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SECOND-ORDER CONDITIONS FOR SPATIO-TEMPORALLY
SPARSE OPTIMAL CONTROL VIA SECOND SUBDERIVATIVES

Nicolas Borchard” Gerd Wachsmuth™

Abstract We address second-order optimality conditions for optimal control problems involving
sparsity functionals which induce spatio-temporal sparsity patterns. We employ the notion of
(weak) second subderivatives. With this approach, we are able to reproduce the results from
Casas, Herzog, and Wachsmuth (ESAIM COCYV, 23, 2017, p. 263—295). Our analysis yields a slight
improvement of one of these results and also opens the door for the sensitivity analysis of this
class of problems.
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1 INTRODUCTION
We are interested in second-order optimality condition for optimization problems of the form
(1.1) Minimize F(u) + pji(u) W.L.t. u € Uy,
where F: Uyq — R is assumed to be smooth,
U ={uel*(Qx (0,T)) |a <u < Pfae}

is the feasible set with constants @ < f, g > 0 is a scaling parameter and j; is one of the sparsity
functionals

(1.2a) Ji(w) = lullp o ==/ lu(x, )| d(x, 1),
Qx(0,T)
T 1/2
(1.2b) Jo(u) = ||u||L2(o,T;L1(Q)) = [/ llu(., t)”il(g) dl‘} )
0
(1.2¢) J3(w) = lullporzor)) = /QHU(X, Mz o,y dx.

For a special choice of F, problem (1.1) has been considered in [5]. Therein, the smooth part F involves
the solution map of a semilinear parabolic equation, see Section 4 for details.

Sufficient optimality conditions of second-order typically provide quadratic growth in the neigh-
borhood of a minimizer. This is of uttermost importance for the stability of the minimizer under
perturbations, for the convergence of optimization methods and for the numerical analysis of dis-
cretization schemes, see [10] and the references therein. Another important role is played by necessary
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conditions of second-order. They will be satisfied by every local minimizer and the “distance” between
the necessary and the sufficient conditions can serve as a judgement concerning their sharpness.

There is a rich literature for second-order conditions for PDE-constrained optimal control problems.
We refer again to [10] and the references therein. The first contribution concerning second-order
conditions for optimal control problems with nonsmooth sparsity functionals is [4]. Therein, the
L'-norm (as in (1.2a)) was considered, which has a significantly simpler structure than the functionals
Jji from (1.2). As already said, the other functionals from (1.2) were already investigated in [5]. Further
contributions which address more complicated state equations are [8, 19].

The structure of second-order conditions depend crucially on the presence of an L?-Tikhonov term
in the objective. If such a term is included, the problem can be analyzed in L?, one obtains a quadratic
growth condition in L? for the control and the gap between the necessary and sufficient conditions of
second order is as small as possible, see, e.g., [9]. In absence of the Tikhonov term, the first contribution
for PDE control is [3]. Therein, the author proves a second-order sufficient condition which guarantees
a quadratic growth in the state variable, but necessary conditions of second order are not available.
Under a structural assumption on the adjoint state, [11] provides a second-order condition which gives
quadratic growth in L! for the control, again, no necessary conditions of second order were addressed.
By using the notion of second subderivatives, it was demonstrated in [12], that (under the structural
assumption) the problem should be analyzed in the space of measures and the authors were able to
characterize quadratic growth in L for the control via second-order conditions.

In the present paper, we focus on the situation in which a Tikhonov term is present (within the
smooth part F) and enables us to analyze the problem in L% In this setting, we mainly reproduce the
results of [5]. However, our approach has three advantages. First, we were able to prove quadratic
growth in an L?(Q X (0, T))-ball in the case of j = j;, whereas the growth was only known to hold in
an L™ (Q; L%(0, T))-ball before. This is important for the numerical analysis of such problems. We note
that optimality in an L?(Q X (0, T))-ball has been shown in [7, Theorem 4.2] for a problem without
control constraints and in [6, Theorem 4.16] for a problem with infinite time horizon. Second, our
sufficient condition in the case # = 0 and j = j, seems to be weaker. More comments concerning
these two points can be found in Section 4. Finally, since we prove second-order epi-differentiability
of the functionals j; (under mild assumptions), the sensitivity analysis from [13] is applicable to the
problem at hand and can be used to prove (directional) differentiability of the solution w.r.t. possible
perturbations of the data. We also mention that we identified two issues with the analysis in [5], see
Lemma 3.8 and Example 3.14.

In order to analyze problem (1.1), we use the reformulation

(1.3) Minimize F(u) + G;(u) wrt u e L*(Qx(0,7)),
where
(1.4) Gi(u) = by, (u) + pji(u)

with the indicator function &y, : L*(Q X (0,T)) — {0, oo} of the feasible set. Since the functionals G;
are nonsmooth (and even discontinuous everywhere), it is not clear how (directional) second-order
derivatives should be defined. In [5], the authors used an ad-hoc approach, i.e., they defined reasonable
expressions for the second-order derivatives and proved that they can be used to arrive at second-
order optimality conditions. We follow the approach of [12, 20] and utilize the weak second-order
subderivative of G; at i w.r.t. w € L2(Q x (0,T)) defined for all directions v € L?(Q) via

G{ (@, w;v) := inf< lim inf Gild + tev) = ZG,-(u) ~ te{w, 0k)
k—oo tk/z

e N\ 0,0 — U}.

We prove that this weak second subderivative coincides with the expressions given in [5]. Further, we
prove that the functionals G; are strongly twice epi-differentiable (see Definition 2.4) and this enables
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us to use abstract results concerning second-order optimality conditions. Due to these preparations,
one can easily apply the theory to obtain second-order conditions for problems in which, e.g., the
functional F is defined via different PDEs.

The paper is structured as follows. In Section 2 we give details concerning no-gap second-order
conditions via the calculus of subderivatives. We review the second-order theory (Section 2.1) and also
give some new results of first and second order (Section 2.2 and Section 2.3). Section 3 is devoted to
the computation of the weak second subderivatives of G; and to the verification of the strong twice
epi-differentiability of G;. Finally, these findings are applied to a semilinear parabolic control problem
in Section 4.

2 NO-GAP SECOND-ORDER CONDITIONS

In this section, we consider the minimization problem
(P) Minimize ®(x) := F(x) + G(x) wrt x € X.

Here, G: X — R := (—o0,00] and F: dom(G) — R are given. We are going to provide optimality
conditions for (P) by using subderivatives of G.

We are interested in necessary and sufficient conditions of second order, such that the gap between
both conditions is as small as in finite dimensions. In Section 2.1, we present the second-order theory
from [20], which is a slight generalization of the theory from [12]. Afterwards, we introduce a first-order
subderivative in Section 2.2 and provide associated results and calculus rules. Finally, in Section 2.3,
we present some new results of second order.

Throughout this section, we always consider the following situation.

Assumption 2.1 (Standing Assumptions and Notation).
(i) X is the (topological) dual space of a separable Banach space Y,
(il) x € dom(G) is fixed,
(iii) There exist F’(x) € Y and a bounded bilinear form F”(x): X X X — R with

F(% + thy) — F(x) — i F' (%) h — 262F" (%) h?
(2 khm (% + txhy) — F(%) ;()k An ()k:0
—00 k

for all sequences (#x) C R* := (0, 0), (hx) C X satisfying t; \ 0, hy X heXandx+ fehy €
dom(G).

Note that we use the abbreviations F’(x)h := (F’(x), h) and F”'(x)h? := F”/(x)(h, h) for all h € X in
(2.1), and that (2.1) is automatically satisfied if F admits a second-order Taylor expansion of the form

(2.2) F(x+h) —F(x) — F'(x)h - %F”(a‘c)hz = o(||hll%) as|lhllx — oO.

2.1 REVIEW OF SECOND-ORDER THEORY

First, we review the theory from [12, 20]. As a second derivative for the functional G, we use the
so-called weak-x second subderivative.

Definition 2.2 (Weak-x Second Subderivative). Let x € dom(G) and w € Y be given. The weak-x
second subderivative G” (x, w;-): X — [—o00, o] of G at x for w is defined via

G(x + tehi) = G(x) = ti{w, h
G” (x’ w; h) := inf lim inf (x + U k) > (X) k<W! k>
k—o0 tk/z

e\ 0, iy = h}.
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In the case that G is convex, the parameter w in G” (x, w; -) will often be taken from the convex
subdifferential 9G(x) C X*. In the case that X is not reflexive, we identify Y with a proper subspace
of X* = Y** (in the canonical way). In [20, Remark 2.3] an example is given which shows that the
existence of w € Y N dG(x) is an additional regularity assumption, since it requires the existence of
subgradients of G in the smaller pre-dual space Y.

We review some properties of G” (x, w;-).

Lemma 2.3 ([20, Lemma 2.4]). We assume that G is convex and x € dom(G). Forw € Y N dG(x) we have
VheX: G”(x,w;h) >0,
whereas in case w € Y \ 0G(x) we have
Jhe X\ {0}: G (x,w; h) = —co.

In the next definition, we ensure the existence of recovery sequences.

Definition 2.4 (Second-Order Epi-Differentiability). Let x € dom(G) and w € Y be given. The functional
G is said to be weak-x twice epi-differentiable (respectively, strictly twice epi-differentiable, respectively,
strongly twice epi-differentiable) at x for w in a direction h € X, if for all (#;) € R* with # N\ 0 there

exists a sequence (hy) C X satisfying hy X (respectively, hg X hand llAkllx — |lhllx, respectively,
hi — h) and

G(x + trhy) — G(x) — ti{w, hg)
t2/2 ’

(2.3) G" (x,w;h) = klim

The functional G is called weak-*/strictly/strongly twice epi-differentiable at x for w if it is weak-
*/strictly/strongly twice epi-differentiable at x for w in all directions h € X.

We note that a slightly weaker property would be sufficient to apply the second-order theory below.
In fact, for every h € X we only need one pair of sequences (t;) and (hy) with the properties as in
Definition 2.4, see [12, Definition 3.4, Theorem 4.3]. However, many functionals G are actually weak-
*/strictly/strongly twice epi-differentiable and this stronger property is also useful for a differential
sensitivity analysis, see [13].

Next, we state the second-order optimality conditions for (P). We start with the necessary condition
from [20, Theorem 2.8].

Theorem 2.5 (Second-Order Necessary Condition). Suppose that % is a local minimizer of (P) such that
(2.4) D(x) > B(X) + %Hx “FE VxeX|x-lx<e

holds for some ¢ > 0 and some ¢ > 0. Assume further that one of the following conditions is satisfied.
(i) The map h — F” (x)h? is sequentially weak-* upper semicontinuous.
(ii) The functional G is strongly twice epi-differentiable at X for —F’ (x).

Then

(2.5) F"(%)h* + G (%, —F'(%); h) > cl||h||% Vh e X.

We continue with the sufficient condition, see [20, Theorem 2.9].

Borchard, Wachsmuth Second-order conditions for spatio-temporally sparse...



J. Nonsmooth Anal. Optim. 5 (2024), 12604 page 5 of 36

Theorem 2.6 (Second-Order Sufficient Condition). Assume that the map h — F”'(x)h? is sequentially
weak-x lower semicontinuous and that

(2.6) F’()h* +G" (%, -F'(%);h) >0  Vhe X\ {0}.
Suppose further that

forall (ty) € R, (h) € X with t; \ 0, hy X0 and ||hellx =1, we have

(NDC) . . 1 _ _ /(= 1 17 (=\1,2
lim inf t—z(G(x + tich) — G(%)) + (F' (%), hye /1) + EF (X)h | > 0.
k

k—o0

Then x satisfies the growth condition (2.4) with some constants ¢ > 0 and ¢ > 0.

In case G is convex, a first-order condition is actually hidden in (2.6), see Lemma 2.3 and also
Corollary 2.22 below. The acronym (NDC) stands for “non-degeneracy condition”, see [12, Theorem 4.4].
Sufficient conditions for (NDC) are given in [12, Lemma 5.1]. A slight generalization of their case (ii)
applies to our problem (1.3).

Lemma 2.7. Suppose that G is convex, X is a Hilbert space and —F’ (x) € dG(x). We further require that
h — F”(%)h? is a Legendre form, i.e., it is sequentially weakly lower semicontinuous and

hy = h and F”()'c)hlzC — F’(x)h? = he > h
holds for all sequences (hx) € X. Then, (NDC) is satisfied.

Proof. Let sequences (#) and (ki) as in (NDC) be given. Due to convexity, we have

1

t—z(G(az + thi) — G(%)) + (F' (%), hie /1) = 0.
k

Thus, it is sufficient to verify lim infy_,., F”' () h12< > 0. From the sequential weak lower semicontinuity

and hy — 0, we already get lim inf}_,., F”(x)h? > 0. The case lim inf_,co F”(i)hi = 0 cannot appear,

since this would lead to hy — 0 (at least on a subsequence) in contradiction to ||A||x = 1. This finishes

the proof. o

We note that [12, Lemma 5.1(ii)] is also formulated for so-called Legendre-*x forms on dual spaces
of reflexive spaces (see [15, Definition 4.1.2] for the terminology). However, it was shown in [15,
Theorem 4.3.9] that this setting already implies that the underlying space is (isomorphic to) a Hilbert
space.

Finally, we recall a result which is helpful for the calculation of second subderivatives via dense
subsets.

Lemma 2.8 ([13, Lemma 3.2]). Let x € dom(G) and w € Y be given. We suppose the existence of a set
V C X and a functional Q: X — [—o0, 00] such that

(i) forallh € X we have G” (x,w;h) > Q(h),
(ii) for allh € V and all (t;) C R* with t; \, 0, there exists a sequence (hy) C X satisfying hy X h
Ihkllx — [lhllx, and

G(x + tgh) — G(x) — (w, h) .
t2/2

O(h) = lim [—o0, 00],

(iii) for allh € X with Q(h) < oo there exists a sequence (h') C V with h! = h, |h||x — ||hllx and
Q(h) > liminf;_,. Q(h').
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Then, Q = G” (x,w;-) and G is strictly twice epi-differentiable at x for w. If, moreover, the sequences in
(ii) and (iii) can be chosen strongly convergent, then G is even strongly twice epi-differentiable at x for w.

Since we use a setting which is slightly different from [13, Lemma 3.2], we give a sketch of the proof.

Proof. Let h € X be given. From (i) and (ii), we immediately get that Q(h) = G” (x,w; h) forallh € V.
From (i) we further get G (x, w; h) = oo if Q(h) = oo. For such sequences, we can take h; = h to
obtain (2.3). Now, let & € X with Q(h) < co and (#;) € R* with ;. \ 0 be arbitrary. Let (h!) C V be

the sequence from (iii). According to (ii), we find sequences (hfc)k C X with hi o R, ||h§c|| x = ||1Alx,
and

O = 1im G(x+ tkhi) - G(x) — {w, h]lc)
k—co t2/2

€ [—o0, c0].

In order to handle the limits +oo, we equip [—co, co] with the metric d(xy, x) = |atan(x;) — atan(x3)|.
Now we can continue as in the proof of [13, Lemma 3.2], and create a diagonal sequence (h;) C V such

that A = h, ||||lx — |Ihllx and

G(x + tihy) — G(x) — (w, hy)
t2/2 '

O(h) > liinian(h’) > lim

Finally, (i) allows to bound the left-hand side by G”’ (x, w; h) from above, while the right-hand side
is bounded from below by this term via its definition. This shows that (he) is a strictly convergent
recovery sequence. Since h € X and () C R* were arbitrary, this shows that G is strictly twice
epi-differentiable at x for w.

The strong twice epi-differentiability can be proven along the same lines. O

2.2 NEW RESULTS OF FIRST ORDER
In this section, we define a subderivative of first order and investigate its relations with the second
subderivative from Definition 2.2. We start with the definition.

Definition 2.9 (Weak-x (First) Subderivative). Let x € dom(G) be given. The weak-x (first) subderiva-
tive of G at x in a direction h € X is defined by

G(x + thy) — G(x)
73

(2.7) Gi(x;h):zinfpgyinf

@\le@.

We note that a similar derivative is the “lower directional epiderivative” in [2, (2.68)] if we apply
this definition to the space X equipped with its weak-* topology. However, this definition cannot be
stated by using sequences, but one has to use weak-x convergent nets, which is inconvenient, since
weak-x convergent nets can be unbounded. We further mention that the finite-dimensional analogue
is a classical object in variational analysis, see, e.g., [17, Definition 8.1].

In [20, Lemma 2.5] it was shown that the implication

G’ (x;h) > (w,h) = G"(x,w;h) = +o0 Vhe X

holds under the assumptions that G is convex and that the directional derivative G’(x; -) is sequentially
weak-* lower semicontinuous.

By utilizing the weak-x first subderivative, we are able to circumvent these additional assumptions.
The finite-dimensional analogue was considered in [1, (2.5)].
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Lemma 2.10. For all x € dom(G) andw € Y we have

Gl(x;h) > (w,h) = G”(x,w;h) =+c0  VheX,

Gl(x;h) < (w,h) = G”(x,w;h)=-o0  VheX.
Proof. Let h € X with G(x;h) > (w, h) be arbitrary. For all sequences (t;) C R*, (ht) C X with
hy X hand te \, 0 we have

.. Gx+trh) —G(x) —te{w, he) . . . G(x+thg) — G(x)
hlzn inf " = 11]£n inf "

> GY(x;h) = (w, h) > 0,

- klim <W, hk>

where we used Definition 2.9 for “>”. Since an additional factor #,_ ! appears in the definition of
G”' (x, w; h), this implies G” (x, w; h) = +oo. The other implication follows by a similar argument. O

The next lemma provides some properties of the subderivative. In particular, it shows that the sub-
derivative coincides with the directional derivative under certain assumptions on G. Interestingly, these
are the conditions appearing in [20, Lemma 2.5] and, therefore, this result follows from Lemmas 2.10
and 2.11.

Lemma 2.11. Let x € dom(G) be given.

(i) Let a direction h € X be given, for which the directional derivative G’ (x; h) € [—co, co] exists. Then,
G'(x;h) > G(x; h).
(ii) If G is convex, then Gl (x;-): X — [—00, 0] is convex.
(iii) If G is convex, then for allw € Y we have
w € aG(x) & GY(x;h) > (w,h) VheX.

(iv) Suppose that G is convex and that G’ (x;-) : X — [—o0, 0] is sequentially weak-x lower semicon-
tinuous. Then,

G'(x;h) =GY(x;h)  VheX.

Proof. (i): The inequality G’(x; h) > G'(x; h) follows directly from the definitions.
(ii): Let hy, hy € X and A € (0,1) be given. We have to show

G (x; by + (1= Mhy) < AGH (3 hy) + (1= V)G (3 hy),

where we use the convention oo + (—c0) := (—00) + 00 := 0. Let (#;x)r € R* and (fzj,k)k C X with

tix N\ 0and ilj,k = h; be arbitrary, where j € {1,2}. We select subsequences, denoted by (t;)x and
(hj )k, such that

L G(x+Ekhir) —~G(x) Glx+tixhjx) - G(x)
lim inf - = lim €

k— o0 tj,k k—oo tj,k

[—OO, OO]

for j € {1,2},i.e, these subsequences realize the limit inferior. We set . := (A/tl,k +(1- A)/tz,k) ! N, 0
and gg := Ahyp + (1= A)ho X Ahy + (1 — A)h,. By convexity of G we get
(1-Ditx

Aty
G(x +trgr) = Gx + ;(tl,khl,k) + (taxhok)
1 ,
At 1-Mt
< —kG(x + tl,khl,k) + gG(x + tz,khz,k)~
fik Ik
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Together with the definition of the subderivative, we find

Gl (x; by + (1= Vhy)
G(x + trgx) — G(x)

< liminf
k— o0 tx
G(x+tythig) — G G(x+tyrhoy) — G
< liminf| A (x 1Lk 1,k) (x) +(1-2) (x 2.k z,k) (x))
k—)oo tl,k tZ,k
G(x+thig) -G G(x+tyhoy) — G
< 2 lim (x + tyehik) — G(x) +(1-2) lim (x + tyrhoi) — G(x)
k— 00 tl,k k— o0 tZ,k
G(x + hixhig) - G G(x + byrhay) — G
~ Aliminf SO ARE) TGO gy i e SO+ Pakhap) = GO0
k—oo0 bk k—co ok

In the last inequality, the convention co + (—00) = oo is crucial. Since this holds for all sequences as
above, we can take the infimum over these sequences and this yields the desired convexity.
(iii): “=": Let (t;) € R* and (hy) € X with # \, 0 and Ay X heXbe arbitrary. The definition of
the subdifferential yields
G(x + tghy) — G(h)
Ik

> (w, hy).

Due to w € Y, we can pass to the limit inferior k — oco. Afterwards, we take the infimum over all such
sequences (tx), (hx) and this yields the claim.

“=”Ifw < Gl(x;-), we get w < G’(x;-) from (i) and (together with the convexity of G) this implies
(w,h) < G'(x;h) < G(x + h) — G(x) for arbitrary h € X, i.e., w € 3G(x).

(iv): In view of (i), it is sufficient to prove “<”. Let (#x) € R* and (hx) C X with t; \, 0 and
hy X heXbe arbitrary. We get

G’ (xsh) < liminf G’ (x; ) < lim nf Glx + tk’;k) -G
—00 oo "

by the sequential weak-x lower semicontinuity of G’(x;-) and the convexity of G. Taking the infimum
over all sequences yields the desired inequality. O

A simple argument leads to a first-order condition.

Theorem 2.12 (First-Order Necessary Condition). Suppose that X is a local minimizer of (P). Then,
F'(%)h+GY(x;h) > 0 for all h € X. IfG is additionally convex, this condition is equivalent to —F’ (%) €
G (X).

Proof. Let sequences (#x) € R*, (hx) € X with #; N\, 0 and Ay X hbe given. From (2.1) we get

(X + tche) — F(X) — teF (%) hye
& i -

Thus,

) o o) — s
lim nf G(x + tk’;") 6®) lim inf (%) t(“ i) _ lim —F (£)h = —F'()h.
—00 k —00 k —00

The first part of the claim follows by taking the infimum w.r.t. all these sequences. The second claim
follows from Lemma 2.11(iii) with w = —F’ (%), since F’'(x) € Y. O

Next, we provide a sum rule for Gl
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Lemma 2.13. Suppose that G = g; + go with gi,g2: X — R. For all x € dom(G) we have
G (x;h) > gll(x; h) +g%(x; h)

for all h € X for which the right-hand side is not oo + (—00) (or (—o0) + o). Additionally, assume that X
is reflexive and

(i) g1 Lipschitz continuous in a neighborhood of x and convex,

(ii) g2 is strongly (once) epi-differentiable at x in the sense that for all h € X and sequences (t) C R*
with ty N\, 0 there exists a sequence (hy) C X with hy — h in X such that

G2 (x + thy) — g2 (x)
tx .

gi(x; h) = klim

Then,
Gl(x;h) = gl (x;h) +gi(x;h) VR EX.

Proof. The inequality “>” follows by the definition of the first subderivative by using liminf, . (an, +
b,) = liminf, . a, + liminf,_,« b,, whenever the right-hand side is not co + (—c0).

We show the other inequality under the additional assumptions. Let (#;) € R* be arbitrary with
fr "\, 0 and let (hg) C X with hy — h be given according to (ii). We have

g+ tch) —gi(x) . gi(x+tkh) —gi(x) L gi(x + tehg) — gi(x + trh)
lim = lim + lim
k—o00 tx k—o0 by k—oco by

=gj(x;h) +0,

where we used the convexity for the existence of the directional derivative and the Lipschitz continuity
is applied for the second addend. Thus,

G(x + thy) — G(x)
tk
g+ teh) —gi(x) L ga(x + trhg) — ga(x)
= lim + lim inf
k—o0 tk k—o0 tk
= g1(x:h) + g5 (x: h).

Finally, we note that g} (x;-) is convex and Lipschitz continuous, thus sequentially weakly lower semi-
continuous. Since X is reflexive, this implies sequential weak-x lower semicontinuity and Lemma 2.11(iv)
implies ¢/ (x; h) = g+ (x; h) for all h € X. O

Gl(x;h) < 111131 inf

Finally, we give two lemmas in reflexive spaces. The first of these results is similar to [16, Proposi-
tion 6.2].

Lemma 2.14. We assume that the space X is reflexive and that G: X — R is convex. For all x € dom(G)
and h € X we have

G(x + txhy) — G(x)
Ik

(2.8) Gl(x;h) = inf{lilgn inf

e\, 0, b — h}

Moreover, there exist sequences () C R* and (hi) € X with tx \, 0, hxy — h and

G(x + tphy) — G(x)
tx '

Gl (x;h) = klim

In particular, Gl (x;+) is lower semicontinuous.
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Note that (2.8) shows that the weak-x subderivative coincides with the strong subderivative (defined
as in Definition 2.9 with strong convergence instead of weak-x convergence).

Proof. We denote the right-hand side of (2.8) by R(h). It is clear that R > G'(x;-). By arguing as in
Lemma 2.11(ii), we can check that R is convex. Next, we verify that the infimum in the definition of R
is attained. For an arbitrary h € X, the definition of R(h) implies the existence of double sequences
(ten) € R*, (hgn) € X and (rg) C [—o0, 00] such that

lim ||he, —hllx =0  VkeN, lim te, =0  VkeN,
n—oo n—oo
G(x + tr ,h -G
lim G F tenhen) = G(x) Vk € N, lim r¢ = R(h).
n—oo tk,n k—o0

To handle the limits +co, we again use the metric d(x;, x;) = |atan(x;) — atan(xz)| on [—co, co]. For
each k € N, we select n(k) € N such that

- G(x + ten(i) hien(k)) — G(x)
d > Tk
tkn(k)

x|

1
tkn(k) < P

x| =

hkni) = hllx <

This shows that the sequences (tx) := (txn(k)), (hx) = (hin(k)) satisfy

G(x + thr) — G(x)

hi — h, te ™\ O,
Ik

— R(h).

Hence, the infimum in the definition of R is always attained.

The lower semicontinuity of R follows by a similar diagonal-sequence argument. Together with the
convexity, we get that R is weakly lower semicontinuous.

Now, let the sequences () C R*, (hx) € X with t \, 0 and hy — h be arbitrary. From the
convexity of G and the definition of R we get

G(x + trh) — G(x) > liminf G(x +shg) — G(x)

> R(hg).
tx s\0 S 2 R(h)

The weak lower semicontinuity of R implies

..~ G(x+trhy) — G(x)
lim inf
k—o00 tx

> lilzninfR(hk) > R(h).

Taking the infimum over all such sequences shows Gl(x;h) > R(h) for all h € X. This shows
Gl (x;-) = R and the claim follows. O

The reflexivity of X is only used to get the equivalence of weak-* convergence and weak convergence.
This is needed in order to apply the result that convex and lower semicontinuous functionals are
weakly lower semicontinuous. Without reflexivity, we would get a similar assertion for the weak
subderivative of G defined via

G(x + trh) — G(x)
tk

(2.9) G (x;h) = inf{lilzn inf

e\ 0, b — h}

However, if X is not reflexive, we cannot extract weakly convergent subsequences and, consequently,
G~ seems to be of little use.

Lemma 2.14 enables us to prove a very interesting characterization of nonemptyness of the subdif-
ferential.

Lemma 2.15. Let X be reflexive and G: X — R convex. For all x € dom(G), the assertions
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(i) GY(x;0) = 0.
(i) 3G (x) # 0.
are equivalent. In case that these assumptions hold, we also have
(2.10) Gl(x;h) = sup{(w,h)x | w € G(x)}  VheX.

Proof. “(i)=(ii)”: From Lemma 2.11(ii) and Lemma 2.14, we know that G!(x;-) is convex and lower
semicontinuous. Further, for all A € X we have

. ) +oo  if GY(x;h) = +oo,
0 = GY(x;0) < liminf G (x; —h) = lim inf ;Gl(x; h) =40  ifGl(x;h) € R,
—o0o  if GY(x;h) = —co.

This implies that G! (x; -) never attains the value —co. Thus, we can invoke [14, Proposition 1.3.1, p. 14]
and get

Gl(x;h) = sup{c+ (wh)x |[c€R, weY, Vhe X :c+(w h)x < Gl(x;fz)},

i.e, G1(x;-) is the pointwise supremum of its continuous, affine minorants. Since G (x; -) is positively
homogeneous, one can check

Gl(x;h) = sup{{w,h)x | w € Y, Vh € X : (w, h)x < G'(x; h)}.

In order to conclude, it remains to check that w € dG(x) if and only if w < G!(x;-), and this is precisely
the assertion of Lemma 2.11(iii). This shows (ii). Note that this part of the proof also shows validity of
(2.10).

“(i))=(i)”: This follows directly from Lemma 2.11(iii). O

One might wonder whether (2.10) implies the conditions Lemma 2.15(i), (ii). It is clear that a linear
and unbounded functional G satisfies (2.10), but Lemma 2.15(i), (ii) are violated. The next example
shows that lower semicontinuity also does not help. It provides a convex and lower semicontinuous
function on a Hilbert space such that its subderivative at 0 is identically —co. This example is similar
to [20, Remark 2.3].

Example 2.16. We consider the Hilbert space ¢? and the closed, convex set
C:={xe®||x,) <n?VneN}

We define the function f: > — R via

Flx) = {Z‘,’f:l x, forxeC

+00 else.

It is clear that f is convex. Since n~? is summable, we have dom( f) = C and this set is closed. Next, we

show that f is continuous on its domain and this implies that f is lower semicontinuous. To this end,
let a sequence (x,,) C C be given such that x,,, — x in £2. Clearly, x, € C. For an arbitrary ¢ > 0, there
exists N € N with },7° ., n72 < e. Due to x,,, — xo, there exists M € N with fo:l|(xm — Xo)n| < € for
all m > M. This implies

N oo
[ Gom) = FG0)l < D 1 CGom = x0)al + > | Gomal + | (x0)u] < 3e.
n=1

n=N+1
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for allm > M. Since ¢ > 0 was arbitrary, this shows f(x,,,) — f(x0), i.e., f is continuous on its domain.
Together with the closedness of dom(f), the lower semicontinuity of f follows.

As announced, we demonstrate that f l(O; -) = —oo. We start by considering hq € c., where ¢, C £?
is the (dense) subspace consisting of finite sequences. We choose t,, :== m™> \, 0 and

where e, is the n-th unit sequence. Note that ||h,, — ho||§2 =1-1/mand (hy,, — hy,v),;z — 0 for all
v € ¢.. Thus, h,;; — hy. For m large enough, we have t,,h,, € C. Thus,

0 tmhm - 0 . =
fl(O;ho)Sliminff( i - )= /(0 :llmlan(hm)n
m m—oo L
- m? —m
—liminf > (ho)n — = —.
it ) (ol = == = -

Thus, f l(O; -) equals —co on the dense subspace c.. Since f L(0; -) is lower semicontinuous due to
Lemma 2.14, we get f1(0;-) = —co. Finally, we can apply Lemma 2.15 to get 9f (0) = 0, although this
can be also seen by elementary considerations. We also note that (2.10) still holds, since sup ) = —co.

A simple example shows that (2.10) can also fail.

Example 2.17. Let X = R and consider f: R — R,

+oo  ifx <0,

o {5 s

It is clear that f is convex and lower semicontinuous. Further, we can check that

+oo ifh <0,
—oo ifh > 0.

ﬁwm:{

Thus, Lemma 2.15(i) is violated. Consequently, Lemma 2.15 implies df(0) = 0. We also see that (2.10)
fails.

2.3 NEW RESULTS OF SECOND ORDER

Finally, we present some new results concerning the second-order optimality conditions.
Surprisingly, one can check that the quadratic growth condition implies (NDC). Note that this has
not been realized in the previous works [12, 20].

Theorem 2.18 (Quadratic Growth Implies (NDC)). We assume that the quadratic growth condition (2.4)
is satisfied at X with some constants ¢ > 0 and € > 0. Then, (NDC) is satisfied.

Proof. Let sequences (#x) € R*, (hx) € X as in (NDC) be given. From (2.4) we get

¢c 1y/c F(x+tehy) — F(x)  G(x+ tehg) — G(%)
== (G hehelly) < : + :
te 2 te te
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for k large enough. Taking the limit inferior and using (2.1), we get

c L. F(x+thy) — F(x) G(x+tehy) — G(%)
— < liminf 5 + >
2 k—oo te t;
thF (X)hi + 2t2F" (x)h? 7 —G(x
:liminf( F’ (%) hy 22 k (%) k + G(x+tkh12<) G(X))
koo B B
1 1
= lim inf(t—z(G(J'c + tich) — G(%)) + (F' (%), hie /1) + EF"(X)hi).
—00 k
Since this holds for all sequences (as above), we obtain that (NDC) is satisfied. O

This theorem even shows that the limit inferior in (NDC) is uniformly positive. It is also interesting
to note that this is always the case whenever (NDC) is satisfied.

Lemma 2.19 (Uniform Positivity in (NDC)). Suppose that (NDC) is satisfied. Then, there exists ¢ > 0 such
that

forall (ty) € R, (he) € X with t; \ 0, hy X0 and [|hellx =1, we have
NDC’
( ) lim inf(l2
k— o0

(G(% + tehg) — G(%)) + (F (%), he /1) + %F”(J‘c)hi) >

N o

tk
holds.

Proof. We define

k— o0

% = inf{liminf(G(i + tihi) ~ GX) + (F"(x), hie) + 1

F” (%)h?
tli b 2 (%) k)

B\ 0, by = 0,}

Ihellx =1

In case ¢ = oo, there is nothing to show. Otherwise, we have ¢ € [0, ). By definition, there are

sequences of sequences ((tk.n)n)k> ((hkn)n)k With tr, \, 0 and hy, X 0asn — ooand lhknllx =1
such that

— := liminf
2

n—oo

G(% + tinhin) — G(x)  (F/(%), hi 1
Ck ( k,n 2k,n) ( ) + < ( ) ’n> + _F”(X')hlzc .
tk n tk,n 2 |
satisfies ¢y — c¢. Now, we can argue as in the proof of [13, Lemma 2.12(ii)] to obtain diagonal sequences

. *
(tk,n(k)) and (hk,n(k)) with tk,n(k) N\ 0 and hk,n(k) — 0as k — oo, ||hk,n(k)||X =1land

G(x +t h -G(x F'(x),h 1
lim( ( k,n(k)z kn(k)) — G(X) N (F/ (%), hicniy ) . EFN(X-)hlzc,n(k)) _ g
k—oo b () tkn(k)

From (NDC), we infer ¢ > 0 and this yields the claim. O

By combining the previous theorem with Theorems 2.5 and 2.6, we arrive at our main theorem on
no-gap second-order conditions.
Theorem 2.20 (No-Gap Second-Order Optimality Condition). Assume that the map h +— F”'(%)h?
is sequentially weak-x lower semicontinuous and that one of the conditions (i) and (ii) in Theorem 2.5
is satisfied. Then, the second-order condition (2.6) and (NDC) hold if and only if the quadratic growth
condition (2.4) is satisfied at X with constantsc > 0 and ¢ > 0.

We can recast the above second-order conditions in a familiar form including the first-order condition
and a critical cone.

Borchard, Wachsmuth Second-order conditions for spatio-temporally sparse...



J. Nonsmooth Anal. Optim. 5 (2024), 12604 page 14 of 36

Corollary 2.21. Let the assumptions of Theorem 2.20 and (NDC) be satisfied. The quadratic growth condition
(2.4) with constants ¢ > 0 and € > 0 is satisfied if and only if
(2.112) F(x)h+GY(x;h) >0  VheX,
(2.11b) F’(x)h* + G” (%, ~F'(x);h) > 0 Vh e K\ {0},
where the critical cone K is defined via
K :={h e X | F(X)h+G'x;h) = 0}.
Moreover, if x is a local minimizer of (P), then (2.11) holds with “>” instead of “>” in (2.11b).

Proof. Let (2.4) be satisfied with ¢ > 0 and ¢ > 0. From Theorem 2.5, we get (2.5). Clearly, (2.11b) (with
“>” instead of “>” in case ¢ = 0) follows. Since (2.5) implies G (X, —F'(x); h) > —oco for all h € X,
Lemma 2.10 can be applied to obtain (2.11a). This shows the “only if” part of the first assertion and the
second assertion.

It remains to prove the “if” part of the first assertion. To this end, let (2.11) be satisfied. We show that
this implies (2.6). Let h € X \ {0} be given. In case h € K\ {0}, (2.6) follows from (2.11b). Otherwise,
h ¢ K and (2.11a) give F'(X)h+G'(%; h) > 0. Thus, (2.6) is implied by Lemma 2.10. Finally, Theorem 2.6
shows that (2.4) holds. O

In the case that G is convex, we can use the assertions of Lemma 2.11 to reformulate (2.11a) via the
subdifferential.

Corollary 2.22. In addition to the assumptions of Theorem z.z0, we assume that (NDC) holds and that G
is convex. The quadratic growth condition (2.4) with constants ¢ > 0 and € > 0 is satisfied if and only if

(2.12a) F'(x)+3G(x) >0
(2.12b) F’"(%)h* + G” (%, —F (X);h) > 0 Vh e K\ {0},
where the critical cone K is defined via
K :={h e X | F(X)h+G'x;h) = 0}.
Moreover, if x is a local minimizer of (P), then (2.12) holds with “>” instead of “>” in (2.12b).

Proof. We just have to check that (2.11a) and (2.12a) are equivalent, and this follows from Lemma 2.11(iii).
O

In the situation of Corollary 2.22, let the first-order condition (2.12a) be satisfied. Using the equiva-
lence with (2.11a), we get K = {h € X | F/(%)h+GL(%; h) < 0}. Since G!(X; -) is convex by Lemma 2.11(ii),
this results in the convexity of . In case that G'(%;-) is additionally (sequentially) weak-* lower
semicontinuous, K is also (sequentially) weak-x closed.

For later reference, we remark that the proofs of the last two corollaries show that

(2.13) G" (x,-F (x);h) = +o0 Vhe X\ K

holds whenever G is convex and —F’ (%) € dG(x).
Finally, we also provide a sum rule for G”.

Lemma 2.23 (Sum Rule for Weak-x Second Subderivative). Let g1, g, : X — (—00, 00] and x € dom(g;) N
dom(g,). Furthermore h € X and wy,w, € Y.
Then, it holds

(2.14) (g1+92)" (x, w1 + wa; h) > gil(x’ wy; h) + gé'(x, wa; h),

whenever the right-hand side is not oo + (—o0).

Proof. This follows from the definitions, see also the first part of the proof of Lemma 2.13. O
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3 SECOND SUBDERIVATIVES OF SPARSITY FUNCTIONALS

Our plan is to apply the theory from Section 2 to the problem (1.3). Throughout, we are using the
spaces X = Y = L?(Qr). Here, Q7 := Q x (0, T), where Q c R? is assumed to be non-empty, open, and
bounded, and T > 0. Since the space L?(Qr) is reflexive, the weak topology and the weak-x topology
coincide. Thus, we will work with weak convergence throughout. In particular, v — v always refers
to weak convergence in L?(Qr) (unless stated otherwise). Note that we will also write @ € U,q instead
of X to denote the potential minimizer, which is fixed throughout.

We use the functions G; from (1.4), i.e.,

Gi(u) = pji(u) + dy,,.

Here, 8y, : L*(Q1) — {0, o} is the indicator function (in the sense of convex analysis) of the feasible
set U,q and j; is one of the functionals defined in (1.2), scaled by p > 0. Since the functions j; are finite
everywhere on L?(Qr), we get dom(G;) = Uyqg. At this point, we do not specify the function F, we just
require that F together with F’(#) € L?(Qr) and the bounded bilinear form F”’ (1) : L?(Q7)XL*(Qr) —
R satisfies the Taylor-like expansion (2.1).

We further recall that the set of feasible controls is defined by

U ={ueLl*(Qr) | @ < u(x,t) < ffaa. (x,t) € Qr},

where a, § € R are given with @ < f. This set is convex, closed and bounded. It is well known that the
tangent cone (in the sense of convex analysis) of U,qg C L?(Qr) at @t € U,q is given by

(3.1) T0,,(@) = {o € L*(Qr) | v(x,t) 2 0if d(x,t) = ¢ and v(x,t) < 0 if a(x, t) = B}
and concerning the normal cone we have for all v € L?(Q7) the equivalence

o(x,t) < 0ifa(x,t) =q,
(3.2) v e Ny, (1) & o(x,t) > 0ifa(x,t) =, faa. (x,t) € Qr.
o(x,t) =0ifa(x,t) € (a, p)

We expect that the results below can be extended to the case in which the bounds « and f are not
constants. For simplicity of the presentation, we only consider the case of constant control bounds.

In all results of this section, we do not use any special properties of (0, T) and Q. Thus, they could
be replaced by arbitrary finite and complete measure spaces. In particular, we could swap the roles of
(0, T) and Q. This yields analogous results for the functionals

1/2
Ja(u) = ||u||L2(Q;L1(o,T)) = l/”u(x, ')”il(o,T) dx] >
Q

T
Js(w) o= lull oy = / e D)l 12ey d,
0

which involve sparsity w.r.t. time.

We start with the first-order analysis of problem (1.3). Since these preliminary results hold for all j;
or G;, i € {1,2,3}, we will just write j or G.
Lemma 3.1. It holds

(3-32) 5}]&1(&; ) =075, @)
and
(3:3b) GH(@:-) = i’ () + 87, a)-
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Proof. In order to check (3.3a), we use Lemma 2.14 and get

5Uad(ﬂ + trog)
73

c%ad(ﬁ; v) = inf{lil?li(gf

e\ 0,0 — Z)}.

Now, it is straightforward to check that the right-hand side coincides with 57;]ad (@) (0).
To show (3.3b), we can apply Lemma 2.13 with g; = pj and g, = dy,,. We verify the needed required
properties. The space L?(Qr) is reflexive. Lemma 2.13(i) holds due to

ji(uz) = ji(u)| < ji(uz —w) < Cilluz — wll2 o) Vus, up € L*(Qr).

For the convex and closed set Uyq, the Bouligand tangent cone 7y, (i) coincides with the so-called
inner tangent cone, see [2, Proposition 2.55]. By the definition of the inner tangent cone, this result
reads

T, (@) = {o € L*(Qr) | ¥(tk) € RY, 1 \y 0 : I(ug) C Upa : (ug — @)/t — v}

and this is precisely property Lemma 2.13(ii).
Applying Lemma 2.13 and (3.3a) yields

GH(@0) = pjt (@:0) + 8, (0) = pj’ (@:0) + 87, (@) (0),
where the last equality follows from Lemma 2.11(iv) as j fulfills the required properties. O

Next, we see that the critical cone K from Corollary 2.22 coincides with the critical cone Cj; as
defined in [5, (4.1)].

Lemma 3.2. Let i € Uyq be given. Then the sets

K = {v € L*(Qr) | F'(@)v + G'(@i;0) = 0},
Ca = {v € Ty, (@) | F'(@)v + pj’(@;0) = 0}

coincide.

Proof. For v € K, (3.3b) yields F’'(@t)v + pj’ (a;0) + 57;](1(1;) (v) = 0. We have 57551(1—,) (v) € {0, 00}, but
the value co would contradict the previous equality. This shows v € C;.
Now, let v € Cy be given. From v € 7y, (#) and by using (3.3b) again, we get

0=F'(a)v+pj (a;0) = F'(@)o+ pj’ (@;0) + 5%3d(,;)(v) = F'(#)o + G (i;0). O

We transfer the first-order necessary conditions (2.12a) for # € U,q to our situation. Since j is
continuous, the sum rule for the subdifferential applies, i.e.,

oG () = pdj(a) + ddu,, () = pdj (@) + Nu,, ().
Thus, the first-order condition (2.12a) is equivalent to the existence of A; € dj(%1) with
(3-4) 0 € F'(a) + pda + Ny, ().

Finally, we characterize the directions from the critical cone.
Lemma 3.3. Suppose that A; € 0j(i) satisfies (3.4) and letv € Ty, (@) be given. Then, v € Cy if and only
if
(3.52) (F'(a) + pAg)o =0 a.e. in Qr,
(3.5b) J'(@;0) = (Ag,v).
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Proof. Letv € C; be given. With w := (F/ (@) + pdz)v € L}(Q71) we have
0=F'(@)o+ pj (a;0) > (F' (@) + phyg,0) = / wd(x,t) >0
Qr
by definition of Cy, the properties of the subdifferential, and (3.4) as v € 7,, (). This shows (3.5b) and
that the integral over w is zero. From the characterizations of the tangent cone and the normal cone,

we get w > 0 a.e. in Qr. Thus, (3.52) follows.
The converse implication follows immediately. O

3.1 SECOND SUBDERIVATIVE OF jl

At the beginning, we recall the subdifferential of ji. For a functional A € L?(Q7) we have A € 9ji(@) if
and only if
(3.6) Alx, t) € Sign(a(x, t)) faa. (x,t) € Qr,

with the set-valued signum function

{+1} ifo > o0,
(3-7) Sign(0) :={{-1}  if6 <o,
[-L+1] if6=o0.

Moreover, the directional derivative j;(i;-) : L*(Q7) — R is given by

(3.8) ji(@;0) = ‘/{>0} od(x,t) — /{<0} od(x,t) + ./{:o} lo] d(x, ).

In order to apply the characterization of the critical cone from Lemma 3.3, we analyze condition (3.5b)
for j = ji.
Lemma 3.4. Let A; € )i (i) be given. Forv € L*(Qr), we have (Az,0) = j{(;v) if and only if

+1, ifu(x,t) =0ando(x,t) >0
dalx, ) = ifia(x, 1) = 0 ando(x,1) faa (x,t) € Or.
-1, ifu(x,t) =0ando(x,t) <0
Proof. This follows easily from
(@) = Guod = ol A dx)
{a=0}

since the integrand is non-negative a.e. due to (3.6). |

For the verification of the strong twice epidifferentiability, we use the recovery sequence from [4,
Theorem 3.7].

Lemma 3.5. Assume —F’ (@) € dG;(@) and letv € Cy be given. Furthermore, let (t;,) C R* be an arbitrary
sequence with t;. \, 0. We define the sequence (vi) C L?(Qr) via (pointwise)

. {o if i € (e @+ VE) U (B~ Vi, B) U (—VE, 0) U (0, Vi),

(3.9) P, (v) otherwise,

where P;, : R — R denotes the projection onto the interval [—L L] Then, we have

Vi Vi
(3.10a) e = o inL*(Qr),
(3.10b) vk € Cg,
(3.10¢) @+ trog € Uyg,
(3-10d) Ji(@+ teor) = ji(@) = ticjy (@5 0p).
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Proof. Tt holds vi(x,t) — v(x,t) pointwise and |og(x, t)| < |o(x,t)|. Due to v € L*(Q7), Lebesgue’s
dominated convergence theorem yields (3.10a).

By construction, we get (3.10c).

To show (3.10b) we first note that ;. € 7y, (i) follows from (3.10c). Next, we fix A; € 9j(#) such that
(3.4) holds. From Lemma 3.3, we get that v satisfies (3.5). Using {vx # 0} C {0 # 0} by construction,
we immediately get that (3.52) holds with o replaced by vg. Next, (3.5b) enables us to apply Lemma 3.4
to v. Due to {vr > 0} C {v > 0} and {vr < 0} C {v < 0}, we can consequently invoke Lemma 3.4 with
vk to obtain (Ag, vx) = jj(@;vr). Thus, Lemma 3.3 can be applied to v to get v € Cy.

Lastly, we prove (3.10d). Easy calculations show that @(x, t) > 0 implies @(x, t) + txor(x,t) = 0.
Analogously, @(x, t) + trog(x,t) < 0 holds whenever @(x, t) < 0. This yields

i@+ o) — i(@) = / @+ o] — [a] d(x, 1)

Qr
= tk(/ v d(x, t) — / vp d(x, 1) +/ log | d(x, t)),
{@>0} {a<0} {a=0}
which shows the claim. O
Theorem 3.6. We assume —F’ (i) € dG1(@t). Then,
G (a,—F'(@);v) =0 Yo € Cy
holds and G, is strongly twice epi-differentiable at @ for —F' ().

Proof. Lemma 2.3 yields G;’ (@, —F’(i1);v) > 0. Now, let v € Cyz and (#;) € R* with ;. N\, 0 be arbitrary.
For the sequence (v;) C L?(Qr) defined in (3.9) we get

o Gi(@ + tror) — Gi(@t) — te(—F' (1), o)

li
k—oo ti/z
.2 _ o o ‘e
= lim t_2(5Uad(u + teo) + pji (@ + teog) = 0 — pja (@) + e (F' (@), ok ))
k
. 2 = ’ /-
= kh—>nz>lo " (i (@; 0k) + (F' (@), vg)) (by (3.10c) and (3.10d))
2
= lim —0=0. (by (3.10b))
k—oo I

This shows G|’ (i, —F’(i1);v) = 0 and also the strong twice epi-differentiability in direction v € Cy. For
v € L?(Qr) \ Cz, we have G/ (@, —F'(1);v) = oo, see (2.13), and, hence, we can use vy = v as a recovery
sequence. ]

3.2 SECOND SUBDERIVATIVE OF j2

As in [5, Section 3.2], we define jq : L?(Q) — R via
Jo () = llull o = /Q ()] dx.

The directional derivative jg,(u;-) : L*(Q) — R is given by

(3.11) Jo(us0) = ‘/{u>0} o(x)dx — /{u<0} o(x)dx + /{uzo} lo(x)] dx.
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Now we can write j; as

2

T 1/
(312) ) = ( [ satutna)
0
The directional derivative j}(u;-) : L*(Q7) — R is given by

(3.13) (o) = J2(0), . ifu=0,
2 ,-Z(lu)fo Jo@)so()lu(®) gy dt, ifu#0,

see [5, Proposition 3.5]. Furthermore, it holds A € 9j,(u) if and only if A € L?(0, T; L*(Q)) and

t
u#0: Ax,t) € Sign(u(x, t))M a.e. in Qp

(3.14) jo(u)
u=0: [Alzorie@) <1,
see [5, Proposition 3.4]. Note that L?(0, T; L (Q)) is not a Bochner-Lebesgue space, but the (canonical)

dual of L2(0, T; L'(©)), which consists of weak-x measurable functions. Here, we used the set-valued
signum function from (3.7). Next, we recall a lower Taylor expansion of j, (@ + v).

Lemma 3.7 ([5, Lemma 5.7]). We assume @ # 0. There exist C > 0 and € > 0 such that

||U||22(QT)
Jo(i)?

T
(315)  jo(@+0) = jo(@t) + jy(@;0) + {/0 Jb(@(t); o (t))* dt —jé(ﬂ;vk)z} -C

1
2j2(a)
holds for all ||v]| 2 (q,) < €.

We provide a corrected version of [5, Lemma 5.6].

Lemma 3.8. Let (vx) C L*(Qr) be a sequence with vy — v in L*(Qr) and j,(@;vr) — j}(i;0). Then, the
functions wi € L?(0,T), defined via wy(t) = xm (1) jo(@(t), vi(t)), converge weakly in L2(0,T) towards
w € L*(0,T), w(t) = ym(t) jo,(@(t), 0(t)), where M := {t € (0,T) | [|a(t)ll11(q) # 0}.

Proof. 1t is sufficient to consider the case @ # 0 since M = 0 if # = 0. We define the functions
Wk 3= XN, Uk = XN_0k + XN, [0k, W= YN0~ XNZO+ [0,
with the sets

Ny = {(x,t) € Q7 | la(t)[lp1(q) # 0, a(x,t) > 0},

No :={(x,t) € Qr [ [[a(®)llp1q) # 0, 4(x,t) =0},

N_={(x,1) € Qr | [a(t)llr2(q) # 0, a(x,t) < 0}.
Our first goal is to check wy — w in L?(Qr). Clearly, we already have weak convergence in the first
two addends and it remains to consider yn; |vx|. Since this sequence is bounded in the reflexive space

L%(Qr), we get weak convergence of a subsequence (without relabeling), i.e., yn, |ox| = z in L?(Qr).
For an arbitrary measurable set Q C Qr, this yields

/zd(x, t) = lim /)(N0|vk|d(x, t) > lim /XNOUk d(x, t)| = ’/ N0 d(x, 1)
0 k—o0 0 k—o0 0 0

Consequently, z > yn,|o| a.e. on Q7. Utilizing the formula for j; and the assumption, we get

1
J2 (@)

kh_{go Jo (@ 0) = jy(@;0) = ‘/Q (xn,o = xnveo + o lol) la(8) ) d(x, ).
T
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On the other hand,

1

lim jy(@;0;) = lim ——

S k—eo Jo(i1) Joy
_ 1

J2 (@) Jor

Since the limit is unique, we get

0= /QT (z = xn o) la(0) 10y d(x, £).

(XN, 0k = XN_Vk + XN o) 7 (8) I 11 ) d(x, 1)

(xn.0 — xnv_v+2)la(8) || o) d(x, ).

Since the integrand is nonnegative, it has to vanish a.e. on Qr. The function z satisfies z = 0 a.e. on
Q1 \ Ny and we have [|@(t)||11(q) > 0fora.a. (x,t) € Ny. Hence, z = yn, || a.e. on Qr. This shows that
the weak limit z of yn, 0| is uniquely determined, consequently, the usual subsequence-subsequence
argument yields the convergence of the entire sequence. Thus, have shown that wy — W in L%(Qr).

Finally, the sequence wy is just the image of wy under the bounded linear mapping fQ dx: L2(Q7) —
L2(0,T), i.e., wi(t) = fQ Wi (x, t) dx. Thus, we get the desired wy — w in L2(0, T). O

Let us briefly comment on the flaw in [5, Lemma 5.6]. Therein, the assertion of Lemma 3.8 was
proved for M being the entire interval (0, T). This cannot be true since the assumptions do not contain
any information on vg (-, t) if [[@(¢)||1(q) = 0, see (3.13). Concerning the proof, note that [5, (5.24)]
reads “0 — 0 — 0” for all (x,t) with ||@(?)||1(q) = 0, but afterwards, the authors divide by 0. Finally,
we mention that [5, Lemma 5.6] is only used in the proof of [5, Theorem 5.5] and this proof can be
repaired by using Lemma 3.8 above, see also the arguments in the proof of Lemma 3.9 below. Thus, [5,
Theorem 5.5] remains correct.

The next lemma will be used to provide a lower bound for the second subderivative.

Lemma 3.9. Let (vr) C L*(Qr) be a sequence which satisfies vy — v € Cy and pj;(i; o) + F' (@)vg — 0.
Then

T T
timint [ jp(@(:o0)* - @o0? > [ jpawiom) d - fao)
Proof. It holds
13 (@5 08) — J5(@ )] < |y (@ 05) + F' @l + [F (@) (0 — )| + |-F (@)o — 3 (@ 0)].

The first addend converges to zero by assumption, the second one by the weak convergence and the
third one is zero as v € Cy. This implies j; (ii;0x) — j;(#;0). Hence, the subtrahend in the postulated
inequality converges. For the minuend we use

T
/ 71 (@(8); 0 (1)? dt = / 1 @(); 00 (8)? dt + / i@t 0 (8)) dt,
0 M A

with M as in Lemma 3.8 and A := (0,T) \ M. Combining Lemma 3.8 with the sequential weak lower
semicontinuity of ||| ) yields

2
LM
liminf/ Jjo(@(t);vp(t)* dt > / Jjo(@(t);0(t))* dt.
koo Jm M
Taking into account (3.11), ji, simplifies on the remaining set A and we get

2
liminf—/jg'l(u(t);vk(t))2 dt=1iminf/(/|vk(x, t)|dx) dt
k—oo  Ja k- JalJo

2
= /A(/Qk)(x’ t)ldx) dt:/Asz(u(t);v(t))zdt.
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The inner integral is continuous and convex as is also the square, leading to sequential weak lower
semicontinuity. Adding both inequalities completes the proof. O

One could ask why we did it this way because fOT Jo(a(t); ok ())? dt looks convex but this is not
true. The reason is that ji, (#(t);vx(t)) is convex w.r.t. vk, but squaring destroys convexity since
Jo(@(t); vk (t)) can be negative.

The next lemma is similar, but it provides an equality whenever the sequence vy converges strongly.

Lemma 3.10. Forvg — v in L(Qr) we have fOT Jo (s 0p)? dt — fOT Jj& (s v)? dt.

Proof. The estimates | ¢, (#;0x) — j,(@;0)| < |log = 0ll11(q) and |j (@ 0)] < [[o]l11(q) follow easily by
(3.11). Using those estimates, we get

T T
/ 1 (@00 dt - / 1 (@0)2 dt
0 0

T T
< / i (s o) — Jty (:0)| |t (00| e + / it (s 01) — oy 0)| |4 ()|
0 0
T 5 T 5 T
< / 1 (s 0r) — Jt (a0 / i (ason)f i + /
0 0 0
T T T
2 2 2
< /O ok ol o /0 el g i + /0 loll2, o

= j2(0x = 0) (jz2(0x) + j2(0)).

T
S/ |i6 (@5 06)? — o (@;0)%| dt
0

Jb ()| dt)

The second inequality follows from the binomial formula, the third one by Holder’s inequality, the
fourth one uses our previous estimates. Since vy — v, j2(vx) is bounded and j,(vr — v) converges to
zero. This finishes the proof. O

The next lemma enables us to invoke Lemma 3.3 for the characterization of the critical cone Cj.

Lemma 3.11. Let A € 9j;(i1) be given. Forv € L*(Qr), we have (Az,v) = j,(@;0) if and only if

(3.16a) a#0: Ag(x,t) € Sign(o(x, t))w a.e. in{a =0}
Ja (@)

(3.16b) a=0,0#0: Az(x,t) € Sign(ov(x, t))M a.e. in Qr.
Jj2(0)

Proof. We first consider the case @ # 0. From (3.14) we already have Az (x, t) = sz (x, ) [|@(t) |11 () / j2 (@)
with sz (x, t) € Sign(ia(x, t)) for a.a. (x,t) € Qr. Further,

T
jé@w)—%wﬁﬁ/o [jég(ﬂ(t);v(t))—/QSa(x, t)o(x, 1) dx}”ﬂ(t)HLl(Q) de.

Since the condition on s; can be rewritten as s;(t) € djq(@(t)), we can argue exactly as in Lemma 3.4.

It remains to consider # = 0, v # 0. Due to @ = 0, we get j; (#;0) = j2(v). Considering (3.14) again,
the condition in (3.16b) is equivalent to A; € dj2(v). Thus, it remains to show the equivalence of
(Aa, v) = j2(v) and Ay € 9j2(v).

“=7: From (3.14), we get [[Aallr2 (0,10 (q)) < 1. Thus, j2(w) 2 (Az, w) forall w € L?(Qr). Conse-
quently, jo(w) — j2(v) > (Az, w — o) for all w € L%(Qr).

“<”: This follows from taking w = 20 and w = 0 in the subgradient inequality. O

The final lemma addresses the construction of a recovery sequence.
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Lemma 3.12. Assumeii # 0,—F' (@) € dG, (@) and letv € Cy be given. For an arbitrary sequence (t;.) C R*
with t \ 0, the sequence (v;) C L?(Qr) defined in (3.9) satisfies

(3.172) o = o inL*(Qr),

(3-17b) ok € Cg,

(3.17¢) U+ trog € Uyg,

(3-17d) Jo(@ + trvk) — jo(@) = tejo(@;0r)  ae on(0,T).

Proof. As the sequence is the same as in Lemma 3.5, (3.17a) and (3.17¢) have already been proven there,
and (3.17d) can be shown analogously.

It remains to verify (3.17b). As in Lemma 3.5, we argue via Lemma 3.3 and we analogously get that
(3-5a) is valid with o replaced by vy. It remains to show that j; (i;0) = (A3, v) implies j; (#; vx) = (Ag, vk).
To this end, we can argue as in Lemma 3.5 by utilizing (3.16a) from Lemma 3.11. O

Note that the case @ = 0 has been excluded in Lemma 3.12. The reason is that condition (3.16b) is
incompatible with pointwise changes of v, see also Example 3.14 below.
Now, we are able to prove the main result of this section.

Theorem 3.13. We assume —F’ (1) € 0G,(it). In case i # 0, we have
u T
G, (a,—F'(@);0) = —_(/ Jjo(@(t);o(t)* dt — j5(a;0)*
J2(@) \Jo

for allv € Cy; and G is strongly twice epi-differentiable at u for —F' ().
In case i = 0, we have

Gy (a,—F'(#);0) =0 VYo e Cy and Gy (@, —F'(@);v) = 00 Yo € L*(Qr) \ Cy.

Proof. We first consider & # 0. Let v € Cy; be given. The first step is to show that the above right-hand
side is a lower bound for the expression

Gyl o) — Gy(@) — i (—F' (@), 0k
L := liminf >
k—oo tk/2

for every pair of sequences () C R* and (vx) C L?(Qr) with t; \, 0 and vx — v. It is clear that we
only have to consider sequences with @ + txvg € Uyg. As (#x) is a zero sequence and (vg) converges
weakly, (3.15) holds k large enough. We use the abbreviation

LT o
0(wa0) = s [ Jataon o) e o)
J2(@) \Jo
Note that ©(, vx) > 0 due to Holder’s inequality. With Lemma 3.7, we get

L= timinf 2 (ulja(a + ton) — 12 (@] + (' (@), 00))

k
3 3
2 12 Ctllvkll7,
> liminf — |yt (@ 0p) + £0(, o) — ———=2T1| 4 1 (F' (@), o) |
k—oo ti 2 ]2(U)2

As ||vg|lr2(o,) is bounded and j; (@) > 0 holds, the cubic term in brackets vanishes as k — co. This
yields

2
L2 lim inf(t— (#Jé(ﬂ; o) + (F' (@), vk)) +p0(a, vk))~
—00 k
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Note that —F’(i1) € dG, (@) and @ + tvr € Uyq yield pj, (@;0x) + (F' (i), vx) > 0. Now, we distinguish
two cases.

Case : liminfy_, oo 1 (15 vg ) + (F’ (i), vx) > 0. Because of the factor 2/t we get L = co. The desired
inequality is fulfilled.

Case 2: liminfy_, pj; (i;0) + (F' (i), vx) = 0. We choose subsequences of (#;) and (vx) (without
relabeling) which realize the limit inferior, i.e., y1j; (i; vi ) + (F’ (i), vx) — 0. In this situation, Lemma 3.9
can be applied and yields the desired

T
/1 + - . 2 i 2
zj—z(a)( / J(@(0):0(0)? dt - j)(@ o)

We will now show that this lower bound is realized for an arbitrary sequence (tx) € R* with tx \, 0
if (vg) is chosen as in Lemma 3.12. For the purpose of shortening, let S(@, k) = jo (@ + trv) + jo (@1). We
note that 2/S(@, k) — 1/ j2(i1). We get

G (@ + trog) — Go(#t) — t(—F'(@1), vg)

’<h—r>r°l° t2/2
= Jim = (@ + 0n) = (@] + e (@) by (5.170)
k
2(p[i(@+ to)? - ()] + 1S (@ k) F (@)oy)
= lim ——
k—co tkS(u, k)
1 . K /()T Jo (i + trop)® — jo(a)® dt + 1S (i, k) F’ (i) vy
=@ e 2 by (3.12)
- (1a) ;35?0 H fOT t e (5 06) + 2jo (@) if(a;vk) dt + S(a, k)F' (@) oy (370)
it (@ 0p)? + 2o (@) 1 (@ 0p) dt — S(a, k) j, (; o)
) j;a) o h W) 2 ]g;ku - e (by (317b))
1 T
" (@ i(/ b (@5 01)° dt + [2J2(@) = S(@ )1j3 (% vk>) (by (3.13))

T .
I P (‘/0 o (@00 dt Jo (0 + trog) — jo (1) (o ))

(@) koo te
The expression j;(i;-) is continuous and Ww — j,(i1;0) holds (cf. Lemma 2.13 as j, is
convex and Lipschitz continuous and therefore Hadamard differentiable). Together with Lemma 3.10,
this yields the claim.

In case @ = 0, the assertion directly follows from Lemma 2.3 and (2.13). O

The next example shows that the situation # = 0 is surprisingly difficult, even in case F’ (@) € L™ (Qr).

Example 3.14. We use the setting T = 1, Q = (0,1), i.e., Q7 = (0,1). Further, for some p € (0,1) we set
D={(xt)eQr|0<x<t’ <1}

Next, we fix & = 0 and we assume that the smooth part of the objective satisfies F’(#) = —1 on D while
|F’ ()] <1on Qr \ D. Finally, we set @ :== -1, f:=1land g = 1.
First, we show that the critical cone is nonempty. We define the measurable function v: Qr — R via

o(x.1) = {t‘f’ if (x,t) € D

0 else.
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T tP T 1
llo]|%, :/ / t‘zf’dxdt:/ tPdt = ——,
L*(Qr) o Jo o 1—

we have v € L2(Q7). Now, we can check

Due to

T 1/2
J(@:0) = (o) = ( G dt) =1

T ety
—F’(a)v:/vd(x,t):/ / —dxdt =1
D o Jo P

Thus, F’(@t)v + j;(@;v) = 0 and we trivially have v € 77, () = L*(Qr). Hence, v € Cy.
Next, we show that every o € C; \ {0} is unbounded, i.e., 0 ¢ L*(Q7). Indeed, for an arbitrary
0 € Cy\ {0} we have

and

T
J2(0) = jo(#39) = —F' (@) < / l9(D)l11(q) dt < [o() 2 (o) 20,1y = J2(2).
0

Hence, both inequalities are actually equalities. This implies o > 0 a.e. on D, 0 = 0 a.e. on Q7 \ D and
that [|3(t)|11(q) is a constant, say, ¢ > 0. For a.e. t € (0,1), we get ¢ = fQ o(x,t)dx = fotp 0(x, t) dx and
this shows Al({x € Q | 3(x,t) > c/t?}) > 0, where A% denotes the d-dimensional Lebesgue measure.
Consequently, Fubini implies that for any 7 € (0,1), we have

T
2{(x,t) € Qr | 3(x, 1) > ¢/7}) = / M{xeQ|o(xt)>c/r})dt
0
1/p

> /T M{x e Q|d(x,t) >c/tP})dt > 0.
0

This shows that 0 ¢ L= (Qr). In particular, for any o € C; \ {0} and any t > 0, we have @ + t0 ¢ Uyq.
Further, this shows that the assertion of Lemma 3.12 is not valid in case @# = 0, even if F/ (i) € L*(Q7).

Finally, let a sequence () € R* with t; , 0 be arbitrary and we consider the approximation
Ok = Pl_1/t.1/1,1(v) of the above v. It is clear that vy — v in L?(Qr) and @ + fxog € U,g. A simple
calculation shows (for #; small enough)

tl/P 1 1 tl/p 9 1 1
; k 2 2 2 L :
) = ([ Nl gy de e [ ol gy ae) = ([ Sars [ aar
0 t; 0 L t;
1/p 1/2
t 1/2
_ | _k i/p| _ ( 1/p)
= +1-t =11-(2 20+ 1))t
(2p+1 k ) (2p/(2p + D)t

and
1/p 1

1 tk p 1
—F’(a)vk:/ /vkdxdt:/ tp/tkdt+/ 1dxdt=1——tk/p.
o Jo 0 0/? p+1

Thus, the curvature term is

0y 1/0\1/2
_ _ o 1 2P 4llp - 1_Lt1//’)
. Gy(u+ tror) — Ga(at) + 1 F' (1) vg 2p+1 "k Ptk
lim = lim

=0.
k—o00 tli/z k—o00 tk/z

This shows that G}’ (i, —F’(i1);0) = 0 and that (i) serves as a recovery sequence. However, it is not
clear whether a similar approach works for all & € C; and whether G}’ (@, —F’'(i1);9) = 0 for all 9 € Cy.
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3.3 SECOND SUBDERIVATIVE OF j3

As in [5, p. 273,292], we define the sets

(3-182) Qa =A{x € Q| [a(¥)llrz(o1) # 0},
(3-18b) Qg ={x e Q| lla()llzor) =0} =2\ Qa
(3.18¢) Qo =A{x € Q| [la(x)llr201) = 0}, Yo > 0.

From [5, Proposition 3.8], we recall the directional derivative of js

e 1 T —
(3.19) J3(@;0) =/ ||v(x)||Lz(o,T)dx+/ —/ o dt dx
Q0 ag 1) 2o,y Jo

and A € 9j3(@) is equivalent to A € L*(Q;L?(0,T)) and

(3.20a) NAG) 2o,y <1 faa x e Q
u(x,t)

20b A BRI YN
(3.20b) 8 = Eoeon

faa xe Qzandt € (0,7T).

Lemma 3.15. For any measurable M C Qg, the mapping qu: L*(Q1) — R given by

i T T a(x, )o(x 1) )
= R m— ) dt — ———~d d
w0 = | e Vo i f fa@leon ) |

is convex, lower semicontinuous, and therefore sequentially weakly lower semicontinuous.

Proof. For fixed ¢ > 0, we define M, := M N Q, and b, : L*(Q1)? — R,

1 T 1 T T
by (v, w) ::/ _ / vwdt — 7(/ 7 dt) (/ aw dt) dx.
M, 172 0,1y [ Jo ”u(x)”LZ(o,T) 0 0

This is a symmetric and real-valued bilinear form. From Holder’s inequality we get

1 T T a(x )o(x,1) )2
. _— dt - — - =d
(2 T lon [./o - [ e leon

for all x € Q. Hence, b, (v,v) > 0 and, therefore, v + b, (v, v) is convex. For the continuity of b,, we
note

>0

2 2
|b (U U)l < / ”UHLZ(O,T) dx < ”U”LZ(QT)
o H — _ .
M, 12|22 01) o

Together with the symmetry, we get that b, is bounded, hence continuous.

The monotone convergence theorem yields g(v) = lims\ o by (v,0) = sup,. bs(v,0). Since the
supremum of convex and lower semicontinuous functions is again convex and lower semicontinuous,
this establishes the claim. O

The next lemma follows since L?(0, T) is a Hilbert space.
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Lemma 3.16. We define the function ¥ : L*(0,T) — R by ¥(f) := ||fllr2(o1)- For every f # 0 and
g € L*(0,T), we have

, 1 T
(3.220) ¥v(flg=— [ fodt
1f 1201y Jo
1 T 1 T 2
S | P
Ifllzzco | Jo ”f”LZ(o,T) 0
3 1 T 3 T T
(322) v (f)g’ = 2 (/ fgdt) _(/ g dt)(/ fgdt) '
||f||L2(O,T) ||f||L2(O,T) 0 0 0
Furthermore,
6llgll?.
(3.22d) |\P///(f)g3| < 2L (O,T)'
o,

The next lemma will be used to show a lower bound for the second subderivative of js.

Lemma 3.17. We assume @i # 0 and let sequences (1) C R* and (vr) C L?(Qr) be given such that t \, 0
and v — v. Then, it holds

. @+ teog) = ja(@) =t (@ ok )
lim inf >
k—oo tk/z

T _ 2
Z/Q el /OTv(x, £)? dt — (fo a(x Dolx. ) dt)

 Ta@llz o) 1201,

(3.23)

Proof. First we extract subsequences that realize the limit inferior, afterwards we extract subsequences
(again without relabeling) such that

1
(3.24) VkeN:f < i
For every N € N we define the set My and the functional j; 5 via
My = {x € Qun ] Vk = N [l (0) 2o < tk‘l/‘*},

Jon (W) = / luCx o) dx.
MnN

Our first goal is to show that the analogue of (3.23) holds for the functional j; 5 for fixed N € N with
N > 2. Forall x € My, k = N and 0 € [0,1] we get with (3.18¢) and (3.24)

v

a2 o) — Ollteor ()2 o,
1 54 1 1 1

ll2(x) + Otror ()|l 2 0,1)

1
— = tilloc )20y 2

> — -ty — > —
N N k N k3 2N
and therefore
tiello (x) |12
0< — LOD N2,
lla(x) + Otgor (x)||

2
12(0,T)
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Using ¥ from Lemma 3.16 we perform a Taylor expansion and obtain 6 € [0,1] (depending on k > N
and x € My) such that

P (@(x) + teog (x)) — ¥(a(x)) — ¥’ (@(x)) vk (x)
t/z 1" (= 2 tli "— 3
= - Fa(0))o ()" + =¥ (@(x) + 0p (x) o ()

Together with (3.22d) and the above estimate, we get

2
Y (a(x) + teog(x) = P (@(x) — ¥ (@(x)oe(x) > %\P"(au))ok(x)z 42N,

Since this estimate holds for all x € My, we can integrate and obtain
2

t
Jan (@ + o) = jan (@) = tjis n (@)og > EkQMN(Uk) — 42N / 1dx
MnN
with g, from Lemma 3.15. Now, we divide by t,f /2 and, using Lemma 3.15, we pass to the limit k — oo

to obtain o o L
Jan (@ + txvg) — jan (@) — ticjs  (@)vk

lim inf > ).
k—oo tlz/Z qMN( )
Since j3 — j3 N is a convex function, we get
. J(@+ o) — (@) — tijs(@)ok
lim inf >
k—o0 tk/Z
Jan (i + tog) — jan (@) — trjsy (@) ok
> liminf d > 0).
k—sc0 ti /2 quy ()

It remains to pass to the limit N — oo. Note that the set My is increasing in N. Moreover, for the
Lebesgue measure of Q; \ My we get

Ad(Qa \MN) = Ad(Qa \ Ql/N) +Ad(Ql/N \ MN)
= Ad(Qa \ Qi/n) +/1d({x € QN | Tk > N = log ()l 2 0.1) > t_1/4})

k
< Ad(Qa \ Qun) + Z Ad({x co ‘ loe () 2oy > tk_l/4})'
k>N

Next, we use Chebyshev’s inequality and (3.24) to get

24(Qq \ My) < 2%(Qa \ Qun) + ) 1 /Q log () 122, 7 dx
k>N

< 24(Qa\ Qun) + D Kol g, -
k>N
The first addend trivially vanishes for N — oo. Furthermore, [|og||;2(q,) is bounded due to weak
convergence and the series Y5, n~2 converges absolutely. Therefore, we get the convergence A%(Q; \
My) — 0 for N — oo.
In order to finish the proof, we write
oA+ teor) — ja(#) — trjis (i 0g)
lim inf >
k—co tk/ 2

T _ 2
o= [ O [Ty (fwa) |

o 12 1201) @GOz (0.7
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It is easy to see by (3.21) that the integrand is nonnegative for every N € N. Since My is increasing,
the sequence of integrands converges monotonely towards the integrand in (3.23). An application of
the monotone convergence theorem finishes the proof. O

The next lemma prepares the application of Lemma 3.3, in particular, it characterizes (3.5b) for j = js.
For convenience, we recall that the directional derivative of j; was given in (3.19).

Lemma 3.18. Let A; € 9js(it) be given. Forv € L%(Qr), we have (A3,v) = Jj3(@;0) if and only if

v(x, 1)

(3.25) Al ) = o een

faa. x € QO with lo ()2 0,1y # 0.

Proof. The implication “&” is clear.
Let (Az,v) = j;(@1;0) be fulfilled. With (3.20) to get

T
0 = J1(@0) - (s 0) = / oGO L2 o) — / hao dt d
0

0
Qﬂ

> [ 1ol = Ma® ) dx > 0

T
Hence, [[o(x) |12 (0.1) 1Aa() 1207y = J; Aav dt and [Jo(x) (|2 0,y (1 = [124a(2)llr2(0,7)) = 0 for a.a. x €
QY. This yields (3.25). |

For j3;, we cannot use the same construction (3.9) as for j; and j,, since this would lead to problems
on the set Q, cf. Example 3.14. In order to get v; € Cy, we have to modify the construction. We follow
[5, Theorem 4.3, Case III].

Lemma 3.19. We assume —F’ (@) € oG (@) NL®(Qr). Let (t) € R* be an arbitrary sequence with t; \, 0
and v € Cy. We define the sequence (vr) C L*(Q7) on the set Qg X (0,T) via

0 ifﬁe(0{,0{+\/E)U(ﬂ—\/ﬁ,ﬁ)u(—\/ﬁ,O)U(O,\/ﬁ),
vk =10 iflla(x)llzz o) < Vi

P, (v) otherwise,

where P, : R — R denotes the projection onto the interval [—\/er \/er] and on Qg % (0, T) we define

v otherwise.

{o if lo()lliz0m) > 7=
k=

Then, this sequence satisfies (for k large enough)

(3.26a) o — o inL*(Q7),
(3.26b) g € Cg,
(3.26¢) U + txvg € Uag,
) . foT 2Uvg + tkl)li dt
(3.26d) lla(x) + teor )20,y — 1@C) 22001y = tk forx € Qg,
Ky (x)
(3.26e) lla(x) + teor ()| 20,1y = N2 201y = tiellok () llzo)  forx € Qp,

where Ki(x) := [[a(x) + ko (X) | 2¢0,) + 12 (0) |2 0,1) -
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Proof. For (3.26a), we argue like in Lemma 3.5. We have pointwise convergence vy — vand o € L?(Qr)
dominates vg. The dominated convergence theorem yields the claim.

Next we address (3.26¢). The case Qj X (0,T) can be handled as in the proof of Lemma 3.5. The only
interesting case is (x, t) € QY x (0,T) if vg(x, t) # 0. In this case we have @(x, t) = 0, v (x, t) = v(x, t)
and [|o(x) ||z 0,1y < \F Wlth (3.25), we get

|a(x, 1) + teor (x, 1)] = tielo (e 1)] = tilAa(x Olllo(O) 2 0.1y < Virlldallis 9o x (o))

By combining (3.4) with (3.2), we get A; = —F’(i1) /pt on the set Q). Together with F' (@) € L*(Qr),
we get |a(x, t) + trop(x, t)| < C/tx for some constant C > 0. As éi(x,t) = 0, we have @ < 0 < f.
If on the one hand ¢ < 0 < f, we have a < a(x,t) + trog(x,t) < p for k large enough. If on the
other hand ¢ = 0 < f holds, then 0 < @(x,t) + txvk(x, t) follows from v € Cjz. The upper bound
u(x,t) + tror(x,t) < f holds for k large enough as in the other case. Finally, the case « < 0 = f is
similar. This verifies (3.26c) and we also get vx € Ty, (@).

In order to obtain (3.26b), we use Lemma 3.3 in combination with Lemma 3.18. As in the proof of
Lemma 3.5, we analogously get that (3.5a) is valid with o replaced by vj. From Lemma 3.3, we get that
(3.25) holds. The special definition of v on Q x (0, T) ensures that (3.25) is also satisfied if we replace
0 by vg. Thus, j;(i;0x) = (A, vx) and Lemma 3.3 gives (3.26b).

The identities (3.26d) and (3.26¢) hold as L2(0, T) is a Hilbert space. O

Finally, the next lemma provides the convergence of some integrals.

Lemma 3.20. We assume —F’ (@) € oG (@) N L™ (Q7). Letv € Cy be given such that
llo ()12,
(3.27) / — 0D gy <
Qu ||U(x)||L2(o,T)
For a given sequence (t) C R* with t;y \, 0 we consider the sequence (vy) C L*(Qr) as defined in

Lemma 3.19. We further denote Ki(x) := ||@(x) + txor (%) |20,y + [1#(x)|I12¢0,7)- Then, it holds

fOTvlzcdt dx—>/ /()Tvzdt

Q. Ki(x) g 2@ llzz0.1)
2 2
(foT oy dt) (fOT ) dt)
(3.28b) / e dx — / ——d
. Kie(x)?[la(x)|lzz0.1) g a7 o 1)

/ fOT Zdtfo oy dit

Kie ()2 1@ (o)l 20,1y

(3.28a)

5

5

(3.28¢) dx — 0.

Proof. In the proof of Lemma 3.19, we have seen that vy — v pointwise almost everywhere. Let us
denote by N c Qr the null set on which the sequence does not converge. Then, we know that for
almost all x € Q, the set {t € (0,T) | vg(x,t) /> v(x,t)} is measurable and also a null set. Together
with |og| < [o] pointwise a.e. and [[o(x)];2(1) < oo for a.a. x € Q we get [|og(x) — v(x)||2(01) — O
for a.a. x € Q from the dominated convergence theorem. This shows that the integrands in (3.28)
converge pointwise a.e. on Q.

In order to apply the dominated convergence theorem, we only need integrable bounds. These can
be easily obtained with |vi| < [o], the estimates K (x) > txllok (%) |12 0,1)> Kic (x) = [[@(x)||2(0,1) and
(327). m
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Theorem 3.21. We assume —F’ (i) € 0G3 (1) N L (Q7). For allv € C; we have

p Toqg ([T v 2 .
Gl (@, —F (@) 0) = Jo, T Tzen [fo otdt—(f, Tz, dt) }dx’ @0,

0, u=0.

Moreover, G5 is strongly twice epi-differentiable at u for —F’ ().
Note that the value G” (@, —F’ (@1);v) = oo is possible for @ # 0 and v € Cy.

Proof. We first consider the case # # 0. We are going to use Lemma 2.8 with

T T 7 2
5. Kk 24 —( Ld) d
Q(v) Ca (V) +/Qﬁ 2 (o2 01) [/0 v dt ,/0 1@ () Il 2 0,1y t *

and V = {v € C; | (3.27) holds.}. We have to check the assumptions of Lemma 2.8.

Step 1, Lemma 2.8(i): For v ¢ Cy, we have G; (i, —F’(i1);v) = 0o = Q(v), see Lemma 2.10. Let v € Cy
be arbitrary and consider sequences (t;) C R* and (vx) € L*(Qr) with t; \, 0 and v — 0. We use
—F'(u) € 0G3(i1) to get 0 < (F' (@), vi) + G (s vx) = (F'(@1), ) +5£Iad (@; ) + p1j5 (@; v ). Consequently,

.. Gs(a+trop) — Gs3(a) — ti(—F' (@), vx)
lim inf >
k—oo tk/z

= lim inf t% (uljs(a + teog) — js(@)] + 8u,, (@ + txvg) + tx (F' (@), vk))

k—o0

k
> liminf - (u[w + 1) = o (@] + {8, (@500 + (F' (@), vk>}).
k

> lim inf 2 (s (@-+ te0x) = js (@) = 113 (35 00)
IS

- 2
Z/Q + /OTU(x,t)zdt_(/o ufx,t)v(x,t)dt) - 0

iz 121, 7,

where we used (3.23) in the last step. Taking the infimum with respect to the sequences (tx), (vx) yields
Gy (u, —F'();v) > Q(v) for all v € L*(Qr).

Step 2, Lemma 2.8(ii): We consider arbitrary v € V and (#;) ¢ R* with t; \, 0. Let (vx) € L%(Q7)
be defined as in Lemma 3.19. We have

Gs(u + trog) — Gs (@) — te(—F' (@), v)

lim 5
koo £2/2
. 2 . — . — =
= lim t—z(IJ[Ja(u + trog) — Js(@)] — tepjs (@ vg)) (by (3.26b), (3.26¢))
i
/T oy dt

= lim 22 / I+ teoellecor) — lallor - tel—— (by (3.19), (3:26¢)

k—oo t ||u||L2(0,T)

Ztkuvk + t202 dt ¢ T

= lim — / fo k - k / oy dt dx (by (3.26d))

k—oo t ||u||L2(o,T)

’dt  1/( 2 1 T
- lim 2.”/ fo k +_(___—)/ fog dt dx
k— o0 Qu Kk tk Kk ||u”L2(0,T) 0
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T » _ _
v dt 1 (|lal;2 — [|u + trog| 2 T
N / by % +_(n lezor) ~ | e (o,n) / o di de
Q. Kk 0

koo te Killal 2 o,1)
T , T _ )
v dt 2oy + ot dt T
= lim 2/1/ b % - J — k / avy, dt dx (by (3.26d))
k—oco 7 K Kk”u”Lz(O,T) 0
To2d Z(fowkdt)2 To2dr [T aoed
:limZy//OUkt— ° —tfovk t/() ok tdx
ke o, K K2 llall 2 o.r) KZ|lall 2 o1

dx. (by (3.28))

T T _ 2
- [ | Uzdt_(/ _Ldt)
o, @z | Jo o lallzzor)

Step 3, Lemma 2.8(iii): For arbitrary v € C; we define the sequence (v') ¢ L?(Qr) via

Ul(x, t) — 0 1f0 < ||11(x)||L2(0’T) < %,
U(x’ t) else.

It is clear that o/ — v in L*(Qr) and o € Tu,,(#1). We are going to use Lemmas 3.4 and 3.18 to check
ol € C;. The property (3.5a) holds for o/ by construction. Lemma 3.18 yields (3.25) for v. Now, it is
straightforward to check that (3.25) also holds for v replaced by o!. Therefore, Lemma 3.18 yields
(Mg, 0hy = jé(ﬂ;vl). Lemma 3.3 yields o! € C; forall l € N.

Due to , ) ,

llo" (o) 117 llo()II7.

/ _—L(O’T)dx:/ _—L(O’T)dxsl||v||2 < o,
aa NG 2200, ay; 18 lz20.1) T

we have o/ € V.

From (3.21) we get Q(v) > Q(v') and therefore Q(v) > lim inf;_,., Q(v').

Now, we are in position to apply Lemma 2.8 and this yields the claim in case @ # 0.

Finally, it remains to consider the case & = 0. Lemma 2.3 yields G’ (0, =F'(0);0) > 0. We consider
an arbitrary sequence (t;) C R* with t; \, 0 and choose (vx) C L?(Q7) as in Lemma 3.19. We get

- Gs (0 + tog) = G5(0) — e (=F'(0), v¢) _ Htrj3(vx) + 1 (F'(0), vg)

li > lim >
k—o00 tk/z k—o0 tk/2
y pj5(0s0k) + (F'(0), vk
= lim
k—oo te/2
=0,
using (3.26¢), j3(vx) = j;(0;vx) (see (3.19)) and (3.26b). This finishes the proof. O

4 APPLICATION TO A PARABOLIC CONTROL PROBLEM

In this section, we apply the findings from Section 3 to the optimal control problem

Minimize J(u) = F(u) + pj(u),

(OCP)
w.rt. u € Uy,

where the smooth part F is given by

14
P@ = [ L0t a0 + Sl g,
Qr
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and y, € W(0,T) := {y € L*(0,T; Hy(Q)) | 8,y € L*(0, T; H*(Q))} is the (weak) solution of the state
equation

(4.1) O yu + Ay, +a(-, y,) =uin Qr, Yu = 0on X, Yu(+,0) = ypin Q

As in Section 3, Qt := Q X (0,T), where Q C R is assumed to be non-empty, open, and bounded,
and T > 0. Moreover, 37 :=I' X (0,T). The nonsmooth part j is one of the functionals in (1.2) and we
define G as in (1.4), i.e., G := 8y, + pj. Note that dom(G) = U,q. We further assume 1 > 0, v > 0 and
the bounds «a, § € R satisfy a < B.

The above control problem has been analyzed in [5]. In order to compare our results, we rely on the
same standing assumptions, which are assumed to hold throughout this section.

Assumption 4.1. We assume that A, a, L together with exponents p, ¢ € [2, o] satisfy [5, Assumptions 1-
3]. In particular, A is an elliptic differential operator and the Nemytskii operators a and L satisfy the
usual continuity, differentiability and growth conditions depending on p and .

From this assumption, we get the following two differentiability results.

Lemma 4.2 ([5, Theorem 2.1]). For allu € L?(0,T;L4(Q)) the equation (4.1) has a unique solution
Yu € W(0,T) N L®(Qr). Moreover, the solution mapping H : LP(0,T; L4(Q)) — W(0,T) N L™ (Qr),
defined by H(u) := y,, is of class C?. For all elements u,v € L?(0, T; L4(Q)), the function z, = H' (u)v is
the solutions of the problem

0z ada . .
(4.2) — 4+ Az + a—(-, Yu)z =0 in Qr, z=0o0n2XT, z(-,0) =0 in Q,
y

respectively.

Lemma 4.3 ([5, Theorem 2.3]). The map F : LP(0,T;L4(Q)) — R is of class C%. Moreover, for all
u,0,01,03 € LP(0,T; Lq(Q)) we have

(4.32) F'(u)o = / (py +vu)o d(x, t)
Qr
. &L &a
(43b) F (u)(vla Uz) = / {(_Z(X’ ta }/u) - (pu_z(x: t’ Yu))zvlzvz + VUIUZ} d(x> t)a
Qr ay ay
where z,, = H' (u)v;,i = 1,2, and ¢, € W(0,T) N L*(Qr) is the solution of
N da oL .
—— + A+ —(ya)e = —( ya)s ¢ =0on2XT, o(T)=0inQ,
9y dy

where A* is the adjoint operator of A.

In view of Theorem 3.21, we note that ¢, u € L*(Qr) implies F’(u) € L*(Qr).
For later reference, we state the following very important estimate and the compactness of the
mapping v > z,.

Lemma 4.4. Let i € Uyq be given. Then, there exists C; > 0 satisfying

(4.4) lzollzz(op) < Czllollr2(ar) Yo € L*(Qr).

Additionally, if vp — v in L*(Qr) holds, then z,, — z, in L*(Qr).

The norm estimate (4.4) follows from standard parabolic estimates and the compactness is a conse-
quence of the celebrated Aubin-Lions lemma, see, e.g., [18].

Finally, we cite the next continuity result for the second derivative of F.
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Lemma 4.5 ([5, Lemma 5.2]). Let i € U,q be given. For all p > 0 there exists ¢ > 0 such that
IF”(w)o? = F"(@)o*| < pllzollfzg,) Vo € LH(Qr) u € Ung llu—all2ior) < e

where z, = H' (@1)v.
Now, we are in position to check that Assumption 2.1 is satisfied.
Theorem 4.6. The functional F maps dom(G) = Uy to R. Let @i € Uyq be fixed. The (bi)linear functionals

F’(@t) and F” (i) defined on LP(0,T;L9(Q)) can be extended to continuous (bi)linear functionals on
L2(Qr). Then, F satisfies the assumptions in Assumption 2.1 with X = L*(Qr) and X = @i € U,q.

Proof. Since X = L?(Q7) is a separable Hilbert space, Assumption 2.1(i) holds.

It remains to check Assumption 2.1(iii). We already mentioned that ¢, % € L*(Q7), thus F/'(21) €
L*(Qr) € L?(Qr). Next, we check that the bilinear form F”’ (i) can be extended to L?(Q7). Due to the
assumptions made on L and a, one can show that the term in parentheses in (4.3b) belongs to L*(Qr).
Thus, together with Lemma 4.4, we get

[F” (@) (01, 02)| < Cllzy, |12 (ap) 120y 1220 + VIOl 220 102112207

(45)
< (CCL +v)lloillzz (g lo2llLz (g -

Together with the density of L?(0,T;L9(Q)) in L?(Qr), we can extend F”’ (i) continuously to L?(Qr).

We still have to check (2.1). Let () € R* and (vx) € L?(Qr) with t \ 0, o — v € L?(Q7) and
@ + txor € dom(G) = Uyq be given. For an arbitrary p > 0, we utilize Lemmas 4.4 and 4.5 (together
with #; \, 0 and the boundedness of (vy) in L?(Q7)) to get

|F” (@ + Oxtiv)vy — F” (@)vz] < p

for all 6 € [0,1] and all k large enough (depending on p). Next, we use a second-order Taylor expansion
and obtain intermediate points () C [0,1] such that

F(a+ teog) — F(a) - tF (@)ox — 22F” (@)o2| 1

|F"” (i@ + thkvk)oi - F"(ﬂ)vi|

t2 2
<p
for all k large enough (depending on p). Since p > 0 was arbitrary, this shows (2.1). O

Moreover, the following holds for the nonsmooth part of the objective. As in Section 3, the functional
G can represent any of the functionals G;, i =1, 2, 3.

Lemma 4.7. Let @i be given such that —F' (@) € dG(@). In case j = j», we additionally assume @ # 0. Then,
the functional G is strongly twice epidifferentiable at i w.r.t. —F'(@1). Moreover, G (@i, —F’ (@1); v) = oo for
allv € L?(Qr) \ Ca.

Proof. The strong twice epidifferentiability follows from Theorems 3.6, 3.13 and 3.21. In case G = G3
we also need —F'(u1) € L*(Qr), which was provided after Lemma 4.3. The final assertion is (2.13). O

Now we can prove the second-order necessary conditions. Recall that expressions for G (@, —F’ (#); -)
where given in Theorems 3.6, 3.13 and 3.21.

Theorem 4.8 (Second-Order Necessary Conditions). Let v > 0 be given and let i € L*(Qr) be a
local minimizer of (OCP). In case j = j,, we additionally assume @ # 0. Then, —F’ (@) € oG (1) and
F” (@)v* + G” (@, —F'(@1);0) > 0 holds for allv € Cy.
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Proof. We apply Theorem 2.5 with the setting X = L*(Qr), X := i, F := F, G := 8y, + pJji, for some
i =1,2,3,c:= 0. Hence, (2.4) holds. The first-order condition Theorem 2.12 yields —F' (@) € oG(@).
Additionally, Theorem 2.5 (ii) is satisfied, see Lemma 4.7. O

Let us compare this result with [5, Theorem 4.3]. We have already seen that the critical cones in both
results coincide, see Lemma 3.2. Further, it can be checked that the expressions for G” (@, —F’ (@); v)
given in Theorems 3.6, 3.13 and 3.21 coincide with the corresponding expressions for j/’(#;v®) given in
(5, (4.5)-(4.7)]. Hence, both results coincide. Note that [5, Theorem 4.3] also addresses the case # = 0 if
Jj = j2, but the proof is flawed. Indeed, it is claimed (without any justification) that for arbitrary v € Cy
we have v = P|_x](0) € Cg, but Example 3.14 shows that this might fail.

In order to apply the second-order sufficient assumptions, we need an additional lemma.

Lemma 4.9. In case v > 0, the mapping

2 10N 2 FL Fa 2 2
L (QT) o= F (u)U = o a_yz(x> ty yﬂ) - (pﬁa_yz(xa t> yﬂ) zz) d(x’ t) + V“U”LZ(QT)

is a Legendre form.

Proof. Due to the compactness result Lemma 4.4, the first addend in F” (it)0? is sequentially weakly
continuous. Applying [2, Proposition 3.76] yields the claim. O

In case v = 0, the map v — F”(i1)0? is sequentially weakly continuous and, thus, not a Legendre
form.

Theorem 4.10 (Second-Order Sufficient Condition). We assume v > 0. Further suppose that i € Uy
satisfies —F’ (@1) € oG (1) and

(4.6) F' (@) + G (@, —F'(@);0) > 0 Vo e Cy\ {0}.

Then, there exist ,8 > 0 such that

0 _ _
(4.7) J@) 2 J(@) + - llu - llfoq,)  Vu€Uwllu—alrzg, <e

Proof. We will show the requirements for the application of Theorem 2.6. Lemma 4.9 yields the
sequential weak lower semicontinuity of v — F”’(it)v?. Condition (2.6) follows from (4.6) and —F’ (i) €
G (@), cf. the proof of Corollary 2.21. Lemma 4.9 in combination with Lemma 2.7 shows that (NDC)
holds. Now, the claim follows from Theorem 2.6. m|

Let us compare this result with the second-order results in [5, Section 5] in the case v > 0. For the
functional j; we obtain an identical result.

For the functional j,, we get the same result in case @# # 0. Note that Theorem 2.6 is still applicable
in case # = 0, although we do not know the precise values of G/ (i, —F’(#); -). Our sufficient condition
reads

F'(a)o® + G” (@, —F (#);0) >0 Vo eCy\ {0}

and due to G”' (@, —F’(#);v) > 0, this condition is weaker than the sufficient condition
F’(@2)v* > 0 Yo € Cz \ {0}

given in [5, Theorem 5.8], see also [5, (4.6)].
For the functional js, [5, Theorem 5.12] shows the quadratic growth only in an L*(Q; L?(0, T))-ball,
whereas our result implies the growth in the larger L?(Qr)-ball.
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We also note that [5, Section 5] contains sufficient optimality conditions in case v = 0 which were
not under investigation here. In fact, in this case, the theory from Section 2 cannot be applied in
the space L?(Qr), since (NDC) cannot be satisfied. For a similar problem with y = 0, i.e., without a
sparsity-inducing term, it was shown in [12] that (under a certain regularity assumption) a second-order
analysis can be performed in a space of measures. In [20, Section 5.1], this analysis was extended to
1 > 0 in case of the functional j;. The extension to j, and js is subject to future work.
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