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Abstract ~ We study no-gap second-order optimality conditions for a non-uniformly convex and
non-smooth integral functional. The integral functional is extended to the space of measures.
The obtained second-order derivatives contain integrals on lower-dimensional manifolds. The
proofs utilize the convex pre-conjugate, which is an integral functional on the space of continuous
functions. Applications to non-smooth optimal control problems are given.
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1 INTRODUCTION

We consider optimization problems of the form
(1.1) Minimize F(u)+ G(u) wrt u e LY(Q),

where F: dom(G) — R is assumed to be smooth and G(u) = fQ g(u) dA for some convex but possibly
non-smooth g: R — R := R U {co}. Here, Q ¢ R? is assumed to be non-empty, open, and bounded
and A is the Lebesgue measure.

We are interested in deriving no-gap optimality conditions of second order in cases where g is not
uniformly convex. Here, the meaning of no-gap second-order optimality conditions is: the difference
between necessary and sufficient conditions is as small as in the finite-dimensional case, i.e., positive
semi-definiteness vs. positive definiteness of second derivatives.

In this article, we follow the approach by [10] and interpret the problem in the space of measures
M(Q) = Co(Q)*. Under certain assumptions on the problem data and on the possible minimizer
i € L}(1), we obtain that the second-order condition

F'(a)p* +G"(a,—F'(@);p) >0 Vue M(Q)
is necessary for local optimality, while the second-order condition

F"(a)u* +G"(@,~F'(a);p) >0 Vue M(Q)\ {0}
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is sufficient for local optimality (the latter with quadratic growth with respect to the L'(1)-norm).
Here, F” (1) is a weak-x continuous and quadratic form which allows for a second-order Taylor-like
expansion of F while G” (@, —F’(@); -) is the so-called second subderivative of G. The focus of this
article is two-fold: (1) prove these second-order conditions and (2) derive formulas for G” (@, —F’(@); -).

Let us put our work in perspective. We restrict the discussion to contributions to second-order
conditions for optimal control problems in which the control lives in a d-dimensional set with d > 2,
since the one-dimensional case is significantly simpler.

First of all, the classical, smooth theory, see, e.g., [3, 4], is not applicable. On the one hand, G might
fail to be twice differentiable. On the other hand, even if G is twice differentiable, the second derivative
G’ (u) fails to be a Legendre form since G is not assumed to be uniformly convex. However, such an
assumption is crucial, see, e.g., [3, Eq. (2.5)].

The first results for sufficient second-order conditions for problems with bang-bang solution structure
can be found in [2]. Therein, the author proves quadratic growth w.r.t. the difference of the states by
assuming some coercivity on an extended critical cone. No necessary conditions of second order are
given.

In [6], the authors use a structural assumption on the growth of the adjoint state ¢ and this allows
to formulate a second-order sufficient condition on measures living on the set {¢ = 0}. This implies
quadratic growth in L'(1). Again, no second-order necessary conditions are given.

The first second-order necessary conditions for problems with bang-bang structure are given in
[10]. Again, the structural assumption was used and the problem was analyzed in spaces of measures.
The main observation of this paper is that (the boundary of) the set Uy = {u € L*(1) | -1 <u < 1}
possesses “curvature” in the space M(Q), although this set is polyhedric in all Lebesgue spaces L? (1),
which, in some sense, means that it does not possess curvature. By employing a curvature term in the
second-order conditions, no-gap conditions were given which are equivalent to a quadratic growth
condition in L'(1).

A main application for second-order conditions is the derivation of discretization error estimates. In
the bang-bang context, this was first studied in [7].

Second-order derivatives for non-smooth, convex integral functionals were studied by [15] (L? with
1< p < o) and [16] (including L?). By extending the integral functional to the space of measures (and
by using weak-* convergence and not strong convergence as in [16]), we obtain second-derivatives
that are smaller than those given in these works. Hence, second-order conditions based on our result
are stronger than those based on earlier results. A characteristic feature of our results is the appearance
of integrals on (d — 1)-dimensional manifolds in the expression of G”’. This was first observed in [9],
see their second-order expansion of the L!-norm on Hé( Q) in [9, Corollary 4.10]. The interpretation of
these additional lower-dimensional integrals as curvature in measure space is due to [10], where g was
chosen to be the indicator function of the interval [—1,1].

A characteristic motive in our work is the use of the pre-conjugate J: Co(Q) — R of G, ie., J* =G
We derive second-order derivatives of J, and identify the second-order derivative of G as its convex
conjugate. Interestingly, all assumptions that led to these results are given in terms of J.

The paper is structured as follows. We start by adapting the theory of [10] to the setting of (1.1) in
Section 2. Afterwards, we study second-order derivatives of convex integral functionals on Cy(Q) in
Section 3. These results are utilized in Section 4 to obtain the expressions for G”’. The main results are
Theorem 4.14 (No-gap second-order conditions) and Theorem 4.13 (Strictly twice epi-differentiability
of G). Two applications are given in Section 5.
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2 NO-GAP SECOND-ORDER CONDITIONS
In this section, we consider the minimization problem
P) Minimize ®(x) := F(x) + G(x) wrt x € X.

Here, G: X — R = (—00,00] and F: dom(G) — R are given. We are interested in necessary and

sufficient conditions of second order, such that the gap between both conditions is as small as in finite

dimensions. We transfer the results of [10], in which the case G = §¢ for a set C € X was considered.

The generalization to the above problem with a more general G is rather straightforward.
Throughout this section, we always consider the following situation.

Assumption 2.1 (standing assumptions and notation).
(i) X is the (topological) dual of a separable Banach space Y,
(ii) x is a fixed element of the set dom(G) (the minimizer/candidate for a minimizer),

(iii) There exist F/(x) € Y and a bounded bilinear form F”’(x): X x X — R with

F(x + tihy) — F(%) — tcF'(X) hye — 312F (%) R
(2.1) klim " =0
—00 k

for all sequences (hg) C X, (tx) € R* := (0, 00) satisfying tx \, 0, hy X heXandz+ teh €
dom(G).

Note that we use the abbreviations F’(x)h := (F’(x), h) and F”"(x)h? := F”’(x)(h, h) for all h € X in
(2.1), and that (2.1) is automatically satisfied if F admits a second-order Taylor expansion of the form

(2.2) F(%+h) — F(%) - F'(#)h - %F”(f)hz = o(|lh])%) as [|hllx — 0.

As a second derivative for the functional G, we use the so-called weak-x second subderivative.

Definition 2.2 (weak-* second subderivative). Let x € dom(G) and w € Y be given. Then the weak-*
second subderivative G” (x, w;-): X — [—00, 00] of G at x for w is defined by

G(x + trh) — G(x) — ti{w, hg)
t2/2

G (x,w;h) := inf{lilgn inf

te N\ 0, Ay o h}.

We discuss some properties of G’ (x, w; -) for a convex function G and x € dom(G). In the following,
the parameter w will often be taken from the convex subdifferential dG(x). We recall that dG(x) is
a subset of the dual space X*. In the case that X is not reflexive, X* is bigger than Y (note that we
identify Y with a subspace of X* = Y** in the canonical way). Thus, the existence of w € Y N 9G(x) is
an additional regularity assumption, since the existence of subgradients of G in the smaller space Y is
not guaranteed in general, as the next example demonstrates.

Remark 2.3. We choose Y = ¢, (zero sequences equipped with supremum norm). Thus, the dual spaces
are (isometric to) X = Y* = ¢! and X* = ¢*. By using

C={xel'|VneN:|x,| <n?}

we define G: ! — R via

G(x):aneR Vx eC
n=1
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and G(x) = co forall x € ¢!\ C.
The set C is bounded due to Y5, 1/n* < oo and weak-* closed since it is the intersection of the
weak-x closed “stripes”

{x€£’1| S Sn_z} Vn € N.

Thus, C is weak-x compact. The function G is convex. In order to check that G is weak-x continuous
on C, let xy € C be given and consider a net (x;);e; C C with x; — xq. For an arbitrary ¢ > 0, there is
N e Nwith Y72 ., n7% < & Next, there is i € I with

N

D (in = x0m)

n=1

<e¢ Vj>i

since y — 2,1:]:1 Vn is weak-x continuous. Thus,

N &) )
Z(xj’” — Xon)|+ Z | n| + Z |x0.n| < 3¢ Vj > i

n=1 n=N+1 n=N+1

|G(xj) — G(xo)| <

Since ¢ > 0 was arbitrary, this shows weak-* continuity on C. Hence, G is weak-* lower semicontinuous
on £'. Finally, it is easy to check that dG(0) = {1}, but 1 € £*° \ c,.

A sufficient condition for the existence of subgradients in the predual space at x would be the weak-*
continuity of G at x. In infinite dimensions, this is a very restrictive condition, since it implies that the
convex function G is bounded (and hence constant) on a subspace with finite codimension.

We continue with some basic properties of G” (x, w;-).

Lemma 2.4. We assume that G is convex and x € dom(G). Forw € Y N dG(x) we have
Vhe X :G”(x,w;h) >0,
whereas in case w € Y \ dG(x) we have
Fhe X\ {0}:G"(x,w;h) = —c0.

Proof. In case w € Y N 9G(x), the definition of dG(x) implies G(x + trhy) — G(x) — (w, tphi) > 0 for
arbitrary t; > 0 and hy € X. This directly yields G”(x, w; h) > 0 for all h € X.

In case w € Y \ dG(x), there exists h € X \ {0} such that G(x + h) — G(x) = (w, h) — r for some
7 > 0. We choose (#;)ken C (0,1) with ;. N 0. By convexity, we get

G(x + trh) — G(x) — tg{w, h) < G(x+h) — G(x) — (w, h) - 2

> —7 — —00.
tk/2 e /2 tr

Thus, G”(x, w; h) = —o0. O

We recall that the convexity of G implies G’(x;h) = (w, h) for all x € dom(G), w € Y N IG(x),
and h € X. The next lemma can be used to reduce the second-order conditions below to the so-called
critical cone on which this inequality is satisfied with equality.

Lemma 2.5. We assume that G is convex and x € dom(G) is chosen such that the directional derivative
G'(x;+): X — [—oo, 0] is sequentially weak-x lower semicontinuous. Further let w € Y be given. Then

G'(x;h) > (w,h) = G”(x,w;h) = +0 Vh e X.
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Proof. Let h € X with G’(x; h) > (w, h) be arbitrary. For all sequences hi X hand tx \, 0 we have
G(x + tphi) — G(x) = .G’ (x; hy) by convexity. Thus,

..~ G(x +trhi) — G(x) — t{w, h)
hlznmf "
—00 k

> liininf(G’(x;hk) —(w, hg)) = G'(x;h) — (w, h) > 0.

Since an additional factor t,:l appears in the definition of G”’ (x, w; h), this implies G’ (x, w; h) = +co. O

The assumption on G’ is satisfied in the following situation: Let G be convex and lower semicontin-
uous. In the case that X is reflexive, the weak topology and the weak-x topology coincide. Moreover,
if x € intdom(G) we know that G is locally Lipschitz at x. Consequently, G’(x;-) is convex and Lip-
schitz continuous, thus sequentially weak-x lower semicontinuous. In the non-reflexive situation, this
argument is no longer applicable, and the statement of Lemma 2.5 may fail for (strongly) continuous G
as the following example shows.

Remark 2.6. Let Y = Co(Q), X = Y* = M(Q) and define G(x) := ||x|| p(q)- This functional is obviously
convex, globally Lipschitz continuous, and weak-x lower semicontinuous. Let K ¢ Q be compact with
nonempty interior. We consider the measure x € M(Q), x(A) := A(K N A), and some w € Cy(Q) with
Iwllc,(@) < 1and w =1in K. Thus, (w, x) = [lx|| p(q) and w € Y N dG(x). Next, we choose the Dirac
measure h = —§,, for some fixed w € intK. Clearly, 1 = G’(x;h) > (w, h) = —1. Finally, we choose
sk \ 0 and define t; > 0 and the measures hy via

_A(By, (@) N A)

o= B (@), h(d) = -

Note that t; N\, 0 and hy X h Then, we have (for k large enough such that B, (w) C K)

G(x + trh) — G(x) — te{w, hg) = /’1 - XBsk(w)’ dA - / 1dA+ 1t = 0.
K K

Thus,
G(x + trhi) — G(x) — ti{w, hi) .

0
t2/2

and this shows G”'(x, w; h) = 0. Note that G’(x; ) cannot be weak-*x lower semicontinuous, since this
would contradict Lemma 2.5.

In the next definition, we ensure the existence of recovery sequences.

Definition 2.7 (second-order epi-differentiability). Let x € dom(G) and w € Y be given. The functional
G is said to be weakly-x twice epi-differentiable (respectively, strictly twice epi-differentiable, respec-
tively, strongly twice epi-differentiable) at x for w in a direction h € X, if for all (#x) € R* with t; \, 0
there exists a sequence (hy) satisfying hy X h (respectively, hi X hand lAkllx — |lhllx, respectively,
hix — h) and

(23) G”(x,w;h) = lim Glx + tihy) - ZG(") — (W, hk)_
k—o0 tk/z

The functional G is called weakly-x/strictly/strongly twice epi-differentiable at x for w if it is weakly-
*/strictly/strongly twice epi-differentiable at x for w in all directions h € X.

We provide second-order optimality conditions for (P). We start with the second-order necessary
condition (SNC).
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Theorem 2.8 (SNC involving the second subderivative). Suppose that x is a local minimizer of (P) such
that

(2.4) D(x) > B(F) + %Hx —x|% VxeBX(®)

holds for some ¢ > 0 and some e > 0. Here, BX(x) denotes the closed ball in X centered at x with radius e.
Assume further that one of the following conditions is satisfied.

(i) The map h — F”(x)h? is sequentially weak-x upper semicontinuous.
(ii) The functional G is strongly twice epi-differentiable at X for —F'(x).
Then
(2.5) F"(x)h* + G"(%,—F'(x);h) 2 c[|hll}; ~ VheX.
Proof. We first consider the case (i): Let h € X be given. In case G” (%, —F'(x); h) = oo, (2.5) holds
automatically. Otherwise, it follows from the definition of G”(x, —F’(%);-), that for every M >

G"(x; —F’(x); h) we can find sequences (h;) C X and (#;) € R* suchthatt; N\ 0,k = h,xp == X+tihy
and

. G(x+trhy) — G(x) + (4 (F'(%), he)
lim <

(2.6)
k—oo tf/Z

M.

Since x; — * strongly in X, (2.4) entails ®(xx) > ®(%) + 5|lxx — JE||§( for large enough k. Adding (2.1)
and (2.6) yields

O(% + tyhy) — O(%) — L2F” (%)h2

M > kh_r}lgo 22 > li;n_)sgp(cllhkﬂz — F”(%)h})
> li;ninf(cHhkllz) + lim sup(—F”(J?)h,i) = lilzn inf (c||hll?) — lilrcninf(F"(J?)hi)
—00 k—o0 —00 —00

> c||h||? = F” (z)h2.

Here, we used that the function h — F”/(x)h? is sequentially weak-* upper semicontinuous. Since
M > G” (%, —F’(x); h) was arbitrary, we obtain (2.5).

It remains to prove (2.5) under assumption (ii). For every h € X we can find sequences (hi) C X,
(tx) € R* such that t; \, 0, hxy — h, x; := % + fxhr and
. G(x + the) = G(X) + 1 (F/(X), )
m =

li
k—oco t/f /2

G”(x,—F'(x);h).
Now, the second-order condition (2.5) follows analogously to case (i). Note that here hy — h implies
F”()?)h,zc — F"(x)h%. O

We continue with the second-order sufficient condition (SSC).

Theorem 2.9 (SSC involving the second subderivative). Assume that the maph — F”'(x)h? is sequentially
weak-x lower semicontinuous and that

(2.7) F"()h* +G" (%, -F'(%);h) >0  Vhe X\ {0}.
Suppose further that
(NDC) forall (ht) C X, (tx) € R* with hy o 0, tr "\, 0 and ||ht|lx =1, it is true that

1 1
1i]£n inf t—z(G(x + tyhi) — G(%)) + (F/(%), hi/te) + 5F”(;z)hi > 0.
—00 k

Then x satisfies the growth condition (2.4) with some constants ¢ > 0 and ¢ > 0.
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In case G is convex, a first-order condition is hidden in (2.7), see Lemma 2.4 and Corollary 2.11 below.
The acronym (NDC) stands for “non-degeneracy condition”, compare [10, Theorem 4.4]. We will give
a sufficient condition for (NDC) below in Lemma 2.12.

Proof. We do not argue by contradiction. For a sequence (&) C (0, 00) with & ~\ 0, we define

. { P(x) - O(%)
¢k = inf{ ——~=

1 2112
allx = xll%

€ Bi,i () \ {3?}} C [—o0, 00].

We have to show that ¢; > 0 for some k € N. Note that c is increasing and it is sufficient to prove

that ¢ := limg_, cx > 0. By definition of ¢, we can find a sequence (x;) with xz — % in X and

o D) — 0(%)

c= lim ﬁ
koo o|xp — X%

Define ty. := ||xx—%||x and hy := (xx—%)/tr. Then || ht||x = 1for all k and we may extract a subsequence

(not relabeled) such that Ay X h Now, we utilize (2.1) and have

F(x + thy) — F(x) + G(x + tph) — G(x)

¢ = lim >
k—oo tk/z
G(x +trhy) — G(x) + 4. F'(x)h
~ lim (% + trhy) 2(x)+ xkF’ (%) hy FFI @R,
k—oo tk/2

In case that h = 0, the condition (NDC) implies that the right-hand side is positive and we are done.
Otherwise, h # 0 and we can use the definition of G” together with the sequential weak-x lower
semicontinuity of F”/(x). This leads to

¢ > G (%, —F(%);h) + F'(%)h*.
The right-hand side is positive by (2.7) and this finishes the proof. O

By combining the previous two theorems, we arrive at our main theorem on no-gap second-order
conditions.

Theorem 2.10 (no-gap second-order optimality condition). Assume that the map h +— F”(%)h* is
sequentially weak-x lower semicontinuous, that (NDC) holds, and that one of the conditions (i) and (ii) in
Theorem 2.8 is satisfied. Then, the condition

F"()h* +G" (%, -F(%);h) >0  VheX)\ {0}

is equivalent to the quadratic growth condition (2.4) with constants c > 0 and ¢ > 0.

In the case that G is convex, we can combine Theorem 2.10 with Lemmas 2.4 and 2.5. Thus, we can
recast the above second-order conditions in a familiar form including the first-order condition and a
critical cone.

Corollary 2.11. In addition to the assumptions of Theorem 2.10, we assume that G is convex and that
G’(%;-) is sequentially weak-x lower semicontinuous. The quadratic growth condition (2.4) with constants
¢ > 0 and € > 0 is satisfied if and only if

(2.8a) F'(x) +0G(x) 20
(2.8b) F”(%)h* +G" (%, —F'(x);h) > 0 Vh e K\ {0},

where the critical cone K is defined via
K:={heX|F(x)h+G'(x;h) =0}.

Moreover, if x is a local minimizer of (P), then (2.8) holds with “>” instead of “>".
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Proof. Let (2.4) be satisfied with ¢ > 0 and ¢ > 0. From Theorem 2.8, we get (2.5). Clearly, (2.8b)
(with “>” instead of “>” in case ¢ = 0) follows. If (2.8a) is violated, Lemma 2.4 yields the existence of
h e X\ {0} with G”(x, w; h) = —co and this contradicts (2.5). This shows the “only if” part of the first
assertion and the second assertion.

Let (2.8) be satisfied. For h € X \ {0}, we have G’(x;h) > —(F’(%), h) due to (2.8a). In case h €
K\ {0}, (2.7) follows from (2.8b). Otherwise, we have G’(x; h) > —(F’(x), h) and (2.7) is implied by
Lemma 2.5. O

If (2.8a) holds, we have K = {h € X | F/(x)h+ G’(x;h) < 0}. Since G’(x; ) is convex, this results
in the convexity of K. In case G’(X;-) is (sequentially) weak-*x lower semicontinuous, K is also
(sequentially) weak-* closed.

Finally, we give a sufficient condition for (NDC).

Lemma 2.12. Suppose that h +— F”(%)h? is sequentially weak-x lower semicontinuous and that there exist
¢, € > 0 such that

(2.9) G(x) - G(X) + F'(X) (x — %) > g||x —x% VxeBX(®).
Then, (NDC) is satisfied.

Proof. Let sequences as in (NDC) be given. Then,

lim inf(l(c(x + 1) — G()) + (F (%), by /1) + %F"(x)h,i

2
—00 tk
c 1 c c
> liminf(= + F”(x)h | > = + F"(x)0° = = > 0. ]
k—oo \2 2 2 2

3 SECOND-ORDER DERIVATIVES OF INTEGRAL FUNCTIONALS OVER CONTINUOUS
FUNCTIONS

Our goal is to apply the theory of Section 2 in the setting X = M(Q) and Y = Cy(Q2). We will see in
Section 4 that second subderivatives of integral functionals on M(Q) can be obtained by first studying
the pre-conjugate functionals. Therefore, this section is devoted to integral functionals

(3) J(w) = /Q Jw(@) dA(@) Y € Co(Q),

where j: R — R is a convex function and Q ¢ R is a bounded open set. We equip Q with the Borel
o-algebra B(Q) and the d-dimensional Lebesgue measure A := A (restricted to Q). Note that J(w) € R
for all w € Cy(Q). Later, we will choose J such that its convex conjugate is equal to G.

The main goal of this section is to provide results for the functional J that allow to compute the
weak-x second subderivative (in the sense of Definition 2.2) of the convex conjugate G = J*, which is a
mapping from M(Q) = Co(Q)* to R. In particular, we are going to compute second-order derivatives
of J in two different ways. First, we compute second subderivatives similar to Definition 2.2 (but w.r.t.
the strong topology) in Section 3.1 and, second, we investigate difference quotients of subdifferentials
in Section 3.2. We will see that (under appropriate assumptions) both approaches lead to the same
object. These findings will be crucial in Section 4 to prove that G: M(Q) — R is strictly twice
epi-differentiable in the sense of Definition 2.7.

The analysis in this section relies heavily on the following characterization of the convex conjugate
of integral functionals on continuous functions for finite Carathéodory integrands.
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J. Nonsmooth Anal. Optim. 3 (2022), 8733 page 9 of 36

Theorem 3.1 ([17, Corollaries 4A, 4B]). Let Q ¢ R¥ be open and let v: B(Q) — [0, 0] be a o-finite,
regular Borel measure. We suppose that 1: Q X R — R is a convex Carathéodory function, i.e., 1(w, -) is

convex and continuous for every w € Q and i(+, x) is measurable for all x € R. Finally, we assume that
1(,x) € LY(v) for all x € R. Then, the integral functional I: Co(Q) — R

I(u) = /Q o, u(w)) dv(w) Yu € Co(Q)

is well-defined, convex and continuous. Its convex conjugate I* : M(Q) — R is given by

I*(p) = ‘/Qt*(w, %(w)) dv(w) Yue M(Q),u<v

and I* (i) = +co if i is not absolutely continuous w.r.t. v, i.e., if i < v does not hold. Here, 1*(w, -) is the
convex conjugate of i(w, -) for every v € Q.
In addition, i € dI(u) if and only if y < v and

d
d—'u(a)) € d(w,u(w)) forv-almost allw € Q.
v

Note that the Fenchel-Young inequality implies that i*(w,-) > —i(w,0). The right-hand side is
integrable and thus, the integral in the definition of I* is well defined (in the sense of quasi-integrability).

3.1 STRONG SECOND SUBDERIVATIVES

We start by giving the definition of the strong second subderivatives of J.

Definition 3.2 (strong second subderivative). Let w € Cy(Q) and x € M(Q) be given. Then the strong
second subderivative J” (w, x;-): Co(Q) — [—o0, 0] of J at w for x is defined by

77 (w.x:2) = inf A lim inf 20 H20) = W) = 66 zi)
s Ay . k—o0 t]%/z

e\, 0,z — z}.

In the case that J is Gateaux differentiable at w, we will always use x = J’(w) and, consequently, omit
the argument x of J”, i.e., we write J”(w;-) instead of J”"(w, x; -). If for every z € Cyp(Q2) and every
sequence fi \, 0 there exists a sequence zx — z with

J(w +trezi) — J(w) — tidx, zk)
t2/2

5

J"(w,x;z) = lim
k—oo
we say that J is strongly-strongly twice epi-differentiable at w for x.
In order to obtain results for a large class of functions, we investigate two prototypical situations:
« j(w) = max(0, w) with a kink at w = 0,
+ j € C*(R) with directional derivatives of second order.

We start with the function j = max(0, -). In order to motivate the upcoming result, we give a heuristic
derivation based on the coarea formula

/ V()| Vu(x)| dA(x) = / () A () ds,
Q R Jui(s)

which holds for Lipschitz continuous u and integrable . Here, %! is the usual (d — 1)-dimensional
Hausdorff measure. Let w € C}(Q) N Co(Q) be given such that {w = 0} is a compact subset of Q and
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assume that Vw(w) # 0 holds for all w € {w = 0}. This implies that {w = 0} is a (d — 1)-dimensional
C'-manifold. Note that %! coincides with the surface measure on the manifold {w = 0}. Since the
Lebesgue measure of {w = 0} is zero, we get dJ(w) = {x} with x = y{,,~0}, see Theorem 3.1. For a
second function z € C1(Q) N C.(Q), we are going to calculate

Jw+tz) = J(w) —t(x,z) _ / max(0, w + tz) — max(0, W) — t Y{w>0}Z

I:=lim
NG t2/2

AN t2/2 t\O

da,

cf. Definition 2.2. It is easy to check that the integrand vanishes on the set {sign(w) = sign(w + tz)}.
On its complement Q, := {sign(w) # sign(w + tz)}, the integrand is equal to 2|w + tz|/t?. Now, we
formally apply the coarea formula with the functions u = —w/z, y = |w + tz|/|Vu| and obtain

2w+t 2w+t
I =lim / Awizl g / / Aw izl gppim g,
N0 Jo, t? t\,O {u=¢) 12 |Vu|

where we have used that x € Q; if and only if 0 < u(x) < t. Now, we plug in the values of u and
Vu = -Vw/z +wVz/z?, and use w = —¢z in the inner integral to obtain

2(1—£/t)z d-1 . 1/t £
I=1 de = lim - 1-- d
10 [ oy e e [ =

22°
E(e) = / == dH"
{w+ez=0} |VW + sz|

Since we integrate over a perturbation of the manifold {w = 0}, it is reasonable to expect the continuity
E(e) — &(0) as € N\ 0. Consequently, we expect to find

1 ! £ 1 z?
I = lim - 1-- de = =£(0) = dH4 .
lim = [ (1-5)éte0 e = 5600 /{w:o} o 4H

with

An anonymous reviewer has pointed out that this limit can be verified easily under the additional
regularity w,z € C?(Q) by using the divergence theorem. Our first goal is to derive this equation
rigorously with the relaxed regularity requirement z € Cy(Q), see Lemma 3.7 below.

The upcoming theorem is prepared by the next lemma, which studies the one-dimensional case
d=1
Lemma 3.3. Let w € C(R) be given such that {w = 0} = {0} and w’(0) # 0. Further, for z € C.(R) and
t > 0 we define the set

Q, = {sign(w) # sign(w +tz)}.

(i) For each ¢y € C(R) we have fort \, 0

Ul VOO
(52 o T Tl
1 . ¥(0)z(0)
(3.2b) . /(;t i sign(z) dA! — W,
1 |w] 1 z(0)?
(S.ZC) ; o, T d/l1 - 5 |w’(0)|

(ii) If e, 8,ty > 0 are given such that ¢ < |w’(0)| and such that

(3.32) Q; c [-6,6] Vt € (0,ty)
(3.3b) |z(x) —z(0)| < ¢ Vx| <6
(3.3¢) [lw(x) —w(0) — w’(0)x| < ¢|x] Vx| <6
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hold, then for allt € (0,t,) we have

Q) _ [2(0)] +2¢

(3.42) P TS
Ll (2012021 0)] 0
(340 o, 0 M ET -y

Proof. W.lo.g. we consider the case w’(0) > 0, which implies sign(w(x)) = sign(x) for all x € R. First,
we will prove (ii). Let ¢, 8, ty > 0 satisfying the assumptions in (ii) be given. Further, let t € (0, t) be
arbitrary. It is easy to check that

-z(0) — ¢ —z(0) +¢
(3.52) 0<x<t———— = x€Q;N(0,00) = 0<x<t——>7—0,
w’(0) + ¢ w’(0) — ¢
~2(0) + —2(0) -
(3.5b) 0>x2tM = x€Q;N(-,0) = 0>x2tM'
w’(0) +¢ w’(0) — ¢

Indeed, the second implication follows from the chain of inequalities
0> w(x)+tz(t) > w(0) +w (0)x — ex +tz(0) — te = (W' (0) — &)x + £ (z(0) — ¢)
for x € Q; N (0, o). The other implications follow similarly. From (3.5a) and (3.5b) we get

AHQy) < max{0, & — z(0)} + max{0, z(0) + ¢} < |z(0)] + 2¢
t w’(0) — ¢ T wi(0)—¢’

i.e., (3.4a). From (3.5a) and (3.5b) we have |w(x)| < (w’(0) +¢)|x| < (w'(0) + g)tw. Together with

w(0)—¢
(3.4a), this shows (ii).
In order to validate (i), let € € (0, w’(0)) be arbitrary. Then, there exists § > 0, such that (3.3b) and
(3.3¢) are satisfied. Let K be the support of z and define

c:=inf{|lw(x)| | x € K\ (-5,6)} > 0, C :=sup{|z(x)| | x € K} < co.

Then, for t, := ¢/C we have sign(w(x)) = sign(w(x) + tz(x)) for all x € K \ (-6, §) and this shows
(3.33). Thus, the first part of the proof shows (3.5). From the continuity of ¢, (3.2a) and (3.2b) follow
easily. It remains to show (3.2¢). In case z(0) = 0, this follows directly from (3.4b). We focus on the
case z(0) > 0, the remaining case z(0) < 0 is similar. W.l.o.g., we assume ¢ < z(0). Since the integrand
is positive, (3.5) implies

1, —z(0) —¢\? B SO ,
E(W (0) - 8)(tm) —</0 (W (0) - E)Xd/ll(X) < '/g;t|W| dll
—-z(0)+e

w’(0) — ¢

t 7 (0)—¢ — 2
s/ o (w'(o)+g)xd,11(x)=1(w'(o)+5)(t Z(O)“).
. 2

After division by #?, the left-hand side and the right-hand side converge to z(0)2/(2w’(0)) as £ \ 0.
This shows (3.2c). O

Using standard coordinate transform arguments, this result can be lifted to the d-dimensional
situation.
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Theorem 3.4. Let w € C1(Q) be given such that Vw # 0 on {w = 0}. Further, let z € C.(Q) be given. For
allt > 0, we define Q; := {sign(w) # sign(w + tz)}. Then, for all y € C(Q) we have

(3.62) ! tﬁd/l / Vel gqqa
{w=0} |VW|
.6b / dr — / dH,
(3.6b) Y sign(2) » le
Lfowl /
(3.6¢) t‘/Q[ " dA — 2 o) |Vw|
ast ™\, 0.

Proof. We prove (3.6a), the remaining limits can be verified by analogous arguments. We start with a
local result. We set Z = {w = 0} N supp z, which is a compact subset of Q. Let a point p € Z, a bounded
open set B C R%"! an open interval I = (a,b) and y € C'(B) be given such that

(3.7a) p €BXI, BxIcQ, ZN(BxI) ={(xy(x))|xeB}

(3.7b) W={(xy)|xeB|y-y(x)|<e cBXL  daw(p) >0

for some ¢ > 0. Further, let ¢ € C.(B X I) be given.
For all x € B we define the cross section

Qx={yel]|(xy) e Q}={yel]|sign(w(x,y)) #sign((w+1tz)(x,y))}.
By Fubini, we have

1 = 1 1 d-1
./,m(BxI) vedi _/B t -/Qt,x U(x, V)o(x, y) dA (y) dA*(x).

t
Now, we can apply (3.2a) for all x € B and obtain

Y v y)ete y) dii(y) — LEr)eG r()Izx y(x))]

Vx € B.
o [0aw(x, y ()]

In order to pass to the limit in the outer integral, we need an upper bound. To this end, let 0 < ¢ <
inf{|owg(x,y(x))| | x € B} be given. By uniform continuity, we find § > 0, such that

|z(x,y(x) + h) — z(x,y(x))| < ¢ V|Ih| < 8,x € B
|[w(x, y(x) +h) —w(x,y(x)) — dgw(x, y(x))h| < e|h] VIh| < 6,x € B

hold. Similarly to the proof of Lemma 3.3 (i), we find t, > 0, such that Q;, C y(x) + [-6, §] for all
t € (0,1p). Thus, we can apply Lemma 3.3 (ii), and this yields the integrable bound

1 1 1 |z(x, y(x))] + 2¢
t Jo,. Y (xy)e(x y) dA(y) < SA(Qu)M < Mladw(x,y(x))l —

where M is an upper bound for |(/¢|. Thus, we can apply the dominated convergence theorem to obtain

! [ Yy @)l () 2y ()
t /men vedi= | 2w (7 ()]

By differentiating w(x, y(x)) = 0, we obtain —9;w(x, y(x)) = dgw(x, y(x))d;y(x) foralli=1,...,d — 1.
Thus,

dA41(x).

[Vw(x, y ()17 = 184w (e, y () P (Iy" (017 +1).
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This yields
S5 o 04900 = [ (S0 T I a0

|0awl
:/ ¢¢|Z| d?‘{dl
ZN(BxI) |[Vw|

The compact set Z can be covered by finitely many, possibly rotated and translated sets B X I of type
(3.7). The proof is then finished using a standard partition-of-unity argument. O

As in Theorem 3.4, we will often work with w € C'(Q) such that {w = 0} N {Vw = 0} = 0. This
condition means Vw # 0 everywhere on {w = 0}. From Stampacchia’s lemma, we have Vw = 0 a.e. on
{w = 0}. Thus, A({w = 0}) = 0. We will now apply Theorem 3.4 to obtain a second-order expansion
of w — max(w, 0).

Lemma 3.5. Define j: R — R by j(w) := max(w,0). Let a function w € C'(Q) be given such that
{w=0}N{Vw =0} =0. Let zx — z in C(Q) with supp zx C K for some compact K C Q. Let t; \, 0.
Then we have

dH 1 € € [0, )

2
(38) lim 2 / J(w + tez) — j(w) — ) (wiz) A = /
k—00 tk {w=0} |VW|

fork — oo.

Proof. We first consider the situation that z; does not depend on k. For every k € N, we define the set
Qp = {sign(w) # sign(w + txz)} and have

/j(w +14z) — j(w) — trj (w;2) dA = |w+ trz| dA = / trlz| = |w|dA.
Q Qk

Qg

Now, the claim follows from (3.6b) and (3.6¢).
For the general case, we consider

I = /Q JOw+ tizi) — j(w) — b’ (w; zi) dA - /Q JOw+ t2) = () — i (w;2) dA
= /j(w +trzi) — j(w+ tz) — tij (w; 2z — z) dA.
Q

Here, we used A({w = 0}) = 0, which implies j'(w;zx) — j’(w;z) = j'(w;zx — z). The absolute
value of the integrand can be estimated by 2|z — z|, and it vanishes on the complement of A :=
{lw] < (llzllz=) + llzkllz= )t} N K. By [14, Lemma 3.2], there exists ¢ > 0 such that A(A;) <
C(||Z||Loo(/1) + ||Zk||Loo(/1))tk. Hence, it follows

2 4
Skl £ —A(Ap) 2k = zllz=2) — 0,
t tx
k
which proves the claim for the general case. O
In the next step, we want to drop the assumption that z is compactly supported in Q. Interestingly,

the result of the previous Lemma 3.5 is not valid anymore in this case. In particular, we can no longer
choose zi = z in (3.8), as the following example shows.
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Example 3.6. We take Q = (0,2) c R. On (0, 1), the functions w and z are given by w(s) = s* and
z(s) = —s. We extend these functions to (0, 2), such that w € C'(Q) N Cy(Q), z € Co(Q) and w > 0,
w+2z > 0on (1,2). Fort € (0,1), we set

Q, := {sign(w) # sign(w + tz)} = (0, Vt].
A short computation shows

2

/j(w +tz) — j(w) —tj' (w;2z)dA = /\ﬁts —s2dA(s) = t—
Q , 0 4

Hence

. 2 . . .7 . _1
}1_1)13”—2 Q](w+tz)—](w)—t] (w;2)dA = 5

However, the boundary integral /{w:o} |VZ—;| dH? vanishes due to {w = 0} = 0. Hence, (3.8) is not
true for zx = z.

This example shows that we cannot expect (3.8) to hold for all sequences (zx) converging to some
non-compactly supported z. In the next lemma, we show that there exists a sequence (zx) C C.(Q2)
with zp — z in Cy(Q) such that equality holds in the limit (3.8). In the general case, we have to replace
in (3.8) the limit by the limit inferior and the equality sign by an inequality sign.

Lemma 3.7. Define j: R — R by j(w) := max(w,0). Let a function w € C'(Q) be given such that
{w=0}N{Vw =0} =0. Let z € Cy(Q) be given. For all sequences t;. \, 0 and z;. — z in Cy(Q), we
have ,
2
liminf — [ j(w+txzx) — j(w) - tej (w;zg) dA > / Z dH* € [0, oo].
{

k—oo paRe) w=0} |VW|

Moreover, for every sequence t. ~\, 0 there exists Cc(Q) 3 zx — z in Co(Q), such that

22

lim 2 / Jw+ tezg) — j(w) — trj' (w; z) dA = / dH € [0, o0].
Q {

k—o00 t]i w=0} |VW|

Proof. Let t; N\, 0 and z; — z in Cy() be arbitrary. For every ¢ € C.(Q2), 0 < ¥ < 1, we have
/ Jw + tez) — J(w) — e (wiz) dA > / YW+ tizi) — j(w) — ) (wizp0)) dA
Q Q
> /Q Jw + bz — () — ) (wi gz) A

where we used the non-negativity of the integrand in the first inequality, and the convexity of j and
positive homogeneity of j’ in the second inequality. For the term on the right-hand side, we can apply
Lemma 3.5 and obtain

A . y (¥2)? o
liminf — [ j(w+ txkzi) = j(w) — txj" (wizg) dA > —— dH*.
k—eo £ Jo (w=0} VW]

Taking the supremum over all possible i yields the first claim.

To address the second claim, we start by a sequence C.(Q) 3 Z, — z such that |z,| is monotonically
increasing. We use a diagonal sequence argument as in [11, Lemma 2.12(ii)]: Due to Lemma 3.5, we find
a strictly increasing sequence K}, such that

52

2
_z/J'(WHki'n)—J'(W)—tkj'(W;én)dﬂ—/ VZ—”d‘H‘Jl‘1
te Jo (w=0} VW]

1
< =
n
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holds for all n € N and k > K,,. We redefine K; := 1 and set n; := sup{n € N | K,, < k} forallk € N,
which is finite, since K, — oo. Then, it holds k > K,,, for all k by definition and ny — co monotonously
for k — oco. Now, we define z; := Z,, and this yields

2

2 . . . 2y d-1
2 QJ(W+kak)—J(W)—th (w; z) dA — { —— dH

1
< — =0,
k w=0} |VW|

_nk

where the inequality holds for all k € N with n; > 2. Due to ny — oo, we have zx — z in Cy(Q).
Since (ng) is monotonically increasing, |zx| is monotonically increasing as well. Thus, the monotone
convergence theorem yields

z2 2
/ —EdHdT / ©_dHe
(w=0} VW] (w=0} VW]

This proves the second claim. ]

This lemma shows that ] is strongly-strongly twice epi-differentiable in the sense of Definition 3.2
and the strong second subderivative is given by

77 Zz d-1
(3.9) J (w;z):/{ dH,

w=0} |VW|

A similar result has been obtained in [8, Theorem 5.2.14] without using the strong regularity condition
{w =0} N {Vw = 0} = 0. Therein, the constructed recovery sequence converges in Hy(Q), whereas
Lemma 3.7 gives uniform convergence.

Next, we address a function j without kinks.

Lemma 3.8. Let j € C(R) with locally Lipschitz continuous j' and such that

2
j"(w;z) == lim = (j(w+t2) — j(w) —tj'(w)2) € R
N0 t2

exists for allw, z € R.
Letw € C}(Q) be bounded. Let zi. — z in C(Q). Let t; \, 0. Then we have

2
t—Z/j(w+tkzk)—j(w)—tkj’(w)zkd)t—>/j”(w;z)dAGIR
L Jo Q

fork — oo.

Proof. By the boundedness of w and the Lipschitz continuity of j’, %(j(w + tezr) — j(w) — tj’ (w)zg)

is uniformly bounded. Then the claim follows by dominated convergence. O

Remark 3.9. It is an open question, whether the integral functional in Lemma 3.8 is strongly-strongly
twice epi-differentiable on Cy (Q) if j is assumed to be second-order epi-differentiable, only. In particular,
the existence of a recovery sequence seems to be impossible to prove. For differentiation of integral
functionals on LP-spaces, this was done in [15, Section 5] for convex and in [16] for non-convex
functions. In order to construct the recovery sequence, a selection theorem for measurable multi-
functions was used [16, Thm. 1.4]. It is unclear, under which assumptions on j this multi-function
allows for a continuous selection without assuming continuity of w — j”’(w;z).
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Remark 3.10. Since j: R — R, we can omit the limit “2 — z” in the definition of j”(w;z), i.e., it is
sufficient to require

J7(wiz) = lim S0+ 12) = j(w) ~ 1]/ (w)2) € R.

By construction, z — j”(w;z) is positively 2-homogeneous. Hence, j”(w;-) is determined by the
values j”(w;z) for z € {-1,+1}.

By combining the previous two lemmas, we obtain the convergence of a second-order difference
quotient associated with piecewise smooth functions.

Assumption 3.11. Let jo € C'(R) with locally Lipschitz continuous j; be given such that
s .2 . "
3 (wi2) = lim 2 oo+ £2) = Jo(w) = ti§(w)2) € R

exists for all w,z € R. Let m € N, positive numbers a;, i = 1...m, and distinct numbers b; € R,
i=1...mbe given. We define j: R —» R and J: Co(Q) — R via

JO0) = Jo(w) + > aglw = b, J(w) = /Q J(w(®)) dA(0).
i=1

Theorem 3.12. We consider the setting of Assumption 3.11. Let a bounded w € C'(Q) be given such that
(3.10) {w=b;}Nn{Vw=0}=0 Vi=1...m.
Then ] is (Gateaux) differentiable at w with
J (w)z= /(j(;(w) + Z a; sign(w — b,-))z dA.
Q i=1

Forz € Cy(Q), we define

m 2
(3.11) J"(w;z) := /jé'(w;z) dA + Z 2al~/ 2 e (=00, 00].
Q i=1 {

W:bi} |VW|
Let z € Cy(Q) be given. For all sequences t;. \, 0 and z;. — z in Cy(QQ), we have

liminf Jw+tizi) = J(w) — ti ] (w)zg
imin 5
k—oo tk/z

> J"(w;2).

Moreover, for every sequence t. ~\, 0 there exists Cc(Q) 3 zx — z in Co(Q), such that

I J(w+trezi) = J(w) — ti ] (w)zi
1im >
k—o0 tk/z

=J"(w;2).

Thus, ] is strongly-strongly twice epi-differentiable at w for J'(w) with J"”'(w, J'(w); z) := J" (w; 2).

Proof. We can write |w — b;| = 2max(w — b;,0) — (w — b;). The functions w; := w — b; satisfy the
requirements of Lemma 3.7. The first claim is now a direct consequence of Lemma 3.7 and Lemma 3.8.
To prove the second claim, i.e., the existence of a recovery sequence, we use the diagonal sequence
argument of the proof of Lemma 3.7. Let C.(Q) 3 Z, — z be a sequence such that |Z,| is monotonically
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increasing. Define j;(w) := max(w — b;, 0). Then define a strictly increasing sequence K, € N with the
property that

1
< =
n

52
Zn

dﬂd—l

2 . . ., .
2 / i+ t12n) — Ji(w) = g (w3 2) dA /
Q

k {w=b;} |VW]

holds foralli=1...m,n € N, and k > K. This is possible due to Lemma 3.5. Now we can conclude as
in the proof of Lemma 3.7. Due to Lemma 3.8 we get the convergence of the second-order difference
quotients for the full functional J. O

Corollary 3.13. We consider the setting of Assumption 3.11 with a convex jo. Let a bounded w € C'(Q)
satisfy (3.10). Then the mapping z — J"'(w;z) is convex.

It remains to compute the convex conjugate of z — J”’(w; z). For a measurable subset Z C Q, we
utilize the measure H9!| 7 given by

HT 2 (A) =HT(ANZ) VAeB(Q).

Theorem 3.14. We consider the setting of Assumption 3.11 with a convex jo. Let a bounded w € C'(Q)
satisfy (3.10). We set

(3.12) Z = U{W = b}
i=1

and definea: Z — R by
a(w) = a; ifw(w) = b;.

Assume
1 d-1
(3.13) —— dH* < +oo.
Let u € M(Q). If there exist densities v, € L'(1), v, € L'(H% ™| 7) such that y = v;A + 0,1 7 then
1 n” * 1 VW - 1 <17 *
(51 (w -)) =1 /Z Pl e+ /Q (5]0 (w; -)) (01) d2 € [0, +o0].
Otherwise (%]”(w; -))*(;1) = +o00.

Proof. We are going to apply Theorem 3.1. To this end, we have to write % J”(w;-) as an integral
functional. Therefore, we define the measure

vi= A+ H 2
and the integrand 1: Q@ X R — R by

2a(w) 2 .
w,z) = 1 ) w@n? ifoeZ,
2 i w(w);2) ifwgZ.
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Note that we have A(Z) = 0. Thus

/ Hw,z(w)) dv(w) = / Hw,z(w)) dv(w) +/ Hw,z(w)) dv(w)
Q z a\Z

=/ Hw,z(w)) d?-(d_1|z(a))+/ (w, z(w)) dA(w)
Z AZ

_ 1 2a(w) 2 d— 1 "
= 2/2 |VW(a))|Z dH 1|z(w)+2/Q\Z]0 (w(w), z(w)) dA(w)

_1 261(60) 2 d—1 1 o
) 2/z Vw)” (“)+2/QJO (w(®), 2(0)) dA(0)

- %]”(w;z).

It is clear that v satisfies the assumptions of Theorem 3.1 and that ¢ is a convex Carathéodory function.
The integrability (-, x) € L'(v) for all x € R is a consequence of (3.13). Thus, all assumptions of
Theorem 3.1 are satisfied and therefore, we obtain

w, w))dv(w) if v,
(%J(»v;-)) (k) = {fﬂ (o) o it =

otherwise

for all g € M(Q). Next, we compute the conjugate of i(w, -). From the definition of 1, we get

[Vw(w)] -
Foy={tae Y HeeZ
(37 (w(@);))" (») ifo¢Z.
Since the measures A and H?"!| 7 are singular, it is clear that y < v if and only if

ploz <A and plz < HY 2.

This is, in turn, equivalent to the existence of densities v; € L'(1), v, € L'(H%!|z) such that y =
0+ Uzﬂd_1|z. In this case we have

(%](W;')) (,u):‘/Ql*(co,vl(a))) dA(w)+/Zt*((u,02(a))) d?{d_l(a)).

From the structure of /*, the assertion of the structure of (3] (w; )" () follows.
Since (%j(;’(w(a)); ))* (y) = —jy(w(w);0) = 0 by definition of convex conjugation, the non-
negativity of (%]”(w; ))*(,u) follows. O

Remark 3.15. As jo: R — R, we have
Jo (w(w); 2) = ji/ (w(w); sign(2)) 2%,

which implies

(lj"w(w)- ~>)* (y) = se@smrn Y. i (w(@)isign(y) # 0,
270 ’ 5101 (y) otherwise.
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3.2 DIFFERENCE QUOTIENTS OF SUBDIFFERENTIALS

Next, we study the limiting behaviour of a difference quotient of subdifferentials, i.e., we show that

c AJ(w + trz) — aJ(w)
173

hi

converges in an appropriate way towards an element from 39]” (w, x;-)(z), where x € 9J(w) under
appropriate assumptions on w and z. Again, we separate the smooth part in J from the kinks.

Lemma 3.16. Let | be defined via (3.1) with j(w) := max(w,0). Let w € C'(Q) be given such that
{w=0}Nn{Vw =0} = 0 and choose x € dJ(w). Further, let z € C.(Q) be arbitrary. Then, for every
sequence (tx) C R* with ty ~\, 0, we can select a sequence (hi) C M(Q) with

. AJ(w+trz) — x

hk Vk e N

Ik

such that

*
(3-14) hi — h, el mco) = IRIIMm(Q)s

where h € %6]”(w, x; ) (2).
Note that the structural assumption on w implies that dJ(w) and aJ”’ (w, x; -)(z) are singletons, i.e.,

x and h are uniquely determined by w and z. Moreover, we even have h; € LY(1), but the limit is, in
general, only a measure.

Proof. We define

Xk = X{w+trz>0} T X{w+trz=0,w<0}

and hg = (xx — x)/tr. Then, it is clear that xx € dJ(w + fxz) and an easy distinction by cases shows
1.
hi = — sign(z) yo,.
Ik

where Q := {sign(w) # sign(w + txz) }. Further, we note that the measure h satisfies

- Yz d-1
= [t wecye),

see (3.9). In order to prove (3.14), we are going to apply Theorem 3.4. For an arbitrary ¢ € Co(Q), we
apply (3.6b) to obtain

_ 1 . R V2 it =
= [ yoim@ i [ L= ),

The convergence of norms follows from

|| d-1 1
1R m =/ dH,  lhellmce) = lhellpigy = — [ 1dA
) {w=o0} VW] @ PO = o

and (3.6a). O

Next, we address differentiable integrands. To this end, we show that the differentiability assumption
on j from Lemma 3.8 is equivalent to the directional differentiability of the first derivative.

Lemma 3.17. Let j € C'(R) with locally Lipschitz continuous j' andw, z € R be given. Then, the statements
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(i) j"(w;z) :=limpy o t%(j(w +tz) — j(w) —tj’'(w)z) € R exists

(i) D?j(w;z) := limp g
are equivalent and we have j”’ (w;z) = D?j(w;z)z.
Proof. “(ii))=(i)”: From (ii) we have j’'(w + sz) — j'(w) = D?j(w;z)s + o(s) as s \, 0. Thus, the

fundamental theorem of calculus implies

jw+1tz) — j(w) —tj (w)z = ‘/Ot(j’(w +5z) — j’(w))zds = Dzj(w;z)§z+ o(t?)

ast \, 0. This proves (i) with j”’(w; z) = D?j(w; z)z.
“(i)=(ii)”: In case z = 0, the assertion is clear. It is sufficient to consider z # 0. We denote by L the
Lipschitz constant of j* on [w — |z|, w + |z|]. Further, we define

q(t) = j(w+tz) = j(w) —tj’(w)z - gj"(W;Z)-
Let ¢ € (0,1) be arbitrary. Due to (i), there exists { = £, € (0,1] such that
lq(t)| < et? vt € [0, f].
For an arbitrary t; € (0, ], we fix t, := (1 — +/e)t; € (0,t;). Then we have

glt) — q(to) _ jw+12) = j(w+tz)
ti—ty h—t

h—1
J'(W)z = 1" (w;2) + == " (w:2).

Using the Lipschitz continuity of j’, we get

d

’j(w+tlz) —j(w+tz)

Lz
s| < =z°(H — ).
— 57 (1~ 1)

+/
w+ hz)z
J'( 12) -ty

/tl J(w+sz)z—j(w+tz)z
ty

Putting these expressions together, we find

[/ (w+ t1z) = j'(w) |z = )" (w: 2)|

i(w+tz) — i(w+t t) —q(t t—t
Jwnz) —j(wttezr) g(t) —gq(to) 0 (w:2)
t1— 1o =1 2

J(w+tz)z -

L Z4d -t
< —Zz(tl—to)'l'fl 0 1
2 t— to 2

L 1
[ (w; z)| < EZZ +2+ 5|j”(w;z)|)\/zt1.

Since t; € (0,1.], € € (0,1) were arbitrary, (ii) follows with D?j(w, z) = j"(w;z)/z. O

Remark 3.18. The statement (ii))=(i) in Lemma 3.17 holds without the Lipschitz assumption on j’ and
this follows directly from the proof. The example j(s) = s* sin(s™!) shows that the other direction may
fail in absence of the Lipschitz assumption, since j’(s) = 3s2 sin(s™!) —s cos(s™!) fails to be differentiable
ats =0.

Lemma 3.19. Let ] be defined via (3.1) with j € C}(R) with locally Lipschitz continuous j’, such that one
of the assumptions of Lemma 3.17 is satisfied. Let w € C'(Q) be bounded and set x = J'(w). Further, let
z € Co(Q) be arbitrary. Then, for every sequence (t;) C R with ty N\, 0, the sequence (hi) C M(Q)
with

_J(wHtz) —x

hk Vk € N

Ik
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satisfies

*
(3-15) hi — h, lhxll mco) = ITRIIMm(Q)s

where h € M(Q) is defined via

(h,l//):/QDzj(w;z)l//dA Vi € Co(Q).

Proof. We take xx = J'(w + txz) and have

(o ¥ = /Q Fwtnydl,  (xg)= /Q J(w)y da.

Thus,
i (w+ trz) — j (w i’ (w+ trz) — j (w
<hk,¢>:/1( k%) J()WM, ||hk||M(Q):/J( k2) =W 4y
Q Ik Q Ik
By dominated convergence, we get hy X hand 1Pkl mc) = TRl m(o)- O

In the setting of Lemma 3.19, we even have h, hy € L1(1).
Now, we combine Lemmas 3.16 and 3.19.

Theorem 3.20. We consider the setting of Assumption 3.1 with a convex jo. Let a bounded w € C'(Q) be
given such that (3.10) holds and choose x € dJ(w). Further, let z € C.(Q) be arbitrary. Then, for every
sequence (tx) C R* with ty \, 0, we can select a sequence (hi) C M(Q) with

. AJ(w+ trz) — x

(3.16) hi Vk e N
Ik
such that
*
(3.17) hy — h, Pkl mce) — IRl M)

where h € %6]”(\4), x;-)(2), Le,

(318) (b= /Q S CIERD /{ w:bi}%dﬂd_l Vj € Co(@).

Note that the second integral in (3.18) is well defined since w satisfies (3.10) and since z has a compact
support.

Proof. We define the functionals

Jo(w) := /Qj(fv) - Z a;(w — b;) dA, Ji(w) = —/Qmax(ﬁv - b;,0)dA Yw € Cy(Q),

i=1

which implies with a, := %

J() = > 2aii ().

i=0
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Due to (3.10), these functionals are differentiable at w and we select the unique elements x’ € 3J;(w).

i (wHtrz)—xt

From Lemmas 3.16 and 3.19 we obtain sequences (h;() with h;{ € and h;{ ot h, ||h;'<||M(Q) —

1773
1A' || m(q), where
W) = [ Din(wizypda Vi € Co(@),
Q
(h', ) :/ id(Hd‘l Ve Co(Q),i=1,...,m.
(w=b;} VW]

From the relation j’'(w; z) = D?j,(w; z)z, we get %6]6’(\4}; )(z) = D%jo(w; z). This implies

1
h’ = EaJé'(W; )(2),

see Theorem 3.1. The sum rule of convex analysis implies that hy := >} Zaih;< satisfies (3.16). The first
limit relation in (3.17) is clear. The second relation follows from

m m
1Al < liminfllhy|| < limsupllhell < > lim 2a;l|Rill = ) 2ail|Al| = |kl
k—co i=0 i=0
In the last equality, we have used the precise structure of h'. O

For a similar result in Hilbert spaces, we refer to [15, Theorem 3.9]. Therein, it is shown that the
strong twice epi-differentiability of a functional J is equivalent to dJ being proto-differentiable with
maximally monotone proto-derivative. The proof utilizes Attouch’s theorem on the Mosco-convergence
of functionals and this is not available in non-reflexive spaces, see [13, Theorem 2.5] and the comment
thereafter.

3.3 A LOCALIZED DESCENT LEMMA

As a last preparation, we state a localized descent lemma for J at a point w satisfying a structural
assumption.

Lemma 3.21. We consider the setting of Assumption 3.11. Further, let w € C}(Q) N Co(Q) be given such
that there exist C,n > 0 with

(3.19) Z/l({|w —bi| <¢€}) <Ce Ve € [0,7].
=1

Then, ] is (Gateaux) differentiable at w and we set x = J'(w). Moreover, there exists a constant A > 0
such that

A
(3.20) J(0) SJ(W)+(x,v—W>+EIIU—WIIZCO(Q) Yo € Co(Q) : lv—wlicy) <1
Proof. Due to (3.19), we have

imw =bi}) =0

and this is enough to ensure that 3J(w) is a singleton. Consequently, J is (Giteaux) differentiable at w.
Next, it is easy to see that it is sufficient to validate (3.20) for the components

Jol0) = /Q Jo(0(@) dA(w). (o) = /Q o — by dA.
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Since j; is assumed to be locally Lipschitz, there exists a constant L > 0 such that
lig(r) = jo()l < LlIr=s|  V¥r,s € [-T,T]

with T := [|wl|c,(q) + 7. Let v € Co(Q) with [[o — w|lc, (@) < 7 be given. The Lipschitz estimate implies

[(Jg(0) = Jo(w), 2)| < /Qljé(v(w)) = Jo(w(@))llz| dA(w) < LAQ)llo = wllcy(@)llzllcy@)-

From Theorem 3.1 we know that J, is (Gateaux) differentiable on Cy(Q). Hence, the fundamental
theorem of calculus implies

1
Jo(@) = Jo(w) = (Jg(w),0 —w) = /0 Jo(w+1t (v =w)) = Jg(w),v = w)cy(o) dt

LA(Q)

2
——|lw— U”CO(Q)'

1
SLA(Q)/ to = wlig, o dt = ==
0

Next, we consider J; for i = 1,..., m. By using the identities
Ir| = |s| + sign(s)(r — s) if sign(r) = sign(s)
[r| < |s| + sign(s)(r —s) + 2|r —s| if sign(r) # sign(s)

for all ,s € R with s # 0, we obtain

Ji(0) = Ji(w) = ¢ (w),0 = w) s/ 200 - w|di

{sign(v—b;)#sign(w-b;) }
< 2A({sign(v — b;) # sign(w — b)) })|lo — wllc,(q)-
On {sign(v — b;) # sign(w — b;)} we have |v — w| > |w — b;|. Thus,
A({sign(o - by) # sign(w — by)}) < A({lw = byl < o — wl})
S A{Iw = bil < lo = wlley@}) < Cllo = wlleya)

for [|[o — wl|c,(@) < 1. This shows

Ji(0) < Ji(w) + U (w),0 = w) + 2Cllo = wl, .

Combining the estimates for J, and J; yields the claim. ]

A condition similar to (3.19) was first used (almost simultaneously and independently) in [14, 19].
This condition is related to (3.13), i.e., ﬁ |z € LY(H? | z), see Lemma 3.24 below.
Remark 3.22. The condition (3.19) follows almost from (3.10). Indeed, let us assume that w € C'(Q) and
its derivatives can be extended continuously to Q, i.e., w € C'(Q) and that

ww)=b; = Vw(w)#0 Yw € Q.

Note that (3.10) is the same condition, but only for all w € Q. Then, [14, Lemma 3.2] shows that (3.19)
is satisfied.

Remark 3.23. Condition (3.19) implies

zm:/l(ﬂw —b;| < €}) < max{C,mA(Q)/n}e Ve > 0.

i=1

If we assume improved regularity of jo, i.e., if j; is globally Lipschitz, we can show that (3.20) holds
even for 5 = co.
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Let us discuss how condition (3.19) is related to (3.13), i.e., ﬁ|z e LY(H¥ 2).
Lemma 3.24. Let w € C}(Q) satisfy (3.10). Then (3.19) implies (3.13). In fact,

o [ L gt <
/Z [Vw|

with C from (3.19) and Z as in (3.12). In addition, (3.13) implies
d-1
hr:l\s(l)lp Z;A(Kﬂﬂw bl <t}) <2 ﬁ H
for all compact K c Q.
Proof. Assume (3.19). Let t € (0,7]. Let z € Cc(Q) with [|z||¢c,(q) < 1be given. Define
QF == {sign(w - b)) # sign(w — b; + £2)},
Q; := {sign(w — b;) # sign(w — b; — tz)}.

Then we find
Q=07 UQ; c{lw-10b <t}

v (3.19), we get A(Q;) < Ct. Then Theorem 3.4 (3.6a) implies

1 1
C>-MQfuQ;)= —/ dx — 2/ &l dH,
t t Jarua; (w=b;} VW]

This implies 2[{ b |VW| dH?! < C, and (3.13) follows.
Let (3.13) be satisfied. Take K € Q compact. Let z € C.(Q) with ||z||¢,(q) < 1such thatz=1onK.
Then one easily verifies

w-b| <t}NKcQfuQ;.
t t

Together with Theorem 3.4 (3.6a) we obtain

|| d-1
lim su A(Kﬁ {lw=">b;| <t}) < hm di = 2/ dH
£\0 P ™NO T Joruar w=b; } [Vwl

< 2/ L HA,
(w=b;} VW]

which proves the claim. O

Corollary 3.25. Let w € C1(Q) N Cy(Q) satisfy (3.10). Assume b; # 0 for all i. Then (3.19) and (3.13) are
equivalent. In this case

limsup- » A({lw—b;i| <t}) =2 SR}
1\,0 ,Z:‘ |V |

Proof. Assume (3.13). The assumptions on b; imply that IZ (as in (3.12)) has a positive distance to the
boundary 9Q, and |JZ,{|w —b;| < t} is a compact subset of Q for t > 0 small enough. Then Lemma 3.24
implies

limsup- Y A({lw—b;| <t}) <2 ELEpVE
N0 IZ:‘ z IVwl
which in turn implies (3.19). O
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4 SECOND ORDER DERIVATIVES OF INTEGRAL FUNCTIONALS OVER MEASURES

In this section, we are going to study integral functionals over the space of measures M(Q). Recall
that M(Q) is the (topological) dual space of Co(Q). In contrast, L!(1) cannot be a dual space (unless
Q = 0) and this is the reason for working in M(Q).

The space L!(1) is considered as a subspace of M(Q) in the sense that a function u € L!(1) is
identified with the measure ul € M(Q) defined via

(ud)(A) —> ‘/Audﬂt VA € B(Q).

Now, let the integral functional G be induced by a convex and lower semicontinuous functiong: R — R,
ie.,

G(u) = /Qg(u(a))) dA(w) Yu e L'(Q).

Note that G(u) € (—oo, 0] is well defined since g possesses an affine minorant and u € L'(1). We
extend this functional to M(Q) via

d .
Gl = {{(;g(ﬁ(w))d/l(w) fu<h ),

otherwise

This definition coincides with the original definition of G on L'(1) since ul < A and

d(ud) 1
o U Yu € L'(A).

Further, dom(G) c L'(A), since all u € M(Q) are finite measures, and hence du/dA € L'(1). Thus, we
have extended G by oo on the set M(Q) \ L'(1).

The aim of this section is the computation of the second subderivative of G under some structural
assumptions and the verification of its strict twice epi-differentiability. This will be done by deriving
estimates from below and from above.

In order to apply the results from Section 3, we restrict ourselves to functions g whose conjugates
fit into the setting of the previous section.

Assumption 4.1. We assume that the conjugate g* =: j satisfies the assumptions posed on j in Assump-
tion 3.11. Moreover, for each bounded set W C R there exists a constant C; > 1 such that the smooth
part jo satisfies

Jjo (w;=1) = 0 or j;'(w;+1) =0 or C;ljé’(w; —1) < jg' (w;+1) < Cjj/ (w;-1)

forallw e W.
We require that Assumption 4.1 holds throughout this Section 4.

Remark 4.2. The second part of Assumption 4.1 is not very restrictive and is satisfied by many reasonable
functions j,. However, it is possible to construct some artificial counterexamples: We choose { € L (R)
with

1 else.

iw=[ t [ emaas
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It is clear that j is convex and differentiable, and that j’ is globally Lipschitz. With Lemma 3.17 one can
check that

j(t;1) =1/n ift € [1/n,1/n+27") for some n € N,
j”’(t;-1)=1/n ift € (1/n,1/n+27"] for some n € N,

and in all other cases we have j”/(t; 1) = 1. Thus, the second part of Assumption 4.1 is violated.

As a preliminary result, we give a functional J: Cy(©2) — R such that the conjugate of J is G. The
computation of conjugate functions of integral functionals on continuous functions is addressed in [17,
Section 3], see in particular Theorem 3.1. Therefore, we expect that J can be obtained by integrating
over the convex conjugate of g.

Lemma 4.3. We define J: Co(Q) — R wvia

1) = [ el dhco).
Then, the conjugate of J is given by G.
Proof. This directly follows from Theorem 3.1 with the choices ((w, x) = g*(x) and v = A. O

It would be tempting to obtain the weak-* second subderivative by computing the second subderiva-
tive of J and a convex conjugation argument. For strongly twice epi-differentiable functions defined on
reflexive Banach spaces, this is indeed possible, see [15, Theorem 2.5]. The argument in [15, Theorem 2.5]
uses the Wijsman—-Mosco theorem on the continuity of the Legendre—Fenchel transform w.r.t. Mosco
epi-convergence of convex functions, i.e. the Mosco epi-convergence of ¢, to ¢ is equivalent to the
Mosco epi-convergence ¢;; to ¢* in reflexive spaces. In non-reflexive spaces, this theorem fails, see
the discussion in [20, Section 1] and [1, Theorem 3.3]. Hence, we have to use a direct argument which
connects the weak-* second subderivative of G with the strong second subderivative of J.

4.1 ESTIMATES FROM BELOW

In this section, we are going to give a lower estimate for the second subderivative of G. The arguments
are similar to those of [10, Lemma 6.8, Proposition 6.9]. To this end, we utilize the preconjugate function
J. Note that the next lemma also works in a more general setting. Therefore, we state it with Y and X
instead of Co(Q) and M(Q).

Lemma 4.4. Let J: Y — R be convex, proper, lower semicontinuous such that J* = G. Let x € dom(G),
w € dG(x) N'Y be fixed such that ] is strongly-strongly twice epi-differentiable at w for x. Then,

(1) %G”(x,w;h) > (% T (w, x; ~)) (h)  Vhex.

Proof. Let z € Y be arbitrary. Further, let (#;) C (0, 0) and (h;) C X be arbitrary sequences with
*
tr "\, 0 and hy — hin X. Next, we choose a sequence (zx) in Y with zx — z depending on (), see
(4.3) below. Since G is the convex conjugate of J, we have the Fenchel-Moreau inequality
(4.2) G(x + trhg) = (x + tehg, w + tezi) — J(w + tezk)
and, due to w € 9G(x), we find
G(x) = (x,w) = J(w).
Taking the difference of these two relations and dividing by ti /2 yields

Glx + tihi) = G(x) = tilh, w) - J(w + tzi) = J (W) = trdx 2
t2/2 - t2/2

+ 2(hk, zk).
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Due to the strongly-strongly twice epi-differentiability of J, the sequence (zx) can be chosen such that
we have the convergence

J(w +trzi) = J(w) = ti(x, 2x)
t2/2

(43) J(w,x;2) = Jim e [0, co].

Then, we can pass to the limit in the above inequality and obtain

.. o G(x +trhy) = G(x) — ti(hg, w)
lim inf

k—co t2/2 > —J"(w,x;2) + 2(h, 2).

Since the right-hand side is independent of the sequences (hy) and (), we can take the infimum over
all sequences tx ~\, 0 and hy X hinX. Thus,

1 1
(4.4) EG”(X,W;h) > —5]"(W, x;z) +{h, z).
Since z € Y was arbitrary, we can take the supremum w.r.t. z € Y in the right-hand side. This yields
(4.1). O

We mention that the strongly-strongly twice epi-differentiability of J was investigated in The-
orem 3.12, and an expression for the conjugate of the strong second subderivative of ] is given in
Theorem 3.14.

4.2 STRICTLY TWICE EPI-DIFFERENTIABILITY OF G

Next, we give an upper bound by considering sequences (zx) and (hy) for which we have equality in
(4.2). This is possible due to Theorem 3.20.

Lemma 4.5. Let x € dom(G), w € 3G(x) N Co(Q) be fixed such that w belongs to C'(Q) and satisfies
(3.10). For an arbitrary z € C.(Q), we select

1
he 58]”(w, x;+)(2).
Then,

%G”(x,w;h) = (%]”(w,x; ')) (h).

Moreover, for every sequence (1) with tx "\ 0, we can select a sequence (hy) C M(Q) such that hy = h,
Akl mc) = IRl m(q) and

G(x + tghi) — G(x) — ti(hg, w)
t2/2 '

We mention that A is uniquely determined by z, cf. (3.18).

G"(x,w;h) = klim

Proof. For an arbitrary sequence #; \, 0, we use Theorem 3.20 to select

hy aJ(w + trz) —x.
Ik

with hy o h, Al mco) = Il m(q)- Due to x + tihg € 9] (w + trz), we have

](W + tkz) + G(x + tk/’lk) = (x + tkhk, w+ tkz),

J(w) +G(x) = (x,w).
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Taking the difference and dividing by t,i yields

16+ tehi) = G(x) =t w) 1T (W +1,2) = J (W) — ti{x, 2)
2 t2/2 2 t2/2

= (hg, z).

The right-hand side converges towards (h, z). Via Lemmas 3.5 and 3.8, the second addend on the
left-hand side converges towards J”(w; z). Thus, we have

G(x +tyhi) — G(x) — te(hp,w) 1,

1 1 1
EG”(X’ w; h) + 5Jl/(w;l) < 5 h]zlllorolf tz/z + 5] (W;Z)
1 G trhy) - G —ti(h 1
< Lim sup (x + tih) 2 () — tilhie, w) 11w 2)
k—o0 tk/2 2
< (h,z).

Now, (4.4) implies that all three inequalities are satisfied with equality and together with (4.1) this
shows the claim. O

We remark that the arguments in the proof of Lemma 4.5 can also be utilized in a more general
situation if the preconjugate J satisfies the assertion of Lemmas 3.5 and 3.8 and Theorem 3.20 with
C.(Q) replaced by some subspace of Y.

In order to prove the equality

%G”(x,w;h) - (%]"(w,x; .)) (h)  Vhe M(Q),

we will utilize the density argument [11, Lemma 3.2]. Therefore, we need to show that for each h € M(Q)
there exists a sequence (hy) with hy € %8]”(141, x;-)(zx) for some zx € C.(Q) such that

(%J"(w,X; -)) (he) — (%J"(w,xr)) (h).

In order to construct this sequence, we will use the following approximation result.

Lemma 4.6. Let v be a positive Borel measure on Q such that v(K) < oo for all compact subsets K C Q. Let
u € LY(v) NL%(v) be given. Then there exists a sequence (ux) C C.(Q) such that ux — u in L'(v) NL%(v)
and pointwise almost everywhere. In addition, there exists g € L'(v) N L%(v) such that |ux| < g.

Proof. By [18, Theorem 2.18], v is regular. Suppose u > 0. Due to [18, Theorem 3.14] there are sequences
(vk), (wg) C Ce(Q) such that vy — uin L'(v) and wx — u in L?(v). W.l.o.g. we can assume vy > 0,
wi > 0, vp — u and wy — u pointwise almost everywhere and the existence of g; € L}(v), g, € L(v)
with 0x < g1, wx < go. Define ug := min(ovg, wg). Then ux < min(gy, g;) = g € L}(v) N L?(v) and
ur — uin L'(v) N L?(v) follows by the dominated convergence theorem. For general u, we can apply
this construction to the positive and negative part of u. O

Lemma 4.7. Let x € dom(G), w € dG(x) N Cy(Q) be fixed such that w belongs to C}(Q) and (3.13) is

satisfied. Let h € M(Q) be given with (%]"(w, X; ))*(h) < +00. Then there exists a sequence (hy) with
hy € %8]”(»\1, x;-)(zx) for zi € C.(Q) such that hy — h in M(Q) and

(%J"(w,X; -)) (he) — (%J"(w,xr)) (h).
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Proof. Due to Theorem 3.14, there exist densities 6, € L'(A), 6, € LY(H9!|z) such that h = 6,4 +
A d-1
O, H |z and

4s) (377 0s) =5 [ Blars [ (Gaona) @nar <.

From Remark 3.15, we get 9, = 0 A-a.e. on {j'(w; sign(d;)) = 0}.
Next, we define the measure v := A + 7’(d_1| z. Note that v is finite on compact subsets of Q, since Z
is locally a (d — 1)-dimensional submanifold. Thus, we can write h = vv, where v: Q — R is given by

{61(w) ifweQ\Z,
o(w) = _
O(w) ifweXZ.

Similarly, we define a weight function p: Q — R by

max j;'(w(w); 1) ifw € Q\ Z,
p(a)) = 2a(w) £
Vwi@)] ifoelZ.

Here, max j'(w(w); +1) := max{j;"(w(®); +1), j;'(w(w); —1)}. Finally, we set

0 if 0 € (Q\ Z) N {jJ/(w;sign(v)) = 0},
z(w) = jé'(w(w);slign(u(w)))v(w) ifwe (Q\2)\ {j(;/(W; sign(v)) =0},
() ifweZ.

For w € Z we have
|Vw(w)l

p—1
o] ) 62(0)1”

and this function belongs to L'(H9 | z) for all p € {1,2} due to 4, € L'(H?*!|z) and (4.5). For
o € (Q\ )\ {jj(w;sign(v)) = 0} we utilize Assumption 4.1 to obtain max j'(w(w);+1) <
Cjj;/ (w(w);sign(v(w))). Thus, we find

plw)lz(o)|P = (

max ji' (w(w); +1)
Jo (w(w); sign(o(w)))?

p(w)lz(0)|P = 8117 < Cjjg (w(w); sign(o(@)))' P [6:[7

Due to ; € L'(A) and (4.5) in conjunction with Remark 3.15, these functions belong to L'(1). Hence,
z € LY (pv) N L%(pv). Moreover, pv is finite on compact sets. Via Lemma 4.6 we get a sequence
(zk) € Co(Q) such that zx — zin LP(pv) for all p € {1, 2}. Next, we set

2a(w)

oy o [P @)@ = (wlo)sign(a(@)e(@) o€\ Z,
’ |Vw(w)|zk(w) ifweZ,

which leads to kg :=viv € %8]"(w, x;+)(zx), see (3.18). From zx — z in L(pv) we get

2a
0 — llzx = zllpy) = /|zk — z| max jj' (w; £1) dA +/ |zk — z| 4!
Q z [Vwl
2
> /Ijé’(w;signzk)zk—j(;’(w;signz)zld/l+/ |zx — 2| ?_ gt
Q z [Vw|

=/|vk—v|d/1+/|vk—0|d7{d_1
Q Z

= [|hk = hllm(a)-
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Similarly, from zx — z in L?(pv) we get

*
z(%f“(w,x;-)) (hy) = /{ __ v pdis /Z VW2 dgt

Jo (wsign(o))#0) Jo (w3 sign(ok)) 2a
2a
z [Vwl

2a
— i’ (w; sign(z zzd/1+/ 2|2 dH!
sl are [ ot

1 v
z/— . |v|2d/1+/ Bl aget
o J¢' (w;sign(v)) z 2a

_ 2(%]”(w, % -)) (.

= / jo (ws sign(z))|zkl|* dA + |z¢ |2 dHET
Q

For the convergence of the first integral, we used the dominated convergence theorem with the
dominating function max jj'(w; +1)g* € L'(4), where g comes from Lemma 4.6. O

Theorem 4.8. Let Assumption 4.1 be satisfied. Let x € dom(G), w € G (x) N Co(Q) be fixed such that w
belongs to C1(Q) and satisfies (3.10) and (3.13). Then G is strictly twice epi-differentiable at x for w and

%G"(x,w;h) = (%]"(w, x; )) (h) Vh e M(Q).

Proof. We will apply [11, Lemma 3.2] with the setting Q = (%]”(w, X; ))* and Z = C.(Q). Condition
(i) holds due to Lemma 4.4. Lemma 4.5 yields condition (ii), while Lemma 4.7 verifies condition (iii).
Then [11, Lemma 3.2] yields the claim. O

4.3 LOCALIZED ASCENT LEMMA

By dualizing the descent lemma (Lemma 3.21), we obtain an ascent lemma.

Lemma 4.9. We assume that J is (Gateaux) differentiable at w and that (3.20) is satisfied with x = J'(w)
and A, > 0. Then,

1
(4.6) G(y) 2 Gx)+{y—xwy+ —~lly- i Yy e L'y =l < A

Proof. Letov € Co(Q) with ||o — w||¢,(q) < n be arbitrary. We combine (3.20) with the Fenchel-Young
inequality (y,0) < J(v) + G(y) and (x, w) = J(w) + G(x) to obtain

A
Gx)+(y—x,w)y—-G(y) <(x—y,o—w)+ EHU ~wlZ, -

Now, we can minimize the right-hand side w.r.t. v. Owing to the Hahn-Banach theorem, we have

llx = ylI? llx = ylI% x -

e sup{<y - x.d) ‘ 1€ Co(@), Il = o 2IMD }

Thus, we can choose a sequence (vg) with
I = yllua e = Yo

llox = wllcy @) = T() <n and (x-yo0—w)— —f().

This yields the desired
1 2
Gx) +(y =% w) = G(y) < ——ly = xll} 0

Remark 4.10. If jj is globally Lipschitz, one can show that (4.6) holds for n = oo, see Remark 3.23.
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4.4 NO-GAP SECOND-ORDER OPTIMALITY CONDITIONS

Now we are ready to apply the theory of Section 2 with the setting X = M(Q) and Y = Cy(Q).
We collect all assumptions on the structure of the optimization problem in one place.

Assumption 4.11. (i) The function G: M(Q) — R is defined by

G o {fQ g(‘}ﬁx(w)) () ifx < A, i M)

+00 otherwise,

where g: R — R is convex and lower semicontinuous.
(ii) The mapping F: dom(G) — R satisfies Assumption 2.1 (iii) with X = M(Q), Y = Co(Q),

% € dom(G) € LY(1), w = —=F'(%) € C}(Q) N Cy(RQ). Further, we assume that h — F”'(x)h? is
sequentially weak-* continuous.

(iii) The conjugate of g has the form
g*(w) = jo(w)+ Y ailw—bl  VweR
i=1

withm € N, q; > 0,i = 1...m, and distinct numbers b; € R, i = 1...m. In addition, jj is in
C'(R) with locally Lipschitz continuous j; such that

. .2 ) .
Jo (wsz) = }{r(l) 72 Uo(w +12) = jo(w) = tjg(w)z) € R
exists for all w, z € R.
(iv) For each bounded set W C R there exists a constant C; > 1 such that the smooth part jj, satisfies

jo (w;=1) = 0 or jj'(w;+1) = 0 or C}ljé'(W;—l) < jo' (w;+1) < Cjjg (w; 1)

forallw e W.

Assumption 4.12. (i) The function w € C!(Q) satisfies
(w=b)n{Vw=0}=0 Vi=1...m.

(ii) There exist C,n > 0 with

i/l({m —bij| <¢}) <Ce Ve € [0,7].
i=1

Theorem 4.13 (strictly twice epi-differentiability of G). Let Assumptions 4.11 and 4.1z be satisfied and
assume w € dG(x). Then G is strictly twice epi-differentiable at X for w.

Let yp € M(Q). If there exist densitiesv; € L'(1), vy € L'(H Y| 2) such that y = v A + 0, HY | 7 then

167z, w: )—1/ —'V”_V'ozdwd—u/ Lrtan) (o) di € [0, 400]
2 =5 ), 20 o |27t ! St

Otherwise %G”(f, wW; [) = +00.
Here, Z := UL {w = b;}, and a : Z — R is defined by a(w) = a; if w(w) = b;.
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Proof. The claim of strict twice epi-differentiability is Theorem 4.8 as well as the identity %G” (%, w; h) =
(%]”(W, X ))*(h) The form of the latter is given by Theorem 3.14. O

Theorem 4.14 (no-gap SOC for integral functionals). Let Assumptions 4.11 and 4.12 be satisfied. Then
(4.7) F’(%)h* + G” (%, w;h) > 0 Vh e M(Q)\ {0}
if and only if there are c > 0, ¢ > 0 such that
M -
F(x) + G(x) > F(%) + G(X) + - ||x g  Vxe BN x).

Proof. The reverse implication follows directly from Theorem 2.8.

For the direct implication we are going to employ Theorem 2.9. By Lemma 2.4, we have G” (X, w; h) =
—oo for some h € X \ {0} if w ¢ dG(X). Thus, (4.7) implies w = —F’(x) € dG(x). Now, we combine
this with Lemmas 4.9 and 3.21 to obtain the growth condition (2.9). Consequently, Lemma 2.12 yields
that condition (NDC) is fulfilled. O

Note that, due to G = +00 on M(Q) \ L!(1), the quadratic growth condition is equivalent to
F(x) + G(x) > F(%) + G(%) + %llx ~%|L,,  Vxe BX P (x).

Remark 4.15. We mention that the knowledge of the precise structure of the subderivative G” (x, w; )
is not necessary for the formulation and verification of Theorem 4.14. Indeed, we only have to verify
(NDC) in the proof.

5 APPLICATIONS

We are going to apply the abstract theory to two non-smooth optimal control problems. Both problems
share the same smooth functional

F(u) = /L(-, Yu) dA Yu e L'(2),
Q
where y, is the weak solution of the nonlinear PDE
Ay, +a(,y,)=u inQ, Y, =0 onoQ.

Here, Q) C RY withd € {1, 2,3} is open and bounded. We require that the nonlinearities a, L: QXR — R
and Q satisfy the usual assumptions, see, e.g., [6, Section 2.1], such that F: L*(1) — R is twice
continuously Fréchet differentiable with

(5.1) F'(u)z):/(puvd/l,

%a

(5'2) F”(u)(vl, 02) / [ ( yu) y ('a _')/u)q’u Zu,0%u,v, dA,
where the linearized states z,,, and the adjoint state ¢, solve the linear equations
oda .
—Nzy o, + a—(, Yu)Zu,o; = Vi in Q, Zup, =0 onoQ,
y

oa oL .
_Aqou + _('> yu)(/)u = _(', J/u) in Q, ¢, =0 on 0Q.
ay ay
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In particular, the adjoint state ¢, is a representative for F’(u).

As in Section 4, we use the spaces Y = Cy(Q), X = Y* = M(Q). As usual, we will continue to
denote the controls by u, i.e., the symbols x from Section 2 will change to u. In order to comply with
Assumption 2.1, we have to extend the bilinear form F”’(u) (which is defined on L*(1)?) to M(Q)? and
this is possible by regularity theory for elliptic equations due to d < 3, see, e.g., [6, Section 2.5]. This
extended bilinear form is even sequentially weak-x continuous on M(Q)?2. It is now easy to see that
the differentiability of F implies that Assumption 2.1 is satisfied at all z € L*(1) as long as dom(G) is
bounded in L*(A). Thus, Assumption 2.1 is satisfied.

5.1 APPLICATION TO A BANG-OFF-BANG PROBLEM

First, we consider an example with a bang-off-bang solution structure, see [2, Section 3]. This is
accomplished by using the functional

G(u) = / g(u) dA with g(u) = alu| + Sy, u,1 (u).
Q
We assume that the constants satisfy @ > 0 and u, < 0 < up. The convex conjugate of g is given by

j(w) == g*(w) = max{up(w — @), ug(w+a),0}
|u

2a| ub+ua+ua_ub

2 2

u
|w+a|+?b|w—a|+

It is easy to check that Assumption 4.11 is satisfied. Next, we choose a point # € dom(G) such that
w = —@ := —@y satisfies Assumption 4.12 with b; = —a, b, = a. We set Z := {|@| = @} and we define
Ugp = |Ual X{p=—a)} + UbX{p=a}- Consequently, Theorem 4.14 yields that

(5.32) F'(x) +0G(x) 20 and
. d-1;_\° Vol 5 10 d 1/qd-1
(5.3b) Fr@(oHz) + [ SBoant >0 vo e LHT )\ {0)
Z Uab

is equivalent to the existence of ¢, e > 0 with
_ _ ¢ _ YA -
Fu) +G(u) 2 F(@) +G(@) + Jllu - alZ,, ~ VueB; D (@).

We briefly compare our result with [2, Theorem 3.6]. Therein, the author does not require Assump-
tion 4.12 on the structure of w, but he only obtains a quadratic growth w.r.t. the L2-norms of the
linearized state z;,_; and the difference of the states y, — y;. Moreover, our second-order condition
(5.3b) is different since the second term is not present in [2, Theorem 3.6] and we do not need an
enlarged critical cone but we can work directly with measures on Z, similar to [6, Section 2.5].

The bang-bang case (@ = 0) works similarly and we can reproduce the results from [10, Example 6.14].
In a similar spirit, control problems with the convexified multi-bang functional from [12] can be handled.

5.2 APPLICATION TO A RELAXED LO—PROBLEM

As a second application, we consider a problem with the following functional

G(u) = ‘/Q_(j(u) dA with g(u) = %uz + Blulo + [y, (w),

with positive constants «, f3, y, and
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Clearly, g is not convex. As in [5], we will study second-order conditions for problems with the convex
envelope of g. The convex envelope of g is given by

V2apflul if |lul < 2/,
gw) = gu*+p  if |ul € [y2B/a,y],
+00 if |u| > y.

In case y < +/2f/a, g coincides with the functional considered in the previous section. Hence, we will

focus on the case y > /2f/a.

Lemma 5.1. The convex conjugate of g is given by

0 if lw] < 2apB,

Jj(w) =g*(w) = {3 - if ['w| € [y2ap, ay],
ylwl = $y* =B iflwl = ay.

Proof. We recall that the convex conjugate is defined via

g*(w) = sup{uw — g(u) | u € R}.

Since the effective domain of g is compact, the supremum is always attained. In case |w| < /2ap,
the supremum is attained at u = 0 and, thus, g*(w) = 0. We consider the case |w| € (1/2ap, ay). For
u =w/a we have |u| € (1/28/a,y) and, thus, 0 = w — au = w — g’ (). This yields

W2 (44 W2 W2

* _ _ - 22 _pg=="_3g
grw) =uw - gy = - 22 =2
Finally, for |[w| > ay, the supremum is attained at u = sign(w)y and the announced formula follows. O

Assumption 4.11 is satisfied with m = 2, by, b, = £4/2af, a1 = a3 = %\/2/3/0(. The corresponding
function j, satisfies

é if |w| = y/2apf and sign(w) = sign(z),
Y 5 iflwl € (y2ap, ay),
g =iy SN
- if|[w| = ay and sign(z) = - sign(w),
0  otherwise.
Its conjugate is given by
£0? if |w| € (\/2ap, ay),
1, * 202+ 8(_w0]  if W = +ay or w = —/2af,
S| @ =12, | —
0% +0[0400) If W= —ayorw=+2ap,
S0y (y) else.

Note that (3’ (¢ -))* (v1) < +oo implies sign conditions on v;.

Now let a control # € dom(G) be given such that w := —@ := —¢; satisfies w € 9G(i1) and
Assumption 4.12. We set Z = {|¢| = \/m} Let p € M(Q) be given. If there exist densities v; € L'(1),
vy € LY(H% | 7) such that y = 0,1 + 0,H%!| 7 and

(5.4) v <0 A-ae on{p=+ay}, v =20 Aae on{p=—-ay},
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then

1 1 a a
=G"(x,p; p) = —/ — |V@|o? dHI T + —/ 02 dA € [0, +00].
2 2Jz\N2p 2 2 Jiigle(vaapayl) |

Otherwise $G” (%, ¢; 1) = +co. Note that (5.4) does not contain sign conditions on {|@| = W} =Z,
since this is a null set due to Assumption 4.12. Due to the same reason, we do not integrate over this
set in the second integral above.

Using this second-order derivative of G, we can formulate second-order necessary and sufficient
optimality conditions. We compare this to the results of [5]. There, the following second-order necessary
condition [5, Theorem 4.11] was proven

F”(@)(014)* + G” (%, p;010) > 0

for all v, satisfying the sign conditions (5.4). In addition, second-order sufficient conditions were
obtained with a second-order expression G”” which is strictly smaller than the second derivative
obtained in this work. Following the argument of [5, Section 4.4], our no-gap conditions can be
translated into no-gap conditions for problems with the non-smooth functional g.

6 CONCLUSIONS AND OUTLOOK

We have derived no-gap second order conditions for optimal control problems of the form (1.1), in
which F is smooth and depends only on the state variable and in which G is determined by a not
uniformly convex integrand. Thus, the classical theory (e.g., [3, 4]) cannot be utilized. We have seen
that it is fruitful to discuss these problems in the space M(Q) = Co(Q)*. The required weak-* second
subderivatives can be obtained by dualizing results for the preconjugate function.

Our second order condition is equivalent to a linear growth in the space L!(1). This follows auto-
matically since we have applied the results of Section 2 with the space M(Q). We expect that a better
growth estimate can be obtained by using a different space X which is tailored to the precise form of
the functional G. This is subject to future work.
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