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SINGLE-LOOP METHODS FOR BILEVEL PARAMETER
LEARNING IN INVERSE IMAGING

. % oL
Ensio Suonpera Tuomo Valkonen'

Abstract  Bilevel optimisation is used in inverse imaging problems for hyperparameter learn-
ing/identification and experimental design, for instance, to find optimal regularisation parameters
and forward operators. However, computationally, the process is costly. To reduce this cost, recently
so-called single-loop approaches have been introduced. On each step of an outer optimisation
method, they take just a single gradient step towards the solution of the inner problem. In this paper,
we flexibilise the inner algorithm to include standard methods in inverse imaging. Moreover, as we
have recently shown, significant performance improvements can be obtained in PDE-constrained
optimisation by interweaving the steps of conventional iterative linear system solvers with the
optimisation method. We now demonstrate how the adjoint equation in bilevel problems can also
benefit from such interweaving. We evaluate the performance of our approach on identifying the
deconvolution kernel for image deblurring, and the subsampling operator for magnetic resonance
imaging (MRI).

1 INTRODUCTION

Bilevel optimisation has recently found significant interest in inverse imaging problems, to learn or
identify regularisation parameters and kernels [11, 31, 12, 3, 13, 23, 24, 25, 15, 7], as well as for experimental
design, for example, to design optimal sampling patterns for magnetic resonance imaging (MRI) [38].
For our purposes, the bilevel problem involves solving
(1.1) min J(S,(@)) +R(a) with S,(a) € argmin F(u; )

aed uelU
in Hilbert spaces & and U. Here F would be an optimisation formulation of the inverse problem of
interest, and « the aforementioned parameters that we want to choose optimally. For Tikhonov-type
formulations

(1.2) F(u; @) = f(u; @) + g(Ku; @),

where f is the data fidelity term, and g o K forms, for example, a total variation regularisation term.
For instance, to identify the parameterisation of a forward operator A,, including the kernel of a
convolution operator, or the subsampling weights of a subsampled Fourier or Radon transform as in
[38], we could solve the problem

m

1 1
mﬁn EHui —zil|* + Bllall; where each u; € argmin EllAau — bi||> + ATV (u),
acR"?

i=1 u
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where « is the parameterisation to be identified; u; = [S,(@)]; are the reconstructed images correspond-
ing to the corrupted data b;; and z; are the ground-truth images. The outer regularisation parameter
B > 0 controls the sparsity of the parameters-to-be-identified a. This regularisation could be combined
with a positivity constraint. In this example, we also fix the inner regularisation parameter A > 0,
although it could also be identified.

However, bilevel optimisation can be very expensive. At the outset, it requires solving the inner
problem min F,,—in our domain of interest, a possibly expensive inverse problem itself—several times
to find the desired optimal parameters. Therefore, in recent years, there has been a growing interest—
also from machine learning, where bilevel optimisation has relevance to adversary learning [35]—in
developing “single-loop” methods, that on each step of an algorithm to solve the outer problem (1.1),
only take a single step of a conventional optimisation method towards a minimiser of the inner objective
(1.2) [40, 6, 26, 33, 46, 10]. There are also similar methods that take more than one but only a fixed
(small) number of inner iterations for each outer iteration [30, 29, 18, 32], while [37, 16] take an adaptive
number of inner iterations.

In [28], we introduced the single-loop approach to nonsmooth PDE-constrained optimisation, such as
total-variation regularised electrical impedance tomography (EIT) reconstruction, avoiding solving the
PDE on each step of the optimisation method, and instead taking a single step of a conventional linear
system solver (Jacobi, Gauss—Seidel, conjugate gradients) on each step of the optimisation method.
This achieved significant speedups.

We now want to apply such single-loop approaches to the adjoint equations that also surface in bilevel
optimisation. Moreover, compared to the aforementioned works on single-loop bilevel optimisation
methods, that generally use gradient descent for the inner problem, we want to use methods that are
applicable to inverse problems with nonsmooth total variation regularisation. Gradient descent only
applies to smooth problems. The next step from gradient descent is forward-backward splitting, which
is applicable to simple total variation regularised denoising through a dual formulation. However, when
both the data term and the regularisation term involve a difficult operator, neither forward-backward is
applicable [9]. A popular choice then is the primal-dual proximal splitting method (PDPS) of Chambolle
and Pock [5]. We want to use (single steps of) this method for the inner problem, yet remain flexible
towards other alternatives as well.

That said, due to inherent difficulties in bilevel optimisation, in this work we cannot yet allow for
a nonsmooth inner problem. Indeed, due to the use of the adjoint equation, we require the inner
problem to be twice differentiable. Some recent works [32, 34] avoid second-order derivatives in the
algorithm through the value function reformulation, but, nevertheless, require significant second-order
and other differentiability assumptions for the convergence theory.' This may impose a performance
penalty without a corresponding benefit in applications where the (nevertheless assumed) second-
order information can easily be computed, and—this is one of our principal contributions—efficiently
exploited. These and, indeed, most algorithms in the literature, also do not allow a nonsmooth R in the
outer problem, as our approach does. The convergence results are, moreover, for the gradient, while
we are interested in iterate convergence.

In Section 2 we, therefore, introduce and prove the convergence of an abstract tracking approach
to the solution of bilevel optimisation problems, based on arbitrary solvers for the inner problem
and the adjoint equation that are subject to simple tracking estimates. This abstract analysis signif-
icantly simplifies upon our earlier more specific analysis in [40]. Parts of the analysis we relegate
to the appendix: integral to our convergence proofs, we recall and adapt to our needs a three-point
monotonicity estimate from [42] in Appendix A. Not integral to the theory, but helpful to verify the its
conditions, we also discuss the regularity of the solution mapping of the inner problem in Appendix B.

'The Polyak-t.ojasiewicz inequality is also, essentially, a second-order growth assumption [36].
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We treat tracking estimates for the inner problem in Section 3, proving that they hold for both
forward-backward splitting and the PDPS. Correspondingly, in Section 4, we then prove that standard
operator splitting schemes, such as Jacobi and Gauss—Seidel splitting, satisfy the adjoint tracking
property. We finish in Section 5 with numerical experiments: identifying a convolution kernel for
image deconvolution, and an optimal subsampling operator for MRI. We demonstrate, in particular,
significant performance improvements from a block-Gauss—Seidel scheme for the adjoint equation.
We delay the derivation of details of the numerical realisation to Appendices c and D.

NOTATION AND BASIC CONCEPTS

We write L(X;Y) for the space of bounded linear operators between the normed spaces X and Y, and
Id for the identity operator. Generally X will be Hilbert, so we can identify it with the dual X*. We
use the notation A > B (resp. A > B) to indicate that A — B is positive (semi-)definite We write (x, y)
for an inner product, and B(x, r) for a closed ball in a relevant norm || - ||. For self-adjoint positive
semi-definite Q € L(X;X) we write [|x]lg = /(x,x)o = \/(Qx, x) and Bp(x, r) for a closed ball in
the norm || + |o. For operators p € L(X; &), we set [|pllo = |pQ"? || (x.«r)- Pythagoras’ three-point
identity in Hilbert spaces then states

1 1 1
(13) (x-—y,x—z)0= Ellx—y||2Q—E||y—z||2Q+§||x—z||2Q forallx, y,z € X.
We also extensively use Young’s inequality
(x, ¥) <a||x||2+ 1|| |2 forallx,y e X, a>0
V70 =5 lo ™ 51 le yES '

For G € C}(X), we write G’(x) € X* for the Fréchet derivative at x, and VG(x) € X for its Riesz
presentation, i.e., the gradient. For E € C'(X;Y), since E’(x) € L(X;Y), we use the Hilbert adjoint
to define VE(x) := E’(x)* € L(Y;X). Then the Hessian V2G(x) := V[VG](x) € L(X;X). When
necessary we indicate the differentiation variable with a subscript, e.g., V,,F(u, ).

We define R := R U {co} with the usual arithmetic on R extended by t + co = oo for all £ € R. For
convex R : X — R, we write dom R for the effective domain and dR(x) for the subdifferential at x. With
slight abuse of notation, we identify dR(x) with the set of Riesz presentations of its elements. We define
the proximal map as proxgz(x) := argmin, %Hz —x||?+R(2) = (Id+3R) ! (x). For F : X — R, we define
F* : X* — R for Fenchel conjugate (or convex conjugate) of F as F*(x*) = sup,.cx {{(x*, x) — F(x)}.

2 AN ABSTRACT TRACKING APPROACH

In this section, we prove the convergence of our proposed abstract tracking approach to bilevel
optimisation. We start in Section 2.1 by describing the problem, and then deriving in Section 2.2 the
optimality conditions that we try to solve; in particular, the adjoint equation. We then introduce
and discuss in Section 2.3 the abstract algorithm. We continue by stating the assumptions of the
abstract method in Section 2.4, and then proving its convergence based on these assumptions 2.5. The
assumptions in particular involve inner problem and adjoint tracking conditions. We verify these for
several explicit algorithms in the coming Sections 3 and 4.

2.1 PROBLEM DESCRIPTION

We slightly generalise the problem formulation (1.1), and seek to solve

(2.1) mi;{} J(Su(@)) + R(er) subject to S, (a) € U satistying 0= G(S,(a); ),
ae
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where, on Hilbert spaces U and &, J : U — R is convex and Fréchet differentiable, R : o/ — R is
convex, proper, and lower semicontinuous, and G : U X & — U. We call S, : & — U the solution
mapping. We will generally assume it to be well-defined (and single-valued) on the effective domain
of R, i.e,,in domR := {a € o | R(a) < oo}. Of all the function, we will also be making further
assumptions, including differeniability assumptions, in Section 2.4

Taking G = V,F for sufficiently regular F, (2.1) is a necessary condition for (1.1). If F is convex in u,
this condition is also sufficient. However, we want to allow for other optimality conditions, such as the
primal-dual conditions that arise from the Frenchel-Rockafellar theorem, and that our used in the
context of primal-dual methods (see, e.g., [9]). We therefore allow for abstract optimality conditions
for the inner problem via a general G.

2.2 OPTIMALITY CONDITIONS AND THE ADJOINT EQUATION

Assume that both G and S, are Fréchet differentiable. Suppose a solution S, («) exists for all @ near
a € 9f. Then G(S,(a); a) = 0 for all such a, so by implicit differentiation

0=VSu()V,G(Sy(a), @) + Vo G(Sy (@), ).
That is, p = V,S, () solves for u = S, (a) the adjoint equation
(2.2) 0=pV,G(u,a) + V,G(u, a).
We introduce the corresponding solution mapping for the adjoint variable p,
(2.3) Sp(u, @) == =VoG(u; @) (VuG(u; )7 .

We will later make assumptions that ensure that S, is well-defined. Then VS, () = S,(S,(2), @).
Since S, : & — U, the Fréchet derivative S, (a) € L(&;U) and the Hilbert adjoint V,S,(a) €
L(U; ) for all a. Consequently p € L(U; ).
By the sum rule for Clarke subdifferentials (denoted d¢c) and their compatibility with convex subdif-
ferentials and Fréchet differentiable functions [8], we obtain

ac(J © Su+R)(@) = Va(J 0 Su) (@) + 0R(@) = Vo Su(@) Vi ] (Su(@)) + oR(a).

The Fermat principle for Clarke or Mordukhovich subdifferentials then furnishes the necessary opti-
mality condition

(2.4) 0 € Vo(J 0 Su)(a@) + 9R() = VaSu(a)Vu ] (Su(a)) + OR(a).

We combine the inner optimality condition G(S,(«); @) = 0, the adjoint equation (2.2), and the outer
optimality condition (2.4) as the inclusion

(2.52) 0 € H(u, p,@)
with
G(u;a)
(2.5b) H(u,p,a) := | pV,G(u; @) + Vo G(u; ) forall ueUpell(U;d),aecd.
pVuJ(u) + 0R(a)

This is the optimality condition that our proposed methods attempt to satisfy.
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Algorithm 2.1 Bilevel abstract tracking approach (BATA)

Require: Functions J: U — R,andR: & — R, with J Fréchet differentiable and R convex, on Hilbert
spaces U and /. Outer step length ¢ > 0. Norm-defining Q € L(U;U) and tracking parameters
Ku, Kp > 1; my, mp > 0; as well as Cs > 0, satisfying the further bounds in Assumption 2.2.
1 Pick an initial iterate (1, p°,@°) € U x L(U; ) X . Set a™! := .
2: for k € Ndo

3: Find (with an algorithm from Section 3) a u**!

€ U satisfying the inner tracking property
kul [ = Su(@)llg < llu* = Su(@* Mg + mulla® - 7|\,

4 Find (with an algorithm from Section 4) a p**! € L(U; ) satisfying the adjoint tracking
property

Kpllp** = Ve Su(@)llgr < lIp* = VaSu(@®)llgs + Cs e = Su (@)l + mplla™ — 7).

<

Update a* = prox, (e ~ op 17, (™).
6: end for

2.3 ALGORITHM

As already discussed, we generally assume that there exist solution mappings S, and S, of the inner
problem and the adjoint equation, i.e., the first two lines of the inclusion (2.5). However, our algorithms
do not attempt to solve these computationally expensive equations exactly on each step. Instead, in
the abstract Algorithm 2.1, we assume to be given an abstract inner algorithm and an abstract adjoint
algorithm, that satisfy a corresponding inner tracking and adjoint tracking property (Lines 3 and 4 of the
algorithm). The idea is to implement those steps by taking a single step of a conventional optimisation
method (Section 3), or a linear system solver (Section 4). The corresponding algorithm defines the
tracking parameters, that are never to be explicitly used; they are merely needed for the convergence
theory.

2.4 ASSUMPTIONS

We next state essential structural, initialisation, and step length assumptions. We start with a contrac-
tivity condition needed for the proximal step with respect to R.

Assumption 2.1. Let R : &/ — R be convex, proper, and lower semicontinuous. We say that R is locally
prox-o-contractive at @ € o forq € of (within A C dom R) if there exist o, Cg > 0 and a neighbourhood
A c domR of & such that, for all ¢ € A,

IDor(@) = Dor(@)|| < oCrlla —al|  for Dor(a) := prox,g(a —oq) —a.

If 0 > 0 can be arbitrary with the same factor Cg, we drop the word “locally”.

The assumption holds for smooth functions [40, Theorem A.4]. It also holds for indicator functions of
convex setsif ¢ = 0 [40, Theorem A.2],and R = || « |li+0[0,00) if =g = (B, ..., p) € IR(@) [40, Theorem
A.1]. When applying the assumption to a satisfying (2.5), we will take —q = —pV,,J (%) € dR(@). The
restriction on ¢ in the two nonsmooth examples thus serves to forbid strict complementarity: optimal
solutions cannot involve interior subdifferentials. Intuitively, this restriction serves to forbid the finite
identification property [20] of proximal-type methods, as {&"} cannot converge too fast in our current
proof techniques for the stability of the inner problem and adjoint with respect to perturbations of a.

We now come to our main assumption for the abstract algorithm.
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Assumption 2.2. Let U and of be a Hilbert spaces. Let R : &/ — R be convex, proper, and lower
semicontinuous, and J : U — R be convex and Fréchet differentiable. Alsolet G : U x & — U. Pick
(u,p,@) € H1(0) and let {(u", p", @)} nen be generated by Algorithm 2.1 for a given initial iterate
(u® p° a®) € UX L(U; ) x domR. For some positive r,, r, > 0, we then suppose that

(i) There exists an inner problem solution mapping S, € C!(s,;U), satisfying G(S,(a);a) = 0
for all @ € of5, := B(@, 2r,) N dom R. For a positive definite self-adjoint operator Q € L(U;U),
this mapping is also Ls, -Lipschitz w.r.t. the Q-norm, i.e. ||S,(a1) — Su(@2)|lo < Ls, |lon — az|| for
ay, A € Aoy

(i) We are given an inner algorithm A, that satisfies the inner tracking property
KullAu(u, a2) = Su(az)llo < llu = Sular)llo + mullaz — el
for any u € By (u,ry) and oy, oy € 95, with 7, > 0 and &, > 1.
(iii) We are given an adjoint algorithm A, that satisfies the adjoint tracking property
KpllAp (. p, a2) = VaSu(az)llg-1 < llp = VaSulan) llg-1 + Csllu = Su(a2)llo + mpllaz — ail|
forany p € L(U; o), u € BQ(iI, ru) and ay, oy € o5, with Cs, 7, > 0 and k, > 1.

(iv) The outer fitness function J is Lipschitz continuously differentiable with factor Ly, and the
function J o S, is y,-strongly convex and L,-Lipschitz differentiable in B(a, r) N dom R for some
Yas Le > 0. Moreover, R is locally prox-o-contractive at « for p V,,J (%) within B(a, r,) N dom R
for some Cg > 0.

(v) The relative initialization bounds
llu' = Su(@®)llo < Culle® — @l and [Ip' = VaSu(a®)llg+ < Cplla® - @l
hold with constants C, C, > 0, which satisfy
Csk,'Cy < (kp —1)Cp and  Cy = LyyN,Cy + NyjCp < Yo
for N, := Nys,, + Cprq,

NV] = max ||VuJ(Su(a))||Q, and NVSu = max ”VaSu(a)”Q*-
a€B(a&,rq)Ndom R aeB(a,rg)Ndom R

(vi) The initial outer iterate a® € B(a, r) for r = min{rq, r,/(Cy + Ls,)}.
(vii) The outer step length ¢ > 0 satisfies

< 1 min (ky —1)C, (kp —1)Cp — Csk;,'Cy
Cyq+Ly+Cp

6 5
7ty +xuCy 1y + KkpCp + Csky 'y

and
2
o< (Yot - Ca)a-

Remark 2.3 (Interpretation). The condition (i) of Assumption 2.2 ensures that the inner problem
solutions do not vary uncontrollably as the parameter @ changes. This is necessary to ensure that
small changes of one variable result in small changes in the other variables as well. We discuss the
condition more in the next Remark 2.4.
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The conditions (ii) and (iii) likewise ensure that the specific algorithms that are used to generate
inner and adjoint iterates, produce small steps in response to small changes in @, and, with no change,
are contractive. We verify these conditions for exemplary optimisation algorithms and linear system
splitting schemes in Sections 3 and 4.

The first part of (iv) is a second order growth and boundedness condition, standard in smooth
optimisation. Together with (i), the condition ensures that & — V,(J o S,)(«) is Lipschitz in B(a, r).
The local strong convexity of J o S, in the smooth case amounts to V4(J o S,,)(«) > y, Id holding
locally. We refer to [40, Remark 2.3] on how to reduce the latter to properties of V2J(S(«)) and of
S. The second part of (iv) essentially prevents prox, from having a finite identification property, as
discussed above.

The condition (v) ensures that the initial inner problem and adjoint iterates are good relative to the
outer problem iterate. If u! solves the inner problem for a°, (v) holds for any C, > 0. Therefore, (v)
can always be satisfied by solving the inner problem for a° to high accuracy. This condition does not
require a® to be close to a solution & of the entire problem. We stress that the inequality on constants in
(v) can always be satisfied by good relative initialisation (small C,, C,, > 0). The constants Ny; and Nys,
require analysing the specific inner problem: how large can the solutions u = S, (@) for @ in B(&,r,)?
How fast do the vary? Practically, we will not know r,, so want to do this analysis for a large value.

The semifinal (vi) is a standard initialisation condition for local convergence. If r > 0 can be
arbitrarily large, we obtain global convergence. The final (vii) is a step length restriction on the outer
problem. Practically, it requires o > 0 to be sufficiently small.

Remark 2.4 (Existence and differentiability of the solution map). The existence and differentiability of
a S, (a) = u such that G(u, @) = 0 needs to be explicitly verified. When G = V,F, Fermat’s principle
proves that min,, F(u, ) has a solution. That in turn, follows from lower semicontinuity and coercivity.
Suppose then that G is continuously differentiable in both variables, and that for some u € B(u,r,,)
and a € B(a, 2r,) N dom R we have G(u; «) = 0 with V,,G(u; @) invertible. Then the implicit function
theorem shows the existence of a unique continuously differentiable S, in a neighborhood of @. Such
an S, is also Lipschitz in a neighborhood of «a; see, e.g., [9, Lemma 2.11]. If &/ is finite-dimensional, a
compactness argument gluing together the neighborhoods then proves the continuity and Lipschitz
properties of Assumption 2.2 (i). In Appendix B we discuss relaxations of these conditions to mere
right-invertibility of G, (u; a) (left-invertibility of V,G(u; )).
Remark 2.5 (Inner and adjoint algorithms). Although for visual reasons Assumption 2.2 parametrises
the inner and adjoint algorithms A, and A, by just u, p, and &, which will in application be previous
iterates, our proofs can easily handle iteration-dependent A, and A,, and therefore dependence on the
entire history of iterates.

2.5 CONVERGENCE ANALYSIS

We now prove the convergence of Algorithm 2.1 subject to Assumption 2.2. Throughout, we take the
assumption holding as a given, and use the constants from it. We also tacitly take it that «” € dom R for
all n € N, as this is guaranteed by the assumptions for n = 0, and by the proximal step in the algorithm
forn> 1

An essential goal here is to bound the error in the inner and adjoint iterates u™*! and p
of the outer iterates o" with

"1 i1 terms

(2.6a) [u™" = Su(a")llg < Culle” ~@ll,  and
(2.6b) Ip™" = VaSu(aMllgt < Cplla” — 2.

We prove by induction that Assumption 2.2 implies these bounds for each n € N. We also derive
bounds on the outer steps, and local monotonicity estimates.

Suonpera and Valkonen Single-loop methods for bilevel parameter learning
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Lemma 2.6. Suppose Assumption 2.2 holds. Let n € N and suppose that (2.6b) holds with a™ € B(a,r).
Then [|p™|lo-+ < Np.

Proof. We estimate using (2.6b) and the definitions of the relevant constants in Assumption 2.2 that

1p™ o < IVaSu(@) g + 1" = VaSu(a™ -
< Nys, +Cplla” ~ @l < Nus, +Cpre = Ny, .

The next lemma bounds the steps taken for the outer problem variable.

Lemma 2.7. Let n € N. Suppose Assumption 2.2 and (2.6) hold, and a™ € B(a,r). Then

(2.7) "™ = &"|| < o[(Cq + La) + Crllla” - al,

(2.8) Culla™ = @l + mylla™" = || < kuCu(lla™ = @l - la™' = &"|]) < kuCulla™ - ||
and

(29) (Cp+Csi ' Co) | - @l + (my + Csicy m) 0™ - || < yCplla™™ =

Proof. Using the a-update of Algorithm 2.1, we estimate

lla™! = a"|| = ||[prox,g(a" — op™'V, J (™)) — a"] — [prox (@ — opV.J (@) - al ||
< |l[prox,g(a" = ap™'V,, J(u™")) = a"] = [prox,g(a” = opVuJ (@) — "]l
+ || [prox g (a” — opVuJ (@) — "] = [prox,g(@ — opV.J (@) — a]|l.

Since proximal maps are 1-Lipschitz, and R is by Assumption 2.2 (iv) locally prox-o-contractive at a for
pV.J(w) within B(a, r) N dom R with factor Cg, it follows

(2.10) le™ = a™|| < ollp™ Vi) (™) = pVuJ @)l + oCrlla" ~ @l| =: cA + oCrlla" - &l

We have pV,J () = VS (2)V,J(Su(@)) = Vo(J o Su)(@), where V(] o S,) is L,-Lipschitz in
B(a,r) 3 o™ by Assumption 2.2 (iv). Hence

A< Ip"™ VL J (W™ = Vo (J 0 Su) (@) + Vo (J 0 Su) (@) = p Vi) (@)
< [lp™ Vi) (™) = VaSu(@™) Vi  (Su(a™)| + Lella” — @l

Using the Lipschitz continuity of V,,J from Assumption 2.2 (iv), we continue

A< P (V] (@) = Vi (Su(a™) + (p™ = VaSu(@™) Vi) (Su(@)l + Lalla” - @]
< "™ Nlg-iLyyllu™ = Su(@llg + 11p™" = VaSu(a™llg-1lIVu] (Su(a)llg + Lalla™ ~ &|.

Since " € B(@,r), we have |[p"™!||p-+ < N, by Lemma 2.6 and ||V, J(S.(¢"))llo < Ny by the
definition in Assumption 2.2 (v). Using (2.6) therefore gives

A < NpLyjCylla” — all + Ny;Cplla” — all + Lalla” — al| = (Ca + Lo)lla" — |
Inserting this into (2.10), we obtain (2.7). Assumption 2.2 (vii) and (2.7) then yield
(my + Kucu)”“n+1 —a"|| < o(my +x,Cy)[Cq + Lo + Cr]|la” — aZ” < (ky = DCyla" - 52”

Rearranging terms and finishing with the triangle inequality we get (2.8). We obtain (2.9) analogously
to (2.8). O

We discussed taking gradient steps instead of proximal steps with respect to R in [40, Remark 3.10].
We next prove that if both inner problem and adjoint iterates have small error, and we take a short
step in the outer problem, then also the next inner problem and adjoint iterate has small error.

Suonpera and Valkonen Single-loop methods for bilevel parameter learning
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Lemma 2.8. Let k € N. Suppose Assumption 2.2 holds. If a" € B(a, r) and (2.6) holds for n = k, then (2.6)
holds for n = k + 1 and we have a**' € B(@, 2r).

Proof. First, we show that a**! € B(a, 2r) and u**' € Bo(u,r,). We use (2.8) of Lemma 2.7. Its first
inequality readily implies either ||a* — @] > ||a**! k+1 = & € B(@, 2r). In the former, using
ok € B(a,r), we get

—a| ora

" = @|| < fla** = ¥l + lla* - @l < 2)le* - all < 2r.
We estimate using (2.6a) for n = k and Lipschitz continuity of S,

[ =g < [[u** = Su(@®)llg + ISu(a®) = Su(@)llo
< (Cy+Ls e =@l < (Cu+Ls,)r < ru.

Thus u*! € Bo(u, 1), so that we may apply Assumption 2.2 (ii) and (iii) with u = uk+,

The former with (2.6a) for n = k then imply

(2n) kullt*? = S, (@ )lg < 145 = $u(a¥) o + mlla®™ — |

k+1 k”

< Culle® = @l + mul|ex a

Inserting (2.8) here, we establish (2.6a) for n = k + 1.
Similarly, Assumption 2.2 (iii), (2.11) and (2.6b) for n = k imply
kP = VaSu(@ gt < Ip** = VaSu(a®)llg + Csllu**? = Sy (a**) g + mplla** - ¥

< (Cp + Csky'Cu)lla® = @l + (1) + Csiey ) |**! = o).
Inserting (2.9) here, we establish (2.6b) for n = k + 1. O

The next lemma is a crucial monotonicity-type estimate for the outer problem. It depends on an
a-relative exactness condition on the inner and adjoint variables.

Lemma 2.9. Let n € N. Suppose Assumption 2.2 (iv) and (v) hold with «™ € B(a,r) and (2.6). Then, for
anyt > 0 andd > 0, for some ¢"*! € oR(a™*),

—tLy C _ —tLy Cqd ~
' (YT - ﬁ) ™t - @I + (YT - %) e - @I

~ L
(2'12) <pn+1vu](un+1) + qn+1’ an+1 _ 0() > _4_0t(||an+1 _ anHZ

Proof. The a-update of Algorithm 2.1 in implicit form reads
(2.13) 0=oc(qg"" +p"'V, J(W™)) + " — " forsome ¢"*! € OR(a™").

Similarly, 0 € H(u, p, @) implies p V,,J(u) + g = 0 for some q € dR(a). Writing E, for the left hand side
of (2.12), these expressions and the monotonicity of dR yield

(2.14) Eo = (p"'V, J ™) = p V. J(@) +¢"" - g™ - @)
> (p"™IV,] (™) = VaSu(a") Vi (Su(@™), o™ - &)
+ (Vo Su(@) Vi J(Su(a™) — pVuJ (0), ™' — @) =: E; + E,.

We estimate E; and E; separately. Assumption 2.2 (iv) and Theorem a.1 yield

v

—tL —~ —~ L
(215) By > T (o™ = @ + " = @) - | — "
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for t > 0. To estimate E; we rearrange

El — <pn+1vu](un+1) _ VaSu((Xn)Vu](Su(OC”)), an+1 _ 5[\>
= (P (V] (™) = VoI (Su(a™)) + (p™ = VoSu (™) (Vo  (Sula™)), a™*' — ).

We have ||p"+1||Q71 < N, by Lemma 2.6 and ||V, J(S.(a"))|lo < Ny; by the definition of the latter in
Assumption 2.2 (v) with a” € B(@, r). The same assumptions establish that V,,J is Lipschitz. Hence it
holds

Ey 2 ~[p" No-tlIVu] (™) = Vi (Su(a™)llolla™ &l
—lp™" = VaSu(@llg-11Vu (Sul@))llolla™ ~ @l
> — (LyNpllu™" = Su(a™)llg + Nysllp™ = VaSu(a™)llg-1) lla™ ~ @l

Applying (2.6) and Young’s inequality now yields for any d > 0 the estimate

(2.16) E; > — (LyyN,Cy + C,Nyj) lla™ = alllla™" - al|
d ~ 1 ~
> = (LoyNyCu+ CpNey) [ Slla” = @1+ 5 lla™! - @ .
By inserting (2.15) and (2.16) into (2.14) we obtain the claim (2.12). O

By combining the previous lemmas, we prove an estimate from which local convergence is immediate.
Lemma 2.10. Suppose Assumption 2.z and the inner and adjoint exactness estimate (2.6) hold with a" €
B(a,r) foran € N. Then

(2.17) (1+0er)lla™ —all* < [la" - al®

for
€6 = You — 0L2/2 = CA(yq — oL2/2)™ > 0.

Proof. We observe that ¢, > 0 by the inequality in Assumption 2.2 (v). Since a" € B(a,r) and (2.6)
hold, Lemma 2.9 with t = 6L, /2 gives the monotonicity estimate
<C7 (pn+1vu](un+1) + qn+1) , an+1 _ 52) >

~lla™ = a2 + (Yo — GLi/Z —Cad™) ™! - |2 + o(Ya — GLﬁ/Z = Ced)

e - al|?
2 2 2

for some ¢"*! € dR(a"*!) and a constant d > 0. Choosing d = C,'(y, — 0L%/2), we get
Yo — crLé/Z ~Cod'=¢, and y,-— aLi/Z —Cud =0.

It follows

0ty

”anﬂ
2

— %

—~ 1
(2.18) <O' (Pn+1vuj(un+l) + qn+1) ,0{”+1 _ 0() > _E”anﬂ _ anHZ +

We now come to the fundamental argument of the testing approach of [42], combining operator-
relative monotonicity estimates with the three-point identity. Indeed, (2.18) combined with the implicit
algorithm

0= O_(qn+1 +pn+lvu](un+1)) + an+1 —a" for some qn+1 e aR(a”“)

gives

—~ O¢,
n+l _ 0{> —Zto

- 1
<an+1 _ an’a ”an+1 _ 0{”2 < E||an+1 _ anllz-

Inserting the three-point identity (1.3) yields (2.17). O
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We simplify the assumptions of the previous lemma to just Assumption 2.2.

Lemma 2.11. Suppose Assumption 2.z holds. Then (2.17) holds for anyn € N.

Proof. The claim readily follows from Lemma 2.10 if we prove by induction for all n € N that
(2.19) a" € B(a,r), (2.6), and (2.17) hold.

We first prove (2.19) for n = 0. Assumption 2.2 (v) directly establishes (2.6), and Assumption 2.2 (vi)
establishes a” € B(@, r). Now Lemma 2.10 proves (2.17) for n = 0. This concludes the proof of induction
base.

We then make the induction assumption that (2.19) holds for n = k and prove it for n = k + 1. The
induction assumption and Lemma 2.8 give (2.6) for n = k + 1. The inequality (2.17) for n = k and
aF € B(@,r) also ensure ||a**! — @] < ||a* — &|| < r. Now Lemma 2.10 shows (2.17) and concludes the
proof of (2.19) forn = k + 1. O

We finally come to the main convergence result for the abstract Algorithm 2.1.
Theorem 2.12. Suppose Assumption 2.2 holds. Then for {a"},en generated by Algorithm 2.1, we have

la™ — @||? — 0 linearly.

Proof. Lemma 2.11 proves (2.17) for all n € N. Since, by the very same lemma, 1+ ¢, > 1 therein, the
claim follows. O

Corollary 2.13. Suppose Assumption 2.2 holds. Then for {u"},en generated by Algorithm 2.1, we have
lu® — ||? — 0 linearly.

Proof. We apply Theorem 2.12 and then use (2.6a) and Lipschitz continuity of S, in
lu™ =g < [[u™ = Su(a™)llo + [1Su(@™) = Su(@llg < (Cu+Ls,)lla" -2l 0

3 SPLITTING METHODS FOR THE INNER PROBLEM

In Section 3.1 we present a general framework for optimisation algorithms that can be used for solving
the inner problem. We also give examples of algorithms following the framework. In Section 3.2 we
first prove inner tracking estimate for such general algorithm under appropriate assumptions. Last, we
show that the aforementioned example algorithms satisfy these assumptions and thus also the inner
tracking property.

3.1 A GENERAL APPROACH

Let U and &/ be Hilbert spaces, and G =T + W for some T,W : U X &/ — U. Then u = S, («) solves
the inner problem if

(3.1) 0=T(u;a) + W(u; ).

We assume that such a solution exists for all @ € /5,, see Remark 2.4.> We seek to move towards S, («)

with preconditioned forward-backward type algorithms that, for fixed a, given the previous iterate u*,

solve the next iterate u**! from
(3.2) 0 = T(*; ) + W(WF; a) + QX — uF)

for some self-adjoint preconditioning operator Q € L(U; U).

*We do not here at the outset assume unique solutions, although we will later, in practise, need to impose uniqueness. In
principle, for Section 2, sufficient regularity of some solution map S, and a corresponding tracking inequality is enough.
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Example 3.1 (Forward-backward splitting). Let U and & be Hilbert spaces. Let further f,g : Ux < —
R be convex, proper and lower semicontinuous in their first parameter, f also differentiable with
respect to its first parameter. Then (3.1) with T = V,,f and W = 9, g is a necessary and sufficient
optimality condition for solution of min,cy f(u; @) + g(u; @). Choosing Q = 771 1Id, the implicit
form (3.2) corresponds to the forward-backward splitting

(3-3) = Proxfg(.;a)(uk - TVf(uk;a))

Example 3.2 (Primal-dual proximal splitting, PDPS). Let X, Y and & be Hilbert spaces, fy, e : XX —
Randg: Y x o — R be convex, proper, and lower semicontinuous in their first parameter, e with
an L-Lipschitz gradient with respect to its first parameter. Define f := f; + e, suppose K € L(X;Y),
and consider the problem

mxinf(x, a) + g(Kx; a).

This can be equivalently written as the saddle point problem

minmax f(x;a) + (Kx, y) — g (y; ).
x oy

Following [21, 9, Theorem 5.11] and writing u = (x, y), this problem has primal-dual optimality
conditions of the form (3.1) with

Oxfo(x;a) + K"y ) (Vxe(x; (x))
. T(uw; ) = _ . and W(u;a) =
(34) ( ) (w l[ayg (y;a)—Kx] ( ) 0
for any w > 0. Defining for step length parameters 7, 7, > 0 the preconditioning operator
-1 *
e d -K
(3'5) Q o ( _K a)—l,r:;l Id) s

(3.2) then becomes an implicit form of the primal-dual proximal splitting (PDPS) method of [5],
here with an additional forward step with respect to e:

(3.6) k+1

A = prox, g o (55— e (K*yF + Vee(xk; ),
Y = prox, g (o (¥ + 1K ((1+ 0)x* = wx)).

The method converges (for fixed @) if 7L /2 + 7,7, ||K||* < 1and w = 1, or is chosen to appropriately
reflect available strong convexity; see, e.g., [9].

Further algorithms fitting the general framework (3.2) can be found in [9, 42].

3.2 TRACKING ESTIMATES

We now prove inner problem tracking estimates for the above methods. To do so, we start with a result
for abstract methods of the form (3.2). It requires introducing abstract forms of monotonicity. Let X be
a Hilbert space and X c X. We say that T : X — X is (Ir-strongly) monotone for some self-adjoint
and positive semi-definite Iy € L(X;X) at X € X if

(3.7) (T(x) =T(x),x =% 2 llx =%l (x € X).

If this holds for all ¥ € X, we say that T is (I7-strongly) monotone in X. Moreover, we say that
W : X — X is ([ -strongly) three-point monotone at x € X with respect to a self-adjoint and positive
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semi-definite Iy, A € L(X;X) if
~ ~ 1 -
(3-8) (W(2) -W(®),x-%) = Ix - x|}, - lex—zlli (x,z € X).

If this holds for all X € X, we say that W is (Ijy-strongly) three-point monotone with respect to A in
X. When It = y1d,Tp = 0 and A = L1d, these operator-relative properties reduce to standard strong
and three-point monotonicity, see [9, Cororolary 7.2].

We now prove the promised tracking estimate result for general splitting methods for the inner
problem. The Lipschitz properties required from S,,, were discussed in Remark 2.4.

Theorem 3.3. Let U and of be Hilbert spaces, u* € U c U, a, & € d c d,and operators T, W : U — U.
Let further Q,T := I'r + Iy, A € L(U; U) be self-adjoint and positive semi-definite, and suppose that T
is ( Tp-strongly) monotone in U and W is ( Ty -strongly) three-point monotone with respect to A in U.
Moreover, assume that u = S, (c) that satisfies (3.1) is unique, and Ls,, -Lipschitz in oA.If

(3.9a) Q+2I'>cQ forsome c>1 and
(3-9b) Q2= A/2

then uk*! generated by (3.2) satisfies Assumption 2.2 (ii) with x, = V¢ and 7, = Ls,, i.e.
Vellu**! = Su(@)llg < [lu* = Su(@)llg +Ls, Il — éll.

Proof. By the assumed monotonicity properties of T and W, we have
(3.10) (T a) + W (@), ! = 5, (@)) 2 W = Su(a)|I} - || k)R

Inserting (3.2) into (3.10), and applying the three-point inequality (1.3) yields

- | uk+1 k+1

1 1 1
0 = (@) ar + S0 = w Iy, < S = Su(@l
Using (3.9) we obtain

Kulld! = Su(@)llo < Ilu* = Su(@)llo-

Therefore triangle inequality and Lipschitz continuity of S,, in &/ gives
ulld! = Su(@)llo < Ilu* = Su(@llo + Ls,lle = &ll. o

The next two theorems specialise Theorem 3.3 to forward-backward splitting and the PDPS.

Theorem 3.4. Let U and o/ be Hilbert spaces with U C U and & € dcd. Let further f : U X d — R
and g : U x o — R be convex, proper, and lower semicontinuous in their first argument. Suppose that f
is differentiable, Vf is L-Lipschitz continuous, and g is y-strongly convex in U for some y > 0. Moreover,
assume that S, satisfying (3.1) with T = V. f and W = 9,,g is single-valued and Lg, -Lipschitz in oA . If the
step length parameter T > 0 satisfies TL < 2, then u**! generated by forward-backward algorithm (3.3)
for givenuk € U and a € % satisfies inner tracking property.

Proof. This proof is based on Theorem 3.3 and to use it we need to prove (3.9). By assumption, dg is
y-strongly monotone, and Vf is three-point monotone with the factor L. Thus the condition (3.9) now
reads 1+ 2y > 1,1 > rL/2 and 1 > 0. These hold due to y > 0 and the step length condition 7L < 2. O

Remark 3.5. Similar proof works for strongly convex f and convex g. Gradient descent is a special case
of this with g as the zero function.
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Theorem 3.6. Let U = (X X Y) and of be Hilbert spaces withU = (X x Y) c U and & € o C d. Let
further fy,e : X x of — Randg: Y x 9 — R be convex, proper, and lower semicontinuous in their
first argument, e with a L—Lipschitz gradient with respect to its first argument. Moreover, suppose fy is
yr-strongly convex in X and g* is Yg* -strongly convex in Y for some Y Ygr > 0. Also let K € L(X;Y),
and assume that S,, satisfying (3.1) with (3.4) is single-valued and Ls,-Lipschitz in o . If the step length
parameters 7, > 0 and t,, > 0 satisfy 7, L/2 + 727, |K||* < 1, then u**! = (x**1, y**1) generated by the
PDPS (3.6) for given uk = (x*, y*) € U and a € o satisfies the inner tracking property.

Proof. The PDPS can be written as (3.2) with operators T and W as in (3.4), and preconditioning operator
Q defined in (3.5). The operator T is I'-strongly monotone in U and W is three-point monotone with

respect to A in U for

_ yrld (1-w HK*/2 _(L1d o0
L= ((1—w—1)K/z w7y, 1d and A={"p"

The claim follows from Theorem 3.3 if we show (3.9). We first expand (3.9a) as

((1—C)T;1+2}/f)1d (-0 -(1-c)]K* >0
([(1 —0 )= (1-0]K o ((1-0o)1,' +2y,) Id) -

This readily holds by taking ™! = ¢ = 1+2 min{z,y, 7, ¥4 }. To prove (3.9b), we use Young’s inequality
to estimate for any § > 0 that

206, K*y) < i (1= 8)|Ix])? + (1= 8) YIK*y||> forall «x,y.

Thus
([t -K* St 1d 0
Q= -K  o7'r;'1d) T 0 w7t d -7, (1= 8) T'KK* |

Consequently (3.9b) holds if § > 7,L/2 and (1 - 8)w ™" > 7,7y ||K]|%. Since w ™ > 1, the latter holds if
1— 8 > 1,7y ||K|| It remains to take § = 7,,L/2, and use our assumption 7, L/2 + 7,7, ||[K||* < 1. Note
that, since ™! > 1, this also proves that Q is positive definite. O

4 SPLITTING METHODS FOR THE ADJOINT

We now develop splitting methods for solving the adjoint equation based on conventional iterative split-
ting methods for linear systems. In Section 4.1 we present the overall approach and prove a perturbed
contractivity property. We also provide example of splittings that satisfy the relevant conditions. In
Section 4.2 we then prove the adjoint tracking estimate based on the perturbed contractivity property.

4.1 OPERATOR SPLITTING METHODS FOR LINEAR SYSTEMS

Let U and & be Hilbert spaces. We need to find p**! € IL(U; &) that approximately solves the adjoint
equation

(4.1) PG, oF) + Vo, G(WF, oF) = 0

to such a precision that adjoint tracking property Assumption 2.2 (iii) holds. Dropping the iteration
indices for brevity, this is a linear equation of the form

(4-2) Ap = by,
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with
(43) 0= (u> Of), Al)p = quG(ll, a)a and bZ} = _VEKG(u> a)'

We write this section in general Hilbert spaces V and P, which in the overall setting of this paper equal
Uxgf and L(U; o). For somev € D C V and A, € L(P;P), let us thus be given the splitting

(4~4) Ay = Nv + M,

with N, invertible. Given the previous iterate pX € P, a linear system splitting method takes a step
towards solution of equation (4.2) by solving p**! from

(4-5) vak+1 + Mvpk = bo-

The next lemma is adapted from [28], where squared tracking estimates were needed for PDE-
constrained optimisation. We need non-squared estimates. The condition (4.6) is a Lipschitz condition
on A,, which for (4.1) becomes a Lipschitz condition on V,,G; see (4.3). The condition (4.7) is a standard
contractivity condition on the splitting scheme; see [19, Theorem 10.1.1]. It obviously holds for the
trivial splitting N, = A, and M, = 0 if A, is positive definite. For (4.1) this again means that V,G is
positive definite. We provides examples of other splitting schemes after the lemma.

Lemma 4.1. Let V and P be Hilbert spaces, and A, € L(P; P) forallv € D C V. Supposev +> b, : V — P
is Ly-Lipschitz, and for some Ly > 0 that

(4.6) lAo = Asll < Lallo =2l (0.0 € D).

Let us be given a splitting (4.4) with Ny invertible, and such that

(4.7) INg'Moll <& and yn NSl <1

for some { € [0,1) andyn > 0. Suppose p solves Nyp + Myp = b, for a given p € P. Then for anyv,d € D

and p € P satisfying

we have

(4.8) Cllp = pll = 11p = pll = (Lallpll + Lo)yy'llo = 3l

Proof. Using (4.5) with Agp = by and A,p = N,p + Myp, we expand

p—p=N(by— Myp) — p
=N, '[by — bs] + N; (A5 — Ap)p — N 'My(p — p).

Taking the norm and using the triangle inequality, the Lipschitz assumption on b, as well as (4.6),
therefore

19 =PIl <IN ILallBIl + Lo) ll6 = oll + [ING "Mollllp = AlI-
Further using (4.7), we obtain (4.8). O
If the parameters are not perturbed, we immediately get linear convergence:

Corollary 4.2. Ifv = 0 in Lemma 4.1, then ||p — p|| < {|lp — pll.

We next present example slitting methods, and conditions that guarantee (4.7).
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Example 4.3 (Jacobi splitting). If N, is the diagonal of a matrix A, € R™", we obtain Jacobi splitting.
The first part of (4.7) reduces to strict diagonal dominance, see [19, §10.1]. The second part always
holds and N, is invertible when the main diagonal of A, has only positive entries. Then yy is the
minimum of the diagonal values.

Example 4.4 (Gauss-Seidel splitting). If N, is the lower triangle and diagonal of a matrix A, € R™*",
we obtain Gauss—Seidel splitting. The first inequality of (4.7) holds for some { € [0,1) when A, is
symmetric and positive definite. This follows similarly to [19, proof of Theorem 10.1.2]. The second
inequality holds for some yx when N, is invertible, i.e., has no zeros on the main diagonal.

Example 4.5 (Identity splitting). If yId < A, and ||A,|| < L fory,L > 0, and N, = 67'1d for

0 < 0 < min{yg} 2y/L?}, then (4.7) holds for { = /1+ 02L2 — 20y € [0,1) and (any) yny > O.
Indeed,

INJIM, |12 = sup ((Id—0A,)x, (Id—0A,)x) < 1+ 62||A||* - 20 |}n”f 1(Ax, x) <14 6%L% - 20y.
x| x| <

x| xll<1

Example 4.6 (No splitting). If N, = Ay, (4.7) holds with { = 0 and yn the minimal eigenvalue of A,,
assumed symmetric positive definite.

Example 4.7 (Block Gauss—Seidel). Let

An  Ap Ny 0 My Ap
Ay = , Ny = , and M, =
? (A21 Azz) ¢ (A21 N22) ? ( 0 M22)

with Ay = Ny + My; and Az, = Nap + My, for some invertible and bounded operators Nj; and N,
invertible and bounded. Suppose that yy and { € [0, 1) satisfy

(4.9) 0<yn < [| N1 ||| N2z |
= 2|[Nygl + [[Nao || (1 + (N3 Az [12)°

and

N5 (Maz = Agi Ny Ap) |12 + || Ny (Maz — AgiNpp Asa) ||| NG5 A ||| Ny My |
+ [N Mu |12 (1 + [IN Az |]) (1 + [INy5 Az [1?) + [N Az 1 + [N A | [|N M| < &2

Then (4.7) holds, as we prove in Appendix c. In particular, if My; = 0 and My, = 0, the condition on
{ reduces to the much simpler

(4.10) Az A A A |1 + AR A |? < .

This holds, in particular, when the diagonal blocks of A, are invertible and large compared to the
off-diagonal blocks. Moreover, there exists yy satisfying (4.9) when both Ny; and N,, are non-zero.
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Example 4.8. Let G = T + W as in Example 3.2 on the PDPS for the inner problem. Assume that the
functions f and g* therein are twice continuously differentiable in their first parameter and V, f
and V,g" are also Lipschitz differentiable in their second parameter. We may then apply the block
Gauss—Seidel splitting of Example 4.7 to the corresponding adjoint equation, which now reads

(Vf(f(x; a) K* ) (px) N (Vanf(x; a) )
K Vig'(y;0)) \py)  \VaVyg'(y;@)

for the unknown p = (px, p,) € P. The simplified condition (4.10) holds if VZf(x; @) and Vi,g* (y; )
are non-singular, and K is small compared to them. In practise, to ensure invertibility and the
stability of inversion we can take Nj; as perturbed version of VJZC f(x; ). We also take Nz, =
V29*(y; ) + 6, 1d for 6, > 0, which imply the choice of M, via M, = A, — Np.

4.2 TRACKING ESTIMATES

We next show adjoint equation tracking estimates for the above operator splitting methods for linear
systems as « varies. Following result relies heavily on Lemma 4.1.

Theorem 4.9. Let U and o be Hilbert spaces. Let further G : U X o/ — U and S, : o/ — U be Lipschitz
continuously differentiable, and satisfy

VaSu()VuG(Su(a); @) + Vo G(Su(a); @) = 0.

Also let Q € L(U;U) be positive definite and self-adjoint. Forv = (u, ) € U X &, define A, € L(P;P)
forP =1L(U; ) and b, via

App = pVy,G(u;a) and b, =-V,G(u; ).

Let the splitting N, + M, = A, satisfy the conditions of Lemma 4.1 for some { € [0,1) and yn > 0. Then
p**1 solving (4.5) for given p* € P satisfies the adjoint tracking property, i.e.

©pllp* = VaSu(@)llg1 < 1P = VaSu(@)llg-s + Csllu = Su(@)llg + mplla - &|
forany a € V,, C o as well as the constants

Kp = g_l’ Cs = sup g_l(LA”VaSu(a)HQ‘l +Lp), and Tp = Lv,s,-

aeVy,

Proof. By Lemma 4.1, we have
L™ = VaSu(@lig = P = VaSu(@llg- = (LallVaSu(@)llg- + Lo)yy'llu = Su(@)llo-
Rearranging terms and multiplying by ¢! gives
Kpllp* = VaSu(@ g < l1p* = VaSu(@)llg1 + Csllu = Su(@)llo.
The triangle inequality and Lipschitz continuity of VS, gives

”pk - V"‘S"(O[)”Q_1 < ”pk - V‘”'Su(d)llQ‘1 + ”Vasu(d) - Votsu(af)“Q'1
< [lp* = VaSu(@)llgt + Ly,s,llét - all.

Combining the previous estimates finishes the proof. O
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We needed to assume that the solution mapping of the inner problem is Lipschitz continuously
differentiable to prove the adjoint tracking estimates. We discuss next the reasonability of this as-
sumption. If the inner and adjoint solution mappings S, and S,, are Lipschitz, then also VS, is since
VaSu(a) = Sp(Su(@), a). The Lipschitz properties of S, are discussed in Remark 2.4. We next prove
the Lipschitz continuity of S, under similar assumption as in Lemma 4.1.

Lemma 4.10. Let U and & be Hilbert spaces. Let further Q € L(U;U) be positive definite, and VG :
Ux o — L(U;U x ) be invertible and Lipschitz continuous with constant Ly in some bounded closed
set V,, X V.. Moreover, assume that ||(V,G(u; a)) 7| < yc_;l in Vy X Vi for some yg > 0. Then S;, defined
in (2.3) is Lipschitz in V;, X V,, ie.

”Sp(uh o) — Sp(quaz)HQ*l < LS,,(||”1 - U2||Q +[lon — az|])

foruy, u; € V,, and oy, ay € V,, with the factor

I | -1
Lsp =Yg Lvg (l +Yq (u,a?é%/fxva IVaG(u, a)||Q*1)~

Proof. Using the definition of S, in (2.3), we rearrange

Sp(uL o) — Sp(u2, az) = (VoG(us; 1) = Vo G(uz; a2)) (VoG (us; 061))_1
+ VaG(uz; az) (VuG(u;an) ™" = (VuG(uz; a2)) ') .

Since Q is positive definite, hence invertible, we have ||pulls = [|(pQ~Y?)(QY?u)|| < lipllo-llullo-
This and the triangle inequality give

(4.11) HSp(uh a) — Sp(uz,az)”Q*l
< 1(VuG (u1; a1)) T IVaG (ur; a1) — VG (ug; )|l o1
+[[Va G (ug; a2) |l -1 [[ (VG (us; 1)) " = (VuG(ug; az)) V|| =: Ey + Es.

The bound [|(V,G(u; a))'|| < y5' and the Lipschitz continuity of VG in V,, X V, give

(4.12) Ei < y5'Ly,c (llu1 —uzllo + lla — e2ll) -

Towards estimating the second term on the right hand side of (4.11), we observe that
A1 -Bl1=A"BB'-A'AB ' =AY (A - B)B™!

for any invertible linear operators A, B. This and Lipschitz continuity of VG give

Ey = [VuG(ug; a1) ™ (VG (us; 1) — VG (u; a2)) VG (uz; a2) ' - | VG (uz; a2) [l o1

(u,) €V XV,
NIVuG(uz; a2) (VWG (us; 1) = Vi,G(uz; a2)) ||

S( max ”VaG(u:a)HQ‘l)”VuG(ul;al)1”

< YézLVG (( agléax IVeG(u, 05)||Q1) (||u1 - u2||Q + ey = 052”) .

uXVa

Inserting this inequality and (4.12) into (4.11) establishes the claim since ||V,G(u, @)||p-1 is bounded in
Vi X Vg by the Lipschitz continuity of VG. O
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5 NUMERICAL EXPERIMENTS
In this section, we evaluate the operator identification performance of the following methods:

PDPS + block-GS Algorithm 5.1, i.e., our general bilevel approach with the PDPS of Example 3.2 for
the inner problem, and the block Gauss-Seidel splitting of Example 4.8 for the adjoint.

PDPS + identity Our general bilevel approach with PDPS for the inner problem, and the identity
splitting of Example 4.5 for the adjoint.

implicit Solve both the inner problem and the adjoint equation to a high precision.

trust region The inexact derivative-free method of [16] that solves inner problem inexactly while
taking trust region steps to solve the bilevel (outer) problem.

In all cases except the trust region method, the outer iterates are updated with forward-backward
steps.

Note that the algorithms PDPS + block-GS and PDPS + identity follow the framework of Algorithm 2.1,
i.e. satisfy the inner and adjoint tracking conditions, if the objective functions satisfy the assumptions
of Theorem 3.6 and the conditions discussed in the splitting Examples 4.5 and 4.7 respectively.

The implicit method is used as a baseline comparison and the trust region method as more advanced
one. We have chosen the latter as a comparison from the more recent literature, as the algorithm
itself requires the least information as a derivative-free method, and, therefore, can, in principle, be
applied to the (primal-only form of) the same inner problem as our method, unlike many other methods
that would require a different smoothing of the inner regularisation term g to achieve the required
second-order differentiability, as we will discuss below. The specific convergence conditions of [16]
can be difficult to verify, however, and might indirectly require the second-order differentiability of
the inner regulariser.

Our specific operator identification problems are:

MRI Find an optimal sparse subsampling (line) pattern for MRI reconstruction using four slices of
the digital brain phantom of [2] as a ground-truth in the outer problem, and corresponding
simulated fully sampled MRI measurements as the data of the corresponding inner-problem(s).

deblurring Find an optimal parametrisation of convolution kernel and regularisation parameter to
deblur/deconvolve a photograhic image with simulated blur.

We define component functions used in both problems in Section 5.1. Then in Sections 5.2 and 5.3 we
present inner problem and adjoint equations details for MRI and deblurring respectively. We present
numerical details in Section 5.4, and discuss performance in Section 5.5.

5.1 OBJECTIVE FUNCTIONS

For a training set of m “ground truth” images {b;} of dimension n; X ny, i.e. each b; € R}, we take as
the outer data fitting term

1 m
](u) = E Z ||xl~ — bl”gs u; = (xi, yl) c R_’llnz % RZHIHZ.
i=1

We specify the outer regulariser R and the (primal-dual) inner problem for the different experiments in
corresponding subsections.
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Algorithm 5.1 PDPS + block-GS

Require: Functions J : U — R,andR : & — R, with J Fréchet differentiable and R convex, on
Hilbert spaces U = X X Y and /. Functions fy,e : X x o/ — Randg: Y x &/ — R convex
in their first parameter, e has a L-Lipschitz gradient with respect to its first parameter. Also let
K € L(X;Y), Outer step length o > 0, adjoint step length 6, > 0, inner step lengths 7,7, > 0
satisfying 7,,.L/2 + rxry||K||2 < 1and parameter v > 0.

1 Pick an initial iterate (u°, p°, a®) € U X L(U; ) X .

2: for k € N do

3 Xk = PIOX, £ (. k) (2 — 7 (K* y* + Ve (xF; ab)) > inner primal update
4 yk+t = ProX, s (..qk) (y* + T, K((1+ w)x** — wxk)) > inner dual update
5 Choose a splitting V2 f (xk“; ak) = Ny + My; with Ny invertible.

6 Write Ny, = V2g*(y**;a*) +0;'1d

7 pkl=NT (—an]; — Vo Vi f (x*0F) - K*p’;) > adjoint primal update
8: pl;“ = N, (G;lpl}‘, — Vo Vg7 (5 ak) — Kp)’g“) > adjoint dual update
9: ak*! = prox, (af — opF1V, J(uFH)) > outer forward-backward step
10: end for

For simplicity, we have not yet analysed our method in a stochastic setting, although a generalisation
should be immediate.? We therefore concentrate on small sample sets, with the goal of evaluating the
performance of our splitting approaches. These performance improvements should directly generalise
to an eventual stochastic extension of our approach.

The general form of the inner problem, related primal-dual optimality conditions and description
of the algorithm can be found in Example 3.2. We take g(y; @) = aol|yll21, where || || is the sum
over pixelwise two-norms. The use the steps of the PDPS for the inner problem, we need its Fenchel
conjugate

nin,
9 (y:%0) = D" 85, (0.a0) (7).

Jj=1

However, our theory does not yet allow for the inner problem to be nonsmooth.* Therefore, instead of
g*(y; ag), we use the C? strongly convex approximation

mny

. 1 5
(51) gis(vico) = JZ max{(0, = (lyjll = @)’} + S llyl* (v € R?)

Since g 5 is convex, proper, and lower semicontinuous, it is the Fenchel conjugate of g. 5 := g.5. We
take ¢ = 1-107% and & = 1-10~*, which are numerically practical small values that ensure that g.s~9g"-
We differentiate and derive the proximal operator of g* ; in Appendix D.2

3This would simply involve selecting on each iteration k a random subset Si. € {1,..., m}, and making the step with respect
to % 2ies; |lxi — bi|| instead of J. Then steps for the inner problems would only have to be made for i € S. However,
as the inner and adjoint variables for i ¢ S would not be updated, convergence would need to be analysed carefully.

4 Assumption 2.2 makes no such restriction, and we could, in principle, take S,, as a differentiable selection of a multi-valued
solution map. However, to prove the assumption in Sections 3 and 4, we needed to impose differentiability and strong
convexity assumptions.
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Figure 1: Top: true data (4 instances) presented in the colormap F/ T Ml with
values from interval [0, 1]. Bottom: corresponding simulated fully sampled MRI measure-
ments presented in logarithmic scale, computed as log;,(| - | + 0.05), using colormap

N " ith values from interval [-1.3,2.0].

5.2 MRI

The ground truth of the training set, {b;}, contains four 247 X 292 slices of the digital brain phantom
[2] scaled into interval [0,1] and corresponding simulated fully sampled MRI measurement {z;}, see
Figure 1. The measurements {z;} are simulated by adding Gaussian noise of standard deviation 0.02 to
{b;} and then taking the Fourier transform.

The inner (inverse) problem is

1
(5.2) arg min 5||Za(7:xi - Zi)”% + 9.5 (Dx;i; o) (a € [0, 00)75)

nn
x; R

where Z, is the subsampling operator (diagonal matrix), see Figure 2a, ¥ is discrete 2-D Fourier
transform (matrix) and D is a backward difference operator (matrix) with Dirichlet boundary conditions.
We take oy = 0.02 constant because the subsampling operator Z, can also model the regularisation
factor, and we do not want several competing parameters to optimise. This value of &y was chosen by
trial and error to achieve good reconstruction with fully sampled data, i.e. Z, = Id. To apply Example 3.2
for the derivation of the PDPS, we split f = f; + e for fy(x; ) = %HZ(X(?’x - 2)||2 and e(x; ) = 0.
Although f; involves the linear forward operator Z, (7, its proximal mapping can be easily calculated
due to the unitarity of ¥ and the diagonality of Z,,.

Remark 5.1. This choice of fj is not necessarily strongly convex as required for Theorem 3.6 to ensure
the inner tracking property. It is, however, convex, and due to our good numerical results, we have not
added artificial strong convexity. Moreover, in many cases, appropriate local growth can be elicited
through the metric subregularity of the entire objective [44, 43, 9].

We use block Gauss—Seidel splitting for the adjoint equation following Example 4.8. We have
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(a) Mask structure (b) Discovered sampling mask (top) and its Fourier transform (bottom)

Figure 2: Sampling pattern for MRI. Figure 2a shows how « parametrise the sampling pattern with a
small example. Different colours represent different components of a such that applying the
mask multiplies every pixel of one colour with same multiplier ;. In our case image height
is 292 and « has 75 elements. Figure 2b presents identified pattern weights and their Fourier
transform, with the x-axis restricted to [—64, 64].

Vif(u;@) = F*Z5F and we take Ny = F*Z2F with Z = max{6", Z3} for

(5.3) 0-'(i, j) :0.1+0.4(1—sin(ni171) sin(nizn))z, (e{lm) jell .m))

and the maximum is taken pointwise. To be more precise 0;' is the matrix (5.3) stacked into the
diagonal of nyn, X nyn, matrix.
For the outer regulariser we take

R(a) = Bo(w' @) + S[g.c0)n(a) where @(t) =t + 8(—con (t)

with the parameter § = 10 and sparsity control M = 0.15. The vector w, whose components sum to
1, weights the components of @ according to how many lines of the k-space they correspond to, see
Figure 2a. Our choice for the initial subsampling weights a° has each component 0.15 according to
our choice for parameter M such that «° € domR and «° doesn’t contain prior information about
important weights. The proximal operator of R we present in Appendix D.1.

5.3 DEBLURRING

We use a cropped portion (128 X 128) of image o2 from the free Kodak dataset [17] converted to
gray values in [0, 1] as our "ground truth" {b;}. The 2-D convolution operator (matrix) parametrised
by a, a3 and a4 as illustrated in Figure 3a is denoted by A,. Operator ry rotates image 6 degrees,
clockwise for 8 > 0 and counterclocwise for 8 < 0. We form {z;} by computing r_;(A,r(b;)) for
[az, a3, a4] = [0.15,0.1,0.75] and adding Gaussian noise of standard deviation 0.02.

The inner (inverse) problem is

(5.4) argmin = [ Agx; — zil2 + ges(Dxisa) (e € [0,00)")
x; R

where A, is the aforementioned convolution operator and D is a backward difference operator. We
use the scaled regularisation parameter oy = Ca; for the constant C = % to help with outer iterate
convergence by ensuring the same order of magnitude for all components of @. We consider f in
Example 3.2 as sum of fy(x;a) = 0 and e(x; ) = %HAax,- — zi||5, which means that the primal step for
the the inner problem does not involve a proximal operator, but only gradient step. Again this choice
of fj is not necessarily strong convex; see, however, Remark 5.1.
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(a) Kernel structure (b) Original (c) Blurry; error 9.8% (d) Result; error 6.9%

Figure 3: Deconvolution kernel parametrisation, data, and result for PDPS + block-GS. The different
colours in 3a represent different components of « such that elements of kernel with same
colour have same value. The errors in 3c and 3d are ||image — target||,/||target||,.

For the block Gauss—Seidel splitting we need to choose an invertible Nj;. We use the fact that
Vif(u;a) = AL A, equals F*Z2F with Z, being the Fourier transform of the convolution kernel, or
more precisely it stacked into diagonal of njn, X nyny matrix. This lets us again take Nj; = *ZSY:
such that Z = max{6, ", ZZ} for 6, defined in (5.3).

With the parameter 8 = 10%, our choice for the outer regulariser is

R(a) = (o +as+ay—1)* + O10,00) (1)

The proximal operator of R we present in Appendix D.1.

5.4 NUMERICAL SETUP

Our algorithm implementations are provided on Zenodo [41]. The specific parameter choices for both
experiments are listed in Table 1. To pick inner step lengths 7, 7, > 0 satisfying 7, L/2 + 7,7, | D||* < 1
for PDPS we use the upper bound of ||D||?> < 8 from [4]. All the other step lengths, numbers of step
for solving inner problem and adjoint equation to a high precision in implicit method, and parameters,
such as w = 1, are chosen by trial and error to obtain an apparently stable, but as efficient as possible,
algorithm. We do not attempt to verify their theoretical conditions. The chosen initial outer iterates a°
are specified in Sections 5.2 and 5.3. Initial inner and adjoint iterates for PDPS + block-GS and PDPS +
identity are obtained by solving inner problem and adjoint equation to a high precision similarly than
in implicit method for corresponding experiment.

The adjoint equation in the implicit method is solved with block Gauss—Seidel, see Example 4.7,
for MRI and with the conjugate gradients squared method [39] for deblurring. For the latter, we use
Matlab’s cgs implementation with tolerance 10™* and maximum iteration count 2000. The dimension
of the adjoint equation in our MRI experiment is large, 64911600. Matlab’s standard linear solvers,
like cgs or bicgstab [45], did not scale well to such a high-dimensional problem, so we used block
Gauss—-Seidel instead. We took 200 steps of the latter, which still provides a less precise solution of the
adjoint equation than cgs for deblurring.

The parameters of the trust region method in the deblurring experiment are also chosen by trial and
error, as follows:

« initial and maximum trust region radii A° = 0.01 and A = 0.1, as well as rates of change
Yine = 2 and Ydec = 0.1,

« step validation parameters r; = 0.01, 72 = 0.5 and 7, = 0.004,

« FISTA parameters for the inner problem, p =1-10-4,L =1- 10°>,and 7 = 1/L =1-107°. On
each outer step, the inner FISTA is initialized using a restarting strategyfrom the previous outer
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Table 1: Algorithm parametrisation, time multiplier, and total outer steps to reach threshold computa-
tional resources (CPU time) value. The threshold is 15000 for MRI and 10000 for deblurring,
except 6000 and 3000 for PDPS + block-GS. The time multipliers allow conversion from
computational resources to seconds. It differs between algorithms and problems due to dif-
ferent levels of parallelisability. The ‘inner steps’ and ‘adjoint steps’ indicate the (maximum)
number of iterations taken towards a solution of the inner problem or the adjoint equation
on every outer iteration. The cgs method (of Matlab) that we use to solve the adjoint for
the implicit method in the deblurring experiment, may use a smaller number of iterations as
determined by the tolerance 10™*. Similarly, the inner level solver of trust region method may
take less iterations if it achieves the dynamic tolerance. Step lengths for PDPS (inner steps) are
Tx = 0.354, 7, = 0.350 for MRI and 7, = 0.600, 7, = 0.141 for deblurring.

outer inner adjoint time
method steps steps steps mult. Oy, 0, o
_ implicit 16 3-103 200 0.23 (53,01 7-107%
%‘ PDPS + identity 1.9 - 10° 1 1 023 01625-107*% 1-107°
PDPS + block-GS 7.6 - 102 1 1 0.22 (5.3),01 1-107*
implicit 142 25-102 2-10° 0.8 - 2-107*
2 PDPS +identity 4.9 - 102 1 1 022 1-10731-107% 5-1077
@ PDPS + block-GS 5.2 - 10° 1 1 021 (53),0.1 1-107°
trust region 48 2.5-10* - 018 - -

step. It takes maximum of 25000 steps or until the tolerance ||inner gradient||* < 103(A¥)%y? is
achieved.
We do not present parameters and results for the trust region method for the MRI experiment, as it
scaled poorly to such a large-dimensional problem. Already the first step of the method surpassed the
limit 15000 of computational resources (CPU Time), common to all algorithms.

To compare algorithm performance, we plot relative errors and values of outer objective as function
of the cputime value of Matlab on an AMD Ryzen 5 5600H CPU. We call this value “computational
resources’, since it takes measures the use of several CPU cores by Matlab’s internal linear algebra.
This is fairer than the elapsed real time.

We need estimates & and @ of optimal & and ¥ = S, (@) to compare performance of the algorithms.
For the MRI experiment these estimates are obtained by running PDPS + block-GS until computational
resource (CPU time) value of 800o. For deblur experiment er use slightly different estimates for PDPS
+ block-GS and PDPS + identity, which are obtained by running the corresponding algorithms for
CPU time values of 4000 and 15000. The first estimates are also used to track performance of implicit
method. With these solution estimates we define the inner and outer relative errors

”d_ak“ ||L~l—uk||Q r-11d -D*
€a,rel ‘= W and ey el = W for Q = x_D o lr-1d)
y

5.5 RESULTS

We report performance in Figure 5 and the image data and reconstructions in Figures 3 and 4. Figure 5
indicates that PDPS + block-GS has significantly lower computational costs than the other methods. It
has the fastest convergence of the outer objective function as well as the inner and the outer iterates
in both experiments, MRI and deblurring. PDPS + identity also seems to perform better than implicit
function and trust region methods based on Figure 5, but its efficiency appears to be closer to them
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Figure 4: Target images of size 247 X 292 (middle column),simulated MRI measurements (left column)
and reconstructions (right column). Colorbar for image domain F T S|
values from interval [0, 1] and for measurements presented in logarithmic scale computed
as log;,(+ +0.05) N N v olues (of logs) from interval [—1.3,2.0]. Top
row presents a training set example and bottom row test example, not used in training. The
relative error ||reconstruction — target||,/||target||, for the reconstruction of training target
is 6.92% and for the test target 6.86%.

than to PDPS + block-GS. This suggests that block Gauss-Seidel for adjoint steps significantly improves
algorithm performance. This improvement is likely based on fact that adjoint steps based on the block
Gauss-Seidel and identity splitting have a similar computational cost, but the former allowed us to
choose a 1020 times larger outer step length parameter, see Table 1, while still obtaining an apparently
stable algorithm.

All single-loop bilevel methods (as far as we know) require the inner objective to be twice con-
tinuously differentiable, including the methods we propose here. This means that nonsmooth inner
problems need to be smoothed. This prevents us from (fairly) comparing our proposed method that
uses PDPS steps for the inner problem, to most single-loop bilevel in the literature—including the
FIFB and FEFB of [40]. Based on gradient steps for the inner problem, these would require a different
type of smoothing. Regardless, in our previous work [40], for roughly the same deconvolution kernel
identification problem that we treat here, we compared the performance of inner methods based on a
single gradient descent step to the implicit method, based on the primal form of the inner problem.
The implicit method present here, based on the primal-dual form of the inner problem, performs better
than the implicit method in [40], but also, our single-loop method based on the block-GS adjoint solver,
obtains greater improvements over the implicit method than the improvements obtained in [40].

From machine learning perspective, our MRI training set is extremely small, only 4 examples. To
assess the quality of the identified sampling mask, we solved the inner inverse problem (5.2) to a high
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precision with PDPS (3000 steps with the step length parameters from Table 1, since taking more steps
did not decrease the inner objective value significantly) for simulated measurements z; in a training
set and in a test set of one data pair. Figure 4 shows these reconstructions as well as the true target
images. These reconstructions lose target detail but are still of good quality (less than 7% relative
error) for a sampling sparsity of 28%. The errors between the test set and the training set are similar,
suggesting that our bilevel learning model generalises well to unseen data (from the same distribution)
despite the small training set. We note that the reconstruction can be slightly improved by setting, as a
post-processing step, all the non-zero learned weights to one.

As could be expected from our sparsity regularisation, for MRI, the reconstructed sampling mask in
the k-space, shown in Figure 2b (top), takes a range of values. It emphasises the lowest frequencies,
and then falls of until it reaches a threshold frequency, after which the mask is zero. The threshold
frequencies appear to be again emphasised to compensate for the lack of sampling at higher frequencies.
The Fourier transform of the mask, which would correspond to spatial regularisation of the image,
resembles a sinc function, as would be expected from the structure of the k-space mask, but also,
interestingly, the weights of a discretised higher-order differential operator. It, therefore, seems that an
optimal MRI sampling mask attempts to extract information about the differentials of the image.

APPENDIX A THREE-POINT MONOTONICITY

We needed the following three-point monotonicity property in Lemma 2.9.

Theorem A.1. Let X be Banach space and let F : X — R be strongly convex with factory (in a set A C X)
as well as Lipschitz differentiable with constant L > 0 (in A). Then for any t > 0,

y—tL 2 y—tL

(DF(z) = DF(X),x - %) > +

~ ~ L ~
lx —x ||z—x||2—Z||x—z||2 (for all x,z,x € A).

Proof. The proof is adapted from [42]. We have
1 ~ 1 —~
(a.2) (DF(z) = DF(X),x —X) = E(DF(Z) —DF(X),x —X) + §<DF(Z) — DF(X),x —X)
1 ~ ~ —~
> 5((DF(x) — DF(X),x — %) + (DF(2) — DF (x), x — x>)
1 —~ —~
+> ((DF(Z) _DF(®),z - %) + (DF(z) = DF(X), x — z>)
=: 1I + 11
=ioht ok
The strong monotonicity and Lipschitz continuity of DF with Young’s inequality yield

I = {(DF(x) — DF(X),x —x) + (DF(z) — DF(x),x — X)

—~ —~ —~ ~ L
> yllx = %II* — IDF(z) = DF(x)|lllx = %I = yllx = X||* = tLlx - XII* - yrilaie z|*.

Inserting this and an analogous estimate for I, into (A.1) establishes the claim. O

APPENDIX B LIPSCHITZ SELECTIONS OF THE SOLUTION MAP

We now continue from Remark 2.4 to treat the existence and differentiability of the solution map S, of
the inner problem. The next lemma is a an implicit function variant of [9, Lemma 22.3]. It relaxes the
invertibility restriction on G, in the standard implicit function theorem.
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Figure 5: Performance of the compared methods. Top row: outer iterate convergence, middle row: inner
iterate convergence and bottom row: outer function value convergence. The “computational
resources” is the spent CPU time over multiple cores, parallelisation level depending on

algorithm.

Lemma B.1. On Banach spaces U, o/, and Y, suppose G : U X o — Y is continuously differentiable at
(u,a), G(u;a) = 0, and that G,(u; @) € L(U;Y) has a right-inverse G, (u; )" € L(Y;U). Then there
exists a neighorhood V,, of a and a continuously differentiable S : V,, — U such that G(S(&); &) = 0 for

allé € V,, and S’ (a) = Gy (u; ) "Gy (u; @).

Proof. Let A = G,(u;a) and A" = G,(u;)". Then P := Id—A'A is a projection into ker A =
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ker G, (u; ), in particular, AP = 0. We further define
G:Uxd — Y xkerG,(u;a), G(ii; &) == (G(a; ), Pu) forall (i,a) € U x o,
as well as
M:Y XxkerA— U, M($,4) =A"y+q, forall § € Y and § € ker A.

Then for all Au € U, we have MG, (u; &) Au = A"AAu+ PAu = Au. Thus M is a left-inverse of G, (u; @),
and consequently ker G, (u; ) = {0}. Since G, (u; @) Au = (AAu, PAu) for all Au € U, similarly, for all
(9,9) € Y xker A, we have

Gu(uw; a)M(3,§) = (AAT§ + Ag, PAT§ + P§) = (AA"3,P§) = (3.9),

which shows that M is also the right-inverse of G, (u; @) on Y x ker F’(x). Hence G, (u; ) is bijective.
By the implicit function theorem, e.g., [27, Theorem 1.25], a continuously differentiable S : V, — U
now exists in a neighborhood V,, of a with

S'(a) = Gu(wa)_léa(u;a) = MGa(Wa) = M(Gq(u; @), 0)
= A'Gy(u;a) = Gu(u;0)"Go (u; ). O

We now obtain the following; compare [14, Theorem 5].8].

Corollary B.2. Suppose that the assumptions of Lemma B.1 hold at some u, with G(uy; @) = 0 for all a in
a compact o C o . If. moreover

(i) The set {u | G(u; ) = 0} is convex for all « € o, and

(i)) M = sup,,. ; |Gu(tte; @) "Gy (tters @) || < 0o,
then for every € > 0, there exists a continuously differentiable and Lipschitz S : A — U withG(S(a); ) =
0 for all « € 9. Moreover, the Lipschitz factor of S is at most M + ¢.

Proof. We apply Lemma B.1to all a € o to obtain corresponding neighbourhoods V,, c o and
continuously differentiable mappings S* : V,, — U satistying G(S%(a); @) = 0 for all @ € V,,. Due to
continuous differentiability and the expression (S%)’(«) = G, (u; )" G, (u; @), shrinking V,, if necessary,
we may assume that S* is Lipschitz in V,, with Lipschitz factor at most |G, (#; @) G (u; @) || + €.

If @ € Vp, NV, for oy # a3, it may be that S (a) # S*(a). However, the convexity assumption
(i) guarantees for any A € [0,1] that u? := AS% (&) + (1 — 1)S% (&) satisfies G(u”; @) = 0. Therefore,
we may use a compact covering argument and a partition of unity (which exists by the compactness
of o) to glue together the various S% to obtain a single inverse selection S : &/ — U, satisfying
G(S(@); @) = 0 for all &. Finally, (ii) establishes the claimed bound on the Lipschitz factor. O

If G(u; @) = V,F(u; ) for a convex function F, then it is clear that the convexity assumption in
Corollary B.2 (i) holds. However, it also holds for G(u; @) = A(u; @) + B(u; @) as given by Example 3.2
for the PDPS. As a variation of [22, Theorem 2.1], this can be seen from the characterisation of solutions
(%, ¥) to 0 = G(x, y; ) as the saddle points of L(x, y) := f(x;a) + (Kx, y) — g"(y; @). The latter as
defined as those (%, ) satisfying

L(xy) < L(%9) < L(x§) forall (xy)eXxY.
Lemma B.3. The saddle points of a convex-concave L : X X Y — [—oo, 0] form a convex set.

Proof. For any two solutions pairs (xo, yo) and (xy, y1), defining x; = Axg + (1 — A)x; and y, =
Ayo + (1 = )y, by convexity L(xy, y1) < AL(x0, y2) + 1= A)L(x1, y2) < L(x, yy) for any x. The
lower bound is proved analogously. O
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APPENDIX C LEMMAS FOR THE TRACKING PROPERTY OF BLOCK GAUSS—SEIDEL

We prove here an estimate that was needed to derive the tracking inequality for block Gauss—Seidel
splitting in Example 4.7. We start with two technical lemmas.

Lemma c.1. Letb > 0 and ¢ < 0. Then —b + Vb? — 4bc > —2bc/(—c + b).

Proof. We estimate

poVFoapo o Lot cthe b ~2be
- - c = = > — .
b+VbZ—abc b+ Vb2—dbc b++bZ—4bc+ (2c)2 —c+b

Lemma c.2. Let a, b, c,d > 0 and define for 1, n, > 0 the functions
filpunz) = 407t + A+ 070ah)b? and  fo(n,n2) = (1+m)c + (1+n2)d?.
Moreover, assume for some { € [0,1) that

(ca) d*+abd + b*(1+c)(A+a®) + > + be < *

Then there exists n; > 0 such that
fi(ni, acd™'n}) = fo(ny, acd™'n}) < &%
Proof. The equation fi(n}, acd'n}) = f2(n}, acd™'n}) is equivalent to the quadratic
g(c? +acd)(n})? + (2 +d* = b*(1+ a®)n} — b*/c*(c* + acd) = 0.

The left-hand-side is negative at n; = 0, and the equation has a root n; > 0. Instead of solving for this
root, we find the root greater than 7] of

q(n) = (¢* + acd)n* — b* (1 + a®)n — b*/c*(c* + acd).

This is
_b*(1+a?) + V(b2(1+ a?))? + 4b?/c2(c? + acd)?
7= 2(c% + acd)
2 2 2 2
< b*(1+a®) +b/c(c” + acd) =ér for rom 1+b(1+a) ‘
c® +acd c c+ad

Because f>(11, (ac/d)n;) is an increasing function of 1y, an application of (c.1) gives

fnf, (ac/dyn?) < filn, (ac/dyn) = (1 R 9) N (1 R 7”) .
<d*+abd +b*(A+c)(1+a%) +c® +be < % o

Theorem c.3. Assume Ay, A1z, Az and Ay are linear operator between Hilbert spaces U and of . With
A = N+ My and Asg = Noy + M, let

A Ap Ny O (Mn Axp )
A= , N= , and M= .
(A21 Azz) (A21 sz) 0 My

Moreover, suppose Ny; and N,y are invertible and bounded, and

(C.2) [INzg' (May — Az Nyy'Ara) I” + [Nz (Mo — Agi Ny Ara) 1| Nz Aga ||| Nyy M |
+ NG Mul|* (14 [N A1) (1 + [INz Azall?) + 1N Awe [P + NG A NG M| < P
for some { € [0,1). Then (4.7) holds with the aforementioned { and any yn satisfying

|| N || Naz |

0<yn < - .
2|INull + [IN22|[(1 + [|N,, Az ||2)
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Proof. We have
N~'= —]1\[1;1 -1 0—1 .
Ny AuNy~ Ny,

Thus Young’s inequality, for any > 0, establishes

(©3) N2 = sup IN;'x]1? + [IN,,'y = N Ag Ny x| w Ixll” + lly = N,,'Agix||?
Xy llx]1? + || Il xy  |INux|[? + [Nz y|l?
< sup xlI? + (1+ )Y+ 1+ PN, Agix||?
T xy || Nyix[|2 + || Noz y |

Consequently p||[N71|? < 1 (here p = },12\]) if and only if, for all x and y,

Ix1I” + (1+ BN, Azxll* < p7 INux||? and - (1+ B )IyI* < p~ N2 ylI*.
This is to say
(c.4) p+p(L+P)ING Anll? <INyl and  p(1+57") < |INz2lI*.

We can solve from the latter

P _ (| Na2 |I? _ ﬁ”szH2

1 1 2
=p |INz||* -1 &= f="— =
P P 2 p [[N2212 = p P 1+ 471 p+1

provided || Ny ||> > p. Then the first inequality in (c.4) reads

BlIN2, |I? N BlINaz||?
p+1 p+1

(1+ A)IINg, AntlI” < [INull”.

In other words
BIINz2||* + (14 B) BIINz2||* I N5y Aoa||* < (14 B)|INull*.

Note that this holds with § = 0, and rearranges as
(c.5) B[Nz |17 [Nz Azall + B (IN22lI* (1 + [Nz AaalI*) = [[Null?) = [INull* < o.

We want maximal p, therefore minimal § > 0 that satisfies (c.5). Since this is condition is quadratic in
B, and is satisfied at = 0,, the corresponding function has a positive root f’. Any positive number
smaller than ', such as the positive root of

B2IIN22 |12 (1 + [INy5 Ag||?) + BlINa2lI?(1+ [N Az |1%) = || Null%,

also satisfies (c.5). We solve the corresponding quadratic equation in  and use Lemma c.1 to find

ﬁ*<ﬂl

—[IN22 |12 (1 + [N A |I?) + \/||sz||4(1 + [INL Az l1?)? — 4[INa2 |12 (1 + [IN;5 Az ]12) [ Nua |2
2||Naz|12(1+ |IN,,' Az [|2)

2
> IR _ . B,
[IN1 12 + [|N22 |12 (1 + [IN,,' Az ]|?)

Therefore p||N,!||? < 1for p = f*||Na2||?/(1+ B*) and we get

_ B || N2 |I? _ [ Nu |2 [| N2z || S | N [|? || Na2 ||
Br+1 2 Null? + [Na2lP(1+ INGAZIP) ~ (2[[Nu + [Naa | (1 + [N A 2))?
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Taking the square root, we see that yn||[N~!|| < 1for any
YN < [INu[llIN22[l/ (2l Null + [ N2 | (1 + [| Nz Aza %))
Likewise we have
N7 My, N 'Ap

N_le = h 1 1 1 1 .
v _N2_2 A21Nﬁ My —]\]2_2 A21Nﬂ Ap + ]\/vz_2 My,

Similarly as in (c.3), using Young’s inequality we obtain ||N,!M,||> < {? if and only if, for some
N, 2 > 0 and ¢ € [0,1), we have

(1+n"+(1+ ’72_1)||N2_21A21||2) INg'Muyll* < ¢* and
(1+n)IINT Apll® + (1+ 12) [IN3; (Mo — Ap Ny 'Ap) |1 < 2

By Lemma c.2 these inequalities hold when the assumed (c.2) does. O

APPENDIX D PROXIMAL OPERATORS

APPENDIX D.1 OUTER PROXIMAL OPERATORS

Lemma p.1. Let R() = B(X iy @i — 1)% + S[0.00) (1) fora = (e, ..., aq) € R*. Then
prox,p(a) = (max{0, &}, @z, a3, as)

where a, a3, and a4 are solved from the system of linear equations

4
0(j+20'ﬂ20(j :dj+20ﬁ.
i=2

Proof. The claim follows directly from the definition of proximal operator and the corresponding first
order optimality condition

4 4
1
Ou, oﬂ(§ ozi—1)2+5 § (i —@)*| =0 forj=234. o
i=2 i=2

The next result on our sparsity regulariser for MRI sampling pattern weights has a lot of resemblance
to simplex projection methods, see, for example, [1, Chapter 5].

Lemma D.2. For some weight vector w € (0, c0)" and f, M > 0, let

R(a) = fo(w'a) + Sjoc0yn (@),  @(t) =t + S(—oom) (1)

Then, foralli=1,...,nand @ € R",

N ) - - wrdr —M
[prox p(a)]; = max(0,&; — w;A) where A=max{———— 18",

lwrll?
wheret > 0,5 = (&;)ier and wr = (w;)er for I C {1,...,n} chosen such that
(D.1) Gifwi>A = i€l and a/wi<l = i¢l.

Moreover, such a choice exists.
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n
i=r

suchthat 7 = {j+1,...,n} and A computed based on it satisfies (p.1). If &;/w; = aj/wj and w; # w;
for i # j, then all sorting combinations may be needed to be tried for such indices. f w'a < M, we
can always take I = {1,...,n}.

Thus, due to (p.1), to calculate , we need to sort the vector («;/w;),, and find a dividing index j

Proof. The necessary and sufficient first-order optimality condition for & = prox g (@) is
0€a—a+wNey(wa)+1pw+ Nso(a),

in other words

(D.2) 0O=a-a+w(A+7f)+u where

(D.3) 0<A wa<M, M-w'a)l=0, and

(D.4) Ui <0, =0, au=0 foral i=1...,n
We choose

~ W}ON{[ -M
A=A-tf=max{—————76,0¢.
lwrll
Foranyi € {1,...,n},ifq; > w,it, then a; = a; — Wii > 0, so (D.4) is satisﬁNed by taking y; = 0, and
(D.2) when a; — &; + w;A + 7w; = 0, which indeed holds. Likewise, if @; < w;A, we have a; = 0, so (D.4)
is satisfied for any y; < 0, and, therefore, (D.2) when a; — &; + w;A + tfw; > 0, which again holds.
It, therefore, remains to verify (p.3). To do so, we start by proving that

T T~ 27
(D.5) wia=wrar — [[wrl["A,
Indeed, by the construction ¢; = max(0, &; — w;A), we have
WT(Z = Z Wl'ONCi - le/l = Z Wi&i - le/l
i:&iZWi/i l‘:C’?‘{i>WiA'~

Therefore (p.5) holds by (p.1). Now, to prove (D.3), observe that 0 < A by construction. Using (p.5), and
the definition of 1, we obtain w e = min (M, w}d] — [lwz?zp). In particular w"a < M. Moreover, if
A>0,ie,wrdr - lwr||?cB > M, we obtain w'a = M, proving (D.3).

To see that (D.1) can be satisfied, let J := {i | g; = 0}. Observe from (D.4) that y; = 0 whenever
a; > 0. Since wiag = w'a < M and w7, applying w . to the components of (p.2) corresponding

to g, we obtain
(D.6) 0< M—w}dj+||w:]||z()t+rﬁ).
Due to this and the first part of (D.3),
wrag—M
A > max 0,‘7—2—7,5 .
lwrll

If wla < M, we need A = 0, so this must hold as an equality. If w"a = M, the inequality in (D.6) would
be an equality, so we again reach the same conclusion due to the non-negativity requirement. It follows
from (p.2) and (D.4) that

@ = & —wi(A+1P) — i = & — wid — i = max{0, & — wils)},

. wiag—M
Ag=i+fﬁ=max{L,rﬁ}.

where

lwrll?

Finally, if a; > w,-)I g thenie J by d~eﬁn~ition. Since also &; < w,-)NL g implies y; < 0, hence i ¢ 7, it
follows that we can take 7 = J and A = A 7. O
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APPENDIX D.2 DIFFERENTIALS AND THE PROXIMAL OPERATOR OF THE INNER REGULARIZER

We present here expansions of derivations and the proximal operator of the inner regularizer g ,
defined in (5.1). These are needed for the numerical realisation of our method for the experiments of
Section 5. Readily, we calculate the partial derivatives of g” ; as (note that each y; € R?)

) 1 s

(p.7) 9y,9:5(y) = 3y, [max{0, —(ly;ll = @)’} + 2l
0, if ||vill < «
= 5y] + 1 , ”)’]” ' 0

|y]|(||y]|| a)?, otherwise.

Likewise, the Hessian V2 39; 5( y) is given by the entries 9),.9y,9" ;(y) = 0 for i # j and

0, if [yl < ao
E =51d, +
ng&g(y) ? {ayj [l”;}]H(Hy]H ay) ] otherwise
. 0, if || yjll <«
=0lda+ 9 1d -y yT M|yl 2y 97 .
o Uil = @0)? + 25 (11l = @), otherwise.

Lemma p.3. Let g ; be defined by (5.1) for some ¢,5 > 0. Moreover, letv € R2™"2_ Then for any t > 0 and
je{1,...,nny}, we have

reids if o1l < (1+ 8)at
[Pfoxfg;&(v)]j =\ 220-e(r+8)+\E (- 140) Frde (- loj |- (1 +0)atg)

HEn

vj, otherwise.

Proof. Let y := proxrg*{s(v). Let j € {1,...,mnz}. Suppose first that || ;|| < a¢ Using (p.7) and the the

definition of proximal operator, give the characterisation y; —v; + 7dy; = 0, i.e., y; = vj. Thus
llojll < (1+ 78) .
Suppose then that || y;|| > a. Again the partial derivative formula (p.7) and the definition of the

proximal operator give the characterisation

1+1'(5

1
Yj

This is to say y; = tv; for some t > 0 satisfying

(1+T(5+1 (tllo; —ao)z)) —1,
tlos ]

which translates into the second order equation in ¢.

||0j||t2 +(e(r7 4 68) — 2a0)t + 0(§||vj||_1 —erl=0.

This is solved by

20(0 —e(t7 4+ 8) £ /e (r7 1+ 8)% + de(r o || - (71 + 5)0{0)
2[o;l

Only the positive choice of sign satisfies the ansatz ||y;|| > o, i.e., t]|v;]| > ao. O
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