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OPTIMAL CONTROL OF PLASTICITY WITH INERTIA

Stephan Walther”

Abstract  The paper is concerned with an optimal control problem governed by the equations of
elasto plasticity with linear kinematic hardening and the inertia term at small strain. The objective
is to optimize the displacement field and plastic strain by controlling volume forces. The idea
given in [11] is used to transform the state equation into an evolution variational inequality (EVI)
involving a certain maximal monotone operator. Results from [18] are then used to analyze the
EVL A regularization is obtained via the Yosida approximation of the maximal monotone operator,
this approximation is smoothed further to derive optimality conditions for the smoothed optimal
control problem.

1 INTRODUCTION

We consider the following optimal control problem governed by the equations of elasto plasticity with
linear kinematic hardening and the inertia term at small strain:

min J(wiz f) = ¥ inz) + S5,
st. pu—-divC(Viu-z) =7,
z € A(CV?u — (C + B)2),
(11) (u,u,2)(0) = (uo, vo, 20),
u € H'(Hp(Q;RY) N HA(LA(Q;RY),
z € H\(L*(Q;R{Y)),
feX.

Herein, @ ¢ R is the body under consideration with density p, where d € N is the dimension.
Its boundary is split into two disjoints parts Iy and [y. Furthermore, u : [0,T] x Q — R is the
displacement field and z : [0, T] X Q — R% the plastic strain. The initial data (uq, v, zo) is given
and fixed. The volume force is given by f : [0,T] X Q — R<. The time derivative of, for instance,
the plastic strain is denoted by z and the symmetric gradient by V* = 1/2(V + V). Moreover, C is
the elasticity tensor and B the hardening parameter. The flow rule is represented by the maximal
monotone operator A, in Section 5 below we will choose the von-Mises flow rule. The control space
X, is a nonempty and closed subspace of H'([0, T]; L?(Q; R%)) and & > 0 a fixed Tikhonov parameter.
Note that higher time regularity of the control was also required when analyzing other problems with a
non-smooth hyperbolic evolution structure, e.g. in [28]. The precise definitions and assumptions are
presented in Section 2 below. Note that the problem (1.1) is formulated only with the displacement
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and plastic strain as state variables. The stress is normally given by o = C(V*u — z) (and can thus be
easily integrated in ¥), however, we eliminated it in (1.1) for convenience. Additionally, the Dirichlet
displacement and Neumann boundary forces (see the definition of the div-operator in Section 2) are
set to zero, cf. Remark 3.8 below. Regarding a detailed description and derivation of the plasticity
model, we refer to [16, 20, 22].

Let us put our work into perspective. Optimal control problems governed by plasticity were con-
sider in [6,15,17-19,23-26]. The articles [15,17] are concerned with the static case of elasto plasticity, for
further articles of the static case we refer to the references therein. For the time dependent quasi-static
case we are only aware of [6,18,19,23-26]. The articles [23-26] and the application in [18] are devoted
to the case of elasto plasticity with linear kinematic hardening, whereas [6,19] are concerned with the
case of perfect plasticity, that is, with nohardening. In contrast, we consider the case of elasto plasticity
with the inertia term (and linear kinematic hardening), that is, the second time derivative of the dis-
placement (the accelaration) multiplied by the density p is present in the balance of momentum. Due
to this inertia term, the equations are physically more reasonable than the quasi-static case (of course,
the solution to both systems might not differ much when the accelaration of the body is small, which
is the reasoning when neglecting the inertia term). As said above, the application in [18] investigates
quasi-static (homogenized) plasticity with hardening. This application is analyzed by applying results
concerned with an abstract optimal control problem governed by an first-order evolution variational
inequality (EVI) involving a maximal monotone operator. As we will see below, the state equation in
(1.1) can also be transformed into such an abstract EVI. Let us note that the existence of a solution was
already proven in [11, Theorem 5.1] by using essentially the same transformation into an EVI as we
will do. However, there it was transformed into a second order EVI and the maximal monotonicity
of the (slightly different) operator given therein was proven in another way. In contrast, we consider
a first order EVI and will provide the concrete form of the resolvent in Proposition 3.11 (which will
also be used later in Section 4.2 to provide optimality conditions), the maximal monotonicity of our
operator will then follow easily. Having transformed the state equation, we can apply the results from
[18]. We only have to heed two differences between our EVI and the EVI analyzed in [18]. First, our
maximal monotone operator does not fulfill some properties required in [18], second, the given data
are more regular in time than in [18], as we will elaborate on at the end of Section 3.2. However, the
better regularity in time will compensate the missing properties of our maximal monotone operator,
so that the unique existence of a solution can still be shown (Theorem 3.15) and thus we can apply
results from [18]. There is a large list of literature on plasticity with inertia, we only refer to [1-3,7-9]
and the references therein. However, to best of the author’s knowledge, there exists no contribution
to optimal control of plasticity with the inertia term, except in [27]. We emphasize that this paper is
essentially based on [27, Part IV] and on the transformation idea from [11].

The paper is organized as follows. After introducing our notation and standing assumptions in
Section 2, we transform the state equation in (1.1) into a first-order EVI, prove the unique existence for
given data and provide regularization and convergence results in Section 3. Afterwards, in Section 4,
we analyze the optimal control problem (1.1), show the existence of a global solution, provide an ap-
proximation result via a regularized problem and finally present optimality conditions.

2 NOTATION AND STANDING ASSUMPTIONS

Notation When X is a normed vector space we denote its norm by || - || x. For normed vector spaces
X and Y we denote the space of linear and continuous functions on X with values in Y by L(X;Y).
We abbreviate £ (X) = L(X;X). The dual space of X is denoted by X* = L(X;R). The inner product
of a Hilber space H is denoted by (-, -) ;. For the whole paper, we fix the final time T > 0. For t > 0 we
denote the Bochner space of square-integrable functions on the time interval [0, t] by L2([0, t]; X),
the Bochner-Sobolev space by H'([0, ¢]; X) and the space of continuous functions by C([0, t]; X). We
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furthermore abbreviate L?(X) := L%([0,T];X), H'(X) := HY([0,T];X) and C(X) := C([0,T];X).
When G € £(X;Y) is alinear and continuous operator, we can define an operator in £ (L?(X); L?(Y))
by G(u)(t) := G(u(t)) for all u € L?(X) and for almost all t € [0, T], we denote this operator also by
G, thatis, G € L(L*(X);L?*(Y)), and analog for Bochner-Sobolev spaces, i.e., G € L(H'(X); H(Y)).
Given a coercive and symmetric operator G € L(H) in a real Hilbert space H, we denote its coercivity
constant by yg, i.e., (Gh, h) = ysl|hl| Izq for all h € H. With this operator we can define a new scalar
product, which induces an equivalent norm, by H X H 3 (hy, hy) — (Ghy, h2)y € R. We denote the
Hilbert space equipped with this scalar product by Hg, that is (hy, k) gy, = (Ghy, hy) g forall hy, by € H.
If p € [1, o0], then we denote its conjugate exponent by p’, that is % + 1% = 1. Throughout the paper, by
L? (Q; M) we denote Lebesgue spaces with values in M, where p € [1, o] and M is a finite dimensional
space. By WP (Q; M) we denote Sobolev spaces and W;J’P (Q; M) is the subspace containing functions
which traces are zero on I'p. For the dual spaces of W' (Q; M) and WDl’p '(Q; M) we write W2 (Q; M)
and W;’p(Q;M). We use the usual abbreviations H'(Q; M) := W*(Q; M), Hj, (Q; M) = W];’Z(Q;M),
H (M) == WH2(Q; M) and H' (Q; M) = WD_I’Z(Q;M). Finally, by R%?, we denote the space of
symmetric matrices and ¢, C > 0 are generic constants.

STANDING ASSUMPTIONS

The following standing assumptions are tacitly assumed for the rest of the paper without mentioning
them every time.

Domain The domain Q ¢ R? d € N, is bounded with Lipschitz boundary I'. The boundary consists
of two disjoint measurable parts I'y and Ip such that I = Ty UTp. While Iy is a relatively open subset,
I'p is a relatively closed subset of I' with positive boundary measure. In addition, the set Q U I'y is
regular in the sense of Groger, cf. [12].

Furthermore, the density of Q is given by p > 0.

Coefficients The elasticity tensor and the hardening parameter satisfy C,B € £(R%) and are

symmetric and coercive, i.e., there exist constants ¢ > 0 and b > 0 such that (Co, 0)gaxa > ¢ ||a||ﬂi dxd
4 [ d 4 .
2 dxd
and (Bo, G)Rgxd >b ”G”ng for all o € R4,

We abbreviate further
(2.1) D:=B(C+B)'Ce LR and E:=C(C+B)'e L(RPY)

and note that D is symmetric and coercive, according to [11, Lemma 4.2]. Moreover, for instance, we
denote the adjoint of E by E .

Initial data We choose up, vy € Hb(Q;RY) and zy € L?(Q;R%*?) and define g := CV¥uy — (C +
B)zy € L*(Q;R¥?). Moreover, we assume that (uo, v, qo) is an element of D(A), where D(A) is
given in Definition 3.5.

Operators Throughout the paper, V¢ := %(V +VT) : W (Q;RY) — LP(Q;R¥?) denotes the
linearized strain. Its restriction to Wé’p (Q; R%4) is denoted by the same symbol and, for the adjoint
of this restriction, we write — div := (V*)* : L' (Q; R%*9) — W;’p,(Q; R%).

The operator A: L?(Q; R%>9) — 2L (RS i maximal monotone with domain D(A). Further-
more, by Ay : L?(Q; [fo”l) — L2(Q; [Rng), A > 0, we denote the Yosida approximation of A and by
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Ry = (I+AA)7! the resolvent of A, so that A = %(I — Rj). Moreover, for every A > 0 the resolvent R
can be expressed pointwise, that is, there exists Ry : R4 — R gych that

(2.2) Ry(1)(x) = Ry(1(x)) faa. x € QandVr € L?(Q;R™),

With a slight abuse of notation we denote also R) by Ry. It is to be noted that this is the case for the
subdifferential of an indicator function of a pointwise defined set, where the resolvent is simply the
projection onto this set, this example will be considered in Section 5 below. For further reference on
maximal monotone operators, we refer to [5], [29, Ch. 32], [4, Ch. 55], and [21, Ch. 55].

Optimization problem By J : L2(H) X X, — R, J(u,0,2, f) = ¥(u,0,2) + %||f||§EC we denote the
objective function, where H is given in Definition 3.5 and the control space X, is a Hilbert space and
embedded into H'(L?(Q;R%)). We assume that ¥ : L?(H) — R is weakly lower semicontinuous,
continuous and bounded from below and that the Tikhonov parameter « is a positive constant.

3 STATE EQUATION

We begin our investigation with the state equation. At first we give the definition of a solution and then
transform the state equation into an EVI with a new (maximal monotone) operator A. In Section 3.2
we prove the existence of a solution by showing that the operator A is maximal monotone, then we can
apply [4, Theorem 55.A]. Finally, in Section 3.3 we can use some results in [18] to obtain convergence
results.

The formal strong formulation of the state equation reads

(3.13) pu—-V-C(VPu-z)=f in Q,
(3.1b) v.:C(Vu—-2)=0 on Iy,
(3.1¢) u=20 on I'p,
(3.1d) z € A(CV’u - (C +B)z) in Q,
(3.1e) (u,u, 2)(0) = (ug, vy, 20) in Q.

Note that we have assumed in the standing assumptions above that the density is constant in Q. It is
possible to consider a density which has a spatial dependency (that is, a function from Q to (0, 0)),
one has then in particular to verify that the operator Q, given in Definition 3.5, is well defined, that
is, the multiplication of p (and also 1/p) with a Sobolev function is again a Sobolev function. However,
for simplicity we assume that p is constant.

We impose the following assumption for the rest of this section.

Assumption 3.1 (Standing assumption for Section 3). Let f € H'(L?(Q; R%?)) be given.

3.1 DEFINITION AND TRANSFORMATION

Let us begin with the definition of a solution to the state equation (3.1).
Definition 3.2 (Solution to plasticity with inertia). We call u € Hl(H}D(Q; R%)) N H%(L*(Q; R%)) and
z € HY(L*(Q; R¥*?)) solution of (3.1) if
pu—divC(Viu —z) = f,
(3.2) z € A(CVu — (C + B)=z),
(u,u,2)(0) = (uo, vo, 20)

holds.
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Before we can transform the state equation into an EVI we need to reformulate it, to this end we
introduce the following

Definition 3.3 (z to ¢ mapping). We define
Q: HY(Q;RY) x L2(Q; RPY) — [2(Q;RPY),  (u,2) > CVu — (C+B)z
and its inverse (for fixed u)
3 HY(Q;RY) x L2(Q; R — [2(Q; R, (u,q) = (C+B)H(CVu —q).

These operators will also be used to transform the optimal control problem in Section 4.1 below.
For the following lemma, we recall the definition of D and E given in the standing assumptions
above, thatis, D = B(C +B)'C and E = C(C+ B) ..

Lemma 3.4 (Transformation of z to q). We consider
pu — div(DVu + Eq) = f,
(3.3) (C+B)'g+A(q) —E"V’u >0,
(u, u,q)(0) = (o, v0, Go) = (uo, vo, Q(uo, 20))
for functions u € H'(H} (Q;RY)) N H2(L*(;RY)), g € H'(L*(Q;R*?)). Recall that ET is the adjoint
of E. Then the following holds:

When (u, z) is a solution of (3.1), then (u, q) = (u, Q(u, z)) solves (3.3). Vice versa, when (u, q) solves
(3.3), then (u, z) = (u, 3(u, q)) is a solution of (3.1).

Proof. Both implications can be immediately obtained by using the definition of Q and 3 and inserting
zin (3.2) and q in (3.3), respectively (note that C— C(C+B)'C = (I-C(C+B)™)C = B(C+B)"!C =
D). |

We are now in the position to introduce the EVI, respectively the operator A.

Definition 3.5 (The operator A). For p € [1, co] we set
Y, = WP RY) x L (4 RY) x LP(Q;RP)  and  H =Y.
The scalar product on H is defined by

((u1, 91, q1), (u2,02,92)) 9¢

= ([DVSul, VSuZ)LZ(Q;Rng) + (1)1, Uz)LZ(Q;Rd) + (ql, qZ)LZ(Q;Rng)

(recall that D is symmetric and coercive). We define

-0
A:D(A) - 2Y (uo, q) — | —div(DV*u + Eq)
A(q) —ETV

with the domain
D(A) = {(u,v,q) € Hy(Q;R?) x HL (2 RY) x D(A) : div(DV°u + Eq) € L*(Q;R)}.
Moreover, we set
R:I2(QRY) - Yo,  f+(0,£,0)
and

0= (I, ()L, C +B).

Walther Optimal control of plasticity with inertia



J. Nonsmooth Anal. Optim. 2 (2021), 7156 page 6 of 26

Lemma 3.6 (Transformation into an EVI). The tuple (u, q) solves (3.3) if and only if (u,v,q) = (u,u,q) €
H'(‘H) is a solution of

(3.4) Q7 (,0,q) + A(u.0,9) 3 Rf,  (,0,9)(0) = (uo, Vo, o)

Proof. This follows immediately from the definition of A. O

Remark 3.7 (Consequences of the transformation). We note that this transformation has some conse-
quences for the optimal control problem and its regularization discussed in Section 4. A first approach
to regularize (3.1) would be to simply regularize the operator A, as we did in the case of elasto plastic-
ity in [27, Part III]. However, our approach is different, due to the transformation into an EVI we can
regularize the operator A, this is our method in Section 3.3 and Section 4. We also mention that the
fact that v = u will be lost after the regularization (cf. Corollary 4.5 and Definition 4.7) and that we
will transform our objective function in Definition 4.1, so that we obtain an optimal control problem
with respect to the state (4,0, q) in (4.1). The optimality conditions given in Theorem 4.14 below are
then also formulated for this transformed problem.

Remark 3.8 (Neumann surface forces and Dirichlet displacement). Let us shortly discuss some issues
with possible surface forces and Dirichlet displacements. Regarding surface forces, they are currently
equal to zero and contained in the domain D(A) by the requirement div(DVu + Eq) € L?(Q;R?).
Allowing now surface forces which are time dependent, the domain, and thus A itself, would also
depend on the time.

An approach for Dirichlet displacements would be to exchange the displacement with a “new”
displacement minus the Dirichlet displacement, then one could still define the domain D(A) as a
subset of HID(Q; R%) x HlD(Q; RY) x D(A). However, this would again make the domain and the
operator itself time dependent (the Dirichlet displacement would occur also in the operator).

In both cases one could still show that the arising operator is maximal monotone for a fixed time,
but for different points in time the monotonicity would be perturbed by the time dependent functions.
Having now a closer look at Theorem 3.15 below, respectively [4, Theorem 55.A], we see that a com-
parison of two different points in time is used to derive a priori estimates. Following this proof, the
time depend functions would occur and a straightforward adaption is not possible.

At this juncture, let us also elaborate on the underlying spaces of the operator A. One might try
to exchange L?(R; Q) with a negative Sobolev space in the definition of H to allow surface forces.
However, with this definition of H, for instance, the proof of Lemma 3.12 (which is used to show the
monotonicity of A) would not be valid anymore. Thus, our choice of H seems reasonable.

3.2 EXISTENCE OF A SOLUTION

We prove now the existence of a solution to (3.1) by using an existence result for EVIs involving a
maximal monotone operator given in [4, Theorem 55.A], thus we need to show that A is maximal
monotone. Since the monotonicity of A can be easily obtained (cf. Lemma 3.12), it remains to prove
that the resolvent exists (cf. the proof of Proposition 3.13). For this it is sufficient to show the existence
of a solution to (3.9) in the case p = 2. However, since the existence and Lipschitz continuity for p > 2
is needed to derive optimality conditions in Section 4.2, we already provide the following corollary
for later needed results.

Corollary 3.9 (Extended nonlinear elasticity). Let A > 0 and p € [2,p], where p is from [14, Theorem
11], with2 — %l > —%. We assume that there exist m, M\,D € R, D > 0 < m < M, such that the family of
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functions {b, : Q x R4 — R¥xd} serdxd has the following properties:

(35) bo(+,0) € L™ (Q; R,

(3.6) by (-, 7) is measurable,

(3.7) (bo(x,7) = bz(x,7)): (1 =7) + D(lo = 5 + |t = 7|)|o = 7| > m|z — 7|4,
(38) b (x,7) = b (x,7)| < M| = 7] + o - 5]

for almost all x € Q and all 0,77, 71,7 € [RfXd.
Then foreveryp € LP(Q;R%>?) andL € WD_l’p(Q; RY) there exists a unique solutionu € Wé’p(Q; R%)

of
div by (-, Vou) + - = L
—div b, (-, u)+ﬁ— .
Moreover, there exists a constant C such that the inequality
llur = w2 llwie (ma)y < C(||§01 - ¢2||Lp(Q;Rng) +|IL - L2||W]3Lp(Q;Rd))

holds for all ¢y, ¢ € LP(Q; [fo”l) and L, L, € W;’P(Q; [Rd), where u; and u, are the solutions with
respect to (@1, Ly) and (@2, Ly).

Proof. Note that b, (-, 7) € LP(Q; R%*9) holds for all 7, ¢ € L?(Q;R%*¢) (and in fact for all p € [1, c0]),
which follows from (3.5), (3.6) and (3.8) (taking into account that a pointwise limit of measurable
functions is also measurable, see [23, Corollary 3.1.5]).

Let us at first consider the case p = 2. Then the existence of a solution follows from the Browder-
Minty theorem, Korn’s inequality and the Poincaré inequality. In order to verify the inequality, let
@1, 02 € L2(Q; [RfXd), L,L, € HBI(Q; [Rd) and uy, uy € H})(Q; [Rd) the corresponding solutions. Then
we obtain

(Ly = Ly, uy — up)

(bq)l()(’ VSul(.)) - b‘Pz() (.’ VSUZ(‘))’ Vs(ul - uz))LZ(Q;RSdXd)
Hu1 — U ||
A

mllvs(ul - uz)HiZ(Q;R(SiXd) - D”QDI - qu”iz(Q;Rng)

L2(;R9)

v

D /Q 19 (= )] gy = 2l + gl = s
Using now
(Li = Ly, n = up) < [|Ly = Lollyi2 ooyl = w2llwrz iy
and
D/Q IV (w1 — u2)| |91 — @2| < DIV (g - uz)”L?(Q;Rd) llo1 — (P2||L2(Q;Rd)
and Young’s inequality, yields
o = ol ey < C(lhos = @2ll gy + I = Lelly s

— 2
< C(llor = @iz aumeesy + I = Lelly 2 oua )
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for a certain positive constant C, hence, the asserted inequality is fulfilled.
For the general case let now ¢ € L®(Q;R%>?) and L € WD_l’p(Q; R9), we define b : Q x R¥> —
Rng by

b(x, 1) = by(x) (x,7)

and L, € W, " (Q;R?) by

1
<Lu70> = <L’U> - ﬁ (u’ U)LZ(Q;Rd) >

where u € HlD(Q;[Rd) — L9(Q;RY), with 1—% = -4 whend > 2, g = 2whend = 2 and g = co when
q

d =1, is the solution in the case p = 2 and v € W' (Q;R?) «— L7 (Q;RY) (note that 1 — ;% + % =

1+ % - g =2+ % - % > 0whend > 2and1- i% + % > 0 otherwise). We can now apply [14, Theorem

1.1] (here we need ¢ € L™ (Q; [fo”l) to satisfy [14, (1.6a)], the other requirements in [14, Assumption
1.5] are obviously fulfilled due to (3.5)—(3.8)) to obtain u € Wé’p (Q; R%) such that
(b(., VSH),VSU)LZ(Q;REM) = (L, v),

that is,
S N 1
(b(/)(" \Y% U), \Y% U)LZ(Q;Rng) + ﬁ (u, U)LZ(Q;Rd) = <L,0>’

holds for all v € WDl’p ,(Q; R%), we get in particular u = 7 € Wé’p (Q; R9) since u is the unique solution
of the equation above for all v € HID(Q; R%).

To prove the asserted inequality let ¢y, 2 € L¥(Q; [RfXd), L,L, € W;’P(Q; [Rd) and u, Uy €
WP (Q;R?) the corresponding solutions and define Ly, L,, as before. Having a closer look at the
proof of [14, Theorem 1.1], respectively [12, Theorem 1], one can see that there exists a constant ¢ > 0,
depending only on p, m and M (thus not on Ly, Ly, ¢y, ¢2), such that

lur — wallwrp (quray < cllA1(uz) — Az(uz) — Ly, + Ly, ||W]5LP(Q;Rd),
where A; : W (Q; RY) — W;’p(Q; R9) is defined by
<Ai(vl)a UZ) = (bq)l (‘a Vsul)a VSUZ)LZ(Q;RSdXd)
for allv; € WP (Q; R?), v, € W' (Q; R?) and for i € {1,2}. We finally obtain
s — wzllwie (@ma) < C(”Al(uz) _AZ(UZ)HWD’LP(Q;Rd) + || Ly — Lu, ||WD*LP(Q;Rd))
< e(Mllgr = @allppapges) + I = Lally oo
C
+ 5l = wlipara )

where we have used again the embeddings H'(Q; R¢) < LI(Q;R%) and W' (Q; R9) —s LI (Q;RY).
Taking into account that the assertion is already proven in the case p = 2, we see that the desired

inequality holds.
One can now obtain the result for all ¢y, 9, € L?(Q;R%*¢) by an approximation (using the just
proven inequality to see that the corresponding sequence u,, is a Cauchy sequence). O
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The operator R, in the following proposition will later be the resolvent, or a smoothed version of
the resolvent, of A and should not be confused with R from Definition 3.5.
Proposition 3.10 (Solution operator 7g,). Let A > 0 and p > 2 as in Corollary 3.9 and h = (hy, hy, h3) €
Y,,. Moreover, let R, : R4 — RI¥4 pe Lipschitz continuous and monotone. Then there exists a unique
solution u € W];’p(Q; RY) of

hz hl—u

(3.9) = div(DV*u +ERy(E"V* (u = hy) + hs)) = = + =3

We denote the solution operator of this equation by Tg, : Y, — W];’p(Q;[Rd), that is, Tg,(h) = u.
Furthermore, T, is Lipschitz continuous. Note that the dependency of T, on A and p will always be clear
from the context.

Proof. For all o € R%? we define b, : Q x R4 — R4 by
by(x,7) = Dr+ERy(E' 7+ 0),

then the assertion follows from Corollary 3.9 (with ¢ := —E" V*h; + hs for a given h € Y,), let us only
prove that (3.7) is fulfilled, the other requirements can be easily checked. To this end let 0,7, 7,7 €
fo‘i , then

(bo(x,7) = bs(x,7)): (1 —7)
> yplr — 7|2 + (Ro([ETT+ o) —RO(ET?+5)): ([ET(T—?) + (a—a))
- (Ro([ETT+O') —Ro([ET?+E)): (6-73)

> yplr = 7> = Ly, lo = 1% = Ly, IE|| |7 = 7| |0 - 5]
holds, where Lg, is the Lipschitz constant of R. m]

Note that Ry : R¥¢ — R fulfills the requirements in Proposition 3.10 since Ry : L?(Q; R%*?) —
L(Q; R%¥4) is Lipschitz continuous and also monotone (cf. [4, Proposition 55.1 (ii) and Proposition
55.2 (a)]) and due to (2.2) these properties carry over to R : [RfXd — [fo”l.

Let us also mention that Ry in Proposition 3.10 does not have to be monotone, the inequality

(Ro(@) = Ro(b)): (a—b) > —¢la - b|*

fora,b € [fo‘l with £ < yo/||ET||? would be sufficient.
We can now prove the existence of the resolvent of (A, from which we can then derive the maximal
monotonicity of A in Proposition 3.13 below.

Proposition 3.11 (Existence of the resolvent of A). For every A > 0 and h = (hy, hy, h3) € H, the tuple

Try (h)
7 (TR, (h) = hy)
Ry(ETV (TR, (h) = h1) + h3)

SIS
Il

is contained in D(A) and the unique solution of (u,v,q) + AA(u,0,q) > h.
Proof. Using the definition of 7g, we get

-Adiv(DVu + Eq) = hy — o,
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which is the second row in (4,0, q) + AA(u,0,q) > h and we also get (u,0,q) € D(A) (note that
rg(Ry) € D(A)). That the first and last row in (u,0,q) + AA(u,0,q) > h is also fulfilled follows
immediately from the definitions of u, v and q.

Furthermore, when (u, v, q) is a solution of (u,v,q) + AA(u,v,q) > h, then one verifies analog
that (u, v, q) must have the claimed form, therefore the uniqueness follows from the uniqueness of a
solution to (3.9). O

Lemma 3.12 (Monotonicity of A). The equation

(ﬂ(uli Ula ql) - ﬂ(u25 025 qz), (ula 015 ql) - (u25 023 q2))(H
= (A(ql) - A(CIZ), 91— qZ)LZ(Q;Rgxd)

holds for all (uy, vy, q1), (us, 2, g2) € D(A).

Proof. Using the definition of A and the scalar product in H we obtain

(A(wr, 01, q1), (w1, 01, q1) — (U2, 02, G2)) 94
=— (DV®0, V* (u; — uz))Lz(Q;Rgxd) — (div(DV°u; + Eqq), 01 — UZ)LQ(Q;Rd)
+(A(q) —ET, Vouy), o LH(Q R
= (DV°0s, Voup) 12 ety — (DV u, V¥02) 12 o paay = (ET V50, q1) 12 aa)
+ (ETVo01, 42) 12 (qraxay + (A(Q). 41 — 42) 12 qrexd) »
evaluating now (A (ug, v2, g2), (41, 01, q1) — (U2, v2, q2)) 40 and taking the difference yields the assertion.
m|

Proposition 3.13 (A is maximal monotone). The operator A : H — 2™ is maximal monotone.

Proof. The monotonicity of A follows immediately from Lemma 3.12 and the monotonicity of A.

To prove that A is maximal monotone, it is, according to [4, Proposition 55.1 (B)], sufficient that
R(I + A) = H, that is, we have to show that for every (hy, hy, h3) € H there exists (u,0,q) € D(A)
such that (u,v,q) + A(u,v,q) > (hy, hy, hs). This follows from Proposition 3.11 with A = 1. |

In what follows it is convenient to give the integration operator a name.
Definition 3.14 (Integration operator). We define # : H'(L?(Q; R%)) — H?(L*(Q;R?%)) by (F ) (1) :=
fot f(s)ds forall f € H'(L?(Q;R%)). Moreover, we abbreviate ¥p = 7]p. As usual, we denote the oper-
ators with different inverse images and ranges with the same symbol, for instance 7 : L?(L?(Q; R9)) —
HY(L*(Q;RY)).
Theorem 3.15 (Existence of a solution to the state equation). There exists a unique solution (u,v,q) €
H'(H) of (3.4). Moreover, the inequality

(w0, Pllrzxy < CA+ I fllm 2 oray))

holds, where the constant C does not depend on f.

Proof. The tuple (u, 0, q) is a solution of (3.4) if and only if w := (u, v, q) solves

w+A(w) 3 %Rf, w(0) = (uo, 00, q0),
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with A := QA. One easily verifies that A is a maximal monotone operator with respect to Hp-1 (that
is, the space H equipped with the scalar product (Q7*, ')(}'{Q—l)’ thus we can apply [4, Theorem 55.A]

to obtain a solution w € H'(H). Moreover, as can be seen in the proof of [4, Theorem 55.A] we get
. . 1 1
Vilallecsn < Wllewy < CQ+ 2 IRFincrg)) = CO+ Il ey
for all A > 0, where w; is the solution of
. ~ 1
wy + A (wy) = ;Rf, wa(0) = (uo, v0, qo)-
Since w) — w in H!(H), we obtain the desired inequality. O

Remark 3.16 (A is not a subdifferential). Let us show that the maximal monotone operator A : H —
H is not a subdifferential, that is, there exists no proper, convex and lower semicontinuous function
® : H — (—o0,00] such that

A(u,0,q) = 0P(u,0,q) ={(c,d,e) € H : (1,9, q) > P(u,v,q)
+((c,de),(h—ud—0v,q—q)g V(03,4 € H}

holds for all (u,v,q) € H. In fact, there exists even not any function ® : H — (—o0, o] such that the
equation above holds, which can be seen as follows:

Let us assume that such a @ exists and recall that (uy, vg, o) € D(A). Then, using Lemma 3.12 with
(u1,01, q1) = (u + o, v, qo) and (uz, v2, q2) = (4o, 0, qo),

D (uo,0,q0) = P(u+ ug,v,q0) — (A(u+ 1,0, 90), (4,0,0)) 5
= ®(u + ug, v, q0) — (A(uo, 0,q0), (4, v,0)) g
> ®(u, 0,q0) + (A(uo, 0,90), (,0,0)) g — (A(uo, 0,90), (1,0,0))
= ®(uo, 0, qo0)

holds for all (u, v) such that (u + ug, v, q9) € D(A), hence,

(A(up,0,q0), (1 —u, 9 — o, 0))«}1 = O (@ + uo, 9, q0) — P(u+ up,v,qo)
> (A(u+up,0,q0), (I —u,0—0,0)) g

which gives
0 > (DV®u, V30) g — (DV°0, Vi0) gy

for all (4, 9), (u,v) such that (u + uy, v, qo), (@ + uo, 9, o) € D(A). Choosing now an arbitrary u €
Cr(Q; [Rd), u# 0,0 =uand &t = v = 0, we obtain the desired contradiction.

In light of Remark 3.16, the case of plasticity with inertia essentially differs from the EVI analyzed
in [18] in two aspects. First, we have more regularity in time as explained after Lemma 3.6. Second,
we lose a certain boundedness of the maximal monotone operator, which was assumed in [18, Sect. 2],
and it is not a subdifferential.

It is also to be noted that Remark 3.16 is independent of the operator A.
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3.3 REGULARIZATION AND CONVERGENCE RESULTS

As already pointed out earlier, (3.4) can be transformed into the EVI which was analyzed in [18], namely

(3.10) p € ARF,f —0p), p(0) = po,

where we set py := —Q(ug, 0o, ¢o). We can observe that when (u, v, q) is a solution of (3.4), then p :=
RF f —Q7*(u,v,q) is a solution of (3.10) and when p is a solution of (3.10), then (u,v,q) := RF,f — Qp
is a solution of (3.4).

Thanks to this transformation we can use several results from [18] (namely Lemma 3.7, Lemma
3.8 and Proposition 3.5), with which the derivation of convergence results will be an easy task. Let us
emphasize that the maximal monotone operator therein was assumed to have a closed domain and
that

A’ :D(A) - H, h argmin|o|y
veA(h)

is bounded on bounded sets. Clearly, both assumptions are not fulfilled for A, however, they were
only needed to prove [18, Theorem 3.3], which can be replaced by Theorem 3.15, cf. also [18, Remark
3.13]. Therefore we can still apply the above mentioned results.

Theorem 3.17 (Weak convergence of the state). Let f € H'(L?(Q;R%)), {f}nen € HY(L2(Q; R?)) such
that f, — f in H(L*(©;R?)) and F f, — FF in LY(L*(Q; R?)). Moreover, let (u,v,q) € H'(H) be the
solution of (3.4) and (un,vn, gn) € H'(H), for every n € N, either the solution of

Q_l(ilni bna qn) + ﬂ(urb Uﬂ’ Qn) E] Rﬁl’ (una Uﬂ’ Qn)(o) = (U(), UO’ qO)

or

Q_l (an, bn’ qn) + ﬂAn (un, Un, Qn) = Rfm (un, Un, qn) (0) = (UOa 0o, qO)’

where { A, }nen C (0,00), A, N\ 0.
Then (tn, On, qn) — (4,0, q) in HY(H) and (up, vp, gn) — (u,0,q) in C(H'(;R?))XLH(L3(Q; RY))x
C(L2(Q; RP)). If additionally F f, — F f in C(L*(Q;RP?)), then v, — v in C(L*(Q;R?)).

Proof. The function p = RF f — Q"' (u,0,q) € H'(H) is the unique solution of (3.10) and p, :=
RF fr, — O Yun, vp, qn) € Hl(ﬂ) either the unique solution of
n € ARy fo = Qpn)s pn(0) = po.

or

Pn = An,(RFpfn = OPn)s  pn(0) = po.

Thanks to Theorem 3.15, (1, 0y, q,,) is bounded in L? (). We can now apply [18, Lemma 3.7] with A,, =
A and A, = A, (note that we can choose A, = A, according to [18, Lemma 3.8]) to obtain the de-
sired result. Note that the convergence in [18, Lemma 3.7] then means RF f,,— Q™ (up, 05, gn) — RF f—
Q7 (u,v,q) in C(H), so that the convergence (un, vn, gn) — (1, v,q) in C(H'(Q; RY))xL (L2(Q; R?))x
C(L*(Q; R¥?)) follows from the fact that the range of R is a subset of {0} x L?(Q; R?) x {0}. m]

Proposition 3.18 (Strong convergence for fixed forces). Let f € H'(L?(Q;R%)) and (u,v,q) € H'(H)
be the solution of (3.4) and (u,, vy, qn) € H'(H), for every n € N, the solution of
Q_l(um bn’ qn) + ﬂ/ln (um Un, Qn) = Rf’
(tn, Vn, 4n) (0) = (o, V0, qo)-
Where {AH}HGN - (Oa 00): /1n \l 0.
Then (un, vp, qn) — (4,0, q) in H'(H).

Proof. We can argue as in the proof of Theorem 3.17, the assertion follows then directly from [18,
Proposition 3.5]. O
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4 OPTIMAL CONTROL

Also in this section we will make use of [18]. Since the smoothed operator A, given in Definition 4.7,
possesses the required properties for A in [18, Assumption 5.1 (ii)] with Z = H (as we will see in
Definition 4.7 and Proposition 4.10 below), we can apply the finding concerned with the differentiabil-
ity of the solution operator associated with the EVI therein. Before we give the details in Section 4.2,
we tend to the existence and approximation of optimal controls.

4.1 EXISTENCE AND APPROXIMATION OF OPTIMAL CONTROLS

Let us now consider the optimal control problem (1.1). Note that we assumed in Section 2 that ¥ is
defined on L?(H) and not on H'(H), which excludes for example evaluations at certain points in
time. Similar as in [18], we could also consider an objective function on H*(), then we would only
obtain a (possible) weak solution of the adjoint state in Theorem 4.14, see also [18, Theorem 5.12]. We
decided to define ¥ on L?(H) only for simplicity and to keep the discussion concise.

Since we have transformed our state equation (3.1) into (3.3) by introducing the new variable g, it
is reasonable to do the same with the optimal control problem. To this end, we need the following

Definition 4.1 (Transformed objective function). We define
Y, LA(H) >R, (w0,9) — ¥(u0,3(uq)
and the transformed objective function

JPH) xE o R (w0, f) o H(wo.) + S,

Using the definition above and the transformation of the state equation into (3.4), we obtain the
equivalence of (1.1) and

. [24
min  J.(u,0.q.f) = ¥o(w.0,0) + S /113,

(4.1) st. Q7N (%,9,9) + A(w,0,9) 3 Rf,  (,0,9)(0) = (uo, vo, go),
(u,0,q) € H'(Hp (4 RY) x L2(Q;R?) x L*(;R{*)),
feX..

Let us now select a sequence {A,},en € (0,00) such that A, N\, 0. We consider the regularized
optimization problem

. o
min  J.(u,0.q.f) = ¥a(u.0.9) + S £

st. O Nw,0,9) + Ay, (w0,9) =Rf,  (u,0,9)(0) = (up, v0, Qo)
(u,0,q) € H'(Hp (2 RY) x L RY) x LA(Q; R )),
feX.

Theorem 4.2 (Existence and approximation of optimal solutions). Suppose that the control space X, is
such that F : H'(L*(Q;R9)) — H?*(L*(Q;RY)) with F(f)(t) = fotf(s)ds is compact from X, into
LYL2(;RY)).

Then there exists a global solution of (4.1) (and thus of (1.1)) and of (4.2) for everyn € N.

Moreover, let (up,, Uy, G,y fn)neN be a sequence of global solution of (4.2). Then there exists a weak accu-
mulation point (u, v, g, ]_C) and every weak accumulation point is a global solution of (4.1). The subsequence
of states which converges weakly towards (,9,q) in H'(H), converges also strongly in C(H'(Q; R%)) x
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LY(L?(Q;R9Y)) x C(L*(Q;R%*9)) and, when F is compact from X, into C(L*(Q;R%)), then the subse-
quence of v, converges also strongly in C(L*(Q; R%*d)). Moreover, the subsequence of controls converges
strongly to f in X..

Proof. The existence of a global solution to (4.1) follows from the standard direct method of the calculus
of variations using Theorem 3.17 and the assumed compactness of 7, the proof is for instance analog
to the proof of [18, Theorem 4.2]. The existence of a global solution to (4.2) follows easily using the
Lipschitz continuity of A, (which implies the Lipschitz continuity of the corresponding solution
operator).

The convergence result can also be obtained by standard arguments using again Theorem 3.17
and Proposition 3.18, the proof is again analog to [18, Theorem 4.5 & Corollary 4.6]. Note that the
strong convergence of the states in C(H'(Q;R%)) x L'(L?(Q; R%)) x C(L*(Q; R%?)), and also of v, in
C(LA(Q; [RfXd)) when 7 is compact from X, into C(L?(Q; R?)), follows directly from Theorem 3.17.

m}

A strong convergence result of the states (in H'(H)) is not provided in the theorem above. In
[18, Corollary 4.6] we were able to prove the strong convergence either when the associated maximal
monotone operator is a subdifferential, which is here not the case (Remark 3.16), or when it can be
deduced from the weak convergence and the convergence of the evaluations of ¥. Since we supposed
that ¥ is defined on L? (), this cannot be the case. However, as elaborated on at the beginning of this
section, it is possible for instance to consider a different ¥ defined on H'(H) such that this property
holds.

Let us shortly interrupt the discussion and give two examples for the control space X..

Example 4.3 (Control space). In order to satisfy the assumption on X, in Theorem 4.2, we can use the
lemma of Lions-Aubin (cf. [21, IIl. Proposition 1.3]) and for instance choose X, = H'(L?(€;R%)) N
L2(HY(Q;RY)) or X, = {f € H(L*(Q;RY)) : F f € L2(H'(Q;R%))} with corresponding norms.

Having dealt with the existence and approximation of optimal solutions we turn to the optimality
condition for a further smoothed problem.

4.2 OPTIMALITY CONDITIONS

In order to derive first order optimality conditions we smoothen at first the optimal control problem
further. Then we prove the differentiability of the smoothed solution operator and can after that finally
present our main result, the optimality conditions for the smoothed optimization problem.
We impose the following assumptions for the rest of this subsection.
Assumption 4.4 (Standing assumptions for Section 4.2). (i) Let Ry : R®? — R4 be mono-
tone, Lipschitz continuous and Fréchet differentiable.

(i) We fix 2 < p < p < p, where p is from Corollary 3.9 (respectively [14, Theorem 1.1]), such
that2 — ¢ > -4,
P
(iii) Let the initial data (u, 0o, go) be an element of Y,,, where p is given in (ii).

Thanks to Proposition 3.11, we can give the precise form of the resolvent and Yosida approximation
of A in the following

Corollary 4.5 (Precise form of the resolvent). Let A > 0 and denote the resolvent of A by R,. Then

Tr, (h)
R(h) = Lok (h) =1
Ry(ETV* (Tg, (h) — hy) + hs)

Walther Optimal control of plasticity with inertia



J. Nonsmooth Anal. Optim. 2 (2021), 7156 page 15 of 26

so that

hl - 7-1‘?,1 (h)
hy = 5T, () + 3
hs ~ Ry(ETV* (T, (h) = hu) + hs)

() =

forevery h = (hy, hy, hs) € H.

The Yosida approximation A, is in view of Proposition 3.10 Lipschitz continuous from Y, to Y,
where p is given in Assumption 4.4 (ii). Therefore the state equation in (4.2) admits a solution in Y,
(note that R maps into Y.,). However, since this regularity is not present in (1.1), we did not use it. In con-
trast, the same is true for the smoothed Yosida approximation, which is given below in Definition 4.7
(see Definition 4.11), but here this additional regularity will be used to prove the differentiability of the
smoothed solution operator in Proposition 4.12.

In order to smoothen the Yosida approximation, respectively the resolvent, of A, we smoothen the
resolvent of A and then define the smoothed resolvent for A analog to R;. We denote this smoothed
resolvent of A by R, : R¥*¢ — R%*? (which indicates that the resolvent of A can be expressed point-
wise), from the properties given in Assumption 4.4 (i) one can easily derive the following inequalities,
which will be useful when proving the differentiability of 7z, in Lemma 4.9 below.

Lemma 4.6 (Properties of R,). There exists a constant C such that |R;(c)7| < C|z| and 0 < Ri(o)7: T
holds for all o, 7 € R¥*?. Moreover, the same is true for R.(-)*.

Proof. Let 0,7 € R% be arbitrary. The Lipschitz continuity and Fréchet differentiability of R, gives

) oy = Bt Ry

forallt € R\ {0}, where r is the remainder term of R;. The limit ¢ — 0 yields the first assertion.
The second claim follows using the monotonicity,

Ri(oc+1tr) =R
0< (0 Tt) S(O-):T—>R;(O')TZT

as0#t— 0.

Now, by definition we have R/(c)z: n = 7: R.(0)*n for all 5,7,7 € R so that the second
assertion also holds for R;(-)*. Choosing in particular 7 = R;(0)*n we get

IR;(0)"nI* = [R{(0)R((0)"n: n| < CIR;(0)"n] Inl,

which yields the first assertion for R;(-)". O

Definition 4.7 (Smoothed resolvent). Let A; € (0, ). We define

Tr,(h)
RS : yp bl yp, h = (hlr hz: h’3) d iﬁs(h) - f{_i
Ry(ETV*(Tr,(h) — h1) + h3)

and Ay = Ais (I-Rs) (see Assumption 4.4 (ii) for p). According to Proposition 3.10 and Assumption 4.4
(i), Rs and A are well defined and Lipschitz continuous. As usual, with a slight abuse of notation, we
denote operators for different p with the same symbol.
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Let us now consider the smoothed optimization problem

: (04
min  J;(u,0,q.f) = ¥:(.0.9) + 7 IfI,.
st. Q7' (i,0,9) + As(u,0,q) = Rf,  (4,0,9)(0) = (uo, v0, Go)
(4,0,9) € H'(Hp (R x L2(Q;RY) x L(Q;RT)),
feX.

(4.3)

Analog to Theorem 4.2 one can analogously prove that there exists a global solution of (4.3).

As was done in [18, Theorem 4.5 & Corollary 4.6], when A and A, _ are globally “close together”,
one can prove a result analog to the convergence result in Theorem 4.2 with a sequence (us, v, q,, ?S) 50
of global solutions to (4.3) when supj, .4 [|Ax, (h) — A (h)]| 4 tends fast enough to zero relative to As.
The following lemma shows that this is the case when the same is true for /1—13 SUP cr2(qrdxd) Az, (7)—
AS(T)”LZ(Q;Rded) with A = )Tls(I — Ry), which holds in the case of the von-Mises flow rule inves-
tigated in Section 5 below for suitable sequences {As};,~0 and {s}s>¢, cf. (5.2). Note also that [18,
Lemma 3.15] was used in [18, Theorem 4.5 & Corollary 4.6], so that it was in particular required that
SUP ¢ 12 (qRdxd) |A, (1) = As (D) | 12(q;réxd) tends faster to zero than exp(i), thus the additional factor

%S does not play a big role.

Lemma 4.8 (Convergence of the smoothed resolvent). The inequality

1
Ay (h) = AW < Cy[1+ = sup  [|A) (7) = As(D]l 2o raxe)
A5 rel?(Q;RI*d)

holds for all h € L*(Q;R%9), where A, = i(l — Ry) and the constant does only depend on C and B,
C=C(C,B).

Proof. Let us abbreviate
M = sup 1Rx, (7) = Rs (D)l 120 ta) -
reL? (QRI*D)

Due to the definitions of As and A; we only have to prove that

(4.4) IRy, (B) — Rs(W)ll9¢ < Cy /1 + %M

holds for all h € H. To this end let h € H be arbitrary and abbreviate u := g, (h),us = Tg,(h) €
HlD (Q; R%), hence, u is the solution of (3.9) with respect to Ry, and ug with respect to Ry, testing both
equations with u — us and subtracting the second from the first, we get

2
U — U

As iz oma)
= — (E(Ry, (w) = Ra(we)). V(1 = ) o oy
= — ((Ry, (ws) = Rs(wy)), w — Ws)Lz(Q;Rgxd)
— ((Ra,(w) = Ry, (ws)), w = WS)LZ(Q;R(SiXd)
— (D'E(Ry, (ws) — Rs(ws)), V¥ (u — ”S))LZ(Q;R;M’)D

s _ 2
1V (= )12, g ay, +

IA

IA

) 1
~IDE R, (W) = R W DII, ey, * 517 (= 012 g s,
IETDE, ,

1
+ =1V (u — uy) ||?
) IV (- w)|

L2(QRP)p
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with w = ETV®(u — hy) + h3) and wg = ETV°(us — hy) + h3), where we used in particular the
monotonicity of Ry,. Thus we obtain

2
U — U

< CM?.
As -

L2(Q;RY)

(4:5) 19 (u = ) I, g vy, +

We get further

”R}LS (W) - Rs(ws)”LZ(Q;R;jxd)
< IRa (W) = Ra (W) ll 12 (quraxay + IR, (Ws) = Rs (ws) [l 12 raxdy

<CM+M
A

S

where we have used (4.5). We arrive at

C
1R, (h) = Rs(h)[|5, < CM? + FMZ

S

which implies (4.4). |

Let us now turn to optimality conditions. We first need to prove the Fréchet differentiability of the
smoothed solution operator of the constraint in (4.3). To this end, we need two norm gaps in Lemma 4.9
and Proposition 4.10, recall that the corresponding coeflicients are fixed in Assumption 4.4 (ii).
Lemma 4.9 (Fréchet differentiability of 7g,). The operator Tg_ is from Y, into Wllj’ﬁ(Q; R?) Fréchet dif-
ferentiable and, for h,g € Y,, n := T (h)g is of class Wé’p(Q; R?) and the unique solution of

. s 1 TS Tys _ 9 g1—1n
(4.6) —div(DV°n + ER(E V*(u — hy) + h3)(E ' V(1 —g1) +93))) = Tt
S S
forall g € Wi (Q;RY), where u = Tg, (h).

Moreover, there exists a constant C such that the extension Of?l'i’; (h) toan element of L(H; HID(Q; RY))

fulfills ||7;2’S(h)g||H11)(Q;Rd) < Cllglly forallh € Y, and g € H.

Proof. Let h,g € Y,. At first we prove that (4.6) has a unique solution n € W];’p (Q; R?) with respect
to h and g. For 0 € R%? we define b, : Q x R4 — R by

bs(x,7) == Dt + ERL(E"V*(u(x) — hy(x)) + h3(x))) (E' 7+ 0)

for almost all x € Q and all 7 € R%*9, The existence of 5 follows now from Corollary 3.9 (with
¢ = —ETV3g; + g3), when we have verified the requirements on b, therein. Moreover, Corollary 3.9
also shows that the solution operator of (4.6) is continuous with respect to g € Y, (clearly, it is also
linear).

Clearly, by(x,0) = 0 € L®(Q; R%?) and b, (-, 7) is measurable as a pointwise limit of measurable
functions (see [23, Corollary 3.1.5]), for all 7, 0 € R%“. Moreover, we have

(bo (x,7) = bg(x,7)): (1~ 7)
> yplr = 7> + R{(w(x))(E"(r = 7) + (6 = 9)): ET(r - 7)

> yolr — 7 - Clo =3 |z - 7,
withw = ETV®(u — h) + h3), and

by (x,7) — ba(x,7)| < c(|f —F+]o - 5|)
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forall 0,0,7,7 € fo‘i and almost all x € Q, where we have used Lemma 4.6 in both estimations.
Therefore (3.5)—(3.8) are fulfilled.
Considering now the equations for uy := 7g, (h +g) and u := T (h), we see that

— div(DV* (uy —u—1)) + “g}# = div(E(Ry (4 + v,) = Ry (1) = R, (1)v,))
+div(ER] (1) (ETV* (ug — u — 1)),
where
p = ETVS (4 — hy) + hs),
vy = BTV (uy — u = g1) + g3) € LP (R,

hence,

Ug—u—n

= div(DV*(ug —u — 1) — ER{(m) ((E"V*(ug —u = 1))) + Py

= div Er,(vy),

where r,(v,) is the remainder term of R at y1 in direction v,. Applying Corollary 3.9 once again with
bs(x,7) := Dt +ER,(u(x))E" T

(and p = p) we obtain

g~ = nllwrsomn _ IuOllisanga _ InuCo)luscopsna

91|y, - l9lly, vl omaxa

asg — 0inY,, where we also used the Lipschitz continuity of 7¢_ and the fact that R, : L7 (Q; R&xd)
LP (Q; R%9) is Fréchet differentiable (cf. [10, Theorem 7]).
That the extension of 7}’5 (h) to an element of L(H; H}) (Q; R9)) fulfills the asserted inequality, can

be proven as above (one can simply test (4.6) with 5 € HID(Q; R?) and use Lemma 4.6). O

Proposition 4.10 (Fréchet differentiability of Aj). The mapping Ry is from Y, to H Fréchet differentiable
and there exists a constant C such that the extension of R;(h) € L(Y,;H) to an element of L(H) fulfills
IRL(Wgll 3 < Cllgliy for all h € Y, and g € H.

Forh € Y, and g € H we have

Tr. (Mg
Re(h)g = T T (g~ 3
R{(ETV* (g, (h) = h1) + hs) (ETV (T (R)g = g1) + g3)

The same is true for As = %S(I - Rs) with A{(h)g = Ais(g - R;(h)g) forallh € Y, and g € H.

Proof. The assertion follows from Lemma 4.9, Lemma 4.6 for the estimate of (R;(h)g)s, the fact that
Ry : LP(Q; RP) — [2(Q; R¥*?) is Fréchet differentiable (cf. [10, Theorem 7]) and the chain rule. O

Now, we can use [18, Theorem 5.5] to derive the differentiability of the solution operator of the
constraint in (4.3) from the differentiability of A;. To this end, we first introduce the solution operator
in
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Definition 4.11 (Smoothed solution operator). We denote the solution operator of
(47) Q_I (u’ i)’ q) + ‘?{S(u’ o, q) = Rf’ (u’ o, Q) (0) = (u()’ 09, CIO)

by Ss : L2 (L*(Q;R?)) — H(Y,), that is, S;(f) = (0, q), which existence follows from Banachs
contraction principle since (A; is Lipschitz continuous according to Definition 4.7. Here we use the
improved regularity of (u, v9, qo), see Assumption 4.4 (iii).

Proposition 4.12 (Fréchet differentiability of the smoothed solution operator). The solution operator
S+ LA(LA(Q;RY)) — HY(Y,) is Lipschitz continuous, S5 : H'(L?*(Q;RY)) — H(H) is Fréchet
differentiable and, for f,g € H(L*(Q;R?)), n := S.(f)g € H'(H) is the unique solution of

(4.8) Q'n+A(w)n=Rg, n(0)=0,

where w = Ss(f). Moreover, there exists a constant C, such that ||S;(f)gllm () < Cligllz (2 (oray)
holds for all f,g € H'(L*(Q; R%)).

Proof. Our goal is to use [18, Theorem 5.5], to this end we first consider the transformed equation from
Section 3.3. We again set po := —Q* (1o, v9, go) and denote the solution operator of

(4.9) p=AsRF-Qp), p(0)=po

by S5 : L2(L*(2;R?)) — H'(Y,), that is, Ss(F) = p. Thus we have S(f) = R, f — QS;(F,f) for all
f e LA(L*(Q;R%)).

We can now apply [18, Lemma 5.3 & Theorem 5.5] (with X = L*(Q;RY), Y = Y, Z = H,
z = p and zy = py), note that the assumptions in [18, Assumption 5.1 (ii)] are satisfied thanks to
Proposition 4.10. Thus the solution operator S : L2(L2(Q;R%)) — H'(Y,) is Lipschitz continuous
and S, : HY(L?*(Q;RY)) — H'(H) is Fréchet differentiable, hence, the desired Lipschitz continuity
and Fréchet differentiability also hold for S;. Furthermore, the asserted inequality holds and we have
n = R¥,g9 — Q1n, where n = §/(f)g and j = SN'S’(Tpf)ﬂg. (18, Theorem 5.5] also shows that 7 is the

unique solution of
o) = ALRFp f — Qp) (RFpg — Q). 7(0) =0,

where p = S’S(Tpf) Taking into account that 7 = RF g — Q7'n and 9;F g = g, we see that 7 is the
solution of (4.8). O

Remark 4.13 (Control space). As seen in the proposition above, the smoothed solution operator de-
fined on H'(L?(Q;R%)) is Fréchet differentiable. The norm gaps, which arise from the exponents
in Assumption 4.4 (ii), are only needed for the differentiability of 7z, but not in the control space.
Unfortunately, we still require the compactness property imposed on X, in Theorem 4.2 to use the
convergence results in Section 3.3. However, we can avoid taking a subspace of H' (LP(Q;RY)), for a
certain p > 2, as the control space.

Let us now consider the following reduced optimization problem

(4.10) }réixrl F.(f),

where the reduced objective function F, : X, — R is defined by F,(f) = J.(Ss(f), f). Clearly, (4.10)
and (4.3) are equivalent.
We can finally present our main result.
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Theorem 4.14 (Optimality conditions for (4.10)). Let? € X, and abbreviate (u,v,q) = Ss(?) € H'\(Y,)
andw = Tg,(u,0,q) € Hl(WIIJ’p(Q; R%*d)). Then the variational equation

(41) E(Fg=2S(PSi(Pg+a(f.g), =0

holds for all g € X. if and only if there exists an unique adjoint state (¢,n*) = (@1, @2, @3, 1) € H(H X
H}(Q; R9)) such that the following optimality system is satisfied:

State equation:

ZA W-u 0
(4.12a) v|=7 (=0 (pao) =¥p |+ f]p
) Alerme-9/) \o
(4.12b) —div(DV*w + Ep) = 9/a, + (w-u)/3,
(4.120) P =R(EV(W-)+7)
(4.12d) (#,0,9)(0) = (uo, vo, q0)
Adjoint equation:
b1 1 N = ¢
(412¢) 2| = 0o — 0ilp | - QW@ 59
¢3) T \(C+B)(r - g3)
(4.12f) —div(DV*p* + Er*) = e2/a, + (" =1 /2,
(4-12g) r'=RUEV(W-u)+ )" (ETV(n" = @1) + 03)
(4.12h) (1, 02, 03)(T) =0
Gradient equation:
(4.12i) (02, 9) 12 (12 (orey) = @ (? 9)3E Vg € X..

In particular, lf? is locally optimal for (4.10), then there exists a unique adjoint state (¢, n*) € H'(H x
HL(Q;RY)) such that (4.12) is fulfilled.

Proof. At first we proof that the assertion holds when we exchange (4.12) with

QU u. g+ ALY =R,  (@5.G(0) = (4o, %0. qo).
(4.13) Qo+ A (WD, ¢ =-¥;(@0,, ¢(T)=0

(02:9) 12 (12 (0ret)) = @ (J_C’g)x Vg € Xe.
To this end, let ¢ be the solution of the second equation in (4.13) (which unique existence follows as
in [18, Lemma 5.11]) and 5 := S/(f)g € H'(H) for an arbitrary g € X, then
(fpz,g)LZ(LZ(Q;Rd)) = (o, Rg)LZ(‘H) = (‘P, Q_lﬁ)LZ((H) + (fl’: A (4,9, Q)U)LZ((H)
= (Q_l‘p: U)LZ((H) + (ﬂ;(ﬂ’ 9,9) ¢, U)LZ((H)

= - (w(S(F. U)Lz(m
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holds for all g € X., which implies the equivalence between (4.11) and the last equation in (4.13).
Moreover, it is well known that if ? is locally optimal for (4.3), then (4.11) must hold.

Let us now prove the equivalence between (4.13) and (4.12). We choose h, ¢ € H and denote by
n* € Hp(Q; R%*d) the solution of

& -1
PRI

(4.14) —div(DV*n" + ER{(ETV* (T, (h) — hi) + h3) (E"V* (" = &) + &))) =

for all ¢ € Hp(Q; R?) (the existence of 7* follows as in Lemma 4.9, note that the inequalities in
Lemma 4.6 hold also for the adjoint operator). Then
’7*
Ri(h)'¢ = - &
R{(ETVE (g, (R) = h1) + h3)" (ETV (5" = &) + &3)

holds, which can be seen as follows: Let g € H and abbreviate

n= T Mg mo= T g = RUETY (TR, () = hy) + hs) (ETV* (5= g0) + gs),
ny =1 - 1] ny = RUETV (g, (h) — hy) + )" (ETVE (" — &) + &).

Testing (4.6) with ¢ = & — n* gives
(DV*n, V2 (& - U*))LZ(Q;Rgxd) + (’70 ~ 92, UZ)LZ(Q;Rd)

= ([Enq, VS(U* — gl))LZ(Q;deXd)
= (ETVS(U —g1) + g3, ’7;)

L2(QRdx) g §3)142(9;9%2“‘71) ’

and testing (4.14) with ¢ = 1 — ¢y yields

(DV*0", V(0 = 9) 12 (ameea) + (82 = Mo Mo) 2ty = ([E”:r V(g - ”))Lz(Q;Rgfxd) ’

thus, adding both equations together, we arrive at

(DV°n, V&) i aurey + (1o, £2) 12 (Raxd) + (ng» §3)L2(Q;Rgxd)

— S_ %k S * %
= (D", V°90) i omay + (M0 gz)LZ(Q;fo‘i) + (’7q’ 93)L2(Q;Rgxd)’

which is equivalent to
(Ri()g. &) 4y = (9. RU(P)"E) .
Now one only has to use the definitions of As and R to obtain the equivalence between (4.12) and
(4.13). O
5 EXAMPLES

Let us conclude with examples about a concrete objective function, the gradient equationin Theorem 4.14
regarding a concrete control space and finally a realization of the maximal monotone operator A
(which will be the von-Mises flow rule).
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Objective function Let us consider a tracking type objective function, that is,

1 2
\Ij(ua U: Z) - E || (ua U: Z) - (ud7 Uda Zd) ||LZ((}-{)
with a desired state (ug, v4, z4) € L?>(H). Then

1 _
o(u0.) = 5 (0. (C+B)(CV'u =) = (ua 042 2

and

A

il
¥ (u,0,q) = v -0y
(C+B) ™ (CV*u-q)) - zq,

where 4 is such that — div(DV*(@ — u + ug) — ((C + B)}(CV®u — q) — z4)) = 0, hence, in this ex-
ample the adjoint equation in (4.12) has to be completed by this equation. Note that when one uses
a finite element approach to solve (4.12) numerically, then one can eliminate this additional equation
after multiplying (4.12€) with a test function, that is, taking the H -scalar product. When the HH-scalar
product of Q¥ (u, v, q) and a test function (7, 12, 113) is evaluated, the term (DV*4, Ul)Lz(Q;Rgxd) arises,
then one can use the additional equation to eliminate @ (respectively the equation).

Control space Let us consider the space
Xo = {f € H'(L*(RY) nL*(H' (1 RY)) : £(0) = £(T) =0}

with the scalar product

(f’ g)fc = (fa 9) + (Vf, Vg)LZLZ(Q;Rdxd) s

L2(L2(Q:RY))

see Example 4.3. The Gradient equation in (4.12) then becomes

¢ (f ’g)LZ (L2 (QR4)) +a (Vf, V9 2z raxa)y = (902:9) 1212 (or4))

for all g € X., which is the weak formulation of
: P2
Af =——.
feap=-2

Maximal monotone operator A We consider the case of linear kinematic hardening with the von
Mises yield condition, cf. [13] for a detailed description of this model. In this case, A is the convex
subdifferential of the indicator functional I (q) of the following set of admissible stresses

K(Q) = {r e L2(Q;RPY) : |:P(x)| <y faa xeQ),

D

where 7 R4xd

=T - é tr(7)I is the deviator of 7 € and y denotes the initial uni-axial yield stress,
a given material parameter. The domain of A = dlx(q) is trivially K'(€2), which is nonempty, closed
and convex. For the Yosida approximation of dly(q), one obtains by a straightforward calculation

5) AN(D) = 3 (r=m(0) = Fmax 0.1- b
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with the resolvent Ry = mx(q), where 7y (q) denotes the projection on K(Q) in L2(Q; Rd) e,
mgc(0) = argmin, cgc(q) lI7 — GHU(Q R We get in particular

Ry(1) = m () (1) = 7 — max {O 1- T}/D|} P

so that (2.2) is fulfilled.

To smoothen this function let s > 0 and

max{0,r}, |r|>s,
max; : R - R re
sr+9?% rl<s

we then set

Ry : R4 s gdxd s p o maxs(l - |;)I/)|)TD
T
One easily checks that max; € C}(R) and we obtain
100,5(7) = O3 (9l 2 e
1 4 )4 2 pp2\"?
A R
(5.2) 2 ( /Q ’maXS ( Ir(x)0]) T EeLLA
1Qlys
T 4A(1-5)

for all 7 € L?(Q; R%?). Moreover, it is also easy to verify that R, : R®>? — R is Fréchet differen-
tiable with

R/ (7)h = h — max; (1 4

oy (¢ W mas (1= )

7P|

and the following lemma shows that R; is monotone and Lipschitz continuous, thus Assumption 4.4
(i) is satisfied. Note also that R{(7) is self adjoint for every 7 € [RfXd, hence, R (h) is also self adjoint
for all h € H (cf. the proof of Theorem 4.14).

Lemma 5.1. For every s € (0, 1), the mapping Rs is monotone and Lipschitz continuous with constant 1.

Proof. 1t is well known that, since max; is continuously differentiable and convex,

(53) max;, (x) — maxs(y) = max(y)’(x - y)

holds for all x, y € R.
Letr,0 € RfXd, w.lo.g. we can assume that || > |7P| > 0 and

max (1 - F);”) > maxg (1 — T);”),

then, using (5.3) withx =1 - # and y=1- #, we get

|maxs( | Dl)TD maxs( |0_};)|)JD|
< (max; (I—F}/D|) — max; (I_T}/D|)) ITD|+maxs( | D|)|TD oP|
< yma (1= L5 i1 = el (1 L)l = 0?),
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taking into account that

1 1 P| - 6P| Y
P2 L < L PP
R R L T R FI L
we obtain
|maxs(1— |TL13|)TD — max; (1— #)JDl
’ Y Y Y
S(maxs(1—ﬁ)m+maxs(l—m))|lﬂ—oﬁ|

< maxs(1)|r — 0| = |7 — 7|,

where we used (5.3) again withx = land y = 1 - #, and the fact that |tP — 6P| < |7 — o]. This
proves the Lipschitz continuity of R;. We also get

(Rs(1) = Rs(0)): (- 0)
:|T—O'|2—(maxs(l—L)rD—maxs(l r )O’D):(T—O')

2P| " |oP|
>lr-o-|t—0*=0

which shows the monotonicity of R;. O
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