑛 , 𝑢

𝑡𝑛 ) ∈ 𝐸 (0) × 𝑋 (𝑡𝑛) and 𝑞𝑡𝑛 ∈ 𝑌 (𝑡𝑛, 𝑢0𝑡𝑛 , 𝑢
𝑡𝑛 ), such that

𝑞𝑡𝑛 → 𝑝0 as 𝑛 → ∞,(3.20)
𝑢0𝑡𝑛 → 𝑢0 as 𝑛 → ∞.(3.21)

Proof. Let (𝑡𝑛) be an arbitrary null-sequence and let (𝑢𝑡𝑛 ),𝑢𝑡𝑛 ∈ 𝑋 (𝑡𝑛) be given. Thanks to the previous
Lemma 3.9 we �nd 𝑢0 ∈ 𝑋 (0) and a subsequence of (𝑡𝑛), still indexed the same, such that 𝑢𝑡𝑛 → 𝑢0 as
𝑛 → ∞. By the Lagrange multiplier rule we �nd 𝑝0 ∈ 𝑌 (0, 𝑢0), such that

(3.22) 𝑄 (0)𝑢0 + 𝑝0𝐴(0)𝑢0 = 0, 𝐴(0)𝑢0 · 𝑢0 = 1.

Since 𝐴(0)𝑢0 · 𝑢0 = 1, we have 𝐴(0)𝑢𝑡𝑛 · 𝑢𝑡𝑛 > 0 for 𝑛 large enough; therefore

(3.23) 𝑢0𝑡𝑛 := 1√︁
𝐴(0)𝑢𝑡𝑛 · 𝑢𝑡𝑛

𝑢𝑡𝑛 ∈ 𝐸 (0),

is well-de�ned. It is clear that 𝑢0𝑡𝑛 → 𝑢0 as 𝑛 → ∞. By construction 𝑢0𝑡𝑛 and 𝑢𝑡𝑛 are linearly dependent.
Since 𝑢𝑡𝑛 ∈ 𝑋 (𝑡𝑛) the Lagrange multiplier rule shows 𝑄 (𝑡𝑛)𝑢𝑡𝑛 + 𝑞𝑡𝑛𝐴(𝑡𝑛)𝑢𝑡𝑛 = 0 for some 𝑞𝑡𝑛 ∈ R,
and thus also

(3.24) 𝑄 (𝑡𝑛) (𝑢0𝑡𝑛 + 𝑢𝑡𝑛 ) + 𝑞𝑡𝑛𝐴(𝑡𝑛) (𝑢0𝑡𝑛 + 𝑢𝑡𝑛 ) = 0,

which is the averaged adjoint equation (3.15) associatedwith the pair (𝑢0𝑡𝑛 , 𝑢
𝑡𝑛 ). Since𝐴(𝑡𝑛) (𝑢0𝑡𝑛+𝑢

𝑡𝑛 ) ≠ 0
for 𝑛 large, it follows from (3.24) that

(3.25) 𝑞𝑡𝑛 = −
𝑄 (𝑡𝑛) (𝑢𝑡𝑛 + 𝑢0𝑡𝑛 ) · (𝑢

𝑡𝑛 + 𝑢0𝑡𝑛 )
𝐴(𝑡𝑛) (𝑢𝑡𝑛 + 𝑢0𝑡𝑛 ) · (𝑢𝑡𝑛 + 𝑢0𝑡𝑛 )

→ −𝑄 (0)𝑢0 · 𝑢0
𝐴(0)𝑢0 · 𝑢0 = 𝑝0.

This shows Hypothesis (H3) and �nishes the proof. �
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Verification of Hypothesis (H4) The veri�cation of Hypothesis (H4) is a simple application of the
inverse function theorem.
Lemma 3.11. For every 𝑢0 ∈ 𝐸 (0) we �nd a di�erentiable function 𝑡 ↦→ 𝑢𝑡 : [0, 𝜏] → R𝑑 with 𝑢𝑡 ∈ 𝐸 (𝑡)
for all 𝑡 ∈ (0, 𝜏].

Proof. We argue similarly as in Lemma 3.10. Let 𝑢0 ∈ R𝑑 with 𝐴(0)𝑢0 · 𝑢0 = 1 be given. Again by
continuity we �nd 𝜏 > 0 and 𝑐 > 0, such that 𝐴(𝑡)𝑢0 · 𝑢0 ≥ 𝑐 for all 𝑡 ∈ [0, 𝜏]. Now

(3.26) 𝑢𝑡 := 1√︁
𝐴(𝑡)𝑢0 · 𝑢0

belongs to 𝐸 (𝑡) and is right di�erentiable at 𝑡 = 0. �

Verification of Hypothesis (H5) To check Hypothesis (H5) we compute for all 𝑢 ∈ R𝑑 and 𝑞 ∈ R,

(3.27) 𝜕𝑢𝐺 (0, 𝑢, 𝑝) = (𝑄 (0) + 𝑝𝐴(0))𝑢.

Hence by the fundamental theorem of calculus and (3.27) we obtain for all 𝑢0 ∈ 𝑋 (0), 𝑢 ∈ R𝑑 and
𝑝0 ∈ 𝑌 (0, 𝑢0),

|𝐺 (0, 𝑢, 𝑝0) −𝐺 (0, 𝑢0, 𝑝0) − 𝜕𝑢𝐺 (0, 𝑢0, 𝑝0) (𝑢 − 𝑢0) |

= |
∫ 1

0
𝜕𝑢𝐺 (0, 𝑠𝑢 + (1 − 𝑠)𝑢0, 𝑝0) (𝑢 − 𝑢0) − 𝜕𝑢𝐺 (0, 𝑢0, 𝑝0) (𝑢 − 𝑢0) 𝑑𝑠 |

≤ |𝑢 − 𝑢0 |22‖𝑄 (0) + 𝑝0𝐴(0)‖

(3.28)

and this veri�es Hypothesis (H5).

Application of Theorem 2.10 Now we have veri�ed all the Hypotheses of Theorem 2.10 and we obtain
the following theorem.
Theorem 3.12. Let 𝑄,𝐴 : [0, 𝜏] → R𝑑×𝑑 be two continuously di�erentiable functions satisfying Assump-
tion 3.6. Then the function 𝑔 is right di�erentiable at 𝑡 = 0 and we �nd 𝑢0 ∈ 𝑋 (0), such that

(3.29) 𝑑𝑔(0) = inf
𝑢∈𝑋 (0)

(𝑄 ′(0) + 𝑝0𝐴′(0))𝑢 · 𝑢 = (𝑄 ′(0) + 𝑝0𝐴′(0))𝑢0 · 𝑢0,

where (𝑢0, 𝑝0) ∈ R𝑑 × R satis�es:

𝑄 (0)𝑢0 + 𝑝0𝐴(0)𝑢0 = 0, 𝑝0 = −𝑄 (0)𝑢0 · 𝑢0,
𝐴(0)𝑢0 · 𝑢0 = 1.

We can even obtain more using the di�erentiability of the suboptimal paths 𝑢𝑡 of Lemma 3.11 and
the arguments of Lemma 2.13. In contrast to the previous theorem the following lemma holds for all
elements 𝑢0 ∈ 𝑋 (0).
Lemma 3.13. Let 𝑢0 ∈ 𝑋 (0). Let 𝑣 ∈ R𝑑 be any vector, such that there is (𝑢𝑡 ) with 𝑢𝑡 ∈ 𝐸 (𝑡) satisfying

(3.30) 𝑣 = lim
𝑡↘0

𝑢𝑡 − 𝑢0

𝑡
and 𝐴′(0)𝑢0 · 𝑢0 ≠ 0.

Then we have

(3.31) 𝑑𝑔(0) ≤ 𝜕𝑡𝐺 (0, 𝑢0, 𝜇) = (𝑄 ′(0) + 𝜇𝐴′(0))𝑢0 · 𝑢0,

where 𝜇 is given by

(3.32) 𝜇 := −𝑄 (0)𝑢0 · 𝑣
𝐴(0)𝑢0 · 𝑣 .
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Proof. Let 𝑢0 ∈ 𝑋 (0) and let 𝑢𝑡 be a di�erentiable path with 𝑣 := lim𝑡↘0(𝑢𝑡 − 𝑢0)/𝑡 . By de�nition
𝐴(𝑡)𝑢𝑡 · 𝑢𝑡 = 1 and hence 𝐴′(0)𝑢0 · 𝑢0 + 2𝐴(0)𝑢0 · 𝑣 = 0. In view of 𝐴′(0)𝑢0 · 𝑢0 ≠ 0, we conclude

(3.33) 𝐴(0)𝑢0 · 𝑣 ≠ 0.

Now we choose 𝑞𝑡 ∈ R such that∫ 1

0
𝜕𝑢𝐺 (𝑡, 𝑠𝑢𝑡 + (1 − 𝑠)𝑢0, 𝑞𝑡 ) (𝑢𝑡 − 𝑢0)

= 2(𝑄 (𝑡) + 𝑞𝑡𝐴(𝑡)) (𝑢𝑡 − 𝑢0) = 0.
(3.34)

It is readily checked using (3.33) that𝐴(𝑡) (𝑢𝑡 +𝑢0) · (𝑢𝑡−𝑢0

𝑡
) ≠ 0 for all 𝑡 small and thus we obtain from

(3.34),

𝑞𝑡 = −
𝑄 (𝑡) (𝑢𝑡 + 𝑢0) · (𝑢𝑡−𝑢0

𝑡
)

𝐴(𝑡) (𝑢𝑡 + 𝑢0) · (𝑢𝑡−𝑢0
𝑡

)
→ −𝑄 (0)𝑢0 · 𝑣

𝐴(0)𝑢0 · 𝑣 =: 𝜇.(3.35)

Now we apply the mean value theorem to obtain

(3.36) 𝐺 (𝑡,𝑢𝑡 , 𝑞𝑡 ) −𝐺 (𝑡,𝑢0, 𝑞𝑡 ) =
∫ 1

0
𝜕𝑢𝐺 (𝑡, 𝑠𝑢𝑡 + (1 − 𝑠)𝑢0, 𝑞𝑡 ) (𝑢𝑡 − 𝑢0) 𝑑𝑠 = 0,

where the last equality follows from the de�nition of 𝑞𝑡 . Hence we obtain that for every null-sequence
𝑡 ↘ 0 and every 𝑢0 ∈ 𝑋 (0), we �nd 𝑢𝑡 ∈ 𝐸 (𝑡) and 𝑞𝑡 ∈ R, such that

(3.37) 𝐺 (𝑡,𝑢𝑡 , 𝑞𝑡 ) = 𝐺 (𝑡,𝑢0, 𝑞𝑡 ).

Hence we can use the same arguments as in Lemma 2.13 to conclude 𝑑𝑔(0) ≥ 𝜕𝑡𝐺 (0, 𝑢0, 𝜇).
�

3.4 on the condition (h3) and non-existence of averaged adjoints

Let us give an explicit example where for all su�ciently small 𝑡 > 0 and any pair (𝑢0, 𝑢𝑡 ) ∈ 𝑋 (0) ×𝑋 (𝑡)
the set of averaged adjoints 𝑌 (𝑡,𝑢0, 𝑢𝑡 ) = ∅ is empty. However, for every 𝑢𝑡 ∈ 𝑋 (𝑡), we �nd 𝑢0 ∈ 𝑋 (0)
and 𝑢𝑡0 ∈ 𝐸 (0), such that 𝑢𝑡0 → 𝑢0 and 𝑌 (𝑡,𝑢𝑡0, 𝑢𝑡 ) ≠ ∅. Therefore Hypothesis (H3) is necessary in some
cases and can not be simpli�ed.

Consider again 𝑔 de�ned by (3.10) with

𝐸 (𝑡) = {𝑢 = (𝑥, 𝑦)> ∈ R2 : 𝐴(𝑡)𝑢 · 𝑢 = 1},(3.38)

𝐴(𝑡) :=
(
1 𝑡

𝑡 1

)
, 𝑄 =

(
1 0
0 2

)
.(3.39)

Clearly Assumption 3.6 is satis�ed for this example and hence 𝑔 is right di�erentiable thanks to
Theorem 3.12. At 𝑡 = 0 we have

𝐸 (0) = {(𝑥, 𝑦)> ∈ R2 : 𝑥2 + 𝑦2 = 1}, 𝑋 (0) = {(±1, 0)>}, 𝑌 (0, (±1, 0)>) = {1}(3.40)

and for 𝑡 > 0 and 𝑢𝑡 ∈ 𝑋 (𝑡) we �nd 𝑝𝑡 ∈ 𝑌 (𝑡,𝑢𝑡 ) solving

(3.41) 𝑄𝑢𝑡 + 𝑝𝑡𝐴(𝑡)𝑢𝑡 = 0 ⇔ 𝐴(𝑡)−1𝑄𝑢𝑡 + 𝑝𝑡𝑢𝑡 = 0.
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We compute

(3.42) 𝐴(𝑡)−1𝑄 =
1

1 − 𝑡2

(
1 −2𝑡
−𝑡 2

)
︸       ︷︷       ︸

=:𝐴̃(𝑡 )

.

The eigenvalues of 𝐴̃(𝑡) are given by

(3.43) 𝜆±(𝑡) = 1
2

(
3 ±

√
1 + 8𝑡2

)
and therefore { 1

1−𝑡2𝜆
−(𝑡), 1

1−𝑡2𝜆
+(𝑡)} are the eigenvalues of𝐴(𝑡)−1𝑄 and the eigenspaces are one dimen-

sional. Moreover,𝑔(𝑡) = 1
1−𝑡2𝜆

−(𝑡). For small 𝑡 > 0 we have 𝜆+(𝑡) > 2 and 𝜆−(𝑡) < 1. The corresponding
eigenvalue equations lead to

𝑥 (𝜆± − 1) = −2𝑡𝑦,(3.44)
𝑦 (𝜆± − 2) = −𝑡𝑥 .(3.45)

So for 𝜆+ we obtain as eigenvector for 𝑡 > 0,

(3.46) 𝑢𝑡+ =

(
𝑎𝑡

1

)
, 𝑎𝑡 =

−2𝑡
𝜆+(𝑡) − 1 < 0,

and 𝑎𝑡 → 0 for 𝑡 ↘ 0. Similarly, for 𝜆− we obtain

(3.47) 𝑢𝑡− =

(
1
𝑏𝑡

)
, 𝑏𝑡 =

−𝑡
𝜆−(𝑡) − 2 > 0,

and 𝑏𝑡 → 0 for 𝑡 ↘ 0. It follows that

(3.48) 𝑋 (𝑡) = {𝑢𝑡−,−𝑢𝑡−}, 𝑢𝑡− := 1√︁
𝐴(𝑡)𝑢𝑡− · 𝑢𝑡−

𝑢𝑡−.

Now let us check that the averaged adjoint equation is not solvable.
Lemma 3.14. For 𝑡 > 0 small and for (𝑢𝑡−,±𝑢0) with 𝑢0 = (1, 0)>, there is no 𝑞𝑡 ∈ R, such that

(3.49) 𝑄 (𝑢𝑡− ± 𝑢0) + 𝑞𝑡𝐴(𝑡) (𝑢𝑡− ± 𝑢0) = 0.

In particular 𝑌 (𝑡,𝑢0, 𝑢𝑡−) = 𝑌 (𝑡,−𝑢0, 𝑢𝑡−) = ∅ and no averaged adjoint state for such pairs exists.

Proof. Suppose 𝑞𝑡 ∈ 𝑌 (𝑡,𝑢0, 𝑢𝑡−) exists. Then in view of the de�nition (3.49), this means that 𝑞𝑡 ∈
{− 1

1−𝑡2𝜆
−(𝑡),− 1

1−𝑡2𝜆
+(𝑡)} and in view of (3.49)

𝑢𝑡− + 𝑢0 = 1√︁
𝐴(𝑡)𝑢𝑡− · 𝑢𝑡−

(
1
𝑏𝑡

)
+
(
1
0

)
(3.50)

must be an eigenvector of 𝐴(𝑡)−1𝑄 . Since the eigenspaces are one dimensional, we must have one of
the two cases:

(3.51a) 𝑢𝑡− + 𝑢0 = 𝛼𝑢𝑡−,

(3.51b) 𝑢𝑡− + 𝑢0 = 𝛼𝑢𝑡+,
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for some 𝛼 ∈ R. By comparing the last component of the vectors of (3.51a), we see that equality in
(3.51a) can only happen for 𝛼 = 1√

𝐴(𝑡 )𝑢𝑡− ·𝑢𝑡−
, which gives

(3.52) 𝑢𝑡− + 𝑢0 = 𝑢𝑡− ⇒ 𝑢0 = 0

and thus a contradiction. Similarly for (3.51b), we compare the last component and see that equality
can only be true for 𝛼 = 𝑏𝑡√

𝐴(𝑡 )𝑢𝑡− ·𝑢𝑡−
, which leads to

(3.53) 𝑢𝑡− + 𝑢0 = 𝑏𝑡√︁
𝐴(𝑡)𝑢𝑡− · 𝑢𝑡−

(
𝑎𝑡

1

)
which is also impossible since 𝑎𝑡 → 0 and 𝑏𝑡 → 0 and hence the right vector goes to zero as 𝑡 ↘ 0,
however, the left hand side goes to 2𝑢0 ≠ 0. Therefore (3.49) is not solvable and 𝑌 (𝑡,𝑢0, 𝑢𝑡−) = ∅. The
same arguments show that 𝑌 (𝑡,−𝑢0, 𝑢𝑡−) = ∅. �

Despite this negative result, we can de�ne for every 𝑢𝑡 ∈ 𝑋 (𝑡) the element
𝑢0𝑡 := 𝑢𝑡/

√︁
𝐴(0)𝑢𝑡 · 𝑢𝑡 ∈ 𝐸 (0), which is linearly dependent on 𝑢𝑡 and hence 𝑌 (𝑡,𝑢0𝑡 , 𝑢𝑡 ) ≠ ∅. Moreover,

if 𝑢𝑡 converges, also 𝑢0𝑡 converges.

3.5 second order sufficient conditions

Let us �nish this section by making some remarks on second order analysis results. We notice that in
[5, Sec. 4.9.1., p. 365] equality constraints are treated using second order analysis. However, for our
problem this is not applicable. In fact in [5, Thm. 4.125, p. 365] the following problem is studied

(3.54) 𝑔(𝑡) = inf
𝑢∈𝐸 (𝑡 )

𝑓 (𝑡,𝑢), 𝐸 (𝑡) = {𝑢𝑡 ∈ 𝑋 : 𝑒 (𝑡,𝑢𝑡 ) = 0},

where 𝑓 : [0, 𝜏] × 𝑋 → R and 𝑒 : [0, 𝜏] × 𝑋 → 𝑌 are two times di�erentiable functions. Introduce the
associated Lagrangian

(3.55) 𝐺 (𝑡,𝑢, 𝑝) := 𝑓 (𝑡,𝑢) + 〈𝑝, 𝑒 (𝑡,𝑢)〉𝑌 ∗,𝑌 , 𝑡 ∈ [0, 𝜏], 𝑢 ∈ 𝑋, 𝑝 ∈ 𝑌 ∗.

Suppose that 𝜕𝑢𝑒 (0, 𝑢0) : 𝑋 → 𝑌 is surjective, such that the Lagrange multiplier 𝑞0 ∈ 𝑌 (0, 𝑢0) for
every 𝑢0 ∈ 𝑋 (0) is unique. Then in [5, Thm. 4.125, p. 365] it is proved that for given 𝑢0 ∈ 𝑋 (0) and
𝑞0 ∈ 𝑌 (0, 𝑢0), there exist locally unique solutions (𝑢𝑡 , 𝑝𝑡 ) of

𝜕𝑢𝐺 (𝑡,𝑢𝑡 , 𝑝𝑡 ) = 𝜕𝑢 𝑓 (𝑡,𝑢𝑡 ) + 〈𝑝𝑡 , 𝜕𝑢𝑒 (𝑡,𝑢𝑡 )〉𝑌 ∗,𝑌 = 0,(3.56)
𝑒 (𝑡,𝑢𝑡 ) = 0,(3.57)

provided the second order condition holds:

(3.58) ∃𝛼 > 0, 𝜕2𝑢𝐺 (0, 𝑢0, 𝑝0) (𝑣) (𝑣) ≥ 𝛼 ‖𝑣 ‖2𝑋 for all 𝑣 ∈ kern(𝜕𝑢𝑒 (0, 𝑢0)) .
This is a consequence of the implicit function theorem. However, this does not work in our setting
in general since the second order condition for (3.8) reads with 𝑋 = R𝑑 equipped with the Euclidean
norm ‖ · ‖, 𝑌 = R, 𝑒 (𝑡,𝑢) = 𝐴(𝑡)𝑢 · 𝑢 − 1 and 𝑓 (𝑡,𝑢) := 𝑄 (𝑡)𝑢 · 𝑢:
(3.59) ∃𝛼 > 0, (𝑄 (0) + 𝑝0𝐴(0))𝑣 · 𝑣 ≥ 𝛼 ‖𝑣 ‖2 for all 𝑣 ∈ (𝐴(0)𝑢0)⊥.
Then (3.56) would read:

(3.60) (𝑄 (𝑡) + 𝑝𝑡𝐴(𝑡))𝑢𝑡 = 0, 𝐴(𝑡)𝑢𝑡 · 𝑢𝑡 = 1.

However, it is readily seen that (3.59) cannot hold when the eigenvalue −𝑝0 of (𝑄 (0), 𝐴(0)) is not
simple. Take for instance 𝐴(0) = 𝐼 , 𝑄 (0) = 𝑄 (0)>, and assume −𝑝0 is not geometrically simple (i.e.,
the eigenspace has dimension ≥ 2) eigenvalue of 𝑄 (0). Then (3.59) cannot hold, since kern(𝐴(0)𝑢0) =
(𝑢0)⊥ = {𝑣 ∈ R𝑑 : 𝑣 · 𝑢0 = 0} contains another eigenvector 𝑣 ∈ (𝑢0)⊥ associated with −𝑝0 and thus
𝑄 (0)𝑣 · 𝑣 + 𝑝0‖𝑣 ‖2 = 0.
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4 application to a shape optimisation problem

In this section we present another example where Theorem 2.10 is applicable. In contrast to the previous
section this example is in�nite dimensional.

4.1 shape optimisation problem

For every bounded Lipschitz domain Ω ⊂ R𝑑 , 𝑑 ∈ {2, 3}, we consider

(4.1) 𝐽 (Ω) := inf
𝑢∈𝐸 (Ω)

𝑓 (Ω, 𝑢),

where

(4.2) 𝑓 (Ω, 𝑢) :=
∫
Ω
|𝑢 − 𝑢𝑟 |2 𝑑𝑥 + 𝛾

∫
Ω
|∇𝑢 |2 𝑑𝑥, 𝛾 > 0, 𝑢𝑟 ∈ 𝐻 1(R𝑑 ),

and 𝐸 (Ω) comprises the set of solutions 𝑢 = 𝑢Ω ∈ 𝐻 1(Ω) to the semilinear problem:

(4.3)
∫
Ω
∇𝑢 · ∇𝜑 + 𝜚 (𝑢)𝜑 𝑑𝑥 =

∫
Ω
𝑓 𝜑 𝑑𝑥

for all 𝜑 ∈ 𝐻 1
0(Ω). We make the following assumption.

Assumption 4.1.We assume that 𝜚 : R → R is a two times di�erentiable, Lipschitz continuous and
strongly monotone function satisfying 𝜚 (0) = 0. We also assume 𝑓 ∈ 𝐻 1(R𝑑 ).
Equation (4.3) cannot be uniquely solvable since no Dirichlet boundary conditions are prescribed.

Given a function 𝑢𝑟 the cost 𝐽 (Ω) measures the best solution to (4.3) which is closest to 𝑢𝑟 . The set
𝐸 (Ω) contains in�nitely many elements and is nonconvex (unless 𝜚 is linear).
Lemma 4.2. There exists a minimiser to the problem (4.1).

Proof. It is clear that 𝐽 (Ω) is �nite. Let (𝑢𝑛) be a minimising sequence in 𝐻 1(Ω), so that

(4.4) 𝐽 (Ω) = lim
𝑛→∞

(∫
Ω
|𝑢𝑛 − 𝑢𝑟 |2 𝑑𝑥 + 𝛾

∫
Ω
|∇𝑢𝑛 |2 𝑑𝑥

)
.

From this it immediately follows that (𝑢𝑛) is bounded in 𝐻 1(Ω). Hence due to Rellich’s compactness
theorem we �nd 𝑢 ∈ 𝐻 1(Ω) and a subsequence, which is denoted the same, such that ∇𝑢𝑛 ⇀ ∇𝑢
weakly in 𝐿2(Ω)𝑑 and 𝑢𝑛 → 𝑢 strongly in 𝐿2(Ω). Hence we can pass to the limit 𝑛 → ∞ in

(4.5)
∫
Ω
∇𝑢𝑛 · ∇𝜑 + 𝜚 (𝑢𝑛)𝜑 𝑑𝑥 =

∫
Ω
𝑓 𝜑 𝑑𝑥 for all 𝜑 ∈ 𝐻 1

0(Ω)

to conclude 𝑢 ∈ 𝐸 (Ω). In addition we infer from (4.4)

(4.6)
∫
Ω
|𝑢 − 𝑢𝑟 |2 𝑑𝑥 + 𝛾

∫
Ω
|∇𝑢 |2 𝑑𝑥 ≤ 𝐽 (Ω) .

This shows that 𝑢 is a minimiser and �nishes the proof. �

Our goal is now to use Theorem 2.10 to show that the directional shape derivative of 𝐽 exists.
Definition 4.3. The directional shape derivative of 𝐽 at Ω in direction 𝑋 ∈ 𝐶0,1(R𝑑 )𝑑 is de�ned by

(4.7) 𝑑 𝐽 (Ω) (𝑋 ) := lim
𝑡↘0

𝐽 ((Id + 𝑡𝑋 ) (Ω)) − 𝐽 (Ω)
𝑡

.
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Notice that the mapping 𝑇𝑡 := id + 𝑡𝑋 : R𝑑 → R𝑑 is a bi-Lipschitz mapping for all |𝑡 | < 1/𝐿(𝑋 ),
where 𝐿(𝑋 ) denotes the Lipschitz constant of 𝑋 .

Let us introduce the Lagrangian 𝐺 : 𝐻 1(Ω) × 𝐻 1
0(Ω) → R by

(4.8) 𝐺 (𝜑,𝜓 ) :=
∫
Ω
|𝜑 − 𝑢𝑟 |2 𝑑𝑥 + 𝛾

∫
Ω
|∇𝜑 |2 𝑑𝑥 +

∫
Ω
∇𝜑 · ∇𝜓 + 𝜚 (𝜑)𝜓 𝑑𝑥 −

∫
Ω
𝑓𝜓 𝑑𝑥 .

Lemma 4.2 guarantees that the set

(4.9) 𝑋 (Ω) := {𝑢 ∈ 𝐸 (Ω) : inf
𝜑 ∈𝐸 (Ω)

𝐺 (𝜑, 0) = 𝐺 (𝑢, 0)}

is not empty. In the next paragraph we consider the perturbed versions of 𝐸 (Ω) and 𝑋 (Ω).

4.2 analysis of the perturbed problems

We will show by applying Theorem 2.10 that for a bounded Lipschitz domain Ω ⊂ R𝑑 the directional
shape derivative of 𝐽 exists. At �rst we consider any solution 𝑢𝑡 ∈ 𝐻 1(Ω𝑡 ) de�ned on the perturbed
domain Ω𝑡 := 𝑇𝑡 (Ω) of

(4.10)
∫
Ω𝑡

∇𝑢𝑡 · ∇𝜑 + 𝜚 (𝑢)𝜑 𝑑𝑥 =

∫
Ω𝑡

𝑓 𝜑 𝑑𝑥 for all 𝜑 ∈ 𝐻 1
0(Ω𝑡 ) .

Now since 𝜑 ∈ 𝐻 1(𝑇𝑡 (Ω)) (resp. 𝜑 ∈ 𝐻 1
0(𝑇𝑡 (Ω))) if and only if 𝜑 ◦𝑇𝑡 ∈ 𝐻 1(Ω) (resp. 𝜑 ◦𝑇𝑡 ∈ 𝐻 1

0(Ω))
(see [37, Thm. 2.2.2, p.52]) changing variables in (4.10) shows that 𝑢𝑡 := 𝑢𝑡 ◦𝑇𝑡 ∈ 𝐻 1(Ω) solves

(4.11)
∫
Ω
𝐴(𝑡)∇𝑢𝑡 · ∇𝜑 + | det(𝜕𝑇𝑡 ) |𝜚 (𝑢𝑡 )𝜑 𝑑𝑥 =

∫
Ω
𝑓 𝑡𝜑 𝑑𝑥 for all 𝜑 ∈ 𝐻 1

0(Ω),

where

(4.12) 𝐴(𝑡) := det(𝜕𝑇𝑡 )𝜕𝑇 −1
𝑡 𝜕𝑇 −>

𝑡 , 𝑓 𝑡 := det(𝜕𝑇𝑡 ) 𝑓 ◦𝑇𝑡 .

Therefore 𝑢𝑡 ∈ 𝐸 (𝑇𝑡 (Ω)) if and only if 𝑢𝑡 := 𝑢𝑡 ◦𝑇𝑡 is in

(4.13) 𝐸 (𝑡) :=
{
𝑢𝑡 ∈ 𝐻 1(Ω) : 𝑢𝑡 solves (4.11)

}
.

As a result we get for 𝑡 small

(4.14) 𝑔(𝑡) := 𝐽 (𝑇𝑡 (Ω)) = inf
𝑢∈𝐸 (𝑡 )

𝑓 (𝑡,𝑢),

where

(4.15) 𝑓 (𝑡,𝑢) :=
∫
Ω
det(𝜕𝑇𝑡 ) (𝑢 − 𝑢𝑡𝑟 )2 𝑑𝑥 + 𝛾

∫
Ω
𝐴(𝑡)∇𝑢𝑡 · ∇𝑢𝑡 𝑑𝑥,

where 𝑢𝑡𝑟 := 𝑢𝑟 ◦𝑇𝑡 . This problem falls into the framework of Theorem 2.10.
We recall the following proposition; see, e.g., [34].

Proposition 4.4. Let D ⊂ R𝑑 be a bounded and open set. Let 𝑋 : R𝑑 → R𝑑 be a Lipschitz vector �eld. Then
for 𝑇𝑡 := 𝑖𝑑 + 𝑡𝑋 there holds:

(i) We have

𝜕𝑇𝑡 − 𝐼

𝑡
→𝜕𝑋 strongly in 𝐶 (D,R𝑑,𝑑 )

𝜕𝑇 −1
𝑡 − 𝐼

𝑡
→− 𝜕𝑋 strongly in 𝐶 (D,R𝑑,𝑑 )

det(𝜕𝑇𝑡 ) − 1
𝑡

→ div(𝑋 ) strongly in 𝐶 (D) .
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(ii) For all open sets Ω ⊂ D and all 𝜑 ∈ 𝐻 1(R𝑑 ), we have

𝜑 ◦𝑇𝑡 − 𝜑

𝑡
→∇𝜑 · 𝑋 strongly in 𝐿2(Ω).(4.16)

Lemma 4.5. Let 𝑢0 ∈ 𝐸 (0) be given. Then we �nd a path 𝑡 ↦→ 𝑢𝑡 : [0, 𝜏] → 𝐻 1(Ω) with 𝑢𝑡 ∈ 𝐸 (𝑡),
𝑢𝑡 − 𝑢0 ∈ 𝐻 1

0(Ω), and a constant 𝑐 , such that

(4.17) ‖𝑢𝑡 − 𝑢0‖𝐻 1 ≤ 𝑐𝑡 for all 𝑡 ∈ [0, 𝜏] .

Proof. Let 𝑢0 ∈ 𝐸 (0) be given. By de�nition 𝑢0 ∈ 𝐻 1(Ω) solves:

(4.18)
∫
Ω
∇𝑢0 · ∇𝜑 + 𝜚 (𝑢0)𝜑 𝑑𝑥 =

∫
Ω
𝑓 𝜑 𝑑𝑥 for all 𝜑 ∈ 𝐻 1

0(Ω) .

Set 𝑔0 := 𝑢0 |𝜕Ω and consider for every 𝑡 ∈ [0, 𝜏]: �nd 𝑢𝑡 ∈ 𝐻 1(Ω), such that 𝑢𝑡 = 𝑔0 on 𝜕Ω and

(4.19)
∫
Ω
𝐴(𝑡)∇𝑢𝑡 · ∇𝜑 + det(𝜕𝑇𝑡 )𝜚 (𝑢𝑡 )𝜑 𝑑𝑥 =

∫
Ω
𝑓 𝑡𝜑 𝑑𝑥 for all 𝜑 ∈ 𝐻 1

0(Ω) .

By construction 𝑢𝑡 is uniquely determined, 𝑢𝑡 ∈ 𝐸 (𝑡), 𝑢𝑡 −𝑢0 = 0 on 𝜕Ω for all 𝑡 . We obtain from (4.19):

(4.20)
∫
Ω
𝐴(𝑡)∇(𝑢𝑡 − 𝑢0) · ∇𝜑 𝑑𝑥 +

∫
Ω
det(𝜕𝑇𝑡 ) (𝜚 (𝑢𝑡 ) − 𝜚 (𝑢0))𝜑 𝑑𝑥

= −
∫
Ω
det(𝜕𝑇𝑡 )𝜚 (𝑢0)𝜑 − 𝑓 𝑡𝜑 +𝐴(𝑡)∇𝑢0 · ∇𝜑 𝑑𝑥

= −
∫
Ω
(det(𝜕𝑇𝑡 ) − 1)𝜚 (𝑢0)𝜑 − (𝑓 𝑡 − 𝑓 )𝜑 + (𝐴(𝑡) − 𝐼 )∇𝑢0 · ∇𝜑 𝑑𝑥

for all 𝜑 ∈ 𝐻 1
0(Ω). Since 𝜑 := 𝑢𝑡 −𝑢0 is zero on 𝜕Ω we may use it as test function in (4.20). Hence using

Hölder’s inequality, the uniform monotonicity of 𝐴 and the monotonicity (𝜚 (𝑥) − 𝜚 (𝑦)) (𝑥 − 𝑦) ≥ 0
for all 𝑥, 𝑦 ∈ R gives

(4.21)
∫
Ω
(𝑢𝑡 − 𝑢0)2 + |∇(𝑢𝑡 − 𝑢0) |2 𝑑𝑥

≤ 𝑐 (‖ 𝑓 𝑡 − 𝑓 ‖
𝐶 (Ω) + ‖𝐴(𝑡) − 𝐼 ‖

𝐶 (Ω)𝑑×𝑑 ‖𝑢
0‖𝐻 1 (Ω) + ‖ det(𝜕𝑇𝑡 ) − 1‖

𝐶 (Ω) ‖𝜚 (𝑢0)‖𝐶 (Ω) )

and therefore it follows from Proposition 4.4,

(4.22) ‖𝑢𝑡 − 𝑢0‖𝐻 1 (Ω) ≤ 𝑐𝑡 for all 𝑡 ∈ [0, 𝜏] .

�

Parametrised Lagrangian and averaged adjoint We set 𝑋̃ = 𝑌 := 𝐻 1
0(Ω) and 𝑋 := 𝐻 1(Ω). The

parametrised Lagrangian 𝐺 : [0, 𝜏] × 𝑋 × 𝑌 → R is given by

(4.23) 𝐺 (𝑡,𝑢, 𝑝) =
∫
Ω
det(𝜕𝑇𝑡 ) (𝑢 − 𝑢𝑡𝑟 )2 𝑑𝑥 + 𝛾

∫
Ω
𝐴(𝑡)∇𝑢 · ∇𝑢 𝑑𝑥

+
∫
Ω
𝐴(𝑡)∇𝑢 · ∇𝑝 + det(𝜕𝑇𝑡 )𝜚 (𝑢)𝑝 − 𝑓 𝑡𝑝 𝑑𝑥,
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where we recall 𝐴(𝑡) = det(𝜕𝑇𝑡 )𝜕𝑋−1𝜕𝑋−>, 𝑢𝑡𝑟 = 𝑢𝑟 ◦𝑇𝑡 and 𝑓 𝑡 = det(𝜕𝑇𝑡 ) 𝑓 ◦𝑇𝑡 . It is noteworthy that
in this example we have 𝑋̃ ≠ 𝑋 . Using Proposition 4.4 we see that 𝐴(𝑡) and 𝑓 𝑡 are di�erentiable and
we readily check for all 𝑢, 𝑝 ∈ 𝐻 1(Ω):

(4.24) 𝜕𝑡𝐺 (0, 𝑢, 𝑝) =
∫
Ω
div(𝑋 ) (𝑢 − 𝑢𝑟 )2 − (𝑢 − 𝑢𝑟 )∇𝑢𝑟 · 𝑋 + 𝛾𝐴′(0)∇𝑢 · ∇𝑢 𝑑𝑥

+
∫
Ω
𝐴′(0)∇𝑢 · ∇𝑝 + div(𝑋 )𝜚 (𝑢)𝑝 − 𝑓 ′𝑝 𝑑𝑥,

where𝐴′(0) = div(𝑋 )𝐼−𝜕𝑋−𝜕𝑋> and 𝑓 ′ = div(𝑋 ) 𝑓 +∇𝑓 ·𝑋 . It is also readily checked that assumptions
(H0)–(H3) are satis�ed. Moreover, since 𝜚 is Lipschitz continuous we also readily check Hypothesis
(H5).

The averaged adjoint associated with 𝑢𝑡 ∈ 𝐸 (𝑡) and 𝑢0 ∈ 𝐸 (0) reads: �nd 𝑞𝑡 ∈ 𝐻 1
0(Ω), such that,

(4.25)
∫
Ω
𝐴(𝑡)∇𝑞𝑡 · ∇𝜑 +

∫ 1

0
det(𝜕𝑇𝑡 )𝜚 ′(𝑠𝑢𝑡 + (1 − 𝑠)𝑢0)𝑞𝑡 𝑑𝑠𝜑 𝑑𝑥

= −
∫
Ω
det(𝜕𝑇𝑡 ) (2𝑢𝑡𝑟 − (𝑢𝑡 + 𝑢0))𝜑 𝑑𝑥 −

∫
Ω
det(𝜕𝑇𝑡 )𝐴(𝑡)∇(𝑢𝑡 + 𝑢0) · ∇𝜑 𝑑𝑥

for all 𝜑 ∈ 𝐻 1
0(Ω). It follows from the theorem of Lax-Milgram and the uniform coercivity of 𝐴 and

det(𝜕𝑇𝑡 ) that (4.25) admits a unique solution.
Lemma 4.6. For every null-sequence (𝑡𝑛) and (𝑢𝑡𝑛 ),𝑢𝑡𝑛 ∈ 𝑋 (𝑡𝑛) there is a subsequence (𝑡𝑛𝑘 ) and𝑢0 ∈ 𝑋 (0),
such that

(4.26) 𝑢𝑡𝑛𝑘 ⇀ 𝑢0 in 𝐻 1(Ω) as 𝑘 → ∞.

Proof. Let (𝑡𝑛) be a null-sequence and 𝑢𝑡𝑛 ∈ 𝑋 (𝑡𝑛). By de�nition we have for all 𝑛 ≥ 1

(4.27) 𝐽 (𝑇𝑡𝑛 (Ω)) ≤
∫
Ω
det(𝜕𝑇𝑡𝑛 ) (𝑢 − 𝑢𝑡𝑛𝑟 )2 𝑑𝑥 + 𝛾

∫
Ω
𝐴(𝑡𝑛)∇𝑢 · ∇𝑢 𝑑𝑥 for all 𝑢 ∈ 𝐸 (𝑡𝑛).

Now �x 𝑢0 ∈ 𝐸 (0) and let (𝑢𝑡 ) ∈ 𝐸 (𝑡) be as in Lemma 4.5, such that 𝑢𝑡 → 𝑢0 in 𝐻 1(Ω). Plugging 𝑢𝑡𝑛
into (4.27) and using Proposition 4.4, we �nd 𝐶 > 0, such that

(4.28) 𝐽 (𝑇𝑡𝑛 (Ω)) ≤ 𝐶 for all 𝑛 ≥ 1.

It follows in particular, since

(4.29) 𝐽 (𝑇𝑡𝑛 (Ω)) =
∫
Ω
det(𝜕𝑇𝑡𝑛 ) (𝑢𝑡𝑛 − 𝑢𝑡𝑛𝑟 )2 𝑑𝑥 + 𝛾

∫
Ω
𝐴(𝑡𝑛)∇𝑢𝑡𝑛 · ∇𝑢𝑡𝑛 𝑑𝑥,

that (𝑢𝑡𝑛 ) is bounded. Hence there is a subsequence (denoted the same) and 𝑢0 ∈ 𝐻 1(Ω), such that
𝑢𝑡𝑛 ⇀ 𝑢0 weakly in 𝐻 1(Ω) and 𝑢𝑡𝑛 → 𝑢0 strongly in 𝐿2(Ω). It is readily checked that by passing to
the limit 𝑛 → ∞ that 𝑢0 ∈ 𝑋 (0), which �nishes the proof. �

Corollary 4.7. For every null-sequence (𝑡𝑛) and 𝑢𝑡𝑛 ∈ 𝑋 (𝑡𝑛), we �nd 𝑢0 ∈ 𝑋 (0) and 𝑝0 ∈ 𝑌 (0, 𝑢0), and
a subsequence (denoted the same), elements (𝑢𝑡𝑛0 , 𝑢𝑡𝑛 ) ∈ 𝐸 (0) × 𝑋 (𝑡𝑛) and 𝑞𝑡𝑛 ∈ 𝑌 (𝑡,𝑢𝑡𝑛0 , 𝑢𝑡𝑛 ), such that
𝑢𝑡𝑛 − 𝑢0,𝑡𝑛 ∈ 𝐻 1

0(Ω) and

𝑢0𝑡𝑛 ⇀ 𝑢0 in 𝐻 1(Ω) as 𝑛 → ∞,(4.30)
𝑞0𝑡𝑛 ⇀ 𝑞0 in 𝐻 1

0(Ω) as 𝑛 → ∞.(4.31)
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Proof. Thanks to Lemma 4.6 we �nd for every null-sequence (𝑡𝑛) and 𝑢𝑡𝑛 ∈ 𝑋 (𝑡𝑛) a subsequence
(denoted the same) and 𝑢0 ∈ 𝑋 (0), such that 𝑢𝑡𝑛 ⇀ 𝑢0 weakly in 𝐻 1(Ω). Set 𝑔𝑛 := 𝑢𝑡𝑛 |𝜕Ω and consider:
�nd 𝑢0𝑡𝑛 ∈ 𝐻 1(Ω) with 𝑢0𝑡𝑛 = 𝑔𝑛 on 𝜕Ω, such that

(4.32)
∫
Ω
∇𝑢0𝑡𝑛 · ∇𝜑 + 𝜚 (𝑢0𝑡𝑛 )𝜑 𝑑𝑥 =

∫
Ω
𝑓 𝜑 𝑑𝑥 for all 𝜑 ∈ 𝐻 1

0(Ω) .

By construction 𝑢0𝑡𝑛 is uniquely determined and 𝑢0𝑡𝑛 ∈ 𝐸 (0). If we introduce 𝑢̃𝑛 := 𝑢𝑡𝑛 − 𝑢0𝑡𝑛 , then
𝑢̃𝑛 ∈ 𝐻 1

0(Ω) and

(4.33)
∫
Ω
∇𝑢̃𝑛 · ∇𝜑 + (𝜚 (𝑢𝑡𝑛 ) − 𝜚 (𝑢0𝑡𝑛 ))𝜑 𝑑𝑥

=

∫
Ω
(𝐼 −𝐴(𝑡𝑛))∇𝑢𝑡𝑛 · ∇𝜑 + (1 − det(𝜕𝑇𝑡 ))𝜚 (𝑢𝑡𝑛 )𝜑 + (𝑓 𝑡 − 𝑓 )𝜑 𝑑𝑥

for all 𝜑 ∈ 𝐻 1
0(Ω). So testing (4.33) with 𝜑 = 𝑢̃𝑛 and using Hölder’s inequality yields

(4.34) ‖𝑢̃𝑛 ‖𝐻 1 ≤ 𝑐 (‖𝐴(𝑡𝑛) − 𝐼 ‖
𝐶 (Ω,R𝑑,𝑑 ) + ‖1 − det(𝜕𝑇𝑡 )‖𝐶 (Ω) ‖𝑢

𝑡𝑛 ‖𝐻 1 (Ω) + ‖ 𝑓 𝑡 − 𝑓 ‖𝐿2)‖𝑢𝑡𝑛 ‖𝐻 1

and since (𝑢𝑡𝑛 ) is bounded in𝐻 1(Ω) the result follows from Proposition 4.4. It follows that𝑢𝑡𝑛−𝑢0,𝑡𝑛 ⇀ 0
in 𝐻 1(Ω) and since 𝑢𝑡𝑛 ⇀ 𝑢0 in 𝐻 1(Ω) we also conclude that 𝑢0,𝑡𝑛 converges weakly to 𝑢0 in 𝐻 1(Ω).
From this and (4.25) it is also readily seen that the averaged adjoint 𝑞𝑡𝑛 for (𝑢𝑡𝑛0 , 𝑢𝑡𝑛 ) exists and that
𝑞𝑡𝑛 ⇀ 𝑞0 weakly in 𝐻 1(Ω) as 𝑛 → ∞. �

Application of Theorem 2.10 We have veri�ed that assumptions (H0)–(H5) of Theorem 2.10 are
satis�ed for 𝐺 de�ned in (4.23) with 𝑌 = 𝑋̃ = 𝐻 1

0(Ω) and 𝑋 = 𝐻 1(Ω). Therefore we obtain the
following theorem.
Theorem 4.8. The right derivative of 𝑔 at 𝑡 = 0+ exists and

(4.35) 𝑑𝑔(0) = inf
𝑢∈𝑋 (0)

𝜕𝑡𝐺 (0, 𝑢, 𝑝0(𝑢)),

where 𝑝0(𝑢) ∈ 𝐻 1
0(Ω) solves

(4.36)
∫
Ω
∇𝑝0(𝑢) · ∇𝜑 + 𝜚 ′(𝑢)𝑝0(𝑢)𝜑 𝑑𝑥 = −

∫
Ω
2(𝑢 − 𝑢𝑟 )𝜑 + 2𝛾∇𝑢 · ∇𝜑 𝑑𝑥

for all 𝜑 ∈ 𝐻 1
0(Ω) and 𝜕𝑡𝐺 (0, 𝑢, 𝑝0(𝑢)) is given by (4.24).

conclusion

In this paper we discussed a new minimax theorem and presented two examples. In both examples we
could establish right di�erentiability of the corresponding value function.
In a future work it would be interesting to apply our result to optimal control problems with non-

unique solution. Also to �nd an example where for the state 𝑢0 ∈ 𝑋 (0) the adjoint 𝑌 (0, 𝑢0) is not a
singleton is still an open question.
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