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INEXACT AND STOCHASTIC GENERALIZED CONDITIONAL
GRADIENT WITH AUGMENTED LAGRANGIAN AND PROXIMAL
STEP

Antonio Silveti-Falls* Cesare Molinari” Jalal Fadili*

Abstract In this paper we propose and analyze inexact and stochastic versions of the CGALP
algorithm developed in [34], which we denote ICGALP, that allow for errors in the computation
of several important quantities. In particular this allows one to compute some gradients, proximal
terms, and/or linear minimization oracles in an inexact fashion that facilitates the practical appli-
cation of the algorithm to computationally intensive settings, e.g., in high (or possibly infinite)
dimensional Hilbert spaces commonly found in machine learning problems. The algorithm is
able to solve composite minimization problems involving the sum of three convex proper lower-
semicontinuous functions subject to an affine constraint of the form Ax = b for some bounded
linear operator A. Only one of the functions in the objective is assumed to be differentiable, the
other two are assumed to have an accessible proximal operator and a linear minimization oracle.
As main results, we show convergence of the Lagrangian values (so-called convergence in the
Bregman sense) and asymptotic feasibility of the affine constraint as well as strong convergence of
the sequence of dual variables to a solution of the dual problem, in an almost sure sense. Almost
sure convergence rates are given for the Lagrangian values and the feasibility gap for the ergodic
primal variables. Rates in expectation are given for the Lagrangian values and the feasibility gap
subsequentially in the pointwise sense. Numerical experiments verifying the predicted rates of
convergence are shown as well.

1 INTRODUCTION

1.1 PROBLEM STATEMENT

We consider the following composite minimization problem,

(&) min {f (x) +¢(Tx) + h(x) : Ax = b},

and its associated dual problem,

(@) min (f +goT+h)" (~A"u) + (1b),
peHq

where we have denoted by * both the Legendre-Fenchel conjugate and the adjoint operator, to be

understood from context. We consider H,,, Hy, and H, to be arbitrary real Hilbert spaces, possibly

infinite-dimensional, whose indices correspond to a primal, dual, and auxiliary space, respectively;
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A:H, —» Hgand T : H, — H, to be bounded linear operators with b € ran(A); functions f, g, and h
to all be convex, closed, and proper real-valued functions. Additionally, we will assume that the function
f satisfies a certain differentiability condition generalizing Lipschitz-smoothness, Holder-smoothness,
etc (see Definition 2.7), that the function g has a proximal mapping which is accessible, and that the
function h admits an accessible linearly-perturbed minimization oracle with C < dom (h) a weakly
compact subset of H,.

In fact, the problem under consideration here is exactly the same as that of [34], however, in this
work, we consider an inexact extension of the algorithm presented and analyzed in [34] to solve ().
The extension amounts to allowing either deterministic or stochastic errors in the computation of
several quantities, including the gradient or proximal terms, e.g. V f, prox , and the linear minimization
oracle itself.

1.2 CONTRIBUTION AND PRIOR WORK

The primary contribution of this work is to analyze inexact and stochastic variants of the CGALP
algorithm presented in [34] to address (). We coin this algorithm Inexact Conditional Gradient with
Augmented Lagrangian and Proximal-step (ICGALP ). Although there has been a great deal of work on
developing and analyzing Frank-Wolfe or conditional gradient style algorithms, first studied in the 1950’s
in [17] and later in [24], in both the stochastic and deterministic case, e.g. [20, 21, 32, 18, 16, 35, 27, 19],
or [26], little to no work has been done to analyze the generalized version of these algorithms for
nonsmooth problems or problems involving an affine constraint, as we consider here. To the best of our
knowledge, the only such work is [25], where the authors consider a stochastic conditional gradient
algorithm applied to a composite problem of the form

JJuin E[f (xm)] + g (Ax)

where the expectation is over the random variable n and with g possibly nonsmooth. The nonsmooth
term is possibly an affine constraint but, in such cases, it is addressed through smoothing rather than
through an augmented Lagrangian with a dual variable, in contrast to our work. They consider only
finite-dimensional problems and their problem formulation doesn’t allow for inexactness with respect
tog.

We show asymptotic feasibility of the primal iterates for the affine constraint, convergence of the
Lagrangian values at each iteration to an optimum value, strong convergence of the sequence of dual
iterates, and provide worst-case rates of convergence for the feasibility gap and the Lagrangian values;
all these results are in an almost sure sense. The rates of convergence for both the Lagrangian and the
feasibility gap are given globally, i.e., for the entire sequence of iterates, in the ergodic sense where the
Cesaro means are taken with respect to the primal step size, in an almost sure sense. We also show
rates in expectation which hold pointwise but subsequentially. In the case where (9°) admits a unique
solution, we furthermore have that the sequence of primal iterates converges weakly to the solution
almost surely. These results are established for a family of parameters satisfying abstract open loop
conditions, i.e. sequences of parameters which do not depend on the iterates themselves. We exemplify
the framework on problem instances involving a smooth risk minimization where the gradient is
computed inexactly either with stochastic noise or a deterministic error. In the stochastic case, we
show that our conditions outlined in Section 3 for convergence are satisfied via increasing batch size or
variance reduction. In the deterministic setting for minimizing an empirical risk, a sweeping approach
is described.

1.3 MOTIVATION

Conditional gradient methods have seen increased interest in the last decade, due to their applicability to
solving a large variety of problems, in particular in large-scale signal/image processing and statistical
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learning. A chief advantage of conditional gradient is its ability to take advantage of the atomic
structure of the set (or level sets of the function) that come into play, and they can do so for problems
posed even in an infinite-dimensional setting. Besides this, conditional gradient methods offer an
alternative to projecting onto a closed convex set in constrained optimization by instead utilizing a
linear minimization oracle (Imo). The difference in complexity for these two operations depends on
the set in question; a survey comparing the two for sets commonly found in practice can be found
in [11]. Note that for some constraint sets, projection may not be even possible in closed form while
solving a linear minimization oracle is. One of the main motivations behind this work is to be able to
handle composite problems where not only one atomic constraint set is involved, but finitely many of
them. There are many problems in data processing and/or machine learning where such situation is
encountered, typically when one uses several regularizers or constraints in a variational formulation
(e.g., recover a sparse low rank matrix). We are also motivated by composite problems where it is
favourable to hybridize conditional gradient involving an lmo step on some (or several) atomic set,
and a proximal/projection step on another set; see [10] where the constraint is the intersection of
the semidefinite positive cone and the set of Toeplitz matrices to solve a semidefinite relaxation of
the Beurling lasso [15]. Our interest in the infinite-dimensional setting is motivated by the ability of
conditional gradient type algorithms to handle infinite-dimensional problems, most notably sparse
inverse problems [7], the Beurling lasso [15] to recover sparse Radon measures, training neural networks
with one hidden layer [4, 14], and optimal transport problems [8]. In the latter instances, the problems
are posed over infinite dimensional nonreflexive Banach spaces, a nontrivial endeavor. In this sense,
our work can be seen as an important intermediary step towards this goal, with proofs that provide
insight to how the infinite-dimensional case might be handled.

1.4 ORGANIZATION

The remainder of the paper is divided into four sections. In Section 2 the necessary notation and prior
results are recalled, consisting primarily of convex analysis, real analysis, and elementary probability. In
Section 3 the assumptions on the problem structure and the parameters are noted, the ICGALP algorithm
itself is presented. In Section 4, the main results, e.g. feasibility, Lagrangian convergence, and rates, are
established. The analysis and results are far-reaching extensions of those in [34] to the inexact and
stochastic setting, and require quite delicate new arguments. In Section 5 and Section 6, we consider
different problem instances where inexact deterministic or stochastic computations are involved.
Numerical results are reported in Section 7 to support our theoretical findings. Finally, in Section 8, we
summarize the work and provide some closing remarks.

2 NOTATION AND PRELIMINARIES

Many of the following notations for probabilistic concepts are adopted from [13]. A sequence (xx)en €
HN will be called strongly convergent to x € H, denoted x; — «x, iff ||xx — x|| — 0; it will be
called weakly convergent to x € H, denoted x; — x, iff, for any u € H, {(xr,u) — (x,u). We
denote by (Q, 7, [P) a probability space with set of events Q, o-algebra ¥, and probability measure
P. When discussing random variables we will assume that any Hilbert space H is endowed with
the Borel o-algebra, 8 (H). We denote a filtration by § = (Fi)rens i-€. @ sequence of sub-c-algebras
which satisfies #, C F,q for all k € N. Given a set of random variables {aq, ..., a,}, we denote
by o (ao, ..., a,) the o-algebra generated by ay, . .., a,. An expression (P) is said to hold (P-a.s.) if
P ({w € Q: (P) holds}) = 1. Throughout the paper, both equalities and inequalities involving random
quantities should be understood as holding [P-almost surely, whether or not it is explicitly written.

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient...



J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 4 of 41

Definition 2.1. Given a filtration &, we denote by £, (&) the set of sequences of [0, +oo[-valued random
variables (ag)ien such that, for each k € N, ai is F; measurable. Then, we also define the following
set,

0@ = {<ak>keN €L (F): ) ax <+oo (P-as) }

keN

Lemma 2.2. Given a filtration & and the sequences of random variables (ri) ey € €4 (&), (ak)ken € O (F),
and (z) ey € €1 (&) satisfying,

E [res: | Fal —re < —ax +z (P-a.s.)
then (ax)ren € €1 (§) and () ey converges (P-a.s.) to a random variable with value in [0, +0co].
Proof. See [33, Theorem 1]. O

Lemma 2.3. Given a filtration § and a sequence of random variables (wi)cn € €+ (&) and a sequence of
real numbers (yi)rcn € &+ such that (yewi)een € €4 (8) and (yi) ey € £, then:

(i) There exists a subsequence (ij)jeN such that liminfy w, = 0 (P-a.s.),

(ii) Furthermore, if there exists a constant « > 0 such that wi — E [wiy1 | Fi] < ayx (P-as.) for
everyk € N, then

lilzn wr =0 (P-as.) .

Proof. The second result is directly from [5, Lemma 2.2] and the first follows from [1] trivially extended
to the stochastic setting. O

Lemma 2.4. Consider the real sequences (ri)ien € €, (Pk)ken € bos (Wi)ken € €r, and (zi)gen € €1
Suppose further that (pr),cn ¢ €' and that, for some a > 0, the following inequalities are satisfied for
every k € N:

(2.1)

Tk+1 < Tk — PeWk + 2k
Wk — Wie1 < QP

Then,
(i) (rk)ken is convergent and (prwi) ey € Li-
(ii) limg wy = 0.
(iii) For everyk € N, infi<; < w; < (ro + E) /Py, where, again, P, = 3\}_, pr and E = 31 2.

(iv) There exists a subsequence (wkj) N such that, for all j € N, wy, < Pl:l
je J

Proof. See [1] for the proof. O
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We denote by I, (H) the set of proper, convex, and lower semi-continuous functions f : H —

R U {+c0}. We also consider the domain of a function f to be dom (f) e {x e H: f(x) <+oo} and

the Legendre-Fenchel conjugate of f to be the function f* : H — R U {+oo} such that, Vy € H,
f1 ) E sup () = f ()}
x€7

Throughout, differentiability will be intended in Fréchet sense, and we denote V f the (Fréchet) gradient
of a differentiable function f. The proximal mapping (or proximal operator) associated to the function
f with parameter f is given by

def . 1 2
proxg. (x) = ar mln{ )+ = llx =yl } )
g ygE?{ f Zﬂ

The following elementary result from convex analysis regarding proximal mappings will be used in
the proof of optimality.
Proposition 2.5. Let f € To (H) and denote x* = prox; (x). Then, forall y € H,

2(f (") = £ ) + [ =3 = e =y + [ =" < 0.
Proof. The result is classical and the proof is readily available, e.g. in [30, Chapter 6.2.1]. O

The subdifferential of a function f is the set-valued operator of : H — 2™ such that, for every
x€H,

def

(2.2) of )={ueH:f(y»)>f(x)+wy-x) VyeH}

We denote dom (9f) « {x € H : f (x) # 0} as the domain of the subdifferential. For x € dom (9f), the

minimal norm selection of df (x) is denoted by [9f (x)]° S argmin,,c ey lyll. The Moreau envelope

of the function f with parameter f is given by,

0= inf {f () + % I - y||2} :

The following proposition recalls some key properties of the Moreau envelope which we will utilize in
the analysis of the algorithm.

Proposition 2.6 (Moreau envelope properties). Given a function f € Iy (H), the following holds:
(i) The Moreau envelope, fﬁ, is convex, real-valued, and continuous.

(ii) Lax-Hopf formula: the Moreau envelope is the viscosity solution to the following Hamilton Jacobi
equation:

(23) { a7 =3[V DI (o p) e Hx (0+e)

£ =f () xeH.
(iii) The gradient of the Moreau envelope, V fF is %—Lipschitz continuous and is given by the expression

X — proXgg (x)

(iv) Vx € dom(of), HVfﬁ (x)” e ||[8f (x)]OH as N\ 0.

Vi (x) =
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) Vx € H, fB(x) / f(x) as B\, 0. In addition, given two positive real numbers ' < B, for all
x € H we have

p-F

0< 7 () - fF (x) < o V7 (x)||2;

05 £ ()~ (o) < D lar orl.

Proof. (i): see [6, Proposition 12.15]. The proof for (ii) can be found in [3, Lemma 3.27 and Remark 3.32]
(see also [22] or [2, Section 3.1]). The proof for claim (iii) can be found in [6, Proposition 12.29] and the
proof for claim (iv) can be found in [6, Corollary 23.46]. For the first part in (v), see [6, Proposition 12.32(i)].
To show the first inequality in (v), combine (ii) and convexity of the function f > ¢# (x) for every
x € H. The second inequality follows from the first one and (iv), taking the limit as f* — 0. O

Given a closed, convex set C, we write d¢ © SUp, yec |[x — y|| to denote the diameter of C. We
denote the Bregman divergence of a differentiable function F by

Dr (x,y) € F(x) = F(y) = (VF (y),x - y) .

Definition 2.7 ((F, {)-smoothness). Let F : H — R U {+co} and ¢ :]0,1] — R,. The pair (f, C), where
f:H —> RU{+o0} and C C dom (f), is said to be (F, {)-smooth if there exists an open set Cy such
that C c Cy C int (dom (F)) and

(i) F and f are differentiable on Cj;
(if) F — f is convex on Cy;
(iii) it holds
e DF (Z, X)
(2.4) Ky, R ———— < +o0o.
(&0 Zoa LW

x,s€C;y€]0,1]
z=x+y(s—x)

Remark 2.8. An important consequence of Definition 2.7(i) and Definition 2.7(ii) in (F, {)-smoothness
is the following. Let (f, C) be (F,{) smooth. Then, for any x, y € C, we have

F) < fx)+(Vf(x),y—x)+Dr(y.x).
Moreover, by Definition 2.7(iii), if y = x + y (s — x) for some s € C and y €]0, 1], we have,

(25) Dr (y,x) < Kre0)¢ (v) -

Definition 2.9 (w-smoothness). Consider a function w : Ry — R, such that w (0) = 0 and & (s) e

/01 w (st) dt is nondecreasing. A differentiable function g : H — R is said to be w-smooth if, for every
x,y€H,

Vg (x) = Vg (DI < o (llx = yll)

Remark 2.10. A classical consequence of w-smoothness is the following. If g : H — R is w-smooth, for
every x, y € H we have

fF<fFE+HVfE),y—xy+&(ly—xl) lly ==l
Remark 2.11. Note that being «w-smooth is a stronger condition than being (F, {)-smooth since every
w-smooth function f is also (F,{)-smooth with F = f, { (t) = d¢t&(dct) and K(r¢,c) < 1. Addi-
tionally, the assumptions on ¢ being nondecreasing can be replaced by the sufficient condition that
lim; o+  (t) = w (0) = 0.
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3 ALGORITHM AND ASSUMPTIONS

For each k € N, we denote by Ay and /115C random variables from (Q, F, P) to 7—(p and R, respectively.
In this context, A will represent the error in the gradient or proximal terms and A; will represent the
error in the linear minimization oracle itself.

Algorithm 1: Inexact Conditional Gradient with Augmented Lagrangian and Proximal-step
(ICGALP)

Input: x, € C = dom (h); g € ran(A); (i) reny (B rens (Ok)kens (PR ken € L-
k=0

repeat

Yk = proxg, , (Txy)

Zk = Vf(xk) + T (Txk - yk) /,Bk +A*[lk + pkA* (Axk - b) + Ak
Sk € Argminseﬂp {h(s) + {zx,s)}
Sk € {s € 7”{‘,, sh(s) +(zr,s) < h(sk)+ (zk> Sk) +/12}

Xt = Xk — Ve (X% —Sk)

et = fik + Ok (Axgqq — b)
k—k+1

until convergence;
Output: xjq.

To improve readability, we list some notation for the functionals we will employ throughout the
analysis of the algorithm,

(3.1) @ (x) = f(x)+9(Tx) +h(x);
L 1) = f(x)+g(Tx)+h(x) + (i, Ax — b) ;
Ly (6, 1) S f (x) + g% (Tx) + h (x) + (, Ax = b) + ’;—k [l Ax — b||?;

Ex () £ (x) + g% (Tx) + (. Ax = b) + B flax — b
O (x) £ £ (x) + g (Tx) +h (x).

We can recognize L (x, i) as the classical Lagrangian, L (x, i) as the augmented Lagrangian with
smoothed g, & (x, u) as the smooth part of Ly (x, it), and @ (x) as the primal objective with smoothed
g. With this notation in mind, we can see zj as V&g (xk, k) and Ax as the error in the computation of
Vi Ex (xks pik)-

We define the following filtration

def def —_ —~
(3.2) S = (Sk)reny Where Sk = o (X0, L0, S0s - - -5 Sk)
and o (xg, o, So, - - -, Sk) is the o-algebra generated by the random variables xo, po, So, - - ., S defined in

Algorithm 1. Furthermore, due to the error terms being contained in the direction finding step, we have
that xy.; and g4 are completely determined by §%. Another noteworthy consequence of the error
terms being contained in the direction finding step is that the primal iterates (xx )y remain in C, as
in the classical Frank-Wolfe algorithm, while the dual iterates (j ),y remain in ran (A).

Finally, we define the notation for the set of solutions for (9) and (9) to be
(3:3)

Sp & Argmin {f (x) + g (x) + h(x) : Ax =b} and Sy e Argmin {(f +g+h)" (A" + (1 b)}

x€7‘(p ,uE'f(d
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and the notation for the set of weak cluster points of a sequence (x )¢y in H,, to be

def

(5.9 B () 2 fx e Hy3(x) x5

JjeN
3.1 ASSUMPTIONS
3.1.1 ASSUMPTIONS ON THE FUNCTIONS

We impose the following assumptions on the problem we consider; for some results, only a subset of
them will be necessary:

(A1) The functions f, g o T, and h belong to Ty (H,).

(A.2) The pair (f,C) is (F, {)-smooth (see Definition 2.7), where we recall C “ dom (h).
(A.3) The set C is weakly compact (and thus contained in a ball of radius R > 0).

(A.4) Ttholds TC c dom(dg) and sup ||[ag (Tx)]OH =M < oo.
xeC

(A.5) The function h is Lipschitz continuous relative to its domain C with constant L, > 0, i.e.,
V(x,2) € C?, |h(x) — h(z)| < Ly |Ix — 2]

(A.6) There exists a saddle-point (x*, y*) € H,, x H, for the Lagrangian L.
(A.7) The set ran(A) is closed.

(A.8) One of the following holds:
(a) A”1(b) Nint (dom (g o T)) Nint (C) # 0, where A™! (b) is the pre-image of b under A.
(b) H, and H; are finite-dimensional and

A1 (b)) Nri(dom (goT))Nri(C) # 0
(3.5) and
ran (A*) Npar (dom (go T) N C)* = {0} .

(A.9) The space H, is separable.

(A.10) The set-valued mappings (8 (CDZ o (—A*)))k N satisfy the following property: for any sequence
(S
((Pks gi)) ke satisfying, for each k € N,

Pk €9 (P 0 (=A7)) (qx),
with py — p and g — g, the sequence (gi); ¢y admits a strong cluster point.

The following lemmas outline sufficient conditions ensure that assumption (A.4) holds for g and
show why it’s unnecessary to make a similar assumption for f in light of (A.1) and (A.2).

Lemmag3.1. Let T : H, — H, be a bounded linear operator. Assume that one of the following holds:
(i) g € Iy (H,), TC C int (dom (g)) and C is a nonempty compact subset of H,,.

(ii) g : ‘H, — R is continuous, convex and bounded on bounded sets of H,, and C is a nonempty

bounded subset of H,.
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(iii) H, and H,, are finite dimensional, and either g € Ty (H,), TC C int (dom (g)) and C is closed and
bounded, or g : H, — R is continuous and convex and C is a nonempty bounded subset of H,,.

Then (A.4) holds.
Proof. (i) Since g € Iy (H,), it follows from [6, Proposition 16.21] that
TC c int (dom (g)) € dom(dg).

Moreover, by [6, Corollary 8.30(ii) and Proposition 16.14], we have that dg is locally bounded
on int (dom (g)). In particular, as we assume that C is bounded, so is TC, and since TC C
int (dom (g)), it means that for each z € TC there exists an open neighborhood of z, denoted
by U,, such that dg (U;) is bounded. Since (U;,), ¢ is an open cover of TC and TC is compact,
there exists a finite subcover (Uzk)Zzl' Then,

n

U g (Tx) C U a9 (Uy,) -

xeC k=1

Since the right-hand-side is bounded (as it is a finite union of bounded sets),

sup  lull <+,
x€C, uedg(Tx)

whence the desired conclusion trivially follows.

(ii) From the equivalence [6, Proposition 16.17(i) < (iii)], it follows that dom(dg) = H, and thus
TC c dom(dg) trivially holds. Moreover, dg is bounded on every bounded set of H,, and in
particular on C.

(iii) In finite dimension, the claim follows trivially from (i) for the first case by a simple compactness
argument, and from (ii) in the second case since a continuous and convex is bounded on bounded

sets in finite dimension; see [6, Proposition 16.17].
m}

Lemma 3.2. The assumptions (A.1) and (A.z) are sufficient to ensure that

sup [[Vf (0)|l < D

xeC

for some D < +0c0.

Proof. Fix s € C and let x € C. We have

PV +f(s) = (Vf(x),s) = f(s) = f(x) =(Vf(x),s—x) =Dyr(s,x) < Dr(s,x)
<Kre0)¢ ),

where we used the Fenchel identity ([6, Proposition 17.27]) in the first equality, Remark 2.8 in the first
inequality and Definition 2.7 in the second one. By [6, Corollary 9.20], f is bounded from below on C
which entails

fT(Vf(x) =(Vf (x),s) <Dr(s,x) < Kirgo)§ (D) +e,

for some real constant ¢. Now, since

s € C ¢ domVf C int (domf)
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by Definition 2.7 and [6, Proposition 17.41], we infer from [6, Theorem 14.17 and Proposition 14.16] (recall
that s is fixed), that there exists a; > 0 and a, € R such that, for all x € C,

a [VF ()l + a2 < Krg0)¢ (1) +c.

Taking the supremum over x € C entails the desired claim with D = a;* (K| roe)d (1) +c— az). O

Remark 3.3. If the dimension of Hj; is finite, then (A.10) is satisfied because weakly compact sets are
compact in such spaces. Alternatively, another sufficient condition is to impose that the sublevel sets

of the functions (d)z o (—A*))k are compact, for instance if the functions are uniformly convex,
eN

uniformly in k.

3.1.2 ASSUMPTIONS ON THE PARAMETERS AND ERROR TERMS

We impose the following assumptions on the parameters and error terms and, as with the assumptions
above, for some results only a subset will be necessary:

(P.1) (Yi)ken €]0,1] and the sequences (¢ (¥k))kens (yz/ﬂk) and (ykfr) ey belong to £1.

keN
(P2) (yi)pen €€
(P.3) (Br)ken € ¥+ is nonincreasing and converges to 0.

(P.4) (pr)gen € ¢+ is nondecreasing with 0 < p < pi < p < 400,

(P.5) For some positive constants M and M, M < (yi/yks1) < M.

(P.6) (Ok)ren satisfies O = ’%‘ for some ¢ > 0 such that @ - % < 0.

2
(P.7) The sequences (pg)ren and (Vi) ey satisty (1 — yis1) pr+1 — Pk + %Yk - )%‘ < 0 with c as in (P.6).

(®8) (1w [l | Seliens € € (@) and (newE [, | k) € £(®).

(P) (et [l Diens € € and (view [25,]) e ek

Remark 3.4. To satisfy (P.7), it suffices to take (pi ).y to be a constant sequence, i.e. px = p, with p
sufficiently large to satisfy 24 < p, a similar requirement as in (P.6). The condition (P.7) would then
be satisfied as follows,

2
2 Y k
(1_)’k+1)P—P+EYk_?k:_Yk+lp+y?(2_)’k)

2Yx
< —Yknp + %
T
S Yk |2——p
c
< 0.

Remark 3.5. We will also denote the gradient of &; with errors as

Vil (%, 1) & V& (x, 1) + A
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It is possible to further decompose the error term A, for instance, into )L{ - T*Ai /Px where /1{{r is the
error in computing Vf (x;) and AZ is the error in evaluating proxg (Txy). In this case, the condition
(YientE Akl | SkDgeny € €4 (S) in (P.8) is sufficiently satisfied by demanding that

(rea [[AL]]1 &k])keN e (@) and (J2E [P ) 1K) e d @)

4 MAIN RESULTS

4.1 PREPARATORY RESULTS
Lemma 4.1. Suppose (A.1), (A.z) and (P.1) hold. For each k € N, define the quantity

ar I TII?
(4.1) Ly = —— + || All*px.
B

Then, for each k € N, we have the following inequality,
Sk (xpesrs i) < S (xie, pie) + (Ve (X i) s Xiewr = Xk) + DF (X1, Xic)
Ly
+ — || Xk1 — xk||2-
2
Proof. See [34, Lemma 4.5] O

Lemma 4.2. Suppose (A.1) and (A.2) hold. Then, for each k € N and for every x € H,,,

k
E (x ) = Er () + (Vai (i) x = ) + EX|AGe = w01
Proof. See [34, Lemma 4.6]. O
Lemma 4.3. Assume that (A.3) and (P.4) hold. Let (xy)cn be the sequence of primal iterates generated by
Algorithm1 and S = (Sk) ey as given by (3.2). Then, for each k € N, we have the following estimate,

Pk+1

k —
B 1A = Bl = P [ A = b1 | Sica] < Pdc 1A (IAIR+ 1) v (P-as) -

Proof. For each k € N, by convexity of the function % |A - —b||* and the assumption (P.4) that
(pk) e is nondecreasing, we have,
Pk+1
2
k
< (7 (22 1A bl () 3 = 3 ) )

= pis1 (Axg — b, A (X — Xk41)) -

Pk Pk Pk
7 Az = bIIP = =2 A~ BIP < = [l Axi = b = =7 A = I

Recall that, for each k € N, xz41 = xx — yx (xx — k) and take the expectation to find,

Pk+1
2

P i = b1 — B |25 [ Axis = BI | Skt < PIE [(Axe = b A (5 = 500) | S
< predc 1Al (1AI R+ 1))

where we have used the Cauchy-Schwarz inequality and the boundedness of C, assumed in (A.3), in
the last inequality. O

Remark 4.4. The above result still holds if we replace both p; and px.; by the constant 2 and shift the
index by 1, i.e,, for each k € N,

|AXg41 = bII* = E [[|Axksz = BII° | Sk] < 2dc 1Al (AR + 1I1l) yisr (P-as.)
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Lemma 4.5. Suppose that (A.1)-(A.6) hold. Let (xi)rcn be the sequence of primal iterates generated by
Algorithm 1 and pi* a solution, which exists by (A.6), of the dual problem, and recall the constant D from
Lemma 3.2. Then, using the filtration S given in (3.2), for each k € N, we have the following estimate,

L (310 1) = B [ £ (k1 1) | Ska] < viede (MIITI + D + Ly + [ 1411 (P-a5) -

Proof. We recall the proof from [34, Lemma 4.7] with a slight modification to account for the inexactness
of the algorithm. Define uy E [9g(Txi)]° and recall that, by (A.4) and the fact that for allk € N, x € C,

we have [|ug|| < M. By (A.1), the function ® (x) e f(x) +g(Tx) + h(x) is convex. Then, for each
keN,

L (x5, %) = L (X1, 1) = P(xk) = Do) + (B, A (X — Xp41))
< Aug, T(xg = x51)) + (Vf(xk), Xk — Xpei1)

+ Lyl = xicall + I~ AL floee = xpeall,

where we used the subdifferential inequality (2.2) on g and f, the Lj-Lipschitz continuity of h relative
to C (see (A.5)), and the Cauchy-Schwarz inequality on the inner product. Since, for each k € N,
Xk+1 = Xk + Yk (Sk — xx), we obtain, for each k € N,

L (g, ) = L (X1, 1) < Yk((uk, T(xp = 5k)) + (Vf(xx), X =Sk + Ly |lxge =il
+ 1 A e = 5ell

Now take the expectation with respect to the filtration §%_;, such that x; is completely determined, to
get, for each k € N,

L (%, 1*) = E[L (ks 1) | Skea] < Yk([E [(ur, T(xk = 5k)) | Sk—1] + E [(VF (), X = k) | Sk
+ L [lloek = Sicll | Sie—al + ™11 IAINE [l =Skl | os’k—l])
< yide (MIITII + D+ Ly + |lp*| [|All),
where we have used the Cauchy-Schwarz inequality, the boundedness of the set C by (A.3), the
boundedness of ux by M by (A.4), and the boundedness of |Vf (x)|| by D, the constant in (A.4). O
4.2 ASYMPTOTIC FEASIBILITY

Lemma 4.6 (Feasibility estimate). Suppose that (A.1) - (A.4) and (A.6) all hold. Consider the sequence of
iterates (x) ey generated by Algorithm 1 with parameters satisfying (P.1) and (P.3)-(P.6). For each k € N,
define the two quantities, A'Z and AZ in the following way,

AR 2 Li G i) = Lic (), A E L — Lo (),

where we have denoted L} (px) o min, L (x, yi) and £¥r (x*, ). Furthermore, for each k € N,
denote the sum Ay o A‘Z + A‘,f. We then have, using the filtration S given in (3.2), for each k € N,

M. 3 L
(4.2) E [Aks1 | Skl = Ak < —Yin = | A%esr = bl + S |A (X — T 112 ] + Y;iHTﬂdzc
ﬁk - ﬂk+l 2 2 p2 b 2
+K(F,§,C)§()’k+1)+TM + (P — pi) (IIA1F R + [|0]]%)

+YenE [, | Sk +deyinE [kl | Skl
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Proof. The proof here is adapted from the analogous result found in [34, Theorem 4.1]. As before,
the quantity AIIZ > 0 and can be seen as a primal gap at iteration k while AZ may be negative but is
uniformly bounded from below by our assumptions (see [34, Theorem 4.1]). We denote a minimizer of
L (x, pr) by X € Argmin Ly (x, pi), which exists and belongs to C by (A.1)-(A.3). We have, for each

xeH,

keN,

Aks1 = Dk = Lirs (Xkrzs fierr) — L (X, o) + O [[Axgss — b
+2 [ L Xk, i) — Liesr (Kieats prs1) ] -

Recall that X, € Argmin Ly (x, yi), that gPc < gP+ due to (P.3) and Proposition 2.6(v), and that
xeH,

Pk < pr+1 by (P.4). Then, for each k € N,

Ly (X, pire) = Lirr Krers pes1) < L K, i) — Licsr (Kiests Piar)
. 1 .
= 9% = 9P| (T%a0) + 5 1o = pren] At = b

+ Mk — Pi+1> AXpesq — b)
< =0k (Axpyq — b, AXpyy — b),

where we have used the fact that py; = pi + 0k (Axgs1 — b) coming from Algorithm 1. So we get, for
eachk e N,

Agy1 = D < Liys (Cpras rsr) — L (Kesss ) + Ok || Axgas — b
— 20k (AXps1 — b, AXjyq — b) .

Note that, for each k € N,

(pk+1 -

k
Lic (s ) = Lo (S ) = |97 = 9| () = (P22 1A, - b1

Then, for each k € N,

Agst = Ak < L Ksas fs1) — Lisr (ks firsr) + 974 (Tgar) — ¢P% (T

K+l ~ Pk X
+ (p +12 ’ ) | Axgss — b||2 + Ok | Axgyr — b||2 — 20k (AXgy1 — b, AXgy1 — b) .

We denote by T1 = Lin (Xesa pr+1) — Lis1 (Xks1, fier1) and the remaining part of the right-hand side
by T2. For the moment, we focus our attention on T1. Recall that L (x, ux) = E (x, pix) + h (x) and
apply Lemma 4.1 between points xx.2 and xg4q, to get, for each k € N,

T1 < h (xr42) = h (x041) + (VEpr1 (Xpaa, IJk+l) s Xk42 = Xk41)
Lk+1

+ |24z — xk+1||2 + Dp (Xg42, Xk41) -

By (A.1) we have that h is convex and thus, since x4 is a convex combination of xg4; and Si;, we get,
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for each k € N,

T1 < yrn (h (k1) = B (xpes1) + (VaEperr (X, Hic+1) s Sk41 — xk+1>)
Lyt
2+ k42 — xk+1||2 + Dr (Xk42, Xk+1)

+

= Yk+1(h (§k+l) —h (Xp41) + <@k+l (Xtes1s IJk+l) s Sk+1 — xk+1>

+ <Vx8k+1 (Xer1s firs1) = VBt (Xats Hier1) » Sks — xk+1> )

Lyt
2+ I xk+2 — xk+1||2 + Dr (X425 Xk+1)

+

= Yk+1(h (Sk41) = P (xpe41) + <V/x79k+1 (k41> Hicr1) » Skt — xk+1>

- Ly
- </1k+1, Sk+1 — xk+1> ) + 2+ ||xk+2 - xk+1||2 + Dr (xk+2, xk+1) .

Applying the definition of 5; as the approximate minimizer of the linear minimization oracle gives, for
each k € N,

T1 < yn (h (Sk41) — h (xp41) + <V’x?;k+1 (Xk+1> He+1) 5 Sk+1 — xk+1> + /‘{';_'.1

~ Lin
— (Rt St = X)) + o2 sz = 2t + D (Koo X

We can apply the definition of si; as the minimizer of the linear minimization oracle and Lemma 4.2
to get, for each k € N,

+ A3

T1 < Y Gier) = h (k) + (TeBian (s ) T = Xiwr) + 24,

—~ Lk+1
= (ks> Sk1 = Xka1) ) + 5 k42 — xk+1||2 + Dp (Xg42, Xk+1)

= Yeaa (B Gin) = b (oar) + Vot (rns k) Xt = Fea) + ALy,

-~ ~ Lk+1
= (ks> Skt — Xkea1) ) + 5 k42 — xk+1||2 + Dr (Xk42, Xk+1)

~ ~ k ~
< }’k+1(h (X)) = B (Xk41) + Epar (Kieats iea1) — S Kkt i) — /32+1 A (Xp1 — X41) ||2
- . L
+ Ay = et ot = Frr) ) + =

|| xps2 — xk+1||2 + Dp (Xg42, Xk41)

~ k ~
= Yk+1 (£k+1 (Xk1s Hies1) — Liesr (Kka1s Piesr) — P2+1 lA (xgs1 — Xks1) ||2 + A’z_'_l

—~ ~ Lk+1
= (ks> Skt — Xiea1) ) + 5
Yk+1Pk+1 ~ - —~
< PP A Grer = Fr) I+ P (A + Rt Rt = i) |
Ly
2 || xp42 — xk+1||2 + DF (Xg42, Xk41) »

2
Ixk+2 — Xr41ll” + D (X425 Xk41)

+

where we used that X, is a minimizer of Ly (-, ftk+1) in the last inequality. Combining T1 and T2
and using the Pythagoras identity we have, for each k € N,

~ k ~
4.3 k+1 = Bk = Uk [|AX |41 — k = YVier1 & Xk+1 — Xk+1
(43) B = B < =0 1A% = b1 + (01 = v P2 1A 1§
L +1 2 B i
]; lxk+2 = Xksall” + DF (Xps2, Xp41) + [9 —g k] (Txg+1)
+ Pk+1 —

k ~ —~
P A% = BI + i (A + s s =) )
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Now take the expectation with respect to S, = o (x0, Ko, S0s - - - » Sk)» which completely determines xy1,
Xt+1, and pig4q. We are also going to perform the following estimations.

+ Under (P.5) and (P.6), we have that, for each k € N, 0 = yi/c with Myy.1 < yx and so that
M
=0k < —Z Yk

« Again by (P.6), we have, for each k € N, 8 = yx/c for some ¢ > 0 such that

where M is the constant such that, for each k € N, yx < My, (see (P.5)). Then, using again (P.5)
and the above inequality, for each k € N,

k M pg M P
(4.4) O — )/I<+1'02Jrl < (? - ,02+1) Yk+1 < (? - 5) Vi1 = —OYk+1-

« By Algorithm 1, for each k € N, x5 — Xk41 = Yir1 (Sk+1 — Xk41)- Since k41 and xy4q are both in C
and C is bounded due to (A.3), for each k € N,

Ly
2

Ly —~ 2 Lin
E Iz = xieall® | S| = == E [k = xiall® | S| < ==riade.

« Recall that, by (A.2), f is (F, {)-smooth and invoke Remark 2.8, to get
E [Dr (Xks2, k1) | Skl < K(rz.0)¢ (Yra1) -

« By Proposition 2.6(v) and assumption (A.4),
E Hgﬁkﬂ —gﬁk] (Txpe41) | 09k] < P~ Pin _Z'Bkﬂ[E [H[ag (TXk+1)]0”2 | (*Sjk] < Pr = P —2,3k+1M2.

« We also have, using Jensen’s inequality and (A.3), for each k € N,

(pk+1 — Pk

PV E At = BI | i) < (prws = pi) (IAIF R+ (1]

In total, for each k € N,

M ~ ~
E [Aksr | Skl = Ak < =Tykat 1AZks1 = bII* = Syisn 1A Gora = Faew) I

Liw
+ T+Yf+1d?: +Krz.0)8 (Yen)

PPN s — i) (LA R + 1)
+ 1o (E [y | il + B [Querns B = Fear) | 841 ).

Using Cauchy-Schwarz together with the fact that X, and 5;; are in C, which is bounded by (A.3),
we also have, for each k € N,

(4.5) Vier1E [kt et = Sket) | Skl < ViernndeE [ Akl | Skl
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which gives, for each k € N,

M . . Ly
(4.6) E[Aksr | Skl — Ak < _?)’kﬂ |AXks1 — b”2 = OYkea1 A (Xpes1 — xk+1)||2 + Y]%H 2+1 d;

Br — ﬂk+1

+Krs.0)0 (vker) + M + (prsr — pic) (IIAIP R® +11b]1%)
+yknE [, | S| + }’k+1dc[E [ Akl | Skl

and (4.2) follows by trivial manipulations. O

Theorem 4.7 (Feasibility). Suppose that (A.1)-(A.4) and (A.6) all hold and recall Fk = Z vi- For a sequence
(xx)ken generated by Algorithm 1 using parameters satisfying (P.1) - (P.6) and (P. 8) we have,

i) Asymptotic feasibility: lim |[Axx — b|| =0 (P-a.s.) .
ymp M k—oo
(ii) Ergodic rate: let Xy, défZ;‘:O Yixi/Tk. Then

(4.7) |M@—M=O-iJ(Pﬂw-

[

(iii) It holds (yk+1 || AXps1 — b||2)kGN € £1(S) and (Vi1 ||Axpsr — b||2)keN € £} (S) where G is given in
(3-2).

Additionally, if (P.9) also holds then we have the following pointwise rates in expectation,

. . _ L
(iv) It holdsolgrilgk[E [I[Ax; — bl[] € O(\/rk)

(v) There exists a subsequence (xkj)jeN such that E [HAxkj - b”] < \/11,71

(vi) It holds (yxE [||A3?k - bllz]) € ¢} and (ykE [||Axk - b||2])kGN el

keN

Proof. Our goal is to first apply Lemma 2.2 and then apply Lemma 2.3. By Lemma 4.6, we have, for
each k € N,

M . Ly
(4.8) E[Aksr | Skl = Ak < —Yrn (? |A%is1 — bII® + S ||A (a1 — xk+1)||2) +Yin 2+1 dz,

Br — B
+Kre.0) (k1) + THMZ + (prs1 — pi) (AP R? + ||b]|%)

+YenE [, | Sk + deyinE [kl | Skl .

Because of (P.1) and (P.4), and in view of the definition of Ly, in (4.1), we have the following,

Lk 1(IIT)I?
(“%%)=@( +IAIP praa | vids | €t
2 keN 2 ﬁk+1 keN

For the telescopic terms from the right hand side of (4.8) we have

(ﬁk = Brn

> Mz) ety and ((prs1 — i) (AP RE +11B11%)) pens € s
keN

where R is the constant arising from (A.3). Under (P.1) we also have that

(Kr2.0) 0 (Vke1)) ey € -
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Finally, due to (P.8), we also have

(VB[22 | Sk]) ey € 6 (S) and (deyinE [1Akanll | Skl)en € £ (S) .

Using the notation of Lemma 2.2, we set, for each k € N,

M B -
re =Mk, Ak = Yin | A% g1 = bII> + S |A (41 — Xk+1)||z), and

¢
Ly Br — Br
ZK = 2+1 Yinda + Kreo)l (Yen) + THMZ + (

+YienE [, | Sk +deyinE el | Skl

We have shown above that, for each k € N,

Pk+1 — Pk
2

) llAxees - I

E[ria | Skl =1 £ —ag + 2z,

where (zx)ren € €L (S), and ry is bounded from below. We then deduce using Lemma 2.2 that (r¢) ey
is convergent (P-a.s.) and

(4-9) (it [1AZrss = bII) oy € € (S) and (isr 1A (okas = Zrea) I7) ey € 24 (S)

satisfying (iii). Consequently,

(4.10) (Ve lAxkss = BI%) ey € 4 (S),

since by the Cauchy-Schwarz inequality,

S villdx = bIF <23 yi (1A (o = I + A%y — b2) < +oo.

=1 k=1

k
To finish proving (i
are satisfied. Then,
[34, Theorem 4.1].
We now assume that (P.g) holds. By Lemma 4.6, we can take the total expectation and use the law of
total expectation to have, for each k € N,

we simply apply Lemma 4.3 (with Remark 4.4) and the conditions of Lemma 2.3
ii) follows directly from the application of Jensen’s inequality as in the results of

)
(

M . ) L
E [Ak+1] — E [Ak] £ —Yien (fﬂf [||Axk+1 - b||2] + OE [||A (X4 — xk+1)||2]) + le+1 kel d2C

2
ﬁk _ﬁk+l 2 2 p2 b 2
+K(rz0)¢ (Yiw) + —p M+ (prs1 = pi) (IIAII° R* + [[5]1%)

+ Vi E [ A5 ] + dovienE Akl
Define the following, for each k € N,

3 N . M 8 2 .2
e =E[Ak]l, P =yke, Wk = ?[E [IA% 11 — bII| + SE [IA (k41 — ) 1] |, and

. _ Lk Bk = Prn Pk+1~ Pk
B = SRy dh + Krgod () + H—P M+ (PO E [l - bl

+ Vi E [ A5 ] + dovienE Al

By the argument of the previous paragraph, in conjunction with (P.g), we have that (Zx)cy € £1. We
can apply the total expectation to the results of both Lemma 4.3 and Lemma 4.5 and then the claims
of interest follow from Lemma 2.4 applied with (F)ren, (Pk)rens (Wk)ken> and (Zx) ey defined as
above. O
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4.3 OPTIMALITY

The following lemmas regard the boundedness of the sequence of dual iterates (y )y and the uniform
boundedness of the Lagrangian. They were shown in the deterministic setting in [34] and easily extend
to the stochastic case in light of Theorem 4.7.

Lemma 4.8. Suppose that (A.1)-(A.3), (A.6)-(A.8), and (P.1)-(P.6) all hold and define, for each k € N,

(411 o () € = inf Ly (o) and ¢ 2 f (x)+9 (Tx) +h () + 2 llAx = bl
X&Hp

Then the sequence of dual iterates (i), cn generated by Algorithm 1 is bounded (P-a.s.), for each k € N
the function ¢y (1) is convex and differentiable with gradient

(4.12) Vor (1) = p’ (u = ProXy, gt o(-a) (4 = Pkb)) :
and it holds, for each k € N,
(413) Vor () = Axg — b.

Proof. Note that here we have denoted, for each k € N, @ (x) = f (x) + gF* (x) + h (x) while in [34] it
is defined differently with ¢y (x) = f (x) + g% (x) + h (x) and @ (x) having different meaning.
For brevity, we defer to the proof in [34, Lemma 4.11], noting that since (yk+1 || Xks1 — b||2) keN € 1 (S)

and (yg+1 1%k — b||2)keN € ! (S), there exists Q ¢ F with P (Q) = 1such that (¢x (k (®)))en 1S

convergent and thus bounded, and the uniform coercivity of (¢x).cy is unaffected by the inexactness,
ie., (pk (@))yen is bounded. O

Lemma 4.9. Under (A.1)-(A.8) and (P.1)-(P.6), the composite function f + g o T + h is uniformly bounded on
C and we have

~_ def
(414) M2 sup f (x) + 9 (Tx) + h (x)] +sup lcll (JAI R+ ) < +oo (P-as) .
xeC keN
where R is the radius from (A.3).
Proof. The proof follows in a ([-a.s.) sense from [34, Lemma 4.12] with the addition of Theorem4.7. O

We now begin with the main energy estimate needed to show the convergence of the Lagrangian
values to optimality.

Lemma 4.10 (Optimality estimate). Recall the constants c, Ly, M, D, and Ly, from (P.6), Lemma 4.1, (A.4),
Lemma 4.3, and (A.5), respectively. Define, for each k € N,
def C 2
re = (1= yi) Li (o, ) + 3 e = ||

and

aef Lic
Cr & Sdg +de (MITI +D +Ly+ ¥ AN

Then, under (A.1)-(A.8) and (P.1)-(P.7) with M > 1, for the sequences (xk)rcn and (pix) ey generated by

Algorithm 1, using the filtration G’ = (Sk-1)ren With Sk = (%0, Mo, S0, - - -» Sk) as before, the following
inequality holds, for each k € N with k > 0,

MZ
(35) E [riet | Sl = ric < =y (£ (1) = £ (%, 1) + 25 1 Axc = BI) + (B = ) -
. M?
+ (YK = Yee) M + }’k,BkT +Kre.0)¢ (vi) + viCr + doykE [ Akl | Sk-i]

+yeE [A] | Skea] (P-as) .
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Proof. Applying Lemma 4.2 to the points x* and x; we have, for each k € N,
Ex (™, k) = E (X, i) + (Vi (i pir) » x™ = x3) + % JAG* = x|
= & (xp, ) + <€3_c?8k (ks i) » ™ = xk> + (M xp —x*) + % JAG* = x|
= & (xp, i) + <V’x\8k (ks i) > x™ = xk> +h(x*) = b (x*) + (A x5 — x*)
+ % |AGx* - xk)”2 .
By the definition of s; as a minimizer and the definition of s; we further have, for each k € N,
(416) &k (x™, px) > Ep (xp, px) + <V/x\8k (k> i) » Sk — Xk> +h(se) = h (%) + (A x — x*)
+ B A - w0

> E (xk, i) + <€x\8k (ks i) 5 Sk = xk> +h(5) = A — h («%) + (M xe — )

+ A - x|

From Lemma 4.1 applied to the points x;.; and x; and by definition of x4 E Xk + Yk (5k — x¢) in
Algorithm 1, we also have, for each k € N,

Ly
Ek (X1 i) < Ep Xk, i) + (Vi (X, i) 5 X1 — Xi) + D (Xpq1, X)) + > %41 — Xk ||?

~ Ly
= Ex (x5, piie) + Vil V& (Xk, i) » Sk — Xi) + D (Xjear, X5) + Yﬁ; 15k — xielI”
= &k (%% k) + ViV 8 (Xioo i) » Sk — xi) + ¥k (Ao Xk — S&) + D (X1, Xk
Ly .
+ Yﬁ; 15k — xll®.

We combine the latter with (4.16), to get, for each k € N,

- Ly~
(417) Sk (Xpan, i) < E (ke pie) + Yie (Ao x* =S ) + D (g1, xi0) + )/i?k 115k — xie|I”
-~ k
i (8 (¢ ) + h(x*) = E (ot ) = hGi) = £ [l Ax = bl + 27
By convexity of h from (A.1) and the definition of x4, we have, for each k € N,

(4.18) Ly (g, i) — Lie (ks i) = S (Xkea1, i) — Ex (Xpe, piie) + b (X)) — h (xx)
< Ex (Xka1> k) — Ex (Xi i) + i (R (5x) — h (xx))

Combining (4.17) and (4.18), we obtain, for each k € N,
(419) Lk (i, i) — Lie % i) < vie (Ex (2, i) + h(x™) = Eg (x, pke) — h (x1)) + D (e, x3) +
P = el i (ot =) - 25 v — bl + 1)
= vk (L (¢ pk) = Lie (X i) + DF (X1, X)) + Y;i%k [EEA

i (o =5 = 25 Nl — bl + 23
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Recalling the definition of ,uk+1 ,uk + A (xg41 — b) in Algorithm 1, we have, for each k € N,

Lie (Xans 1) = Lie Krerss k) = (pierr — Hies Axpear) = Ok | Axiss — b1 .

We combine the above and (4.19) to get, for each k € N,

(4.20)
Lie (X pes1) = Lie Goies ) < O N[Axs41 = B> + yie (Lie (%, ) — Lie (X, i) + D (g, xx)

Ly . —~ k
+yE 5 = el e (oo =5 = B 1A = bl + A7)

Notice that the update of the dual variable i can be interpreted as a proximal operator in the following
way,

ﬂk+1=argmin{ =Ly (xk+1,/1)+ ||/1 #k”z}
HeHqg

Then, using Lemma 2.5, we get, for each k € N,
(421) 02 O (Li (Xan %) = Lie (ks fienr)) + (H.Uk+1 — 1P = e = P+ Misess = el )
= O (L (%1 1) = Lie Kgeats piesr)) + (H.Uk+1 H ” — |l - *H + 07 || Axpess — bl )
Recall that, by (P.6), 0 = yi/c. Multiply (4.21) by ¢ and sum with (4.20), to obtain, for each k € N,
(1= 00) L (s, i) = (1= €0) L Cots ) + 5 ([ = 2] = i = %)
< (06— ) Aot = I + i (Lo (% k) = L (i ) = €O (L (et ) = L G i)
— 2RV || Axye — b]|* + Dp (X1, i) + V225 ISk — xell® + vk ((Ak, X*—Sk) + li) :

The previous inequality can be re-written, by trivial manipulations, as, for each k € N,

(4.22)
(1= cOrs1) Lisr (Kpeats prrer1) — (1= cOk) L (X, i) + = (”.Uk+1 - i || = |l = 17| )
2
C
< (1= cOks1) Licnr ks 1) — (1= cO) Lie (Xperns i) + (9k - Tk | Axysr — blJ?
+ i (Lo (¢ 1) = L (i 1)) = O (L (s 1) = Lic (3o i) = "”‘ | Axy. - b]|?

+ Dy (oken )+ 12 I8k = el i (o ¥ = 55) + )
= ¢ (O = ) (f + Bt (s, A+ =) () + (1= €Bpar) 97 = (1= c0) ™) (Tcn)
1
+s ((1 = cOks1) prst — (1= cOk) pr + 20k — cO2) 1| Axkear — bII* + yie (L (™ ) — Lo (xps i)

k}’k Ly
|Axi — b|* + DF (X1, xk) + )’;37 1[5k — xilI®

— cO (.Ek (xk+1, ) L (xk, ,Uk))
+ Yk (<Ak, x* _§k> + Ai) .

By (P.5), (P.6) and the assumption that M > 1, we have 0,; < M0, < 0. In view of (P.3), we also
have 41 < Br. In particular, g% < gP+ < g pointwise. By Proposition 2.6(iv) and assumption (A.4),
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we are able to, for each k € N, estimate the quantity

((1= cOrrn) P+ = (1= c0) ™) (T
— (gﬁk+1 _ gﬁk) (Txps1) + € (@kgﬁk _ 0k+lgﬁk+1) (Txps1)

% (B — Br+1) H(ag(Tka))O”z +c (ngﬁ" - 0k+lgﬁk) (Txk41)

% (B — Br+1) ”(ag(Txk+1))0||2 +¢ (O = Os1) 9(Txpes).

Then, for each k € N,
(423) ¢ (O Oha) (F 4R+ G, A=) (xicn) + (1= Brr) g7 = (1= c6) g7 ) (T

< ¢ (Ok = Oks1) L (Xkr1, rs) + % (B = Br+1) ||(99(TXI<+1))°||2 .

Recall the definition of r¢ in (4.10). Coming back to (4.22) and using (4.23), we obtain, for each k € N,

(4.24)
2

1 2 Y,
Mewt =Tk < 5 (1= Yr+1) prs1 — (L= yx) prc + k- ?k | Axiss — bII?

1 (L ) = L (v 1)) — P25 —b||2 PPt | ag(rxean)|

+ (k= Yk+1) L (Xpes1, liesr) + Dp (Xpesn, xi) + }’k K15k = xell? + ya ((Ak, X* =)+ /13)

Recall that, by feasibility of x* for the affine constraint, L (x*, ) = L (x*, *) and thus, for each
keN,

Lic (5%, pie) = L (s p*) = L (5 1%) = L (xgewn, 1) + (9 —g) (Tx*) + (9 g ) (Txk41)
- B llAx - bl
= L (" 1%) = L (e 1) + L (x50, 1) = L (01, 1)
(6 = 9) (Tx*) + (9= %) (i) = B 1A = b

< L (¥ %) = L (e %) + L (xio 1) = L (X 1) + % (39T |
- B llAx - bIP,

where in the inequality we have used the fact that g#* < g pointwise and that, by Proposition 2.6(v),
foreachk e N,

k 2
(9-%) (Txan < 25 lag(TxiaI
Substituting the above into (4.24) we have, for each k € N,
2

1 2 Y
(4.25) Mt =Tk <5 ((1 ~ Yk+1) Pk+1 = Pk + V- ?k | Axpesr — bl

+ ¥k (L (% 1%) = L (oo 1)) + vie (L (0 17) = L (o1, 17))

kik k — Pk 2
= 2T a0+ PP g Tt + (1 ) £ o )

B 2 L\
Ve, 199 (Txie)) || + D (e, 1) + Ve ISk - xiell”

+ Yk ((Ak,x* _§k> +/12) .
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Take the expectation with respect to $k—; “ s (05 05 S0» - - - » Sk—1), which will completely determine xj
and i, and perform the following estimations.

« From (P.7), we have, for each k € N,

2 v
(1= Yks1) Prs1 — Pk + V= — <0

« By assumption (A.4), for each k € N,
2
E [l[@g(Taea))’| | S| < 2

« By Lemma 4.9, for each k € N,

E[L (Xksts prs1) | Sk-a] < M.

Recall that, by (A.2), f is (F, {)-smooth and invoke Remark 2.8, to get, for each k € N,
E [Dr (41, x1) | Skl < Kreo) ¢ (ve) -
« Since, for each k € N, 5} and x; are both in C, we have
E [IIsk — xkll | Sk—1] < de.
We have, for each k € N,

E [rin | Skt = ric < yic (L (6% 5%) = £ (i 1)) + v (£ (36 17) = B [L (e, 1) | Siea])

kik k — Pk ~ k
= 20— bl BB 4 (g i) st p B

L —
+Kre0)¢ (vi) + }’i?kd?; +VkE [(Me x* =5k) + 45 | Sea] -

We can bound the inner product involving the error terms using the Cauchy-Schwarz inequality and
the boundedness of C. Applying Lemma 4.5 and regrouping terms with yz we get, for each k € N,

E (et | St] = i < vie (£ (% 1) = £ (1)) = 25 1 = BI + (i B & +ykck
- M?
+ (v — vee) M+ YkﬁkT +K(re.0)¢ (vi) + viE [de 1Al + A5 | é’k—l] -

We conclude by trivial manipulations. O

We now proceed to prove the main theorem regarding optimality, recalling the notation of (3.3) for
the terms So» and Sg and (3.4) for W [ (xx)ren]- The convergence and rates of the Lagrangian values
will be shown in terms £ (xx, p*) — £ (x*, p*), which is non-negative since (x*, u*) is a saddle point.
This is however not a primal-dual gap. Nevertheless, observe that in view of [6, Proposition 19.21(v)],
we have

L (xp, %) = L (x*, 1) = ©(x) — (x™) + (A", x — x™),

which is nothing but the Bregman divergence of ® with the subgradient —A* i between xj and x*. This
Bregman divergence appears then as a good candidate to quantify the convergence rate of Algorithm 1
given that it captures both the discrepancy of the primal objective to the optimal value and violation
of the affine constraint.
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Theorem 4.1 (Optimality). Suppose that (A.1)-(A.10) and (P.1)-(P.8) hold, with M > 1. Let (xi )y be the
sequence of primal iterates generated by Algorithm 1 and (x*, u*) a saddle-point pair for the Lagrangian.
Then, in addition to the results of Theorem 4.7, the following holds

(i) Convergence of the Lagrangian:

(4.26) lim £ (xx, p*) = L (x*, 1) (P-as.).

k—oo

(ii) The sequence (xi)ren Satisfies W [(xx)ren] € S (P-as.) and there exists i, an Sg-valued
random variable, such that . — i (P-a.s.).

(iii) Ergodic rate: for each k € N, let xy =4 Zf:o Yixis1/Tk. Then, for each k € N,

k

(4.27) L (% p*) - L (x*p*) €O (Fl ) (P-as.) .

(iv) If the problem (%) admits a unique solution x*, then (xi )y converges weakly (P-a.s.) tox* a
solution of (). Moreover, if @ is uniformly convex on C with modulus of convexityy : R, — [0, oo],
then (xi)ren converges strongly (P-a.s.) tox* at the ergodic rate, for each k € N,

14 (”J_Ck - x*”) €O (r—lk) (P-a.s.) .

Furthermore, if (P.9) holds then we have the following pointwise rates in expectation, for any (x*, p*) €
S» X Sqg,

(v) It holds Oigrilgk E[L (xe p*)] - L (x*p*) €0 (ﬁ)

(vi) There exists a subsequence (xkj) such that E [L (xkj, /1*)] - L (x*p*) < %

JeN Jj

Proof. As in the proof of Theorem 4.7, our goal is to first apply Lemma 2.2 and then apply Lemma 2.3.
By (4.15) in Lemma 4.10 we have, using the same notation, for each k € N,

E (1o | Sict] = 1 < =y (£ (o p®) = £ (% 2%) + 25 llax = b

M? - M? ,
+ (B = Prs1) -t (Yk — Yis) M + )’kﬁk7 +Krs0)¢ (vk) + viCk

+deykE [IAkll | Set] + vk [A] | ki) -
Let, for each k € N, ar. = yx (L (xk, /1*) - L (x*, /J*) + %’“ ||Axy — bllz) and denote what remains on

the r.h.s. by zx. Then, to apply Lemma 2.2, we must show (zj) ey € £ (&'). The terms (B — Brs1) MTZ

and (yx — yks1) M are bounded and telescopic, hence in £!. The terms yy ,BkMTZ and K(r¢,¢)¢ (yx) are in
{’i by (P.1). Recalling the definition of Cy, we have, for each k € N,

Ly
YiCk =vi (?dzc +do (MIITI + D+ Ly + ll* |l IAll)

TP\ v2  (dE Al pr
:( C | e[S e (T 4 Do Lyt 1% 1AD) |
P 2
TI* 2 (d% AP
S( o) e (S o (T D 1 )|
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which is in £! by (P.1) and (P.3). The remaining terms,

deykE [kl | Sea] + vkE [A5 | Sk,

coming from the inexactness of the algorithm, are in £} (&’) by (P.8). Thus, the r.h.s. belongs to £} (&)
and so by Lemma 2.2 we have,

ak = i (£ (™) = £ (%, 1) + 25 Ax = b € (&) (Pas)

and also that (r;)en converges (P-a.s.).

The first claim (i) follows by applying Lemma 2.3, the conditions of which are satisfied directly from
Lemma 4.3 and Lemma 4.5.

The second claim, (ii), follows from the same arguments as in [34, Theorem 4.2(ii)] but adapted
to the stochastic case. For the claims about (xy)jcn, the proof is trivially extended to the stochastic
setting (P-a.s.). However, the claims about (p ),y are more delicate to adapt so we write explicitly
the arguments below.

By Theorem 4.7(iii) we have (yx |A%c — b||*) .y, € £+ (S) which, by Lemma 2.4 implies that there

exists a subsequence (Afckj) . with ”Afkj - b” — 0 (P-a.s.). Since the sequence (i) ¢y is bounded
je
(P-a.s.) by Lemma 4.8, the subsequence (,ukj) N is bounded (P-a.s.) as well and thus admits a weakly
je

(P-a.s.) convergent subsequence (,ukf) N with g, — [ for some Hj-valued random variable . By
1 l€ 13

Fermat’s rule ([6, Theorem 16.2]), the weak ([P-a.s.) sequential cluster point j is a solution to (9) iff
0€d(® o(-A")(p)+b (P-as.) .

The proximal operator is the resolvent of the subdifferential and so it follows that (4.12) is equivalent,
for eachi € N, to

(4.28) Vor, (,Ukjl.) be 9( K, © (A )) ( = px;, Vo, (llk,-,.)) (P-as.) .

Since (Afckj) | converges strongly to b (P-a.s.),and in view of (4.13), it holds that Vg, ( ykj) converges
je

strongly to 0 (P-a.s.). However, ., — pk; Vo, (,ukji) converges weakly to ji (P-a.s.). We henceforth

argue that we can pass to the limit in (4.28) by sequential closedness using a Mosco convergence
(weak-strong epigraphical convergence) argument (see [9] and [3, Definition 3.7]). Indeed, it was shown
in the proof of [34, Theorem 4.2], which defer to for brevity, that CD* o —(A*) Mosco-converges to

(®)* o (—A"). This implies, via [3, Theorem 3.66], that 8<I>* o(=A") graph converges to 99" o (—A*), and

[3, Proposition 3.59] shows that (8<I>k .o (—A*)). is sequent1ally closed for graph-convergence in the

ieN

weak-strong topology on Hy, i.e., for any sequence ((vk Mk, )) ~_inthe graph of 9 (CD* o( A*))
ieN
such that vy; converges weakly to @ and g, converges strongly to 77, we have 7j € 99" o (—A )(0). Let

foreachi € N vy, = Vo, ( kji) —bandny, = pr, —pr;, Vo, (ykji), which converge strongly (P-a.s.)
and weakly (PP-a.s.) respectively, and let Q c F such that P (Q) =1and, forallw € Q, Uk, (w) = b
and ng; (w) — fi (w). We conclude that, for each v € Q,

0€d(P" o (=A%) (i(w))+b (P-as.),

i.e., i is a solution of the dual problem (2) (P-a.s.).

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient...



J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 25 of 41

We now prove the existence of a set Q c F such that P (Q) =1and, forall w € Q, for any u* € Sg,

0 (1*, ) o lilzn ||,uk (w) — ;1*”2

exists. This does indeed hold (P-a.s.) for each fixed p* € Sg by the argument in the proof of [34,
Theorem 4.2] but Sy may be uncountable and so the entire statement for any y* € Sg may not
necessarily hold (P-a.s.) . To rectify this situation, we make the assumption (A.9) and argue as in [12,
Proposition 2.3(iii)].

First repeat the argument made in the proof of 34, Theorem 4.2] to show that, for each fixed p* € Sg,
there exists Q,» C ¥ with PP (Q,+) = 1 such that, for any w € Q,+, © (1*, w) exists. Let y* € Sg and
recall (r¢) ey in (4.10), for each k € N,

e = (1- yi) L (o i) + g e — 1|
We have already shown that (r¢)cn is convergent (P-a.s.). We also have, for each k € N,
—Lie (X pie) = (Lo p*) = Lie (X1, pie)) = L (x5, 1)
= 9(Tx) = g (T) + (" = pu Axi = b) = X [l Axic ~ bl
— L(x, ).
We have from Theorem 4.7 that % |Axx — b||* — 0 (P-a.s.). Therefore,
(1" = e Ax = b) — 0

since (px) o is bounded (P-a.s.). We also have, by claim (i) of this theorem, that £ (xgp*) — £ (x*, p*)
(P-a.s.). By Lemma 2.6 and (A.4), we get

B

0< (9 (Txy) —gﬁ" (Txk)) < 7M2 (P-as.)

which implies, in light of (P.3), that g (Txx)—g”* (Txx) — 0 (P-a.s.). Altogether, it holds that £ (xx, px) —
L (x*, p*) (P-a.s.) and thus the limit

liI£n||yk - /1*”2 =2/c (hl?l re — L (x%, y*))

exists (P-a.s.) for each p* € Sg.
Since H, is separable by (A.9), there exists a countable set S such that S = Sg. The previous paragraph
has shown that, for every p* € Sg, there exists Q w C F such that P (Q y*) =land, for any o € Qx,

© (u*, ) exists. Set Q=N Q ,~ and let QF be its set-theoretic complement. By the countability of S,
p*es

P(Q):I—P(QC):I—[FD ) o5 21—ZP(Q;*)=L
p*eS p*es

ie,P (fz) = 1. Fix yu* € Sg; since S = Sy, there exists a sequence (y,’{)neN such that, for each n € N,

wy ENS and y; — p*. As was already shown, for each n € N, for any w € Qx, © (i}, w) exists. Let
w € Q, then we have, for each n € N, foreach k € N,

=y =1 < Ml (@) = | = ek (@) = i3 ]| < [l = o]l

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient...



J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 26 of 41

and thus, for each n € N,
= [l = |l < Tim inf [l () = p*]| = Tim | (0) = ]|
= lim inf || (@) = p*|| - © (17, )
< lim sup e () = ¥]| = © (47, )
= limsup [l (@) "] ~limle (@) = 5]
< ez = w7l

Taking the limit as n — co then gives that the sequence (© (u, w))n o converges to © (1*, w) for any
w € Q where Q does not depend on p*.

We now aim to use (A.10), for which we denote (p;);cn = (V(iji (,ukji) - b)ieN and (¢i);en =
(,ukji — pkjiV(pkji (,ukji ))iEN. We’ve shown that (p;);cn converges strongly to 0 (P-a.s.) and that (g;); <y
converges weakly to /i (P-a.s.) and so there exists Q ¢ F with P (Q) = 1 such that, for any w € Q,
pi (0) = p(w) and g; (w) = g (w). Due to (4.28), we furthermore have, for each w € Q, for each
ieN,

pi (@) €(®;, © (-49) (g () (P-as) ,

and thus by (A.10), for each w € Q, (g; (@)), < admits a subsequence (g;, (a)))l.eN such that ¢;, () —
g (w), i.e., the sequence (ukj_l - Pk, V(pkj_l (’ukf'z )) N is strongly convergent (P-a.s.). Thus, the sub-
1 13 1 le

Jip

sequence (”kj,-, )iEN is strongly convergent to j (P-a.s.). Since j is a solution to (9), it holds that

lilgn ||k — || exists (P-a.s.). At the same time, we have shown that lilm P, — ﬂ‘ =0 (P-a.s.) and so
the whole sequence (i), <y converges strongly to fi € Sg (P-a.s.).
Meanwhile the third claim, (iii), follows from the argument of [34, Theorem 4.2(iv)] directly applied
to the ([P-a.s.) setting and similarly for (iv) following from the argument of [34, Corollary 4.3].
Finally, assume that (P.9) holds. By taking the total expectation of (4.15) in Lemma 4.10 and using

the law of total expectation we have, for each k € N,

M2
E (1l = E [re] < =yic (E [ £ (v *) ] = £ (" %) + 22 [l = 1] ) + (B = i) =
- M?
+ (k= Yis) M+ }’kﬁkT +K(r.s.0)¢ (vi) + viCr + deyiE [l

+yE 2] (P-as.) .

Define the following, for each k € N,
Fe =E[re] and pr =yx and we = E [ L (x p*)] - £ (3%, %) + pz—k[E [l Axi — b]I?]

and denote what remains, for each k € N,

. M? ~ M?
Zk = (Bk = Br+) -t (Yk = Yee) M + )’kﬁk7 +K(rs.0)C (vk) + viCr + deyiE LAkl + yiE [A7]

By repeating the arguments of the previous paragraph, we have that (Zx) ey € £1. Invoking Lemma 2.4,
again noting Lemma 4.3 and Lemma 4.5 hold with the total expectation as well, with (F)rens (Pk)kens
(Wi)rens and (Zx) ey defined as above, we obtain the remaining claims. O
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Remark 4.12. The assumption (A.9) is only necessary for showing that the sequence of dual variables
(fk) ey @dmits an optimal weak cluster point. The other results, e.g., convergence of the Lagrangian
values, the containment 2 [ (xg)ren] € So (P-as.) , etc, do not require the separability imposed by
(A.9). Likewise, something similar can be said for (A.10), which is only necessary for ensuring the
strong convergence of the sequence of dual variables (p ),y and can otherwise be omitted.

Remark 4.13. The combination of the Lagrangian convergence rate (4.27) with convexity and the
feasibility rate (4.7) leads directly to a rate for the objective itself evaluated at the ergodic iterate,

@ () - @ (x*)| = 0 (1/\/r_k) (P-as.) .

5 STOCHASTIC EXAMPLES

We examine the problem of risk minimization using two different ways to inexactly calculate the
gradient with stochastic noise to demonstrate that the assumptions on the error can be satisfied in

order to apply ICGALP .
Consider the following,
: def
() g [fo e},

where L (-, ) is differentiable for every 1, and 5 is a random variable.

We will impose the following assumptions, or a subset of them depending on the context.Indeed,
only (E.1) and (E.2) will be used for risk minimization with increasing batch size while (E.3) and (E.4)
will be needed for the results on risk minimization with variance reduction.

(E.1) It holds, for all x € H,, Vf (x) = E[VLL (x,7)].
(E.2) For all n, the function L (-, ) is w-smooth (see Definition 2.9) with v nondecreasing.
(E.3) The function f is w-smooth with « nondecreasing.

(E.4) The function f is Holder-smooth with constant C¢ and exponent 7.

Remark 5.1. In practical contexts, it’s unrealistic that one will have access to the function f or knowledge
of its regularity. To this end, we note that the assumptions (E.1) and (E.2), which depend only on
the function L (x, 57), are sufficient to ensure that (E.3) holds and similarly for (E.4) if one adjusts
(E.2) for Holder-smoothness. Moreover, since Holder-smoothness is a special case of w-smoothness,
(E.4) = (E.3).

Remark 5.2. With the above choice for A, the terms in V&g (xx, pix) coming from the augmented
Lagrangian are computed exactly, however our analysis extends to the case where V (‘;—k |Axy — b]|%) =
prA* (Axy — b) is computed inexactly as well, as this function is always Lipschitz-continuous. We
demonstrate this alternative choice in Section 7 by sampling the components ppA* (Axy — b)) in the
numerical experiments.

For the sake of clarity, we demonstrate only the case where, for each k € N, Ax = A{ with /1{ =
ﬂ”k —Vf (xx) and ﬂk is our inexact computation of V f (xy ), to be defined in the following subsections.

5.1 RISK MINIMIZATION WITH INCREASING BATCH SIZE

Consider () and define, for each k € N,

k
def 1 n( )

Vfy £ ) ; VoL (xg, 1)
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where n (k) is the number of samples to be taken at iteration k. We assume that each #; is i.i.d.,
according to some fixed distribution, and that n is a function of k, i.e., the number of samples taken to
estimate the expectation is dependent on the iteration number itself.

Lemma 5.3. Under assumptions (E.1) and (E.z), denote
€ =2 (0 (de) +E VL (- n)[])

where x* is a solution to (%) and, for each k € N, 8 = o (xo, flo, S0 - - - » Sk) as in (3.2). Then, for each

k € N, the following holds,
C
[EH |§k]g\/n(k+1)‘

Proof. By Jensen’s inequality, for each k € N,

f
Ak+1

f 2 P _ 2
- [||/1k+1 | (Sk] <E [”AkﬂH | ‘Sk} =E [va (xk+1) - ka+1 | é?k] :
Then, since Wk 41 1s an unbiased estimator for Vf (xy4;), we have, for each k € N,
_ 2 _ _ 2
E [“Vf (xk+1) - ka+1 | ‘gk] =k [”[E [kaH] - ka+1 | 5k]
= Var [ﬂkﬂ I Sk]
n(k+1)
=Var | ———— VL ;
=——Var[VL

where the last equality follows from the independence and identical distribution of 7;. Applying the
definition of conditional variance yields, for each k € N,

1
n(k+1)

Var [VL (xg41,17) | Sk] =

AT (E [IVL (s DI? | ] = IE VL G ) | SE11)

<

e E IV G 1 ]

We again use Jensen’s inequality, then w-smoothness, and finally the fact that w is nondecreasing
together with the fact that x4,; and x* are both in C to find, for each k € N,

E[IVL ek MI? | Sk] <

n(k+1) (E {1 Gy = V2 (%) 1 ]

+E (VL ()]

nk+1)

2
W (”xk+1 - X*”) | Sk

2
10 ([E +E [V (x*’”)HZ])
2 *
< ey (0@ +E[IvLmal])
C
n(k+1)

2
The above shows that, for each k € N, E [”A{HH | Sk] <—X _andsoE [”Af

C
S kD il CS)k] S/ ntkrn 38

desired. O
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Proposition 5.4. Under (E.1) and (E.z), assume that the number of samples n (k) at iteration k is lower

2 2
bounded by (%) , Le. forsomea > 0,n (k) > a (%) . Then, the summability of the error in (P.8)

is satisfied; namely,

rak [ 1 5] € @)

Proof. By Lemma 5.3 we have, for each k € N,

C C
| 51«] < }’k+1\{m < \/gév (Yr+1) -

The summability of { (yx+1) is given by (P.1) and thus yE [”/1;;1

f
Ak+1

YinE H

| Sk] €1 (S) o

2
Remark 5.5. The lower bound n (k) > « ( 5()/ ;k)) is sufficient but not necessary; one can alternatively
2 2

choose n (k) to be lower bounded by « (Y—:) ora (ﬁik) and, due to (P.1), the result will still hold.

5.2 RISK MINIMIZATION WITH VARIANCE REDUCTION

We reconsider (%) as before but now with a different ﬂ‘ We define a stochastic-averaged gradient,
which will serve as a form of variance reduction, such that the number of samples at each iteration
need not increase as in the previous subsection. For each k € N, let v € [0,1] and define

def

(5.1) Vi £ (1= i) Vi + vk Vil (i, me)

with W_l = 0 and with each 7; i.i.d.. We call Wk the stochastic average of sampled gradients with
weight vi. This method of approximating Vf (xi) is reminiscent of both the SARAH estimator [28]
and the SVRG estimator [23], although distinct from both since the SARAH estimator is biased and the
SVRG estimator requires and inner and outer loops.

In the previous section, we have used the number of batches n(k) to ensure the error summability
condition. This in turn means that the number of gradient evaluations increases with k (in particular,
for finite-sum objectives, one has to evaluate all gradients after finitely many iterations). This is in
stark contrast with variance reduction proposed in this section where we are able to take a single
(or a larger but fixed batch size) gradient sample at each iteration, while taking full advantage of the
flexibility offered by the choice of vk to reduce the stochastic error variance as we now show.

Lemma5.6. Under (E.1) and (E.3), denote, for each k € N,

(5.2) o2 ZE [IViL (xio i) = V ()12 | St

where Sy is defined in (3.2) and assume that o* = sup;, O'i < oo. Then, for each k € N, the following
inequality holds,
(i

Remark 5.7. Since (E.2) implies (E.3), see Remark 5.1, it is clear that Lemma 5.6 holds under (E.1)-(E.2).
Moreover, by arguing similarly to the end of the proof of Lemma 5.3, it can be easily shown that the

uniform boundedness assumption on ai is in force under (E.2).

o (deyr)®
Vi

2
| Sk

f P
E [HAkH ) H)LkH +ve, 00 +2

Vi+1
2
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Proof. The proof of this theorem is inspired by a similar construction found in [29, Lemma 2]. By
definition of /1{+1 and Vf,,, we have, for all k € N,
|2

2 — 2 —
Mol| =[P = 9 G| = |0 = viee) TFi 4 vVl Gotans i) = VF Goieen)

We add and subtract (1 — vi4) Vf (x) to get,

Applying the pythagorean identity then gives,

2

k+1

A

Ll = 6= ko) AL+ s (T oo ) = 9 o)) + (1= vian) (9 ) = 9 )|

"= v [P 19 o) = 9 e
+ (1= v IVF (35 = Vf (eI
+2((1= Vi) (A + VF (5 = VF (5kan) ) Vi (VL (koo i) = VF (k00)))

+2((1= vie) 2. (1= i) (VF () = VF (560)))

Using Young’s inequality on the last inner product, we find,

et

2 2
Ll = a=ven? ] #2194 G ) = 9 G P

+ (=) IV (5 = VS ()1
+2((1= vie) (AL + 9 () = VF (ki) ) vies (Vi (s ) = VF (300)))

2 2
et ) + = vea® (95 G = 97 G

+

Notice that 1 — viy; < 1and thus (1 — vgyq)? < 1— vy for all k& € N. This leads to

L < (1= ) A+ 200 19 o) = 9 G + 19 (i) = 97 Gt

k+1
+2((1= vie) (A + VF (0 = VF (k) ) Vi (VL (o, i) = VF (00)))

Vi+1
2

+ 2020 09 ) - 95 (oI
< (1= ) L]+ v 19 s i) =V G +( - ) I9f (o) = VF () I
Vk+1

+2((1= vie) (A + 9 () = VF () ) vier (Vi (e ) = VF (5600)))

Recall that, by (E.3), f is w-smooth with  is nondecreasing. Furthermore, using the fact that xx,; =
Xk — Yk (xk - ?k), we find

et

k+1

2 Vi 2 2
< (1= 22 L]+ v 1V ot nk+l>—Vf<xk+1>||2+(

) o (llxx = xpaall)?
2 k+1

+2((1= vien) (A + 9 ) = VF (ki) ) Vit (Vi (s ) = VF (300)))

Vk 2 2
< (1= =) + Ve 1YL (iesrs i) = VI s |1 +
k v

5 ) o (deyk)?
k+1

+2((1= vien) (A + 9 () = VF (k) ) viss (Vi (s ) = F (310)))
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We take the expectation on both sides, recalling the definition of o (see (5.2)), o, and that

E[ViL (X, m%) | Skal = VF (xx),

to find

T EREES

In the following proposition, we analyze a particular case of parameter choices under the assumption
(E.4) of Holder smoothness of f, i.e. ICr >0 suchthatw : t — Crt".

Proposition 5.8. Under (E.1) and (E.4), for each k € N, let ﬂvk be defined as in (5.1) with weight vy =y
for some a €]0, [. If the following conditions on the sequence (yi )<y hold,

2
’AfH +vi o+ (

Vi1

)w (deyi)?. i

1+min{%,r—a} 1
. t
(5-3) (yk ) ey €0
and, for k sufficiently large,
Yk
(5.4) <1+o(y),
Yi+1 (yk )

then the summability condition in (P.8) is satisfied; namely,

f
Yk+1|E |:H/1k+1

|Cs>k] el (S).

Proof. Since (E.4) = (E.3), the assumptions (E.1) and (E.3) are satisfied and Lemma 5.6 gives, for all

keN,
[”Akﬂ

By (P.5) we have, for all k € N, y; < M)/kﬂ. It follows that, for each k € N,

[H/lkﬂ

Consolidating higher order terms gives, for each k € N,

[”Akﬂ

Since a < 7 £ 1by 5.3, it holds that @ < min {1, 27 — «}, and the first condition of Lemma A.1 is satisfied.
Additionally, by (5.4), we have that the second condition, (a.2), of Lemma A.1 is satisfied as well and we
can apply Lemma A.1 with

2
| S| < +olyi+ ——

2 2‘['
(1 - E) “Af” 2 2a ZCde
yk+1

| Sk

ylf+1 f 2.2 2 121 27—
S(l— 5 ”Ak” +0 ykf1+2M Cfdc Vi -

| Sk

< (1 B %) HA{H2 (o' + oM C2d2r) min{2a,27— a}

k+1

2 1 —2
Ug = ||)L£|| , ¢= 2 s=a, d= (02+2M TCJZCdZCT), and t = min{2a, 27 — a},

to find, for k sufficiently large,

[”Akﬂ
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and, by extension, for k sufficiently large,

E [H/lf | Sk] < @yﬁ?{%’r_a} +o0 (ymin{%’T_a}) .

k+1 k+1

Then, for k sufficiently large,
| (\S)k:| < Yin (\/% min{%,r—a} +O( min{%,r—a}))

}/k+1 yk+1

< \/z_éyl+min{%,r—a} +o (y1+min{%,‘[—a}) '

k+1 k+1

f
Yk+1[E |:||Ak+1

Under the assumptions 5.3 we have y;:mm{i’f_a} € ¢! and thus the summability condition of (P.8) is

satisfied. o

Example 5.9. The condition (5.3) in Proposition 5.8 can be satisfied, for example, by taking y; = W,

b > 0. In this case, the condition (5.3) reduces to picking b such that the following holds,
(1-0) (1+min{g,r—a}) > 1.
2
Rearranging, we find that this is equivalent to,
a -1
(5.5) b<1—(l+min{§,r—a}) .

The condition (5.4) in Proposition 5.8 can be satisfied under this choice of y; as well. We have,

1-b 1-b
Ve (k+2 1 1-b .
=[] =l1+—| =~1+—=1
Vsl (k+1) (+k+1) Tkr1 +o ()

for any 0 < € < 1, for k sufficiently large.
Using [34, Example 19], the predicted convergence rates for the ergodic iterates X given by Theo-
rem 4.7 and Theorem 4.11 under the above choice of y read,

1
(k+2)b

||A%e — b|| = O ( ) (P-as) and L (%,p*)—-L(x"p*)=0 ( ) (P-as.) .

1
(k+2)b
Thus, choosing b to be as large as possible is desired. For a given value of 7 corresponding to the
Holder exponent of the gradient, the best choice for « is %’l’. In turn, the largest possible choice of b
is 7/(3 + 7). If the function f is Lipschitz-smooth, then 7 = 1, and we get « = % and b = 1/4 (to be
compared with the strict upper-bound 1/3 in the exact case, see [34, Example 15]).

Notice that the choice of @ does not directly affect the predicted rates of convergence, which now
depends only on the constant b. However, the choice of « dictates the largest possible choice for b
satisfying the assumptions and thus, indirectly, the rates of convergence as well.

6 SWEEPING

We now consider an example in which the errors in the computation of V f are deterministic; a finite
sum minimization problem,

1y
(9) xfr‘rél_%l’wﬁ ;fz (x)

where n > 11is fixed. We assume that:
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(F.1) f; is w-smooth (see Definition 2.9) for 1 < i < n with » nondecreasing.
(F.2) (yx)ren @ nonincreasing sequence.

As in the previous section, Section 5, we examine only the case where, for each k € N, A = /1{ =
Vf(xx) — ﬂ‘k, with ﬂk to be defined below, although our analysis is straightforward to adapt to the
more general case where one computes prA* (Ax; — b) inexactly as well, at the expense of brevity
(see Remark 5.2). We will sweep, or cycle, through the functions f;, taking the gradient of a single
one at each iteration and recursively averaging with the past gradients. For notation, fixed n, we take
mod (k) = (k mod n) with the convention that mod (n) £ 1. We define the inexact gradient in the
following way,

= a1
Vi =

n £

k
D Vi) (Vk<n)
i=1

and

def &7 1

Vi SV, + - (Vfmodk) (xk) = V frnod (k) (xXk=n)) (Yk = n+1).

For k > n + 1it can also be written in closed form as,

. mod (k) n
Vie=-= Z Vfi (Xitk—mod(k)) + Z Vfi (Xirk—n-mod(k)) |-
G = i=mod (k)+1

Lemma6.1. Let B = % (n(n—1)+ (n—-1) (2n —1)). Under (F.1) and (F.2), we then have, for allk > 2n—1,
the following,

Proof. Using the definition of /1£+1 fork > 2n—12> n+1, we have

W] = 7 G = T
(mod(k+1)

A

k+1

< B (Yks2-2ndc) -

Vi (xk1) = Vi (Xivks1=mod (k+1) )

i=1
n

+ Z Vﬁ (xk+1) - Vﬁ (xi+k+1—n—mod(k+1))

i=mod (k+1)+1
Then, we apply the triangle inequality and w-smoothness of f; assumed in (F.1),

(mod(k+l)

Z Hvﬁ (xk11) = Vfi (xi+k+1—m0d(k+1))||

i=1
n

+ Z ”Vﬁ (xk+1) - Vﬁ (xi+k+1—n—mod(k+1))||

i=mod (k+1)+1
1 mod (k+1)
n

IA

Z w (||xk+1 - xi+k+1—mod(k+1)H)
i=1

n

+ Z w (||xk+1 - xi+k+l—n—mod(k+l)”) .
i=mod (k+1)+1

Silveti-Falls, Molinari, Fadili Inexact and stochastic generalized conditional gradient...



J. Nonsmooth Anal. Optim. 2 (2021), 6480 page 34 of 41

Now we add and subtract the iterates in between xx4; and Xjix+1-mod(k+1) then use the definition
Xk41 = Xk + Yk (Sk — xx) and the fact that, for all k € N, 5 and x are in C,

1 mod(k+1) mod(k+1)—i
I <~ ( o ([lisz-s = e
i=1 =1
n mod (k+1)—i+n
+ Z Z w (”xk+2—j - xk+1—j||)
i=mod (k+1)+1 Jj=1
1 mod(k+1) mod(k+1)—i
< > ( Z Z o (Yk1-jdc)

i=1 j=1

n mod (k+1)—i+n

+ Z Z w (}’k+1—ij) .
i=mod (k+1)+1 Jj=1

Recall that, by (F.2), (yx)sey is nonincreasing, by (F.1), » is a nondecreasing function, and, for each
k € N, mod (k) < n. Then,

k+1

4

1 mod (k+1) .
| D (mi+mod (k+1)© (Yesri-moatkendc)

n i=1

n

+ Z (=i +n+mod (k +1)) ® (Yisti-n-mod(k+1dc)

i=mod (k+1)+1

INA

1
- (mod (k +1) (=1+ mod (k +1)) ® (Yk+2-mod(k+1dc)

+(n—mod (k+1)) (=1+n+ mod (k +1)) @ (Ysz-n-mod(k+1dc))

IA

~ (11~ 1) (faz-nde) + (1=1) (21 = 1) (kg2 2ndc)

IA

~(n(n=1)+ (1= 1) (21— 1) & (iz-2nd)
O

Proposition 6.2. Under (F.1) and (F.2), and assuming that (yr (dcyk))ren € £ the summability condition
of (P.8) holds; namely,

A et

k+1

Yk+1

Proof. By Lemma 6.1, we have, for all k > 2n — 1,

A

k+1

Yi+1 < BYis1 (deYisz—2n) < BYkso—an© (dcYisz—2n)

where we have used the fact that (i), <y is @ nonincreasing sequence by (F.2). Since (yrw (dcyk))ren €
£, the desired claim follows. m]
6.1 COMPARISON OF COMPLEXITIES

We summarize here the complexity of the three methods we have proposed. To make things clear and

n
concrete, we consider a Lipschitz-smooth function f(x) = % > fi(x) with all f; Lipschitz-smooth as
i=1
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well, such that all of our relevant assumptions hold. We take yx = 1/(k + 1)'"? with the rest of the
parameters chosen to satisfy the assumptions laid out in the algorithm (see Section 7 for more details),
and all fixed batch sizes to be 1.

Maximum b Iterations k # Vf; calls per iter. Total # Vf; calls

-3
Increasing Batch Size ~ % Q(e?) (k + l)% @) (EZ (i+ 1)31)
i=1
Variance Reduction = i Q(e™) 1 O (e™*)
Sweeping o Q(e?) 1 O (e7?)
Deterministic (CGALP) e % Q(e7?) n @) ((ne)_3)

7 NUMERICAL EXPERIMENTS

We apply the sweeping method and the variance reduction method to solve the following projection
problem,

1
(7.1) min — |lx - yll*,

||x||11 <12n
Ax=0
where x and y are in R". Notice that this problem fits both the risk minimization and the sweeping
problem structures. By choosing f; (x) = 3 (x; — yi)* we can rewrite the problem to apply the sweeping
method of Section 6. Alternatively, we can let  be a random variable taking values in the set {1,...,n}
and write L(x,n) = % (x5 — y,l)2 to cast the problem as risk minimization as in Section 5. In both of
these cases, it is possible by our analysis to consider also sampling components of the components of
the gradient term Vx%k |Axi||? = prA*Axy.

The assumptions (E.1) - (E.4) and (F.1) all hold as the function f is Lipschitz-smooth and the functions
L (-, n) are all Lipschitz-smooth for every 5 as well. The assumptions ((A.1)) to ((a)) all hold as f is
Lipschitz-smooth and has full domain.

For parameters, we take yx = 1/(k + 1), pp = p = 2272 + 1, 0 = yy. If we take b < % then all the
assumptions (P.1) to (P.7) are satisfied, as well as (F.2). In particular, to satisfy (P.8) in the variance

reduction case, we will take b € ;11 —0.15, i - 0.01}. With this choice of b, we have O (ﬁ) =0 (k‘o'l)

and O (i) = O (k7%%%), respectively. The weight v in the variance reduction is chosen to be vy = Yo
with a = 2/3 since the problem is Lipschitz-smooth, i.e. the Holder exponent is 7 = 1. With this choice,
the condition (5.3) in Proposition 5.8 is satisfied as was discussed in Example 5.9.

Since the problem (7.1) is strongly convex, we show ||J?k - x*“2 in addition to the feasibility gap,
|Ax¢||* where Xy is the ergodic variable; for each k € N,

k

_  def

X = § YiXiv1/Tk.
i=0

. _ 2 . : .
The result in Theorem 4.1 ensures convergence of ka - x*” witha O (ﬁ) rate since strong convexity

is a special case of uniform convexity with ¢ (¢) = 5¢2.

We initialize y € R” and A € R**" randomly. To find the solution x* to high precision, we use
generalized forward-backward before running the experiments. As a baseline, we run CGALDP, the
exact counterpart to ICGALP, and display the results. We run the sweeping method on V£ (x) for
two different step size choices, displayed in Figures 1 and 2. For the variance reduction, we examine
both the case where VL (x, nx) is sampled and the case where the gradient of the quadratic term is
sampled (see Remark 5.2), for two different step size and weight choices as well as different batch sizes
(1, 64, or 256), displayed in Figures 1 and 2.
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Optimality

CGALP

Sweep Vi fi(xk)

VR single V,fi(x)

VR small batch V,fi(xx)

VR big batch V,fi(xk)

VR small batch V,fi(xx) + px(A* Axi)®
VR big batch Vyfi(xi) + k(A " Axi)?

(=)

102 103 104 10°

Feasibility

—— CGALP
—— Sweep Vfi(xk)

—— VR single V,fi(xk)
—— VR 64 batch V,fi(xx)

=
—-_———
-
-
-~
-
-
-~
-
-~
-~
-
-
-~
-
~—
-
-~
-~

VR 256 batch V,fi(xk)

VR 64 batch V,fi(xq) + pk(A " Ax)?

VR 256 batch V,fi(xk) + px(A * Axi)®
_—— o(

1074 1

|A%|?

1
reav))

10—5 4

107 103 104 10°

Figure 1: Ergodic convergence profiles for ICGALP applied to the projection problem (7.1) with n = 1024.

The step size is, for each k € N, yx = (k + 1)_(1_%”'01) and the weight for variance reduction

is, foreach k € N, v = yi/3.
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Optimality

10-1 4 CGALP
Sweep V,fi(x)

VR 1 batch V,fi(xx)

VR 64 batch V,fi(xk)

VR 256 batch V,fi(x)

VR 64 batch V,fi(x;) + px(A *Ax )"
VR 256 batch V,fi(xk) + px(A *Axi)?

-o(

102

[Xe = x " |2

1
(k+1)02% )

102 103 104 10°
k

Feasibility

—— CGALP

—— Sweep V,fi(xy)

—— VR 1 batch V,fi(xk)
—— VR 64 batch V,fi(xy)

-
—_——
-
-~
-
-~
-
-~
-~
—~
-
L.
-~
~_——
-

VR 256 batch V,fi(xk)

VR 64 batch V,fi(xy) + px(A * Axi)?

VR 256 batch V,fi(xk) + pox(A " Ax)?
I o(

10—4 _

|A%|?

1
k+1)02% )

10—5 4

102 103 104 10°

Figure 2: Ergodic convergence profiles for ICGALP applied to the projection problem (7.1) with n = 1024.

The step size is, for each k € N, y; = (k + 1)_(1_%”'15) and the weight for variance reduction

is, foreach k € N, v = yi/3.
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8 CONCLUSION

We introduced an inexact extension of the CGALP algorithm, given in [34], which allows for either
stochastic or deterministic errors in the computation of several important quantities. The main benefit
of this extension will be in the high-dimensional setting, where computing the terms Vf, proxz,, or
the linear minimization oracle can be impractical. Several different methods were considered which
demonstrated how the gradient Vf could be computed in such a way that the summability conditions
of ICGALP would be satisfied. The main drawbacks of using the inexact variant of the algorithm
emerge from the restrictions on the parameters one is free to choose. Indeed, here the choices of step
sizes are more strict than in the CGALP setting. However, the predicted convergence rates for both the
optimality and feasibility maintain the same dependence on parameters as was observed for CGALP
in an almost sure sense.

APPENDIX A
Lemma A.1. Consider a positive sequence (uy)cn Which satisfies, for each k € N,

(A1) U < (1-cyg) ug +dy;,

for some real numbers s and t satisfying 0 < s < min {1, t}. If, in addition, the sequence (yi);cn Satisfies,
foreachk e N,

Yk
Yk+1

(a.2) <1+o0(y),

then, for k sufficiently large, it holds,
ur < C_l t—s + ( t—s
kS cyk 0 Yk )
Proof. For each k € N, we denote vi £ yfc_tuk - g such that u; = y,i_s (vk + %) Then, by (a.1),

. d_ . d_ . i d
b = Vo = § < et (0 =enf) e+ dyf) = S = (L) (- erp ) - 5
c c Vit c

By (a.2), we then have, for each k € N,

S— K =S s d
Ve < v (U0 (1) (1= e we + d) - —

Substituting for uy using the definition of v we find, for each k € N,
s—t s\\I—s s d t—s t d
e < v (00 () (1 e (v + &)yt wayt) - 2.

Now, we take a Taylor expansion for the term (1+o0 (y;)*)"™* ~ (1 +o0 (yz)) to get, for k sufficiently

large,

. . . d\ . d
e < 7 0 () ( (1= ) (s )t - 4
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We distribute the y;~* and then expand parentheses,

Ve < (140 (r3)) ((1 —cyR) ("k + g) + dy’i) a %i

s s d s s S d S d
= (=) i+ (L=epg) < +drg+o(ry) ((1—%) (Vk+;) +dYk) -7

d d d
= (=e) vt (1=er) Z +dyg+o(n) (1=erg) i+ o (v) (L =erg) < +o () dr = -

= (L=cyg+o(ri)) vk +o(yg)-

Fix 0 < ¢ < c. Then, by definition of o (yfc) Jky € N such that, Yk > kg, 0 (yfc) <(c- E)yfc. Then,

(1=cyg+0(yp)) vie < (1= ¢yg) v

From this we conclude, by [31, Ch.2, Lemma 3], that lim sup v; < 0. Thus, by definition of v,

k

d
t— t—
uk+1§2yks+o(yk 9. O
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