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FIRST-ORDER DIFFERENTIABILITY PROPERTIES OF A CLASS
OF EQUALITY CONSTRAINED OPTIMAL VALUE FUNCTIONS
WITH APPLICATIONS

Kevin Sturm®

Abstract  In this paper we study the right differentiability of a parametric infimum function over a
parametric set defined by equality constraints. We present a new theorem with sufficient conditions
for the right differentiability with respect to the parameter. Target applications are nonconvex
objective functions with equality constraints arising in optimal control and shape optimisation.
The theorem makes use of the averaged adjoint approach in conjunction with the variational
approach of Kunisch, Ito and Peichl. We provide two examples of our abstract result: (a) a shape
optimisation problem involving a semilinear partial differential equation which exhibits infinitely
many solutions, (b) a finite dimensional quadratic function subject to a nonlinear equation.

1 INTRODUCTION

Let a normed space X, a vector space Y and 7 > 0 be given. In this paper we study the one-sided
differentiability in t = 0* of the optimal value-function

(11) t—g(t) = inf f(t,u),

u€E(t)
where f : [0,7] X X — R is a given function. The E(t) denotes the set of states given by
(1.2) E(t)={u' e X :e(t,u’,p) =0 forall g € Y},

where e : [0,7] X X XY — R is a function that is linear with respect to the last argument. The
Lagrangian (t,u, p) — G(t,u,p) : [0,7] X X X Y — R associated with (1.1) is defined by

(13) G(t,u,q) = F(tu) +e(t,u,q).
With this Lagrangian the set E(t) can be expressed in terms of the Lagrangian G as follows
(1.4) Et)={u' e X : apG(t,ut, 0)(¢) =0 forallp € Y}

and g can be written as a minimax (see [14])

(15) g(t) = inf supG(t,p,¥) = inf G(t,¢,0).
peX yey @EE(t)

We will provide new conditions (see Hypothesis (H3)) under which the function g is right differentiable.
The pertinence of the result is illustrated by applying it to a finite dimensional problem and a shape
optimisation problem.
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The problem of finding the right derivative of (1.1) arises naturally when deriving optimality condi-
tions appearing in equality constrained finite and infinite dimensional control and shape optimisation
problems. Accordingly it has been studied by many authors before and sufficient conditions, even
with inequality constraints are known; see, e.g., the review article [4]. Often for inequality constrained
problems suitable constraint qualifications (e.g. Robinson’s constraint qualification [32]) are required
which impose a certain regularity on minimisers; see [24, 38, 29]. In [30] the right differentiability is
examined in infinite dimensions under the assumption that the elements of E(¢) arise from convex
optimisation problems; see also [33] and [2, 3] for results in infinite dimension.

In case E(t) is independent of ¢ let us mention the early work of J. M. Danskin [8, 7] where a maximum
function with respect to a parameter was studied. When the solution of the maximum problem (and
similarly minimum problem) is not unique, then a natural non-differentiability arises. In this case only
directional derivatives or sub-differentials are computable. We also refer to the monographs [17, 20, 31]
and references therein. In the review article [4] and also the book chapters [5, Chap. 4] and [22, Chap.
2] several conditions for right differentiability of g are given (see also references therein). In particular
first and second order expansions of value functions are studied using second order conditions.

As mentioned before second order analysis can be used to obtain differentiability of the optimal
solution u’ and hence differentiability of the value function g. Let us mention [21] where the differentia-
bility of the value function with respect to Dirichlet data of a tracking-type cost function constrained
by a semilinear parabolic PDE is studied. A key ingredient is a Holder estimate of order 1/2 of the
optimal control with respect to the Dirichlet data.

The differentiability of parametric minimax functions under saddle point assumptions has been
studied in [6] by Correa and Seeger and was subsequently extended and applied to shape optimisation
problems by Delfour and Zolésio in [15]. For nonlinear equality constraints this saddle point assumption
is unfortunately often not satisfied.

In [35, 34] an approach to the differentiability of a minimax without a saddle point assumption
for the Lagrangian was presented. An extension to the multivalued case can be found in [14, Thm.
4.1] and [12, Thm. 2 and Thm. 3]. In addition in [14, Thm. 3.1] and [12, Thm. 1] also the singleton
case was revisited and extended by introducing an extra term. For applications to the single valued
case of this approach we refer to [35] and also [25] and [36]. In this context let us also mention the
approaches of [34, p.54, Thm. 4.6] and [10, Thm. 3.3] (see also [11]), where a Lagrangian approach using
an unperturbed adjoint variable is proposed for the single-valued case. The adjoint method [10, Thm.
3.3] has also been recently used in [19] and [18] to compute topological derivatives and, in addition,
also a thorough comparison with the averaged adjoint method is provided. From this it appears, at
least in the context of computing topological derivatives, that the averaged adjoint method seems
favorable, since a larger class of cost functionals could be treated. This may be rooted in the infinite
dimensionality of the problem.

The key idea of the averaged adjoint approach is to replace the perturbed standard adjoint by the
so-called averaged adjoint state equation. This allows to deal with non-convex objective functions
and non-linear state equations. Let us also mention the variational approach of [23] where another
approach is proposed to show the differentiability of a minimax by using some sort of second order
expansion. Both approaches have in common that they bypass the computation of the derivative of the
control-to-state operator. Although both approaches are from its nature very different we will show in
this paper how they can effectively be combined to establish yet another even more powerful new
theorem on the differentiability of the minimax.

Our result gives new easy to check conditions and generalises results in [14]. The target applications
of our theorem are the shape sensitivity analysis yet the result can also be applied to optimal control
problems in general.
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NOTATION

Let f : [0,7] X Uy X U2 — R be a function defined on the Cartesian product of the interval [0, 7],
7 > 0 and the open subsets U; € X and U, C Y of normed spaces. Then we define for (t,u,p) €
[0,7) X U1 X Uz and v € X and w € Y the following one sided directional derivatives

ft+hup) - f(tup)

of (t,u, p) = }{1{%

h
(1.6) Auf (t,u, p)(v) == ]11{% f(tu +hv,};l) - f(t, u,p)’
up+hw) - f(tu,
3pf(t,u,p)(w);:%i{%f(tup+ V;l) f(tup)

provided the limits on the right hand side exist, respectively. The notation h Y\ 0 indicates that h — 0
under the condition h > 0.

We equip R? with the Euclidean norm || - || and denote by ||A| the corresponding operator norm for
A € R4,

Throughout the paper, we will use the terminology state equation and adjoint state equation.

2 MINIMAX THEOREM VIA THE AVERAGED ADJOINT EQUATION

2.1 AVERAGED ADJOINT EQUATION

Let X,Y and G be as in the introduction. We will henceforth assume that g(¢) is finite for all ¢ € [0, 7].

Definition 2.1. We introduce for ¢t € [0, 7] the set of minimisers
(2.1) X(t):={u' € E(t): inf f(t,u)=f(t,u")}.
u€E(t)

Notice that X () C E(t) and that X (t) = E(t) whenever E(¢) is a singleton. However, in general
X (t) and E(t) do not need to coincide. The definition of the averaged adjoint equation requires that
the set of states is not empty:

Assumption (Ho). For all t € [0, ] we have X (t) # 0.
Before we can introduce the averaged adjoint equation we need the following hypothesis.

Assumption (H1). For all t € [0, 7] and («° u’) € X(0) x E(t) we assume:
(i) For all p € Y, the mapping s — G(t, su’ + (1—s)u®), p) : [0,1] — R is absolutely continuous.
(ii) For all (¢,q) € X XY and almost all s € (0,1) the function
(2.2) s+ 9,G(t,su' + (1-s)u’,p)(¢) : [0,1] = R
is well-defined and belongs to L;(0, 1).

Remark 2.2. Notice that item (i) implies that for all ¢ € [0, 7], (1% u’) € X(0) X E(t) and p € Y,

1
(2.3) G(t,u',p) = G(t,u’, p) + / 3.G(t,su’ + (1= s)u’, p)(u* — u°) ds.
0

This follows at once by applying the fundamental theorem of calculus to s = G(t,su’ + (1 - s)u’, p)
on [0,1].

The following gives the definition of the adjoint and averaged adjoint equation; see [35].

Sturm First-order differentiability properties of a class of equality ...
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Definition 2.3 (Averaged adjoint equation). Let X C X be a linear subspace. Given t € [0,7] and
(u°, u’) € E(0) x E(t), the averaged adjoint state equation is defined as follows: find ¢’ € Y, such that

1
(2.4) / 3.G(t,su' + (1—35)u’,q")(¢)ds =0 forallgp € X.
0

For every triplet (¢, u’, u’) the set of solutions to (2.4) is denoted by Y (¢, u®, u’).
Definition 2.4. The standard adjoint p’ € X is defined by 9,G(t, u’, p*) (@) = 0 for all ¢ € X and the set
of adjoints associated with (t,u’) is denoted Y (t,u").

Notice that Y (0,u°) = Y(0,u° u°) for all u® € E(0), that is, the averaged adjoint equation reduces to
the usual adjoint equation. The averaged adjoint equation allows us to express the Lagrangian at time
t solely through the Lagrangian evaluated at (t,u°, ¢*).

Lemma 2.5. Let t € (0, 7]. Then for all (u°,u*) € E(0) x E(t) withu' —u° € X, and ¢* € Y(t,u°, u’), we
have

(25) G(t,u',q") = G(t,u° q").
Proof. This follows directly from Remark 2.2 noting that u’ — u° € X is an admissible test function in
(2.4) and hence the last term in (2.3) vanishes. O

Remark 2.6. Notice that (2.5) holds for all ¢ > 0, but not necessarily at t = 0. The reason behind this
is a discontinuity at t = 0. Let u’ € E(t) and @° € E(0) with «° # @® and let ¢’ € Y(¢t,@° u’). Set
fi(t) == G(t,u,q") and fo(t) := G(t,4° ¢*) for t € [0, 7]. Then from (2.5) we obtain

(2.6) fi(t) = fo(t) forallt >0,

but f; and £, do not coincide at t = 0 unless £(0) = £(0,u°) = £(0,a°) = £,(0). However, if we
also let @) € E(0), such that ) = u°, then the functions fi(t) := G(t,u’,q") and f(t) == G(t,4,q")
will coincide at t = 0. This observation is important for our main theorem (Theorem 2.10); see also
Hypothesis (H3).

Corollary 2.7. For all t € (0,7], (u° u') € E(0) x X(t) withu' —u° € X, and for all ¢* € Y (t,u°, u?), we
have

(2.7) g(t) =G(t,u',q") = G(t.u’, ¢").

Proof. Lett € (0,7], (u®,u’) € E(0) x X(t), and ¢* € Y(t,u’ u’) be given. Since u’ € X(t) we obtain
by definition

(2.8) g(t) = inf G(t,u,0) = G(t,u',0).
u€E(t)

On the other hand since X(t) C E(t), we have u’ € E(t) and thus G(t,u,0) = G(t,u’, q"). Now we
can apply Lemma 2.5 to obtain

(2.9) G(t,u',q") = G(t,u’, q").
Finally (2.8) and (2.9) together imply (2.7). O

Remark 2.8. Notice that in our setting the test space of the adjoint and averaged adjoint equation might
be smaller than the space of definition of the parametrised Lagrangian, that is, X # X in general. This
is for instance the case when solving the Dirichlet Laplacian where the test space would be Hj and the
trial space H'. We refer to the last section for an example.

Remark 2.9. Let G : [0,7] X X X Y — R be a Lagrangian and u € X. Assume that 9,G(0, u, p) exists for
all p € Y. Then p — 9,G(0,u,p) : Y — Ris affine.

Sturm First-order differentiability properties of a class of equality ...
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2.2 A NEW MINIMAX THEOREM FOR LAGRANGIANS

The next theorem gives new sufficient conditions for g to be right differentiable at t = 0. Our theorem
extends [6] and complements [14, Theorem 4.1] for functions G that are Lagrangians. We will give a
new theorem which provides new sufficient conditions for which the limit

(2.10) dg(0) := }1{1(1) M

exists, where g is given by (1.1).
Theorem 2.10. Let G be a Lagrangian and suppose that Hypotheses (Ho)—(Hz1) and the following conditions
are satisfied.

(H2) Forallu € X(0) and all p € Y(0,u), 3,G(0,u, p) exists;

(H3) For every null-sequence (t,), t, € (0, 7], there exist u® € X(0) and p° € Y(0,u°), a subsequence
(tn,), elements (u?nk,ut"k) € E(0) X X(tn,), uc — u?nk € X and g'"+ € Y(tnk,u?nk,ut"k), such
that

G(tn,, u?n , qt"k) - G(0, u?n , qt"k)

. . > 9,G(0,u’, p°).

lim inf
k—oo tny
(Hq) Foreveryu® € X(0) there is a suboptimal patht — @' : [0,7] — X satisfying, a® = u®, 7’ —u® € X,
i! € E(t) and
12" —u’llx

lim ——— =0
tl\I,l’é t1/2

and for allpo € Y(0,u%),

=t 0\ _ _+ .0
(2.1) lim sup Gt a,p7) — GO, p")

< 3,G(0,u°, p°).
N0 t

(Hs) For everyu® € X(0) and every p° € Y(0,u°),

(2.12) 1G(0,u,p°) = G(0,u’, p°) = 9.G(0,u’, p°) (u — u”)| = Olu — u°II%).
Then the one sided derivative dg(0) exists and we find u® € X(0) and p° € Y(0,u°), such that
(213) dg(0) = 8,G(0,u’,p")
and we have the bound

. inf  inf 9,G(0,u,p) <dg(0) < inf 9,G(0,u, p).
(2.14)  dnf nf o (0,u,p) < dg(0) ué§<o)p§u£u> :G(0,u, p)

If, in addition, for allu € X (0) the set Y(0,u) = {p°(u)} is a singleton, then

(2.15) dg(0) = inf 9,G(0,u,p’(u)) = 3,G(0,u’, p°).
uex(0)

Before we turn our attention to the proof of this theorem let us make a few remarks.

Remark 2.11. Let us give a guideline on how Hypothesis (H3) can be verified in practice. Let a null-
sequence (t,) and (u') € X(t,) be given. Typically one can use compactness arguments to find
u° € X(0) and a subsequence (denoted the same) such that u’ — u° in some topology on X (e.g. weak
or strong). Then one constructs u(t)" € E(0), such that u(t)” — u% and Y(¢,, ué", u') # (. Then it only
remains to verify that there is a sequence g’ € Y (tp, u(t)”, u'n) of averaged adjoints that converges to

some element q° € Y (0, u°).

Sturm First-order differentiability properties of a class of equality ...
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Remark 2.12. « In contrast to previous theorems (see, e.g., [14, 12]) we allow the points u? € E(0) to

change when t approaches zero. The idea is to choose ) in such a way that the averaged adjoint
variable g € Y(t,u,u’) exists. We will illustrate this with a nonconvex example in Section 3.

Assumption (H3) extends Hypothesis (H3) of [14, Thm. 4.1] by perturbing the elements uy € X(0).
This allows us to treat examples where the original averaged adjoint variable is not well-defined,;
see Section 3.4.

Assumptions (H4) and (Hs) in Theorem 2.10 follow ideas used in [23] (see also their follow
up work [27, 26]) and replace Hypothesis (H4) of [14, Thm. 4.1]. The main motivation and
advantage is that we do not need to assume that we find for all u° € X(0) a continuous path
[0,7] = R? : t > u! with u’ € X(t), which might be difficult to check or might be even false
(see the example in Section 3.4). We also refer to [23] for an example where t > u’ is in fact not
differentiable, but where (H4),(Hs) are satisfied. We also note that the other recent articles such
as [14, Thm. 4.1.], [10, Thm. 4.1.],[11, Thm. 6.1 and Thm. 6.2] always work with optimal paths.
Therefore the replacement of this condition with the present one is crucial.

Let us mention other results related to ours. In [4, Thm. 4.4] the differentiability of t — g(¢) is
proved under the assumption that the minimisation problem (1.1) is convex and that there is an
o(t) optimal path u?, such that ||u’ — u°||x = o(t). This latter condition is similar to condition
(H3), however, we only require the existence of u’ € E(t) with 1/2 Hélder continuity. However,
the result [4, Thm. 4.4] also includes inequality constraints; see also [33] and [2, 3].

We split the proof of this theorem in two lemmas in which we prove upper and lower bounds for
the following liminf and limsup of the differential quotients of g:

(2.16)

and d_g(O) := lim sup M

¢ g(t) — g(0)
t \,0

dg(0) :=limi
4500 =iy

Lemma 2.13. Assume that G satisfies Hypotheses (Ho)—(Hs3). Then

(2.17)

Fu® € X(0), Ip° € Y(0,u4°), dg(0) > 0,G(0,u’, p°).

In particular, we have

(2.18)

Proof.

From

dg(0) > inf inf 9,G(0,u,q).
dg(0) = inf  inf #G(0.uq)

Let (t,), t, > 0 be a null-sequence, such that

y g(t,) — g(0)
m t—

n—oo

= dg(0).

n

Corollary 2.7 we get for all t € (0,7], (1% u*) € E(0) x X(t) with u* — u® € X, and for all

q' € Y(t,u,u),

(2.19)

g(t) = G(t,u’, qt) = G(t, uo,qt).

In addition, from the definition of X(0), we have for every p € Y,

(2.20)

g(0) < G(0,u°0) = G(0,u°, p).

Equations (2.19) and (2.20) together yield: for all t € (0, 7], (u°,u’) € E(0) X X(t) and ¢* € Y(t,u°, u’),

(2.21)

9(H) - 9(0) _ G(tu’,q") ~ G(0.uq")
t - t '

Sturm
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From Assumption (H3): for every null-sequence (t,) there exist u® € X(0) and p° € Y(0,u°), such that
there is a subsequence (t,), indexed the same, (u) ,u’") € E(0) X X(t,) and g € Y (t,, uj ,u'"), such
that

" g(ty) — g(0) (21) ] G(tn,uy ,q™) = G(0,u) ,q')

li > limin > 9,G(0,u’, p°)
n—oo tn n—oo tn
which is precisely (2.17). O

Remark 2.14. The lower bound obtained in (2.18) is weaker than the one of e.g. [33, Prop. 2.3]. In fact,
there it is proven that

(2.22) inf  sup 9;G(0,u, p°) < dg(0).
ueX(0) POeY(0,u) —

However, in this proposition it is assumed that the optimisation problem appearing in the definition
of g(t) is a convex optimisation problem, which together with assumptions on X(0) leads to a lower
bound for dg(0). Nevertheless our bound together with the bound proved in the following lemma will
still lead to the right differentiability of g. The price we have to pay here is that the final expression of
the derivative is not a minmax anymore and thus contains less information.

Lemma 2.15. Assume that G satisfies Hypotheses (Ho)—-(Hz2) and (H4)-(Hs). Then
(2.23) vu® € X(0), Vp° € Y(0,u°), dg(0) < 3;G(0,u’, p°).
In particular,

(2.24) dg(0) < inf  sup 2G(0,u,q).
ueX(0) geY (0,u)

Proof. Let (t,), t, > 0 be a null-sequence, such that

t) —g(0) —
Tim 9()lf—9() = dg(0).
We have for all t € [0, 7], u’ € E(¢t) and all p € Y,
(2.25) g(t) = ig{)G(t, u,0) < G(t,u',0) = G(t,u', p).
uek(t

As a result for all t € (0, 7], (1% u’) € X(0) X E(t),and all p € Y,

g9(t) —g(0) 29 G(t.u',p) - G(0,u", p)
t - t
_Gtu',p) -G(0.u',p)  G(O.u',p) - G(0,u’, p)
_ t t :

(2.26)

To further estimate the right hand side note that it follows from Assumption (Hs): For every u® € X(0)
and every po € Y(0,u°),

(2.27) G(0,u,p") = G(0,u°, p°) = 0,G(0,u’, p°) (u — u”)| = O(llu — u’[I%).
On the other hand by definition of the adjoint state p° € Y (0, u?),
(2.28) 3.G(0,u’, p°)(p) =0 forall ¢ € X.

Moreover thanks to Assumption (H4) we find t +— @’ : [0,7] — X, such that @° = u°, 4’ —u® € X,
@' € E(t) and ||@* — u°||x = o(t'/?). Hence combining (2.27) and (2.28) gives that for every u® € X(0)

Sturm First-order differentiability properties of a class of equality ...
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and every p° € Y(0,u°) there is a constant C (depending on u° and p°) such that for all small ¢, we
have

(220)  16(0,a',p%) - G(0,u%,p°)] “2” [G(0, ", p°) — G (0,4, p°) - 3,G(0, 4, p) (' — u")]

(2:27)
< Cllat - u||%.

As a result
. G(03 atspo) _G(Oa uOsPO) . |G(09 at3p0) _G(O’ uo’p0)|
(2-30) lim sup < lim sup
N0 t \0 t
s _t 092
( Sg) C lim sup —||u ullx ez .
£N\0 t

Therefore from (2.26) for every u® € X(0), there is t > @’ as before such that, for all p° € Y (0, u),

dg G(a',p") - G(o. @', p° G(0,a',p°) - G(0,u’, p°
3 d9(0) < limeup SBEPD =GO YY) o G087 G040 )
\,0 t 1\ t
< 9,G(0,u’ p°)

which is precisely (2.23). O

Remark 2.16. A sufficient condition in the convex case to derive an upper bound for d_g(O) (even with
inequality constraints) as in the previous lemma is the assumption that every point in X(0) satisfies
the Robinson constraint qualification (see [22, p. 5] and [32] for a definition). We refer to [33, Prop. 2.1]
which is due to [30].

Proof of Theorem 2.10  Let Hypotheses (Ho)-(Hs) hold true. Combining (2.17) and (2.23) shows there
exist u® € X(0) and p° € Y(0,u°), such that

(2.32) 2;G(0, uo,po) < d_g(O) < d_g(O) < 3,;G(0, uo,po),

which implies that dg(0) exists and is equal to 9,G(0,u°, p°). If for all u® € X(0) the set Y(0,u’) =
{p°(u®)} is a singleton, then we obtain from (2.17) and (2.32), that for all % € X(0),

(233) l)r(l,f ) al'G(O> uapo(u)) < al'G(0> uO’PO) < dg(o) < atG(()’ a>P0(ﬁ))
ueX(0
Taking the infimum over @ in X(0) yields (2.15).

Alternative upper bound Let us finish this section with an upper bound for dg(0), which can be
derived by replacing Hypotheses (Hy),(Hs) by the following relaxed Hypothesis (Hg’). Its advantage
over (Hq),(Hs) is that no Holder continuity of u’ is needed, but only convergence. However, the bound
is weaker than the one of Lemma 2.13. Compare also with the general result [4, Thm. 4.5].

Assumption (H4’). For every null-sequence (1), t, > 0 and every u® € X(0), there exist p° € Y (0, u°),
a subsequence (t,,) of (t,), u'" € E(tn,), and q"* € Y (t,, u’ u'rv), such that

G t, 0’ t”k _G 0’ 0’ t"k
(tu,g™) Ou.q )SatG(O,uO,pO).

lim sup
k—o0 tnk

Sturm First-order differentiability properties of a class of equality ...
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Lemma 2.17. Let Hypotheses (Ho)—(H3) and (Hy’) be satisfied. Then
(2.34) vu® € X(0), 3p° € Y(0,u°), dg(0) < 3,;G(0,u°, p°).
In particular,

(2-35) d_g(O) < inf  sup 9,G(0,u,p).
ueXx(0) PEY(0,u)

Proof. Let (t,), t, > 0 be a null-sequence, such that

lim M = dg(0).

n—oo n

By definition we have for all t > 0, u’ € E(t), u® € X(0) and ¢* € Y(¢t,u’, u"):
(2.36) g(t) < G(t,u’,0) = G(t,u’, ¢") = G(t,u’, ¢"),
where in the last step we used Corollary 2.7. Hence we obtain from Hypothesis (H4’) that we find (¢,)

and u° € X(0), a subsequence, denoted the same, an element p° € Y (0, u°), elements u’" € E(t,) and
q'n € Y(tn, u® u'n), such that

= — 0 it _ 0 . tn
(2:37) dg(0) :n1~m 9(t) —9(0) pG(tn,u ,q'n) — G(0,u° g'n)

im < limsu < 3:G(0,u°, p°).

n n—oo tn

Hence in particular for every u® € X(0)

(2.38) d_g(O)S sup  3:G(0,u’,p).
peY(0,u’)

Taking the infimum over u° yields (2.35). O

As said before the statement of the previous lemma is weaker than the one of Lemma 2.15. However,
if for all u® € X(0), the set Y(0,u°) is a singleton we obtain right differentiability of g.

Corollary 2.18. Let Hypotheses (Ho)—-(H3) and (Hy’) be satisfied. Assume that for allu € X(0) the set
Y(0,u) = {p°(u)} is a singleton. Then g is right differentiable and

. = inf 0 .
(2.39) dg(0) uel)l}(o)atG(O,u,p (u))

Proof. This directly follows from the proof of Lemma 2.17 (equation (2.37)) and Lemma 2.13. O

3 APPLICATION TO A FINITE DIMENSIONAL PROBLEM

In this section we study a simple finite dimensional minimisation problem for which we can apply
Theorem 2.10. The following example is a generalisation of the one considered [11, Sec. 6.3]; see also [9,
p-143]. We also refer to [28], where existence of an optimisation problem with a quadratic cost function
and quadratic separable inequality constraints is studied.
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3.1 PROBLEM FORMULATION

Given two symmetric matrices A, Q € R%4 we define

(3.1) f(u) =Qu-u, E={ueR%: Au-u=1}
and consider the minimisation problem

(3.2) inf f(u).

The following assumption guarantees that (3.2) admits at least one solution.

Assumption 3.1. We assume that the pair of symmetric matrices (Q, A) satisfies one of the following
two conditions:

(a) Q is positive definite and there is u € RY with Au - u > 0.
(b) Q is arbitrary and A positive definite.

Remark 3.2. We note that the case of nonsymmetric A and Q can be reduced to the symmetric case.
Indeed suppose (Q, A) are nonsymmetric. Then A := 2(A+ A7) and Q := £(Q + Q") satisfy (a) (resp.
(b)) if and only if (Q, A) satisfy (a) (resp. (b)). Hence we could work with (O, A) instead.

Lemma 3.3. Let (Q, A) satisfy Assumption 3.1(a) or (b). Then the minimisation problem (3.2) admits a
solution.

Proof. If A is positive definite, then it is readily checked that E is compact. If A is indefinite, then E
need not to be bounded, but in this case Q is positive definite. Hence in either cases (3.2) is finite and a
minimiser exists. i

Remark 3.4. We note that if Assumption 3.1(a) or (b) is satisfied, then the set E is a d — 1 dimensional
embedded C®-submanifold of RY. This is a consequence of the regular value theorem; see [1, Thm.9.3,
p-243]. In fact, setting f(u) := Au - u — 1, then we have Vf(u) = 2Au # 0 for allu € E, so that 0 is a
regular value of the function f.

Let us continue with a few examples of matrices that satisfy (a) or (b).

Example 3.5. (i) A pair (Q, A) satisfying (a) is

(33) Q=((1) (1’) A=((1) _01).

In this case E = {(x, y)" : x? — y? = 1} is a hyperbola.

(ii) Another example of (Q, A) satisfying (a) is

(3.4) Q=((1) (1)) A:(g (1))

In this case E = {(x,y)" : y* =1} = R X {1, -1} are two lines parallel to the x-axis.

(iii) A pair (Q, A) for which (b) is satisfied is given by

(35) Q:((l) 8) A=((2) (1))

In this case E = {(x, y)" : 2x% + y* = 1} is an ellipse.
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Figure 1: Ellipse converging to the two blue lines
If (a) or (b) are satisfied, then (3.2) admits at least one minimiser u € E. The Lagrange multiplier rule
shows that we find p € R, such that
(3.6) Qu+ pAu = 0.

So A := —p is a generalised eigenvalue for the matrices (Q, A). It also follows from (3.6) and Au - u =1
that

(3.7) A==p=Qu-u.

From this it follows that if (a) holds, then 0 < Qu - u = —p, so p # 0. If (b) holds, then p = 0 is possible.
3.2 PERTURBATION AND LAGRANGIAN

We now consider the following perturbation of (3.1)

(3.8) f(tu) =0 u-u,  E(t):={u' eR?: A(t)u' -u' =1},

where Q, A : [0, 7] — R¥ are matrix functions satisfying the following assumption.

Assumption 3.6. Let O, A : [0, 7] — R% be continuously differentiable functions, such that Q(t) and
A(t) are symmetric for all ¢ € [0, 7] and the pair (Q(0), A(0)) satisfies Assumption 3.1, (a) or (b).

Example 3.7. A pair (Q, A) satisfying the previous assumption is given by

1 0 t 0
59) o=y 3 an={; )
In this case E(t) = {(x,y)" : tx?* + y® = 1} is an ellipse for t > 0, but E(0) = {(x,+1)T : x € R}
consists of two lines parallel to the x-axis. We illustrate the set E(t) for various ¢t > 0 in Figure 1.
We will show that if Assumption 3.6 holds true, then

(3.10) g(t) = ugslfn Q(t)u-u

is right differentiable at t = 0* by applying Theorem 2.10.
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The Lagrangian G : [0, 7] X R? X R — R associated with the minimisation problem (3.10) reads
(3.12) G(tyu,p) =Q()u-u+p(A(t)u-u-1).
By the Lagrangian multiplier rule we find for every minimiser u’ € X(t) a number p’ € R, such that
(3.12) Q(tyu' + p'A(t)u' = 0.

It also follows from (3.12) and A(t)u’ - u’ = 1, that

(3.13) 9(t) = Q' - u' = —p.

This shows that the set Y (¢t,u’) = {p’} is a singleton and also

(3.14) X(t) ={u' eR?: Qu' +p' (AU =0, A(tH)u' -u' =1}

The averaged adjoint equation associated with two states (u°, u’) € E(0) X E(t) reads: find ¢’ € R such
that

(3.15) o) (u' +u’) + q'At)(u' + u®) =o0.

The existence of g’ can not be guaranteed for all pairs (u°, u"); see Section 3.4 for a counter example.
However, Theorem 2.10 only requires the existence of the averaged adjoint variable for certain pairs of
states.

Remark 3.8. We note that if Assumption 3.1, (b) is satisfied we have

(3.16) g(t) = ugb}ft)f(fa u) = uléllfd A -u

u#0
Therefore in this case we can also apply Danskin’s theorem (see, e.g., [16, p. 524, Thm. 2.1], [9, p.140,
Thm.5.1] or [4, Thm. 4.1]) to prove the right differentiability of g at t = 0 (in fact, one could even
consider a more general f (¢, u) in this case). Assumption 3.1, (a) does not allow this simplification since
A is not necessarily positive definite in this case. Indeed consider the pair (Q, A) from Example 3.5, (i)
(which satisfies (a)):

. Qu-u | . x*+y°

(3.17) inf = inf ——— = —oo,
ueR2 AU U yeR2 X° — Yy
u#0 u#0

while argmin, . x* + ¥* = {(-1,0)7, (1,0) "} and hence min,ecg Qu - u = minyeg x* + y* = 1is finite.

3.3 VERIFICATION OF THE HYPOTHESES

We now verify Hypotheses (Ho)-(Hs) for the Lagrangian G in (3.11) with X=X=RlandY =R
and a real number 7 > 0 which has to be chosen sufficiently small. In view of Assumption 3.1 it is
clear that Hypothesis (Ho) is satisfied. Hypotheses (H1) and (Hz2) are also obvious since A and Q are
differentiable.

Verification of Hypothesis (H3) To this end, we first prove the following lemma.
Lemma 3.9. (i) For sufficiently small r the set S; := U;e[o,r] X (t) is bounded.

(ii) For every null-sequence (t,) and u'» € X(t,), there is a subsequence still indexed the same, and
u® € X(0), such that u' — u® asn — oo.
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Proof. We first show the boundedness of S; for 7 small if either (a) or (b) of Assumption 3.1 hold. First
suppose that Assumption 3.1, (a) is satisfied. Notice that Q(¢) is uniformly positive definite for all small
t. Then by definition of u’ € X(t), we have for all ¢ € [0, 7],

(3.18) allu'||> < 0(t)u - ut <Q(H)u-u forallu e R, A(u-u=1

for some a > 0. Now pick any u° € R? with A(0)u° - u° = 1. By continuity we find 7 > 0 and ¢ > 0
such that A(t)u® - u® > ¢ > 0 for all t € [0, 7] and hence 4 := u®/+/A(t)u® - u° satisfies A(t)a - 4 =1
and thus @' € E(t). Then plugging i’ into (3.18) we obtain

o)u®-u®  _
< =———— < ¢ max [|Q(t)l]lu°]%.
tel0,7]

t)2
(319) el I < S

Thus S; is bounded.

Now suppose that Assumption 3.1, (b) holds. Since A(0) is positive definite and since A(-) is continu-
ous also A(t) is positive definite provided ¢ is small enough. So we find @ > 0,such that «||u||? < A(t)u-u
for all u € R and all small ¢. Therefore for all u? € E(t) we have a|[u?||?> < A(t)u’ - u* = 1 which
implies that S; is bounded.

The proof of (ii) follows by standard arguments and hence is omitted. O
Lemma 3.10. For every null-sequence (t,), we find u® € X(0) and p° € Y(0,up), and a subsequence
(denoted the same), elements (u) ,u'") € E(0) X X(t,) and g'" € Y (t,,u) ,u'"), such that

(3.20) g" — p®  asn— oo,
0 0
(3.21) u, —u asn — oo.

Proof. Let (t,) be an arbitrary null-sequence and let (u’?), u’» € X(t,) be given. Thanks to the previous
Lemma 3.9 we find u® € X(0) and a subsequence of (t,), still indexed the same, such that u’» — u° as
n — oo. By the Lagrange multiplier rule we find p° € Y(0,4°), such that

(3.22) Q(0)u’ + p°A(0)u’ =0, A(0)u’-u’ =1.
Since A(0)u’ - u® = 1, we have A(0)u’" - u'» > 0 for n large enough; therefore

1
(323) uy, = ——————u"" € E(0),

is well-defined. It is clear that uf.’n — u° as n — oo. By construction u?n and u'" are linearly dependent.
Since u'" € X(t,) the Lagrange multiplier rule shows Q(t,)u’" + g'"A(t,)u’ = 0 for some ¢ € R,
and thus also

0

(3-24) Q(tn) (up, +u'™) + g A(tn) (up, +u') =0,

which is the averaged adjoint equation (3.15) associated with the pair (u?n, u'm). Since A(ty) (u?n +u'n) £ 0
for n large, it follows from (3.24) that

(3.25) b QU)W +uwp) - W +up) Q0w
325 T T A ) () AU w0
This shows Hypothesis (H3) and finishes the proof. O
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Verification of Hypothesis (H4) The verification of Hypothesis (H4) is a simple application of the
inverse function theorem.

Lemma 3.11. For every u® € E(0) we find a differentiable function t — u’ : [0,7] — R? withu’ € E(t)
forallt € (0,7].

Proof. We argue similarly as in Lemma 3.10. Let u® € R? with A(0)u® - u® = 1 be given. Again by
continuity we find 7 > 0 and ¢ > 0, such that A(¢)u® - u® > c for all t € [0, 7]. Now

1
(3.26) U= ———
VA u° - ud
belongs to E(t) and is right differentiable at t = 0. O

Verification of Hypothesis (H5) To check Hypothesis (Hs) we compute for all u € R? and g € R,

(3-27) 9uG(0,u,p) = (Q(0) + pA(0))u.
Hence by the fundamental theorem of calculus and (3.27) we obtain for all u® € X(0), u € R? and

P’ eY(0,u%),

(3.28)
1G(0,u,p°) — G(0,u°, p°) — 3,G(0,u°, p°) (u — u°)|

1
= | / 3.G(0,su+ (1—3)u’, p°)(u — u®) - 0,G(0,u°, p°) (u — u®) ds|
0
< u—u’*2[1Q(0) + p"A(0)
and this verifies Hypothesis (Hs).

Application of Theorem 2.10 Now we have verified all the Hypotheses of Theorem 2.10 and we obtain
the following theorem.

Theorem 3.12. Let Q, A : [0, 7] — R%9 be two continuously differentiable functions satisfying Assump-
tion 3.6. Then the function g is right differentiable at t = 0 and we find u® € X(0), such that

(3-29) dg(0) = Ei)rgo)(Q'(O) +p A’ (0)u - u=(Q(0) + p°A’(0))u’ - u°,

where (uo,po) €eR?xR satisfies:

Q(0)u’ +p°A(0)u’ =0,  p”=-0(0)u’-u’,
A0)u’ - u’ =1.

We can even obtain more using the differentiability of the suboptimal paths u of Lemma 3.1 and
the arguments of Lemma 2.13. In contrast to the previous theorem the following lemma holds for all
elements u° € X(0).

Lemma 3.13. Let u® € X(0). Letv € R? be any vector, such that there is (u') withu' € E(t) satisfying
t_ 0

and A'(0)u’-u® # 0.

. =i
(3-30) o=lim—

Then we have
(3.31) dg(0) < 3:G(0,u’, p1) = (Q"(0) + pA’(0))u’ - u°,
where u is given by

0(0)u’ o
(3:32) H= = d 0w o
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Proof. Let u® € X(0) and let u’ be a differentiable path with v := limy\ o(u’ — u°)/t. By definition
A(t)u’ - u’ =1and hence A’(0)u® - u® + 2A(0)u’ - v = 0. In view of A’(0)u® - u® # 0, we conclude

(3-33) A0)u’ -0 # 0.
Now we choose ¢’ € R such that

1
/ 3.G(t,su’ + (1—35)u’, q") (u' - u°)
0

=2(Q() +q"A(D)) (u' —u’) = 0.

(3-34)

It is readily checked using (3.33) that A(t)(u’ +u°) - ("t;tuo) # 0 for all ¢ small and thus we obtain from
(3-34),

(3.35) tz_Q(t)(”t”O)'(Lt”O) RO
| T T A+ - (=) A

Now we apply the mean value theorem to obtain
1
(3.36) G(t,u',q") - G(t,u’ q") = / 3.G(t,su’ + (1—35)u’, q")(u' —u°) ds = 0,
0

where the last equality follows from the definition of ¢'. Hence we obtain that for every null-sequence
t \, 0 and every u° € X(0), we find u’ € E(t) and ¢’ € R, such that

(3-37) G(t,u',q") = G(t,u’,q").

Hence we can use the same arguments as in Lemma 2.13 to conclude dg(0) > 8,G(0,4°, p).

3.4 ON THE CONDITION (H3) AND NON-EXISTENCE OF AVERAGED ADJOINTS

Let us give an explicit example where for all sufficiently small t > 0 and any pair (u°, u’) € X(0) x X(t)
the set of averaged adjoints Y (¢,u’, u’) = () is empty. However, for every u’ € X(t), we find u® € X(0)
and uf, € E(0), such that u} — u° and Y(t,u}, u’) # 0. Therefore Hypothesis (H3) is necessary in some
cases and can not be simplified.

Consider again g defined by (3.10) with

(3.38) E(t)={u=(x,y)" eR*: A()hu-u=1},
1t 1 0
(3:39) A(t) = (t 1), Q= (0 2) .

Clearly Assumption 3.6 is satisfied for this example and hence g is right differentiable thanks to
Theorem 3.12. At t = 0 we have

(3.40) E(0)={(xy)"eR: x¥*+y* =1}, X(0)={(x1,0)"}, Y(0,(x1,0)7) = {1}
and for t > 0 and u’ € X(t) we find p* € Y (¢, u’) solving

(3.41) Qu +p'A(tiu' =0 o A@)'Quf +p'u’ = 0.
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We compute

(3.42) ADTQ= - _1t2 (_1t ‘22”) ,

| —
::A(t)

The eigenvalues of A(t) are given by
1
(3.43) A(t) = 5 (3 +V1+ 8t2)

and therefore {#A‘(t), 1_%/V(t)} are the eigenvalues of A(¢)7'Q and the eigenspaces are one dimen-

sional. Moreover, g(t) = ﬁl_ (t). For small ¢ > 0 we have A*(¢) > 2and A~ (¢) < 1. The corresponding

eigenvalue equations lead to

(3.44) x(A* —1) = -2ty,
(3.45) y(A*F -2) = —tx.

So for A* we obtain as eigenvector for ¢ > 0,

t

r_[a r -2t
(3-46) u+—(1), a _—/1+(t)—1<0’
and a’ — 0 for ¢t ™\, 0. Similarly, for A~ we obtain

t_ 1 t_ —t
(347) u_ = (bt) s b = —)L_(t) s >0,
and b! — 0 for t N\, 0. It follows that

1

(3-48) X(t)={at,-aty, o' =

VA(H)ut - ut “

Now let us check that the averaged adjoint equation is not solvable.

Lemma 3.14. Fort > 0 small and for (4", +u®) withu® = (1,0)7, there is no q' € R, such that
(3.49) Q" +u’) +q'A(t) (@ +u®) = 0.
In particular Y (t,u’,u’) = Y(t,—u®,u’) = 0 and no averaged adjoint state for such pairs exists.

Proof. Suppose q' € Y(t,u’,u") exists. Then in view of the definition (3.49), this means that ¢’ €
{—#A‘(t), —#ﬂ*(t)} and in view of (3.49)
t 0 1 1 1

(350 i e (3] o)

must be an eigenvector of A(t)~!Q. Since the eigenspaces are one dimensional, we must have one of
the two cases:

(3.51a) ot +u = au’,
(3-51b) o' +u® = aul,
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for some a € R. By comparing the last component of the vectors of (3.51a), we see that equality in
(3-51a) can only happen for @ = NI which gives

(3-52) a+u’=0t = u'=0
and thus a contradiction. Similarly for (3.51b), we compare the last component and see that equality
= —L which
can only be true for « NrOrET which leads to
bt t
(3-53) ity = —— (a )
VA ul -ut \1

which is also impossible since a’ — 0 and b' — 0 and hence the right vector goes to zero as t “\, 0,
however, the left hand side goes to 2u’ # 0. Therefore (3.49) is not solvable and Y (t,u% u’) = 0. The
same arguments show that Y (z, -u®ut) = 0. m]

Despite this negative result, we can define for every u’ €  X(t) the element
u? = u' [\JA(0)u! - u* € E(0), which is linearly dependent on u’ and hence Y (t,u,u’) # 0. Moreover,
if u’ converges, also u! converges.

3.5 SECOND ORDER SUFFICIENT CONDITIONS

Let us finish this section by making some remarks on second order analysis results. We notice that in
[5, Sec. 4.9.1., p. 365] equality constraints are treated using second order analysis. However, for our
problem this is not applicable. In fact in [5, Thm. 4.125, p. 365] the following problem is studied

(354) gy = inf f(tw), E(t)={u' €X: e(tu’) =0,

where f : [0,7] X X — Rande: [0,7] X X — Y are two times differentiable functions. Introduce the
associated Lagrangian

(3.55) G(t,u,p) = f(t,u) +(p,e(t,u))y-y, tel07],ueX, peY".

Suppose that d,e(0,u’) : X — Y is surjective, such that the Lagrange multiplier ¢° € Y (0,u°) for
every u’ € X(0) is unique. Then in [5, Thm. 4.125, p. 365] it is proved that for given u° € X(0) and
q° € Y(0,u), there exist locally unique solutions (u’, p*) of

(3:56) duG(t,u',p") = duf (t,u') + (p', due(t,u'))y-y = 0,

(3:57) e(t,u’) =0,

provided the second order condition holds:

(3.58) Ja > 0, 2G(0,u’ p%)(0v)(v) > allo||5,  forall v € kern(d,e(0,u’)).

This is a consequence of the implicit function theorem. However, this does not work in our setting
in general since the second order condition for (3.8) reads with X = R? equipped with the Euclidean
norm || - ||, Y =R, e(t,u) = A(t)u-u —land f(t,u) := Q(H)u - u:

(3.59) Ja > 0, (Q(0) +p°A(0))o -0 > a|jv]|* forallv € (A(0)u’)™*.
Then (3.56) would read:
(3.60) Q) +p'A())u' =0, A’ -u' =1

However, it is readily seen that (3.59) cannot hold when the eigenvalue —p° of (Q(0), A(0)) is not
simple. Take for instance A(0) = I, Q(0) = Q(0)7, and assume —p° is not geometrically simple (i.e.,
the eigenspace has dimension > 2) eigenvalue of Q(0). Then (3.59) cannot hold, since kern(A(0)u°) =
(u®)* = {o € R? : v - u® = 0} contains another eigenvector v € (u°)* associated with —p® and thus

0(0)0 - v+ pllo]l? = 0.
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4 APPLICATION TO A SHAPE OPTIMISATION PROBLEM

In this section we present another example where Theorem 2.10 is applicable. In contrast to the previous
section this example is infinite dimensional.

4.1 SHAPE OPTIMISATION PROBLEM

For every bounded Lipschitz domain Q C RY, d e {2, 3}, we consider

. Q) := inf Q,u),
() @)= inf f(@u)
where
(4.2) f(Q,u) = / lu — u,|? dx+y/ [Vul> dx, y >0, u, € H'(RY),
Q Q

and E(Q) comprises the set of solutions u = ug € H'(Q) to the semilinear problem:

(43 /Q Vi Vo +o(u)g dx = /Q fodx

for all ¢ € Hy(£). We make the following assumption.

Assumption 4.1. We assume that o : R — R is a two times differentiable, Lipschitz continuous and
strongly monotone function satisfying 0(0) = 0. We also assume f € H'(R?).

Equation (4.3) cannot be uniquely solvable since no Dirichlet boundary conditions are prescribed.
Given a function u, the cost J(Q) measures the best solution to (4.3) which is closest to u,. The set
E(Q) contains infinitely many elements and is nonconvex (unless g is linear).

Lemma 4.2. There exists a minimiser to the problem (4.1).

Proof. Tt is clear that J(Q) is finite. Let (u,) be a minimising sequence in H(Q), so that

(4.4) J(Q) = lim (/ lup — uy|? dx+y/ |V, |? dx).
n—=e\Ja Q

From this it immediately follows that (u,) is bounded in H!(Q). Hence due to Rellich’s compactness
theorem we find u € H'(Q) and a subsequence, which is denoted the same, such that Vu,, — Vu
weakly in Ly(Q)? and u,, — u strongly in L,(Q). Hence we can pass to the limit n — oo in

(4.5) / Vu, - Vo +o(u,)e dx = /fqo dx forall p € Hy(Q)
Q Q

to conclude u € E(Q). In addition we infer from (4.4)

(4.6) /|u—ur|2 dx+y/ |Vul? dx < J(Q).
Q Q

This shows that u is a minimiser and finishes the proof. O

Our goal is now to use Theorem 2.10 to show that the directional shape derivative of J exists.

Definition 4.3. The directional shape derivative of J at Q in direction X € C*(R9)? is defined by

J((d +tX)(Q)) - J(2)
. :

(4.7) dJ(Q)(X) = }lir(l)
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Notice that the mapping T; := id + tX : R? — R? is a bi-Lipschitz mapping for all |t| < 1/L(X),
where L(X) denotes the Lipschitz constant of X.
Let us introduce the Lagrangian G : H'(Q) x Hy(Q) — R by

a8 o= [lo-ul dvey [ Vo dx+ [Vo-Vyretpydx- [ fiax
Lemma 4.2 guarantees that the set
(4.9) X(Q)={ueE(Q): inf G(¢,0)=G(u,0)}

Q€EE(Q)

is not empty. In the next paragraph we consider the perturbed versions of E(Q) and X (Q).

4.2 ANALYSIS OF THE PERTURBED PROBLEMS

We will show by applying Theorem 2.10 that for a bounded Lipschitz domain © ¢ R¥ the directional
shape derivative of J exists. At first we consider any solution u, € H'(Q,) defined on the perturbed
domain Q; = T;(Q) of

(4.10) / Vu; - Vo +o(uw)p dx = / fodx forall p € Hy(Q,).
Q; Q;

Now since ¢ € H'(T;(Q)) (resp. ¢ € Hy(T;(Q))) if and only if ¢ o T, € H'(Q) (resp. ¢ o T; € Hy(Q))
(see [37, Thm. 2.2.2, p.52]) changing variables in (4.10) shows that u’ := u; o T, € H'(Q) solves

(4.11) /A(t)Vut Vo + | det(Ty)|o(u)ep dx = /fﬂp dx forall p € H)(Q),
0 Q

where

(4.12) A(t) == det(aT,)oT; 0T, ", f':=det(dT;)f o T;.

Therefore u; € E(T;(Q)) if and only if u’ := u; o Ty is in
(4.13) E(t) = {ut € HY(Q) : u’ solves (4.11)} .

As a result we get for t small

(414) 9(t) = J(T(2) = inf f(t.w)
where
(4.15) f(t,u) = /Qdet(aTt)(u —ul)? dx + y/QA(t)Vut -Vu'! dx,

where u! := u, o T;. This problem falls into the framework of Theorem 2.10.
We recall the following proposition; see, e.g., [34].

Proposition 4.4. Let D ¢ R? be a bounded and open set. Let X : R? — R? be a Lipschitz vector field. Then
forT; :=id + tX there holds:

(i) We have
oT; — 1
_)

oX strongly in C(D, R%9)
T -1

— —0X strongly in C(D, R%9)

T,) -1 D
w — div(X) strongly in C(D).
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(ii) For all open sets Q D and all ¢ € H'(R?), we have
P

poTli—¢

(4.16) ;

—Vp - X strongly in L,(Q).

Lemma 4.5. Let u® € E(0) be given. Then we find a patht — u' : [0,7] — HY(Q) withu' € E(t),
ut —u’ e Hé(Q), and a constant c, such that

(4.17) lu' = u®||gp < ¢t forallt € [0,7].

Proof. Let u® € E(0) be given. By definition u® € H'(Q) solves:

(4.18) '/QVuO Vo +ou)e dx = ‘/qu) dx forall p € Hy(Q).

Set go := u°|5q and consider for every t € [0, 7]: find u’ € H(Q), such that u’ = gy on dQ and

(4.19) ‘/QA(t)Vut - Vo + det(aT)o(u')p dx = /th(p dx forall p € H)(Q).

By construction u! is uniquely determined, u’ € E(t), u’ —u® = 0 on 9Q for all t. We obtain from (4.19):

(4.20) [)A(t)V(ut —u%) - Vo dx + /Q det(aT;) (o (u") — 0(u°)) e dx
=— / det(aT})o(u®)o — flo + A(t)Vu® - Vo dx
Q

- /Q (det(aT,) ~ V()¢ — (f — Fg + (A(t) - DVa® - Vo dx

for all 9 € Hy(Q). Since ¢ := u’ —u° is zero on 9Q we may use it as test function in (4.20). Hence using
Holder’s inequality, the uniform monotonicity of A and the monotonicity (o(x) —o(y))(x —y) =0
for all x, y € R gives

(4.21) '/Q(ut —u"? + |V(u' = u®)|? dx

< e(llf* = Flle +IA®) = Tl + 1l det(OT:) = 1l o) lo o)l a)
and therefore it follows from Proposition 4.4,
(4.22) llu’ - UOHHI(Q) <ct forallt € [0,7].

O

Parametrised Lagrangian and averaged adjoint We set X = Y := Hj(Q) and X := H'(Q). The
parametrised Lagrangian G : [0,7] X X X Y — R is given by

(4.23) G(t,u,p) = /Q det(aT;) (u — u')* dx + y[zA(t)Vu - Vu dx

+ / A(t)Vu - Vp +det(aT,)o(u)p — f'p dx,
Q
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where we recall A(t) = det(dT;)dX 10X~ ", ul = u, o T, and f’ = det(dT;) f o T,. It is noteworthy that
in this example we have X # X. Using Proposition 4.4 we see that A(t) and f* are differentiable and
we readily check for all u, p € H'(Q):

(4.24) 2:G(0,u,p) = ‘/Q div(X)(u — uy)* = (u — u,)Vu, - X + yA' (0)Vu - Vu dx
+ / A'(0)Vu - Vp +div(X)e(w)p — f'p dx,
Q

where A’(0) = div(X)[-9X—0X " and f” = div(X) f+Vf-X.Itis also readily checked that assumptions
(Ho)-(H3) are satisfied. Moreover, since p is Lipschitz continuous we also readily check Hypothesis
(Hs).

The averaged adjoint associated with u’ € E(t) and u® € E(0) reads: find ¢’ € H;(Q), such that,

1
(4.25) ‘/QA(t)Vqt Vo + ‘/o det(aTy)o’ (su’ + (1 - s)u’)q" dso dx
= —/ det(aTy) (2ul — (u' +u°))p dx — / det(aT))A(t)V(u' +u°) - Vo dx
Q Q

for all ¢ € Hy(Q). It follows from the theorem of Lax-Milgram and the uniform coercivity of A and
det(aT;) that (4.25) admits a unique solution.

Lemma 4.6. For every null-sequence (t,) and (u'™),u'n € X(t,) there is a subsequence (t,, ) andu® € X(0),
such that

(4.26) ume =4 inHY(Q) ask — co.

Proof. Let (t,) be a null-sequence and u' € X (t,). By definition we have for alln > 1

(4.27) J(T;,(Q)) < / det(9T;,) (u — ulm)? dx + y/ A(t,)Vu-Vudx forallu € E(t,).
Q Q

Now fix u® € E(0) and let (@) € E(t) be as in Lemma 4.5, such that #’ — u° in H'(Q). Plugging a’r
into (4.27) and using Proposition 4.4, we find C > 0, such that

(4.28) J(T;,(Q)) <C foralln>1

It follows in particular, since

(4.29) J(T: (Q)) = / det(aT; ) (u' — u')? dx + y/ A(t,)Vu'™ - Vu'n dx,
Q Q

that (u7) is bounded. Hence there is a subsequence (denoted the same) and u° € H'(Q), such that
u'm — u° weakly in H'(Q) and u’" — u° strongly in L,(Q). It is readily checked that by passing to
the limit n — oo that u° € X (0), which finishes the proof. |

Corollary 4.7. For every null-sequence (t,) and u™» € X(t,), we findu® € X(0) and p° € Y(0,u°), and
a subsequence (denoted the same), elements (u;",u'n) € E(0) X X(t,) and q'» € Y(t,u;", u'n), such that
uln — % € H(Q) and

(4.30) u(t)n -4’ inHY Q) asn— oo,

(4.31) q?" —q° in Hé(Q) asn — oo.

Sturm First-order differentiability properties of a class of equality ...



J. Nonsmooth Anal. Optim. 1 (2020), 6034 page 22 of 25

Proof. Thanks to Lemma 4.6 we find for every null-sequence (t,) and u’" € X(t,) a subsequence
(denoted the same) and u° € X(0), such that u’» — u® weakly in H'(Q). Set g,, := u"| 5o and consider:
find u?n € HY(Q) with u?n = g, on 9, such that

(4-32) / Vu(t)n Vo +Q(u?n)(p dx = /f(p dx forall p € Hy(Q).
Q Q

By construction u; is uniquely determined and u} € E(0). If we introduce i, := u'" — u} , then
ip € Hy(Q) and

(433) /QVﬁn Vo + (o(u™) —o(up))e dx
= (=) Vo + (1= det@me(u g + (- flp dx
Q
for all ¢ € Hy(L). So testing (4.33) with ¢ = @i, and using Hélder’s inequality yields

434 lldnllzn < c(IA(t) = Il raay + 11 = det(OT) o) 1™ lm ) + I = Fllz) lu" e

and since (u'") is bounded in H!(Q) the result follows from Proposition 4.4. It follows that u/n —u%n — 0
in H'(Q) and since u’» — u° in H'(Q) we also conclude that u% converges weakly to u° in H'(Q).
From this and (4.25) it is also readily seen that the averaged adjoint ¢’ for (ué", u'n) exists and that
q'» — q° weakly in H(Q) as n — oo. i

Application of Theorem 2.10 We have verified that assumptions (Ho)-(Hs) of Theorem 2.10 are
satisfied for G defined in (4.23) with Y = X = Hy(Q) and X = H'(Q). Therefore we obtain the
following theorem.

Theorem 4.8. The right derivative of g at t = 0% exists and
(4-35) dg(0) = inf 9,G(0,u,p°(u)),
ueX(0)

where p°(u) € Hy(Q) solves

(4.36) ‘/Q Vp°(u) - Vo + o' (w)p°(u)e dx = — /Q 2(u—uy)p +2yVu - Vo dx

forall ¢ € Hy(Q) and 9,G(0,u, p°(u)) is given by (4.24).

CONCLUSION

In this paper we discussed a new minimax theorem and presented two examples. In both examples we
could establish right differentiability of the corresponding value function.

In a future work it would be interesting to apply our result to optimal control problems with non-
unique solution. Also to find an example where for the state u° € X(0) the adjoint Y (0, u°) is not a
singleton is still an open question.
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