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MINIMAL ANGLE SPREAD IN THE PROBABILITY SIMPLEX
WITH RESPECT TO THE UNIFORM DISTRIBUTION

Heinz H. Bauschke* Peter A.V. DiBerardino®

Abstract We compute the minimal angle spread with respect to the uniform distribution in
the probability simplex. The resulting optimization problem is analytically solved. The formula
provided shows that the minimal angle spread approaches zero as the dimension tends to infinity.
We also discuss an application in cognitive science.

1 INTRODUCTION

Throughout this paper, we assume that

(1.1) X := R" with inner product (-,-) : X X X — R,
and induced Euclidean norm || - ||. We also define the probability simplex by
(1.2) A=A, = {(xl,...,xn) e R} | X+ X+ +x, = 1},

where R, = {x €eR | x> 0}. The probability simplex is of central importance in Statistics, Optimization,
and Information Theory; see, e.g., [4] and [11]. (We write A, if we wish to emphasize the dimension n.)
It will be convenient to set

(1.3) 1:=(1,1...,1) € R" and u:= (%%%) cA,.

The problem we investigate is the following: Given p € A \ {u}, there exist two unique points a = a(p)
and b = b(p) in A such that {u, p} C [a,b] and ||a — b|| is maximal. (Let us note that when, e.g., n = 3,
then the mapping A \ {u}: R: p — |la(p) — b(p)|| is continuous; however, it is not possible to extend
it continuously — let alone in a smooth manner — at the point u.) The quantity ||a — b|| can be thought
of as the “width® of A with respect to p and

_ {a,b)

= cos (4(a.) = oo

as the cosine of the “angle spread” with respect to p.
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The aim of this paper is to minimize the angle spread, which equivalently corresponds to maximizing
its cosine

(a(p),b(p))
penatuy Ta(p) B

When n = 2, it is clear that the maximum value of (P) is cos(7/2) = 0 and that every p € A \ {u}
solves (P). Thus, we assume henceforth that

(P)

(15) ne{34,...}.

Our main result can now be stated:

Theorem 1.1. The maximum value of (P) is

n-—2
1.6
(16) n+2
and a pair realizing this maximum is a* = %(2, 1,1,...,1,0) and b* = %(O, L1,...,1,2). Consequently,
the minimal angle spread is
(17) (n - 2)
1. arccos )
7 n+2

See Figure 1 for an illustration of Theorem 1.1 when n = 3. We note that as the dimension of the
space n increases to infinity, the minimal angle spread approaches arccos(1) = 0. We also note that
when n = 1,2, 4, then 7 — arccos((n — 2)/(n + 2)) coincides with the dihedral angle of the tetrahedron,
cube, octahedron, respectively. However, dihedral angles of other classical polyhedra (see [16]) do not
seem to be related to the angles provided by (1.7).

Our strategy to prove Theorem 1.1 is to reduce the complexity of the problem in stages by exploiting
its structure. Eventually, we are led to a one-dimensional problem which we then solve by Calculus.

The remainder of this paper is organized as follows. In Section 2, we collect a technical optimization
result that will be used later. The computation of [a, b] is carried out in Section 3. In Section 4, we
set up the cosine quotient (1.4) in a more tractable form. The optimization is then tackled in Section 5
where we keep p; and p, fixed. At last, the proof is completed in Section 6. In Section 7, we sketch an
application of our results — which in fact motivated this note — in cognitive science. The presented
results are a first contribution to using the minimal angle spread as a nonsmooth discrepancy term in
this area.

Finally, we note that a reviewer pointed out that another possible departure point is to study sufficient
conditions for strong convexity of integral functionals in two-stage stochastic linear programming. In
particular, recent work by Claus and Spiirkel [3] features minimal angles of similar though different
kind. This is a promising direction to explore in future research.

The notation in this paper is fairly standard and follows largely [1].

2 AN AUXILIARY RESULT

It will be convenient to have the following result ready for future use.

Lemma2.1. Letm € {1,2,...},set1:= (1,1,...,1) € R™, andlety € R. Seth: R™ — R,: x > [|x—y1||%,
let x € R™, and set

y=0n...,n) €R™  where n:=L(xi+x+ - +Xm).

Then
h(y) < h(x).
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(0,0,1)

arccos (1/5) =~ 78.5°

Figure 1: An illustration of Theorem 1.1 when n = 3.

Proof. Indeed, we have

h(y) = VI = lIyll* - 2y (3.1) = my* — 2ymy
= m(%(xl +xp 4+ +xm))z =2y + x4+ Xp)
<mi(xf+x)+-+x5) -2y (x,1)
= llxll* = 2y (x, 1)
= h(x) - I,
where the inequality follows from the convexity of the square function. O

Corollary 2.2. Let m € {1,2,...}, and lety € R. Set A: R™ — R™: x — (n,n,...,n), wheren =
%(x1+x2+- - ++Xp,), and let C be a nonempty subset of R™ such that A(C) € C. Set1:= (1,1,...,1) € R™.
Then to

(2.1) minimize ||x —y1||* overx € C

is the same as to

(2.2) minimize ||x —y1||* overx € CNR1

in the sense that the optimal values for both problems are identical and if the first problem has a solution,
then it also has a solution that solves also the second problem.

Proof. Clear from Lemma 2.1. O

Remark 2.3. We point out in passing that the operator A from Corollary 2.2 is the projection operator
of the set R1.
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3 DETERMINING THE RELATIVE BOUNDARY POINTS a AND b
In this section, we fix
(3.1) peANA{u}.

Then there exist indices i and j in I := {1,2,...,n} such that p; < % < pj. Without loss of generality,
we assume that

(3-2) OSplzminpi<%<pn:maxpi51,
iel iel
Set
(3.3) (VAeR) qV)=AQ-Du+dp=u+A(p—u).

Note that g(0) = u, ¢(1) = p,

(3-4) (VAeR)(Viel) qi(d)=0~-Du+Ap; =u; +A(p; — w),
and hence
(3:5) (D) +q2(A) +---+qu(d) =1

We wish to find the smallest and largest 1 € R such that (1) € A. Let i € I. Suppose that p; > u;.
Then (VA € R;) qi(A) > u;. Soif A < 0,then q;(4) =0 & —u; = A(p; —w;) © A= —uw/(p;i —w;) =
—-(1/n)/(p; — (1/n)) = =1/(np; — 1) < —1/(np, — 1). Hence the smallest value A still guaranteeing
qg(A) e Ais

-1 1
np, —1 1 npn

(3.6) A= <o0.

Analogously, the largest value A still guaranteeing q(1) € A is

(37) Ay = 1—1np1 > 0.
The corresponding vectors

(3.8) a=q() =u+A (p—u)
and

(3.9) bi=q(As) = u+A(p —u)

thus form the largest segment [a, b] C A such that {u, p} C [a, b]. Note that a and b are depending on
p — when we want to stress this, then we’ll write a(p) and b(p).
For i € I, we simplify

= =1 1 ,_l_l_np""'”(f’i_?ll)_}’n—Pi
(3-10) a; =u; +/1—(pl ul) ~n + 1— npn (pl n) - ”l(l _ npn) - npn 1
and similarly
_Pi— P
(3:) b= P2
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Thus

(322 0= i (put=p) and b= (o pil)

where 1= (1,1,...,1) € R™. Next,

(3.139) lalf = o ot = I = o (PRI =2 (1.0 + 1)
(313b) = Gy 2 = 20+ )

(3130) = m(pf 4 (ph+ 4 pEoy) + (n+ )l — 2,

and similarly

(3.1 b1 = s o+ Dpf ~2py (2 -4 ) + 3.

4 SETTING UP THE COSINE QUOTIENT

We uphold the assumptions and notation from the previous section. It is convenient to abbreviate

(4.1) zZ = (pz, . ,pn_l) e R"2,
Note that
n-2
(4.2) (Vie{1,2,...,.n—-2}) py<zi<p, and zi=1—p1—pp =0

I
AN

i

because of (3.1) and (3.2). This allows us to rewrite (3.13) and (3.14) more succinctly as

(43) lal* = ooy (i + 112+ (n+ 1 = 20)
and
(4.0 Bl = m(m Dp? - 2p1+ 1zl + p2).
Next, using (3.10) and (3.11), we have
(4.52) (a,b) = IZ:; a;b; = 3 5}")"__1); ) fl—_nf;
1
(4.5b) = DA ;@n - p1)(pi — 1)
1 n—2
(450) = o= DAy 2Pn 2 =)

Using (4.5), (4.3), and (4.4), we now set up the quotient of interest from (1.4):

n—2
(@b Z(Pn —-zi)(zi — p1)
a, _ i=1
(46) Tallllel =

NP2+ 21+ (14 Dp = 2p(n+ Dpf = 21+ 2] + p
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5 MAXIMIZING THE COSINE QUOTIENT (WITH p1 AND p, FIXED)

We uphold the notation of the previous section. Now we turn toward maximizing the cosine quotient
(4.6), with p; and p,, fixed. In view of (4.2), z = (pa, . . ., pn—1) must belong to the compact convex set

n—2
Zwi :1—p1—pn}.
i=1

The continuity of (4.6) as a function of z coupled with the compactness of C guarantees the existence
of a maximizer of the cosine quotient. Note that

(5.1) C:= {w € [pl,pn]"_2

(5.2) A(C) cC,

where A: R"2 — R 2: ws (n,1,...,n) € R" % and 5 = ﬁ(wl +wy -+ whop).

In general, maximizing a quotient is more involved; however, we will get a lucky break for our
problem: It turns out we can maximize the numerator and minimize the denominator of (4.6) with
respect to z and we luckily obtain the same optimal vector!

For convenience, set @ := py, B := pn,y = (a+fB)/2,and 1 := (1,1,...,1) € R" 2 Then the numerator
of (4.6) — as a function of z — is

n-2 n-2 n-2
(5.3a) Z(,B —-zi)(zi—a)=- Z 22+ (a+p) Z z; + constant
=1 i=1 i=1
(5.3b) =—|Iz|* + (a + p) (1, z) + constant
(5-3¢) = —||z = y1]|* + constant.

We want to maximize the numerator over z € C; equivalently, we want to minimize ||z — y1||? over
z € C. By Corollary 2.2, we may restrict our attention to

(5.4) ze CNR1

On to the denominator of (4.6)! It is clear that the denominator becomes small when ||z|| becomes small.
So minimizing the denominator corresponds to minimizing ||z||> = ||z — 01]|%. Again by Corollary 2.2,
we may restrict our attention to (5.4)! Butif z € CNR1, say z = {1for { € R, then the requirement that
(1€ Cforces Y2z = (n—2){ =1—py — pn,ie,{ = (1—p; — pn)/(n—2). Because (n—1)p; + pp <
1 < p1+ (n —1)py, it follows that p; < { < p,. Altogether,

_lpiopg

L., ) eCNR1C R
n-—2

(5.5) z
maximizes (4.6) and
-2 :

To sum up, when restricted to the one-dimensional slice CNR1 (see (5.4)), we obtain the unique solution
z given by (5.5). Our next step is to plug (5.5) and (5.6) back into (4.6). We start with the numerator of

(4.6):

(5.6)

oo

n—

(5.72) (a,b) = ) (pn— l_rf’l_‘zpn)(l—:l_—zpn _Pl)
(5.7b) - (n (WD U py (1o e (=2

(5.7) n—iz(p1 ¥ (n=Dpn—1) (1= pu— (n—Dp).
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Using (5.6), we see that the square of the denominator of (4.6) is

(5.82) lal®|lb? = (pf + % +(n+1)p} - an)
(5.8b) x ((n +Dp; —2pi+ “‘fl’f}’” +pi)
1
(5.8¢) = =22
(5.8d) X ((n=2)pf+ 1 —p1—pu)* +(n=2)(n+1)p5 — 2(n—2)py)
(5.8¢) X ((n=2)(n+Dpf - 2(n = 2)p1+ (1= p1 = pn)* + (n = 2)p3).

Abbreviating x = p; and y = p,, we use (5.7) and (5.8) to write the square of (4.6) as

(x+(n—1) y—l)2 (1—y—(n—1)x)2
(59) (a,b)? ((n-2)x2+(1-x-y)?+(n-2) (n+1) y2-2(n-2) )
>? lall?1B12 ~ ((n=2)(n+D)x? = 2(n - Dx + (1—x = )2 + (n - 2)3?)

In the next section, we will do the final maximization by setting p; and p,, i.e., x and y, loose.

6 MAXIMIZING THE COSINE QUOTIENT (CONCLUDED)

While Section 5 looks like a huge mess, we can invoke one small but useful optimization: the objective
function value of the cosine quotient is by construction constant on [a, b]. Now both a and b have at
least one coordinate equal to 0, namely a, = 0 and b; = 0 (see (3.12)). Because the objective function in
(P) is constant on A \ {u} intersected with any line passing through u, we may and do finally assume
that a = p and thus p; = x = 0. Then Section 5 simplifies to

o oD (=011 - 20
' lall?iBlz - (1= )2 + (n = 2)(n+1)y* = 2(n = 2)y) (1 = y)* + (n = 2)y?) '
The constraints on pare 0 < py < py = -+ = pp1 = (1=p1 — pn)/(n —2) < p, < 1. With our
assumption that p; = 0 = x and p, = y, these simplify to 0 < (1— y)/(n —2) < y < 1and then to
1
(6.2) <y<L
n—1
Because n > 3 > 2, we have
1
(6.3) <=<1
n—-1 n
So our remaining goal is to
(6.4) maximize Q(y) subject to I <y=l1
-

where Q(y) is defined in (6.1) Using the chain quotient rule to compute the derivative of Q(y) followed
by factoring yields

2(n-2)((n-1%y* —ny+1)((n—-1)y-1)(ny —-2)(y -1y

(6.5) Q'(y) = (n2=n-1)y2+21-n)y+1)*((n-1)y2 -2y +1)°
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Note that Q’(y) has six roots, namely

ni\/—(Bn—Z)(n—Z)O L2,
{ 2(n—1)? ’ "}'

(6.6) ‘n-1n’
Because n > 2 implies —(3n — 2)(n — 2) < 0, we note that there are exactly four real roots. Our
constraint (6.2) excludes 0. The remaining three roots include the endpoints of interval constraint.
Thus, the maximum value of (6.4) is found by substituting for y the values 1/(n — 1), 2/n,1into Q(y)
which results in 0, (n — 2)?/(n + 2)2, 0.

To sum up, y = ;2—1 is the solution of (6.4), with maximum value (n — 2)?/(n + 2)%. Using (5.5), we see
this gives rise to the probability distribution

(6.7) pr=1011...,12).

We have shown that the angle spread is minimized for p* given by (6.7). In view of (3.10) and (3.11),
this gives rise to

(6.8) a’:=a(p")=+(21,1,...,1,0) and b*:=b(p*) =1(0,1,1,...,1,2) =p".
These vectors give the optimal value

. (a*,b") n-—2
(6.9) cos («(a*,b")) = T TIo = nz

which we claimed in the introduction. The proof of Theorem 1.1 is thus complete.

Remark 6.1. We point out that the expression for the optimal value in (6.9) was discovered numerically
using Julia [10]. The computations in this section were verified with SageMath [14]. Finally, Figure 1
was created using Geogebra [7].

7 AN APPLICATION IN COGNITIVE SCIENCE

Our main result (Theorem 1.1) provides an important theoretical and methodological advancement in
the study of probabilistic belief models in humans. Human learning is often modeled with Bayesian
statistics, where beliefs are represented as probability distributions over possible outcomes [8, 9, 13, 15].

A MOTIVATING EXAMPLE

Consider the expected returns on a $100 investment over 1 year. A “bull” investor believes market
prices will rise, while a “bear” investor believes market prices will fall. However, a bull still surely
accepts prices could fall, despite holding this belief to a lesser degree than the bear. In Bayesian terms,
the beliefs of our two investors can be represented as probability distributions over the domain of
potential investment returns. The bull’s “prior” (initial belief) will have most of its probability mass
over positive returns, while the opposite is true for the bear’s prior. These priors change over time in
light of new evidence. While it is theoretically optimal to update according to the laws of probability,
the empirical question remains as to how people actually represent and update probabilistic beliefs.

PREVIOUS WORK

Much of the experimental work in this field infers prior and posterior beliefs from sequential partic-
ipant actions, or elicits them with insufficient detail [2, 6, 12]. This requires experimenters to make
unwarranted assumptions about the way that probabilistic beliefs are parameterized as probability
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distributions, and the nature of how they are updated with new data. It may be that a strict Bayesian
model of human cognition is inappropriate when these assumptions are relaxed. Recent work by
DiBerardino, Filipowicz, Danckert, and Anderson used a computerized version of the game “Plinko”,
where at each trial a ball falls through an array of pegs into one of n = 40 slots below. Participants
were tasked with estimating the distribution of future ball drops by explicitly drawing a probability
distribution that represents their beliefs after each trial [5]. This work found that initial beliefs (priors)
vary across individuals and that these differences indicated future ball drop learning accuracy, thus
demonstrating the importance of directly measuring individual beliefs in a theoretically agnostic
manner [5].

However, [5] cannot make any additional claims about why participants with some priors appear to
learn better than others. Its main limitation is that some participants’ priors are more similar to the
forthcoming ball drop distribution than others. As a result, it cannot be determined whether or not the
observed differences in learning ability across different priors are due to participant “state” or “trait”
differences. It may be that some participants are better probabilistic learners, which is a trait that can
be detected by the shape of their prior beliefs. But it may also be that the participants who performed
the best only did so because they just happened to have an initial state of belief more amenable to
learning the forthcoming distribution.

ON-GOING WORK

Our main result (Theorem 1.1) allows for a new Plinko experiment that presents each participant with
a ball drop distribution of a set level of similarity to any arbitrary participant’s prior. Specifically,
when measuring similarity between discrete probability distributions as the angular spread between
representative Euclidean vectors, as was done in [5], we can determine the maximum possible rotation
(dissimilarity) for any given vector (participant’s prior) with respect to the uniform distribution. We
require the following result.

Corollary 7.1. For every p € A, \ {u} there exist g andv in A, N (u+ R(p — u)) such that

(7.1) L(p,q) = %arccos (Z ; z) = 4(u,v).

Proof. Let p € Ay \ {u}, and set @, := arccos((n — 2)/(n + 2)). We have seen earlier (see Section 3)
that there exist two unique points a = a(p) and b = b(p) in A, such that {u, p} C [a,b] and ||a — b|| is
maximal. Consequently,

(7.2) L(a,p)+ £(p,b) = £(a,b) = 4L(a,u) + £(u, D).

On the other hand, Theorem 1.1 yields £(a, b) > a,. Altogether,

(7.3) £(a,p) + £(p,b) = 4(a,u) + £(u,b) > a, = arccos (Z;j)

Thus if 4(a,p) > a,/2, then rotating p towards a yields q. If 4£(a,p) < a,/2, then £L(p,b) > /2
and we rotate p towards b to obtain q. Similarly, if £(a,u) > a,/2, then rotating u towards a yields v.
Finally, if £(a,u) < a,/2, then £(u,b) > a,/2 and we rotate u towards b to obtain v. O

By Corollary 7.1, if a participant produces a prior p € A, \ {u}, then the experimenter presents
a ball drop distribution q where £(p, q) = a,/2. If a participant produces the uniform prior u, then
the experimenter presents a ball drop distribution v where £(u,v) = @,/2 arising from an arbitrary
p € Ay \ {u} via Corollary 7.1.

More psychological research is required to determine the precise measure of similarity humans use to
compare probability distributions. Angular similarity is only one such possibility. This result also poses

Bauschke, DiBerardino Minimal angle spread in the probability simplex



J. Nonsmooth Anal. Optim. 3 (2022), 7492 page 10 of 10

an interesting theoretical development: Does the shrinking minimal angle spread as the dimension
tends to infinity create any difficulties for people to perceive or act upon any particular set of probability
distributions? It may be that thinking about opposite/dissimilar probability distributions becomes more
difficult as the number of discrete histogram bins approaches infinity if these mathematics correspond
to mechanisms of human inference.
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