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FROM RESOLVENTS TO GENERALIZED EQUATIONS AND
QUASI-VARIATIONAL INEQUALITIES: EXISTENCE AND
DIFFERENTIABILITY

Gerd Wachsmuth*

Abstract We consider a generalized equation governed by a strongly monotone and Lipschitz
single-valued mapping and a maximally monotone set-valued mapping in a Hilbert space. We are
interested in the sensitivity of solutions w.r.t. perturbations of both mappings. We demonstrate
that the directional differentiability of the solution map can be verified by using the directional
differentiability of the single-valued operator and of the resolvent of the set-valued mapping. The
result is applied to quasi-generalized equations in which we have an additional dependence of the
solution within the set-valued part of the equation.

Keywords generalized equations, variational inclusion, directional differentiability, resolvent
operator, proto-derivative, quasi-variational inequality

MSC (2020)  49]53, 47]22, 49]50

1 INTRODUCTION

We consider the (local) solution mapping S: U — Y, u + y, of the generalized equation
(1) 0€A(y,u) +B(y,u).

Here, Y is a (real) Hilbert space, U is a (real) Banach space, A: Y x U — Y* is (locally) strongly
monotone and Lipschitz w.r.t. its first argument and the set-valued map B: Y X U =3 Y* is assumed to
be maximally monotone w.r.t. its first argument.

The equation (1) can be used to model many real-world phenomena. In the case where B(-, u)
coincides with the subdifferential 9j, of a proper, lower-semicontinuous and convex function j,: Y —
(=090, 0], (1) is a variational inequality (VI) of the second kind. If further, j, is the indicator function
dc,: Y — {0,00} of a non-empty, closed and convex set C, C Y, it is a VI of the first kind and
ddc, = Nc,, is the normal cone of C,,.

We show by some simple arguments that the existence of solutions and the directional differentiability
of S follow from the properties of A and of the resolvent Jz of B and from the directional differentiability
of A and J, respectively. Here, Jg: Y XU — Y, (g, u) + y, is the solution map of

(2) 0€R(y—q)+B(y,u)
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where R: Y — Y™ is the Riesz map of the Hilbert space Y. Similarly, we treat the equation

(3) 0€A(y,u) +B(y —®(y,u),u),

where ®: Y X U — Y is assumed to have a small Lipschitz constant w.r.t. the first variable. Note that
(3) is an inclusion which generalizes the setting of so-called quasi-variational inequalities (QVIs).

Let us put our work in perspective. The existence of solutions to (1) is well understood, we refer to,
e.g., [5, Section 23.4]. The first contribution which studies differentiability of problems similar to (1) is
[22], in which it is shown that the projection onto a closed, convex set C is directionally differentiable
on C itself. In [16, 13] it is proved that the projection is directionally differentiable everywhere, if C is
assumed to be polyhedric, see also [19]. Note that the projection onto C is the solution mapping of
(1) with A(y,u) = R(y — u) and B(y,u) = 35¢c(y) = Nc(y). The case of non-linear A was treated in
[15, 14]. Later, theory for the differentiability of Jz with B = 9j was set up in [11]. It was shown that the
differentiability of J5; is equivalent to the so-called twice epi-differentiability of j, see also [9]. Finally,
[1, Theorem 1] studies (1) with a real parameter u > 0. However, since we are mainly interested in
directional differentiability, this is not a restriction.

Contributions corresponding to the QVI case (3) are rather new and are currently restricted to the
special case

Find y e K(y) st (A(y)-u,0—-y)>0 VYoeK(y)

with K(y) = K — ®(y) for some polyhedric set K C Y. Important parameters for the study of this
problem are the constant py of strong monotonicity of A and the Lipschitz constants L4 and Ly of
A and @, respectively. The first contribution in this direction is [2, Theorem 1]. Therein, the authors
showed directional differentiability into non-negative directions under monotonicity assumptions
on A and Ly < p1a/(pa + La). Afterwards, [20, Theorem 5.5] proved the directional differentiability
into arbitrary directions and the smallness assumption on ® was relaxed to Ly < pa/L4 (and an even
weaker inequality suffices if A is the derivative of a convex function). However, this result needs that ®
is Fréchet differentiable (or, at least Bouligand differentiable). Later, [3, Theorem 3.2] showed that it is
sufficient to have a directionally differentiable ® at the price of having again the stricter requirement
Ly < pa/(pa + La). A different approach, which is based on concavity properties and which is not
restricted to the special case above, is given in [10].
The main contributions of our paper are the following.

(i) Theorem 12 shows that the solution map of (1) is directionally differentiable. This result is very
similar to [1, Theorem 1]. However, our assumptions are localized around a solution and we
require the directional differentiability of the resolvent Jp instead of the proto-differentiability
of B. This results in a much easier proof.

(i) Lemma 16 shows that the directional differentiability of Jp is equivalent to B being proto-
differentiable with a maximally monotone proto-derivative. Thus, the differentiability assump-
tions on B in Theorem 12 and [1, Theorem 1] coincide.

(iii) In Section 4 we show that the approaches of [2, Theorem 1] and [20, Theorem 5.5] can be gener-
alized to deal with the solution map of (3). Moreover, we only need directional differentiability
of the data functions A, ® and Jp as in [2] and only the weaker requirements on Ly from [20].

The paper is structured as follows. In Section 2 we fix some notation and state Theorem 2 concerning
convex functions with a strongly monotone and Lipschitz continuous derivative. Section 3 contains the
differentiability result for (1), whereas Section 4 is concerned with (3). Some applications are presented
in Section 5.

Wachsmuth From resolvents to GEs and QVls



J. Nonsmooth Anal. Optim. 3 (2022), 8537 page 3 of 22

2 NOTATION

In this paper, all linear spaces are over the field of real numbers. For a Banach space U, || - ||: U — [0, o)
and (-, -): U* XU — R denote the norm and the duality product, respectively. In a Hilbert space
Y, (-, ): Y XY — R is the inner product. The spaces will be clear from the context and will not be
indicated by a subscript.

Let U and Y be a Banach space and a Hilbert space, respectively. We denote by R: Y — Y* the Riesz
map of Y. For ¢ > 0 and y* € Y, B.(y") (Us(y")) denotes the closed (open) ball in Y with center y*
and radius ¢, respectively.

IfB: YXU 33 Y*and U C U are given such that B(-,u): Y 3 Y* is maximally monotone for all
u € U, we say that B is a parametrized maximally monotone operator and we define its resolvent
Jg: YXU — Y via Jg(-,u) := Jp(.u), i€, for (g u) € Y XU the point y = Jg(q u) = (R+B(~,u)) " (Rq)
is the unique solution of

0 € R(y —q) +B(y,u).

For a closed, convex subset K C Y, we denote by Tx: Y =3 Y and Nk : Y =3 Y* the tangent-cone
and normal-cone map. Moreover, by

K°:={ueY*|{(uv) <0VoeK} pti={veY|{(umo)=0}

we denote the polar cone of K and the annihilator of u € Y*, respectively.
We need a characterization of convex functions defined on subsets of Y with a Lipschitz continuous
derivative.

Theorem 1. Let Y C Y be nonempty, open and convex and Ly € (0, ). Further, the function f: Y — R
is assumed to be convex and continuous. Then, the following assertions are equivalent.

(i) f is Gateaux differentiable on M and f’: Y — Y* is L¢-Lipschitz continuous on Y.
f-LIp,

(ii) f is Gateaux differentiableon M and f': Y — Y* is1/L¢-cocoercive, i.e.,
f

F(32) = F/ ) ya = 1) 2 Lifnf'(yz) PP Ymymed.

(iii) The map L7f||-||2 — f is convexon Y.

For the proof, we refer to [18, Theorem 3.1].

Next, we give an important inequality for convex functions. This inequality is well-known in the
finite-dimensional case if the convex function is defined on the entire space, see, e.g., [17, Theorem 2.1.12]
or [8, Lemma 3.10]. The infinite dimensional version (on the entire space) was given in [20, Lemma 3.4].
By using Theorem 1, we can adopt the proof to the situation at hand.

Theorem 2. Let Y C Y be nonempty, open and convex. Further, let f: Y — R be convex, continuous
and Gateaux differentiable such that f': Y — Y™ is strongly monotone with constant jiy € (0, ) and
Lipschitz continuous with constant Ly € (0, o). Then,

1
/lf+Lf

HrLy 2
ly2 — yill” +
,Uf +Lf

(f'(y2) = F' ) y2 = 31) = I (32) = £/ |

forally, y, € Y.
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Proof. We define g := f — %f |I-||2. Thus, we have g’(y) = f’(y) — prRy. The strong monotonicity of f”

. . . . L¢ Le— . .
implies that g is convex. From Theorem 1 we infer that 7/ 1?2 = f = fTﬂf II]|?> = g is convex. Applying

Theorem 1 again shows that g" is 1/(Ly — pr)-cocoercive, i.e., for arbitrary yy, y; € Y we have

(Lf - ﬂf)((f’(yz) - (), y2—») — ﬂf”J’z - J’1||2)
=Ly = pp)g"(y2) =9 (n), y2 — y1)
> [lg'(y2) =g (WI* = If"(32) = F'IP = 2u0F" (v2) = £ (), y2 = o) + gz llye = wll”.

Rearranging terms yields the claim. O

3 GENERALIZED EQUATIONS

We consider the solution mapping of the generalized equation (1). We show that solutions are locally
stable and directionally differentiable under suitable assumptions.

3.1 LOCAL SOLVABILITY

We set up the standing assumptions which allow to prove that (1) is uniquely solvable around a given
reference solution (y*,u*).

Assumption 3 (Standing assumptions). Let (y*,u*) € Y X U be given and let ¢ C U be a neighborhood
of u*.

(i) For all u € U, A(-,u) is locally strongly monotone and Lipschitz in a neighborhood of y*,
uniformly in u € U. To be precise, there exist constants ¢, 14, L4 > 0 such that for all yi, y, €
B.(y*) and for all u € U we have

(A(yz,u) = A(ynu), y2 = 1) = pallyz = mill%,
IA(y2,u) = A(y, )|l < Lally2 = w1l

(i) B(-,u): Y =3 Y* is maximally monotone for all u € U.

Here and in the sequel, it is sufficient that A is defined only on B.(y*) X U and that B is defined on
YxU.

We check that the GE has a unique solution in a neighborhood of y* for certain “small” perturbations
uof u™.

Theorem 4. Let Assumption 3 be satisfied by a solution (y*,u*) of (1). We select p € (0,2p4/L4),r € (0,¢]

and set ¢ := \/l —2ppa + p?L% € (0,1). Suppose that { € Y* and u € U satisfy

(4) 7o (dp: w) = JpB(qp, u) I + pllA(Y", 1) =AY u) |+ plIlll < (1= o),

where g, = y* — pRYA(y*,u*). Then, there exist unique solutions y, y of

(5) 0€+A(y,u) +B(y,u), ye€BA(y)
and
(6) 0 € A(J,u) + B(J,u), J € B:(y").

These solutions satisfy y, y € B,(y*) and ||y — || < 1%||§||.

C
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Assumption (4) ensures that (5) and (6) are small perturbations of (1) with u = u*. Later, we will see
that continuity assumptions on A and on (the resolvent of) B can be used to verify (4), see Lemma 7.

Proof. The proofis inspired by the proof of [7, Theorem 5.6] which treats the special case of a variational
inequality.
We define T: Y — Y, y > z as the solution operator of

0 € R(z— (y = pRA(y,u) = pR7'{)) + pB(z,u),

ie.,
T(y) = Jps(y — pRA(y,u) — pR™', u).

In order to apply the Banach fixed-point theorem, we check that the mapping Q: B.(y*) — Y,
x — x — pRA(x,u) is a contraction. Indeed,

Ix = pRTAGxe,u) = y + pRTA(y, )1 = llx = ylI” + [pR7 (A(x, u) = A(y, w)|I?
—2p(A(x,u) —A(y,u),x — y)
< (1-2ppa+ p*L3)l1x = ylI?
holds for all x, y € B.(y*) due to Assumption 3(i). Hence, Q is Lipschitz with constant ¢ € (0, 1). Since
JpB(+,u) is Lipschitz with constant 1, T: B.(y*) — Y is a contraction.
It remains to check that T maps B, (y*) onto itself. To this end, we denote the three terms on the

left-hand side of (4) by 1, k2 and ks, respectively. By using y* = J,5(g,, u*), we have for an arbitrary
y € B.(y")

IT(y) =yl = 1Jp(Q(¥) = pPR7'E 1) = Jop(qp, u)|
< 1pp(Q(¥) = pPR7'C,w) = Jon(qp Wl + o5 (qp, ) = Jp (g )|
<y = pRTA(y.w) = pRTE = (v = pRTA(Y )| + 5
<lly = pRA(p,u) = (y" = pRTA(Y w) L+ pllA(Y" w) = A(y", u”)ll + plIC I + K1
=10(y) Q) + K1+ K2 +K3 <.
Hence, we have shown that T: B,(y*) — B,(y*) is a contraction.
The Banach fixed-point theorem yields a unique fixed point y € B,(y*) and this is a solution of (5).
Similarly, the solvability of (6) is obtained by using the same arguments with { = 0. By repeating the

same argument with r = ¢, we establish the uniqueness of solutions in B, (y™).
For the final estimate, we note

9= Jpp(§ — pRA(3, 1), u), Y =Jps(y = pRA(y,u) = pR™, ).
Thus,
ly =l < 11Q(y) = QM+ plSll < clly = ¥l + plIZ]]
and this gives the desired estimate. O

The second term on the left-hand side of (4) becomes small if we assume some continuity of A and
if u is close to u*. In order to control the first term, we use a famous result by Attouch.

Lemma 5 ([4, Proposition 3.60]). Let (B,)nen be a sequence of maximal monotone operators on Y and let
By: Y =3 Y* be maximally monotone. Then, the following are equivalent.

(i) There exists pg > 0 such that for all y € Y we have ], B, (¥) — Jp,B,(¥)-

(ii) Forallp > 0 and all y € Y we have J,p,(y) — JpB,(¥).
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Corollary 6. Suppose that for everyv € Y, the mapping Jg(v,-): U — Y is continuous at u*. Then, for all
p>0andv ey, ]pB(v, ): U — Y is continuous at u*.

Proof. We have to show that J,p(v,un) — J,p(v,u”) for all sequences (u,)nen € U with u, — u*.
This follows directly from Lemma 5 by setting B, := B(-, u,) and By := B(-,u"). O

Hence, if Assumption 3 and the assumption of Corollary 6 are satisfied and if A(y*,-): U — Y is
continuous at u*, the estimate (4) holds if { is small enough and if u is sufficiently close to u*. For later
reference, we also give a directional version of this statement.

Lemma 7. Let Assumption 3 be satisfied by a solution (y*,u*) of (1) and choose p, r,c as in Theorem 4.
Further, let h € U be arbitrary. We assume that t — A(y*,u* +th) € Y* andt — Jg(v,u* +th) € Y are
right-continuous att = 0 for allv € Y. Then, the estimate (4) is satisfied byu = u* +th and { € Y* if
t > 0 and ||{|| are small enough.

3.2 DIRECTIONAL DIFFERENTIABILITY

In order to prove directional differentiability of the solution mapping, we need some differentiability
assumptions concerning the mappings A and B.

Assumption 8 (Differentiability assumptions). In addition to Assumption 3, we suppose the following.
(i) A is directionally differentiable at (y*, u*).
(ii) Jp is directionally differentiable at (¢*, u*) with ¢* = y* — RA(y*, u*).

Interestingly, the next result shows that Assumption 8(ii) already implies that the directional deriva-
tive of Jp is again a resolvent of a parametrized maximally monotone operator. In the setting that B is
a subdifferential and independent of u, this result follows from [11, Theorems 3.9, 4.3].

Lemma 9. Let Assumption 8 be satisfied by a solution (y*,u") of (1). We further set & := —A(y*,u") €
B(y*,u"). Then, the operator DB(y*,u* | £&): Y xU 3 Y*,

7) DB(y*,u* | £)(6,h) ={R(k=0) | k€ Y,6 = Jg(q",u"sk,h)}  V(6,h) € Y XU,
is a parametrized maximally monotone operator and we have
8) Js(q" u"s+) = JpB(yr |
i.e, 8= Ji(q" u";k, h) = Jpp(y* &) (k. h) if and only if § solves
0 € R(6—k)+DB(y*,u"| £)(5,h).

We have chosen such a complicated name for the linearization of B, since it will turn out that this
linearization coincides with the so-called proto-derivative of B, see Section 3.3.

Proof. Let us check the monotonicity w.r.t. the parameter §. For fixed h € U and arbitrary ki, k, € Y,
we have

2

Je(q" +thy,u” +th) — Jp(x)  Js(q" + thp,u” + th) — Jp(x)
t t

1 * * # *
2 s(q" + thyu” + th) — Jp(q" + the,u +th) ||’

< tlz(JB(q* +thy, u* +th) — Jg(q* + thy,u* + th), t (ki — k)
_ (]B(q* + tkl,u* + th) _]B(x) _ ‘]B(q>k + tkz: ut+ th) _.]B(x) kl _ k2)

t t
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Here, the inequality follows from the fact that resolvents of maximally monotone operators are firmly
non-expansive. By taking the limit ¢ ™\ 0, we find

IJ5(q" w"s ki h) = Jp(q" ws ke, IIP < (Jp(q™ u™ska h) = Jp(q"s w5 kay h), ey — ko).

Hence,

(]é(q*, u*;ky, h) —Jé(q*, u*;ko, h), ky — ]f';(q*,u*;kl, h) = k; +J§(q*, u*s ks, h)) =0,

ie.,
(R(ky = 61) = R(kz = 62),61 — 62) 2 0,
where 6; == J;(q", u"; k;, h). This shows monotonicity of DB(y*,u" | &) (-, h).

Minty’s theorem, see [5, Theorem 21.1], implies that the operator DB(y*, u* | £*)(-, h) is maximally
monotone if and only if R+ DB(y*, u* | £) (-, h) is surjective. This, however, is obvious: for an arbitrary
{ € Y*, we canset § = J5(q", u*; R, h) and have { € RS + DB(y*, u* | £)(6, h).

Finally, (8) follows from a straightforward calculation. O

Remark 10. Minimal changes to the proof show that the assertion of Lemma 9 remains true if we only
assume that Jp is weakly directionally differentiable at (g*, u*), i.e., if

Js(q" +tk,u” +th) — J(q",u")
t

— J5(q", u";k, h) inYast\,0

forall (k,h) € Y X U.
Next, we apply Lemma 9 to the normal cone mapping of a polyhedric set.

Proposition 11. Suppose that K C Y is polyhedric and B(-,u) := Nk is the normal cone mapping to K
(independent of u). Then, Assumption 8(ii) is satisfied and we have

K°nst ifs ek,

DB(y" | §)(8) = Nx(8) = {0 i ¢ K

where K = Ti(y*) N (€*)* denotes the critical cone. That is, DB(y* | £*) is the normal cone mapping to
the critical cone K. Here, we have suppressed the arguments u* and h.
Proof. From [16, 13] we get the directional differentiability of Jp = Projg and
Projj.("; k) = Projyc (k).
Using (7), we have

DB(y* | £)(6) == {R(k =) | k € Y, = Projyc(k)}
= {R(k - 8) | k€ Y,5 € K,R(k — &) € K°, (R(k - 8),8) = 0}

and the claim follows. m]

Theorem 12. Suppose that Assumption 8 is satisfied by a solution (y*,u*) of (1). We denote by S the local
solution mapping of (1), cf. Theorem 4 and Lemma 7. Then, S is directionally differentiable at u*. For
h € U, the derivative § = S’(u*; h) is the unique solution of

(9) 0€A'(y",u";6,h) + DB(y",u" | ) (6, h),

where £ = —A(y*,u").
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Proof. The proof is inspired by [14]. Since A’(y*,u*;-,h): Y — Y* is again strongly monotone and
Lipschitz, and since the operator DB(y*,u* | £*)(-,h): Y 3 Y* is maximally monotone by Lemma o,
it is clear that the linearized equation possesses a unique solution § € Y for an arbitrary h € U. It
remains to check that § is the directional derivative of S. We set

g =y - RIA(y"u), ki=6-RTA(Y a6 h).

This implies y* = Jg(q",u*) and 6 = J;(q", u"; k, h), cf. (8).
Next, we take an arbitrary sequence (¢,)nen C (0, 00) with ¢, ~\, 0 and define

Yn = Jp(q" +tak,u" +tyh),  ie, 0€R(Yn—q" —tnk) +B(yn u" +1t,h)
for n large enough. Then, Assumption 8(ii) implies

Yn— Y
tn

— Ji(q" usk,h) = 6.

Now, we define
_ R(yn —q" — tnk) — A(yn, u" + tnh)

tn

n -
By using the definition of ¢* we get
_ R(yn — y* — tnk) + A(y*,u") — A(yn, u” + t,h)
tn

_ R(y" -y k) N A(y*,u*) — A(y" + tyd,u” + ty,h) R A(y" + 1,0, u” + tyh) — A(yn, u* + tyh)
tn tn '

Gn

tn

Due to Assumption 3(i), the last addend can be bounded by Lal||(y, — y*)/tn — 6|| — 0. Thus, the
directional differentiability of A implies {,, — R(J — k) — A’(y*,u", 6, h) = 0. Next, we note that the
definition of ¢, yields

0 € tyln + A(Yn, u" + tyh) + B(yn, u” + tyh).

Due to Lemma 7, we can apply Theorem 4 for n large enough. This yields the existence of a unique
solution j, € B.(y*) of
0 € A(Jn, u" + tyh) + B(Jn, u” + tyh)

and this solution satisfies ||y, — ¥n|| < C||t,{nl|- Note that y, = S(u* + t,h). Hence,

S +tah) = SW) _ Jn=yn  Yn=y"
[ In In

— 0+ 6.

This shows the claim. m]

We mention that a similar result has been given in [1, Theorem 1]. Therein, global assumptions on A
are used, i.e., Assumption 3(i) is required to hold for ¢ = co. Moreover, this contribution uses the concept
of proto-differentiability, which is not utilized in our proof. In particular, instead of Assumption 8(ii),
[1] requires that B is proto-differentiable with a maximally monotone proto-derivative.

In our opinion, it is often easier and more natural to study the differentiability properties of Jp
instead of checking whether B is proto-differentiable. Indeed, in the case that B is the normal cone
mapping of a polyhedric set C C Y, the directional differentiability of /g = Proj, was already shown
in [16, 13], whereas the proto-differentiability of B was proved later in [11, Example 4.6], see also [14].
Moreover, the former proofs are rather elementary, whereas the latter proof utilizes [11, Theorem 3.9]
which is based on Attouch’s theorem linking the Mosco-convergence of convex functions with the
graphical convergence of their subdifferentials.
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Remark 13. We comment on some extensions and limitations of Theorem 12.

i) The strong monotonicity of A can be replaced by requiring that the linearized equation (9
g y p y req g q
possesses solutions for all & € U and by assuming that the assertion of Theorem 4 holds.

(i) It is not possible to adapt the proof to the situation of Remark 10. Indeed, if we only assume
weak directional differentiability of Jz, we only get (y, — y*)/t, — 6 and, thus, only {,, — 0 (if
A is Bouligand differentiable). This, however, is not enough to obtain ||y, — y,|| = o(,) in the
last step of the proof.

(iii) Another approach for proving Theorem 12 is to directly consider y, := S(u* + t,h). Due to the
Lipschitz continuity of S, one gets (y, — y*)/t, — J along a subsequence for some § € Y. The
next step would be to perform a Taylor expansion of A(y,, u* + t,h) — A(y*, u*), but this needs
stronger differentiability assumptions for A, e.g., Bouligand/Fréchet differentiability w.r.t. its
first argument, cf. [9, Remark 2.3(iii), Theorem 2.14]. In the above proof, this is avoided via the
construction of y,,.

Finally, we mention that the directional differentiability of ], for some py > 0 implies the directional
differentiability for all p > 0.

Corollary 14. Let B: Y X U 3 Y* as in Assumption 3(ii) be given and fix (¢*,u*) € Y X U. With
v* = Jg(q*,u"), the following are equivalent.
(i) Thereexists pg > 0 such that the resolvent ], g is directionally differentiable at (y* +po(q* —y*), u*).
(ii) Forall p > 0, J,p is directionally differentiable at (y* + p(q* — y*),u").

Proof. This follows from Theorem 12, since J,p: (x,u) + y is the solution map of 0 € %R(y -x)+
poB(y,u) and y* = Jop(y" + p(q" — y*), u"). O
Similarly, an application of Theorem 12 shows that the directional differentiability of the resolvent

Jp is actually independent of the Riesz isomorphism R of Y and, thus, independent of the inner product
inY.

3.3 RELATION TO PROTO-DIFFERENTIABILITY

The purpose of this section is to shed some light on the relation of directional differentiability of the
resolvent Jp and the proto-differentiability of B.
We first fix the notion of proto-differentiability of the parametrized set-valued map B.

Definition 15. Let (y*,u*) € Y X U be given, such that Assumption 3(ii) is satisfied. For some &* €
B(y*,u") and (8, h) € Y X U, we define

B(y* +t8,u* + th) — &

(10) AB(y",u" | E)(8,h) = t

for t > 0 small enough. We say that B is proto-differentiable at (y*, u*) relative to £* € B(y*, u*) if the
graph of A;B(y*,u* | &)(-,h): Y =3 Y* converges as t \, 0 in the sense of Painlevé-Kuratowski, see
[1, Definition 2], for all h € U. In this case, we define its proto-derivative DB(y*,u* | £): Y XU 3 Y*
via

graph DB(y", u” | &) (-, h) := graph lim,\ o A;B(y",u" | &) (- h)
forallh e U.

Although the operator A;B(y*,u" | £*)(-, h) defined in (10) is maximally monotone, cf. [1, Lemma 1],
its graphical limit DB(y*, u* | £€*) (-, h) might fail to be maximally monotone, even if it exists, see [21,
Theorem 2].
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Lemma 16. Let (y*,u*) € Y X U be given, such that Assumption 3(ii) is satisfied. Further, let ¢* € Y
be given such that y* = Jg(q*,u") and we set & := R(q* — y*) € B(y*,u"). Then, the following are
equivalent.

(i) The mapping Jp is directionally differentiable at (q*, u™).

(ii) The mapping B is proto-differentiable at (y*, u*) relative to & and its proto-derivative DB(y*, u* |
&) (-, h) is maximally monotone for allh € U.

Proof. By defining A(y,u) := R(y — ¢*) it can be easily checked that (y*, u*) is a solution of (1) and
that Assumption 8 is satisfied.
In order to apply the results from [1], we fix h € U and ¢, > 0 such that u*+th € U for all ¢ € [0, ty).
We define
Bi(t,y) := B(y,u" + th) Vt € [0,t),y €Y.

Now, it can be checked that A;B(y*,u* | £*)(-, h) coincides with AtBh(}/* | £)(-) as defined in [1, (9)].
Thus, B is proto-differentiable at (y*, u*) relative to ¢* if and only if By, is proto-differentiable at y*
relative to & for all h € U and we have the formula

DB(y",u" | £)(- h) = DBp(y" | €)(")

for the corresponding proto-derivatives.

“=”:Dueto Jp(q, u*+th) = J5, (¢, q), we get that J,, 1s directionally differentiable. Further, J; (t,q) €
Y is Lipschitz continuous w.r.t. ¢ € Y and, thus, we get the semi-differentiability (see [1, Definition 1])
of Jj, at ¢". Now, we can apply [1, Remark 5] to obtain that Ji is proto-differentiable at g* relative
to y* = Jz, (0,¢"). Now, [1, Lemma 2] yields that By, is proto-differentiable at y* relative to £*. As
explained above, this yields the desired proto-differentiability of B. Moreover, from these arguments,
we can distill the formula

Je(q"u'sh) = Jg (¢7°) = DJj, (¢ 1 y) = (R+ DBy (y* | €))7 = (R+DB(y",u" | £) ()™

Since a maximal monotone mapping is uniquely determined by its resolvent, this shows that DB(y*, u* |
&) coincides with the mapping defined in Lemma 9 and, therefore, is maximally monotone.
“&”: Using similar arguments as above, this follows from [1, Theorem 2]. O

In particular, the normal cone mapping to a polyhedric set is proto-differentiable and the proto-
derivative is given as in Proposition 11. As already mentioned, this result is known from [11, 14].

4 QUASI-GENERALIZED EQUATIONS
In this section, we treat the generalization

(3) 0€A(y,u) +B(y —@(y,u),u)

of (1). Here, ®: Y XU — Y is an additional mapping. We will follow two approaches to investigate the
solution mapping of (3). In the first approach, we reformulate (3) in the form (1) by introducing a new
variable z = y—®(y, u). This idea was successfully used in [20] to prove the directional differentiability
of QVIs. The second approach, which was pioneered in [2], uses a iteration approach, i.e., it builds a
sequence (Y n)nen, in which y, , solves

0 € A(Yun u) + B(Yun — D(Vun-1,u), u).

We shall see that both approaches will use a similar set of assumptions.
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Assumption 17. We assume that (y*,u*) € Y X U is a solution of (3) such that the operators A and
B satisfy Assumption 3. In addition, ®: Y X U — Y is continuous at (y*, u*) and ®(-,u) is locally a
uniform contraction, i.e., there exists a Lipschitz constant Ly € [0, 1) such that

1D(y2, u) = @(y1, u)|| < Lollyz — nill

for all vy, y, € B.(y*) and for all u € U.

Assumption 18. In addition to Assumption 17, we require
(@) Ly < y;ll, or

(b) Ly < 2+/ya/(1+ ya) and there exists a function g: U,(y*) X U — R such that A is the Fréchet
derivative of g w.r.t. the first variable,

where y4 = La/pa > 1is the local condition number of A.

Assumption 19. In addition to Assumption 17, we assume that
(i) A is directionally differentiable at (y*, u™).
(ii) Jp is directionally differentiable at (¢* — ¢*, u*) with g* = y* — R'A(y*, u*) and ¢* = ®(y*, u*).
(iii) @ is directionally differentiable at (y*, u*).

As a preparation, we state a consequence of Assumption 18.

Lemma 20. Let Assumption 18 be satisfied. Then, there exist constants C > 0 and ¢ € (0,1), such that for
allu € U and y1, y2, 21,22 € Be(y*) we have

(A(zz,u) = Az, u), 22 — D(y2.u) — 21 + D(y1,u)) = C(llz2 — z1l1> = Ellyz — yill?).
Proof. We denote the left-hand side of the inequality by M € R.

In case that Assumption 18(a) holds, we have

2712

ATD _ 2
24 ly2 = »ill%,

HA
M > pallzz — z1||* = LaLsllz — zi|[|v2 = will = 7”22 -zl -

ie,wecanuse C = py/2 and ¢ = LaLle/pa = yale < 1
Under Assumption 18(b), we first consider zy, z; € Us(y*). Theorem 2 yields

M > 22 = z1|* + Az, u) — Az, w)||* = LollA(z2, u) — Az, w) |||y — il
pHa+La pa+La
pala = P L L
2 HA+LA 2 1 4 Y2 = nill -

Here, we have used Young’s inequality. Since everything is continuous w.r.t. z1, z, € Y, the inequality car-
ries over to z1, z2 € B¢(y"). Now, we can choose C = piaLa/(pa+La) and ¢ = (pa+La)Lo/(2+/pala) =
(1+ya)le/(24/ya) < 1. m

Interestingly, this already shows that (locally) (3) has at most one solution.

Lemma 21. Let Assumption 18 be satisfied. Then, for eachu € U, (3) has at most one solution in B.(y").
Proof. Let y1, y2 € B.(y*) be solutions of (3). Due to —A(y;,u) € B(y; — ®(y;), u) we get

(A(yz,u) = Ay, u), y1 = P(y,u) = y2 + @(y2,u)) 2 0

and Lemma 20 shows C(1 - ¢®)||y, — y||*> < 0,1i.e., y1 = ys. ]

Wachsmuth From resolvents to GEs and QVls



J. Nonsmooth Anal. Optim. 3 (2022), 8537 page 12 of 22

4.1 VIA A REFORMULATION AS GE

In this first approach, we reformulate (3) via the new variable

(1) z=y-o(y,u).

Let us first check that this transformation is locally well defined.

Lemma 22. Let Assumption 17 be satisfied. There exist neighborhoods Z C Y and Ucu of z¥ =

y* —®(y*,u*) and of u*, respectively, such that the equation (11) has a unique solution y € B.(y*) for all
(zu)e ZxXU.

Moreover, the mapping
(id =@ ()™ Z = Be(y")

is Lipschitz with constant (1— L) ™! forallu € Uu.
Proof. We define the mappings A: Y X (Y XU) = Y*and B: Y X (Y xU) =3 Y* via

Ay, (zu) =R(y—z-2(y,u)),  B(y.(zu) ={0}.

Now, our transformation (11) is equivalent to the generalized equation

0 € Ay, (z.u)) — B(y, (z,u))

and the first part of the assertion follows from Theorem 4.
To estimate the Lipschitz constant, we take z;,z; € Z and set y; = (id =®(-,u))!(z;) for i = 1, 2.
Then,

ly2 =yl = llzz + @(y2,u) — 21 = (Y, u)|| < [|z2 — 1]l + Lolly2 — 31l

and this shows the claim. O
Using the result of Lemma 22, we transform (3) into
(12) 0 € A(z,u) + B(z,u),
where A: Z X U — Y is defined via
Alz,u) = A((id =0(-, u) (z), u).

By inserting the definitions, we verify that (3) and (12) are locally equivalent.

Lemma 23. Let Assumption 17 be satisfied.
(a) If (y,u) € B.(y") X U is a solution of (3) withz .=y —®(y,u) € Z, then z is a solution of (12).
(b) If (z,u) € Z X U is a solution of (12), then y := (id —®(-,u)) "!(2) is a solution of (3).

Note that z € Z in (a) is satisfied if (y, u) is sufficiently close to (y*, u*).
By using the ideas of [20, Lemmas 3.3, 3.5], we check that the analysis from Section 3 applies to (12).
In what follows, we use z* := y* — ®(y*, u").

Lemma 24. Let Assumption 18 be satisfied. Then, the operator A: Z x U-Y satisfies Assumption 3 at
(z5,u*).
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Proof. Let n > 0 be given such that B, (z") C Z. We have to show the existence of yi;, L; > 0 such
that

(A(z,u) — A(z,u), 2 — 21) > pillzz = AL
1A(z2,u) = A(zs,u)| < Lgllzs - 2|
holds for all z;, z; € B, (z*) and for all u € U. The Lipschitz property follows directly from Lemma 22
and it remains to prove the strong monotonicity.

Let z;,z; € By(z*) and u € U be arbitrary and set y; := (id —®(-,u))"(z;) € B.(y*) fori = 1,2.
Then, Lemma 20 implies

<A(Zz, u) - A(Zl, u),zz — z1) = (A(y2,u) — Ay, u), Y2 — y1 — D(y2,u) + (y1,u))
> C(1-0)lly2 — wmll*

In combination with

lzz = zill = lly2 = y1 = @(y2, w) + (Y, )|l < (1+Lo)[ly2 — ll,
this shows the uniform strong monotonicity of A. O

In order to apply Theorem 12, we have to check that A is directionally differentiable. To this end, we
verify that (z,u) — (id —®(-,u))"!(z) is directionally differentiable.
Lemma 25. Let Assumption 19 be satisfied. Then, ¥: Z X U - B:(y*), ¥(z,u) == (id —-®(-,u))"1(2),
is directionally differentiable at (z*,u") and the directional derivative § = ¥'(z*,u"; k, h) in a direction
(k,h) € Y X U is the unique solution of

§—®'(y*,u";8,h) = k.
Proof. We define A and B as in the proof of Lemma 22. Then, ¥ is the solution mapping (y,u) +— z of

0 € A(y, (z,u) — B(y,(z,u))
and the assertion follows from Theorem 12. m]

Corollary 26. Let Assumption 19 be satisfied. Then, the operator A is directionally differentiable at (z*,u*)
and we have
A'(z5u";k,h) = A" (y", u"; ¥ (2", u"; k, h), h).

If A would be Lipschitz continuous w.r.t. both arguments, it would be Hadamard directionally
differentiable and we could employ a general chain rule, see, e.g., [6, Propositions 2.47, 2.49]. Since this
is not the case, we have to adapt the proof to the situation at hand.

Proof. We have )
A(z,u) = A(¥Y(z,u),u)

with the operator ¥ from Lemma 25. Let (k, h) € Y X U be arbitrary. For t > 0 we have

A(z* + thu* +th) — A(z",u*)  A(Y(2" +th,u" + th),u” + th) — A(¥(z",u*),u")

t t
_A(Y(Z" +thk,u" + th),u” +th) — A(Y(z", u") + t¥' (2", u"; k, h),u" + th)
t
A \I] ES £ \I’/ ¥ *, ES _A \I’ LS LS Ed
N (P(z*u*)+t (z,u,k,ht),u + th) (P(z*,u ),u)=111+12-
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Due to the Lipschitz continuity of A, the first term on the right-hand side is bounded by
LA * * ok [
|4 < TH‘I’(Z +thk,u" +th) — ¥ (", u") — t¥' (2", u"; k, h)|| — 0,

where we used the directional differentiability of ¥, see Lemma 25. Since A is directionally differentiable,
we have

}i\rr(l) L =A(y,u" ¥ (z",u";k, h), h)
and this shows the claim. m]

Theorem 27. Suppose that Assumptions 18 and 19 are satisfied. Then, for each h € U, there exists ty > 0
such that

0€A(ys,u+th)+B(y; —®(yr,u+th),u+th)

possesses a unique solution y, € B.(y*) forallt € [0, ty]. Moreover, (y; — y*)/t — & ast \, 0, where
6 €Y is the unique solution of

(13) 0€A'(y",us6,h) + DB(y" = ®(y",u"),u" [ £)(6 - ' (y",u"; 6, h), h),
where £ = —A(y*, u").

Proof. Due to Lemma 23, (3) is locally equivalent to (12). Owing to the previous results, we can apply
Theorem 12 to (12). In particular, Assumption 8(i) follows from Corollary 26, whereas Assumption 8(ii)
requires directional differentiability of Jp at (z* —R™'A(z*, u*), u*) = (¢* — ¢*, u*) and this is ensured by
Assumption 19(ii). If we denote by z; € Z the local solution of (12) w.r.t. u = u*+th, then (z,—z%) /t — k,
where k is the unique solution to

0 € A'(z",u*;k, h) + DB(z", u* | &) (k, h) = A'(y*,u*; ¥ (2", u*; k, h), h) + DB(z", u* | £")(k, h).
It is clear that this equation is equivalent to (13) via the transformation
k=6-'(y",u";6,h), ie., S =Y'(z"u";k,h).
Finally,
Ve =y _ W(z,u+th) — ¥(z%,u)
t t

_ W(zp,u+th) —¥(z" +tk,u+th) N Y(z* +tk,u+th) —¥(z",u")
B t t

— ¥'(z",u";k,h) =6,

where we used that ¥ (-, u + th) is Lipschitz continuous, see Lemma 22. The uniqueness of y; in B.(y")
follows from Lemma 20. O

We mention that Assumption 18 is mainly used (see Lemma 24) to show that the operator A: Z XU —
Y is locally (uniformly) strongly monotone in a neighborhood of (z*, u*).

4.2 VIA AN ITERATION APPROACH

Here, we use a different approach to tackle

(3) 0€A(y,u) +B(y —®(y,u),u).
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For u € U sufficiently close to u*, we consider the sequence (y,,)nen C Y defined via

(14a) yu,O = y*s
(14b) 0e€ A(yu,na u) + B(yu,n - q)(yu,n—l, u), u)-

We will see that this iteration is well defined in the sense that (14b) has a unique solution y,,,, € B.(y")
under appropriate assumptions. This idea was used in [2] to show the directional differentiability of
QVIs. We demonstrate that this idea can also be applied to (3).

In order to study (14b) with the methods from Section 3, we introduce the operators A: YX(YXU) —
Y5, B: Y x (Y xU) =3 Y* via

(15) Ay, (,u)) = A(y,u), B(y, (¢,u)) == B(y — ¢, u).

Moreover, we set ¢* := ®(y*,u"). Then, under Assumption 17, it is clear that Assumption 3 is satisfied
by (A, B) at (y*, (¢*,u")).
Moreover, for arbitrary (g, (¢,u)) € Y X (Y X U) and p > 0, the point y = J,8(q, (¢, u)) solves

0€R(y—q)+pB(y.(¢,u)) =R((y —¢) — (g —¢)) + pB(y — $, u),

i.e., we have the relation

(16) Jo8(q, ($:u)) = JoB(q — ¢, u) + ¢

between the resolvents of B and 8.
Next, we address the local solvability of (14b).

Lemma 28. Let Assumption 17 be satisfied and fix p, c and q;, as in Theorem 4. Then, for allr € (0, €],
(p,u) € Y X U with

214 = ¢l + pn(q), — 6% w) = Jpa(q, — ¢" u)ll + pllA(Y", u) =AY u')l| < (1=o)r

the equation
0 €A(z,u) + B(z—¢,u)

has a unique solution z € B,(y*).

Proof. The equation can be recast as

0€ AW (¢ w) + B(y: (¢, u))

and we are going to apply Theorem 4 with ¢ = 0. It is clear that Assumption 3 is satisfied by (A, B)
and the operator A possesses the same constants as A. Thus, it remains to show that

o8 (dp: (6:1) = Jp8(qp, (97 NI + P A" (6,0)) = A", (¢ u))Il < (1= c)r

is satisfied. This, however, follows from the estimate

17p8(qp, (6. 1) = Jos (g, (¢% uNIl = 1 TpB(q, — ¢ u) + ¢ = Jop(q, — ¢", u") — ¢l
< lp(qy = ¢ u) = JpB(q, — ¢ Wl + 1 JpB(q, — ¢",u) = JoB(q, — ¢7,u") [l + 1§ — ¢
<2l¢ = ¢"ll + Ups(q, — ¢".u) = Jps(gq, — ¢ u)ll. o
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Lemma 29. Let Assumption 17 be satisfied and fix p, ¢ and q,, as in Theorem 4. Then, there exists a constant
A € (0, €], such that for all y € By(y*) and allu € U with

Co(w) =2[12(y", u) = ©(y", u) |l + 1 JpB(q, — ¢",u) — JoB(q, — ¢, u)l

(17) . . 1-c
+pllAGy W) - A W) < —

&

the equation
0€A(z,u) + B(z - O(y,u),u)
has a unique solution z := T,,(y) € B:(y").

Proof. Using

1P(y,u) = ¢7Il < [|D(y:w) = (Y~ W)l + |D(y", w) = ©(y", u))|
< Lolly = ¥l + 12(y",w) = @(y", u)ll < LoA + [|@(y", u) — 2(y", u')]|

the assertion follows from Lemma 28 with A = (1 - ¢)¢/(4Lg). O

In the next lemma, we apply the Banach fixed-point theorem to T, in order to show the convergence
of (14).
Lemma 30. Let Assumption 18 be satisfied and fix p, ¢, q,, as in Theorem 4 and choose A according to
Lemma 29.

(a) There exists a constant ¢ € (0,1), such that T,: B)(y*) — B.(y*) is Lipschitz continuous with
modulus ¢ forallu € U.

(b) Ifu € U is chosen such that C,(u) < (1 - c) min{(1 - ¢)A, e}, then T,, maps By(y*) to By(y").
Moreover, the sequence (Vy,.n)nen given by the iteration (14) satisfies

En
_ < - - 0
where y, € B;(y") is the solution of (3).

Proof. We start by proving (a). Let y1, y» € By(y*) be given and set z; := T,(y;) € B:(y*),i = 1,2.
Then, —A(z;,u) € B(z; — ®(y;, u), u) and, thus, the monotonicity of B yields

(A(z,u) — Az, u), 21 — P(y, u) — 22 + P(y2,u)) > 0.
Consequently, Lemma 20 implies
0 > C(llz2 = z1lI” = Ellyz = mlI1*),

ie, [lzz = z1l* < éllyz — wll-

Now, let u € U be chosen as in (b). This enables us to apply Lemma 28 with the choices r =
(1-¢)'Cy(u) < e and ¢ = ®(y*, u). This shows that T,,(y*), which is the solution of 0 € A(z,u) +
B(z — ®(y*, u),u), satisfies ||T,,(y*) — y*|| £ r < (1—¢)A. Consequently, every y € B;(y*) satisfies

1Tu(y) = ¥ S NTu(¥) = ()N + I Tu(y") =yl <A+ (1-E)A = A
Thus, we can apply the Banach fixed-point theorem to obtain the existence of y, € B;(y*). Due to
Yon = y* and y1, = T,(y"), this also yields the a-priori estimate

~n ~n

c c
- < —— )
2l = yooll € T = G W o

”yu,n - yu” < 1
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The next lemma helps us to control the term C, (u* + th).

Lemma 31. Let Assumption 19 be satisfied and fix h € U. Then, for any p > 0, there exist constants C > 0
and ty > 0 such that
Cp(u* +th) < Ct Vit € [0, to].

Proof. With qj, = y* - pRIA(y*,u*) and ¢* = ®(y*, u*) we have y* — ¢* = JpB(q, — ¢*, u*). Owing
to Corollary 14, the directional differentiability of J,p at (qj, — ¢*,u") follows from the directional
differentiability of Jz at (¢* — ¢*, u*) and this is guaranteed by Assumption 19. Hence, for all terms
appearing in the definition (17) of C,(u* + th), we can utilize the directional differentiabilities of the
involved operators and this yields the desired estimate. O

Theorem 32. Let Assumptions 18 and 19 be satisfied. For all h € U there exists ty > 0, such that for all
t € [0,ty], the equation

0€A(ys,u+th)+B(y: —®(y,,u+th),u+th)

has a unique solution y, € By(y*), where A is chosen as in Lemma 29. Moreover, the difference quotient
(y: — y*)/t converges strongly in Y towards § € Y which is the unique solution of the linearized equation

(13) 0€A'(y",us6,h) + DB(y" = ®(y",u"),u" [ £)(6 - ' (y",u"; 6, h), h),
where £ = —A(y*,u").

Proof. We fix h € U. Then, Lemmas 30 and 31 imply the existence of t, > 0, such that for all t € [0, o]
the sequence (y;n)nen defined via y, o := y* and each y;, € B.(y*) solves

0 € A(yrnu* +th) + B(¥rn — ©(Yrp-1,u* + th),u” + th),
satisfies

(18) lyen = yell < Cte"

where ¢ € (0,1) is as in Lemma 30 and C > 0 is a constant.
Next, we study the differentiability of y;,, w.r.t. t > 0. We claim that for all n > 0, we have the
directional differentiabilities

_ @ ES — ¥
(19) Yin — Yt s, (Yenu* +th) —¢

t t

- q),(y*ﬁ u*; 5119 h):
where 8y = 0 and for n > 1 the point §, € Y solves
(20) 0e€A(y",u";0n,h) + DB(y" — ¢*,u" | E)(6p — D' (y*,u"; Op-1, h), h).

We argue by induction over n. The base case n = 0 is clear since y;o = y* = yo. Assume that the
assertion holds for n — 1. We abbreviate ¢, :== ®(y;.,, u* + th). Using the operators from (15), we can
recast the equation for y;, as

0¢€ ﬂ(yt,nr (¢t,n—1, u* + th)) + B(yl’,rb (¢l’,n—13 u* + th))

Next, we apply Lemma 28 for t > 0 small enough (depending on n) with ¢ = ¢* + t{yn, Y1 =
@’ (y*,u"; -1, h) to obtain a solution y;, € B.(y*) of

0 € A(Frpu” +th) + B(Prp — §* —t®'(y*,u"; 6p-1, h), u” + th)
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or, equivalently,

0 € A(Jrn (P* + t¥yp,u” +th)) + B(Jrn, (¢ + t¥yn, u™ + th)).

Now, we are in position to apply Theorem 12 and this yields (j;, — y*)/t — 8, in Y as t \, 0, where
On € Y solves
0€e ﬂ/(y*: (¢*: u*); 5ns (%,m h)) + DB()’*, (¢*: u*); 5m (l#t,n: h))

Using Lemma 9 and (16), we can relate DB and D8 as follows

DB(y*, (¢",u") | £)(5, (. b))
= {R(k=0) | ke Y,6=Jp(q" (¢" u"):k, (¥, b)) }
={R(k=(6-y) |keY,6-y=J3(q" ~¢" u"sk -y, )}
=DB(y" - ¢ u" | E)(6 — ¢ h).

This results in the equation (20). By using the equations satisfied by y; , and y; ,, we get

<A(J7t,n; ut + th) - A(yt,n, u* + th); )’}t,n - yt,n>
< AA(Prnu” +th) — A(yrn, u™ + th),¢* + 10" (y*,u"; 5p—1, h) — ®(yrn-1,u” + th)).

Consequently,
1. . LA % 1% % *
;Ilyt,n = Yenll < _,uAt”¢ +10' (¥, u"s8p-1.h) = P(yrn-ru” +th)[| > 0 ast 0.

In combination with (J; ,—y*)/t — Jp, this yields the first convergence in (19). The second convergence
in (19) follows since ® is directionally differentiable and Lipschitz w.r.t. its first argument. Consequently,
(19) holds for all n > 0.

Thus, we have shown

(21) lim 20— - YTV ang fim 22
n—oo t t \,0 t

= O,

where both limits exist (strongly) in Y. Moreover,

Yton — WVt
t

< Cce”,

Yen =Y Ye=y :|
t t

cf. (18). This shows that the limit n — oo in (21) is uniform in t € (0, ty]. Hence, the classical theorem
on the existence and equality of iterated limits ensures

§=lim 2~ = lim lim 2~ = lim lim 22"~ = lim 5, in?Y.
1N\0 t 1\,0 n-— t n—o0 t\,0 t n—co
Finally, passing to the limit n — oo in (20) yields the equation for é. O

Note that Assumption 18 is only used in Lemma 30. It can be replaced by requiring that the map
T.: BA(y*) — B.(y") is a contraction uniformly in u € U.

It is quite interesting to see that the approaches from Sections 4.1 and 4.2 use the same assumptions
and, actually, Theorems 27 and 32 coincide. If we look a little bit more carefully, we see that in Section 4.1,
Lemma 20 is only applied in the special case y; = z;, i = 1, 2, see Lemmas 21 and 24, whereas Section 4.2
requires the application in the general case y; # z;, i = 1, 2, see Lemma 30.

Altogether, it seems to be possible to craft special situations in which only one of the approaches of
Sections 4.1 and 4.2 is applicable. However, we think that (up to some exceptional boundary cases) the
ranges of applicability of both approaches coincide.
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5 APPLICATIONS

5.1 OPTIMIZATION WITH A PARAMETER-DEPENDENT SPARSITY FUNCTIONAL

As a first application, we consider the minimization problem
(P(u)) Minimize F(y)+G(y,u) wrt.yeY

with a parameter u € U. Here, (Q, %, ;1) is a measure space and Y = U = L?(u). Moreover, F: Y — R
is a given functional and G: Y X U — R is defined via

G(y.u) = /Q fuy] du.

Thus, (P(u)) models, e.g., optimal control problems which include a sparsity functional and we are
interested in the sensitivity of the solution y w.r.t. the distributed sparsity parameter u.

Suppose that u* € U is fixed and y* € Y is a local minimizer of (P(u*)). We assume that F is Fréchet
differentiable in B.(y*) for some ¢ > 0, such that its derivative F’ is (uniformly) strongly monotone
and Lipschitz continuous on B.(y*), see Assumption 3(i).

As it is usually done, we identify the dual space of Y = L2(y) with itself.

Due to the convexity of F, a point y € Y with ||y — y*|| < ¢ is a local minimizer of (P(u)) withu € U
if and only if

0 € F'(y) +9,G(y,u),
where
dyG(y.u) = {9 € L*(Q) ‘ G(v,u) > G(y,u) + / glo—y)dy Voe Y}
Q

is the subdifferential of G w.r.t. y.It is clear that Assumption 3 is satisfied with the setting

A(y,u) =F'(y),  B(y,u) = 3yG(y,u).

In order to apply the results from Section 3, we have to study the properties of the resolvent J,g, p > 0.
It is clear that

. 1
() = prox,c (@) = argmin | 0= + plusld.
veY

Now, a pointwise discussion shows that the resolvent can be computed pointwise and is given by a
soft-shrinkage with parameter p|ul, i.e.,

JpB(q, 1) (x) = shrink, |, () (q(x)) = max(|g(x)| — plu(x)], 0) sign(g(x)).

Now, since

R? 3 (g, u) + shrink,,|(g) = max(|g| - p|ul, 0) sign(q) € R

is Lipschitz continuous and directionally differentiable, it is easy to check that also the associated
Nemytskii operator J,g: Y X U — Y is Lipschitz continuous and directionally differentiable. If,
additionally, F’: Y — Y is directionally differentiable, we are in position to apply Theorem 12 to obtain
the directional differentiability of the (local) solution mapping of (P(u)). Using Lemma o, it is also
possible to characterize the directional derivative.
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5.2 QUASI-LINEAR QVIS

We demonstrate the applicability of our results to a QVI governed by a quasi-linear operator. To this
end, let @ ¢ R? be open and bounded and with Y = Hy(Q)and U = L2(Q) we define the quasi-linear
operator A: Y XU — Y* via

A(y,u) = —-divg(Vy,u) + f(u), ie. (A(y,u),v)= /Qg(Vy, u)Vo + f(u)v dx,

where g: R x R — R is (uniformly) strongly monotone w.r.t. its first argument; and Lipschitz
continuous and differentiable on R¢xR. Moreover, f: R — R is differentiable and Lipschitz continuous.
These conditions imply that A satisfies Assumption 3 globally on Y. Moreover, using the dominated
convergence theorem, we can check that A is directionally differentiable with

(A’(y,u;8,h),0) = /(g;(Vy, u)Vé+g,(Vy, u)h)Vv + f'(u)ho dx,
Q

see also [12, Theorem 8].

To define the operator B, let K C Y be given such that Proj is directionally differentiable, e.g., we
could choose a polyhedric K. We set B(-) := Nk (+), where Nk is the normal cone mapping of K. Note
that B is independent of the variable u.

With this setting, Assumptions 3 and 8 are satisfied. Next, we choose ®: Y X U — Y such that there
exists a Lipschitz constant Ly € [0, 1) with

1P(y2, u) = @(y1, )l < Lolly2 — il

for all y;, y, € Y and all u € U. Further, we suppose that ® is directionally differentiable and that
Assumption 18 concerning the smallness of Ly is satisfied.
Since our assumptions on A, B and ® are global, we obtain that for all u € U, there exists a unique
solution y € Y of the QVI
0 € A(y,u) + B(y — ®(y,u)),

cf. [20, Section 3]. Since all the assumptions from Section 4 are satisfied, our differentiability theorems
imply that the mapping y — u is directionally differentiable. For a fixed parameter u* € U we denote
the solution by y* € Y. Then, the directional derivative § € Y in the direction h € U is given by the
solution of

0 €A (y",u"6,h) + DB(y" = @(y",u") | £)(5 — @' (y",u"; 6, h)),

where & = —A(y", u"). We mention that in the particular case that the set K is polyhedric, the set-
valued mapping DB(y* — ®(y*,u*) | £€*) coincides with the normal cone mapping of the critical cone
K =Tk (y*) N (£*)*, see Proposition 11.

It is also clear that the above assumptions and arguments can be localized if we already have a
solution y* of the QVI corresponding to the parameter u*.
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