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an adaptive proximal safeguarded augmented
lagrangian method for nonsmooth dc problems

with convex constraints

Christian Kanzow∗ Tanja Neder†

Abstract A proximal safeguarded augmented Lagrangian method for minimizing the difference

of convex (DC) functions over a nonempty, closed and convex set with additional linear equality

as well as convex inequality constraints is presented. Thereby, all functions involved may be

nonsmooth. Iterates (of the primal variable) are obtained by solving convex optimization problems

as the concave part of the objective function gets approximated by an affine linearization. Under the

assumption of a modified Slater constraint qualification, both convergence of the primal and dual

variables to a generalized Karush-Kuhn-Tucker (KKT) point is proven, at least on a subsequence.

Numerical experiments and comparison with existing solution methods are presented using some

classes of constrained and nonsmooth DC problems.

1 introduction

We consider a class of nonsmooth DC problems with convex constraints of the following type:

(P) min

𝑥∈ℝ𝑛
𝑓 (𝑥) := 𝑔(𝑥) − ℎ(𝑥) s.t. 𝐴𝑥 = 𝑏, 𝑐 (𝑥) ≤ 0, 𝑥 ∈ 𝐶

with 𝑔, ℎ : ℝ𝑛 → ℝ convex, 𝐴 ∈ ℝ𝑝×𝑛 (with 𝑝 ≤ 𝑛), 𝑏 ∈ ℝ𝑝 , 𝑐𝑖 : ℝ𝑛 → ℝ convex for 𝑖 = 1, . . . ,𝑚 and

∅ ≠ 𝐶 ⊆ ℝ𝑛 closed and convex, where for a vector 𝑦 ∈ ℝ𝑚 the relation 𝑦 ≤ 0 here as well as in what

follows is meant componentwise, that is

𝑦 ≤ 0 :⇐⇒ 𝑦𝑖 ≤ 0 ∀𝑖 = 1, . . . ,𝑚.

As the objective function 𝑓 has a representation as the difference of two convex functions, it is called a

DC function, whereas 𝑔 and ℎ are referred to as 𝐷𝐶 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠 . (These DC components are, of course,

not unique.)

The increasing interest in DC optimization is due to the broad field of real world applications (see

e.g. [35, 22] and references therein for exemplary overviews). To put the focus on problems matching

the above setting, let us mention questions emerging in logistics, in particular location planning [35, 6]

as well as production-transportation problems [15], in chance-constrainedmanagement problems [9], in

designing communication systems with physical layer based security [28], in compressed sensing [41],

in the packaging industry [16] and in machine learning, for example within feature selection in the

context of support vector machines [20].

Many methods for the solution of constrained DC programs impose additional assumptions on the

DC objective function. In particular, it is frequently assumed that one of the DC components has to

∗Institute of Mathematics, University of Würzburg, Emil-Fischer-Straße 30, 97074 Würzburg, Germany,
christian.kanzow@uni-wuerzburg.de, orcid: 0000-0003-2897-2509

†Institute of Mathematics, University of Würzburg, Emil-Fischer-Straße 30, 97074 Würzburg, Germany, tanja.neder@uni-
wuerzburg.de, orcid: 0000-0002-9669-1197

https://dx.doi.org/10.46298/jnsao-2026-15731
https://creativecommons.org/licenses/by/4.0/
mailto:christian.kanzow@uni-wuerzburg.de
https://orcid.org/0000-0003-2897-2509
mailto:tanja.neder@uni-wuerzburg.de
mailto:tanja.neder@uni-wuerzburg.de
https://orcid.org/0000-0002-9669-1197


J. Nonsmooth Anal. Optim. 6 (2026), 15731 page 2 of 38

be continuously differentiable (see e.g. [1] or DCA2 in [21]) or even Lipschitz-differentiable (see e.g.

LCDC-ALM in [17]), or that the second DC component has to be the pointwise maximum of finitely

many continuously differentiable functions [28, 29, 26]. Extension of these approaches to general

nonsmooth DC objective functions seems to be difficult.

Hence, we focus on constrained DC problems where the objective function is given as the difference

of two arbitrary nonsmooth convex functions. To the best of our knowledge, there are only a few other

approaches dealing with this general setting. [9] presents a proximal bundle method for minimizing a

nonsmooth DC function over a general closed and convex set. Thereby, the key idea is not only to

approximate the second DC component by a linearization, but also the first one by a cutting-plane

model. No penalization of the constraints is carried out. An approach for minimizing nonsmooth

DC functions under linear equality constraints can be found in [17] by neglecting the smooth part

of the first DC component while considering Composite LCDC-ALM. Then, further restrictions are

implicitly embedded as the first DC component of the objective function is assumed to be proper, lower

semicontinuous and convex with compact domain over which it is itself supposed to be Lipschitz-

continuous. The crucial point of the method is, to replace once more in each iteration the concave part

by a linearization before then considering the Moreau envelope of the resulting augmented Lagrangian

function. In [36, 37] the authors introduce a method for minimizing a nonsmooth DC function over a

closed and convex set which gets further restricted by (without loss of generality one single) DC-type

inequality. Adopting the idea of the classical DC Algorithm (DCA, [23]), one linearizes in each iteration

the second DC component in both, the objective function and the constraint. The resulting subproblems

though need not to be solved exactly. Instead, computing a point of the modified feasible set which

provides a sufficient decrease in the model function is adequate. However, a feasible point is required

for initialization in order to avoid infeasibility of the subproblems which might otherwise occur due

to relaxing the DC type constraint. In case one omits the latter constraint, the method boils down to

(a proximal version of) DCA [23] but with the modification of allowing for inexact solutions of the

subproblems. Also in [21], DC programs with DC constraints that get complemented by a closed and

convex set are considered. Referring to DCA1, penalizing the DC constraints suitably carries over the

DC structure to the resulting penalty problems. This again allows to apply the strategy of the classical

DCA, that is to approximate within each subproblem the concave part of the objective function by

an affine majorization. In addition, the penalty parameter gets updated in each iteration. Although

the problem setting at the beginning is kept of a general nature, the convergence theory of DCA1

requires, in particular, differentiability of one of the DC components of the penalized objective function.

Dealing with constrained DC problems, one can, of course, always apply the classical DCA [23] itself

by formally rewriting the problem as an unconstrained one, which, however, is equivalent to carrying

over the constraints into the subproblems.

Notwithstanding the method, keeping the constraints in the subproblems might make them hard to

solve, depending on the application. Hence, our aim has been to develop an algorithm for constrained

DC optimization which first, is able to handle a general nonsmooth DC objective function and second,

allows for augmentation of the probably most considered convex constraints, namely linear equality

as well as convex inequality restrictions. For the last mentioned ones, also no smoothness assumptions

are imposed. In addition, we wanted to provide the possibility of keeping somewhat easy constraints,

for example box constraints, in the subproblems. Thus, we add an abstract constraint to our problem

formulation. Moreover, we adopt the idea of the classical DCA [23] to approximate the concave part of

the objective function in each iteration by an affine majorization. Combining this approach with the

basic concept of safeguarded augmented Lagrangian methods, which has some advantages against

the classical augmented Lagrangian method (see [18] for a discussion), we yield convex subproblems,

being, in general, simpler to solve than DC problems. Note that quite many applications (with convex

feasible region) involve only linear equality and convex inequality constraints but no further abstract

ones. In that case we even may obtain unconstrained convex subproblems. (Though, there is still the

Kanzow, Neder An ALM for constrained DC problems



J. Nonsmooth Anal. Optim. 6 (2026), 15731 page 3 of 38

possibility of keeping such constraints explicitly whenever they are easy to handle.)

The work is organized as follows. In Section 2 we first recall some basic concepts and results

from nonsmooth convex analysis which will come into play when examining the properties of the

subproblems occurring in our new algorithm before deriving some optimality conditions for the

DC problem under consideration. The new solution method itself gets then introduced and analyzed in

Section 3. We conduct in Section 4 some numerical experiments that compare the performance of the

new algorithm to established solution methods by means of some applications stemming from location

planning as well as compressed sensing. Afterwards, we close with some final remarks in Section 5.

2 preliminaries

In this section we first recall some basic definitions and results from nonsmooth convex analysis before

turning to the derivation of some optimality conditions for our problem under consideration.

2.1 basics from nonsmooth convex analysis

In the following, we provide essential definitions and results which will be exploited later. For further

reference, one can have a look, for example, at [10, 14, 31, 32].

An extended-valued function 𝜙 : ℝ𝑛 → ℝ with ℝ := ℝ ∪ {∞} is said to be proper if its domain
dom(𝜙) := {𝑥 ∈ ℝ𝑛 | 𝜙 (𝑥) < ∞} is nonempty. It is referred to as lower semicontinuous (lsc) if

lim inf

𝑥→𝑥
𝜙 (𝑥) ≥ 𝜙 (𝑥)

is satisfied for every 𝑥 ∈ ℝ𝑛 . Furthermore, a proper function is called convex whenever

𝜙 (𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝜆𝜙 (𝑥) + (1 − 𝜆)𝜙 (𝑦)

holds for all 𝑥, 𝑦 ∈ ℝ𝑛 and 𝜆 ∈ (0, 1), and strongly convex if there exists some 𝜇 > 0 such that 𝜙 − 𝜇

2
∥ · ∥2

is convex. Here and throughout the paper, we denote by ∥ · ∥ the Euclidean norm. Real-valued strongly

convex functions attain an unique minimum on a nonempty, closed and convex set. Furthermore, a

proper convex function 𝜙 : ℝ𝑛 → ℝ is directionally differentiable at any point 𝑥 ∈ int(dom(𝜙)) (with
int denoting the interior of a set) and in each direction 𝑑 ∈ ℝ𝑛 with the corresponding directional
derivative given by

𝜙 ′(𝑥 ;𝑑) := lim

𝑡↓0

𝜙 (𝑥 + 𝑡𝑑) − 𝜙 (𝑥)
𝑡

(see e.g. Theorem 2.76 in [10]). Considering nonsmooth convex functions, we resort to the convex
subdifferential as a concept of generalized differentiation which, at a point 𝑥 ∈ dom(𝜙), is given by the

set

𝜕𝜙 (𝑥) :=
{
𝑠 ∈ ℝ𝑛

�� 𝜙 (𝑦) ≥ 𝜙 (𝑥) + 𝑠𝑇 (𝑦 − 𝑥) ∀𝑦 ∈ ℝ𝑛}.
For every 𝑥 ∈ int(dom(𝜙)), the set 𝜕𝜙 (𝑥) is nonempty, convex and compact. Moreover, the directional

derivative of such 𝜙 relates to the convex subdifferential via

(2.1) 𝜙 ′(𝑥 ;𝑑) = max

𝑠∈𝜕𝜙 (𝑥 )
𝑠𝑇𝑑

for each 𝑥 ∈ int(dom(𝜙)) and 𝑑 ∈ ℝ𝑛 (see Theorem 23.4 in [31]). Besides, let us mention the following

calculus rules for convex subdifferentials which will be used during our analysis.

Theorem 2.1 (calculus rules for the convex subdifferential). Let 𝜙1, . . . , 𝜙𝑟 : ℝ𝑛 → ℝ be proper and
convex functions and 𝛼1, . . . , 𝛼𝑟 > 0 positive constants.
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(i) Suppose that either
⋂𝑟
𝑖=1 ri[dom(𝜙𝑖)] ≠ ∅, where ri denotes the relative interior of a set, or there

exists some 𝑥 ∈ ⋂𝑟
𝑖=1 dom(𝜙𝑖) such that all 𝜙𝑖 with at most one exception are continuous at 𝑥 . Then

𝜕

(
𝑟∑︁
𝑖=1

𝛼𝑖𝜙𝑖

)
(𝑥) =

𝑟∑︁
𝑖=1

𝛼𝑖𝜕𝜙𝑖 (𝑥)

holds for all 𝑥 ∈ dom
(∑𝑟

𝑖=1 𝛼𝑖𝜙𝑖
)
. (Moreau-Rockafellar sum rule, see e.g. Theorem 2.91 in [10] and

Theorem 4.5.1 in [32], respectively)

(ii) Assume all functions 𝜙𝑖 , 𝑖 = 1, . . . , 𝑟 , to be real-valued and let Φ : ℝ𝑛 → ℝ, Φ(𝑥) :=

max{𝜙1(𝑥), . . . , 𝜙𝑟 (𝑥)}. Then for every 𝑥 ∈ ℝ𝑛 one has

𝜕Φ(𝑥) = conv

{ ⋃
𝑖∈𝐼 (𝑥 )

𝜕𝜙𝑖 (𝑥)
}
,

where conv denotes the convex hull of a set and 𝐼 (𝑥) := {𝑖 ∈ {1, . . . , 𝑟 } | Φ(𝑥) = 𝜙𝑖 (𝑥)} the active
index set. (see e.g. Theorem 2.96 in [10])

(iii) In case 𝜙1 is differentiable at some point 𝑥 ∈ int(dom(𝜙1)) it holds

𝜕𝜙1(𝑥) = {∇𝜙1(𝑥)}.

(see e.g. Proposition 2.80 in [10])

(iv) Let 𝐹 : ℝ→ ℝ be continuously differentiable and assume 𝜙1 to be real-valued, then for each 𝑥 ∈ ℝ𝑛
one has

(2.2) 𝜕𝐶 (𝐹 ◦ 𝜙1) (𝑥) = ∇𝐹 (𝜙1(𝑥))𝜕𝜙1(𝑥),

where 𝜕𝐶 (𝐹 ◦ 𝜙1) (𝑥) denotes the Clarke subdifferential1 of 𝐹 ◦ 𝜙1 at 𝑥 . (see Theorem 2.3.9(ii) in [7])

Beyond that, the following two properties, known as local boundedness and closedness of the graph

of the convex subdifferential, will be crucial for our convergence analysis.

Theorem 2.2. Let 𝜙 : ℝ𝑛 → ℝ be proper, lsc and convex. Then, the following holds:

(i) For a nonempty and compact subset 𝐾 ⊆ int(dom(𝜙)) the image set

𝜕𝜙 (𝐾) :=
⋃
𝑥∈𝐾

𝜕𝜙 (𝑥)

is nonempty and compact. (see Proposition 2.85 in [10])

(ii) For any sequence
{(
𝑥𝑘 , 𝑠𝑘

)}
𝑘∈ℕ ⊆ ℝ𝑛 × ℝ𝑛 with 𝑠𝑘 ∈ 𝜕𝜙

(
𝑥𝑘

)
for all 𝑘 ∈ ℕ such that

(
𝑥𝑘 , 𝑠𝑘

)
converges to some (𝑥, 𝑠) ∈ ℝ𝑛 ×ℝ𝑛 , 𝑠 ∈ 𝜕𝜙 (𝑥) follows. (see Theorem 2.84 in [10])

Given a nonempty set 𝐶 ⊆ ℝ𝑛 , the tangent cone of 𝐶 at 𝑥 ∈ 𝐶 is given by

𝑇𝐶 (𝑥) := Lim sup

𝑡↓0

𝐶 − 𝑥
𝑡

,

1
It is known that the Clarke subdifferential coincides for convex functions with the convex subdifferential (see Proposi-

tion 2.2.7 in [7]). While applying the proposed chain rule in this work it is always assured that also 𝐹 ◦ 𝜙1 is a convex
function. Hence, (2.2) then breaks down to pure convex analysis.

Kanzow, Neder An ALM for constrained DC problems



J. Nonsmooth Anal. Optim. 6 (2026), 15731 page 5 of 38

where for a set-valued map 𝐹 : ℝ𝑛 ⇒ ℝ𝑚

Lim sup

𝑥→𝑥
𝐹 (𝑥) :=

{
𝑦 ∈ ℝ𝑚

��� ∃𝑥𝑘 → 𝑥, 𝑦𝑘 → 𝑦 such that 𝑦𝑘 ∈ 𝐹
(
𝑥𝑘

)
∀𝑘 ∈ ℕ

}
describes the Painlevé-Kuratowski outer/upper limit of 𝐹 at 𝑥 provided that 𝐹 (𝑥) is nonempty. Assuming,

in addition, 𝐶 to be convex, 𝑇𝐶 (𝑥) becomes a closed and convex cone (see Theorem 2.35 in [10]).

Furthermore, for a convex set 𝐶 ⊆ ℝ𝑛 , the normal cone of 𝐶 in 𝑥 ∈ 𝐶 is defined by

𝑁𝐶 (𝑥) :=
{
𝑠 ∈ ℝ𝑛

�� 𝑠𝑇 (𝑦 − 𝑥) ≤ 0 ∀𝑦 ∈ 𝐶
}
.

Moreover, for convex 𝐶 , tangent and normal cone are polar to each other, that means

(2.3) 𝑁𝐶 (𝑥) = (𝑇𝐶 (𝑥))◦ and 𝑇𝐶 (𝑥) = (𝑁𝐶 (𝑥))◦ ∀𝑥 ∈ 𝐶,

where for an arbitrary set 𝐾 ⊆ ℝ𝑛 , the expression 𝐾◦ denotes the corresponding polar cone defined by

𝐾◦ :=
{
𝑦 ∈ ℝ𝑛

�� 𝑦𝑇𝑥 ≤ 0 ∀𝑥 ∈ 𝐾
}
.

(see Proposition 2.37 in [10]) In addition, for convex 𝐶 ⊆ ℝ𝑛 , one has

(2.4) 𝑁𝐶 (𝑥) = 𝜕𝛿𝐶 (𝑥)

for any 𝑥 ∈ 𝐶 , where 𝛿𝐶 : ℝ𝑛 → ℝ denotes the indicator function of the set 𝐶 (see page 89 in [10]).

This relation together with the closedness of the graph of the convex subdifferential reveals that for

closed 𝐶 the normal cone is robust in the sense that

(2.5) 𝑁𝐶 (𝑥) = Lim sup

𝑥
𝐶−→𝑥

𝑁𝐶 (𝑥)

holds for all 𝑥 ∈ 𝐶 , where we indicate with 𝑥 𝐶−→ 𝑥 that only sequences contained in 𝐶 and converging

to 𝑥 are taken into account.

Finally, consider the optimization problem

(2.6) min

𝑥∈ℝ𝑛
𝜙 (𝑥) s.t. 𝑥 ∈ 𝐶

with a convex function 𝜙 : ℝ𝑛 → ℝ and a convex set 𝐶 ⊆ ℝ𝑛 .

Theorem 2.3 (optimality condition for convex optimization, cf. Theorem 3.1 in [10]). A point 𝑥 ∈ ℝ𝑛 is
a solution to the convex optimization problem (2.6) if and only if

0 ∈ 𝜕𝜙 (𝑥) + 𝑁𝐶 (𝑥).

Let us close with stating a separation theorem being an important tool for proving equivalence of

certain constraint qualifications later on.

Theorem 2.4 (separation theorem, cf. Theorem 2.26(ii) in [10]). Let 𝐶1,𝐶2 ⊆ ℝ𝑛 be nonempty, convex
and disjoint sets. Then there exists some 𝑎 ∈ ℝ𝑛 \ {0} with

𝑎𝑇𝑥1 ≤ 𝑎𝑇𝑥2 ∀𝑥1 ∈ 𝐶1, 𝑥2 ∈ 𝐶2.
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2.2 optimality conditions

Here, we derive necessary optimality conditions for problem (P) following primarily [28] and then

extending the approach of [10]. To this end, let us write

(2.7) ℓ : ℝ𝑛 → ℝ𝑝 , ℓ (𝑥) := 𝐴𝑥 − 𝑏

for the equality constraints of (P), and

(2.8) 𝑋 :=𝐶 ∩ 𝑐−1({(−∞, 0]𝑚}) ∩ ℓ−1({0})

for the feasible set of (P).

Now, assume 𝑥∗ ∈ ℝ𝑛 to be an arbitrary local minimum to (P). It is well known that 𝑥∗ satisfies

𝑓 ′(𝑥∗;𝑑) ≥ 0 ∀𝑑 ∈ 𝑇𝑋 (𝑥∗)

or, equivalently, by exploiting convexity of the feasible set 𝑋 ,

𝑓 ′(𝑥∗;𝑥 − 𝑥∗) ≥ 0 ∀𝑥 ∈ 𝑋

(see e.g. [8]). Any point meeting this last condition is called a directional stationary point or, for short,

d-stationary point of (P). Taking into account the DC structure of the objective function, d-stationarity

can be rewritten as

𝑔′(𝑥∗;𝑥 − 𝑥∗) ≥ ℎ′(𝑥∗;𝑥 − 𝑥∗) ∀𝑥 ∈ 𝑋 .

Now, utilizing the relation (2.1) leads to

𝑔′(𝑥∗;𝑥 − 𝑥∗) ≥ 𝑠𝑇 (𝑥 − 𝑥∗) ∀𝑥 ∈ 𝑋, 𝑠 ∈ 𝜕ℎ(𝑥∗) .

Since d-stationarity is both necessary and sufficient for optimality in the convex setting (see e.g.

again [8]), it follows

𝑥∗ ∈ argmin

𝑥∈𝑋

{
𝑔(𝑥) − 𝑠𝑇𝑥

}
∀𝑠 ∈ 𝜕ℎ(𝑥∗)

which, in turn, due to the optimality condition from Theorem 2.3, is equivalent to

0 ∈ 𝜕𝑔(𝑥∗) − {𝑠} + 𝑁𝑋 (𝑥∗) ∀𝑠 ∈ 𝜕ℎ(𝑥∗)

proving

(2.9) 𝜕ℎ(𝑥∗) ⊆ 𝜕𝑔(𝑥∗) + 𝑁𝑋 (𝑥∗) .

Note that the above considerations show that the concept of a d-stationary point is equivalent to the

inclusion (2.9). However, in practice it is usually quite difficult to verify d-stationarity. Hence, one

often resorts to the weaker notion of a critical point of (P), that is a feasible point satisfying

(2.10) 𝜕ℎ(𝑥∗) ∩ (𝜕𝑔(𝑥∗) + 𝑁𝑋 (𝑥∗)) ≠ ∅.

Clearly, with the above explanations in mind, this still poses a necessary optimality condition for (P). In

order to obtain a suitable expression for the normal cone 𝑁𝑋 (𝑥∗) which exploits the special structure

of the convex set 𝑋 , one can apply the following Slater-type constraint qualification.

Definition 2.5 (StCQ). We say that the Slater-type Constraint Qualification (StCQ) holds for (P) whenever
there exists some 𝑥 ∈ ri(𝐶) such that 𝑐𝑖 (𝑥) < 0 holds for all 𝑖 = 1, . . . ,𝑚 as well as 𝐴𝑥 = 𝑏.

With this constraint qualification at hand one can derive the following alternative optimality

condition.
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Proposition 2.6. Assume that StCQ is satisfied for (P). Then 𝑥∗ ∈ ℝ𝑛 is a critical point of (P) if and only
if there exist 𝜆∗ ∈ ℝ𝑚, 𝜇∗ ∈ ℝ𝑝 such that

𝜕ℎ(𝑥∗) ∩
(
𝜕𝑔(𝑥∗) +

{
𝐴𝑇 𝜇∗

}
+

𝑚∑︁
𝑖=1

𝜆∗𝑖 𝜕𝑐𝑖 (𝑥∗) + 𝑁𝐶 (𝑥∗)
)
≠ ∅,(2.11a)

𝑐𝑖 (𝑥∗) ≤ 0, 𝜆∗𝑖 ≥ 0, 𝜆∗𝑖 𝑐𝑖 (𝑥∗) = 0 ∀𝑖 = 1, . . . ,𝑚,(2.11b)

𝐴𝑥∗ = 𝑏, 𝑥∗ ∈ 𝐶.(2.11c)

Proof. This immediately follows from the definition of a critical point, (2.10), as under StCQ it holds

for all feasible points 𝑥 ∈ 𝑋

𝑁𝑋 (𝑥) = 𝑁𝑐−1 ({ (−∞,0]𝑚 }) (𝑥) + 𝑁ℓ−1{0} (𝑥) + 𝑁𝐶 (𝑥)

with

𝑁𝑐−1 ({ (−∞,0]𝑚 }) (𝑥) =
{
𝑚∑︁
𝑖=1

𝜆𝑖𝜔𝑖 ∈ ℝ𝑛
����� 𝜔𝑖 ∈ 𝜕𝑐𝑖 (𝑥), 𝜆𝑖 ≥ 0, 𝜆𝑖𝑐𝑖 (𝑥) = 0, 𝑖 = 1, . . . ,𝑚

}
,

𝑁ℓ−1 ({0}) (𝑥) =
{
𝐴𝑇 𝜇 ∈ ℝ𝑛

�� 𝜇 ∈ ℝ𝑝}
(see Proposition 3.3 and Theorem 3.12 in [10]). □

Any triple (𝑥∗, 𝜆∗, 𝜇∗) ∈ ℝ𝑛 ×ℝ𝑚 ×ℝ𝑝 meeting the conditions (2.11) is called a generalized Karush-
Kuhn-Tucker (KKT) point of (P). Thereby, the requirement 𝜆∗𝑖 𝑐𝑖 (𝑥∗) = 0 for all 𝑖 = 1, . . . ,𝑚 is re-

ferred to as complementary slackness. Further, observe that (2.11b) can be equivalently expressed as

min{−𝑐 (𝑥∗), 𝜆∗} = 0, where here and in the following min{𝑦, 𝑧} for two vectors 𝑦, 𝑧 ∈ ℝ𝑚 (and the

analog holds true for max{𝑦, 𝑧}) is computed componentwise, meaning

(min{𝑦, 𝑧})𝑖 :=min{𝑦𝑖 , 𝑧𝑖} 𝑖 = 1, . . . ,𝑚.

Let us note that the term of a generalized KKT point is not used consistently in the literature. In [28] it

coincides with that of a d-stationary point (see (2.9)) although no Lagrange multiplier appears therein.

However, in [21, 30] they call 𝑥∗ ∈ ℝ𝑛 a KKT point of (P) whenever there exist some 𝜆∗ ∈ ℝ𝑚, 𝜇∗ ∈ ℝ𝑝
with

0 ∈ 𝜕𝐶 𝑓 (𝑥∗) +
{
𝐴𝑇 𝜇∗

}
+

𝑚∑︁
𝑖=1

𝜆∗𝑖 𝜕𝑐𝑖 (𝑥∗) + 𝑁𝐶 (𝑥∗),

𝑐𝑖 (𝑥∗) ≤ 0, 𝜆∗𝑖 ≥ 0, 𝜆∗𝑖 𝑐𝑖 (𝑥∗) = 0 ∀𝑖 = 1, . . . ,𝑚,

𝐴𝑥∗ = 𝑏, 𝑥∗ ∈ 𝐶

where 𝜕𝐶 𝑓 (𝑥∗) denotes again the Clarke subdifferential [7, 8] of the objective function 𝑓 at 𝑥∗. Looking
into the Clarke subdifferential it is apparent that the notion of a KKT point given by [21, 30] is stronger

than the one used in this work. Actually, this comes from exploiting the DC structure and explains our

notion of a generalized KKT point.

3 the algorithm and its convergence properties

Our approach is based on the classical safeguarded augmented Lagrangian method (see e.g. [18, 4, 5]).

But instead of applying the technique directly to our problem (P), we first replace the concave part −ℎ
of the objective function by a linearization. This way, we avoid a DC structure in our subproblems but

obtain convex optimization problems instead, which, in general, reduces the computational effort of

solving the subproblems. In order to approximate −ℎ, we follow the classical DC Algorithm [23] from
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unconstrained DC optimization which means, at iteration 𝑘 ∈ ℕ0 with current iterate 𝑥𝑘 , we pick a

subgradient 𝑠𝑘 ∈ 𝜕ℎ
(
𝑥𝑘

)
and replace −ℎ by its affine majorant

𝑥 ↦→ −ℎ
(
𝑥𝑘

)
−

(
𝑠𝑘

)𝑇 (
𝑥 − 𝑥𝑘

)
.

In addition, we only penalize the equality and inequality constraints in (P), while keeping the abstract

constraint 𝑥 ∈ 𝐶 explicitly in our subproblems. Hence, after approximating the objective function and

augmenting only the equality and inequality constraints, the augmented Lagrangian function in each

iteration 𝑘 reads

𝐿
(𝑘 )
𝜌 (𝑥, 𝜆, 𝜇) := 𝑔(𝑥) − ℎ

(
𝑥𝑘

)
−

(
𝑠𝑘

)𝑇 (
𝑥 − 𝑥𝑘

)
+ 𝜇𝑇 (𝐴𝑥 − 𝑏) + 𝜌

2

∥𝐴𝑥 − 𝑏∥2

+ 1

2𝜌

(
∥max{0, 𝜆 + 𝜌𝑐 (𝑥)}∥2 − ∥𝜆∥2

)
,

which means the augmented Lagrangian function changes from iteration to iteration. Hence, we

call this an adaptive (safeguarded) augmented Lagrangian approach. Adding a proximal term in

the subproblems results in the following proximal safeguarded augmented Lagrangian method for

DC problems, psALMDC for short.

Algorithm 3.1. (psALMDC)

(S.0) Let {𝑄𝑘 }𝑘∈ℕ0

⊆ ℝ𝑛×𝑛 be a sequence of symmetric positive definite matrices satisfying

𝜆 ≤ 𝜆min(𝑄𝑘 ) ≤ 𝜆max(𝑄𝑘 ) ≤ 𝜆 for all 𝑘 ∈ ℕ0 and some 𝜆, 𝜆 > 0. Choose

(
𝑥0, 𝑣0, 𝑢0

)
∈

ℝ𝑛 × ℝ𝑝 × ℝ𝑚+ , 𝜎0, 𝜖0 > 0, 𝑀, 𝑁 ∈ ℕ (𝑁 < 𝑀), 𝛼, 𝛽,𝛾, 𝜃 ∈ (0, 1), 𝜂 > 1. Set 𝜌0 := (𝜎0)𝛾 , 𝐾 :=

𝐼1 := 0, 𝑘 := 0.

(S.1) Select 𝑠𝑘 ∈ 𝜕ℎ
(
𝑥𝑘

)
. Compute

𝑥𝑘+1 = argmin

𝑥∈𝐶

{
𝐿
(𝑘 )
𝜌𝑘

(
𝑥,𝑢𝑘 , 𝑣𝑘

)
+ 𝜎𝑘

2

∥𝑥 − 𝑥𝑘 ∥2𝑄𝑘

}
.

(S.2) Set

𝜇𝑘+1 := 𝑣𝑘 + 𝜌𝑘
(
𝐴𝑥𝑘+1 − 𝑏

)
,

𝜆𝑘+1 :=max

{
0, 𝑢𝑘 + 𝜌𝑘𝑐

(
𝑥𝑘+1

)}
.

(S.3) IF 𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

)
= 0 AND 𝐴𝑥𝑘+1 = 𝑏 AND min

{
−𝑐

(
𝑥𝑘+1

)
, 𝜆𝑘+1

}
= 0: STOP.

(S.4) a) IF ∥𝐴𝑥𝑘+1 − 𝑏∥ ≤ 𝜃 ∥𝐴𝑥𝑘 − 𝑏∥ AND



min

{
−𝑐

(
𝑥𝑘+1

)
, 𝑢

𝑘

𝜌𝑘

}


 ≤ 𝜃


min

{
−𝑐

(
𝑥𝑘

)
, 𝑢

𝑘−1

𝜌𝑘−1

}


 set
𝜎𝑘+1 := 𝜎𝑘 , 𝜌𝑘+1 := 𝜌𝑘 , 𝜖𝑘+1 := 𝜖𝑘 ,

b) ELSE set

𝜂 :=

{
𝜂 if ∥𝑥𝑘+1 − 𝑥𝑘 ∥𝛼 ≥ 𝜖𝑘 ,
1 otherwise,

𝜎𝑘+1 :=

{
𝜂𝜎𝑘 if 𝑥𝑘+1 = 𝑥𝑘 ,

max

{
1

∥𝑥𝑘+1−𝑥𝑘 ∥𝛼 , 𝜂𝜎𝑘
}

otherwise,

𝜌𝑘+1 := (𝜎𝑘+1)𝛾 .

Kanzow, Neder An ALM for constrained DC problems



J. Nonsmooth Anal. Optim. 6 (2026), 15731 page 9 of 38

IF ∥𝑥𝑘+1 − 𝑥𝑘 ∥𝛼 < 𝜖𝑘
𝐾 ← 𝐾 + 1.

IF 𝜎𝑘+1 =
1

∥𝑥𝑘+1−𝑥𝑘 ∥𝛼
𝐼1 ← 𝐼1 + 1.

IF 𝐾 ≥ 𝑀 AND 𝐼1 ≥ 𝑁 set

𝜖𝑘+1 := 𝛽𝜖𝑘 ,
𝐾 ← 0,

𝐼1 ← 0,

ELSE set

𝜖𝑘+1 := 𝜖𝑘 .

(S.5) Set

𝑣𝑘+1 :=


𝑣𝑘 if 𝐴𝑥𝑘+1 = 𝑏,

(𝑣𝑘)𝑇 (𝐴𝑥𝑘+1−𝑏)
∥𝐴𝑥𝑘+1−𝑏 ∥2

(
𝐴𝑥𝑘+1 − 𝑏

)
otherwise,

𝐼 :=

{
𝑖 ∈ {1, . . . ,𝑚}

��� 𝑐𝑖 (𝑥𝑘+1) > 0

}
,

𝑢𝑘+1𝑖 :=


(𝑢𝑘𝐼 )𝑇 𝑐𝐼 (𝑥𝑘+1)
∥𝑐𝐼 (𝑥𝑘+1) ∥2 𝑐𝑖

(
𝑥𝑘+1

)
if 𝑖 ∈ 𝐼 ,

𝑢𝑘𝑖 if 𝑖 ∈ {1, . . . ,𝑚} \ 𝐼 .

(S.6) Set 𝑘 ← 𝑘 + 1, and go to (S.1).

Before dedicating ourselves to the convergence theory, let us give some more insights in the

motivation of the algorithm. First, choosing the next iterate 𝑥𝑘+1 in (S.1) as a minimizer of the modified

augmented Lagrangian function 𝐿
(𝑘 )
𝜌𝑘

(
·, 𝑢𝑘 , 𝑣𝑘

)
over the convex set 𝐶 without the proximal term and

taking into account the necessary optimality condition leads to

(3.1)

𝑠𝑘 ∈ 𝜕𝑔
(
𝑥𝑘+1

)
+

{
𝐴𝑇 𝑣𝑘 + 𝜌𝑘𝐴𝑇

(
𝐴𝑥𝑘+1 − 𝑏

)}
+

𝑚∑︁
𝑖=1

max

{
0, 𝑢𝑘𝑖 + 𝜌𝑘𝑐𝑖

(
𝑥𝑘+1

)}
𝜕𝑐𝑖

(
𝑥𝑘+1

)
+ 𝑁𝐶

(
𝑥𝑘+1

)
= 𝜕𝑔

(
𝑥𝑘+1

)
+

{
𝐴𝑇 𝜇𝑘+1

}
+

𝑚∑︁
𝑖=1

𝜆𝑘+1𝑖 𝜕𝑐𝑖

(
𝑥𝑘+1

)
+ 𝑁𝐶

(
𝑥𝑘+1

)
with 𝑠𝑘 ∈ 𝜕ℎ

(
𝑥𝑘

)
by our choice. Hence, as we aim to determine a generalized KKT point (2.11), we

would like to have 𝑥𝑘+1 = 𝑥𝑘 (at least approximately) in the end. To yield the latter (asymptotically),

it is a common technique to add a proximal term. This also ensures existence and uniqueness of the

solution of each subproblem as the objective function is strongly convex and the minimization is

carried out with respect to a convex set. Using ∥ · ∥𝑄𝑘
within the proximal term instead of the Euclidean

norm appears to be advantageous in some numerical experiments in order to relativize the effect

that the proximal parameter might grow rapidly. Note that the conditions imposed in (S.0) on the

sequence {𝑄𝑘 }𝑘∈ℕ0

of symmetric positive definite matrices correspond to {𝑄𝑘 }𝑘∈ℕ0

and

{
𝑄−1
𝑘

}
𝑘∈ℕ0

being bounded.

In order to establish the convergence theory of the classical safeguarded augmented Lagrangian

method [5], it is crucial that the sequence of penalty parameters {𝜌𝑘 }𝑘∈ℕ0

stays bounded only if there

is sufficient progress in feasibility and complementarity, whereas otherwise {𝜌𝑘 }𝑘∈ℕ0

grows to infinity.

It turns out that for our algorithm this property is not only required for the sequence of penalty

parameters {𝜌𝑘 }𝑘∈ℕ0

, but also for that of proximal parameters {𝜎𝑘 }𝑘∈ℕ0

. Having in mind the previous
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paragraph with the optimality condition obtained from (S.1) given by

(3.2) 𝑠𝑘 − 𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

)
∈ 𝜕𝑔

(
𝑥𝑘+1

)
+

{
𝐴𝑇 𝜇𝑘+1

}
+

𝑚∑︁
𝑖=1

𝜆𝑘+1𝑖 𝜕𝑐𝑖

(
𝑥𝑘+1

)
+ 𝑁𝐶

(
𝑥𝑘+1

)
one would like to have 𝜎𝑘𝑄𝑘

(
𝑥𝑘+1 − 𝑥𝑘

)
≈ 0 in the end, conferring (3.1). Consequently, one has

to ensure that the sequence {𝜎𝑘 }𝑘∈ℕ0

of proximal parameters does not grow too fast. An adaptive

update depending on the decay of ∥𝑥𝑘+1 − 𝑥𝑘 ∥ seems reasonable. Moreover, the sequence of penalty

parameters {𝜌𝑘 }𝑘∈ℕ0

has to grow slower than the one of proximal parameters {𝜎𝑘 }𝑘∈ℕ0

, which suggests

the update formula for 𝜌𝑘+1 in (S.4)b. Note that in (S.4)b both the parameter 𝜂 and the counters 𝐾

and 𝐼1 depend on the iteration index 𝑘 , but, to simplify the notation, we suppress this dependence in

our notation. We stress that these counters play a central role for a careful update of 𝜖𝑘 , and they will

essentially be used in the proof of Lemma 3.5 only.

For the classical safeguarded augmented Lagrangian method [5], the only requirement imposed

on the auxiliary sequences

{
𝑣𝑘

}
𝑘∈ℕ0

⊆ ℝ𝑝 and

{
𝑢𝑘

}
𝑘∈ℕ0

⊆ ℝ𝑚+ for the construction of Lagrange

multipliers is their boundedness. In our context, however, the boundedness of these multipliers is not

enough, and we have to choose the corresponding sequences in a particular way. More precisely, we

require the sequences to satisfy the two inequalities (see the proof of Lemma 3.4)(
𝑣𝑘+1 − 𝑣𝑘

)𝑇 (
𝐴𝑥𝑘+1 − 𝑏

)
≤ 0,(3.3) 


max

{
0, 𝑢𝑘+1 + 𝜌𝑘+1𝑐

(
𝑥𝑘+1

)}


2 − ∥𝑢𝑘+1∥2 ≤ 


max

{
0, 𝑢𝑘 + 𝜌𝑘+1𝑐

(
𝑥𝑘+1

)}


2 − ∥𝑢𝑘 ∥2(3.4)

for each 𝑘 ∈ ℕ0. To motivate the precise update formula for 𝑣𝑘+1 in (S.5), we stick with the previous

estimate for the Lagrange multiplier whenever the corresponding iterate 𝑥𝑘+1 already satisfies the

equality constraints. Otherwise the equality constraints are violated, which means 𝐴𝑥𝑘+1 − 𝑏 ≠ 0, and

then our update formula results from considering the optimization problem

(3.5) min

𝑣∈ℝ𝑝

1

2

∥𝑣 ∥2 s.t.

(
𝑣 − 𝑣𝑘

)𝑇 (
𝐴𝑥𝑘+1 − 𝑏

)
= 0

for determining 𝑣𝑘+1. This problem can be solved analytically and leads to the update of 𝑣𝑘 from (S.5).

Note that 𝑣𝑘 is also feasible for (3.5), so we immediately obtain

(3.6) ∥𝑣𝑘+1∥ ≤ ∥𝑣𝑘 ∥

for all 𝑘 ∈ ℕ0. This ensures the boundedness of the sequence

{
𝑣𝑘

}
𝑘∈ℕ0

. Let us note that in the

optimization problem (3.5) we place equality constraints though onemight expect inequality constraints

due to the requirement (3.3). The reason for this is that considering inequality constraints would change

the unique solution of the optimization problem to 𝑣𝑘+1 = 0 whenever one has −
(
𝑣𝑘

)𝑇 (
𝐴𝑥𝑘+1 − 𝑏

)
≤ 0.

As a consequence, also all subsequent members of the sequence would be equal the zero vector which,

in general, does not seem to yield a good estimate for the Lagrange multiplier of the generalized

KKT point.

Our construction of the auxiliary sequence

{
𝑢𝑘

}
𝑘∈ℕ0

is mainly motivated by the construction

of

{
𝑣𝑘

}
𝑘∈ℕ0

and results in a non-negative sequence meeting the requirement (3.4) with equality and,

in addition,

∥𝑢𝑘+1∥ ≤ ∥𝑢𝑘 ∥
for all 𝑘 ∈ ℕ0, ensuring once again the boundedness of

{
𝑢𝑘

}
𝑘∈ℕ0

.

Let us note that, due to the monotonicity of the sequences

{
∥𝑣𝑘 ∥

}
𝑘∈ℕ0

and

{
∥𝑢𝑘 ∥

}
𝑘∈ℕ0

, Algorithm 3.1

breaks down to a pure penalty method whenever we pick 𝑣0 := 𝑢0 := 0.
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With our considerations regarding the proximal term we have already anticipated in parts the

motivation of the termination criterion in (S.3). Nevertheless, let us go through the reasoning with the

following lemma.

Lemma 3.2. Suppose Algorithm 3.1 stops at some iteration 𝑘 . Then, the triple
(
𝑥𝑘+1, 𝜆𝑘+1, 𝜇𝑘+1

)
is a gener-

alized KKT point of (P).

Proof. Note that at the point of termination one has 𝑥𝑘+1 = 𝑥𝑘 and hence, 𝑠𝑘 ∈ 𝜕ℎ
(
𝑥𝑘+1

)
holds. Thus,

the optimality condition (3.2) implies

𝜕ℎ

(
𝑥𝑘+1

)
∩

(
𝜕𝑔

(
𝑥𝑘+1

)
+

{
𝐴𝑇 𝜇𝑘+1

}
+

𝑚∑︁
𝑖=1

𝜆𝑘+1𝑖 𝜕𝑐𝑖

(
𝑥𝑘+1

)
+ 𝑁𝐶

(
𝑥𝑘+1

))
≠ ∅.

Furthermore, min

{
−𝑐

(
𝑥𝑘+1

)
, 𝜆𝑘+1

}
= 0 is equivalent to

𝑐

(
𝑥𝑘+1

)
≤ 0, 𝜆𝑘+1 ≥ 0,

(
𝜆𝑘+1

)𝑇
𝑐

(
𝑥𝑘+1

)
= 0.

By construction, 𝑥𝑘+1 ∈ 𝐶 holds for all 𝑘 ∈ ℕ0, and satisfaction of the equality constraints is guaran-

teed by the termination criterion. Altogether, this proves that the triple

(
𝑥𝑘+1, 𝜆𝑘+1, 𝜇𝑘+1

)
is indeed a

generalized KKT point of (P). □

Theoretically, one could replace the first termination condition in (S.3) with the equivalent postula-

tion 𝑥𝑘+1 = 𝑥𝑘 . But for practical implementation, where one checks for satisfaction of the stopping

criterion up to some tolerance, it will definitely make a difference whether to take the factor 𝜎𝑘𝑄𝑘
into account or not, especially as 𝜎𝑘 might grow significantly. Hence, keeping in mind the optimality

condition (3.2), it seems advisable to numerically incorporate the additional factor. Thus, we stick with

this formulation also for our theoretical considerations.

In the subsequent convergence theory, we assume without loss of generality that infinite sequences{(
𝑥𝑘 , 𝑠𝑘 , 𝜎𝑘 , 𝜌𝑘 , 𝜖𝑘 , 𝑢

𝑘 , 𝑣𝑘
)}
𝑘∈ℕ0

and

{
𝜆𝑘 , 𝜇𝑘

}
𝑘∈ℕ are generated by Algorithm 3.1.

In order to establish our final convergence result, some preliminary lemmata are proven initially.

The first result regarding the auxiliary sequences

{
𝑣𝑘

}
𝑘∈ℕ0

,
{
𝑢𝑘

}
𝑘∈ℕ0

for the construction of Lagrange

multipliers summarizes our previous explanations to motivate their update formulae.

Lemma 3.3. The sequences
{
𝑣𝑘

}
𝑘∈ℕ0

⊆ ℝ𝑝 ,
{
𝑢𝑘

}
𝑘∈ℕ0

⊆ ℝ𝑚+ are bounded and satisfy (3.3) and (3.4),
respectively (even with equality).

Proof. To begin with the sequence

{
𝑣𝑘

}
𝑘∈ℕ0

, in case 𝐴𝑥𝑘+1 = 𝑏 holds for some 𝑘 ∈ ℕ0 the update

formula in (S.5) reads 𝑣𝑘+1 = 𝑣𝑘 . Hence, on one hand, (3.3) is satisfied trivially with equality and, on

the other hand, the same prevails for (3.6). Thus, consider the case 𝐴𝑥𝑘+1 ≠ 𝑏 for some 𝑘 ∈ ℕ0. Then,

𝑣𝑘+1 gets determined as solution to problem (3.5). Obviously, the constraint ensures that (3.3) holds

with equality. Besides, like already pointed out, feasibility of 𝑣𝑘 to problem (3.5) yields anew (3.6).

Altogether, the whole sequence

{
∥𝑣𝑘 ∥

}
𝑘∈ℕ0

to be monotonically decreasing has been proven, which

reveals boundedness of

{
𝑣𝑘

}
𝑘∈ℕ0

.

Turning to

{
𝑢𝑘

}
𝑘∈ℕ0

, we first note that the sequence being (componentwise) non-negative follows

inductively from the update formula in (S.5) by the choice of the index set 𝐼 . Next, recognize that

for 𝑘 ∈ ℕ0 and 𝑖 ∈ {1, . . . ,𝑚} one has 𝑢𝑘+1𝑖 + 𝜌𝑘+1𝑐𝑖
(
𝑥𝑘+1

)
> 0 if and only if 𝑢𝑘𝑖 + 𝜌𝑘+1𝑐𝑖

(
𝑥𝑘+1

)
> 0 as

the sequence

{
𝑢𝑘

}
𝑘∈ℕ0

is (componentwise) non-negative and the update formula in (S.5) reveals that

𝑢𝑘+1𝑖 ≠ 𝑢𝑘𝑖 occurs only if 𝑐𝑖
(
𝑥𝑘+1

)
> 0. Hence, introducing

𝐽 :=

{
𝑖 ∈ {1, . . . ,𝑚}

��� 𝑢𝑘𝑖 + 𝜌𝑘+1𝑐𝑖 (𝑥𝑘+1) > 0

}
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=

{
𝑖 ∈ {1, . . . ,𝑚}

��� 𝑢𝑘+1𝑖 + 𝜌𝑘+1𝑐𝑖
(
𝑥𝑘+1

)
> 0

}
,

one obtains


max

{
0, 𝑢𝑘+1 + 𝜌𝑘+1𝑐

(
𝑥𝑘+1

)}


2−∥𝑢𝑘+1∥2 = ∥𝑢𝑘+1𝐽 ∥
2+2𝜌𝑘+1

(
𝑢𝑘+1𝐽

)𝑇
𝑐 𝐽

(
𝑥𝑘+1

)
+𝜌2

𝑘+1∥𝑐 𝐽
(
𝑥𝑘+1

)
∥2−∥𝑢𝑘+1∥2

as well as


max

{
0, 𝑢𝑘 + 𝜌𝑘+1𝑐

(
𝑥𝑘+1

)}


2 − ∥𝑢𝑘 ∥2 = ∥𝑢𝑘𝐽 ∥2 + 2𝜌𝑘+1 (𝑢𝑘𝐽 )𝑇𝑐 𝐽 (𝑥𝑘+1) + 𝜌2𝑘+1∥𝑐 𝐽 (𝑥𝑘+1) ∥2 − ∥𝑢𝑘 ∥2.
Therefore, to show that (3.4) holds with equality it apparently suffices to prove

(3.7)

(
𝑢𝑘+1𝐽

)𝑇
𝑐 𝐽

(
𝑥𝑘+1

)
=

(
𝑢𝑘𝐽

)𝑇
𝑐 𝐽

(
𝑥𝑘+1

)
together with

(3.8) ∥𝑢𝑘+1𝐽 ∥
2 − ∥𝑢𝑘+1∥2 = ∥𝑢𝑘𝐽 ∥

2 − ∥𝑢𝑘 ∥2.

To begin with (3.7), the update formula in (S.5) gives primarily

(
𝑢𝑘+1
𝐼

)𝑇
𝑐𝐼

(
𝑥𝑘+1

)
=

(
𝑢𝑘
𝐼

)𝑇
𝑐𝐼

(
𝑥𝑘+1

)
. How-

ever, observing that 𝐼 ⊆ 𝐽 and 𝑢𝑘+1𝑖 = 𝑢𝑘𝑖 for 𝑖 ∈ 𝐽 \ 𝐼 , equation (3.7) follows. Denoting for a subset

𝑆 ⊆ {1, . . . ,𝑚} with ¬𝑆 its respective complement, that is ¬𝑆 := {1, . . . ,𝑚} \ 𝑆 , equation (3.8) is

equivalent to ∥𝑢𝑘+1¬𝐽 ∥
2 = ∥𝑢𝑘¬𝐽 ∥

2
. But, since ¬𝐽 ⊆ ¬𝐼 and 𝑢𝑘+1𝑖 = 𝑢𝑘𝑖 for all 𝑖 ∈ ¬𝐼 , the latter clearly holds.

Verifying boundedness of the sequence

{
𝑢𝑘

}
𝑘∈ℕ0

gets once more done by establishing monotonicity

of the sequence

{
∥𝑢𝑘 ∥

}
𝑘∈ℕ0

. To this end, recognize that the update formula in (S.5) together with the

Cauchy-Schwarz inequality yields for each 𝑘 ∈ ℕ0

∥𝑢𝑘+1∥2 = ∥𝑢𝑘+1𝐼 ∥
2 + ∥𝑢𝑘+1¬𝐼 ∥

2

=
©­­«
���(𝑢𝑘𝐼 )𝑇𝑐𝐼 (𝑥𝑘+1) ���
∥𝑐𝐼

(
𝑥𝑘+1

)
∥2

ª®®¬
2

∥𝑐𝐼
(
𝑥𝑘+1

)
∥2 + ∥𝑢𝑘¬𝐼 ∥

2

≤ ∥𝑢𝑘𝐼 ∥
2 + ∥𝑢𝑘¬𝐼 ∥

2 = ∥𝑢𝑘 ∥2. □

In order to prove our final convergence result, we do not require the specific expressions of the

auxiliary sequences

{
𝑣𝑘

}
𝑘∈ℕ0

,
{
𝑢𝑘

}
𝑘∈ℕ0

given in (S.5). Instead, only the two properties (3.3) and (3.4)

will be exploited. Hence, other choices differing from the presented one are possible, too. In particular,

theoretically in each case also any constant sequence would serve the purpose. However, it is known

from the classical safeguarded augmented Lagrangian method [5] that in practice choosing 𝑢𝑘 and 𝑣𝑘

as preferably good approximations to the conventional Lagrange multiplier updates of 𝜆𝑘 and 𝜇𝑘 ,

respectively, has proven one’s worth. Consequently, adaptive choices seem to be more advantageous.

With the just said at first glance it might be more promising than our hitherto existing approach to

choose 𝑢𝑘 and 𝑣𝑘 as projections of the Lagrange multiplier updates 𝜆𝑘 and 𝜇𝑘 onto a suitable convex

set of vectors satisfying the requirements given in Lemma 3.3. However, involving these considerations

in some of our numerical experiments has not led to significant improvements compared to the

implementation with the update suggested in Algorithm 3.1. In addition, such an alternative update is

concomitant with a higher computational effort leading to longer runtime. Hence, we stick with the

update formula proposed in Algorithm 3.1.

The crucial properties (3.3) and (3.4) allow us to verify the following inequality.
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Lemma 3.4. Let

𝐿𝜌 (𝑥, 𝜆, 𝜇) := 𝑔(𝑥) − ℎ(𝑥) + 𝜇𝑇 (𝐴𝑥 − 𝑏) +
𝜌

2

∥𝐴𝑥 − 𝑏∥2 + 1

2𝜌

(


max{0, 𝜆 + 𝜌𝑐 (𝑥)}



2 − ∥𝜆∥2)

be the augmented Lagrangian function of (P) and

(3.9) ℓ𝑘+1 :=𝐿𝜌𝑘

(
𝑥𝑘+1, 𝜆𝑘+1, 𝜇𝑘+1

)
− 𝜌𝑘 ∥𝐴𝑥𝑘+1 − 𝑏∥2 −

1

2𝜌𝑘

[


max

{
0, 𝜆𝑘+1 + 𝜌𝑘𝑐

(
𝑥𝑘+1

)}


2 − ∥𝜆𝑘+1∥2
−

(


max

{
0, 𝑢𝑘 + 𝜌𝑘𝑐

(
𝑥𝑘+1

)}


2 − ∥𝑢𝑘 ∥2)]
for 𝑘 ∈ ℕ. In case 𝜌𝑘 = 𝜌𝑘−1, it holds

ℓ𝑘 ≥ ℓ𝑘+1 +
𝜎𝑘

2

∥𝑥𝑘+1 − 𝑥𝑘 ∥2𝑄𝑘
.

Proof. We will prove the assertion by showing that for all 𝑘 ∈ ℕ it holds

𝐿𝜌𝑘

(
𝑥𝑘 , 𝜆𝑘 , 𝜇𝑘

)
− 𝜌𝑘−1∥𝐴𝑥𝑘 − 𝑏∥2 −

1

2𝜌𝑘

[


max

{
0, 𝜆𝑘 + 𝜌𝑘𝑐

(
𝑥𝑘

)}


2 − ∥𝜆𝑘 ∥2
−

( 


max

{
0, 𝑢𝑘−1 + 𝜌𝑘𝑐

(
𝑥𝑘

)}


2 − ∥𝑢𝑘−1∥2)]
≥ ℓ𝑘+1 +

𝜎𝑘

2

∥𝑥𝑘+1 − 𝑥𝑘 ∥2𝑄𝑘
.

Involving the assumption 𝜌𝑘 = 𝜌𝑘−1 the claim follows. To verify the above inequality we give evidence

of the two estimates

(3.10) 𝐿𝜌𝑘

(
𝑥𝑘 , 𝑢𝑘 , 𝑣𝑘

)
≥ ℓ𝑘+1 +

𝜎𝑘

2

∥𝑥𝑘+1 − 𝑥𝑘 ∥2𝑄𝑘

and

(3.11) 𝐿𝜌𝑘

(
𝑥𝑘 , 𝑢𝑘 , 𝑣𝑘

)
≤𝐿𝜌𝑘

(
𝑥𝑘 , 𝜆𝑘 , 𝜇𝑘

)
− 𝜌𝑘−1∥𝐴𝑥𝑘 − 𝑏∥2 −

1

2𝜌𝑘

[


max

{
0, 𝜆𝑘 + 𝜌𝑘𝑐

(
𝑥𝑘

)}


2 − ∥𝜆𝑘 ∥2
−

( 


max

{
0, 𝑢𝑘−1 + 𝜌𝑘𝑐

(
𝑥𝑘

)}


2 − ∥𝑢𝑘−1∥2)]
for each 𝑘 ∈ ℕ.

First, observe that, due to the respective definitions, 𝐿𝜌𝑘
(
𝑥𝑘 , 𝑢𝑘 , 𝑣𝑘

)
= 𝐿
(𝑘 )
𝜌𝑘

(
𝑥𝑘 , 𝑢𝑘 , 𝑣𝑘

)
holds. Taking

into account the construction of 𝑥𝑘+1 in (S.1), it follows that

𝐿
(𝑘 )
𝜌𝑘

(
𝑥𝑘 , 𝑢𝑘 , 𝑣𝑘

)
≥ 𝐿 (𝑘 )𝜌𝑘

(
𝑥𝑘+1, 𝑢𝑘 , 𝑣𝑘

)
+ 𝜎𝑘

2

∥𝑥𝑘+1 − 𝑥𝑘 ∥2𝑄𝑘
.

Since 𝐿
(𝑘 )
𝜌 (𝑥, 𝜆, 𝜇) differs from 𝐿𝜌 (𝑥, 𝜆, 𝜇) by replacing the function −ℎ with an affine majorant, one

has

𝐿
(𝑘 )
𝜌 (𝑥, 𝜆, 𝜇) ≥ 𝐿𝜌 (𝑥, 𝜆, 𝜇)

for all (𝑥, 𝜆, 𝜇) ∈ ℝ𝑛 ×ℝ𝑚 ×ℝ𝑝 , in particular for

(
𝑥𝑘+1, 𝑢𝑘 , 𝑣𝑘

)
. Utilizing the definition of the Lagrange

multiplier 𝜇𝑘+1 in (S.2) yields

𝐿𝜌𝑘

(
𝑥𝑘+1, 𝑢𝑘 , 𝑣𝑘

)
= ℓ𝑘+1.
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Putting all estimates together gives (3.10).

Exploiting once again the definition of the Lagrange multiplier 𝜇𝑘 and afterwards the properties (3.3)

and (3.4), we obtain

𝐿𝜌𝑘

(
𝑥𝑘 , 𝑢𝑘 , 𝑣𝑘

)
=𝐿𝜌𝑘

(
𝑥𝑘 , 𝜆𝑘 , 𝜇𝑘

)
− 𝜌𝑘−1∥𝐴𝑥𝑘 − 𝑏∥2 +

(
𝑣𝑘 − 𝑣𝑘−1

)𝑇 (
𝐴𝑥𝑘 − 𝑏

)
− 1

2𝜌𝑘

[


max

{
0, 𝜆𝑘 + 𝜌𝑘𝑐

(
𝑥𝑘

)}


2 − ∥𝜆𝑘 ∥2 − (


max

{
0, 𝑢𝑘 + 𝜌𝑘𝑐

(
𝑥𝑘

)}


2 − ∥𝑢𝑘 ∥2)]
≤𝐿𝜌𝑘

(
𝑥𝑘 , 𝜆𝑘 , 𝜇𝑘

)
− 𝜌𝑘−1∥𝐴𝑥𝑘 − 𝑏∥2 −

1

2𝜌𝑘

[


max

{
0, 𝜆𝑘 + 𝜌𝑘𝑐

(
𝑥𝑘

)}


2 − ∥𝜆𝑘 ∥2
−

( 


max

{
0, 𝑢𝑘−1 + 𝜌𝑘𝑐

(
𝑥𝑘

)}


2 − ∥𝑢𝑘−1∥2)]
which proves (3.11). Note that the last inequality can actually be sharpened to an equality due to

Lemma 3.3. □

The above lemma precisely yields that the sequence {ℓ𝑘 }𝑘>𝜅 defined by (3.9) is monotonically

decreasing if the penalty parameter 𝜌𝑘 stays constant from the index 𝜅 on. This observation is crucial

to establish our convergence theory. Hence, we are interested under which circumstances the sequence

of penalty parameters {𝜌𝑘 }𝑘∈ℕ0

shows this behavior. In fact, the next result reveals that {𝜎𝑘 }𝑘∈ℕ0

and

accordingly, {𝜌𝑘 }𝑘∈ℕ0

remain bounded (or to be more precise: constant up to finitely many exceptions)

if and only if (S.4)b occurs only finitely many times.

Lemma 3.5. Assume that the sequence
{
𝑥𝑘

}
𝑘∈ℕ0

stays bounded. Then the sequence of proximal parame-
ters {𝜎𝑘 }𝑘∈ℕ0

goes to infinity if and only if (S.4)b is entered infinitely many times.
In this case also the sequence of penalty parameters {𝜌𝑘 }𝑘∈ℕ0

goes to infinity.

Proof. Let us note first that as an immediate consequence of the construction of the proximal parame-

ter 𝜎𝑘 , the corresponding sequence is monotonically increasing.

Obviously, if case (S.4)b occurs only finitely many times, {𝜎𝑘 }𝑘∈ℕ0

eventually stays constant and

hence bounded. Thus, suppose that (S.4)b arises infinitely many times and denote the corresponding

index set with 𝐽 ⊆ ℕ0. We proceed with distinguishing whether the set 𝐾0 :=
{
𝑘 ∈ 𝐽

�� 𝑥𝑘+1 = 𝑥𝑘}
contains infinitely many indices or not.

A. Assume that 𝐾0 is an infinite index set. By construction, one has 𝜎𝑘+1 = 𝜂𝜎𝑘 for all 𝑘 ∈ 𝐾0. Hence,

as 𝜂 > 1 by our choice and {𝜎𝑘 }𝑘∈ℕ0

is monotonically increasing, the unbounded growth of {𝜎𝑘 }𝑘∈ℕ0

follows immediately.

B. Assume that 𝐾0 contains only a finite number of indices. Let us denote 𝑘0 := max{𝑘 | 𝑘 ∈ 𝐾0}.
Then one has 𝜎𝑘+1 =max

{
1

∥𝑥𝑘+1−𝑥𝑘 ∥𝛼 , 𝜂𝜎𝑘
}
for all 𝑘 ∈ 𝐽 , 𝑘 > 𝑘0. Now, we continue by distinguishing

whether the monotonically decreasing and positive sequence {𝜖𝑘 }𝑘∈ℕ0

stays bounded away from zero

or not.

B.I) Assume that 𝜖𝑘 → 0 for 𝑘 →∞. Apparently, this requires that the counter𝐾 exceeds𝑀 infinitely

many times after being reset to zero. Hence, we can find a subsequence

{
∥𝑥𝑘+1 − 𝑥𝑘 ∥𝛼

}
K , K ⊆ 𝐽 ,

satisfying ∥𝑥𝑘+1 − 𝑥𝑘 ∥𝛼 < 𝜖𝑘 for all 𝑘 ∈ K . But due to our assumption this implies ∥𝑥𝑘+1 − 𝑥𝑘 ∥𝛼 →K 0

which, in turn, leads to 𝜎𝑘 → ∞ for 𝑘 → ∞ since clearly one has 𝜎𝑘+1 ≥ 1

∥𝑥𝑘+1−𝑥𝑘 ∥𝛼 at least for all

𝑘 ∈ 𝐽 , 𝑘 > 𝑘0.

B.II) Assume that {𝜖𝑘 }𝑘∈ℕ0

stays bounded away from zero. By construction this means that there

exists 𝜅 ∈ ℕ0 such that 𝜖𝑘 = 𝜖𝜅 > 0 for all 𝑘 ≥ 𝜅. Furthermore, this implies that the counters 𝐾 and 𝐼1
cannot simultaneously exceed their bounds𝑀 and 𝑁 , respectively, infinitely many times after being

reset to zero. In the following we differentiate whether the counter 𝐾 finally sticks to a value less

than𝑀 or not.
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B.II.1. Assume that 𝐾 eventually remains constant with a value less than𝑀 . Consequently, there exists
𝜅 ∈ ℕ0 (𝜅 ≥ 𝜅) such that ∥𝑥𝑘+1−𝑥𝑘 ∥𝛼 ≥ 𝜖𝑘 = 𝜖𝜅 for all 𝑘 ∈ 𝐽 , 𝑘 ≥ 𝜅 (where 𝜖𝜅 denotes the lower bound

of the sequence {𝜖𝑘 }𝑘∈ℕ0

). But this implies 𝜎𝑘+1 ≥ 𝜂𝜎𝑘 for all 𝑘 ∈ 𝐽 , 𝑘 ≥ 𝜅 . Hence, it gets immediately

clear that {𝜎𝑘 }𝑘∈ℕ0

goes to infinity as 𝐽 is an infinite index set, 𝜂 > 1 and {𝜎𝑘 }𝑘∈ℕ0

is monotonically

increasing.

B.II.2. Assume, on the contrary, that 𝐾 does not stick to a value less than 𝑀 . In this case both, 𝐾

remaining constant with a value larger than𝑀 and 𝐾 tending to infinity, is possible. But due to our

assumption for case B.II) the counter 𝐼1 necessarily has to stay at a constant level less than 𝑁 and does

not get updated anymore. Again, we distinguish two cases, namely 𝐾 finally remaining constant as

well and 𝐾 tending to infinity.

B.II.2(a) Assume that 𝐾 eventually sticks to a value larger than 𝑀 . Then we can proceed as in

case B.II.1. to obtain the unbounded growth of {𝜎𝑘 }𝑘∈ℕ0

.

B.II.2(b) Assume that 𝐾 → ∞. Still we have to distinguish two cases, namely whether the set

𝐾 :=
{
𝑘 ∈ 𝐽 , 𝑘 ≥ 𝜅

�� ∥𝑥𝑘+1 − 𝑥𝑘 ∥𝛼 ≥ 𝜖𝑘 = 𝜖𝜅
}
is finite or not.

B.II.2.(b)(i) Assume that 𝐾 is an infinite set. By construction, one has 𝜎𝑘+1 ≥ 𝜂𝜎𝑘 for all 𝑘 ∈ 𝐾 . Hence,
along the lines of case A., one obtains the unbounded growth of {𝜎𝑘 }𝑘∈ℕ0

.

B.II.2.(b)(ii) Assume that 𝐾 contains only finitely many indices. Then there exists 𝜅̂ ≥ 𝜅 such that

∥𝑥𝑘+1 − 𝑥𝑘 ∥𝛼 < 𝜖𝑘 = 𝜖𝜅 for all 𝑘 ∈ 𝐽 , 𝑘 ≥ 𝜅̂. Taking without loss of generality 𝜅̂ > 𝑘0 ensures

𝜎𝑘+1 =max

{
1

∥𝑥𝑘+1 − 𝑥𝑘 ∥𝛼
, 𝜎𝑘

}
∀𝑘 ∈ 𝐽 , 𝑘 ≥ 𝜅̂ .

But, as our assumption for case B.II.2. leads to 𝐼1 finally remaining at a value less than 𝑁 , the update

formula eventually reads as 𝜎𝑘+1 = 𝜎𝑘 for all 𝑘 ≥ 𝑘 with 𝑘 := 𝜅̂ + 𝑁 − 1. Note that, taking into account

also the update formula in (S.4)a, we do not have to restrict ourselves to indices 𝑘 ∈ 𝐽 this time.

Obviously, this yields 𝜎𝑘 = 𝜎
𝑘
remaining constant for all 𝑘 ≥ 𝑘 . Hence, also {𝜌𝑘 }𝑘≥𝑘 is a constant

sequence. Lemma 3.4 therefore shows

(3.12) ℓ𝑘 ≥ ℓ𝑘+1 +
𝜎𝑘

2

∥𝑥𝑘+1 − 𝑥𝑘 ∥2𝑄𝑘

for all 𝑘 > 𝑘 with ℓ𝑘 , 𝑘 ∈ ℕ, defined in the said lemma. As

{
𝑥𝑘

}
𝑘∈ℕ0

is assumed to be bounded

and

{
𝑢𝑘

}
𝑘∈ℕ0

,
{
𝑣𝑘

}
𝑘∈ℕ0

are bounded due to Lemma 3.3,

{
𝜆𝑘

}
𝑘∈ℕ0

and

{
𝜇𝑘

}
𝑘∈ℕ0

stay bounded, too.

Together with the boundedness of {𝜌𝑘 }𝑘∈ℕ0

and continuity of the functions 𝑔, ℎ and 𝑐 , one obtains

boundedness of {ℓ𝑘 }𝑘∈ℕ0

, which due to monotonicity (from index 𝑘 + 1 on) is therefore convergent.
Taking the limit 𝑘 →

𝑘>𝑘
∞ in (3.12) and keeping in mind that {𝜎𝑘 }𝑘∈ℕ0

eventually remains constant

one yields ∥𝑥𝑘+1 − 𝑥𝑘 ∥𝑄𝑘
→ 0 for 𝑘 →∞. Furthermore, exploiting that

∥𝑥𝑘+1 − 𝑥𝑘 ∥𝑄𝑘
≥

√︁
𝜆min(𝑄𝑘 )∥𝑥𝑘+1 − 𝑥𝑘 ∥ ≥

√︁
𝜆∥𝑥𝑘+1 − 𝑥𝑘 ∥

holds by our choice of the sequence {𝑄𝑘 }𝑘∈ℕ0

subject to the assumptions in (S.0), ∥𝑥𝑘+1 − 𝑥𝑘 ∥ → 0 for

𝑘 →∞ follows. But as 𝜎𝑘+1 ≥ 1

∥𝑥𝑘+1−𝑥𝑘 ∥𝛼 at least for all 𝑘 ∈ 𝐽 , 𝑘 > 𝑘0 this would imply an unbounded

growth of {𝜎𝑘 }𝑘∈ℕ0

, a contradiction. Hence, case B.II.2(b)(ii) is a mere hypothetical case which can

never occur.

All cases together show the unbounded growth of {𝜎𝑘 }𝑘∈ℕ0

in the event of (S.4)b being entered

infinitely many times.

Furthermore, by the update formulas for 𝜌𝑘+1 in (S.4)a and (S.4)b it gets immediately clear that

the sequence of penalty parameters {𝜌𝑘 }𝑘∈ℕ0

inherits the asymptotic behavior from the sequence of

proximal parameters {𝜎𝑘 }𝑘∈ℕ0

. □
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Whenever the penalty parameter goes to infinity in the context of safeguarded augmented Lagrangian

methods, it is quite usual to require a suitable constraint qualification in order to ensure boundedness

of the Lagrange multipliers. So does the presented method. Hence, in the following we introduce three

qualification conditions for problem (P) which turn out to be equivalent in our setting.

Definition 3.6. Let 𝑥 denote a feasible point of (P).

(i) We say that the modified Slater Constraint Qualification (mSCQ) holds for (P) in case there exists

𝑥 ∈ 𝐶 with

• 𝑐𝑖 (𝑥) < 0 ∀𝑖 = 1, . . . ,𝑚,

• 𝐴𝑥 = 𝑏 and

• 0 ∈ int(ℓ (𝐶)),
where ℓ is defined by (2.7). Such a point 𝑥 is then called a Slater point.

(ii) The point𝑥 is said to satisfy themodified ExtendedMangasarian Fromovitz Constraint Qualification
(mEMFCQ) whenever

• 0 ∈ int(ℓ (𝐶)) and
• there exists 𝑑 ∈ 𝑇𝐶 (𝑥) such that 𝐴𝑑 = 0 and 𝑐′𝑖 (𝑥 ;𝑑) < 0 ∀𝑖 ∈ 𝐼 (𝑥) holds.

Thereby, 𝑇𝐶 (𝑥) denotes the tangent cone from convex analysis and

𝐼 (𝑥) := {𝑖 ∈ {1, . . . ,𝑚} | 𝑐𝑖 (𝑥) = 0}

the active index set of 𝑥 .

(iii) We say that No Nonzero Abnormal Multiplier Constraint Qualification (NNAMCQ) holds at 𝑥 if

there is no nonzero vector (𝜆, 𝜇) ∈ ℝ𝑚+ ×ℝ𝑝 satisfying

(3.13) 0 ∈
{
𝐴𝑇 𝜇

}
+

𝑚∑︁
𝑖=1

𝜆𝑖𝜕𝑐𝑖 (𝑥) + 𝑁𝐶 (𝑥) and 𝜆𝑇𝑐 (𝑥) = 0.

Note that the two notions of Slater-type constraint qualifications used in this work (see Definition 2.5

and Definition 3.6 (i)) are not equivalent to each other. In fact, none of them relates to the other.

Adding the condition 0 ∈ int(ℓ (𝐶)) to the usual SCQ and EMFCQ, respectively, is required to obtain

equivalence with NNAMCQ. Indeed, neglecting the said stipulation one cannot deduce that NNAMCQ

is satisfied at some point 𝑥 ∈ ℝ𝑛 for which EMFCQ (in the classical sense) holds or whenever SCQ (in

the classical sense) is satisfied (whereas the corresponding reverse implications still hold true). This is

illustrated by Example 3.7. For common definitions of SCQ and EMFCQ see, for example, [21]. Modifying

SCQ in the proposed way has already been done in [25, 42] in the context of vector optimization.

For the sake of completeness, let us note that in [43] the author points out that in a common non-

convex and nonsmooth setting, NNAMCQ is in general weaker than EMFCQ whereas in the case of

the functions involved being smooth (but still possibly non-convex) and abstract constraints being

absent (i.e. 𝐶 = ℝ𝑛) both constraint qualifications coincide. Moreover, it is well known that whenever

considering convex feasible sets, the notions of SCQ and EMFCQ are equivalent (see e.g. [34], although

the feasible set deviates slightly from the one regarded in this work).

In the end, let us note that, technically speaking, we do not just add the condition 0 ∈ int(ℓ (𝐶))
to EMFCQ but replace the usual condition of the matrix 𝐴 having full rank 𝑝 by the proposed one.

However, it is clear that the latter assumption gets implied by the prior one. Hence, mEMFCQ is indeed

a stronger constraint qualification than the usual EMFCQ.

Let us now turn to the announced example, illustrating that SCQ and also EMFCQ in the classical

sense do not suffice to guarantee NNAMCQ.
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Example 3.7. (SCQ or, equivalently, EMFCQ does not imply NNAMCQ)

Consider problem (P) with 𝑛 = 2, (𝑓 an arbitrary DC function) and

𝑐 (𝑥1, 𝑥2) := −𝑥2,
ℓ (𝑥1, 𝑥2) := 𝑥1,
𝐶 :=

{
(0, 𝑥2)𝑇

�� 𝑥2 ≥ 0

}
.

Then, clearly 𝑥 := (0, 1)𝑇 is a Slater point of (P) in the classical sense, that means a feasible point

satisfying the inequality constraint(s) strictly (for a definition of the common SCQ see e.g. [21, 27]).

In addition, one has 𝐴 := (1, 0) which is of full rank. Moreover, at the feasible point 𝑥 := (0, 0)𝑇
one has 𝑇𝐶 (𝑥) = 𝐶 . Hence, choosing 𝑑 := (0, 1)𝑇 ∈ 𝑇𝐶 (𝑥) one obtains 𝐴𝑑 = 0 as well as 𝑐′(𝑥 ;𝑑) =
(0,−1) · (0, 1)𝑇 = −1 < 0 (note that the inequality constraint is active at 𝑥 ). Altogether this shows that

EMFCQ in the classical sense holds at 𝑥 (for a definition of EMFCQ of the common type see again [21]).

However, as 𝑁𝐶 (𝑥) =
{
𝑥 ∈ ℝ2

�� 𝑥2 ≤ 0

}
, choosing 𝜆 = 0 ∈ ℝ+, 𝜇 = 1 and 𝜈 = (−1, 0)𝑇 ∈ 𝑁𝐶 (𝑥) one

obtains 0 ∈
{
𝐴𝑇 𝜇 + 𝜆∇𝑐 (𝑥)

}
+ 𝑁𝐶 (𝑥) together with 𝜆𝑐 (𝑥) = 0, showing that a nonzero abnormal

multiplier of (P) exists. Thus, NNAMCQ is not satisfied at 𝑥 .

Let us note for the sake of completeness, that here, ℓ (𝐶) = {0} and hence, 0 ∉ int(ℓ (𝐶)). Besides, it
holds 𝑥 ∈ ri(𝐶) =

{
(0, 𝑥2)𝑇

�� 𝑥2 > 0

}
. Thus, also StCQ from Definition 2.5 does not imply NNAMCQ.

Now, we want to verify that modifying the constraint qualifications in the proposed way indeed

ensures not only equivalence of mSCQ and mEMFCQ but also with NNAMCQ in the sense below. To

our knowledge the following two lemmata have not been proven yet but use techniques which are

quite common for proving equivalence of constraint qualifications that are similar to the presented

ones (see e.g. [25, 34]). Hence, we put their proofs in Appendix a.

Lemma 3.8. Let 𝑥 be feasible for (P). Then, the following statements are equivalent:

(i) mEMFCQ holds in 𝑥 .

(ii) NNAMCQ holds in 𝑥 .

Lemma 3.9. The subsequent assertions are equivalent for (P):

(i) mSCQ is satisfied for (P).

(ii) mEMFCQ or, equivalently, NNAMCQ holds in all feasible points of (P).

Now we are in position to prove our final convergence result.

Theorem 3.10. Assume that
{
𝑥𝑘

}
𝑘∈ℕ0

remains bounded and the feasible set of (P) is nonempty. Then, the
following statements hold:

(i) If {𝜎𝑘 }𝑘∈ℕ0

(or, equivalently, {𝜌𝑘 }𝑘∈ℕ0

) remains bounded, then, for each accumulation point 𝑥∗ of{
𝑥𝑘

}
𝑘∈ℕ0

there exist 𝜆∗, 𝜇∗ such that (𝑥∗, 𝜆∗, 𝜇∗) is a generalized KKT point of (P). In particular,

there exists 𝐾 ⊆ ℕ0 such that for 𝑘 →
𝐾
∞ it holds

(
𝑥𝑘 , 𝜆𝑘 , 𝜇𝑘

)
→

𝐾
(𝑥∗, 𝜆∗, 𝜇∗).

(ii) If {𝜎𝑘 }𝑘∈ℕ0

(or, equivalently, {𝜌𝑘 }𝑘∈ℕ0

) goes to infinity, then, there exists an accumulation point 𝑥∗

of
{
𝑥𝑘

}
𝑘∈ℕ0

which is feasible and, provided that mSCQ holds for (P), together with some 𝜆∗, 𝜇∗

satisfies the generalized KKT conditions for (P). In particular, there exists 𝐾 ⊆ ℕ0 such that(
𝑥𝑘 , 𝜆𝑘 , 𝜇𝑘

)
→

𝐾
(𝑥∗, 𝜆∗, 𝜇∗).

Proof. (i) First note that, according to Lemma 3.5, {𝜎𝑘 }𝑘∈ℕ0

remains bounded corresponds to (S.4)b

being entered only finitely many times. Hence, there exists some index 𝜅 ∈ ℕ0 from which on only

(S.4)a occurs. In particular, this yields

(3.14) 𝜎𝑘 = 𝜎𝜅, 𝜌𝑘 = 𝜌𝜅 ∀𝑘 ≥ 𝜅
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and, noting that 𝜃 ∈ (0, 1),

(3.15) 𝐴𝑥𝑘 − 𝑏 → 0, min

{
−𝑐

(
𝑥𝑘+1

)
,
𝑢𝑘

𝜌𝑘

}
→ 0

as 𝑘 → ∞. Now, let 𝑥∗ denote an arbitrary accumulation point of

{
𝑥𝑘

}
𝑘∈ℕ0

and 𝐾 ⊆ ℕ0 an index

set with 𝑥𝑘+1 →
𝐾
𝑥∗. Since 𝑥𝑘 ∈ 𝐶 for all 𝑘 , we obtain 𝑥∗ ∈ 𝐶 by the assumed closedness of the

set 𝐶 . Furthermore, since

{
𝑢𝑘

}
𝑘∈ℕ0

is bounded according to Lemma 3.3, we may assume without

loss of generality the convergence of the subsequence

{
𝑢𝑘

}
𝑘∈𝐾 to some 𝑢∗ ∈ ℝ𝑚+ which inherits the

non-negativity from the members of the sequence. Hence, taking the limit 𝑘 →
𝐾
∞ of

{
𝐴𝑥𝑘+1 − 𝑏

}
and min

{
−𝑐

(
𝑥𝑘+1

)
, 𝑢

𝑘

𝜌𝑘

}
and using (3.15) as well as (3.14) yields both feasibility of 𝑥∗ and complementary

slackness of

(
𝑥∗, 𝑢

∗

𝜌𝜅

)
with

𝑢∗

𝜌𝜅
≥ 0. This implies that (𝑥∗, 𝑢∗) satisfies complementary slackness as well.

Similarly, by the boundedness of

{
𝑣𝑘

}
𝑘∈ℕ0

due to Lemma 3.3, we may assume without loss of

generality that 𝑣𝑘 →
𝐾
𝑣∗ for some 𝑣∗ ∈ ℝ𝑝 . To verify that (𝑥∗, 𝑢∗, 𝑣∗) is a generalized KKT point of (P),

it remains to show (2.11a). To this end, we exploit Lemma 3.4 which, together with (3.14), demonstrates

(3.16) ℓ𝑘 ≥ ℓ𝑘+1 +
𝜎𝜅

2

∥𝑥𝑘+1 − 𝑥𝑘 ∥2𝑄𝑘
∀𝑘 > 𝜅

with ℓ𝑘 , 𝑘 ∈ ℕ, defined in the said lemma. Noting that the update formula for 𝜆𝑘+1 in (S.2) can be

written as

𝜆𝑘+1 = 𝑢𝑘 − 𝜌𝑘 min

{
−𝑐

(
𝑥𝑘+1

)
,
𝑢𝑘

𝜌𝑘

}
,

taking the limit 𝑘 →
𝐾
∞ for both 𝜆𝑘+1 and 𝜇𝑘+1 in (S.2) gives 𝜇𝑘+1 →

𝐾
𝑣∗ and 𝜆𝑘+1 →

𝐾
𝑢∗, respectively,

by using (3.15) and (3.14). Consequently, the monotonically decreasing sequence {ℓ𝑘 }𝑘>𝜅 is convergent

on a subsequence. Therefore, the whole sequence {ℓ𝑘 }𝑘∈ℕ converges. This together with (3.16) implies

𝜎𝑘
2
∥𝑥𝑘+1 − 𝑥𝑘 ∥2

𝑄𝑘
→ 0 for 𝑘 →∞. Since

𝜎𝑘

2

∥𝑥𝑘+1 − 𝑥𝑘 ∥2𝑄𝑘
≥ 𝜎𝜅

2

𝜆min(𝑄𝑘 )∥𝑥𝑘+1 − 𝑥𝑘 ∥2 ≥
𝜎𝜅

2

𝜆∥𝑥𝑘+1 − 𝑥𝑘 ∥2 ∀𝑘 ≥ 𝜅

due to (3.14) and our assumptions on the sequence {𝑄𝑘 }𝑘∈ℕ0

, we obtain ∥𝑥𝑘+1 − 𝑥𝑘 ∥ → 0 for 𝑘 →∞.
Thus, both

{
𝑥𝑘+1

}
𝑘∈𝐾 and

{
𝑥𝑘

}
𝑘∈𝐾 converge to 𝑥∗. As 𝑥𝑘+1 is the (unique) minimizer of

𝐿
(𝑘 )
𝜌𝑘

(
·, 𝑢𝑘 , 𝑣𝑘

)
+ 𝜎𝑘

2
∥ ·−𝑥𝑘 ∥2

𝑄𝑘
over the convex set𝐶 , the optimality condition from Theorem 2.3 together

with the calculus rules from Theorem 2.1 and the multiplier updates from (S.2) give

0 ∈ 𝜕
(
𝐿
(𝑘 )
𝜌𝑘

(
·, 𝑢𝑘 , 𝑣𝑘

)
+ 𝜎𝑘

2

∥ · −𝑥𝑘 ∥2𝑄𝑘

) (
𝑥𝑘+1

)
+ 𝑁𝐶

(
𝑥𝑘+1

)
= 𝜕𝑔

(
𝑥𝑘+1

)
+

{
−𝑠𝑘 +𝐴𝑇

(
𝑣𝑘 + 𝜌𝑘

(
𝐴𝑥𝑘+1 − 𝑏

))}
+

𝑚∑︁
𝑖=1

max

{
0, 𝑢𝑘𝑖 + 𝜌𝑘𝑐𝑖

(
𝑥𝑘+1

)}
𝜕𝑐𝑖

(
𝑥𝑘+1

)
+

{
𝜎𝑘𝑄𝑘

(
𝑥𝑘+1 − 𝑥𝑘

)}
+ 𝑁𝐶

(
𝑥𝑘+1

)
(3.17)

= 𝜕𝑔

(
𝑥𝑘+1

)
+

{
−𝑠𝑘 +𝐴𝑇 𝜇𝑘+1

}
+

𝑚∑︁
𝑖=1

𝜆𝑘+1𝑖 𝜕𝑐𝑖

(
𝑥𝑘+1

)
+

{
𝜎𝑘𝑄𝑘

(
𝑥𝑘+1 − 𝑥𝑘

)}
+ 𝑁𝐶

(
𝑥𝑘+1

)
.(3.18)

Consequently, there exist 𝑡𝑘+1 ∈ 𝜕𝑔
(
𝑥𝑘+1

)
and 𝜔𝑘+1𝑖 ∈ 𝜕𝑐𝑖

(
𝑥𝑘+1

)
for each 𝑖 = 1, . . . ,𝑚 and 𝑘 ∈ ℕ0 with

(3.19) −
(
𝑡𝑘+1 − 𝑠𝑘 +𝐴𝑇 𝜇𝑘+1 +

𝑚∑︁
𝑖=1

𝜆𝑘+1𝑖 𝜔𝑘+1𝑖 + 𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

))
∈ 𝑁𝐶

(
𝑥𝑘+1

)
.
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Due to the local boundedness of the convex subdifferential (cf. Theorem 2.2(i)) in combination with

the assumed boundedness of the sequence

{
𝑥𝑘

}
𝑘∈ℕ0

, the sequences

{
𝑡𝑘+1

}
𝑘∈ℕ0

,
{
𝑠𝑘

}
𝑘∈ℕ0

,
{
𝜔𝑘+1𝑖

}
𝑘∈ℕ0

,

𝑖 = 1, . . . ,𝑚, are bounded. Therefore, without loss of generality one may assume convergence of each

sequence on the corresponding subsequence with indices 𝑘 ∈ 𝐾 to some limits 𝑡∗ ∈ 𝜕𝑔(𝑥∗), 𝑠∗ ∈ 𝜕ℎ(𝑥∗)
and 𝜔∗𝑖 ∈ 𝜕𝑐𝑖 (𝑥∗), 𝑖 = 1, . . . ,𝑚, respectively. Thereby, the inclusions are guaranteed by the closedness

of the graph of the convex subdifferential (cf. Theorem 2.2(ii)) and convergence of

{
𝑥𝑘+1

}
𝑘∈𝐾 and{

𝑥𝑘
}
𝑘∈𝐾 to 𝑥∗. Note that ∥𝑥𝑘+1 − 𝑥𝑘 ∥ → 0 for 𝑘 →∞ implies also 𝜎𝑘𝑄𝑘

(
𝑥𝑘+1 − 𝑥𝑘

)
→ 0 since one has

𝜎𝑘 ∥𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

)
∥ ≤ 𝜎𝜅 ∥𝑄𝑘 ∥∥𝑥𝑘+1 − 𝑥𝑘 ∥

= 𝜎𝜅𝜆max(𝑄𝑘 )∥𝑥𝑘+1 − 𝑥𝑘 ∥
≤ 𝜎𝜅𝜆∥𝑥𝑘+1 − 𝑥𝑘 ∥

for all 𝑘 ≥ 𝜅 . Hence, taking the limit 𝑘 →
𝐾
∞ in (3.19) and exploiting the robustness (2.5) of the normal

cone from convex analysis, we obtain

−
(
𝑡∗ − 𝑠∗ +𝐴𝑇 𝑣∗ +

𝑚∑︁
𝑖=1

𝑢∗𝑖 𝜔
∗
𝑖

)
∈ 𝑁𝐶 (𝑥∗),

hence,

0 ∈ 𝜕𝑔(𝑥∗) − 𝜕ℎ(𝑥∗) +
{
𝐴𝑇 𝑣∗

}
+

𝑚∑︁
𝑖=1

𝑢∗𝑖 𝜕𝑐𝑖 (𝑥∗) + 𝑁𝐶 (𝑥∗) .

Thus, the claim follows with 𝜆∗ := 𝑢∗ and 𝜇∗ := 𝑣∗.

(ii) Recall from Lemma 3.5 that {𝜎𝑘 }𝑘∈ℕ0

tends to infinity if and only if (S.4)b occurs infinitely many

times.

Step 1: First, we show that the full sequence

{
∥𝑥𝑘+1 − 𝑥𝑘 ∥

}
𝑘∈ℕ0

converges to zero. Since

{
𝑥𝑘

}
𝑘∈ℕ0

is

bounded,

{
∥𝑥𝑘+1 − 𝑥𝑘 ∥

}
𝑘∈ℕ0

is also bounded. Hence, it suffices to show that each convergent subse-

quence of

{
∥𝑥𝑘+1 − 𝑥𝑘 ∥

}
𝑘∈ℕ0

converges to zero. Therefore, choose an arbitrary convergent subsequence{
∥𝑥𝑘+1 − 𝑥𝑘 ∥

}
𝑘∈𝐾 , 𝐾 ⊆ ℕ0, and assume without loss of generality that also

{
𝑥𝑘+1

}
𝑘∈𝐾 and

{
𝑥𝑘

}
𝑘∈𝐾

converge to some limits 𝑥∗ ∈ ℝ𝑛 and 𝑥∗ ∈ ℝ𝑛 , respectively. Actually, one even has 𝑥∗, 𝑥∗ ∈ 𝐶 since

each iterate 𝑥𝑘 belongs to the set 𝐶 by construction and 𝐶 is assumed to be closed. By (3.17), for each

𝑘 ∈ ℕ0, there exist subgradients 𝑡
𝑘+1 ∈ 𝜕𝑔

(
𝑥𝑘+1

)
, 𝜔𝑘+1𝑖 ∈ 𝜕𝑐𝑖

(
𝑥𝑘+1

)
for all 𝑖 = 1, . . . ,𝑚 such that

(3.20) −
(
𝑡𝑘+1 − 𝑠𝑘 +𝐴𝑇

(
𝑣𝑘 + 𝜌𝑘

(
𝐴𝑥𝑘+1 − 𝑏

))
+

𝑚∑︁
𝑖=1

max

{
0, 𝑢𝑘𝑖 + 𝜌𝑘𝑐𝑖

(
𝑥𝑘+1

)}
𝜔𝑘+1𝑖

+ 𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

))
∈ 𝑁𝐶

(
𝑥𝑘+1

)
.

As 𝑁𝐶
(
𝑥𝑘+1

)
is a cone, we also have

(3.21) − 1

𝜎𝑘

(
𝑡𝑘+1 − 𝑠𝑘 +𝐴𝑇

(
𝑣𝑘 + 𝜌𝑘

(
𝐴𝑥𝑘+1 − 𝑏

))
+

𝑚∑︁
𝑖=1

max

{
0, 𝑢𝑘𝑖 + 𝜌𝑘𝑐𝑖

(
𝑥𝑘+1

)}
𝜔𝑘+1𝑖

+ 𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

))
∈ 𝑁𝐶

(
𝑥𝑘+1

)
.

Since {𝑄𝑘 }𝑘∈ℕ0

is bounded by assumption, we may assume without loss of generality convergence

of the subsequence {𝑄𝑘 }𝑘∈𝐾 to some symmetric positive definite matrix 𝑄∗ ∈ ℝ𝑛×𝑛 . Taking the limit

𝑘 →
𝐾
∞ in (3.21), we get

𝑄∗(𝑥∗ − 𝑥∗) ∈ 𝑁𝐶 (𝑥∗)
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exploiting that {𝜎𝑘 }𝑘∈ℕ0

itself tends to infinity,

{
𝑡𝑘+1

}
𝑘∈ℕ0

,
{
𝑠𝑘

}
𝑘∈ℕ0

,
{
𝜔𝑘+1𝑖

}
𝑘∈ℕ0

, 𝑖 = 1, . . . ,𝑚, are

bounded due to the boundedness of

{
𝑥𝑘

}
𝑘∈ℕ0

and the local boundedness property of the convex

subdifferential,

{
𝑢𝑘

}
𝑘∈ℕ0

,
{
𝑣𝑘

}
𝑘∈ℕ0

are bounded by Lemma 3.3,
𝜌𝑘
𝜎𝑘

= (𝜎𝑘 )𝛾−1 with 𝛾 < 1 and hence

tends to zero as {𝜎𝑘 }𝑘∈ℕ0

goes to infinity, 𝑐𝑖 is continuous for each 𝑖 = 1, . . . ,𝑚, and last but not least

the normal cone from convex analysis is robust. The definition of the convex normal cone yields

(𝑄∗(𝑥∗ − 𝑥∗))𝑇 (𝑧 − 𝑥∗) ≤ 0 for all 𝑧 ∈ 𝐶 . Taking 𝑧 := 𝑥∗ ∈ 𝐶 and exploiting the fact that 𝑄∗ is
(symmetric) positive definite, 𝑥∗ = 𝑥∗ follows. Consequently, we have ∥𝑥𝑘+1 − 𝑥𝑘 ∥ →

𝐾
0.

Step 2: Next, we deduce that

(3.22) 𝜎𝑘𝑄𝑘

(
𝑥𝑘+1 − 𝑥𝑘

)
→ 0

holds at least on a subsequence. By Step 1, we know that ∥𝑥𝑘+1 − 𝑥𝑘 ∥ → 0 for 𝑘 → ∞. From the

proof of Lemma 3.5, however, we see that ∥𝑥𝑘+1 − 𝑥𝑘 ∥𝛼 → 0 can occur only if we have 𝑥𝑘+1 = 𝑥𝑘 for
an infinite number of indices or 𝜖𝑘 → 0. (As for each distinction of case B.II), which can occur, the

sequence

{
∥𝑥𝑘+1 − 𝑥𝑘 ∥𝛼

}
𝑘∈ℕ0

would be bounded away from zero (at least on a subsequence).) In the

first case, that is subsequent iterates coincide infinitely many times, (3.22) trivially holds true for the

respective subsequence. Thus, let us consider the second case. Since 𝜖𝑘 is necessarily reduced infinitely

many times and each decrease involves the counter 𝐼1 reaching or exceeding 𝑁 after being reset to

zero, we can extract a subsequence such that 𝜎𝑘+1 =
1

∥𝑥𝑘+1−𝑥𝑘 ∥𝛼 holds. Let us denote the corresponding

infinite index set by Λ′. Then, for each 𝑘 ∈ Λ′ one has

𝜎𝑘 ∥𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

)
∥ ≤ 𝜎𝑘+1∥𝑄𝑘 ∥∥𝑥𝑘+1 − 𝑥𝑘 ∥

= 𝜆max(𝑄𝑘 )∥𝑥𝑘+1 − 𝑥𝑘 ∥1−𝛼

≤ 𝜆∥𝑥𝑘+1 − 𝑥𝑘 ∥1−𝛼 ,

where we additionally exploit the monotonicity of {𝜎𝑘 }𝑘∈ℕ0

as well as our postulations for {𝑄𝑘 }𝑘∈ℕ0

in (S.0). Hence, taking advantage of ∥𝑥𝑘+1−𝑥𝑘 ∥ → 0 togetherwith𝛼 ∈ (0, 1) gives𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

)
→Λ′ 0.

In the following, let

Λ ∈ {𝑆 ⊆ ℕ | (3.22) holds for 𝑘 →𝑆 ∞}.
Step 3: Here, we prove the existence of a feasible accumulation point of

{
𝑥𝑘

}
𝑘∈ℕ0

. Since

{
𝑥𝑘

}
𝑘∈ℕ0

is

bounded, we may assume without loss of generality that 𝑥𝑘+1 →Λ 𝑥 for some 𝑥 ∈ ℝ𝑛 . Note that 𝑥 ∈ 𝐶
since 𝐶 is a closed set and 𝑥𝑘 ∈ 𝐶 holds for all 𝑘 ∈ ℕ0. Moreover,

{
𝑥𝑘

}
𝑘∈Λ also converges to 𝑥 since

∥𝑥𝑘+1 − 𝑥𝑘 ∥ → 0. By (3.20) and 𝑁𝐶
(
𝑥𝑘+1

)
being a cone, we obtain

− 1

𝜌𝑘

(
𝑡𝑘+1 − 𝑠𝑘 +𝐴𝑇

(
𝑣𝑘 + 𝜌𝑘

(
𝐴𝑥𝑘+1 − 𝑏

))
+

𝑚∑︁
𝑖=1

max

{
0, 𝑢𝑘𝑖 + 𝜌𝑘𝑐𝑖

(
𝑥𝑘+1

)}
𝜔𝑘+1𝑖

+ 𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

))
∈ 𝑁𝐶

(
𝑥𝑘+1

)
.

Utilizing the previously discussed boundedness of

{
𝑤𝑘+1𝑖

}
𝑘∈ℕ0

for each 𝑖 = 1, . . . ,𝑚, we may again as-

sume without loss of generality the convergence of

{
𝜔𝑘+1𝑖

}
𝑘∈Λ to some𝜔𝑖 ∈ 𝜕𝑐𝑖 (𝑥) for each 𝑖 = 1, . . . ,𝑚

by the closedness property of the convex subdifferential. Now, taking the limit 𝑘 →Λ ∞ and exploiting

the facts that 𝜌𝑘 →∞ according to Lemma 3.5 due to the assumed unboundedness of {𝜎𝑘 }𝑘∈ℕ0

and

𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

)
→Λ 0 by Step 2, the boundedness of

{
𝑡𝑘+1

}
𝑘∈ℕ0

,
{
𝑠𝑘

}
𝑘∈ℕ0

,
{
𝑣𝑘

}
𝑘∈ℕ0

,
{
𝑢𝑘

}
𝑘∈ℕ0

, the

continuity of each 𝑐𝑖 , and the robustness of the normal cone, we obtain

−
(
𝐴𝑇 (𝐴𝑥 − 𝑏) +

𝑚∑︁
𝑖=1

max{0, 𝑐𝑖 (𝑥)}𝜔𝑖
)
∈ 𝑁𝐶 (𝑥).
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But this shows

0 ∈
{
𝐴𝑇 (𝐴𝑥 − 𝑏)

}
+

𝑚∑︁
𝑖=1

max{0, 𝑐𝑖 (𝑥)}𝜕𝑐𝑖 (𝑥) + 𝑁𝐶 (𝑥)

= 𝜕

(
1

2

∥𝐴 · −𝑏∥2 + 1

2

∥max{0, 𝑐 (·)}∥2 + 𝛿𝐶 (·)
)
(𝑥)

where the equality follows from some elementary calculus rules for the convex subdifferential (cf. The-

orem 2.1) noting, in particular, that all functions 𝑐𝑖 are real-valued. However, due to Theorem 2.3 this

in turn is equivalent to

𝑥 ∈ argmin

𝑥∈ℝ𝑛

{
1

2

∥𝐴𝑥 − 𝑏∥2 + 1

2

∥max{0, 𝑐 (𝑥)}∥2 + 𝛿𝐶 (𝑥)
}
.

Since the feasible set of (P) is nonempty, the minimal value of the objective function above is zero and

hence, we then obtain feasibility of 𝑥 for (P).

Step 4: In the next stepwewill show that under the assumption ofmSCQ the sequence

{(
𝜆𝑘+1, 𝜇𝑘+1

)}
𝑘∈Λ

of Lagrangemultipliers stays bounded. To this end, let us denotewith 𝐼 (𝑥) := {𝑖 ∈ {1, . . . ,𝑚} | 𝑐𝑖 (𝑥) = 0}
the active index set of 𝑥 . Then, for each index 𝑖 ∉ 𝐼 (𝑥) by feasibility of 𝑥 , continuity of 𝑐𝑖 and 𝑥𝑘+1 →Λ 𝑥 ,

we have 𝑐𝑖
(
𝑥𝑘+1

)
< 0 for all sufficiently large 𝑘 ∈ Λ. Considering the update formula of 𝜆𝑘+1 in (S.2)

and taking into account that

{
𝑢𝑘

}
𝑘∈ℕ0

remains bounded according to Lemma 3.3, whereas {𝜌𝑘 }𝑘∈ℕ0

tends to infinity, we obtain 𝜆𝑘+1𝑖 = 0 for all sufficiently large 𝑘 ∈ Λ and 𝑖 ∉ 𝐼 (𝑥). Hence, 𝜆𝑘+1𝑖 →Λ 0 =: 𝜆𝑖
follows for each 𝑖 ∉ 𝐼 (𝑥). As a consequence, for all sufficiently large 𝑘 ∈ Λ, (3.20) reduces to

(3.23) −
(
𝑡𝑘+1 − 𝑠𝑘 +𝐴𝑇 𝜇𝑘+1 +

∑︁
𝑖∈𝐼 (𝑥 )

𝜆𝑘+1𝑖 𝜔𝑘+1𝑖 + 𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

))
∈ 𝑁𝐶

(
𝑥𝑘+1

)
using the definition of Lagrange multipliers. Now, assume, by contradiction, that the sequence{(
𝜆𝑘+1𝑖 , 𝜇𝑘+1𝑗

)
𝑖∈𝐼 (𝑥 ), 𝑗=1,...,𝑝

}
𝑘∈Λ

is unbounded and at the same time mSCQ holds for (P). In view of

Lemma 3.9 this is equivalent to 𝑥 satisfying NNAMCQ. Without loss of generality, we may assume

that

(
𝜆𝑘+1
𝐼 (𝑥 ) ,𝜇

𝑘+1
)

∥
(
𝜆𝑘+1
𝐼 (𝑥 ) ,𝜇

𝑘+1
)
∥
→Λ

(
𝜆𝐼 (𝑥 ) , 𝜇̃

)
with

(
𝜆𝐼 (𝑥 ) , 𝜇̃

)
≠ 0 and 𝜆𝑖 ≥ 0 for all 𝑖 ∈ 𝐼 (𝑥) by the (component-wise)

non-negativity of the sequence

{
𝜆𝑘+1

}
𝑘∈ℕ0

. Setting 𝜆𝑖 = 0 for all 𝑖 ∉ 𝐼 (𝑥), 𝜆 together with 𝑥 satisfy the

complementary slackness condition 𝜆𝑖 ≥ 0, 𝑐𝑖 (𝑥) ≤ 0 and 𝜆𝑖𝑐𝑖 (𝑥) = 0 for all 𝑖 = 1, . . . ,𝑚. Exploiting

once more that 𝑁𝐶
(
𝑥𝑘+1

)
is a cone, (3.23) gives

− 1


(𝜆𝑘+1
𝐼 (𝑥 ) , 𝜇

𝑘+1
)




(
𝑡𝑘+1 − 𝑠𝑘 +𝐴𝑇 𝜇𝑘+1 +

∑︁
𝑖∈𝐼 (𝑥 )

𝜆𝑘+1𝑖 𝜔𝑘+1𝑖 + 𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

))
∈ 𝑁𝐶

(
𝑥𝑘+1

)
for all sufficiently large 𝑘 ∈ Λ. Taking 𝑘 →Λ ∞ yields

−
(
𝐴𝑇 𝜇̃ +

∑︁
𝑖∈𝐼 (𝑥 )

𝜆𝑖𝜔𝑖

)
∈ 𝑁𝐶 (𝑥)

where one utilizes that

{(
𝜆𝑘+1
𝐼 (𝑥 ) , 𝜇

𝑘+1
)}
𝑘∈Λ

is unbounded whereas, following our previous discussion,{
𝑡𝑘+1

}
𝑘∈ℕ0

and

{
𝑠𝑘

}
𝑘∈ℕ0

stay bounded,𝜔𝑘+1𝑖 →Λ 𝜔 ∈ 𝜕𝑐𝑖 (𝑥) for all 𝑖 = 1, . . . ,𝑚, 𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

)
→Λ 0

and the normal cone from convex analysis is robust. But as NNAMCQ is assumed to hold at 𝑥 , this
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would imply

(
𝜆𝐼 (𝑥 ) , 𝜇̃

)
= 0, a contradiction. Hence, the boundedness of the sequence

{(
𝜆𝑘+1, 𝜇𝑘+1

)}
𝑘∈Λ

is proven.

Step 5: Finally, we prove that our accumulation point 𝑥 together with some suitable Lagrange

multipliers is indeed a generalized KKT point of (P). By Step 4 wemay assume without loss of generality

that the sequences

{
𝜆𝑘+1
𝐼 (𝑥 )

}
𝑘∈Λ

,
{
𝜇𝑘+1

}
𝑘∈Λ converge to some 𝜆𝐼 (𝑥 ) and 𝜇̂, respectively, where one has

𝜆𝐼 (𝑥 ) ≥ 0 by the non-negativity of the sequence

{
𝜆𝑘+1

}
𝑘∈ℕ0

. Note that already 𝜆𝑘+1𝑖 →Λ 0 for every

𝑖 ∉ 𝐼 (𝑥) has been shownwhich, togetherwith already verified feasibility of 𝑥 , shows the complementary

slackness condition. As discussed previously, the sequences of subgradients

{
𝑡𝑘+1

}
𝑘∈ℕ0

,
{
𝑠𝑘

}
𝑘∈ℕ0

are

bounded and hence, one can assume once more without loss of generality the convergence of

{
𝑡𝑘+1

}
𝑘∈Λ

to some 𝑡̂ ∈ ℝ𝑛 and
{
𝑠𝑘

}
𝑘∈Λ to 𝑠̂ ∈ ℝ𝑛 , respectively. In fact, by the closedness of the graph of the convex

subdifferential we have 𝑡̂ ∈ 𝜕𝑔(𝑥) and 𝑠̂ ∈ 𝜕ℎ(𝑥) as both,
{
𝑥𝑘+1

}
𝑘∈Λ as well as

{
𝑥𝑘

}
𝑘∈Λ converge to 𝑥

by Step 1. Now, taking the limit 𝑘 →Λ ∞ in (3.23) and exploiting again 𝜎𝑘𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

)
→Λ 0 as well

as the robustness of the normal cone, we get

−
(̂
𝑡 − 𝑠̂ +𝐴𝑇 𝜇̂ +

𝑚∑︁
𝑖=1

𝜆𝑖𝜔𝑖

)
∈ 𝑁𝐶 (𝑥),

which shows

𝜕ℎ(𝑥) ∩
(
𝜕𝑔(𝑥) +

{
𝐴𝑇 𝜇̂

}
+

𝑚∑︁
𝑖=1

𝜆𝑖𝜕𝑐𝑖 (𝑥) + 𝑁𝐶 (𝑥)
)
≠ ∅.

Altogether, this shows that

(
𝑥, 𝜆, 𝜇̂

)
is in fact a generalized KKT point of (P). □

Note that the postulation of

{
𝑥𝑘

}
𝑘∈ℕ0

remaining bounded is not too strong in our context and

automatically satisfied if 𝐶 is compact since, by construction, all iterates 𝑥𝑘 belong to 𝐶 . Alternatively,

note that we may add suitable lower and upper bounds in case 𝐶 is not compact.

4 numerical experiments and applications

This section presents some numerical results for our Algorithm 3.1 together with a comparison with

existing methods. Since our method is designed for the solution of constrained DC programs with

both DC components being nonsmooth, we concentrate on this class of DC programs. More precisely,

we consider problems from location planning [11, 6, 35] as well as for sparse signal recovery [41]. For

the latter one, we extend the approach presented in [41] by a modification of the problem which is

based on the idea of [13] for promoting sparsity.

Comparisons of our method are carried out with the classical DC Algorithm (DCA) [23] and the

proximal bundle method for DC programming (PBMDC) presented in [9]. To apply DCA to problem (P),

we consider the (formally) unconstrained reformulation

min

𝑥∈ℝ𝑛
𝑓 (𝑥) := 𝑔(𝑥) − ℎ(𝑥)

with 𝑓 , 𝑔 : ℝ𝑛 → ℝ, 𝑔 := 𝑔 + 𝛿𝑋 and 𝑋 denoting the feasible set of (P) given by (2.8). At iteration 𝑘

one replaces the concave part −ℎ by an affine majorant. Minimizing the resulting model function in

order to determine the next iterate 𝑥𝑘+1 leads to the constrained optimization problem

(4.1) min

𝑥∈ℝ𝑛

{
𝑔(𝑥) − ℎ

(
𝑥𝑘

)
−

(
𝑠𝑘

)𝑇 (
𝑥 − 𝑥𝑘

)}
s.t. 𝐴𝑥 = 𝑏, 𝑐 (𝑥) ≤ 0, 𝑥 ∈ 𝐶,
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where 𝑠𝑘 ∈ 𝜕ℎ
(
𝑥𝑘

)
with current iterate 𝑥𝑘 . Hence, the performance of the algorithm highly depends

on whether there is an efficient numerical method for solving these constrained subproblems at hand.

Moreover, in order to guarantee existence and uniqueness of a solution of (4.1), one adds the same

strongly convex term to both DC components 𝑔 and ℎ before substituting the concave part. To be more

precise, we use
1

2
∥ · ∥2 in what follows. Hence, instead of (4.1), we obtain

(4.2) min

𝑥∈ℝ𝑛

{
𝑔(𝑥) − ℎ

(
𝑥𝑘

)
−

(
𝑠𝑘

)𝑇 (
𝑥 − 𝑥𝑘

)
+ 1

2

∥𝑥 − 𝑥𝑘 ∥2
}

s.t. 𝐴𝑥 = 𝑏, 𝑐 (𝑥) ≤ 0, 𝑥 ∈ 𝐶

(after adding some constant terms). The resulting method is known in the literature as a variant of

DCA, called proximal linearized algorithm for difference of convex functions [9, 33].

On the other hand, PBMDC [9] can be applied directly to problem (P). The key idea is to approximate,

at each iteration 𝑘 , not only the concave part−ℎ by an affinemajorant, but also the first DC component𝑔

by a cutting plane model. Adding a proximal term to the resulting model function leads again to a

convex, constrained subproblem. A trial point gets computed as solution of this optimization problem

and becomes the new iterate whenever a sufficient decrease in the objective value can be ensured.

Otherwise, the bundle to construct the cutting plane model of 𝑔 gets enriched while no update of the

iterate is carried out. As a consequence, also the performance of PBMDC depends, in principle, on an

efficient numerical method being available to solve the convex, constrained subproblems. However,

in what follows, the feasible set always constitutes a closed, convex polytope and hence, can be

characterized by finitely many equality and inequality restrictions. Thus, the subproblems occurring

in PBMDC can be equivalently transformed into quadratic programs [9]. For this class of optimization

problems several established numerical solution methods are known. In particular, matlab provides

with quadprog2 a selection of such algorithms.

We have used the matlab implementation of PBMDC which is freely available by its developer at

https://www.oliveira.mat.br/solvers. In addition, DCA as well as psALMDC have been implemented

in matlab, too. PBMDC has been run with its default parameters, except switching the value for

pars.QPdual from true to false, as otherwise the constraints had been disregarded. In addition, we

have fixed a small bug in the implementation in order to avoid errors when reaching the maximum

size of a bundle
3
.

For DCA the only parameter to choose is the termination tolerance which we have set to 10
−3
. That

means, DCA terminates as soon as ∥𝑥𝑘 − 𝑥𝑘+1∥ ≤ 10
−3

is satisfied. As already mentioned, choosing a

suitable routine for solving the subproblems highly depends on the underlying structure. Hence, we

comment on this for each application separately in the corresponding subsections.

Regarding our solver psALMDC from Algorithm 3.1, we have chosen the parameters as 𝑀 := 20,

𝑁 := 5, 𝛼 := 0.5, 𝛽 := 0.9, 𝛾 := 0.9, 𝜃 := 0.8 and 𝜂 := 10. Moreover, the termination criterion in (S.3)

gets numerically realized by checking whether the conditions

(4.3) 𝜎𝑘 ∥𝑄𝑘
(
𝑥𝑘+1 − 𝑥𝑘

)
∥ ≤ 𝛿1, ∥𝐴𝑥𝑘+1 − 𝑏∥ ≤ 𝛿2,




min

{
−𝑐

(
𝑥𝑘+1

)
, 𝜆𝑘+1

}


 ≤ 𝛿2
are satisfied for some given tolerances 𝛿1, 𝛿2 > 0 depending on the application. In our applications, the

abstract set𝐶 is always equal to ℝ𝑛 . As a consequence, the subproblems in (S.1) become unconstrained

ones. To this class of optimization problems one can, in principle, apply bundle methods like those

proposed in [12, 24, 19]. However, in order to improve the efficiency of the overall algorithm, it seems

advantageous to exploit the structure of the respective subproblems for selecting a suitable solution

method. For more details, see the corresponding subsection.

2
see https://de.mathworks.com/help/optim/ug/quadprog.html

3
To be precise, when extracting the relevant part of the Lagrange multiplier after solving the quadratic program with

quadprog, line 308 should be corrected to mu= mu(nineq+1:end).
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All codes were run with matlab version R2024a executed on a computer with

8xIntel®Core
TM

i7-7700 CPU @ 3.60 GHz processor, 31.1 GiB RAM and an openSUSE Leap 15.6 (64-bit)

system.

4.1 location planning

The consideration of how to place certain facilities to serve the demand of participants whose locations

are known emerges at many problems. While developing a wider area settlement the question may

arise of how to place supply facilities for daily needs, like supermarkets, health care offices, educational

institutions or department stores, in such a way that the sum of the most favorable distances from

the residents’ homes to the respective facilities or the resulting transportation costs gets minimized.

Thereby, optimization can be carried out for example with respect to travel distance, time or total costs.

Themathematical formulation leads to the following generalized ormultisourceWeber’s problem [35, 6].

Given 𝑁 points 𝑎 𝑗 ∈ ℝ2, 𝑗 = 1, . . . , 𝑁 , (e.g., the coordinates of warehouses) the task is to find 𝑝 points

𝑥𝑖 ∈ ℝ2, 𝑖 = 1, . . . , 𝑝, (e.g., the coordinates of storage depots) solving

min

𝑋 ∈ℝ2×𝑝
𝑓 (𝑋 ) :=

𝑁∑︁
𝑗=1

𝑤 𝑗 min

𝑖=1,...,𝑝
∥𝑥𝑖 − 𝑎 𝑗 ∥ s.t 𝑥𝑖 ∈ 𝑆, 𝑖 = 1, . . . , 𝑝,

where𝑤 𝑗 > 0, 𝑗 = 1, . . . , 𝑁 , are weights (e.g., representing the transportation costs per unit of distance

for the demand of warehouse 𝑗 ), 𝑆 denotes a convex region, usually a rectangle, and 𝑋 :=
(
𝑥 1, . . . , 𝑥𝑝

)
.

The objective function 𝑓 : ℝ2×𝑝 → ℝ can be rewritten as a DC function 𝑓 = 𝑔 − ℎ with convex

component functions 𝑔, ℎ : ℝ2×𝑝 → ℝ,

𝑔(𝑋 ) :=
𝑁∑︁
𝑗=1

𝑝∑︁
𝑖=1

𝑤 𝑗 ∥𝑥𝑖 − 𝑎 𝑗 ∥,

ℎ(𝑋 ) :=
𝑁∑︁
𝑗=1

𝑤 𝑗 max

𝑘=1,...,𝑝

∑︁
𝑖=1,...,𝑝

𝑖≠𝑘

∥𝑥𝑖 − 𝑎 𝑗 ∥

(see e.g. [6, 35]).

For our numerical tests we consider the 50-Customer Problems which can be found in [6, 11]. Given

50 demand points
4 𝑎 𝑗 ∈ ℝ2, 𝑗 = 1, . . . , 50, the task is to place 𝑝 ∈ {1, 2, 3} facilities 𝑥𝑖 ∈ ℝ2, 𝑖 = 1, . . . , 𝑝,

in the rectangle [0, 10] × [0, 10] (the region over which also the data points are spread). For each

number of facilities to be placed, we carry out 100 test runs with different initial guesses 𝑋 0 ∈ ℝ2×𝑝
of

uniformly distributed random numbers ranging in (0, 10).
In terms of psALMDC, we describe the feasible set via inequality constraints and set 𝐶 := ℝ2×𝑝

in

the general problem formulation (P). Besides, psALMDC requires some further initial guesses (see Al-

gorithm 3.1). In what follows, we identify𝑋 =
(
𝑥 1, . . . , 𝑥𝑝

)
∈ ℝ2×𝑝

with𝑋 =

( (
𝑥 1

)𝑇
, . . . , (𝑥𝑝)𝑇

)𝑇
∈ ℝ2𝑝

without change in notation (and similarly we proceed with other quantities in various dimensions). We

take 𝑢0 := 4 · 14𝑝 where 1𝑛 denotes a vector of length 𝑛 containing only ones as entries. (Note that, for

each 𝑥𝑖 , 𝑖 = 1, . . . , 𝑝, one has four inequalities to be satisfied.) Moreover, we choose 𝜎0 := 𝜖0 = 0.1 and

𝑄𝑘 := 10
−3 · I2𝑝 for all 𝑘 ∈ ℕ0 with I2𝑝 denoting the 2𝑝 × 2𝑝 identity matrix as well as 𝛿1 := 𝛿2 := 10

−3

(see (4.3)). Additionally, we switch 𝛼 from the default value to 0.95. In order to solve the unconstrained,

4
The corresponding data can be found in Table I of [6] as well as in Appendix 4.1(a) of [11].

5
In principle, also the default value works. But adapting 𝛼 has led to a speed up in convergence.
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convex, but nonsmooth subproblems in (S.1) of Algorithm 3.1 in iteration 𝑘 , namely (neglecting constant

terms)

min

𝑋 ∈ℝ2×𝑝

{
𝑁∑︁
𝑗=1

𝑝∑︁
𝑖=1

𝑤 𝑗 ∥𝑥𝑖 − 𝑎 𝑗 ∥ −
𝑝∑︁
𝑖=1

((
𝑠𝑖,𝑘

)𝑇 (
𝑥𝑖 − 𝑥𝑖,𝑘

)
+ 1

2𝜌𝑘




max

{
0, 𝑢𝑘,𝑖 + 𝜌𝑘𝑐𝑖

(
𝑥𝑖

)}


2
+ 𝑞𝜎𝑘

2

∥𝑥𝑖 − 𝑥𝑖,𝑘 ∥2
)}

with 𝑞 := 10
−3
, we first take advantage of the separability with respect to 𝑖 and then exploit that there

is only a finite number of points in which the resulting objective functions 𝜙𝑖,𝑘 : ℝ2 → ℝ

𝜙𝑖,𝑘 (𝑥) :=
𝑁∑︁
𝑗=1

𝑤 𝑗 ∥𝑥 − 𝑎 𝑗 ∥ −
(
𝑠𝑖,𝑘

)𝑇 (
𝑥 − 𝑥𝑖,𝑘

)
+ 1

2𝜌𝑘




max

{
0, 𝑢𝑘,𝑖 + 𝜌𝑘𝑐𝑖 (𝑥)

}


2 + 𝑞𝜎𝑘
2

∥𝑥𝑖 − 𝑥𝑖,𝑘 ∥2

are not differentiable. (Note that with 𝜙𝑖,𝑘 we suppress dependencies others than the variable with re-

spect towhichminimization is carried out.) These points of non-differentiability are precisely the known

data points 𝑎 𝑗 , 𝑗 = 1, . . . , 50. Adapting the idea presented in [3] of modifying Weiszfeld’s method [40]

in order to avoid getting stuck in such points, we first determine 𝑗𝑖,𝑘 := argmin𝑗=1,...,50 𝜙
𝑖,𝑘

(
𝑎 𝑗

)
and then

check whether 𝑎 𝑗𝑖,𝑘 is a minimizer of 𝜙𝑖,𝑘 . In this case, we set 𝑥𝑖,𝑘+1 := 𝑎 𝑗𝑖,𝑘 . Otherwise, we continue
with computing a descent direction 𝑑𝑖,𝑘 of 𝜙𝑖,𝑘 at 𝑎 𝑗𝑖,𝑘 and a trial point 𝑥𝑖,𝑘+1 := 𝑎 𝑗𝑖,𝑘 + 𝑡𝑘𝑑𝑖,𝑘 with a

stepsize 𝑡𝑘 (by Vardi and Zhang [38]) which ensures 𝜙𝑖,𝑘
(
𝑥𝑖,𝑘+1

)
< 𝜙𝑖,𝑘

(
𝑎 𝑗𝑖,𝑘

)
. Now, we are in position

to apply a (gradient) descent method to solve the 𝑖th subproblem, starting at the trial point 𝑥𝑖,𝑘+1 and
remaining in the region of differentiability of the objective function. The methods for determining

whether 𝑎 𝑗𝑖,𝑘 is already a minimizer and for constructing a descent direction otherwise can be found

in [3]. As descent method, we take the matlab solver fminunc6 with the algorithm trust-region and

the option SpecifyObjectiveGradient set to true.

For solving the subproblems of DCA (see (4.2)) the safeguarded augmented Lagrangian method [5]

gets applied. This way, the optimization problems in the subroutine are pretty close to the ones

occurring in psALMDC. Hence, we utilize the same solution strategy of executing a descent method

starting at a point which ensures that we stay in the region of differentiability during the iterations
7
.

In Table 1 we illustrate, for each number of facilities 𝑝 to be placed, howmany of the 100 instances each

algorithm terminates with the coordinates of the optimal depot locations, that means the corresponding

final objective value coincides with the optimal one from Appendix 4.1(b) of [11] after rounding to the

third decimal place. In addition, we present for each method the runtime taking the mean over those

instances in which the algorithm has succeeded to identify the optimal location.

Regardless of the number of facilities 𝑝 to be placed, psALMDC has the highest number of successful

test runs, followed by DCA which is slightly ahead of PBMDC. It is not surprising that for 𝑝 = 1 (nearly)

all methods are able to determine the optimal location in every single instance as there is only one

local optimum of the underlying minimization problem, whereas with growing number of facilities,

also the number of (known) local optima increases (see Table 4.1 of [11]). The reason why PBMDC

fails for 𝑝 = 1 in determining the optimal location for one instance is that it terminates beforehand

6
see https://de.mathworks.com/help/optim/ug/fminunc.html

7
Actually, the said strategy could be directly applied to the constrained optimization problem (4.2). However, testing this

approach with matlab solver fmincon as descent method for constrained optimization problems, we ended up with

(approximately) the same solutions obtained with the use of the safeguarded augmented Lagrangian method but with a

tendency of longer runtimes.
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with an error indicating that the subproblem could not be solved
8
. This precise error also occurs four

times with 𝑝 = 2. In terms of the CPU time (see Table 1b) for 𝑝 = 1 and 𝑝 = 2 psALMDC is also on

average the fastest algorithm, followed by PBMDC and then DCA. However, for 𝑝 = 3 PBMDC takes

the lead over psALMDC with DCA being still slightly behind. Altogether, the runtime averaged over

the successful instances seems to be reasonably low for each of the three algorithms. finally, let us

note that for 𝑝 = 1 psALMDC requires for all but one instance only two iterations to determine the

optimal location which is less than one-tenth of the number of iterations required by the remaining

two algorithms.

4.2 sparse signal recovery

A major task in compressed sensing consists in retrieving a signal 𝑥 ∈ ℝ𝑛 from a measurement

𝑏 := 𝐴𝑥 ∈ ℝ𝑚 with𝑚 ≪ 𝑛, where 𝐴 ∈ ℝ𝑚×𝑛 denotes the sensing (measurement) matrix. In order to

save storage space and perhaps computation time for further processing, there is a particular interest

in finding a sparse representation of the signal, that is a solution 𝑥 ∈ ℝ𝑛 of the linear equation 𝐴𝑥 = 𝑏

with 𝑥 being as sparse as possible. This task results in finding a solution of the optimization problem

(4.4) min

𝑥∈ℝ𝑛
∥𝑥 ∥0 s.t. 𝐴𝑥 = 𝑏,

where ∥ · ∥0 denotes the ℓ0-norm that counts the number of nonzero entries of a vector. However,

non-convexity together with discontinuity of the ℓ0-norm causes severe difficulties (see [13] for more

details). Hence, one switches to alternative formulations which still allow for sparsity of solutions.

Subsequently, we present two different approaches, one following [41] and involving constrained

ℓ1−2 minimization, the other resulting from [13] taking into account the difference of the ℓ1- and the

largest-𝑘-norm.

Based on the observation that the difference ∥ · ∥1 − ∥ · ∥2 can serve as a sparsity metric, the authors

in [41] replace the optimization problem (4.4) for retrieving a sparse signal from the measurement by

(4.5) min

𝑥∈ℝ𝑛
{∥𝑥 ∥1 − ∥𝑥 ∥2} s.t. 𝐴𝑥 = 𝑏.

The second approach adopts an idea from [13]. There, within the context of optimization problems

with cardinality constraints, the ℓ0 norm gets replaced by the difference ∥ · ∥1 − ∥ · ∥ [𝑘 ] , where ∥ · ∥ [𝑘 ]
denotes the largest-𝑘-norm, that is the sum over the 𝑘 largest (in absolute value) entries of a vector.

This is motivated by the fact that for an 𝑠-sparse vector 𝑥 ∈ ℝ𝑛 , which means ∥𝑥 ∥0 = 𝑠 , one obviously
obtains ∥𝑥 ∥1 − ∥𝑥 ∥ [𝑘 ] = 0 if and only if 𝑘 ≥ 𝑠 . Therefore, the second optimization problem under

consideration reads

(4.6) min

𝑥∈ℝ𝑛

{
∥𝑥 ∥1 − ∥𝑥 ∥ [𝑘 ]

}
s.t. 𝐴𝑥 = 𝑏

8
The precise error reads Numerical issues when solving the master program.

Table 1: Results for the location planning problem according to the number 𝑝 of facilities to be placed

(a) Number of successful instances of 100 test

runs

𝑝 = 1 𝑝 = 2 𝑝 = 3

psALMDC 100 9 36
PBMDC 99 3 27

DCA 100 5 27

(b) CPU time in seconds, averaged over the

successful instances

𝑝 = 1 𝑝 = 2 𝑝 = 3

psALMDC 0.0054 0.0258 0.4104

PBMDC 0.0493 0.0804 0.1534
DCA 0.0703 0.2231 0.5357
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with a predetermined 𝑘 ∈ {1, . . . , 𝑛}. Note that all algorithms taken into account during the numerical

examples require the efficient computation of a subgradient of the second DC component ∥ · ∥ [𝑘 ] .
However, [13, 39] provide exactly what is needed for that matter.

Our numerical test settings are geared to the ones in Section 5.2 of [41]. We first try to recover

different test signals 𝑥 ∈ ℝ𝑛 with varying sparsity 𝑠 from the measurement 𝑏 := 𝐴𝑥 with several

kinds of sensing matrices 𝐴 ∈ ℝ𝑚×𝑛 , namely random Gaussian and random partial discrete cosine

transform (DCT) as well as randomly oversampled partial DCT matrices. Throughout our experiments,

whenever addressing problem (4.6), we choose 𝑘 = 𝑠 as the parameter for the largest-𝑘-norm. Of course,

one could argue that in applications the sparsity 𝑠 of the signal to be determined from a measurement is

in general not known a priori. Hence, choosing 𝑘 with respect to, for example, the rank of the matrix 𝐴

might be more advisable. But, as the task here is to recover a known signal, we allow for 𝑘 = 𝑠 .

For the random Gaussian matrices, each column of 𝐴 contains quasi-randomly generated values

drawn from a multivariate normal distribution with mean vector 0m and covariance matrix
1

𝑚
I𝑚 . The

columns 𝑎𝑖 , 𝑖 = 1, . . . , 𝑛, of the random partial DCT matrices 𝐴 are constructed via

𝑎𝑖 =
1

√
𝑚

cos(2𝜋𝑖𝜉),

where 𝜉 ∈ ℝ𝑚 contains entries quasi-randomly drawn from the uniform distribution in the inter-

val (0, 1). Similarly, the columns 𝑎𝑖 , 𝑖 = 1 . . . , 𝑛, of the randomly oversampled partial DCT matrices 𝐴

are chosen as

(4.7) 𝑎𝑖 =
1

√
𝑚

cos

(
2𝜋𝑖

𝐹
𝜉

)
,

where 𝜉 ∈ ℝ𝑚 gets selected like above and 𝐹 ∈ ℕ defines the refinement factor which is closely

related to the conditioning of the matrix 𝐴 (see [41] for details). While random Gaussian and random

partial DCT matrices are incoherent with high probability and hence, are suitable for compressed

sensing, randomly oversampled partial DCT matrices feature significantly higher coherence, leading

to ill-conditioning of the sensing matrices [41].

The nonzero entries of each 𝑠-sparse test signal 𝑥 ∈ ℝ𝑛 are drawn from the standard normal distri-

bution. Thereby, the support of 𝑥 , supp(𝑥) := {1 ≤ 𝑖 ≤ 𝑛 | 𝑥 ≠ 0}, is taken as a random index set with

elements derived from the discrete uniform distribution on the interval [1, 𝑛]. While considering ran-

domly oversampled partial DCT matrices, one has to ensure that the entries of supp(𝑥) are sufficiently

separated in order to enable recovery of the test signal [41]. Hence, we impose the additional condition

(4.8) min

𝑗,𝑘∈supp(𝑥 )
| 𝑗 − 𝑘 | ≥ 𝐿

on the randomly generated support of 𝑥 , where 𝐿 := 2𝐹 determines the minimum separation of two

consecutive nonzero elements of the vector (for more details on how to choose 𝐿, see [41]). As initial

guess 𝑥0 ∈ ℝ𝑛 for our test runs, we take a perturbation 𝑥0 := 𝑥 + 𝜁 of the signal to be reconstructed

with 𝜁 ∈ ℝ𝑛 drawn from a multivariate normal distribution with mean vector 0𝑛 and covariance

matrix
1

2
I𝑛 .

Additionally, psALMDC requires some further initialization (see Algorithm 3.1). To this end, we

take 𝑣0 :=𝑚1𝑚, 𝜎0 := 100 and 𝜖0 := 0.1. Furthermore, we set 𝑄𝑘 := 10
−4I𝑛 for all 𝑘 ∈ ℕ0, 𝛿1 := 1 as well

as 𝛿2 := 10
−4

in case of problem (4.5) and 𝛿2 := 10
−5

for solving (4.6). For solving the unconstrained,

convex, but nonsmooth subproblems of psALMDC in (S.1) of Algorithm 3.1, which read in iteration 𝑘

(omitting constant terms)

min

𝑥∈ℝ𝑛
𝜙𝑘 (𝑥) := ∥𝑥 ∥1 −

(
𝑠𝑘

)𝑇
𝑥 +

(
𝑣𝑘

)𝑇
(𝐴𝑥 − 𝑏) + 𝜌𝑘

2

∥𝐴𝑥 − 𝑏∥2 + 𝑞𝜎𝑘
2

∥𝑥 − 𝑥𝑘 ∥2
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with 𝑞 := 10
−4
, we exploit that 𝜙𝑘 − ∥ · ∥1 is differentiable with Lipschitz-continuous gradient, and a

proximal point of the ℓ1-norm at any point 𝑥 ∈ ℝ𝑛 ,

prox∥ · ∥1 (𝑥) := argmin

𝑦∈ℝ𝑛

{
∥𝑦 ∥1 +

1

2

∥𝑦 − 𝑥 ∥2
}
,

is easy to compute (see e.g. Example 6.8 in [2]). Hence, the Fast Iterative Shrinkage-Thresholding

Algorithm (FISTA, see Chapter 10.7.1 in [2]) with backtracking is the solution method of our choice.

Like in the previous section we apply the safeguarded augmented Lagrangian method [5] for solving

the subproblems (4.2) occurring within DCA, in order to yield optimization problems in the subroutine

which are pretty similar to the ones arising within psALMDC. Hence, it suggests itself to once again

deploy FISTA with backtracking for tackling the said composite problems of the subroutine.

Preliminary experiments revealed that in case psALMDC terminates with a non-optimal solution

uncommon high runtime may occur on-again-off-again, especially while considering coherent sensing

matrices. Also with DCA very few instances occurred for which the method has not converged within

a reasonable time, however, not in context with coherent but incoherent measurement matrices. Hence,

we impose a general (and quite generous) time limit of one hour for these two methods which we

extend to two hours when taking into account randomly oversampled DCT matrices for problem (4.5).

Let us note that we do not restrict the runtime of PBMDC as on the one hand, there are few in-

stances for which the algorithm succeeds in recovering the test signal but exceeds the mentioned

limit and on the other hand, in none of the preliminary test runs PBMDC surpasses this limit excessively.

Executing the numerical experiments, we first analyze the capacity of all three solvers psALMDC,

DCA and PBMDC to reconstruct a sparse signal from a measurement involving (with high probability)

incoherent sensing matrices, these are random Gaussian as well as random partial DCT matrices. To

this end, we fix 𝑛 := 256, 𝑚 := 64 and consider for every sparsity level 𝑠 ∈ {10, 12, 14, . . . , 28} 100 test

runs for each of our two approaches (4.5) and (4.6). Thereby, all three algorithms are rendered the

same data which varies with each instance in the test signal as well as in the measurement matrix.

In Figure 1 we depict for both problem formulations and each sparsity level in how many of the

100 instances the respective algorithm has been able to recover a reconstruction 𝑥∗ of the test signal 𝑥
with a relative error of at most 10

−3
, that is

∥𝑥∗−𝑥 ∥
∥𝑥 ∥ ≤ 10

−3
. Besides, in Figure 2 we report the CPU time

averaged for each algorithm over the instances rated as a success. Additionally, we provide for every

method the median of the CPU time taking into account once more only the test runs in which the

corresponding test signal could be reconstructed appropriately. For the sake of completeness, let us

note that in Figure 2c for psALMDC and sparsity level 𝑠 = 28 the mean and the median of the CPU time

constitutes 554 seconds, having two successful instances with highly varying runtime.

Clearly, DCA outperforms psALMDC as well as PBMDC in terms of both, success rates and CPU time.

In particular, for each test setting and each sparsity level the CPU time with respect to the successful

instances undershoots one second on average. However, while taking Gaussian sensing matrices and

the sparsity level 𝑠 = 26 of the test signal into account, there is one single instance for which DCA

terminates early because the subroutine for solving the subproblem does not converge.

The differences in the performance of psALMDC and PBMDC are less strict. While considering the

success rates in the context of 𝑙1−2 minimization, that is problem (4.5), PBMDC surpasses psALMDC

initially for sparsity levels up to 16 in terms of Gaussian and 18 in terms of DCT sensing matrices

but then gets outperformed by psALMDC. With regard to problem (4.6) involving the largest-𝑘-norm

psALMDC (nearly) throughout outrages PBMDC. However, taking into account the development

of the CPU time with increasing sparsity level PBMDC is the algorithm to show the overall better

performance in comparison with psALMDC. Although, psALMDC is able to keep up with PBMDC

and in terms of problem (4.6) to even undercut PBMDC for low sparsity levels 𝑠 , the gap between

the averaged runtime of psALMDC and PBMDC increases visibly when exceeding 𝑠 = 14. At the
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(a) Problem (4.5) with Gaussian sensing matrix
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(b) Problem (4.6) with Gaussian sensing matrix
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(c) Problem (4.5) with DCT sensing matrix
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(d) Problem (4.6) with DCT sensing matrix

Figure 1: Number of successful instances of 100 test runs with respect to different sparsity levels,

arranged according to various test settings

beginning of the distinct ascent of the mean runtime of psALMDC the runtime of psALMDC stays

for the majority of the successful instances around the corresponding averaged runtime of PBMDC.

But at the same time there are single outliers of successful instances with comparably long runtime.

Hence, the median of psALMDCs runtime increases slightly more slowly than the respective mean,

sticking around the mean runtime of PBMDC for a few further sparsity levels. However, at the latest of

sparsity level 𝑠 = 20, the runtime of psALMDC climbs in general for successful instances above those

of PBMDC. For PBMDC (and also DCA) the spread of runtime within a single sparsity level appears, if

at all, to insignificant extent.

Execution and evaluation of the numerical experiments regarding the ill-conditioned problem, that

is considering randomly oversampled partial DCT matrices for sensing in both, (4.5) as well as (4.6),

equals the previous tests involving (with high probability) incoherent measurement matrices. But

this time, we take 𝑛 := 2000, 𝑚 := 100 and consider refinement factors 𝐹 ∈ {10, 20} in (4.7) and (4.8),

respectively, as well as sparsity levels 𝑠 ∈ {5, 7, 9, ..., 25} for (4.5) and 𝑠 ∈ {5, 7, 9, . . . , 29} for (4.6). Once
again, we illustrate for each problem (4.5) and (4.6) and each algorithm in Figure 3 the success rates

according to the sparsity levels and in Figure 4 the average as well as the median of the CPU time

restricted to the successful instances.

Once again, DCA is the overall outstanding algorithm. However, psALMDC is able to outperform

DCA in view of the success rates while considering problem (4.6), sparsity levels greater or equal
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(b) Problem (4.6) with Gaussian sensing matrix
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(c) Problem (4.5) with DCT sensing matrix (extract)
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Figure 2: CPU time in seconds with respect to different sparsity levels, averaged (filled markers) as

well as taken the median (marker silhouettes) over the successful instances only, arranged

according to various test settings

than 17 and a refinement factor of 𝐹 = 20 for the randomly oversampled partial DCT matrices. Besides,

while further comparing the success rates PBMDC falls behind the two remaining algorithms for most

of the scenarios. Only taking into account low sparsity levels of at most 13 in context of problem (4.5)

PBMDC gets slightly ahead of psALMDC for quite some instances.

Comparing the CPU time by means of Figure 4 there is no doubt that DCA by far outnumbers

psALMDC and PBMDC. It takes DCA on average less than 45 seconds to reconstruct the test signal

from a measurement involving a randomly oversampled DCT sensing matrix.

Collating the CPU time of psALMDC and PBMDC there is a clear difference between problem (4.5)

and (4.6). In case of problem (4.6) (nearly) throughout all sparsity levels and both refinement factors

it takes PBMDC on average more time to reconstruct the test signal than psALMDC (considering

the successful instances). Devoting ourselves to problem (4.5) it strikes that psALMDC gets visibly

outperformed by PBMDC for high sparsity levels 𝑠 , at the latest from 𝑠 = 19. However, having a closer

look at the results with refinement factor 𝐹 = 20 one realizes that psALMDC is ahead of PBMDC for

(nearly all) sparsity levels up to 15.

In the end, let us note that a visible gap between mean and median of the CPU time can be observed

in Figure 4 for both psALMDC and PBMDC especially with increasing sparsity level. However, the

gaps are in general less distinct than the ones occurring with psALMDC for high sparsity levels in

Figure 2. The reasons are similar though.
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(a) Problem (4.5), 𝐹 = 10
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(b) Problem (4.6), 𝐹 = 10
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(c) Problem (4.5), 𝐹 = 20
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Figure 3: Number of successful instances of 100 test runs with respect to different sparsity levels while

considering randomly oversampled DCT sensing matrices with different refinement factors 𝐹

Finally, we want to give a quick contrasting juxtaposition between the two considered methods for

reconstruction a sparse test signal, constrained ℓ1−2 minimization and the one involving the largest-𝑘-

norm (see problems (4.5) and (4.6), respectively). There is a clear tendency that with the usage of the

largest-𝑘-norm in the objective function one can obtain higher success rates compared to the problem

formulation involving the ℓ2-norm instead (see Figure 1 and 3). PBMDC is the only method for which

employing problem (4.5) leads to better results (nearly) independent of the chosen sparsity level while

taking into account random Gaussian matrices. Also while looking at the second class of (with high

probability) incoherent sensing matrices, those are random partial DCT matrices, with PBMDC there

occur increasingly instances for which problem (4.5) seems to be more favorable in terms of success

rates.

Comparing the runtime of each of our two approaches for retrieving a sparse signal differences in

between the considered algorithms get visible (see Figure 2 and 4). On trend, psALMDC and PBMDC

have been able to reconstruct the test signal faster (for the successful instances) while using the

largest-𝑘-norm (that is problem (4.6)) compared to taking into account the ℓ2-norm (see problem (4.5)).

Merely, in the context of coherent sensing and higher sparsity levels of at least 17 the average runtime

of PBMDC lies for problem (4.5) below the one for problem (4.6). Surprisingly, DCA shows the reverse

behavior. In general, this method requires less runtime for the reconstruction of the test signal while

solving problem (4.5) rather than problem (4.6), at least for sparsity levels within low and mid range.

Kanzow, Neder An ALM for constrained DC problems



J. Nonsmooth Anal. Optim. 6 (2026), 15731 page 32 of 38

5 10 15 20 25
0

500

1000

1500

2000

2500

3000

3500

psALMDC

PBMDC

DCA

(a) Problem (4.5), 𝐹 = 10

5 10 15 20 25 30
0

500

1000

1500

2000

2500

psALMDC

PBMDC

DCA
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Figure 4: CPU time in seconds with respect to different sparsity levels, averaged (filled markers) as well

as taken the median (marker silhouettes) over the successful instances only, while considering

randomly oversampled DCT sensing matrices with different refinement factors 𝐹

For (very) high sparsity levels, however, the usage of the largest-𝑘-norm seems to be preferable against

the ℓ2-norm also for DCA, no matter which sensing matrix is taken into account.

5 concluding remarks

In this work a proximal safeguarded augmented Lagrangian method for minimizing nonsmooth

DC functions over a convex feasible region defined by a combination of linear equality as well as convex

inequality constraints and an abstract constraint, called psALMDC, was introduced. Contrary to many

existing algorithms, the new method provides both, handling of a general nonsmooth DC objective

function and augmentation of the (in)equality constraints, which are probably the most common

restrictions in applications. Combining the basic concepts of the classical DC Algorithm (DCA, [23]),

that is substituting the concave part of the objective function by an affine majorization, and the

safeguarded augmented Lagrangian method [5], the subproblems to be solved in each iteration are

convex ones. Thereby, constraints occur within those only if there is indeed an abstract one in the

overall problem, which is rare in applications, or if someone intends to keep simple (in)equality

constraints, such as box constraints, explicitly. Besides, the overall method includes an implementable

termination criterion.

Assuming boundedness of the (primal) iterates, which is argued not to be too restrictive, and
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supposing a modified Slater constraint qualification to be satisfied for the problem under consideration,

the existence of a convergent subsequence of iterates, both in terms of primal as well as Lagrangian

dual variables, is proven. The corresponding limit point is shown to be a generalized KKT point of the

regarded problem.

Numerical experiments were conducted in order to judge the practical performance of the new

algorithm against existing solution methods. For the purpose of comparison, the classical DCA [23]

next to the proximal bundle method for nonsmooth DC programming (PBMDC, [9]) were taken into

account. As applications served the 50-Customer Problems from [6, 11] and the recovery of sparse

signals [41, 13].

For the 50-Customer Problems our new method psALMDC shows the overall best performance in

terms of success in determining the optimum and in the majority of cases also with regard to CPU time.

However, while considering reconstruction of sparse signals the classical DCA is the method to clearly

outperform both psALMDC and PBMDC. Nevertheless, the latter two algorithms yield satisfactory

success rates, too, which in terms of psALMDC approach the ones of DCA for most of the instances.

So far, hardly any algorithms for tackling constrained DC optimization problems are known which

provide, in the limit, points meeting requirements beyond criticality, like for example d-stationarity.

The few that exist require additional assumptions on the structure of the DC components. Hence,

our future research is dedicated to the development of an algorithm for constrained, nonsmooth

DC optimization which gets along without such additional postulations but despite provides stronger

convergence results.

appendix a proof of lemmas 3.8 and 3.9

Proof of Lemma 3.8. First,we prove via contradiction thatwhenevermEMFCQholds at𝑥 alsoNNAMCQ

is satisfied at 𝑥 . To this end, assume that 0 ∈ int(ℓ (𝐶)) and there exists 𝑑 ∈ 𝑇𝐶 (𝑥) with 𝐴𝑑 = 0 and

𝑐′𝑖 (𝑥 ;𝑑) < 0 for all 𝑖 ∈ 𝐼 (𝑥), as well as a nonzero vector (𝜆, 𝜇) ∈ ℝ𝑚+ ×ℝ𝑝 satisfying

0 ∈
{
𝐴𝑇 𝜇

}
+

𝑚∑︁
𝑖=1

𝜆𝑖𝜕𝑐𝑖 (𝑥) + 𝑁𝐶 (𝑥) and 𝜆𝑇𝑐 (𝑥) = 0.

This implies the existence of some 𝜔𝑖 ∈ 𝜕𝑐𝑖 (𝑥) for all 𝑖 ∈ 𝐼 (𝑥) and some 𝜈 ∈ 𝑁𝐶 (𝑥) with

(a.1) 0 = 𝐴𝑇 𝜇 +
∑︁
𝑖∈𝐼 (𝑥 )

𝜆𝑖𝜔𝑖 + 𝜈,

where we have already taken into account that 𝜆𝑖 = 0 for all 𝑖 ∉ 𝐼 (𝑥) by feasibility of 𝑥 , non-negativity

of 𝜆 and the complementary slackness condition. Taking the inner product with 𝑑 , yields

(a.2) 0 = 𝜇𝑇𝐴𝑑 +
∑︁
𝑖∈𝐼 (𝑥 )

𝜆𝑖𝜔
𝑇
𝑖 𝑑 + 𝜈𝑇𝑑.

By assumption, for each 𝑖 ∈ 𝐼 (𝑥), we have

0 > 𝑐′𝑖 (𝑥 ;𝑑) = max

𝜔∈𝜕𝑐𝑖 (𝑥 )
𝜔𝑇𝑑 ≥ 𝜔𝑇𝑖 𝑑.

In addition, since𝑁𝐶 (𝑥) = (𝑇𝐶 (𝑥))◦, it holds 𝜈𝑇𝑑 ≤ 0 as well. Hence, combining the last two conclusions

with (a.2), 𝜆 being non-negative and 𝐴𝑑 = 0 it follows 𝜆𝑖 = 0 for all 𝑖 ∈ 𝐼 (𝑥) (hence, 𝜆 = 0) as well as

𝜈𝑇𝑑 = 0. Therefore, (a.1) reduces to 0 = 𝐴𝑇 𝜇 + 𝜈 showing −𝐴𝑇 𝜇 ∈ 𝑁𝐶 (𝑥). In particular, 𝜇 ≠ 0 as we

assumed (𝜆, 𝜇) to be nonzero. By definition of the normal cone from convex analysis, we have(
−𝐴𝑇 𝜇

)𝑇
(𝑥 − 𝑥) ≤ 0 ∀𝑥 ∈ 𝐶
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or, equivalently, taking into account the feasibility of 𝑥 and the definition of ℓ ,

−𝜇𝑇 ℓ (𝑥) ≤ 0 ∀𝑥 ∈ 𝐶.

But since 0 ∈ int(ℓ (𝐶)), for sufficiently small 𝜖 > 0 one has −𝜖𝜇 ∈ ℓ (𝐶) and thus

𝜖 ∥𝜇∥ ≤ 0

leading to 𝜇 = 0, a contradiction.

The reverse implication is shown via contraposition. To this end, we assume that mEMFCQ is

violated at 𝑥 . This means either 0 ∉ int(ℓ (𝐶)) or 0 ∉ 𝑆 with 𝑆 ⊆ ℝ𝑝 ×ℝ |𝐼 (𝑥 ) | being defined as

(a.3) 𝑆 :=

{
(𝑧, 𝛼)

��� ∃𝑑 ∈ 𝑇𝐶 (𝑥), 𝑠 ∈ ℝ |𝐼 (𝑥 ) | , 𝑠 > 0 : 𝐴𝑑 = 𝑧, 𝑐′𝑖 (𝑥 ;𝑑) + 𝑠𝑖 = 𝛼𝑖 ∀𝑖 ∈ 𝐼 (𝑥)
}
.

Let us consider the case 0 ∉ int(ℓ (𝐶)) first. Under this circumstance, there exists some (nontrivial)

vector 𝑣 ∈ ℝ𝑝 such that 𝛽𝑣 ∉ ℓ (𝐶) for all 𝛽 > 0 or, equivalently, {𝛽𝑣 | 𝛽 > 0} ∩ ℓ (𝐶) = ∅. (For example,

one necessarily has 𝛽𝑒𝑖 ∉ 𝐶 or −𝛽𝑒𝑖 ∉ 𝐶 for all 𝛽 > 0 and at least one 𝑖 ∈ {1, . . . , 𝑝} with 𝑒𝑖 denoting
the 𝑖th standard basis vector of ℝ𝑝 .) Since, in addition, both ℓ (𝐶) as the image of a convex set under

an affine map and {𝛽𝑣 | 𝛽 > 0} are convex, one can apply the separation theorem 2.4 to obtain the

existence of a nontrivial vector 𝜇 ∈ ℝ𝑝 with 𝜇𝑇 𝑦 ≤ 𝛽𝜇𝑇 𝑣 for all 𝑦 ∈ ℓ (𝐶) and 𝛽 > 0. But this implies

𝜇𝑇 𝑦 ≤ 0 for all 𝑦 ∈ ℓ (𝐶). Plugging in the definition of ℓ and exploiting feasibility of 𝑥 yields

0 ≥ 𝜇𝑇 (𝐴𝑥 − 𝑏) = 𝜇𝑇𝐴(𝑥 − 𝑥) =
(
𝐴𝑇 𝜇

)𝑇
(𝑥 − 𝑥) ∀𝑥 ∈ 𝐶,

which proves 𝐴𝑇 𝜇 ∈ 𝑁𝐶 (𝑥) or, equivalently,

0 ∈
{
−𝐴𝑇 𝜇

}
+ 𝑁𝐶 (𝑥).

Hence, (0,−𝜇) ∈ ℝ𝑚+ ×ℝ𝑝 is a nontrivial vector satisfying (3.13), in contrast to NNAMCQ.

Next, consider the case 0 ∉ 𝑆 with 𝑆 defined by (a.3). Note that 𝐶 being convex implies that 𝑇𝐶 (𝑥)
is also convex, from which one can easily deduce the convexity of the set 𝑆 . Thus, we can apply the

separation theorem 2.4 to the disjoint sets {0} and 𝑆 . It follows that there exists a nontrivial vector
(𝜇, 𝜆) ∈ ℝ𝑝 ×ℝ |𝐼 (𝑥 ) | with

𝜇𝑇𝑧 + 𝜆𝑇𝛼 ≥ 0 ∀(𝑧, 𝛼) ∈ 𝑆,
which gives

𝜇𝑇𝐴𝑑 +
∑︁
𝑖∈𝐼 (𝑥 )

𝜆𝑖
(
𝑐′𝑖 (𝑥 ;𝑑) + 𝑠𝑖

)
≥ 0 ∀𝑑 ∈ 𝑇𝐶 (𝑥), 𝑠 > 0.

Since this relation holds for all 𝑠 > 0, we immediately obtain both 𝜆 ≥ 0 and

𝜇𝑇𝐴𝑑 +
∑︁
𝑖∈𝐼 (𝑥 )

𝜆𝑖𝑐
′
𝑖 (𝑥 ;𝑑) ≥ 0 ∀𝑑 ∈ 𝑇𝐶 (𝑥) .

Hence, using (2.1), there exists for each 𝑖 ∈ 𝐼 (𝑥) some 𝜔𝑖 ∈ 𝜕𝑐𝑖 (𝑥) such that

𝜇𝑇𝐴𝑑 +
∑︁
𝑖∈𝐼 (𝑥 )

𝜆𝑖𝜔
𝑇
𝑖 𝑑 ≥ 0 ∀𝑑 ∈ 𝑇𝐶 (𝑥) .

This proves −
(
𝐴𝑇 𝜇 +∑

𝑖∈𝐼 (𝑥 ) 𝜆𝑖𝜔𝑖
)
∈ (𝑇𝐶 (𝑥))◦. Exploiting the relationship (2.3), we obtain

0 ∈
{
𝐴𝑇 𝜇

}
+

∑︁
𝑖∈𝐼 (𝑥 )

𝜆𝑖𝜕𝑐𝑖 (𝑥) + 𝑁𝐶 (𝑥).

Finally setting 𝜆𝑖 = 0 for all 𝑖 ∉ 𝐼 (𝑥), we see that (𝜆, 𝜇) ∈ ℝ𝑚+ ×ℝ𝑝 is as nontrivial vector satisfying (3.13),
a contradiction to NNAMCQ. □
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Proof of Lemma 3.9. Let 𝑥 ∈ ℝ𝑛 denote a Slater point of (P). It remains to show that, for an arbitrary

feasible point 𝑥 ∈ ℝ𝑛 of (P), there exists 𝑑 ∈ 𝑇𝐶 (𝑥) with𝐴𝑑 = 0 and 𝑐′𝑖 (𝑥 ;𝑑) < 0 for all 𝑖 ∈ 𝐼 (𝑥). Hence,
for a feasible point 𝑥 ∈ ℝ𝑛 , consider 𝑑 := 𝑥 − 𝑥 . Then, 𝑑 ∈ 𝑇𝐶 (𝑥) as can be verified by choosing an

arbitrary null sequence {𝑡𝑘 }𝑘∈ℕ0

⊆ (0, 1), setting 𝑥𝑘 := 𝑥 +𝑡𝑘𝑑 for 𝑘 ∈ ℕ0 and noting that

{
𝑥𝑘

}
𝑘∈ℕ0

⊆ 𝐶
holds by convexity of 𝐶 , 𝑥𝑘 → 𝑥 as 𝑘 →∞ and

𝑥𝑘−𝑥
𝑡𝑘

= 𝑑 → 𝑑 . Moreover, for 𝑖 ∈ 𝐼 (𝑥), we have

0 > 𝑐𝑖 (𝑥) = 𝑐𝑖 (𝑥 + 𝑑) ≥ 𝑐𝑖 (𝑥) + 𝜔𝑇𝑑 = 𝜔𝑇𝑑

for all 𝜔 ∈ 𝜕𝑐𝑖 (𝑥). Consequently, we get

0 > max

𝜔∈𝜕𝑐𝑖 (𝑥 )
𝜔𝑇𝑑 = 𝑐′𝑖 (𝑥 ;𝑑)

for all 𝑖 ∈ 𝐼 (𝑥). Since we clearly have

𝐴𝑑 = 𝐴𝑥 − 𝑏 − (𝐴𝑥 − 𝑏) = 0

by feasibility of 𝑥 and 𝑥 , the claim follows.

Now, suppose mEMFCQ holds at some feasible point of (P) andmSCQ is violated. Since 0 ∈ int(ℓ (𝐶))
by assumption, this means that 0 ∉ 𝑈 , where𝑈 is defined by

𝑈 :=
{
(𝑧, 𝛼) ∈ ℝ𝑝 ×ℝ𝑚

�� ∃𝑥 ∈ 𝐶, 𝑠 ∈ ℝ𝑚, 𝑠 > 0 : 𝐴𝑥 − 𝑏 = 𝑧, 𝑐 (𝑥) + 𝑠 = 𝛼
}
.

A simple calculation shows that 𝑈 is a convex set. Hence, we can apply the separation theorem 2.4 to

the disjoint sets {0} and𝑈 to get a nontrivial vector (𝜇, 𝜆) ∈ ℝ+ ×ℝ𝑚 satisfying

𝜇𝑇𝑧 + 𝜆𝑇𝛼 ≥ 0 ∀(𝑧, 𝛼) ∈ 𝑈

or, equivalently,

𝜇𝑇 (𝐴𝑥 − 𝑏) + 𝜆𝑇 (𝑐 (𝑥) + 𝑠) ≥ 0 𝑥 ∈ 𝐶, 𝑠 > 0.

Since this inequality has to hold for all 𝑠 > 0, we obtain 𝜆 ≥ 0 and

(a.4) 𝜇𝑇 (𝐴𝑥 − 𝑏) + 𝜆𝑇𝑐 (𝑥) ≥ 0

for all 𝑥 ∈ 𝐶 . Now, consider any feasible point 𝑥 of (P). Then, (a.4) implies 𝜆𝑇𝑐 (𝑥) ≥ 0 which imme-

diately shows 𝜆𝑇𝑐 (𝑥) = 0 due to 𝜆 ≥ 0 and 𝑐 (𝑥) ≤ 0. Consequently, each feasible point satisfies (a.4)

with equality and hence, solves

min

𝑥∈𝐶

{
𝜇𝑇 (𝐴𝑥 − 𝑏) + 𝜆𝑇𝑐 (𝑥)

}
.

Since this is a convex optimization problem, 𝑥 solving this problem is equivalent to (cf. Theorem 2.3)

0 ∈
{
𝐴𝑇 𝜇

}
+

𝑚∑︁
𝑖=1

𝜆𝑖𝜕𝑐𝑖 (𝑥) + 𝑁𝐶 (𝑥)

where one also exploits the basic subdifferential calculus rules from Theorem 2.1(i) and (iii). However,

this shows that NNAMCQ does not hold at any feasible point of (P). Moreover, due to Lemma 3.8 this is

equivalent tomEMFCQ not being satisfied at any feasible point of (P), contradicting our assumption. □
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