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RELATIONS BETWEEN ABS-NORMAL NLPS AND MPCCS.
PART 2: WEAK CONSTRAINT QUALIFICATIONS

L.C. Hegerhorst-Schultchen” C. Kirches® M.C. Steinbach*

Abstract  This work continues an ongoing effort to compare non-smooth optimization problems
in abs-normal form to Mathematical Programs with Complementarity Constraints (MPCCs). We
study general Nonlinear Programs with equality and inequality constraints in abs-normal form,
so-called Abs-Normal NLPs, and their relation to equivalent MPCC reformulations. We introduce
the concepts of Abadie’s and Guignard’s kink qualification and prove relations to MPCC-ACQ
and MPCC-GCQ for the counterpart MPCC formulations. Due to non-uniqueness of a specific
slack reformulation suggested in [10], the relations are non-trivial. It turns out that constraint
qualifications of Abadie type are preserved. We also prove the weaker result that equivalence
of Guginard’s (and Abadie’s) constraint qualifications for all branch problems hold, while the
question of GCQ preservation remains open. Finally, we introduce M-stationarity and B-stationarity
concepts for abs-normal NLPs and prove first order optimality conditions corresponding to MPCC
counterpart formulations.

1 INTRODUCTION
Non-smooth nonlinear optimization problems of the form

(NLP) min f(x) st g(x)=0, h(x)=>0,

where D* C R" is open, the objective f € C?(D*,R) is a smooth function and the equality and
inequality constraints g € Cng(Dx ,R™)and h € Cgbs (D*, R™2) are level-1 non-smooth functions that
can be written in abs-normal form [3] have been considered by the authors in [10]. In this problem
class, the non-smoothness is caused by finitely many occurrences of the absolute value function,
the branches of which we represent by signature matrices ¥ = diag(o) with ¢ € {-1,0,1}*. We find
functions cg € C*(D*I,R™), ¢; € C4(D*I?I,R™) and cz € C¥(D*FI, R%) with D*FI = D* x DI?],
DIl € R® open and symmetric (i.e., z € D?l implies 3z € DI?! for every signature matrix %) such that

g(x) = cs(x,|2),
(ANF) h(x) = cz(x, |z]),

z=cz(x|z|]) with dscz(x,|z|) strictly lower triangular.
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Here we use a single joint switching constraint ¢ z for both g and h, and reuse switching variables z; if
the same argument repeats as an absolute value argument in g or h. Due to the strictly lower triangular
form of d,c 7 (x, |z|), component z; of z can be computed from x and the components z;, i < j. Hence,
the variable z is implicitly defined by z = ¢z (x, |z|), and to denote this dependence explicitly, we write
z(x) in the following. Whenever we address questions of solvability of this system, we make use of
the reformulation |z;| = sign(z;)z;.

Definition 1.1 (Signature of z). Let x € D*. We define the signature o(x) and the associated signature
matrix 2(x) as

o(x) :==sign(z(x)) € {-1,0,1}° and X(x) :=diag(o(x)).

A signature vector o(x) € {—1,1}° is called definite, otherwise indefinite.

For signatures g, 6 € {—1,0,1}°, it is convenient to use the partial order
0>0 & 06i0; > al-z for i=1...,s,

i.e., 6; is arbitrary if o; = 0 and 6; = o0; otherwise. Thus, we may write |z(x)| = 2z(x) for every
o > o(x). Further, we may consider the system z = ¢z (x, 2z) for fixed signature ¥ = ¥(x) around a
point of interest x. By the implicit function theorem, the system has a locally unique solution z(x) for
fixed signature ¥, and the associated Jacobian at x reads

axz(%) = [I = d2cz (%, |2()DZ] " arez (%, |2(%)]) € R™.

Definition 1.2 (Active Switching Set). We call the switching variable z; active if z;(x) = 0. The active
switching set a consists of all indices of active switching variables,

a(x) ={1<i<s:z(x) =0}

The numbers of active and inactive switching variables are |@(x)| and |o(x)| := s — |a(x)|.

LITERATURE

Griewank and Walther have developed a class of unconstrained abs-normal problems in [3, 4]. These
problems offer particularly attractive theoretical features when generalizing KKT theory and stationar-
ity concepts to non-smooth problems. Under certain regularity conditions, they are computationally
tractable by active-set type algorithms with guaranteed convergence based on piecewise linearizations
and using algorithmic differentiation techniques [s5, 6].

Another important class of non-smooth optimization problems are Mathematical Programs with
Complementarity (or Equilibrium) Constraints (MPCCs, MPECs); an overview can be found in the
book [12]. Since standard theory for smooth optimization problems cannot be applied, new constraint
qualifications and corresponding optimality conditions were introduced. By now, there is a large body
of literature on MPCCs, and we refer to [16] for an overview of the basic concepts and theory. In this
paper, constraint qualifications for MPCCs in the sense of Abadie and Guignard and corresponding
stationarity concepts (in particular M-stationarity and MPCC-linearized B-stationarity) are considered.
Details can be found in [14], [12] and [1].

In [8] we have shown that unconstrained abs-normal problems constitute a subclass of MPCCs. In
addition, we have studied regularity concepts of linear independence and of Mangasarian-Fromovitz
type. As a direct generalization of unconstrained abs-normal problems we have considered NLPs with
abs-normal constraints, which turned out to be equivalent to the class of MPCCs. In [10] we have
extended optimality conditions of unconstrained abs-normal problems to general abs-normal NLPs
under the linear independence kink qualification using a reformulation of inequalities with absolute
value slacks. We have compared these optimality conditions to concepts of MPCCs in [9]. We have
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also shown that the above slack reformulation preserves kink qualifications of linear independece type
but not of Mangasarian-Fromovitz type. More details and additional information about these results as
well as about the results in this paper can be found in [7].

CONTRIBUTIONS.

In the present article we extend our detailed comparative study of general abs-normal NLPs and MPECs,
considering constraint qualifications of Abadie and Guignard type both for the standard formulation and
for the reformulation with absolute value slacks. In particular, we show that constraint qualifications
of Abadie type are equivalent for abs-normal NLPs and MPCCs and that they are preserved under
the slack reformulation. For constraint qualifications of Guignard type we cannot prove equivalence
but only certain implications. However, when considering branch problems of abs-normal NLPs and
MPCCs, we again obtain equivalence of constraint qualifications of Abadie and Guignard type, even
under the slack reformulation. Finally we introduce Mordukhovich and Bouligand stationarity concepts
for abs-normal NLPs and prove first order optimality conditions using the corresponding concepts for
MPCCs.

STRUCTURE.

The remainder of this article is structured as follows. In Section 2 we state the general abs-normal
NLP and its reformulation with absolute value slacks that permits to dispose of inequalities. We
also present the branch structure of both formulations and introduce appropriate definitions of the
tangent cone and the linearized cone. Using these tools, we introduce kink qualifications in the sense
of Abadie and Guignard. In terms of these two kink qualifications, we then compare the regularity of
the equality-constrained form of an abs-normal NLP to the inequality-constrained one. In Section 3 we
introduce counterpart MPCCs for the two formulations of abs-normal NLPs and discuss the associated
MPCC-constraint qualifications, namely MPCC-ACQ and MPCC-GCQ. In Section 4 we investigate
the interrelation of the regularity concepts for abs-normal NLPs and MPECs and find the situation
to be more intricate than under LICQ and MFCQ discussed in [10]. Finally, in Section 5 we introduce
abs-normal variants of M-stationarity and B-stationarity as first order necessary optimality conditions
for abs-normal NLPs and prove equivalence relations for the respective MPCC stationarity conditions.
We conclude with Section 6.

2 INEQUALITY AND EQUALITY CONSTRAINED FORMULATIONS

In this section we consider two different treatments of inequality constraints for non-smooth NLPs in
abs-normal form.

2.1 GENERAL ABS-NORMAL NLPS

Substituting the representation (ANF) of constraints in abs-normal form into the general problem
(NLP), we obtain a general abs-normal NLP. Here, we use the variables (¢, z") instead of (x, z) and
analogously o/ () and a’(t) instead of o(x) and a(x).
Definition 2.1 (Abs-Normal NLP). Let D’ be an open subset of R™. A non-smooth NLP is called
an abs-normal NLP if functions f € C4(D!,R), cg € Cd(D“Zt‘, R™) c; € Cd(D”zt', R™2), and
cz € cd(DtI' I Rst) with d > 1 exist such that it reads

(I-NLP) min f(t) st cs(t|2) =0, cr(tlzf) 20, cz(t|e]) -2 =0,
t,z
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where D¥'| is open and symmetric and dyc 7 (x, |z']) is strictly lower triangular. The feasible set of
(INLP) is Faps = {(t,2"): ce(t,12']) = 0,c7 (L |2']) 2 0,z (1, ]2]) = 2'}.

Definition 2.2 (Active Inequality Set). Let (t,2'(t)) € Faps. We call the inequality constraint i € 7
active if ¢;(t, |z"(t)|) = 0. The active set A(t) consists of all indices of active inequality constraints,
A(t) ={i € I:ci(t, |z (t)]) = 0}. We set ¢ = [ci]ic(r) and denote the number of active inequality
constraints by |A(t)|.

With the goal of considering kink qualifications in the spirit of Abadie and Guignard, we define the
tangent cone and the abs-normal-linearized cone.

Definition 2.3 (Tangent Cone and Abs-Normal-Linearized Cone for (I-NLP)). Consider a feasible point
(t,2") of (I-NLP). The tangent cone to Faps at (t,z") is

A t
ﬂbs(t’z ) T {(5t’ bz ) lel(tk —t, Z]l; _Zt) — (5t, 5Zt)

At N\ 0, Fabs > (tr, 2p) — (t,2): }

With 8; := |8z} if i € &' (t) and 8; := o (¢)8z! if i ¢ a'(t), the abs-normal-linearized cone is

dics(t, |21)8t + dyes(t, |28)SC = 0,
Tin(t,2") =1 (8t,82") | dyeal(t, |2)St + drcal(t, |26 = 0,
dicz (t,12"])8t + dac 7 (8, |2%]) 8¢ = 82

To prove that the tangent cone is a subset of the abs-normal-linearized cone, we follow an idea from
[1], where an analogous result for MPCCs was obtained. First, we need the definition of the smooth
branch NLPs for (I-NLP) with their standard tangent cones and linearized cones.

Definition 2.4 (Branch NLPs for (I-NLP)). Consider a feasible point (%, z’) of (I-NLP). Choose ¢’ €
{-1,1}% with ¢’ > o'(f) and set 3! = diag(c’). The branch problem NLP(X!) is defined as

min f(t) st cg(t,22) =0, cr(t,22") >0,
t,z
(NLP(Z?)) cz (1,22 -2z =0, 32 >o0.

The feasible set of (NLP(2")), which always contains (£, £), is denoted by Fs:.

Definition 2.5 (Tangent Cone and Linearized Cone for (NLP(2?))). Given (NLP(Z")), consider a feasible
point (t,z"). The tangent cone to Fs: at (t,z") is

Is: (t, B = ot, o t
>(62) {( 7) T\t — t,2; — 2') — (6t,62")

3\ 0, For 3 (1 2L) — (1,2): }

The linearized cone is

dics(t, 2125t + drcg(t, 212121628 = 0,
dca(t, 2zt + dycn(t, 212N 2182 > 0,
dicz (1, 21218t + dhc 7 (1, 2122152 = 67,
0l6z! >0, i € a'(t)

Toan(t,2") =4 (8t,62")

Remark 2.6. Observe that |z'| = 3!z’ in Definition 2.4 and Definition 2.5, and for every X! we have
Tt C Fabs: Tse (1,2") C Tans(t,2"), and Th2(t, 2') € T30(t,2%).

Lemma 2.7. Consider a feasible point (f,2") of (I-NLP) with associated branch problems (NLP(2?)). Then,
the following decompositions of the tangent cone and of the abs-normal-linearized cone of (I-NLP) hold:

Tavs(i.2) = | | (1,2") and TR(E2%) = (2.
»t >t
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Proof. We first consider the tangent cones and show that a neighborhood N of (£, £!) exists such that

Faos VN = J (7 0 N).
>t

The inclusion 2 holds for every neighborhood N since ¥t € Fops for all Z¢. To show the inclusion C
we consider an index i ¢ & (f). Then, by continuity, €; > 0 exists with 67 (t) = ¢! (f) € {-1,+1} for all
t € B, (). Now set € := MiNg,e ;) €, N = Be X R™, and consider (t, z') € N N Faps. With the choice
of =0/ (t) fori ¢ a'(t) and o =1fori € a(t) we find 3* = diag(o’) such that (t,z") € N'N F5; since
al(t) C a!(t). Thus,

Fars VN =] (For O N).

>t

Now, let 7°(£, 2; ¥) generically denote the tangent cone to F at (,2"). Then,

ﬁbs(f’ ét) = T(f’ ét; %bs) = T(f’ ét; %bs m N) = T(f’ it; UZ‘ (ﬁf m N))
= UT(f, 3 F AN = Ufr(f, 3 Fr) = Uf/g,(f, 3.
>t >t

»t

Here the fourth equality holds since the number of branch problems is finite. The decomposition of
7;%)‘;‘ follows directly by comparing definitions of 7;]13‘;‘ and ‘7;}“. O

Lemma 2.8. Let (t,z") be feasible for (I-NLP). Then,
Tavs(1.2') € Tyl (1,2') and - Tops(.2')" 2 Tyl (1,2)".

Proof. The branch NLPs are smooth, hence the inclusion 75:(t, z") C ‘7;}“(@ z") holds by standard NLP
theory. Then, the first inclusion follows directly from Lemma 2.7 and the second inclusion follows by
dualization of the cones. O

In general, the reverse inclusions do not hold. This leads to the following definitions.

Definition 2.9 (Abadie’s and Guignard’s Kink Qualifications for (I-NLP)). Consider a feasible point
(t,2(t)) of (I-NLP). We say that Abadie’s Kink Qualification (AKQ) holds at t if we have Tos(t, 2' () =
Tlin(t, 2% (t)), and that Guignard’s Kink Qualification (GKQ) holds at t if Tops(t, 2% (t))* = T (t, 2% (t))*.

abs abs
The decomposition of cones in Lemma 2.7 and its dualization immediately lead to the next theorem.
Theorem 2.10 (ACQ/GCQ for all (NLP(Z!)) implies AKQ/GKQ for (I-NLP)). Consider a feasible point
(t,2'(t)) of (I-NLP) with associated branch problems (NLP(3?)). Then, AKQ respectively GKQ holds for
(I-NLP) at t if ACQ respectively GCQ holds for all (NLP(Z')) at (t, 2" (t)).

2.2 ABS-NORMAL NLPS WITH INEQUALITY SLACKS

Here, we use absolute values of slack variables to get rid of the inequality constraints. This idea is
due to Griewank. It has been introduced in [10] and has been further investigated in [9]. With slack
variables w € R™2, we reformulate (NLP) as follows:

r?in f() st g(t)=0, h(t)—-|w|=0.

Then, we express g and h in abs-normal form as in (ANF) and introduce additional switching variables
z* to handle |w|. We obtain a class of purely equality-constrained abs-normal NLPs.
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Definition 2.11 (Abs-Normal NLP with Inequality Slacks). An abs-normal NLP posed in the following
form is called an abs-normal NLP with inequality slacks:

min f(t) st cg(t]2']) =0, cr(t12']) - 2] =0,
t,w,ztzW

(E-NLP) cz(t12') =2, w=2z",

where D'l is open and symmetric and d.cz (¢, |z!|) is strictly lower triangular. The feasible set of
(E-NLP) is denoted by Fe.aps and is a lifting of Fyps.

Remark 2.12. Introducing |w| converts inequalities to pure equalities without a nonnegativity condition
for the slack variables w. In [10] we have used this formulation to simplify the presentation of first
and second order conditions for the general abs-normal NLP under the linear independence kink
qualification (LIKQ). Later we will see that constraint qualifications of Abadie type are preserved
under reformulation. Nevertheless, this representation causes some problems. In [9] we have shown
that, in contrast to LIKQ, constraint qualifications of Mangasarian-Fromovitz type are not preserved.
Moreover, we cannot prove compatibility of constraint qualifications of Guignard type. Also, note that
the equation w — z" = 0 (and hence w) cannot be eliminated as this would destroy the abs-normal
form. Finally, the signs of nonzero components w; can be chosen arbitrarily and thus the slack w is
not uniquely determined. This needs to be taken into account when formulationg kink qualifications
(KQ) for (E-NLP).

We are now interested in deriving Abadie’s and Guignard’s KQ for (E-NLP). To this end, we observe
that the formulation (E-NLP) can be seen as a special case of (I-NLP): Let x = (t,w), z = (z',z"),
flx) = f(t), ee(x |2l) = (ce(t. |2']), ez (t,12]) = [2"]), and ez (x, |z]) = (cz (% |2"]), w). Then, we can
rewrite (E-NLP) as

n;izn f(x) st Ce(xz]) =0, cz(x|z]) —z=0.

Hence, the following material is readily obtained by specializing the definitions and results in the
previous section.

With § = (8¢, dw, 6z, §z"), Definition 2.3 and w = z* give the tangent cone to Fe-aps at (¢, w, 2%, %)
as

%—abs(ts w, Zt, ZW) = { 6

e N 0, Feeabs > (b, Who 21, 2) — (L w, 25, 2Y):
T (t = towe — w, 2t — 2) > (8t, 0w, 82"), 62" = dw |

and the abs-normal-linearized cone reads

e-abs

g lin (t,w, 2", z") = {5

dier (t, |28])St + der (8, |2°])8¢ = S,
(6t,82") € ‘7;5;‘(1‘, zh), 6z% = Sw ’

where a = (o, a") and

_ ol )3z, igat(t) (o (w)dzY, igav(w)
0 = { |6z;], ieadit) |’ dwi = |62}, ica(w)|"

In Definition 2.4, consider a feasible point (£, w, £, 2%) of (E-NLP). Choose ¢’ € {-1,1}* with ¢’ >
o!(t) and o¥ € {~1,1}" with ¢¥ > ¢"(w). Set = = diag(c’) and =¥ = diag(c"). Then, the branch
problem NLP(Z"%) for %" := diag(>?, X%) reads
“anitnzw f(t) st cg(t,22") =0, cr(t,2'2) -3¥z" =0,
(NLP(Z5W)) T cz (32 -z =0, w-2z"=0,
>0, Wz >o.
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The feasible set of (NLP(X"")), which always contains (, w, 2/, 2%), is denoted by Fsrw and is a lifting
of F5:. By Definition 2.5, the tangent cone to Fse.w at (¢, w, 2%, z") reads

Trew(t,w, z',2") = {5

A \, 0, Fxrw 3 (tk, wk,zl’;,z;”) — (t,w,z!,z"):
r;l(tk — Wi —w, zltC -z — (8t, 6w, 82%), 6zY = Sw

with § = (6t, Sw, 5z!, 5z%). The linearized cone reads

Toin (tw, 2", 2") = {5

o1cr8t + dyc 728z — V62V = 0, 8z = Sw,
(8t,62") € 7;,“‘(1‘, z'), 06z >0, i€ a™(w) |’

Here, all partial derivatives are evaluated at (¢, %z").
Moreover, we obtain the following decompositions by applying Lemma 2.7 to (E-NLP) at y =
(t,w, 2!, z") with associated branch problems (NLP(2:")):

Teans(y) = ) Toew(y) and 710 () = | ) i (y).

Stw Stw

As before, the tangent cone is a subset of the linearized cone and the reverse inclusion holds for the
dual cones:

%—abs(y) c Tlin (y) and %—abs(y)* =2 Tlin (Y)*

e-abs e-abs

This follows directly by applying Lemma 2.8 to (E-NLP). Again, equality does not hold in general, and
we consider Abadie’s Kink Qualification (AKQ) and Guignard’s Kink Qualification (GKQ) for (E-NLP).

Given a feasible point y = (¢, w, z*(t), 2" (w)) of (E-NLP), Definition 2.9 gives AKQ and GKQ at
(¢, w), respectively, as

Teabs(¥) = T2 (y)  and  Teans(y)* = T2 (3)".

Remark 2.13. The possible slack values w € W(t) := {w: |w| = ¢ (¢, |2 (¢)])} just differ by the signs of
components w; for i € A(t). Thus, neither AKQ nor GKQ depends on the particular choice of w, and
both conditions are well-defined for (E-NLP).

Now Theorem 2.10 takes the following form.

Theorem 2.14 (ACQ/GCQ for all (NLP(2%")) implies AKQ/GKQ for (E-NLP)). Consider a feasible point
y = (t,w,z'(t), 2% (w)) of (E-NLP) with associated branch problems (NLP(Z"")). Then, AKQ respectively
GKQ for (E-NLP) holds at (t, w) if ACQ respectively GCQ holds for all (NLP(2"")) at y.

2.3 RELATIONS OF KINK QUALIFICATIONS FOR ABS-NORMAL NLPS

In this paragraph we discuss the relations of kink qualifications for the two different formulations
introduced above. Here, equality of the cones and of the dual cones just needs to be considered for one
element of the set W(t) = {w: |w| = ¢z (¢, |z"(t)|)}. Then, it holds directly for all other elements by
Remark 2.13.

Theorem 2.15. AKQ for (I-NLP) holds at (t,z'(t)) € Faps if and only if AKQ for (E-NLP) holds at
(t,w, 2! (t), 2" (w)) € Fe-abs for any (and hence all) w € W (t).

Proof. As Taps(t,2") C 7;%};‘(1,‘, z!) and Te_aps(t, 2°) C 7;1111

(¢, 2") always hold, we just need to prove

Tabs(t,2)) 2 ‘7;11;;10, ') = Teans(t,w,z',2") 2 ‘7:;’11)5(1‘, w, 2!, z").
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We start with the implication “=”. Let § = (6t, dw, §z',58z") € g lin

- ] e-abs
5 = (6t,67") € 7;{)‘;‘0, z') = Tabs(t, 2"). Hence, there exist sequences (1, z;) € Faps and 7 N\ 0 with
(tr, z;) — (t,2") and 7' (tx — t, 2, — 2") — (8t,62"). Now, define

(t,w,z!,z"). Then, we have

>" = diag(c) with o;= {O' (wi), iga”(w),

- sign(dz}”), i€ a¥(w),
and set 2, := wg := 2"c7 (t, |2f]). Then, we have 2" = w = Z"c(t,|z'|) and obtain

z = 2" =3"[er(t 7)) —cr(t,12'])]
=Z"[awer (8 12 ) (te = ) + dper (412" (2] = 12'D) + oIl (t = ¢, 2] = 12 DID]-

Further, for k large enough we have |z} | - |2'| = 2} 2} — %'z’ using 3 = diag(o7) with o; = o(#) and
¥! = diag(o*) with o’ = o(t). Then, we obtain for z! # 0

7 (1(zp)il = 12i1) = 7' 0f ((20)i = 21) — 07},
For z{ = 0 we have 7, '(z}); — 6z; and hence
7 (12l = 128]) = 7 (20l = 16711
Thus, 7;'(|(z;)| = |2*]) — 6 holds, and in total
r,;l(z,tv —2z%) = S¥[dicr(t, |2 )6t + dsc 7 (¢, |2])8L] = V6L = 82"

Additionally, we obtain 7, Y(wr —w) — Sw and finally d € Te_aps(t, w, 2%, z%). To prove the implication
“&”, consider § = (8t, 6z%) € 7;5;‘(1‘, z'). We define

+1, i € At),

>¥ =diag(oc) with o; =1 , , ]

sign([dicr (¢, 12" )0t + d2c7 (2, |2])61:), 1 ¢ At),
and set Sw = 0z = X™[aics(t, |2'])0t + dec1 (¢, |2'])5C]. Then we have 5 = (8t,6w,87',62") €
Z};%S(t, w,z!,z%) for w = z% = ZYcz(t,|z']). By assumption, § € Te_aps(t, w, 2, 2") holds, and this

directly implies & = (6t, 8z") € Taps(t, 2%). |

Theorem 2.16. GKQ for (I-NLP) holds at (t, z* (t)) € Faps if GKQ for (E-NLP) holds at (t, w, z* (t), 2% (w)) €
Fe-abs for any (and hence all) w € W (t).

Proof. The inclusion Tps(t, z')* 2 Zgg(t, z')* is always satisfied. Thus, we just have to show

7;bs(t, Zt)* C Tlin(t, Zt)*,

abs

Let o = (wt,wz') € Taps(t,2")", ie. 0§ >0 for all § = (6t,62") € Taps(t,2'). Then, set & =
(wt, 0, wz',0) and obtain &TS = wls > 0 for all § € Teaps(t, w, z!,z"%) where w € W(t) is arbi-
trary. By assumption, then 78 > 0 forall § € 7:13)5(1‘, w, 2%, z%) holds. This implies ©*6 = ®T6 > 0
forall § € ‘7;%};‘@, zh). O

The converse is unlikely to hold, but we are, at the same time, not aware of a counterexample. Next,
we consider the branch problems and relations of ACQ and GCQ for all branch problems. Here, we can
exploit sign information to show equivalence of GCQ for the branch problems of (I-NLP) and (E-NLP).

Theorem 2.17. ACQ for (NLP(2)) holds at (t,z'(t)) € Fs: if and only if ACQ for (NLP(Z"")) holds at
(t,w, 2! (), 2" (w)) € Fsew for any (and hence all) w € W (t).
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Proof. The proof proceeds as in Theorem 2.15. O

Theorem 2.18. GCQ for (NLP(X!)) holds at (t,z"(t)) € Fz: if and only if GCQ for (NLP(X"")) holds at
(t,w,z! (), 2" (w)) € Fsew for any (and hence all) w € W (1).

Proof. The inclusions 75 (t,z")* 2 7;}“(& z!)* and T5ew(t, 2H)* D 7;},‘}”0, z')* are always satisfied.
Thus, we just need to prove

Toe (t,2")" CTI(1,2")" &= Toen(t, w,2",2%)" C T8, (1w, 2", 2")".

We start with the implication “=”. Let v = (0t, 0w, wz!, wz%) € Tyew(t, w, 2%, 2%)*, ie. 0’8 > 0 for
all § = (5t, 6w, 62! 6z%) € Tyew(t, w, 2!, 2"). Set

& = (&, 07" = (wt, wz") + (ww + wz") Y (dicr (1,212, e (1, 2121 ).

Then, we have &8 = 0!8 > 0 for all § = (5t, 6z") € T5(t, z") and thus & € 7;}“(1?, z"). Then, w78 > 0
for all § = (5t, 6w, 52'6z") € gli?v(t, w,z!,z%) as T8 = &7 & holds. The reverse implication may be
proved as shown in Theorem 2.16. O

3 COUNTERPART MPCCS

In this section we restate the MPCC counterpart problems for the two formulations (I-NLP) and (E-NLP)
and we present the relations between them.

3.1 COUNTERPART MPCC FOR THE GENERAL ABS-NORMAL NLP

To reformulate (I-NLP) as an MPCC, we split z* into its nonnegative part and the modulus of its non-
positive part, u’ := [z']* := max(z’, 0) and o’ := [z']” := max(—z’, 0). Then, we add complementarity
of these two variables to replace |z’| by u’ + o’ and z* itself by u’ — 0.

Definition 3.1 (Counterpart MPCC of (I-NLP)). The counterpart MPCC of the non-smooth NLP (I-NLP)
reads

min f(t) st cg(t,u +0) =0, cr(t,u’ +0") 20,
tut,u
(I-MPCC) cz(t,ul +0') — (ut —o") =0,
0<u’ Lo > 0,

where u’, 0" € R*. The feasible set of (I-MPCC) is denoted by Fmpce-

Given an abs-normal NLP (I-NLP) and its counterpart MPCC (I-MPCC), the mapping ¢: Fmpcc —
Fabs defined by
p(t,ul,0") = (t,u' —o') and ¢t 2") = (¢, [2']", [2])

is a homeomorphism. This result was obtained in [9, Lemma 31].
Corresponding to the active switching set in the previous section, we introduce index sets for
MPCCs.

Definition 3.2 (Index Sets). We denote by U} := {i € {1,...,s,;}: u} = 0} the set of indices of active
inequalities u; > 0, and by Uy = {i € {1,...,s,}: u! > 0} the set of indices of inactive inequalities
u! > 0. Analogous definitions hold of V} and V/. By D' := U NV} we denote the set of indices of non-
strict (degenerate) complementarity pairs. Thus we have the partitioning {1,...,s;} = UL U VI U D’

In order to define MPCC-CQs in the spirit of Abadie and Guignard, we introduce the tangent cone,
the complementarity cone, and the MPCC-linearized cone.

Hegerhorst-Schultchen, Kirches, Steinbach Relations Between Abs-Normal NLPs and MPCCs. Part 2:...



J. Nonsmooth Anal. Optim. 2 (2021), 6673 page 10 of 22

Definition 3.3 (Tangent Cone and MPCC-Linearized Cone for (I-MPCC), see [1]). Consider a feasible
point (t,u’,v") of (I-MPCC) with associated index sets UL, V/} and D’. The tangent cone to Fpcc at
(t,u',0") is

7;11pcc(t, ut, Ut) = { (5t, 5ut, 5Ut)

A1 N\ 0, Frupee 3 (toup,0p) — (t,uf,0%):
Tt — toup —u' 0, —0f) — (8t,8ut,80") |

The MPCC-linearized cone at (t,u’,v?) is

dicgdt + dycg (Sul + Svt) = 0,

ot
ghin (¢t ul oty = { | Sut dicadt + dyc 7 (Sut + Svt) > 0,
mpcc\*> “ > 50[ alcz5t + azcz(éut + 5Ut) _ 5ut _ 501"

(Sul, 50" € 71 (u!, v")

with complementarity cone

T1(u',0") = {(5ut, Soh)

Sul =0, i€V, 6l =0, i € U,
0<déul Lot >0 ieD ‘

Here, all partial derivatives are evaluated at (¢, u’ + 0*).

Note that the MPCC-linearized cone was originally stated in [11] and [14], but was not further
investigated there. Moreover, we modified the definition in [1] by introducing the complementarity
cone which is studied in the next lemma.

Lemma 3.4. The complementarity cone 7, (4, 4") is the tangent cone and also the linearized cone to the
complementarity set {(u’,v"): 0 < u’ 1L o' > 0} at (@, 9").

Proof. Given a tangent vector (du’, 6v’) = lim 7, (u; — @', 0] —0"') where 0 < u; 1 o > 0and 7 \, 0,
we have for k large enough:

t t _ . t (At At
u,; >0, 0, =0, ieU, (a; >0, 9; =0),
t _ t . t (At _ At
U, =0, v, >0, i€V, (a;=0,9; >0),
t t . t (At _ At
0<u, Lo, >0, ieD" (4; =0, 9; =0).

This implies (§u’,ov’) € T (@', 0"). Conversely, every (éu,80') € T, (4!,4") is a tangent vector
generated by the sequence (uf,vy) = (&', 6") + 7 (6u’, §v*) with 7 = 1/k, k € N1. The linearized cone
clearly coincides with the tangent cone. O

Lemma 3.5. Given (I-NLP) with counterpart MPCC (I-MPCC), consider (t,z") € Faps with o' = o' (t) and
(t,u,0") = ¢7(t,2") € Fpec With associated index sets UL, V| and D'. Define : Tppec(t, ut,0’) —
Tabs(t, 2) and Z&gﬁzc(t, ul,o’) — ‘7;};‘(1‘, z') as

Y(St, 8u', 8u') = (8t,0u' — Su') and Y(5t,82") = (8, (82')", (52°)").

Here, (6z')*,(8z')~ map 8z' into the complementarity cone via

+6z!, ieU! (ol >0) 0, i€ UL (of >0)
528yt =14 o, ieVi(of <0) ¢, (8z)" =4 -6z, ieV(sf<0)
[821%, i€ D' (of = 0) [62]]7, i€ D' (o =0)

Then, both functions  are homeomorphisms.

Hegerhorst-Schultchen, Kirches, Steinbach Relations Between Abs-Normal NLPs and MPCCs. Part 2:...



J. Nonsmooth Anal. Optim. 2 (2021), 6673 page 11 of 22

Proof. First, consider ¢: Tmpec(t, u*,0") — Tans(t, 2*): Given a vector (6t, Su’, §o*) = lim 7' (t — t, u; —
u',0p = 0') € Tpee(t, uf, 0%), set (tx, z;) = Ptk up, 0f) = (tr, uf —v;) € Fabs to obtain

Pz i (up —u') = (v
= lim
Tk Tk

t _Ut)

z
k =Sul — vt = (8t,8u — 50') € Tons(t, 20).

lim

Conversely, given a vector (8t, 6z') = lim 7, (tx—t, z;, —z") € Taps(t, 2"), define (tg, uf, 0f) = ¢~ (1, z}) =
(tk> [2,]%, [2;]7) € Funpee- Then, 7' ((ug — u) = (0x —0)) — (dz')* — (6z')™ holds. Thus, it remains to
show 7' (ux — u, 0 — 0) — ((82")*, (8z")”) which is done componentwise:

« i € U{: v = 0 holds by feasibility and (§z*)~ = 0 by definition. Thus, (u;); > 0 holds for k large
enough and by complementarity (v;); = 0 holds. Then, 7, ((u}); — uj) — (5z')} follows.

« i € Vi ((vp)i —vf) — (8z"); follows as in the previous case.

« i € D' and (6z')] > 0: (5z'); = 0 holds by complementarity and so 7, (! )x — (0})x) — (5z")}.
Then, 7, (uf)r — (8z'){ and 7, (v})r — 0 because of sign constraints.

« i€ D" and (52"); > 0: 7 (uf)p — 0 and 7' (v])x — (8z'); follow as in the previous case.

i € D' and (§2")] = (6z"'); = 0: Then, 7' ((u})x — (v])x) — 0 holds. Because of sign constraints
and complementarity, this can only hold if 7, (u})r — 0, 7' (v} ) — 0.

Altogether, this implies

te — t,ul —uf, vl —of
lim (t k ) = (8t,(82")*,(62")7) € Tmpee(t, u', 0%).

Tk

By construction, { and /! are both continuous and inverse to each other.
Second, consider ¥: 712 (¢, ut,0') — 7;5;1(& z'): Given (8t, dut, 50%) € TH (¢, ut,0?), the vectors

mpcc mpcc

8z' = Su' — v’ and 8¢ = Su’ + S’ satisfy

Sut, ieUt Su; = 0,6z, ieut

t_ t - t _ t_ tst . t
8z; = 4 —ovl, ieV ¢, 6§i=1 v =06z, i€V
Sul —bvl, ie D! Sul + 6vt = |62, i€ D!

Thus, (8t,8z%) = y(5t, dut, Sv*) € TH (¢, 2Y).

abs

Conversely, the same case distinction yields (5t, Su’, 5o’) = y~1(6t, 62") € 7;{;% t,4',d") for every

5t, 8z%) € 7n(, 31). Again, 1/ and /! are both continuous and inverse to each other by construction.
abs g Yy
O

Definition 3.6 (Branch NLPs for (I-MPCC), see [11]). Consider a feasible point (£, #?, 4’) of (I-MPCC)
with associated index sets U?, V!, and D! and choose P! C D! with complement P? = D!\ P*. The
branch problem NLP(P?) is defined as

min f(t) st cg(t,u’ +0') =0,
tul ot ; ‘
cr(t,u* +0") >0,
(NLP(P?)) cz(t,u' +0°) — (u' —0") =0,
0=ul, 0<o}, i€ VIUP,
0<uj, 0=0l, icU UPL

The feasible set of (NLP(P")), which always contains (£, @’, "), is denoted by Fp:.
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Clearly, the homeomorphism ¢ can be restricted to the branch problems (NLP(2!)) and (NLP(P?))
where P! = {i € a!(): 6! = —1}. Thus, the mapping ¢p:: Fp: — F: defined by

$p = Plpe and g = ¢

is a homeomorphism. The tangent cone to Fp: at (¢, u’,0’) is

Tpe(t,u', v = { (8t, su’, Sv")

A 0, Fpr > (1, u]i, vltc) — (t,u’,0"):
Ttk — tup —ut, 0, —o') — (8t, 6ut, Su’)

The linearized cone is

dicgdt + dyeg (Sul + So') = 0,

St | dicadt + dyeq(Sul + Svt) > 0,
‘7;3“(& ut,of) =4 | Sul | | diczdt + dyez (Sul + Su') = Sul — &0,

Sot 0=5uffori€(V+tU7),0=5vffori€(LIﬁU75,
0£5uffori€73, 0 < 6ol forie P

Here, all partial derivatives are evaluated at (¢, u’ + 0*).
Lemma 3.7. Given (NLP(2')) and (NLP(P")) with P* = {i € a’(t): o! = —1}. Consider (t,2") € Fs+ and
(.4,0) = 974 (1,2). Define Y = Y1z, Uik = s, andipe 3= Yl Yk 5= Y. Then,

Yp: Tpr (Lt o) o T (4,8 and  yps TN 0,6) — T (8, 2°)
are homeomorphisms.

Proof. By construction and since a’(f) = D, the following equalities of sets hold:

Pt ={iea(i):of =-1}, Vi={iga (i) : o =-1},
Pt ={iea(i): o =+1}, UL ={i¢a' (i) : of =+1}.
Thus, the claim follows directly from Lemma 3.5. O

Consider a feasible point (¢, u’,v") of (I-MPCC) with associated branch problems (NLP(#")). Then,
the following decompositions of the tangent cone and of the abs-normal-linearized cone of (I-MPCC)

hold (for a proof see [1]):

(3.1) Tapee (£, u',0°) = U Tpe(t,u',0") and ﬁ;ﬁc(t u', o) = U hn(t u',o")

The following inclusions are also proved in [1]:

7I’anC(t: uta Ut) C 71’-1%32:(:(L uta Ut) and 71-IlpCC(t7 ut; Ut)* 2 7;r111)rlcc(ta uts Ut)*'

In general, the converses do not hold. This motivates the definition of MPCC-ACQ and MPCC-GCQ.

Definition 3.8 (Abadie’s and Guignard’s Constraint Qualifications for (I-MPCC), see [1]). Consider a
feasible point (t,u’,0") of (I- MPCC) We say that Abadie’s Constraint Qualification for MPCC (MPCC-
ACQ) holds at (t,u’,v") if Tpec(t, u?,0") = pcc(t u',v"), and that Guignard’s Constraint Qualification
for MPCC (MPCC-GCQ) holds at (t,u’,v") if Tpec(t, u’,0%)* = T (t,u!,0")".

mpcc
The decomposition (3.1) and its dualization imply that both MPCC-CQs hold if the corresponding
CQ holds for all branch problems.

Theorem 3.9 (ACQ/GCQ for all (NLP(#?)) implies MPCC-ACQ/MPCC-GCQ for (I-MPCC)). Consider
a feasible point (t,u’,0") of (I-MPCC). Then, MPCC-ACQ respectively MPCC-GCQ holds at (t,u",0") if
ACQ respectively GCQ holds for all (NLP(P")) at (t,u’,0").
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3.2 COUNTERPART MPCC FOR THE ABS-NORMAL NLP WITH INEQUALITY SLACKS

By Definition 3.1, the counterpart MPCC of the non-smooth NLP (E-NLP) reads:

min f(t) st cg(t,u’ +0°) =0,
t,w,ul of uv,ow ' ‘
cr(t,u" +0) — (W +o%) =0,
(E-MPCC) cz(t,u' +0') — (u' —o') =0,
w—(u"-0")=0,

o<ul Lo'>0, 0<u™ Lo¥>0,

where u’,0" € R* and u,v"™ € R™. The feasible set is denoted by Fe.mpcc and is a lifting of Fypec.
Clearly, the homeomorphism between Fpcc and Faps extends to Fempee and Fe-aps. It is given by

qg(t, w,ul, 0t u™,0%) = (t,w,u' =o' u™ —o%),
¢ (1w, 2", 2Y) = (tw, [2']7, [2']7, [2¥]%, [2¥]7).
Just like in the abs-normal case, problem (E-MPCC) is a special case of (I-MPCC). Hence, we obtain

the following material by specializing the definitions and results for (I-MPCC).
By Definition 3.3, the tangent cone to Fe mpcc at y reads

3 0, Fe- Sy=(t Lol uY oY :
%_mpcc(y) — {5 Tk \ ) ﬁ mpcc Yk ( k! Wk: uk’ Uk; uk ;Uk) - y }

T,:l(yk —y) — & = (6, 5w, Su’, §vt, du™, 5v™)

The MPCC-linearized cone reads

(8t,6utsot) € T (t,ul,0t), (Su™,d0™) € TL(4Y,5")

mpcc

T e (9) = {5 orcr St + docr (Su' + So') = Su™ + Sv", dw = du® — Sv", }
e-mpcc

Here, all partial derivatives are evaluated at (¢, u’ +0"). The associated homeomorphisms of Lemma 3.5,

t t w oW t _w
Te-mpee (8, w, u', 0", u™, 0") — Teaps(t, w, 2, 2%),

VE
lﬁ: Z};gpcc(t’ w,ul, 0, u®, v") > Z%;%s(t’ w,z',z"),

now take the form

lﬁ((St, Sw, sul, 5v', su™, Sv™) = (8t, Sw, Su’ — Sv*, Su™ — Sv™),
(8t w, 62, 62%) = (8t, Sw, (82")*, (82") 7, (82™)*, (62™)7).

Given y = (f, w,@,4%, 4", "), a feasible point of (E-MPCC) with associated index sets U’, V!, D!,
UY, VY, and DY, choose P! C D' as wellas P¥ C DY and set P* = P UP™. The branch problem
NLP(P"") of Definition 3.6 then reads

twutmv%rliw o f(t) st cg(t,u'+0") =0, cr(t,u' +0")— (W +0¥) =0,
R cz(tu' +0) — (W' —0") =0, w-(u"-0")=0,
0=ul, 0<ol, iecVIuP,
(NLP(PHY)) 0<ul,0=0,icU VP,
0=u", 0<0, ieVYUPY,

0<u”, 0=0 icU’UPY.

i

The feasible set of (NLP(#"")), which always contains 7y, is denoted by Fp«.w and is a lifting of Fp:.
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Again, the homeomorphism between feasible sets can be restricted to the respective branch problems
(NLP(2*")) and (NLP(P"")) where ' = {i € a'(i): of = ~1} and P = {i € a"(W): 0} = ~1}.
Thus, the mapping ¢prw: Fprw — Frrw given as

qut,w = q;lpt,w and qg;)lt,w = glg_llzt,w

is a homeomorphism.
The tangent cone to Fp+w at y reads

-1 t tot ot
T (tk—t,wk—w,uk—u UL =0 ,ulz”—uw,vlzv—vw) — 0

Tpew(y) = {5

I \, 0, Fprw 3 (t, wk,u,tc, UII;, w’,0) = (t,w, ul ot u”, ov): }

where § = (6t, Sw, Sul, Sv’, Su™, 5v"). The linearized cone reads

(8¢, 6ut, S0') € 7;&“,
dicr Ot + dpcr (Sul + Sot) = Su¥ + Sv¥, Sw = du" — Svv,
0=0ou) forie V¥ UPY, 0=256v forie UYUPY,

0§5ul?"fori€P_W, 0 < v} fori e Pv

T () =16

Here, all partial derivatives are evaluated at (¢, u’ + 0"). The associated cone homeomorphisms of
Lemma 3.7 are now obtained as follows. Given (NLP(2"")) and (NLP(P"")) with P! = {i € a’ (): o} =
-1} and P = {i € a¥(W): 0} = —1}, consider (t,w,z,z") € Feaps and (¢, w,u’, 0", u",0") =
37t w,21,2). Define Ypron 1= P17, Vphos = Pl and Pipisw = Pl Uk 3= Pl Then,
we have

Uptow: Tpew(t, w,ul, o', u™, 0%) — Tyew(t,w, 2%, 2"),
Yptw: ‘7;1&{1W(t, w,ul, o, u”,0%) — Eliﬁ(t, w,z',z").

By applying (3.1) to (E-MPCC) with associated branch problems (NLP(#*")), we obtain the following

decomposition of cones at y = (¢, w,u’, o', u",0"):

Tempee(y) = () Tpiw(y) and Tlncc() = () 720 (0).
7)[,%’ pt,w

Moreover, the tangent cone is contained in the linearized cone and the converse holds for the dual
cones:

Tempee(¥) € Tom o(3) and Tompee(1)* 2 o ()"
Once again, the converses do not hold in general and we consider Abadie’s and Guignard’s Constraint
Qualifications for (E-MPCC) at y = (t, w,u’,0’,u",v"). Recalling Definition 3.8, MPCC-ACQ and
MPCC-GCQ simply read

Tempee(¥) = Tehmpee(¥) and - Tempee ()" = Tolpec ()"
Remark 3.10. Let
W(t,u',0") = {(w,u™,0"): |w| =cr(t,u’ +0"),u” = [w]', 0¥ = [w]"}.
Due to symmetry, the above equality of cones (respectively dual cones) clearly holds for all elements
(w,u¥,0") € W(t,u',0") if it holds for any element.

Now Theorem 3.9 reads as follows.

Theorem 3.11 (ACQ/GCQ for all (NLP(P"*)) implies MPCC-ACQ/MPCC-GCQ for (E-MPCC)). Consider
a feasible point y = (t,w,u’,v",u",v") of (E-MPCC) with branch problems (NLP("")). Then, MPCC-
ACQ respectively MPCC-GCQ holds for (E-MPCC) at y if ACQ respectively GCQ holds for all (NLP(P""))
at y.
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3.3 RELATIONS OF MPCC-CQS FOR DIFFERENT FORMULATIONS

In this paragraph we prove relations between constraint qualifications for the two different formulations
(I-MPCC) and (E-MPCC). Some relations follow from the results in the previous section and in the two
following sections.

Theorem 3.12. MPCC-ACQ for (I-MPCC) holds at (t,u’,v") € Fmpec if and only if MPCC-ACQ for
(E-MPCC) holds at (t, w,u’,u",0",0") € Fempcc for any (and hence all) (w,u™,0") € W(t,u’,0").

Proof. This follows immediately from Theorem 2.15, Theorem 4.1 and Theorem 4.5. O

Theorem 3.13. MPCC-GCQ for (I-MPCC) holds at (t,u’,v") € Fipec if MPCC-GCQ for (E-MPCC) holds
at (t, w,u', 0", u",0") € Fempec for any (and hence all) (w,u",0") € W(t,u*,0").

Proof. The inclusion Tpec (£, u’,0")* 2 7in (¢, ut,0")* holds always. Thus, it is left to show that

mpcc

7;IlpCC(ta ut; Z)t)>k g 7;r11;)ncc(ta ut9 Ut)*'

Let = (wt, wu', wo') € Tmpec(t,, u',0")", ie. wT8 > 0 for all § = (8t, Sul, do’) € Tnpee (£, u', 0"). Then,
let & = (wt, 0, wu!, wo’,0,0) to obtain &' = w!§ > 0 forall § € Te-mpee (1, w, uf, 0%, u™, 0™) where
w € W(t) is arbitrary. By assumption, we have ®78 > 0 for all § € ﬂ}ﬁpcc(t, w,ul, !, u",0") which

implies 078 = @76 > 0 forall § € ﬂ;‘lcc(t, ut,oh). mi

The converse of the previous theorem is unlikely to hold, but we do not know how to construct a
counterexample. However, equivalence of ACQ or GCQ for corresponding branch problems holds.

Theorem 3.14. ACQ for (NLP(P?)) holds at (t,u’,v") € Fp: if and only if ACQ for (NLP(P"")) holds at
(t, w,ul, 0", u”,0") € Fpew for any (and hence all) (w,u*,0") € W(t,u',0").

Proof. This follows immediately from Theorem 2.17, Theorem 4.3 and Theorem 4.7. O

Theorem 3.15. GCQ for (NLP(P?)) holds at (t,u’,v") € Fp: if and only if GCQ for (NLP(P"Y)) holds at
(t, w,u', 0", u",0") € Fprw for any (and hence all) (w,u*,v") € W(t,u’,0").

Proof. This follows immediately from Theorem 2.18, Theorem 4.4 and Theorem 4.8. ]

4 KINK QUALIFICATIONS AND MPCC CONSTRAINT QUALIFICATIONS

In this section we show relations between abs-normal NLPs and counterpart MPCCs. Here, we consider
both treatments of inequality constraints.

4.1 RELATIONS OF GENERAL ABS-NORMAL NLP AND MPCC

In the following the variables x and z instead of t and z’ are used. Thus, the abs-normal NLP (I-NLP)
reads:

min f(x) st cg(x]z]) =0, cr(xlz]) 20, cz(x|z])—z=0.

X,z

The counterpart MPCC (I-MPCC) becomes:

min f(x) st cg(x,u+0)=0, cr(x,u+v) >0,

X,U,0

cz(x,u+v)—(u-v)=0, 0<ulwo>0.

Then, the subsequent relations of kink qualifications and MPCC constraint qualifications can be
shown.
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Theorem 4.1 (AKQ for (I-NLP) <= MPCC-ACQ for (I-MPCC)). AKQ for (I-NLP) holds at (x,z(x)) €
Fabs if and only if MPCC-ACQ for (I-MPCC) holds at (x,u,v) = (x, [z(x)]", [2(x)]7) € Fmpce-
Proof. We need to show

Tabs(x, 2) = 7;%:;1(359 z) &= Tmpcc(x’ u,v) = Zéipncc(x, u,0).

This is obvious from the homeomorphisms i in Lemma 3.5. O

Theorem 4.2 (MPCC-GCQ for (I-MPCC) implies GKQ for (I-NLP)). GKQ for (I-NLP) holds at (x, z(x)) €
Fabs if MPCC-GCQ for (I-MPCC) holds at (x,u,v) = (x, [z(x)]", [2(x)]7) € Frapee-

Proof. The inclusion 7 E;‘(x, 2)* C Tabs(x, 2)* hold always by Lemma 2.8. Thus, we just have to show
Tabs (x,2)" € T (x,2)"

Consider = (wx, wz) € Taps(x, 2)*,ie. 0! & > 0forall§ = (5x, 5z) € Taps(x, 2). Set d = (wx, wz, —wz).
For every § € Taps(x, z) we then have

OTYH(8) = wxTox + wz! (82) — w2 (52)” = wxT6x + wz' 6z = W' & > 0.

This means & € Tmpec(x, u,0)* and hence, by assumption, © € Zég}x(x, u,v)*. We thus have wls =

oTy=1(8) = 0 for every § € ﬂg:(x, z), which means w € ‘7;5;‘(x, z)*. O

The converse is unlikely to hold, although we are not, at this time, aware of a counterexample. Once
again, moving to the branch problems allows to exploit additional sign information.

Theorem 4.3 (ACQ for (NLP(Z")) &= ACQ for (NLP(P?))). ACQ for (NLP(2)) holds at (x, z(x)) € Fst
if and only if ACQ for the corresponding (NLP(P")) holds at (x,u,v) = (x, [z(x)]*, [2(x)]7) € Fop:.

Proof. We need to show
Tyt (x,2) = 7;}“(x, z) & Tp:(x,u,0) = 7;litn(x, u,0).
This is obvious from the homeomorphisms ¢ in Lemma 3.7. O

Theorem 4.4 (GCQ for (NLP(2)) <= GCQfor (NLP(P?))). GCQ for (NLP(3?)) holds at (x, z(x)) € Fxt
if and only if GCQ for the corresponding (NLP(P")) holds at (x,u,v) = (x, [z(x)]*, [z(x)]7) € Fp:.

Proof. The inclusions 7;litn(x, u,0)" C Tpe(x,u,0)* and 7;}“(3(, z)* C T3t (x, z)* hold always. Thus, we
just have to show

Tse(x,2)* 2 ‘Glfn(x, 2)" = Tpe(x,u,0)" 2 7;?,“(x, u,0)".

First, we show the implication “=". Consider v = (wx, wu, wv) € Tpt(x,u,v)*, ie. wT8 > 0 for all
6 = (6x, 6u, 6v) € Tpe (x,u,v). Set & = (wx, wz) with

+ou;, i€ Uy UP,
wzZj = . _
—wv;, i€V, UP.

This leads to
OTYp (8) = wxT8x + w2z (u — 6v) = wxTdx + wu Su + wo 6v = W S > 0

for every § € Tp:(x,u,0), i.e. & € T5t(x, z)*. Then, the assumption yields & € ‘7;}“ (x,2z)*. As we have
wld= J)T¢p(5) > 0 for every § € 7;11,‘1(x, u,v), we obtain w € 7;‘,“ (x,u,v)*. The reverse implication
follows as in Theorem 4.2. O
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4.2 RELATIONS OF ABS-NORMAL NLP AND MPCC WITH INEQUALITY SLACKS

Now, the relations for the slack reformulations are stated. These are special cases of the general problem
formulations, hence we obtain the following four theorems that correspond to Theorems 4.1 to 4.4.

Theorem 4.5 (AKQ for (E-NLP) <= MPCC-ACQ for (E-MPCC)). AKQ for (E-NLP) holds at (x, z(x)) €
Fe-abs if and only if MPCC-ACQ for (E-MPCC) holds at (x,u,v) = (x, [2(x)]*, [2(x)]7) € Fe-mpee-
Theorem 4.6 (MPCC-GCQ for (E-MPCC) implies GKQ for (E-NLP)). GKQ for (E-NLP) holds at (x, z(x)) €
Fe-abs if MPCC-GCQ for (E-MPCC) holds at (x,u,v) = (x, [2(x)]", [2(x)]7) € Fe-mpee-

The converse is unlikely to hold, but to date we are not aware of a counterexample.

Theorem 4.7 (ACQ for (NLP(Z"")) <= ACQ for (NLP(P""))). ACQ for (NLP(Z"")) at (x,z(x)) €
Fsew is equivalent to ACQ for the corresponding (NLP(P"")) at (x,u,v) = (x, [2(x)]*, [2(x)]7) € Fprw.

Theorem 4.8 (GCQ for (NLP(2"")) &= GCQ for (NLP(P""))). GCQ for (NLP(Z"")) at (x, z(x)) Fyt.w
is equivalent to GCQ for the corresponding (NLP(P""Y)) at (x,u,v) = (x, [2(x)]*, [2(x)]7) € Fpew.

All the relations discussed in Sections 2 to 4 are illustrated in Figure 1. In the inner square (containing
(I-NLP) and (E-NLP) as well as the counterpart MPCCs (I-MPCC) and (E-MPCC)) there are four single-
headed arrows, which indicate that only one direction has been proved and we do not know if the
converses hold as well. Therefore we considered the branch problems given on the outer right and
left in the figure. Since ACQ respectively GCQ for all branch problems imply the corresponding kink
qualification or MPCC-constraint qualification, there are further single-headed arrows pointing to the
inner square. Results that follow directly from other equivalences have arrows with the label (implied).

5 FIRST ORDER STATIONARITY CONCEPTS

In this section, we introduce definitions of Mordukhovich stationarity and Bouligand stationarity for
abs-normal NLPs and compare these definitions to M-stationarity and B-stationarity for MPCCs. We
give proofs based on the general formulation.

5.1 MORDUKHOVICH STATIONARITY

In this paragraph we have a closer look at M-stationarity [13], which is a necessary optimality condition
for MPCCs under MPCC-ACQ [2].

Definition 5.1 (M-Stationarity for (I-MPCC), see [13]). Consider a feasible point (x*, u*, v*) of (I-MPCC)
with associated index sets U, V, and D. It is an M-stationary point if there exist multipliers A =
(Ae,Ar,Az) and pr = (py, p1y) such that the following conditions are satisfied:

(5.12) Oxup L (X", u", 0", A, ) = 0,

(5.1b) ((p)i > 0, (po)i > 0) V (pu)i(po)i =0, i € D
(5.1¢) ()i =0, i € Uy,
(5.1d) (Ho)i =0, i €V,
(5.1€) Ar 20,

(5.1f) Mper(x*,u*,0%) = 0.

Herein, £, is the MPCC-Lagrangian function

L (x,u,0,A,p0) = f(x) +A£ca(x,u+v) —Af—c[(x,u+0)
+/12[cz(x,u+v)—(u—v)]—y,f t—ulot

U = [0,
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Local minimizers of (I-MPCC) are M-stationary points under MPCC-ACQ, as shown in [1, 2].
The name M-stationarity was introduced by Scholtes in [15] and was moti- (o)
(yal

vated by the fact that the sign restrictions on the multipliers in (5.1) in fact

model the Mordukhovich normal cone. The inset on the right illustrates the

feasible set of multiplier values for a pair ((u,)i, (1)), i € D. M-stationarity

is a weaker stationarity concept than strong stationarity, but is at the same ()i
time the strongest necessary optimality condition known to hold in absence

of a strong constraint qualification like MPCC-MFCQ.

Definition 5.2 (M-Stationarity for (I-NLP)). Consider a feasible point (x*, z*) of (I-NLP). It is an M-
stationary point if there exist multipliers A = (Ag, A1, A7) such that the following conditions are
satisfied:

(5.2a) f/(x*) + Agdree — ALoer + Agalcz =0,
(5.2b) [ALosce — )Lf—ach +/1282cz],- = (Ag)io}, i ¢ a(x"),
(5.2¢) (W) () =0 Vv [Afdscg — Ardrer +/1232CZ]1' > [(A2)il, i € a(x"),
(5.2d) Ar >0,
(5.2€) A?c; =0.

Here we use the notation

’uj = [/12(9208 - )L§ach +A2 [32CZ - I]]
Yy o= [A(Tgazcg - )Lf—azcj + /12 [02cZ +I]]

i’

i’

and the constraints and the partial derivatives are evaluated at (x*, |z*|).

Theorem 5.3 (M-Stationarity for (I-MPCC) is M-Stationarity for (I-NLP)). A feasible point (x*, z*) of
(I-NLP) is M-stationary if and only if (x*,u*,v*) = (x*, [z"]*, [2"]7) of (I-MPCC) is M-stationary.

Proof. For indices that satisfy the first condition in (5.1b), the equivalence with the second condition in
(5.2c) was shown in [9, Theorem 33]. Thus, we just need to consider the alternative conditions. For
(I-MPCC) we have the relations

[Agd2ce — Ardper + A5 [ez —11]. = (p)in i € D,

i

[A5dsce = Apdser + A [docz +11], = (po)is i € D,

which was also shown in [9, Theorem 33]. These are exactly the definitions of i and 4} in the definition
of M-Stationarity for (I-NLP). O

Consequently, we may now rephrase the result by [1, 2] in the language of abs-normal forms.

Theorem 5.4 (Minimizers and M-Stationarity for (I-NLP)). Assume that (x*,z*) is a local minimizer of
(I-NLP) and that AKQ holds at x*. Then, (x*,z*) is M-stationary for (I-NLP).

Proof. First,note that (x*, z*) is a local minimizer of (I-NLP) if and only if (x*, u*, v*) = (x*, [2*]*, [z*]7)
is a local minimizer of (I-MPCC). Then, the point (x*, u*, v*) is a local minimizer of the counterpart
MPCC, and MPCC-ACQ holds by Theorem 4.1. Thus, (x*, u*,v*) is M-stationary for (I-MPCC) and
Theorem 5.3 implies that (x*, z*) is M-stationary for (I-NLP). O
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5.2 MPCC-LINEARIZED BOULIGAND STATIONARITY

Finally, we introduce MPCC-linearized Bouligand stationarity, which is defined via smooth subproblems.

Definition 5.5 (MPCC-linearized B-Stationarity for (I-MPCC), see [14]). Consider a feasible point
(x*,u*,0") of (I-MPCC) with associated index sets U, V, and D. It is a B-stationary point if it is a
stationary point of all branch problems (NLP(P?)) for P! = P C D. Here, P denotes the complement
of P in D(x¥).

Note that there exist different names for the variant of B-stationarity just introduced. It is simply
called B-stationarity in [14], but we prefer here the name MPCC-linearized B-stationarity suggested
in [1] to prevent confusion with the definition of B-stationarity in the smooth case. The concept of
B-stationarity is the most intuitive among stationarity concepts in simply requiring that, no matter how
degenerate pairs of complementarities are resolved, no first order descent direction may be revealed.
Moreover, it may be brought into agreement with the concept of local minimizers already under
very weak assumptions regarding constraint qualifications. The downside however is that verifying
B-stationarity inherently requires exponential runtime effort, as the number of branch problems is
exponential in the number of degenerate pairs in D.

Theorem 5.6. If GCQ holds for all (NLP(P")), then all local minimizers of (I-MPCC) are MPCC-linearized
B-stationary points.

Proof. This follows directly by KKT theory for smooth optimization problems. O

Definition 5.7 (Abs-Normal-Linearized B-Stationarity for (I-NLP)). Consider a feasible point (x*, z*)
of (I-NLP). It is an abs-normal-linearized B-stationary point if it is a stationary point of the branch
problems (NLP(2?)) for 3! = diag(o) with o > o(x).

Theorem 5.8 (MPCC-linearized B-stationarity for (I-MPCC) is abs-normal-linearized B-stationarity
for (I-NLP)). A feasible point (x*,z*) of (I-NLP) is abs-normal-linearized B-stationary if and only if
(x*,u*,0*) = (x% [2*]*, [2*]7) of (I-MPCC) is MPCC-linearized B-stationary.

Proof. Every branch problem (NLP(2/)) is smooth and thus stationarity is equivalent to the condition
f'(x)Td > 0 foralld e 7;1}“(x*, z*). Analogously, stationarity for every branch problem (NLP("))
is equivalent to the condition f’(x*)Td > 0 forall d € 7;it“(x*, [z*]*, [2"]7). Then, the equivalence
follows as both branch problems are homeomorphic and both linearization cones are homeomorphic
by Lemma 3.7. O

Theorem 5.9 (Minimizers and abs-normal-linearized B-Stationarity for (I-NLP)). Assume that (x*, z*)
is a local minimizer of (I-NLP) and that GCQ holds at (x*,z*) for all (NLP(Z")). Then, (x*,z*) is abs-
normal-linearized B-stationary for (I-NLP).

Proof. The point (x*, z*) is a local minimizer of (I-NLP) if and only if (x*, u*,0*) = (x* [z*]*, [z*]7)
is a local minimizer of (I-MPCC). Moreover, GCQ for all (NLP(2")) and GCQ for all (NLP(")) are
equivalent by Theorem 4.4. Thus, (x*, u*, 0*) is a local minimizer of the counterpart MPCC and GCQ
holds for all (NLP(#")). Then, it is MPCC-linearized B-stationary by Theorem 5.6 and finally (x*, z*) is
abs-normal-linearized B-stationary by Theorem 5.8. O

Remark 5.10. In [6], Griewank and Walther have presented a stationarity concept that holds without
any kink qualification for minimizers of the unconstrained abs-normal NLP

(5:3) min f(x), f € Cg (D%,R).

Indeed, this concept is precisely abs-normal-linearized Bouligand stationarity: it requires the conditions
of Definition 5.7 specialized to (5.3). Now, the question arises why no regularity assumption is needed.
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The answer is that the abs-normal form provides a certain degree of built-in regularity: we have shown
in [8] that MPCC-ACQ is always satisfied for the counterpart MPCC of (5.3) (and thus every local
minimizer is an M-stationary point). Analogously one can show that ACQ for all branch problems
(NLP(P?")) is always satisfied for (5.3). Now, ACQ for all branch problems (NLP(#?)) is equivalent to
ACQ for all branch problems (NLP(3")) by Theorem 4.3, which in turn implies GCQ for all branch
problems (NLP(2?)). Thus, GCQ for all branch problems (NLP(2?)) is always satisfied for (5.3) and
Theorem 5.9 holds.

6 CONCLUSIONS

We have shown that general abs-normal NLPs are essentially the same problem class as MPCCs. The
two problem classes permit the definition of corresponding constraint qualifications, and optimality
conditions of first order under weak constraint qualifications. We have also shown that the slack
reformulation from [10] preserves constraint qualifications of Abadie type, whereas for Guginard type
we could only prove some implications. Here, one subtle drawback is the non-uniqueness of slack
variables. Thus, we have introduced branch formulations of general abs-normal NLPs and counterpart
MPCCs. Then, constraint qualifications of Abadie and Guignard type are preserved.
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