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PROXIMAL METHODS FOR POINT SOURCE LOCALISATION

Tuomo Valkonen®

Abstract  Point source localisation is generally modelled as a Lasso-type problem on measures.
However, optimisation methods in non-Hilbert spaces, such as the space of Radon measures, are
much less developed than in Hilbert spaces. Most numerical algorithms for point source localisa-
tion are based on the Frank-Wolfe conditional gradient method, for which ad hoc convergence
theory is developed. We develop extensions of proximal-type methods to spaces of measures. This
includes forward-backward splitting, its inertial version, and primal-dual proximal splitting. Their
convergence proofs follow standard patterns. We demonstrate their numerical efficacy.

1 INTRODUCTION

The point source localisation problem [7, 26] reads

1
) i —||Au - b))% +
(11) os:g};(g) 2|| p="Dbl" + allpllu)

for a regularisation parameter « > 0, measurement data b € R", and a forward operator A €
L(A(Q);R") in the space (Q) of Radon measures on Q C R™. Commonly A consists of sev-
eral convolution operators over the sensors of a sensor grid. Most iterative algorithms in the literature
for (1.1) are based on the Frank—Wolfe conditional gradient method [21]. Forward-backward splitting
and other proximal-type methods are notably absent. We want to understand why are true proximal-type
methods not amenable to (1.1)—or are they?

The basic scheme of conditional gradient methods [5, 17, 18, 29, 3, 16] for (1.1) is to add a single Dirac
measure (or spike) to the discrete measure p, and then optimise the weights of the spikes so far inserted.
Repeat. The location of the spike is discovered by maximising |A.(Au—b)|, where A, € L(R";Co(Q)) is
a pre-adjoint of A. This is a difficult non-convex optimisation problem. Some also include spike sliding
[17]. The approach has been extended to curve discovery [4]. Semismooth Newton approaches have also
been proposed [8, 9], and recently, an approach based on semi-infinite programming [19]. In some cases
particle gradient descent can be used after lifting the measures to a higher-dimensional space [12, 14].
The number of particles (or point sources) is, however, fixed, although many-particle limits are also
analysed. In [13] standard Bregman-proximal methods are applied to point source reconstruction by
working with densities with respect to a fixed reference measure. In practical application, the reference
measure is discretised, so the method is not grid-free: the sources cannot be located at arbitrary points
of the domain Q.

Forward-backward splitting is commonly used for #-regularised regression (Lasso), which is a
discrete, finite-dimensional variant of (1.1). With F(u) = %HA,u — b||?, we can also sketch forward-
backward splitting for (1.1) as solving on each step k € N the surrogate problem

(1.2) e argmin F(u*) + (F' (1) |p — ¥y + al|pll.4 + proximal penalty.
0<ped(Q)
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In Hilbert spaces the proximal penalty would be 2—1T|| i — pF||? for a step length parameter 7 > 0
satisfying 7L < 1 for a Lipschitz factor L of F’. This choice is not practical in non-Hilbert spaces, as a
crucial (Pythagoras’) three-point identity does not hold. Such an identity, however, holds for Bregman
divergences [6]; see [34]. The Frank-Wolfe method can, moreover, be seen a forward-backward method
for a modified but equivalent problem' with zero as the proximal penalty. However, as F’ cannot be
Lipschitz with respect to such a degenerate proximal penalty, a form of line search is employed to ensure
descent. In the case of (1.1), this amounts to the finite-dimensional weight optimisation subproblems.
These considerations raise the question whether we could develop a distance on . (Q) that would
give a practical forward-backward method?

As the first stage of our endeavour to understand (1.1), documented in this manuscript, we were able
to do so simply by constructing on .Z (Q) the semi-inner product

(v)g =(Dplv)  (pv e M(Q))

for a “particle-to-wave” operator D : L(M(Q); Cy(Q)), and then basing the proximal penalty in (1.2)
on the square of the induced semi-norm || + ||g. We analyse an exemplifying choice of & based on
convolution in Section 2. In particular we relate it to the weak-* convergence of measures. To develop
in Section 4 a forward-backward method for (1.1), we will need F’ to be Lipschitz with respect to || + ||g.
For the squared data term, this reduces to A.A < LD for some factor L > 0. Based on approximation
theory [11], Bochner’s theorem and Fourier transforms, we study this relationship in Section 3.

Our convergence proofs in Section 4 are then standard and simple [33, 15]. However, we will need
to account for inexact computation of each step of the method. The resulting approach bears more
resemblance to the semi-infinite approach of [19] than to conditional gradient methods in that more
than one point may need to be inserted into the support of j1 on each iteration of the method. Inertial
extensions, i.e., FISTA [2] for (1.1), are immediate. We treat one in Section 5.

A forward-backward or conditional gradient method can only handle differentiable data terms with
nonsmooth (Radon norm) regularisation. However, our overall approach readily extends to other
proximal-type type methods. We therefore sketch in Section 6 an extension of the primal dual proximal
splitting (PDPS) of [10] to problems of the form

i Fo(Ap) + ,
o<, o) o(Ap) + allpll.a
where Fy may be nonsmooth. Thus our overall approach is applicable to problems that are (so far) out
of the reach of conditional gradient methods. As a further advantage, thanks to standard convergence

proofs, our methods can readily be extended to product spaces () x X for X a Hilbert space.
We finish with numerical demonstrations in Section 7.

NOTATION

We denote the extended reals by R := [—o0, 00], and the space of finite Radon measures on a locally
compact Borel measurable set Q@ C R” by .# (). We write || « ||.z(q) or, for short, || - ||« for the
Radon norm. The subspace Z (Q) C ./ (Q) consists of discrete measures j1 = ) _, aidx, forany n € N,
where the weights ax € R, and locations x; € Q. Here, , is the Dirac measure with mass one at
a point x € Q. For y € ##(Q) and a Borel set A C Q, we write yLA for the measure defined by
(pcA)(B) = u(A N B) for Borel sets B. We denote by B(x, r) the closed ball of radius r > 0 and centre
x, and by #K the cardinality of a finite set K.

For Fréchet differentiable F : X — R on a normed space X, we write F’(x) € X* for the Fréchet
derivative at x € X. Here X" is the dual space to X. We call F pre-differentiable if F’(x) € X, for X, a

Yl (@) is replaced by o ([lillz (o)) for ¢ that quadratically penalises values greater than F(0)/a.
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designated predual space of X, satisfying X = (X,)*. We have (X,)™ = X*, so X, canonically injects
into X*. A predual of ./Z (Q) is the space C.(Q2) of continuous functions with compact support. We
write Co(Q) = cl C.(Q) for continuous functions on Q that vanish at infinity, which is also a predual
space of # (Q) [20, Theorem 1.200].

For a convex function F : X — R, we write 9F : X =3 X, for the (set-valued) pre-subdifferential
map or, defined as 9F (x) = {x. € X, | F(x) — F(x) > (x.|x — x) for all x € X}. We write §c : X — [
for the {0, co}-valued indicator function of a set C C X. Observe that the notation has similarities to
the Dirac measure.

We write (x, x”) for the inner product between two elements x and x” of a Hilbert space X, and
(x*|x) = x*(x) for the dual product in a Banach space. We write LL(X;Y) for the space of bounded
linear operators between two vector spaces X and Y. For A € L(X;Y), we write ran A C Y for the
range. We let Id € L(X; X) stand for the identity operator. With Y a Hilbert space for simplicity, we call
A € L(X;Y) pre-adjointable if there exists a pre-adjoint A, : L(X,;Y) whose mixed Hilbert-Banach
adjoint (A,)* = A. In other words (x|A.z) = (Ax,z) forallz € Y and x € X.

With i = V-1 the imaginary unit, we write Fu or @ for the Fourier transform, defined for of
u € L}(R") by

[Ful(§) = /R u(@)e D e (Fe R,

and for u € L%(R") by continuous extension; see [31]. Then the Hilbert-space adjoint #* = % 1. We
occasionally also take Fourier transforms of measures as tempered distributions. We write u * v for the
convolution and &/u = u u for the autoconvolution of functions u, v, recalling that F [u]®> = F [ [u]].

2 DISTANCES OF MEASURES

As we have mentioned in the introduction, the norm or the squared norm is not particularly useful
for deriving proximal-type methods in non-Hilbert spaces. Nevertheless, let M(p) := %H y||i% @) The
preduality map pu — IM(p), H(Q) = Co(Q) associates with every measure p € #(Q)) a set of
corresponding “wave functions”

wy € IM(p) ={ollplla@) | @ € Co(Q), -1 < w <1, (@|p) = [lull.aw)}

If this relationship were linear and single-valued, as it is in Hilbert spaces, M(— ) could be a practical
proximal penalty term in (1.2). Unfortunately, this is not the case in ./ (Q2). However, the concept of
the preduality map suggests to define a distance on measures using some particle-to-wave operator
D e L(A(Q); Cy(Q2)) that explicitly and linearly associates every measure, in the manuscript typically
a discrete measure, with a corresponding wave function, an element of the predual. In Section 2.2 we
will study such operators based on convolution. Before this, in Section 2.1 we study general properties
of seminorms and semi-inner products constructed with linear operators & to a predual space.

2.1 WAVE-PARTICLE DUALITY

Let X be a (real) Banach space with a predual space X, i.e., X = (X,)*. Pick @ € L(X;X.), which is
self-adjoint and positive semi-definite, that is,

(2.1) (Dxly)x.x = x|Dy)xx. (x,y€X)
and
(2.2) (Dx|x)x,.x 20 (x,x€X).

If the latter inequality is strict, we call D (strictly) positive definite. Define

(x,x)g = (Dx|x)x.x and ||x||lg = V{x x)g.
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Then it is easy to see that (-, - )g is a pseudo-inner product on X, and || - || a seminorm, i.e., non-
negative and satisfies the triangle inequality. Consequently, by a standard argument,” it also satisfies
the Cauchy-Schwarz inequality. Moreover, the three-point identity holds:

() Sl =yl = (@0 - )l - y)

= %(9((x—z) +(z=y)l(x—2)+(z-y))

1 2 1 2
= Sllx =2l + S llz = I + x - 2.2 = .

If 9 is injective, this construction turns X into an inner product space. The (semi-)norm || « || may
not, however, be equivalent to the original norm || - || on X. Since & is assumed bounded, we always
have ||x||g < [|D]|||x]|, so the induced topology is weaker than the original (strong) topology. If the
opposite inequality also holds, the norms are equivalent. For our constructions, this will, however, not
be the case.

2.2 PARTICLE-TO-WAVE OPERATORS BASED ON CONVOLUTION

We now take D = p * pi for a convolution kernel p € Cy(R"). We call p symmetric if p(—x) = p(x) for
all x € R", and positive semi-definite if 0 < F [p]. We first show that & is well-defined. Throughout,
we take Cy(Q) as our designated predual space of /(Q). When Q is compact, Cy(Q) = C(Q).

Lemma 2.1. Let p € Co(R") be symmetric. On a closed domain Q C R", let Dy := p * pi for uy € M(Q).
Then D € L(AM(Q);Co(Q)) and is self-adjoint, i.e., satisfies (2.1).

Proof. The definition of the convolution readily shows that @ € C(Q). Let € > 0. Since p is continuous
and vanishes at infinity, ||p|| < o0, and there exist r > 0 such that |p(x)| < ¢ for x € R" \ B(0,r).
Consequently

[[Du]l(y)] < +

/ p(y —x)du(x) / p(y = x)du(x)| < |lplleolpl (B(y, 7)) + ellpllaz (@)
B(y.r) Q\B(y.r)

Since ||pll.z(q) < oo, for any € > 0, we can find R > 0 such that y(R" \ B(0,R)) < e. Thus |[2p](y)| <
e(llpllco + llpll.z(@)) for [lyll > r + R. Since e > 0 was arbitrary, this shows that 2y € Cy(R"). Since
Q is closed, it follows that Dy € Cy(Q). Indeed, by the definition of Cy(Q2) as the closure of C.(Q),
there exist g € C.(R") with ¢ — Dp uniformly in R”. But for a closed Q, ¢x|Q € C.(Q) with
ox|Q — (D) |Q uniformly in Q.

We then expand and rearrange using Fubini’s theorem for any v € ./ (Q) that

a)  (Duleraraa = /Q (D] () dv(x) = /Q /Q p(x — ) du(y) dv(x)

:/Q/QP(X—Y)dv(x)du(J/)=/Q/Qp(y—x)dv(x)du(y)
- /Q[P « V(DY) =DV, @).a(2)-

Hence ||p * V|l < [[pllcollVIl.z; see, e.g., [1, §2.1]. Consequently (2.4) establishes (D p|v)c,(q).u(Q) <
oo VI | ]|z - This shows that & is bounded. It is evidently also linear so that & € L (. (Q2); Co(Q))
as claimed. From (2.4) we also observe that 9 is self-adjoint. O

1 1 1 1 2 1 1
g = gllu=vIZ, = gllul%, = 5lIvIE, < 5 (kg + Vo) = 5kl = 31vI%, = kg lviig:
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We now characterise weak-* convergence in terms of &J-seminorms. Following [11, Chapter 18] we
call a subset V of a normed space X fundamental if cl spanV is dense in X. We are interested in the
fundamentality in Cy(Q) of

Vp(Q)i={x = p(x-y) | y € Q}.

According to [11, Theorem 18.1], this is the case when & [p] is a finite-valued real non-negative measure
and satisfies for all non-empty open sets U ¢ R” the strict lower bound

(25) /U FLpl (&) dé > 0.

Example 2.2. Since the Fourier transform of a Gaussian p is a Gaussian, V, () is fundamental in
C(Q) for any compact Q c R".

We will require the following lemma on a few occasions.

Lemma 2.3. Suppose ¢ € Co(R™), the domain Q@ C R", and {i*}ren C M (Q) is bounded. Then the
collection {x — [ * ¥ (x)}ken is uniformly equicontinuous on cl Q.

Proof. Let ¢ > 0 and C := supy .y ||,uk||/%(g). By assumption C < co. Since ¢ € Cy(R"), it is uniformly
continuous. Therefore, there exists § > 0 such that |¢(x) — ¢(y)| < € whenever ||x — y|| < §. Now

|[<o*uk]<x>—[<p*pk]<y>|s/|<p(x—z>—<p(y—z)|d|u’<|<z>s/sdm(z)scf
Q Q

for any k € N and x, y € Q with ||x — y|| < 8. Since the right hand side Ce does not depend on k, and
can be made arbitrarily small for sufficiently small ¢ and corresponding §, this proves the claim. O

Now we can state and prove our main result on particle-to-wave operators based on convolution.
Recall that we write &/u := u * u for the autoconvolution.

Theorem 2.4. Let 0 # p € Co(R™) N L%(R™) be symmetric and positive semi-definite. On a closed domain
QCcR" letD e L(M(Q);Co(Q)) be defined by Dy = p = pi for uy € M(Q). Then

(i) D is self-adjoint and positive semi-definite.
(ii) D is (strictly) positive definite on the discrete measures Z (Q).

Assume further that Q is compact, and that there exists p'/% € L*(R™) N Co(R™) such that p = o [p"/?].
Then

(iii) p* = i weakly-+ in M (Q) implies ||if* — pllg — 0.

(iv) If V2 is fundamental for Co(Q), then Ik = pllg — 0 with {F}ren © A (Q) bounded implies
1 = weakly-x in M ().

Proof. We know from Lemma 2.1 that @ € L(A(Q); Cyo(2)), and is self-adjoint. Bochner’s theorem
proves (i), and (ii) follows from [11, Theorem 13.3]. However, due to slightly different assumptions for
the latter, we find it easiest to provide the proofs. We write p = % [p]. Since p € L?(R") is symmetric,
also p € L?(R"™) is symmetric. Therefore, by Fubini’s theorem and the Fourier inverse transform, we

Valkonen Proximal methods for point source localisation
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have

(2.6) (Duluy = /Q /Q p(x — ) du(x) du(y)

_ /Q /Q / p(OED dg dp(x) dp(y)

- [ o] [ een aut| ae

- [ seiFier e

Since p > 0 by our definition of the positive semi-definiteness of p, this shows (i).

To prove (ii), we start by observing that since p € L*(R") is not identically zero and has p >
0, necessarily / pdé > 0. But then there exists ¢ > 0 and a Borel set E with nonzero Lebesgue
measure such that p > ¢ on E. When p € Z(Q), the zero set of the continuous function F [p],
a finite sum of complex exponentials, has Lebesgue measure zero by [11, Lemma 13.6]. Therefore
fRn P(ENF [u] (&)|2dE > EfE |F [u] (&)|?> dE > 0. The claim now follows from (2.6).

For (iii) we observe that @ = Q.0 for @ € L(/#(Q);L*(R")) defined by @u := p/? % y and
Q.f = p/? « f for f € L*(R™) and y € M (Q). We therefore need to prove that p/2  (y/* — ) — 0 in
L?(R™). Observe that p;/z (x) == p"/?(x — y) satisfies pi,/z € Cy(Q) for all y € R™. (For this we need the
closedness of Q, but not yet the boundedness; compare the proof of Lemma 2.1.) Thus p,lc/ | =y — 0
for all x € R™ by the assumed weak-* convergence. Since by assumption p'/? € L?(R"), we can for
each ¢ > 0 find a bounded U, ¢ R" such that /R"\Uf P2 (x)%dx < ¢||p'/?||%,. Letting O, := U, + Q, for
all y € Q then

/ P2 (x)? dx = / P2 () dx < / P2 (%)% dx < ellp"?|I%.
R"\@r R"\(@)g—y) R"\Ug

Using Jensen’s inequality and Fubini’s theorem, then

2
1/2 . 29 _ 1/2
Lot =meras= [ ([ ot dp i) ax

< I~ il / / P22 iy — () dx
R™\O,

4 — lla / / P2 ()2 dx dli — pl(y)
o Jrme,

< ellp2I2 l1* = ull?,.

The set O, is of finite measure, because Q is bounded. By Egorov’s theorem we can thus find a

set E, C O, such that the Lebesgue measure £ (0, \ E;) < ¢ and x (pl/zlyk — p) converges in E,
uniformly to zero. Then

17 s = 2 = / L= [ [ G = ] 0 d
Rn O \E,
1/2 2
o I e

/ OYAE = iy dx + 26l p 2P Ik — -

Thus lim sup,_,, lpY/? % (u* - W2y < V2e || pV? oo supy |k = pll.z. Since € > 0 was arbitrary,

and {y/* — ;1}ken is bounded by weak-# convergence, it follows that p'/2  (u¥ — ) — 0 in L?(R").

Valkonen Proximal methods for point source localisation
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For (iv) we note that since V.2 is by assumption fundamental for Co(Q), we can for any ¢ € Cy(Q)
and ¢ > 0 find a finite set U: C Q and coefficients {a},cy, C R such that

sup|p(x) — Z ayp;/z(x) <.
x€Q yeU,
Then, forallk e N,
(2.7) (Pl =y = > (aypy?Iu* = ) + <<o = > gyt | ik - u>-
yeU, yeU;

The assumption || — y|lg — 0 readily implies p/?  (u¥ — ) — 0 in L?(R"). Hence, there exists
a subsequence {k;}jen of {k}xen such that p'/? x (% — 1) — 0 almost everywhere. Since, by the
Heine-Borel theorem, Q is bounded, and sup;. .y [ pll.we) < M for some M > 0, Lemma 2.3
shows that the family {p/? * (y/* — 1) }xen is uniformly equicontinuous on Q. By a compact covering
argument, it follows that p'/2 x (u* — ;1) — 0 uniformly on Q. In particular, |<ayp;,/2 |k — )| < e/#U,
for all y € U, for j € N large enough. It follows from (2.7) that

(2.8) Kol — )| < 1+ M)e  for j large enough.

Since ¢ > 0 and ¢ € Cyp(Q) were arbitrary, we deduce %/ = 4. If there would exist a subsequence
{1%} pen of {4F}ren not weakly-* convergent to y, then we could find a further unrelabelled subse-
quence, ¢ > 0, and ¢ € Co(Q) such that |(p|p** — p)| > 2(1+ M)e for all £ € N. Repeating the above
arguments, we would obtain (2.8), hence a contradiction. Therefore p* = 1. O

Corollary 2.5. Let all the assumptions of Theorem 2.4 (iv) hold. Then || -+ ||g is a norm on M (Q).

Proof. Based on the discussion that in the beginning of Section 2.1, it only remains to prove that
g = vl = 0 implies g = v. Indeed, setting y/* = p for all k € N, we have ||u* - v||g — 0. Then
Theorem 2.4 (iv) implies y = p* = v. Thus p = v. O

3 CONVOLUTION KERNELS AND SENSOR GRIDS

We will need the data term F(u) = ||Ap — b||? to satisfy a smoothness property also known as the
“descent lemma” with respect to the wave-particle norm || - ||g. As shown in, e.g., [15, Lemma 7.1], this
in general follows from F’ being Lipschitz. In our case the Lipschitz property needs to be with respect
to the &-seminorm. For quadratic F as in (1.1), this requirement reduces to

AA<LD forsome L >0.

This means that we have to find & such that L9 — A, A is positive semi-definite. We could take & = A, A
and L = 1 and still obtain a theoretical algorithm with convergent function values, although in general
not the weak-* convergence of iterates. However, the proximal step of the method that we develop in
the next section consists of finding new points x to insert into the support of z**! to approximately
satisfy first-order optimality conditions for (1.2) with %ll + |lg as the proximal penalty. To avoid such
an insertion from perturbing optimality conditions globally, it will be practical if 26, is localised
around x. This can be achieved when & is a simple convolution operator. However, even for physical
processes that can be modelled as convolutions, A, A is in general not exactly a convolution operator
when the range of A consists of measurements on a finite sensor grid, and its effects are not localised:
A*Ady, may have multiple peaks.

Valkonen Proximal methods for point source localisation
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We will, therefore, first in Section 3.1 construct upper approximations by convolution operators
2 for forward operators A modelling measurements of convolved signals on a finite sensor grid. We
provide specific examples in Section 3.2. Although we work with convolution operators in this section,
in the following sections on our proposed algorithms, there is in general no need for A or 9 to be
based on convolution.

3.1 SENSOR GRIDS

We now construct some example forward operators A, based on a simple physical spreading process
followed by sensing. More precisely, the spread i € C.(R") is a convolution kernel that models the
physical spreading process of, e.g., light. If a source of unit intensity is at x, then ¥/(y — x) is the
intensity that falls at y. This light is sensed by the sensor 0, € L?(R") N L}(R") placed at z on a finite
grid & with the sensitivity 8,(y). With this we define the forward operator A as

(3.) Api= (0 5 Y))aey, e, [Auls = / 0.+ P)(x) du(x) for z€.

The sensors or, more precisely, the field-of-views of the sensors, are a technical necessity for our proof.
They can, nevertheless, also be physically justified through practical light sensors having positive
area instead of just sensing the light falling at a singular point. For A of this form, the next lemma
establishes an upper bound on A, A in terms of a simple convolution operator.

Lemma 3.1. Let the sensor grid & be an arbitrary finite index set with corresponding sensors 0 < 6, €
L2(R™) N LY(R™), (z € &), satisfying for some Ly > 0 the bound

(3.2) Ly > sup Z 0,(x) /Rn 0,(w) dw.

xeR" oo

Pick a symmetric spread ¢ € Co(R™) N L2(R™), and on a domain Q C R", define A € L(M (Q); R*®) by
(3.1). Then the pre-adjoint A, € L(R";Cy(Q)) exists and is given by A,y = Y cw y.0. * ¥, and we have

AA < Lo(- [ [Y] * +).

Proof. We easily verify that (A.)* = A. A. is also bounded since A* = JA. where ] is the canonical
injection Cy(Q) — 4 (Q)*. We have

2
lAAD = |Aul = ( / /R 0wl —w) dw du(x))

ze8

Recalling that 8, > 0, defining Iy, := fR" 0,(w) dw € [0, ), and using Holder’s inequality, we continue

2
Gaan =3 ([ [ vte=w auo.onau)

132

<3 [Loma [ ([ ve-w du(x))ZGZ(W) aw.

z€Y
Using (3.2) and the symmetricity of ¢/, it follows

2
WIAA < Lo /R n ( [v=w du(X)) dw
-1, /R n / Y (x - w) du(x) / V(5 —w) du(y) dw

_ 1, / / /R Y= w0~ y) dw dp(y) dp(x)
= Lo(u| A [Y] * p).

Valkonen Proximal methods for point source localisation
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This establishes the claim. m]

Example 3.2 (Rectangular sensors). Let 0, (x) = y[-pp)n(x — 2z) for some 0 < b < inf, ;c¥ ||z — Z||co-
Then (3.2) is satisfied by Ly = (2b)™.

Having bounded A.A by (- | [¢] * - ), we now need to bound (- |/ [¢/] * +) by D to establish the
overall bound A.A < LD. This is done in the next theorem.
Theorem 3.3 (Putting it all together). Suppose the “spread” and the “kernel”, p € Co(R™) N L%(R™)
satisfy
(3-3) FY1* < LiF(p]
Also assume 0 < 0, € L*(R) for all z € € on a finite grid € C R with Ly satisfying (3.2). For a closed
Q c R", define
(3-4) Ap = (0, % Y))zee and Du=pxp for pe M(Q).
Then a pre-adjoint A, € L(R™;Co(Q)) is given by A,y = 3 ,cw .0, * ¥, and we have
(35) AA < LiLiD.

Proof. Due to Lemma 3.1, we only need to show that (- |&/[¢/] * «) < L1D. By Bochner’s theorem (see
[11, Chapter 12] or the proof of Theorem 2.4), and the Fourier transform convolution-multiplication
exchange rule (see, e.g., [31, Theorem 7.19]), this amounts to (3.3). O

3.2 EXAMPLES

One choice satisfying Theorem 3.3 with L; = 1 would be p = &/ [/]. This could also easily be made to
satisfy all the additional conditions of Theorem 2.4 with p/? = ¢, so would be an option if we were
able to calculate &/ [¢/] efficiently. For numerical reasons, both p and ¢ should also have small support,
which is not the case for a Gaussian /. Therefore, we would need to cut the spread to ensure small
compact support. The next example, on the other hand, avoids even forming the autoconvolution by
taking p = 1. Why we call the choice “fast” will be apparent once stumble onto Gauss error functions
when treating a cut Gaussian spread.
To proceed, we define for b > 0 the hat function

1—1t|/b, te (=b,—b),

1
.6 trip (t) := = | y_ t) =
(3.6) p(t) 5 [X1-b/2.b/211(1) {0, otherwise.

We also recall for a > 0 that (see, e.g., [25, Appendix 3])
(3.7) F [ x1-aall = g[rect(ﬁ <)] = 2asinc(2ra-).
for the (unnormalised) sinc ¢ := sin t/t.

Example 3.4 (“Fast” spread). For some o > 0, let p = {/ and for x € R,

2 3 1
5(x/o+1) -1<x/o < -3,
4 . 4 2]x/o® -2(x/0)?+L -l<x/o<i
lp(x) =—-od [trll/Z](x/O-) = - 9 3 3 1 2
o o [-5(x/o-1) 3 Sx/o<1],
0 otherwise.

Also let 0,(x) = x[-pp)(x — z) for some 0 < b < inf;;ce |z — Z| on the finite grid ¥ C R, and
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define A and & according to (3.4). Clearly suppy = suppp = [0, 0]. It can also be verified
that f Y dx = 1. Writing t// = F[y], we expand using standard Fourler transform dilation and
convolution rules (see, e.g., [25, Appendix 3]), (3.6), and (3.7) that

F Y1) = 4F [ [triy5]1(0€) = 4F [triy5] (08)*

4
= 1697[)([_1/4,1/4]](05)4 =16 (% sinc(na§/2)) = sinc(7oé/2)* (£ € R).

Since sinc achieves its maximum at £ = 0 with value 1, it follows that F [¢/]?> < % [p]. Thus we
may apply Theorem 3.3 with L; = 1 and L, given by Example 3.2. This gives the bound

AA L 209D.

Obviously p'/? = 2 tril/z( /o) € L?*(R™) N C.(R™). The above calculations establish that
fU [p/?)(&) dE = fU sinc(rc£/2)?dé > 0 for every open set U, so that (2.5) holds for p'/2.
Therefore [11, Theorem 18.1] proves that V12 (Q2) is fundamental on compact sets Q ¢ R". Now
Theorem 2.4 shows that || + ||» characterises weak-* convergence on such sets.

Finally, to apply A, we need to be able to calculate 6, * / = y[_pp] * 0. This is a piecewise
polynomial, so easily implemented in software, although sizeable to write down case-by-case.

To base the spread {y on a Gaussian, we need to cut it to have a compact support. We therefore next
construct ¥ = yo for a cut-off function y and a base spread v. Since p = &[] can be numerically
unwieldy, we also take p = ¢gu for ¢ = /[ y] and a computationally simple base kernel u, in our
numerical practise u = v. The condition (3.8) roughly says that the base spread v cannot be more
localised in space than the base kernel u.

In the following, we use the abbreviations @ = F

[u], 0 = F[v], etc., without explicit mention.
Lemma 3.5. Letu, v, y € L(R"™). Then (3.3) holds if6 > 0 w th/vd§ < 0o, and, for some L; > 0 we have

(3.8) I;o < L.

Proof. Since F [ (y)u] (&) = [ f**1] () by standard Fourier transform exchange rules for convolution
and multiplication, we need to prove for all £ € R” that F [ yv] (£)? < [¢? x4](§). If I; := f odé=0,
also v = 0, so this is immediate by the assumed non-negativity of #. So suppose I; > 0. Since, by
assumption I; < oo and 9 > 0, we have 9 € L'(R"). Now Holder’s inequality shows as claimed that

2
(ot =( [ r@e-aa) < ([ ae-aa)( [ @i-oa)-p . o

If we want || - ||g defined with the kernel p = ¢u to characterise weak convergence we need to
show for Theorem 2.4 the existence of p'/? € L?(R™) N Co(R™), and that V12(Q) is fundamental.
Unfortunately, we have no simple characterisation of the requirement p'/? € Cy(R™), although it would
hold by properties of the Fourier transform if p were a rapidly decreasing function (i.e., a test function
for tempered distributions) [31, Chapter 7].

Lemma 3.6. Suppose p = gu for symmetric o,u € L*(R") such that ¢, € L*(R") and ¢, 4 > 0. Then
there exists p/? € L*(R") such that p = o [p"/?]. If p(+)/? € L'(R™), then, moreover, p'/? € Co(R™).

Proof. We have p = ¢ * @ > 0 with all of the Fourier transforms real-valued and symmetric by the
corresponding properties of ¢ and u. Since ¢, &t € L'(R"), standard properties of convolutions imply
p € L'(R™). Therefore j(+)"/? € L?(R™). This quantity is non-negative, real-valued, and symmetric
by the corresponding properties of . Now letting p'/? := Z*[p(+)"?], since the Fourier transform is
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by Plancherel’s theorem an isometry of L?(R"), it follows that p'/? € L?(R™). Also p'/? is real-valued
and symmetric by the corresponding properties of j(+)"2. Finally, if 5(+)Y? € L'(R"), we have
p'/? € Cy(R™) by, e.g., [31, Theorem 7.5]. O

Lemma 3.7. Let ¢, u € L*(R"™) N LY(R") satisfy:
(i) & [u] = 0 and for every non-empty open set U C R” that fU Flul(&)dé > 0.
(ii) F @] > 0 and for everyr > 0, /B(o,r) Flol(&)dE > 0.

Then Vi y,)12(Q) is fundamental for C(Q) for any compact Q ¢ R™.

Proof. Let p := pu. We use [11, Theorem 18.1], which establishes the required fundamentality provided
that p > 0 and fU pdé > 0 for every non-empty open set U. We have p = ¢ = i, so clearly p > 0 by
the corresponding assumptions on ¢ and . Let then U ¢ R” be open and non-empty. There then
exists 9o € U and r > 0 such that B(no,7) € U. Let U, := {£ € R" | B(§,r) c U}. Then U, is open,
non-empty, and (\,ep(o,) (U — 1) D Uy. Write I; := fB(o,r) @(n) dn. By assumption (ii), I; > 0 and

¢ > 0, we have
1/2
Arn1/2 gy _ sy A
Laotae= [ ([ ac-momar] ac

1/2
. /U ( /B (O’r)u(f—n)w(n)dn) dz

o 1 o 1/2
) /U (% /B it n)cp(n)dn) s

Continuing with the reverse Jensen’s inequality for concave functions, Fubini’s theorem, and (i), we

get
[o@raesi [ [ a-p" oy
U U JB(0,r)
> 1 al) / / a(E - n)p(n) dn dé
U JB(0,r)

> [y [ aae
B(0,r) Ur

=Pl [ awdeso.

Since we assume Q compact, the aforementioned [11, Theorem 18.1] now establishes the claim. O

Example 3.8 (Cut Gaussian spread with triangular-Gaussian kernel for 9). On R, let u and v be
Gaussians of variances o2 and 02, i.e., u(x) = Cue >"(200) and o(x) = Coe™'/(29%) for the unit
scaling factors C, and C,. Also let 8,(x) = y[-pp](x — z) for some 0 < b < inf, ;c¥ |z — Z| on the
finite grid ¥ C R. Define A and & according to (3.4) with / = y[_gqu and p = F [ y[—gq]]0 for
some a > 0. We know from, e.g., [25, Appendix 2 & 3] that 4(&) = e~2moué” and (&) = e~ oo’
Thus (3.8) reads

1},6_2”2“12’52 < Lle_z”z‘f’zlérz where I; = V2ro,.

This holds with L; = V2r0o, if 0, > 0,,. By Example 3.2, the bound (3.2) is satisfied by Ly = 2b. Now
Lemma 3.5 and Theorem 3.3 establish

AA < 2bV2r0, D if o, > oy.
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By Lemmas 3.6 and 3.7, p*/? € L?(R") exists, and V2 is fundamental for C(Q) for any compact

set Q ¢ R™. However, p'/? does not appear to be Cy(R™), so Theorem 2.4 does not show that || - ||g
would characterise weak-* convergence unlike the “fast” spread of Example 3.4.

The next lemma provides a formula for calculating 6, * ¢ in the definition of A in Example 3.8.
Numerically, the error functions erf in the lemma are expensive, which leads us to the moniker
“fast” for Example 3.4. It only involves low-order piecewise polynomials.

Lemma 3.9. On R, let /(x) = ¥[-aq] (x)Ce_ﬁx2 and 0,(x) = x[-pp|(x — 2) for some a, b, > 0. Then

c1(x) 2 cz(x),

0,
[0z = ¥](x) = {Q‘T)f [erf (?;Txo?) —erf (?}Tx;)] , otherwise,

where c;(x) := max{z — x — b, —a} and cy(x) := min{z — x + b, a}, and the error function

2 S
erf(s) = ﬁ/ e ' dt.
0

Proof. We have

[Se]

— 1 (x=v)?
[92*‘//](x):/ X1=b01 (Y = 2) X[ (x = y)Ce 27 V)" dy
- 1 2
=/ Xlz—x—bz—x+b] (W) X[-aa] (W)Ce 202" dw

If ¢;(x) > c2(x), this gives [0, = /] (x) = 0. So assume c;(x) < cz(x). Then, with the convention that
fcdz—/dcifc>d,wehave

e o,
Ce 22" dw

6.y = [

c1(x)

c2(x)/(V2o)
= / \/Eche_t2 dt
c(x)/(V2o)

c2(x)/(V2o) c1(x)/(V2o)
= / \/50Ce_t2 dt — / \/§0Ce_t2 dt
0 0

(2]

This establishes the claim. O

Remark 3.10 (Higher dimensions). In higher dimensions, we will work with uniform products

u™ (xyy . xn) = ux) - ulxn).
Thus we will generally replace y = x[—aq] bY X = X[-aa" = )([(fiw], and ¢ = A x[-qa)l by ¢ =
A X[-aan] = .QY[)([_(M]](”). Since u™ % o™ = (u % 0)™ and F[u™] = F[u]"™, the above
results readily extend to higher dimensions with product factors L] in place of L; in (3.3). The one-
dimensional factor L; can be calculated following Examples 3.4 and 3.8. On a regular grid ¥ with
Ozy,..zn) (X1, .. ., Xn) = [1i4, 02, (x;), also Ly can be replaced by Lf for the one-dimensional L.
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Remark 3.11 (Higher dimensions alternative). Alternatively, instead of cutting / = yo with y = y[_q a7,
it would be possible to cut with y = yp(,a)- Then ¢ = [ xB(0,q)] in p = pu. In R?, it is possible to
calculate using geometric arguments on the area of the intersection of two disks of equal radius that

0, d>a,

Ko/4 a =
s o] () {2612 x cos~1(d/a) —dVa®? —d?, d<a,

where d = ||x||/2 is the distance between the centres of the two disks. Thus p = ¢gu is computable
when u is. An extension of Lemma 3.9 for the calculation of 8, * ¢ is more involved. The calculation of
the factor L, for the “fast” spread as in Example 3.4 requires working with Bessel functions in place of
the sinc.

Remark 3.12 (Microlocal analysis). Fourier analysis of products ¢u is also central to microlocal analysis
[24]. However, a family of cut-off functions ¢ is usually employed.

4 FORWARD-BACKWARD SPLITTING

We now develop a forward-backward approach for (1.1). In fact, we do so for the general problem

(4.1) uer%lm [F+G](p)

for some a > 0, convex and pre-differentiable F, and

(4.2) G(p) = allpll.a +620(p).

In the case of (1.1), F(p) = %HA/J - bJ|2.

In Section 4.1 we formulate the overall method and approximate optimality conditions that each
step of our method tries to solve. Then in Section 4.2 we formulate an algorithm for satisfying these
approximate optimality conditions. Finally, in Sections 4.3 and 4.4, we prove function value convergence
with rates and weak-* convergence of the iterates.

4.1 OPTIMALITY CONDITIONS AND BASIC METHOD

We choose a self-adjoint and positive semi-definite particle-to-wave operator @ € L(A (Q); Co(R2)).
On each step k € N, given a base point [i* € J(Q), we take the next iterate y**' € .4 (Q) as a solution
of the (for convenience 7-scaled) surrogate problem

. o YV o 1 o
min Ex(p) where Ep(p) = r[F(i*) + (F' (i) p — i) + G()] + < llp = 113,
UEM (D) 2

For the methods of this section, the base point ji* = y*, but in Section 5 we will use an inertial base
point. The pre-subdifferential of Ey, is

E(p) = t[F'(ji*) + 3G ()] + D (p — [i¥),
where the pre-subdifferential of G is characterised by
aw € 3G () = W' <1 and W) = |l with wFt e Go(Q).
Thus the inclusion &4, € 9E; (u**!) expands with o* := F’(ji¥) as

{ Ern = T[0F + aw ] + D (U - 1),

(4.3)
wk+1 <1land ‘uk+1(wk+1) — ||/1k+1||/%~
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In practise, we are unable to satisfy the Fermat principle 0 € 9E; (1**!). Instead, we pick a tolerance

eks1 > 0 for &4y, and solve for p<*1,

t[o* +a] + D - F) > —g11 on Q
(4-42)

[o* +a] + DU - ) < e on supp pF.
To ensure that {y/**'} ey stays bounded, we further require for some x > 0 that
(4.4b) (t[o* + a] + DR - J5) Y < ke

Iteratively solving (4.4) with ji¥ = ¥ produces the overall structure of Algorithm 4.1, our proposed
forward-backward splitting for (4.1).

The next lemma shows that for a solution y**! to (4.4a) there is some &j,;-bounded &1 € 9E(u
In the next subsection, we verify the existence of solutions to the entire (4.4).

k+1)'

Lemma 4.1. Suppose  is closed and p**' € M (Q) has compact support and solves (4.4) for a fixed k € N
and a given ok € Cy(Q). Then there exists é41 € Co(Q) satisfying (4.3) with —€g41 < Ex1 < k41, and

(4.5) (Ernl ! = B < e (e + |l ))-
Ifvo* = F/(ji¥), then &4y € OB ().

Proof. Pick ¢ € C.(Q) such that
1
1> ¢ > — max{0, —gx4 — 708 — D(PF — )} with ¢ supp gF = 1.
Ta

Indeed, by the first inequality in (4.4a), the lower bound on ¢ is at most the upper bound. Since
ok + 9(/1"“ - ﬁk) € Co(Q) and &x41 > 0, the lower bound becomes zero outside a compact set. Since
1+ has compact support, it therefore suffices to take ¢ as a mollified indicator of a sufficiently large
ball.

We then let

Eesr = min{egp, t[0" + ap] + DU - 1)} = t[o* + a1 + D (U - 1)

for

1
Wk+1 .= min {(P, — (5k+1 — fz)k _ @(ykﬂ _ ﬁk))} )
T

Then &4 € Co(Q), and by construction —¢x; < &y < €rr1. We also have wk*l < 1 while the
construction of ¢ and the second inequality of (4.4a) ensure that w**! = 1 on supp p**. Therefore,
(4.3) holds. When o = F’(ji¥), this means that &,; € 9E(u**).

Since the second inequality of (4.4a) ensures that &, = 7[0* + a] + D (p**! — i) on supp pF*!, we
now deduce from (4.4b) that (8,1 |p*™") < Kkéy41. This bound with &, > —ery establishes (4.5). O

4.2 POINT INSERTION AND REWEIGHTING

We present in Algorithm 4.2 a scheme to approximately solve (4.4) for ;/**! when starting with ji* a
discrete measure. We denote the class of such measures by Z (Q) c A (Q2). We stress that Algorithm 4.2
is just one possibility for satisfying (4.4). In all of our theory it could be replaced with another algorithm
that could, for example, incorporate heuristics such as point merging and the sliding of [17]. The
method is based on optimising the weights of the points already in the support of the discrete measure

Valkonen Proximal methods for point source localisation



J. Nonsmooth Anal. Optim. 4 (2023), 10433 page 15 of 36

Algorithm 4.1 Forward-backward for Radon norm regularisation of non-negative measures (1FB)

Require: Regularisation parameter & > 0; convex and pre-differentiable F : /4 (Q) — R; self-adjoint
particle-to-wave operator & € L(A(Q); Co(RQ)).
1 Choose tolerances {exi1}ken C (0, 0) and a step length 7 > 0 subject to Theorem 4.10, 4.13, or
4.18.
Choose a fractional tolerance x € (0, 1) for finite-dimensional subproblems.
Pick an initial iterate ;° € Z(Q).

N

3:
4: for k e Ndo
5 ok = F'(yF).
6:

[+ = INSERT_AND_ADJUST (¥, 705 — DYk, tat, €141, ). > Solves (4.4) with Algorithm 4.2.
7: Prune zero weight spikes from p<*, > Optionally also apply a spike merging heuristic.
8: end for

Algorithm 4.2 Point insertion and weight adjustment
Require: p e Z(Q),n € Cy(Q), 4, > 0,k € (0,1) on a domain Q C R".
1 function INSERT_AND_ADJUST(l, 7, A, €, K)
2: Let S := supp p.
3: repeat
4 Solve for E = (Px)xes € R*S the finite-dimensional subproblem

7= (7(x))xes € R™,
D:=(p(y - x))x,yGS € R#SX#S:

min 2G5 D)+ G.F) + A1fl win |
£>0

to the accuracy

IDB +7 + Al < ——— forsome w € || - (f).
1+ | Bl
5 Let p1:= Xyes Prxdx
6 Find x (approximately) minimising Du + n + A. > For example, branch-and-bound.
7 LetS :=SU {x} > x will only be inserted into u if the next bounds check fails.
8 until (Dp) (%) +n(x) +A > —¢
9: return p

10: end function

i = ji* and, if necessary, inserting a new point into the support, then repeating until (4.4) is satisfied.
Compared to the corresponding step for conditional gradient methods from the literature, which always
insert a single point, Algorithm 4.2 has one major advantage: it can skip point insertion, if mere weight
optimisation is enough to satisfy (4.4). As we have observed in the numerical experiments of Section 7,
this makes the merging heuristics that are critical for conditional gradient methods, unnecessary. Our
analysis also incorporates inexact solution of the non-convex point discovery subproblem.

The next lemma proves the finite termination of Algorithm 4.2 along with the solvability of (4.4). It
is the only point in our algorithmic theory in this and the following sections, where we need 9 to be
a convolution operator, instead of an abstract operator. Indeed, & = p= for a simple single-peaked
kernel p appears beneficial for the easy solution of (4.4), but in principle other options are possible
when the bound A, A < LD cannot be satisfied for & a convolution operator.

Lemma 4.2. On a compact set Q C R", let Du = p *« u for u € M (Q) with the symmetric and positive
semi-definite 0  p € Co(R")NL*(R™). Let x4 > 0 andk € (0,1). Then, forany yu € Z(Q), (4.4) can be
satisfied in finitely many steps by INSERT_AND_ADJUST(i1, 0% — Di¥, tat, €41, k) defined in Algorithm 4.2.
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Proof. Observe that by Theorem 2.4, D is (strictly) positive definite on Z (Q). Let nx := Di* — 1o,
For clarity, index the iterations of the inner loop of Algorithm 4.2 by ¢, and correspondingly write
1 = pand Sy = S for the situation on Line 5. Since the matrix D on Line 4 is positive definite by the
correspondmg property of 9, there always exist solution to the subproblem. Moreover, any minimising
sequence { ﬁ i} jen is bounded, ensuring that the || ﬂ||1 -scaled the accuracy requirement can be satisfied
by an inexact solution.

Together with the accuracy requirement, the finite-dimensional subproblem amounts to finding
non-negative factors {fx}xes, such that p, := X, cs, BrIx satisfies for some 1 > w € Co(Q) with
w(y) = 1if B, > 0 the bounds

K&k+1

- < D+ + W] (y) < _ M forall y € Sy.
1+ el (@)

(4.6)
1T+ ||pell. @)

Since k¥ € (0,1), w = 1 on supp i, and in the parametrisation of INSERT_AND_ADJUST, A = 7 and
Nk = 10X — DIk, it follows that x**' = i, thus constructed satisfies the upper bound of (4.4a) as well as
(4-4b). The function INSERT_AND_ADJUST only returns when the lower bound of (4.4a) is also satisfied.
Therefore, it remains to prove that the lower bound of (4.4a) is satisfied for large enough ¢.

Since 9 is strictly positive definite, p(0) = (2x|9x) > 0 for any x € Q. Since p is continuous,
there exists R > 0 such that p > %P(O)XB(O,R)- The upper bound of (4.6) ensures for all £ € N and
yeS; ={yeS |py>0} that

1 1
0 < 2pOllpeB.RLace) = ) 5hxp(0) x50y ()

X€ESy

< Y Bep(y =) = Dpue(y) < ~lmic + A(y) + K.

XES,

Since ng € Cy(Q), it is bounded on the compact set Q. Therefore, by the above, there exists M > 0 such
that ||p,LB(y,R)||.x(o) < M forall for all # € Nand y € S; . By the finite Vitali covering lemma, see,
e.g., [27, Proof of Theorem 2.1], there exists a subcollection Se C S; suchthat S; € U,e s B(y,R/3) C
U vess B(y, R), and the latter balls are disjoint. Thus

ey = l1ecS7 gy = D, e BAR)ILaa) < #5eM.
yeS

Since Q is bounded, #S; is bounded by a constant dependent on R and Q alone; see, e.g., [27, Lemma 2.6].
Therefore {||p¢|l.z () }e=1 is bounded. Lemma 2.3 now shows that the family {2, },cn is uniformly
equicontinuous. Since w(y) < 1, the lower bound in (4.6) holds with w replaced by 1. Therefore, there
must exist r > 0 such that

+1
(4.7) (Dpe + e + A (x) > —KTekH > —¢ryp forall xeB(y,r), ye€S, and £>1.

It follows that B(y,r) NS, = {y} for all y € Sy, meaning that Algorithm 4.2 does not insert new points
into S in the r-neighbourhoods of existing points. Since a finite number of such neighbourhoods cover
the compact set Q, Algorithm 4.2 must terminate in a finite number of steps. O

Remark 4.3 (Insertion count). The proof of Lemma 4.2 implies that the maximum number of insertions
in Algorithm 4.2 is bounded by the number of open r-balls with non-intersecting centres, that can
be packed into Q. Subject to further Lipschitz assumptions on p and ran A,, such an r is by (4.7)
proportional to &4, so the count is in the order of 1/, . If no pruning is performed in Algorithm 4.1,
this becomes a bound on the cumulative insertions. Under a strict complementarity assumption, when
¥ is near a solution 7, it would be possible to further improve the proof to show that insertions can
only happen in a subset of the domain near the spikes of f.
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Remark 4.4 (Complete reconstruction). According to Lemma 4.2, it would be possible to replace p* by 0
in the application of INSERT_AND_ADjUST in Algorithm 4.1. This would force complete reconstruction
of 4**! on each iteration. In our numerical experience the resulting algorithm has much higher
computational demands.

Remark 4.5 (Unconstrained problem). If G(y) = al|p|l.# (o) without the positivity constraint, the
inclusion &,y € 9Ex(p**") expands with of := F’(ji) as

{5k+1 — T[Z)k +awk+1] +@(/1k+1 _ﬁk),

1< wk+1 <1land ‘uk+1(wk+1) — ||Hk+1||ﬂ.

Thus (4.4a) can be replaced by

t[o* +a] + D - i) > —gy on Q,

8 tlof —al + D - ) < en on©,
(4.82) r[oF +a] + D — + k4
I 0°) < égp1 on supp’ gt
t[of — a] + D - iF) > —exy on supp™ gkt

where supp® i := supp p* in the minimal decomposition p = p* — p~ with g*, = > 0. To ensure that
{1} ken stays bounded, we replace (4.4b) with

(4.8b) (rlo* + W a] + DU = 1) ) < Ko,
for some Borel wk*! : supp ! — {1, -1} with wk*1y**1 = |4%*1|. For a discrete measure p**' =
2.imq Pidx, this falls down to the pointwise values Wk (x;) = sign i foralli =1,...,n.

In Algorithm 4.2 all we have to change is:
1. On Line 4 remove the constraint ,E > 0.
2. On Line 6 find £ maximising |2y + 1|.
3. On Line 8 exit the loop only if also the upper bound check (Pp)(x) + (%) — A < ¢ succeeds.
It is also not difficult to extend Lemmas 4.1 and 4.2 to this setting. Then the theorems in the remainder
of this manuscript also go through for the modified algorithm without the positivity constraint.

4.3 FUNCTION VALUE CONVERGENCE

We now embark on proving the convergence Algorithm 4.1, where we could tacitly replace Algorithm 4.2
by any other way to solve (4.4). We require some basic regularity and step length conditions.

Assumption 4.6. We assume that Q C R” is compact, the regularisation parameter « > 0, and that

(i) The operator D € L (M (Q);Co(RQ)) is defined by Dy = p * u where 0 £ p € Co(R™) N L(R")
is symmetric and positive definite, i.e., p(—y) = p(y) for all y, and F[p] > 0.

(ii) The convex function F : #(Q) — R is pre-differentiable and L-smooth with respect to || * ||g:
, L
F(v) = F(p) = F(Wlv = mey@yue < Slv- plly,  (vope ().

(iii) The step length 7 > 0 satisfies 1 > 7L (strictly for weak-* convergence).

Remark 4.7 (Compactness). The compactness assumption on Q is only due to Lemma 4.2 on the
finite termination of Algorithm 4.2. It could be removed if (4.4) is otherwise ensured on Line 6 of the
algorithm.
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Example 4.8. For F(p) = %HA,u—bH‘;‘, with A € L(#(Q);Y) and Y a Hilbert space, Assumption 4.6 (ii)
reduces to A being pre-adjointable with A,A < L9D.

Our convergence proofs are based on the following simplified (scalar-tested, without strong convex-

ity) version of [32, Theorem 2.3] with the addition of inexact solutions (¢x4; # 0). It includes inertial

parameters A; that we need in Section 5. For non-inertial methods we take A, = 1and z* = x* = x*.

Lemma 4.9. On a Banach space X with predual X,, let F,G : X — R with F transport-subdifferentiable
and F 3-point smooth. For an initial x° = X° € X, let {x*""} xeny and {¥**'}rcn be defined for some A > 0
and &y € X, through

Fre1 € T [F'(35) + 0G (X)) + D (xFH — 25)

and

(4.9) A (2 — Zk) = xk*1 — %5 as well as /1k(zk+1 - xk) = xk+l _ k.
Then for any x € X we have

22 A2(1-1L)
S =zl + Sl = 2+ e ([F + G M) = [F + G (2))
2

A
— (L= M) r([F + G (<) = [F+ G1(3)) < Ell2F = 2L, + Mol = 2.

In particular, if Ay = 1 and 2F = %* = x*, we have

1-1nL _ 1 _ ~ _
St —— [l = xFIIE, + m([F+ G (") = [F+ Gl (%)) < Ellxk = %[[, + (Fraalx* - %).

- s, +
Proof. Let ¢**' € aG(x**') satisfy &y = 7 [F/ (%) + ¢ + D (xF*! — %¥). Then
(4.10) AeEranl2™ = 1) = D [F' (&) + 41 + D (x5 = 29125 - x).
Due to the three-point identity (2.3) and (4.9), we have

Ak(@(xk+l _ }?k)|2k+1 _ 2) — Ai(@(zk“ _ Zk)|2k+1 _ JZ'>

A2 A2 A2
ko k1 _ky2 ki k+l =2 Ky k+tl =12
=_2 |25 -z ||9+_2 [lz** _x”g__z [l2°* - x[|5-

By the definition of the convex pre-subdifferential and the L-smoothness of F with respect to &, using
both relationships of (4.9), we obtain

Ak(F,(J\ék) +qk+1|2k+1 _X_> — Ak(F,(JZ'k) +qk+1|xk+1 _X_> + (1 _Ak)<Fl(5z_k) +qk+1|xk+1 _xk>

> I ([F+G] ()~ [F 461 () - 1 —fckn;)

+(1-4) ([F+G] () = [P+ GI(H) - ] —a“cknéz)

= ([F+G](=**") = [F + G](x))
2

LA
- (1= A)([F+Gl(x*) - [F+G(x)) - TkIIZk+1 - 2F1%,.

Inserting these two expressions into (4.10), the claim follows. O
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We now readily obtain ergodic function value convergence:
Theorem 4.10 (Ergodic function value convergence). Suppose Assumption 4.6 holds and let i € M (Q)

satisfy 0 € [F+G](ji). Let {i/* }x>1 be generated by Algorithm 4.1 for some i° € Z (Q) with the tolerance
sequence {€x41}tken C (0, 00) satisfying

1 N-1
(4.11) ]\1,1_r>noo - kZ €41 = 0.
=0

Define the ergodic iterate iV =5 Z ,uk. Then [F + G| (jiN) — [F + G](j1), more precisely,

N-1
1 1
~N _ = 0 =112
P+ 1) = [F+ 61 + 57 |6+ Wil ) 35 e + 510 = .

Proof. Algorithm 4.1, Lemma 4.2, and Assumption 4.6 ensure (4.4) for all k € N. Therefore Lemma 4.1
provides &1 € 9E(1/**') satisfying (4.5). The case Ax = 1 of Lemma 4.9 with 7, = 7 now establishes

1 L 1 . _
(2) Sl = = I e F+ Gl ~ el PG () < =+ G -
Summing over k = 0,..., N — 1 we obtain
k+1 . 1-7L k+1
(413) —IIu —u||9+2 [F+ Gl = o[ F + Gl (p) + —— Il = pF15, | < —IIu — il +Cn,

where (4.5) shows that Cy := ZkN:_Ol(Ekﬂlyk“ - < (x+lallae) ZkN:_Ol €x+1- Since 7L < 1, dividing

(4.13) by N7 and using Jensen’s inequality, the claim follows. O

Example 4.1 (Tolerance sequence). Take er4; = 1/(k + 1)? for some p > 1. Then (4.11) holds. In fact,
N 1€k+1 < 09, s0 Theorem 4.10 yields O(1/N) ergodic function value convergence.

Example 4.12 (Controlling the insertion count). Recall Remark 4.3. To keep the growth of the
(cumulative) maximum insertion count in Algorithm 4.2 linear, we could take gy = 1/(k + 1)/,
This comes at the expense of reducing the O(% ZkN: _01 €k+1) convergence rate given by the theorem
to O(log N/N) for n = 1 and O(N~"") for n > 1. By our numerical experience in Section 7, in
practise even the option of Example 4.11 requires very few insertions on each iteration.

With a tighter finite-dimensional subproblem solution accuracy, the method is nearly monotone, and
we get non-ergodic convergence. If the tolerances are as in Example 4.11, this convergence is O(1/N).

Theorem 4.13 (Function value convergence). Suppose Assumption 4.6 holds and let i € M (Q) satisfy
0 € [F + G|(f1). Let {y/* Y1 be generated by Algorithm 4.1 for some p° € Z (Q) with the tolerance
sequence {€x1}tren C (0, 00) satisfying (4.11), and (4.4) amended by

(4.14) (min{eg, t[oF + o] + D — gF) M = F) < Tk for k=1,

Then [F + G](uN) — [F + G](j1), more precisely,

N-1

[F+G1(5") < [F+ Gl + = | 2x + Il ) Y i+ 5 118° = A |
k=0
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Proof. Algorithm 4.1, Lemma 4.2, and Assumption 4.6 ensure (4.4) for all k € N. Therefore Lemma 4.1
provides &, € 9Ei(u**) satisfying (4.5). In fact, &y = min{eg,y, 7[0F + a] + D (P = pF)} in the
proof. Therefore, (4.14) reads (&4 |y — pF) < % Since 7L < 1, the case A; = 1 of Lemma 4.9 with
7x = 7 and % = ;¥ now establishes for all j > 1 the “monotonicity with error”

[F + Gl (/™) < [F + G (1) + (&l p’™ = 1)) < 1[F + Gl (1) + £]+1'

Hence, summing over all j =k +1,..., N — 1, we obtain for all N > k and k € N that

N-1

Py
t[F+Gl(N) < o[F+Gl(F) +x > L2
j=k+1
Applying this estimate in (4.13) forallk = 0,..., N — 1, yields
1 1 NoIN=1 o NS
N = A%, + Ne([F+ GlGN) = [F+GI@) < 1l = Al +x 4 S Gl -
k=0 j=k+1 i
Since Z pa k£r1 g’J - Zf: _11 €k+1, using (4.5) on the final term and dividing by Nz, establishes the
claim. O

Remark 4.14 (Finite-dimensional subproblems). The accuracy requirement (4.14) holds if

K&k+1 k+1 k
Ir[o* + aw*] + D - 1) (y) < for y € supp y** U supp 4,
ke + 11EE N )
where 1 > wk € Cy(Q) with w* = 1 on supp p**1. Since the set S only grows in Algorithm 4.2, it
follows that (4. 14) is satisfied by tlghtenmg the right-hand-side of the accuracy requirement on Line 4
to keppp/(1+ k(||ﬁ||1 + ||ﬂ0||1)) where ﬁo is the vector of weights of the initial p.

Remark 4.15 (Linear convergence). If F is strongly convex with respect to the &-seminorm, it is
not difficult to prove linear convergence along the lines of the Hilbert space proofs in [15, 33]. For
F(p) = %||A,u — b||? the strong convexity requirement reduces to A,A > y& for some y > 0. In practise,
we do not expect this condition to hold, so do not pursue the precise proof here. It would be possible to
relax the strong convexity requirement to the (strong or non-strong) metric subregularity of o[F + G]
near a solution; see [35, 15] for the convergence theory and [36] for examples of satisfaction of such a
condition in other contexts. Proving metric subregularity for the problem (1.1) is outside the scope of
the present manuscript.

4.4 WEAK-% CONVERGENCE

We now prove weak-* convergence of the iterates. We recall the following deterministic version of the
results of [30]:

Lemma 4.16. Let {ag }ren, {Pk }kens {ck tren, and {di }ren be non-negative sequences with
a1 < ap(1+bg) +cp —dr  forall keN.

If Yo b < coand 37 ¢ < oo, then (i) limy_,o ax exists and is finite; and (ii) 3.3 dj < co.
The next generalisation of Opial’s lemma [28] follows the proof from [15] in Hilbert spaces. We
prove it for Bregman divergences

Bu(x,z) = M(2) — M(x) — (M (x)|z — x),

as they add no extra difficulties. Recall that in Hilbert spaces 3 Lz = x||? = By(x, z) for M = %ll -
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Lemma 4.17. Let X = (X.)* be the dual space of a corresponding separable normed space X... Also let
M : X — R be convex, proper, and Gateaux differentiable with M’ : X — X, weak-+-to-weak continuous.
Finally, let X ¢ X be non-empty and {exs1}ren € Xs. If

(i) all weak-+ limit points of {x*}ren belong X.
(ii) X5, max{0, {exs1|x ! = %)} < oo for all % € X; and
(iii) Bpr(xF, %) < Bpg(x%, %) + (e |x** = %) forall % € X andk € N;
then all weak-+ limit points of {x*}ren satisfy %, % € X and
(4.15) (M'(x) = M'(%)|% — %) = 0.

If {x*}ren C X is bounded, then such a limit point exists. If, in addition to all the previous assumptions,
(4.15) implies X = % (such as when M is strongly monotone), then x* = % in X for some % € X.

Proof. Let % and % be weak-# limit points of {x*}rcn. Since Bregman divergences By > 0 for convex
M, the conditions (ii) and (iii) establish the assumptions of Lemma 4.16 for a; = By (x*; %), by = 0,
cx = max{0, (ep41|x**! — %)}, and di = 0. It follows that {By;(x*; %) }ren is convergent. Likewise we
establish that {By;(x*; %) }xen is convergent. Therefore

(M (xF)|x = %) = By (x*; %) = Bpi(x%; %) + M(%) — M(%) — ¢ € R.

Since X and x are a weak-* limit point, there exist subsequence {xk"}neN and {ka}meN with xk» — %
and x*» — %. Using the weak-#-to-weak continuity of M’ : X — X,, (4.15) follows from

(M'(x)|x — %) = nlglgo<M'(xk"),3? —X)=c= r}gl‘}o(M’(ka),f - %) = (M'(x)|x - %).

If {x*}rcn is bounded, it contains a weakly-* convergent subsequence by the Banach-Alaoglu
theorem, so a limit point exists as claimed.

Hence, if (4.15) implies X = %, then every convergent subsequence of {x* };.cy has the same weak limit.
It lies in X by (i). The final claim now follows from a standard subsequence-subsequence argument:
Assume to the contrary that there exists a subsequence of {xk} keN Dot convergent to x. Then we can
apply the above argument to obtain a further subsequence converging to x. This contradicts the fact
that any subsequence of a convergent sequences converges to the same limit. O

Finally, we can state and prove the weak convergence result.

Theorem 4.18 (Weak convergence). Suppose Assumption 4.6 holds with the step length condition (iii)
strictly: TL < 1. Let {/* }x>1 be generated by Algorithm 4.1 for some ji° € Z (Q). Also suppose

(i) F is bounded from below;
(ii) F’ is continuous with respect to || + ||g; and
(iii) the tolerance sequence {ej41}ren C (0, 00) satisfies 377 | e < 00.

Then there exists a weak- limit point i of {ii*}ren satisfying 0 € 9[F + G](ji), and any two such points
o, i osatisfy ||i — fillg = 0. If a point satisfying both properties is unique, in particular when all the
assumptions of Theorem 2.4 (iv) hold for p, then pi* = i weakly-+ in J(Q).

We recall that the assumptions of Theorem 2.4 (iv) hold for the kernel p of Example 3.4, but the C
assumption on p"/? presumably fails for Example 3.8.
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Proof. We use Lemma 4.17 with X = (9[F + G])"'(0) and M = a2l - ||?2, in which case By(p, v) =
%ll - vlléz. We need to verify its assumptions. Algorithm 4.1, Lemma 4.2, and Assumption 4.6 ensure
(4.4) for all k € N. Therefore Lemma 4.1 provides &x,; € 9E(p**!) satisfying —exy; < &xy1 < €4 as
well as (4.5). The latter with the present assumption (iii) establishes

(416) > max{0, Eald™ ~ B} < (k+llAllaw) ) e =:C forall peX.
k=0 k=0

Hence Lemma 4.17 (ii) holds. The case Ay = 1 of Lemma 4.9 with 7 = 7 establishes the Féjer mono-
tonicity “with error”
1 k+1
5 lIK
for every i € X. This proves the assumption Lemma 4.17 (iii). We still need to prove Lemma 4.17 (i). We
do this together with showing the boundedness of {;/*}ren.
The conditions of Theorem 4.10 readily hold for any ji € X by our assumptions. Thus (4.12) and
(4.13) in its proof hold for all N € N. Since 0 € 9[F + G](ji), we have [F + G](1**') > [F + G](ji) for
all k € N. Therefore, since 7L < 1, (4.13) and (iii) allow us to deduce both ||**! — ;i¥|| — 0 and

_ 1 _ . _
= il < SlpE = G + Gl = )

1
W —u||2+C>Z( [F + G — olF+ GI(D) + 2145+ |

> 7[F + Gl (W) = 7[F + G] ()
> ra||p’™|.4 + Tinf F — 7[F + G] (1)

for C defined in (4.16), for any j € {0,...,N —1} and g € X. By (i), this establishes the boundedness of

{.Uk}keN-
For any x € Q and k € N, we have

(418) Sl D (U — 1)) = [, g = 1Yo < 18l 15 = ¥l o = [p(0) 11154 = ¥l

Since we have just shown that ||g**' — ;|| — 0, it follows from (4.18) that D (p/**' — y¥) — 0
uniformly, i.e., strongly in Co(Q). By (ii), moreover, F’(u*) — F/(4**') — 0 strongly in Co(Q). Let
then . := F'(4**!) + awk*! € 9[F + G](¢/*!). Since we have assumed eg4;~0, also &, — 0 strongly.
Testing the approximate optimality conditions (4.3) by dx we now have

(%) = B (x) = [F'(1F) = F' ("] (x) = (812 (4! = p¥)) — 0 uniformly in Q.

Since nx € I[F + G](u**!), the weak-#-to-strong outer semicontinuity of (pre)subdifferentials (see [15])
establishes that any weak-* limit point /i of {y/*}ren satisfies 0 € 9[F + G| (/). This establishes the
assumption Lemma 4.17 (i).

We have now verified the main conditions of Lemma 4.17, which shows that all weak-* limit points
fi, fi of {§*}ren belong to (I[F + G])'(0) and satisfy 0 = (M’ (j1) — M’ (f)|fi — iy = || — fill,. Since
we have shown that {4/*}cy is bounded, such a limit point exists. This establishes the first claim.

If now ||i — fillg = 0 implies ji = ¥, then Lemma 4.17 establishes weak-* convergence. When the
assumptions of Theorem 2.4 (iv) hold, Corollary 2.5 proves that || - || is a norm, in particular, so this
property holds. O

Remark 4.19. The condition Theorem 4.18 (ii) along with Assumption 4.6 (ii) follow from

(4.19) IF' (1) = F(Wlleo < Lllp=vllo  (mv e M(Q)).

The former is immediate while the proof of the latter is standard; compare [15, Lemma 7.1 (iii) = (v)].
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Algorithm 5.1 Inertial forward-backward for Radon norm regularisation (FISTA)

Require: Regularisation parameter & > 0; convex and pre-differentiable F : /4 (Q) — R; self-adjoint
particle-to-wave operator & € L(A(Q); Co(RQ)).
1 Choose tolerances {¢er+1}tren C (0, 00) and a step length parameter 7 > 0 subject to Theorem 5.1.
Choose a fractional tolerance k € (0, 1) for finite-dimensional subproblems.
Pick an initial iterate y° € Z(Q)

N

3:
4 Set Ay :=1and ji° := p°.

5: for k € N do

6: ok = F(jiF).

7: (1 = INSERT_AND_aDJUST(jiF, 70X — D ik, tat, 41, ). > Solves (4.4) with Algorithm 4.2.
8: Calculate ﬁk“ and Ag4; according to (5.1).

9: Prune spikes with zero weight in both /**! and i+, > Optionally also heuristic merging.
10: end for

Example 4.20. For F(u) = %||A;1 — b||? with pre-adjointable A € L (. (Q);Y) and Y a Hilbert space,
Theorem 4.18 (ii) follows by slightly adapting the previous remark. Indeed, we take L satisfying
ALA < LD as in Example 4.8. Since F'(u) — F'(v) = ALA(u — v), (4.19), we then have

IF (1) = F' (M) lleo < MA@y AR = VIR < AL ®ncy0)) VLK = Vo

This establishes the required continuity.

5 INERTIAL FORWARD-BACKWARD

We now provide an inertial version of Algorithm 4.1, i.e., FISTA [2] on measures. We first describe
the algorithm in Section 5.1, and then prove its convergence in Section 5.2. For this we need the full
generality of Lemma 4.9.

5.1 ALGORITHM DESCRIPTION

With Ay = 1, and ji° = i°, we define the inertial measures and parameters

. _ 22
(51  f* = (14 O™ = Ot O = (A7 = 1), A = ———2— (keN).

Ak + 4+ A7

Then we “rebase” Algorithm 4.1 at ji* in place of ;¥ to obtain the inertial algorithm Algorithm 5.1.

5.2 CONVERGENCE

Theorem 5.1 (Inertial method convergence). Suppose Assumption 4.6 holds and let i € M (Q) satisfy
0 € 9[F + G|(f2). Let {§*} x> be generated by Algorithm 5.1 for some ;i° € Z (Q) with the tolerance
sequence {¢exi1}ken C (0, 00) satisfying

N-1
lim 22 Z Al = 0.
k=0

N—-ooo

Then [F + G](uN) — [F + G](j1), more precisely, /112\] = O(1/N?) in

2 N-1

A
[F+G1 () < [F+GI () + = | e+ lallacey) ), 2 e + Co
k=0
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forCo = 2([F + Gl (1°) = [F + G1() + 3 lln° = All%,

Proof. Wehave Ay > 1+N/2,see [2,Lemma 4.3] or [32,Lemma 3.4]. This establishes that 13, = O(1/N?).
Taking z5*! := Alzl,uk“ -(At- 1), we have A (2K = k) = p*+1 = i as well as Ay (251 —2%) = pk+1— ik,
as required by Lemma 4.9; see [32, (2.8)]. Algorithm 5.1, Lemma 4.2, and Assumption 4.6 ensure (4.4) for
all k € N. Therefore Lemma 4.1 provides &, € 9Ex(p**') satisfying (4.5). Since 7L < 1and A; € (0,1],
Lemma 4.9 thus establishes

2

A
I = Al + o([F + Gl (4 — [F + G) (1)
2

A
< (1= A)([F + Gl () = [F+ GI(R) + SelI" = il + Az = ).

Since /1,;2(1 —A) = )L];EI for all k € N when we set A_; = 0, see again, e.g., [32, Lemma 3.4], multiplying
this expression by 4, ? yields

S = B + A (F + G = [F +G1()

< (P + G = [F+ Gl + 5112 = Al + A Gl — .

Summing over k = 0,..., N — 1 establishes
N-1
IT([F + Gl (™) = [F+Gl() < Co+ D A Eenls - ).
k=0
Estimating the sum with (4.5), and multiplying by A3,/z, the claim follows. O

Example 5.2 (Tolerance sequence for inertia). Since Ay = 1, we have
- 1 - -
Aehy = 5(1+\/1+4/1k2) <1+A0 <. <k+1

Therefore, taking &x,; = 1/(k + 1)? for some p > 2, Theorem 5.1 shows O(1/N?) function value
convergence. If p € (1, 2] as in Example 4.11, the rate reduces to O(1/N).

6 PRIMAL-DUAL PROXIMAL SPLITTING

We now provide a version of the primal-dual proximal splitting (PDPS) of [10]. We first describe the
algorithm in Section 6.1, and then sketch its convergence in Section 6.2. We allow the function F in
(4.1) to take the form

F(p) = Fo(Ap),

where A € L(A(Q);Y) with Y a Hilbert space,and Fy : ¥ — R is convex, proper, and lower
semicontinuous, but possibly nonsmooth. This is a relaxation from Sections 4 and 5 that required F to
have Lipschitz Fréchet derivative. For (1.1), i.e., a Gaussian noise model, we would take Fy(y) = % lly—bll
on Y = R". For a salt-and-pepper noise model, we would take Fy(y) = ||y — b|l1.
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Algorithm 6.1 Primal-dual proximal splitting for Radon norm regularisation (zPDPS)

Require: Regularisation parameter @ > 0; convex and Fréchet-differentiable F; : Y — R; pre-
adjointable A € L(.Z(Q);Y) with Y a Hilbert space; self-adjoint & € L(A(Q); Co(Q)).
1 Choose tolerances {eg41}tren C (0, 00), and step length parameters 7, o > 0 satisfying 70A.A < 9.
2: Choose a fractional tolerance k € (0, 1) for finite-dimensional subproblems.
Pick initial iterates (1, y°) € Z(Q) x Y.

3:

4: for k e Ndo

5: ok = A, yk.

6: [+ = INSERT_AND_ADJUST (1K, 705 — DYk, tat, e, 1), > Solves (4.4) with Algorithm 4.2.
7: Prune zero weight spikes from p/**, > Optionally also apply a spike merging heuristic.
8: yk+t = prongg(yk + oA 2 = 1F]).

9: end for

6.1 ALGORITHM DESCRIPTION

The optimality conditions for (4.1) may now be written [15]
G (p) + A, y)
oF; (y) — Au)’

where we recall from (4.2) that G(p) = a||pll.x + 5>0(1). With the help of the step length and pre-
conditioning operators Wy € L(Co(Q) X Y;Co(Q) X Y) and My € L(A(Q) X Y;Co(Q) X Y) defined
as

0€ H(g,y) where H(yy):= (

. Id 0

D —Ti A,
O O'k+1 Id >

W = ( WOk A Id

)

for some step length and over-relaxation parameters {(zx, ok, Wk) }ken, We introduce as in [33, 15, 22]
the implicit form algorithm

(6.1) (5’;)“) € Wi H (W) + M (uF ! = o),

where uk = (,uk, yk), and with exact steps, we would have &,; = 0. Following Section 4 we, however,
replace the first line primal update by (4.4) with o* = A, y*. The second line dual update reads

0 € 0k 10F; (Y1) — ot AL(1+ ) ¥ — wppF] + (5541 = 3F).

Taking (tx, o, wx) = (7, 0, 1), and rewriting the dual update in terms of an explicit proximal mapping,
in analogy with Algorithm 4.1, we obtain Algorithm 6.1.
When Fj is strongly convex with factor yr;, we can also accelerate

(6.2) Tes1 := Tk/wp  and Oy = opwi  for wi =1/ 1+ YF; Ok,

replacing 2p/%*! — /¥ in the dual update by (1+ wi)p**! — wrp*. We can take wy = 1//T+ 2y o if
only iterate convergence is desired, and no function value convergence.
6.2 SKETCH OF CONVERGENCE

Following [33], see also [15], we introduce for some testing parameters @, % > 0 the testing operator
Zr € L(Co(Q) X Y;Co(R2) X Y) defined by

or 1d 0
Zy = .
¢ ( 0 ¢k+1 Id)
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We need Zx My € L(A(Q) X Y;Co(Q) X Y) to be self-adjoint and positive semi-definite. By standard
arguments [33, 15] this holds when wi = o ¥/ ! o7 and Yrox = @iy as well as 7x0p ALA < D with
{Yi }ken non-decreasing.

We then test (6.1) by the application of (Z; - |u**! — @) for some @& € H~'(0). This yields

(63)  orlEranl® = i) € prm(dG (P + ALy R — )
+ Y10k (OFg (YY) = ApF |y — ) + (Ze My (uF = 0 [uF - @),

Using the definition of the convex subdifferential and the three-point identity for Zy My, now

k+1 k2
—lzm,

+ okt [G(U™) = G(D)] + Yisa o [Fy () = Fi ()]

Y10k 41V E;

+ ——
2

+ Okt [(A Y = ) = Yo (AR Y5 = 3.

N SR K+l - k-
(6.4) Okt = 1) 2 Ellu -l - E||u —all% p + 5||u
k _
Iy = 3lI5

If now (7x, ok, w) = (7, 0,1), i.e., we consider the unaccelerated algorithm, we can take ¢ = 1 and
Yrs1 = o 'z while satisfying the non-negativity and self-adjointness of Zy My = ZM, which is now
independent of the iteration. Then (6.4) gives

k+1

1 k -~ 1 k k+1 - 1 k- ~ k _
(6.5) = lu “—uIIZZM+5||u Ukl + 16 (W a) < S llu — i1l + (Erna | = 1),

2

where the Lagrangian gap functional

G(u,u) = G(p) = G(n) + Fy(y) — Fy(9) + (Asylpu — i1y = (Aply — )
= [G(p) = Fy(y) + (Apli)] = [G(p) = Fy(y) + (Aaly)].

We have G(u, @) > 0 when 0 € H(%2); compare [15]. Summing (6.5) over k = 0, ..., N — 1, estimating
(41|t — i) with Lemma 4.1, and using Jensen’s inequality to pass to ergodic variables, we get:
Theorem 6.1 (Ergodic convergence of the Lagrangian gap functional). Let @ € L(A(Q);Co(Q)) be
defined as Dy = p = p1 on the compact set Q, where 0 # p € Co(R") is symmetric and positive definite,
ie, p(—y) =p(y) forall y, and F[p] = 0. Let s € M (Q) X Y with Y a Hilbert space satisfy 0 € H(@),
and { (¥, y*)} k1 be generated by Algorithm 6.1 for some (1°, y°) € Z(Q) X Y, step lengths 7,0 > 0
satisfying toA.A < D, and the tolerance sequence {ep41}ren C (0, 00) satisfying

N-1

1
A}g}ﬂ@ N ; ek = 0;

see Example 4.11. Then G(aN ;@) — 0, more precisely,

N-1
1 1
0<GEN:a) < — | (x+ || P | P L I
G( ) e (x + |2l o)) kE:o k+1 2|| (3Y;

Weak convergence of the iterates can also be obtained following the arguments of Theorem 4.18.
When F; is strongly convex, we can with the step length parameter updates (6.2) obtain O(1/N?)
convergence of the gap functionals and O(1/N) convergence of the dual iterates {y* }cn, however, the
treatment of the gap functional is very technical; we refer to [33, 15]. We therefore skip the treatment
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of the gap functional, and directly use in (6.3) the fact that 0 € H(@) together with the monotonicity
of G and the yp;-strong monotonicity of F. This gives in place of (6.3) the estimate

1 1 1
- k _ k _ k- k k
(6.6) OBl = ) 2 2 =l g = Sl S I = I
+ Y1k yr: 1V = 7115
Taking @i = 1 and Y41 = Yi (1 + 20kyr;), we have
ZinMiy = ZiMy + 0 0 +=
k+1Wk+1 kK 0 ¢k+10'k+1YF5‘ 1d =k>
for some skew-adjoint Z. Since operator-relative norms are invariant with respect skew-adjoint
components, summing (6.6) over k =0, ..., N — 1 yields
1 1 N-1
N _ - _ ~ 1k .
(6.7) Sl =alld < Sl = al g, + ) ekl - B,
k=0
For some x € (0,1), we have
0 0
ZnN-1Mn-1 2
N=EEN-L = (0 (1—;<)¢N1d)

Therefore, dividing (6.7) by ¥n, which grows at the rate Q(N?) [15, Lemma 10.7], we obtain O(1/N)
convergence of the dual iterates {y*}xen.

7 NUMERICAL EXPERIENCE

We now discuss our implementations of the proposed methods, and their practical performance
compared to conditional gradient methods from the literature. We first describe the implementation
and parametrisation details in Section 7.1. We then describe the sample problems that we solve in
Section 7.2. We finish with a report and discussion on the performance in Section 7.3.

7.1 ALGORITHM IMPLEMENTATION AND PARAMETRISATION

We implemented Algorithms 4.1, 5.1 and 6.1 (“our methods” pFB, puFISTA, and pPDPS) as well as the
“relaxed” and “fully corrective” conditional gradient methods [5, Algorithm 5.1] and [29, Algorithm 2],
denoted FWr and FW{. All are applicable to the squared data term F(y) = %HA,u — b||%. uPDPS is also
applicable to F(p) = ||Ap — bl|;. Our Rust implementation is available on Zenodo [37].

Finite-dimensional subproblems  Both conditional gradient methods find a maximiser of —F’ (%) ( - ).3
They add the point to the support S of 1/*, and then adapt weights by solving the finite-dimensional
subproblem

m&}n](w) := F(Pw) + G(Pw),

where P € L(R"; /(Q)) maps weights w € R"” to measures ).\, w;dy, with support S = {x1,...,xp}.
In the finite-dimensional subproblems of Algorithms 4.1, 5.1 and 6.1, by contrast, F is linearised, and a
quadratic penalty based on 9 is added:

min J(w) := 7[F(iF) + (0F, Pw — ) + G(Pw)] + %HPW — 13,

3The maximisation of |F ’(yk )(+)]in [5] corresponds to a version of (1.1) without the non-negativity constraint; compare
Remark 4.5. The more general cone constraints of [29] readily treat this constraint.
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The FWr takes a single forward-backward step on each finite-dimensional subproblem after a
specific initialisation [5]. For our methods and the FW{, we solve the subproblems to the accuracy
inf e o7(wey 1glleo < 0.16x41, where {€k+1}ken 1s the overall tolerance sequence. For FWf we use forward-
backward splitting capped at 2000 iterations. For Algorithms 4.1, 5.1 and 6.1 we use a semismooth
Newton method (SSN) modelled after [23]. It is based on the proximal optimality condition

k
w = prox, . Gop(w — TsubP 0" — TsupP* DPw).

SSN can only be used with our methods because A, A is in general not positive definite, but 2 is subject
to conditions in Theorem 2.4.# We set the subproblem step length 7y, in both methods as 0.99 times
an estimate of the Lipschitz factor of the gradient of the smooth part of J. For the conditional gradient
methods this is n times an estimate of ||A.A||, and for our methods n times an estimate of ||Z]||.

Branch-and-bound subproblem  To maximise —F’(p*)( +) for the conditional gradient methods, or to
do the corresponding step of Algorithm 4.2 for our methods, we do branch-and-bound optimisation on a
geometric bisection tree representation of weighted sums {'(x) = 27, wip(x—x;)+)] }":1 Bi(0xy)(x~z;)
of functions with a small support. Each node of the tree corresponds to a subcube of the domain, and
maintains a list of active, non-zero components of the sum, and rough upper and lower bounds on it,
within the subcube. The sum is, of course, computationally easier if the number of active components
is small. To achieve this, we construct the component functions to have the small supports that was
one of our guiding principles in Section 3.2.

The branch-and-bound maximisation starts by putting the domain Q = [0,1]" in a priority queue (a
binary heap). Based on upper bound estimates for each cube in the priority queue, it picks the most
promising one for refinement. If the maximum of a second-order polynomial model of { within the
cube is 0.1¢; of the rough upper bound, the cube is inserted back into the priority queue, marked
as a candidate solution. Otherwise its 2" subcubes are inserted into the priority queue, unmarked.
When a marked cube is taken from the priority queue, the local approximate maximiser is returned
as an approximate maximiser of {. Cubes are pruned from the priority queue when it is apparent
that they do not contain the solution. For further details we refer to our Rust implementation and its
documentation.

Merging heuristics In all algorithms we prune unneeded spikes with zero weights to improve
computational performance and result visualisation. The conditional gradient methods are, however,
very weak at achieving completely zero weights. They instead depend on merging heuristics to reduce the
number of spikes. We use the following: if two spikes w;dx, and w;dy, of pk*! satisfy [|x; — x|l < 0.02,
we merge them as (w; + W;) 8 (w;x;+w;x;)/ (w+w;) if doing so does not increase the value of the data term
F. Then convergence is not affected.

For our Algorithms 4.1, 5.1 and 6.1 this is not true: non-increase of the data term is not sufficient to
not affect convergence. Instead, (4.4) should be maintained. This is significantly more costly. Therefore,
we will not use a merging in heuristic. One is not needed: the methods tend to keep the spike count
reasonable even without one. This stems from the conservative insertion strategy in Algorithm 4.2:
if weight optimisation is sufficient to satisfy (4.4), a new point will not be inserted into the support of
1. However, to improve visual quality, we use the same merging heuristic as with FWr and FWf to

postprocess the final iterate.

41f the spikes of p start grouping very close together, P, 2P may become ill-conditioned. If observed, this could be avoided
by using a merging heuristic. Alternatively, a first-order method could be used for the subproblem.
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Parameters We always take the initial iterate ° = 0. For the PDPS, y° € oF,(Au°). Based on trial
and error, we take the tolerance sequence ¢ = 0.57a/(1+ 0.2k)"*, where k is the iteration number.
This choice balances between fast initial convergence and not slowing down later iterations too much
via excessive accuracy requirements. Moreover, as a bootstrap heuristic, on the first 10 iterations,
we insert in Algorithm 4.2 at most one point irrespective of the tolerance ¢. This does not affect
convergence, as the convergence theory can be applied starting from any fixed iteration number. For
UFB and pFISTA we take 7 = 0.99/L where L satisfying A.A < LD is given by Example 3.8 or 3.4
based on the choice of the spread ¢ for A and the corresponding kernel p of &. For yPDPS we take
70 = 0.5/VL and oy = 1.98/VL. For the squared data term we use the acceleration scheme (6.2) with
yr; = 1. The implemented conditional gradient methods have no discretionary parameters [5, 29].

7-2 EXPERIMENTS

To compare the algorithms against one another, we use the squared data term F(p) = %HA;J - b||? in
both Q = [0,1] and Q = [0, 2]?. For the forward operator A, we consider both the cut Gaussian spread
of Example 3.8, and the “fast” spread of Example 3.4. We use the wave-to-particle operator & from the
same example. For the cut Gaussian the standard deviation ¢, = 0, = 0.05, and the cut-off a = 0.15.
For the “fast” case o = 0.16. For the radius b of the rectangular sensor 6 as in Example 3.2 we take 0.4
times the spacing between the sensors on a regular grid . Thus 80% of the domain is “sensed” by
some sensor. In [0, 1] we use 100, and in [0, 2]? we use 16 X 16 equally spaced sensors.

To generate the synthetic measurement data b, we apply A to a ground-truth measure i with four
spikes of distinct magnitudes, as depicted in our result figures. Then we add to each sensor reading
independent Gaussian noise of standard deviation 0.2 in 1D (both spreads), and standard deviation 0.1
(cut Gaussian spread) or 0.15 (“fast” spread) in 2D. These choices produce in all cases 3.8—4.8 dB SSNR
(57-65% noise). We use the trial-and-error regularisation parameter o = 0.09 (1D, cut Gaussian), 0.06
(1D, “fast”), 0.19 (2D, cut Gaussian), or 0.12 (2D, “fast” spread).

We also demonstrate yPDPS on the ¢! data term F(u) = ||Ay — b||; on the cut Gaussian spread
in one dimension; the other combinations are available through our software implementation [37].
The parametrisation of A is as above. We apply salt-and-pepper noise of magnitude m = 0.6 and
probability p = 0.4 in 1D. Each sensor will therefore have noise values in {0, —m, m} with corresponding
probabilities {1 — p, p/2, p/2}. This gives again 4.8 dB SSNR (57% noise). We set o = 0.1.

7.3 RESULTS

We ran the experiments on a 2020 MacBook Air M1 with 16GB of memory. We take advantage of the
4 high performance CPU cores of the 8-core machine by using 4 parallel computational threads to
calculate A*z and for the branch-and-bound optimisation. We report the performance of all of the
algorithms for the cut Gaussian spread with squared data term and Gaussian noise in 1D in Figure 1,
and in 2D in Figure 3. For the “fast” spread the results are in the corresponding Figures 2 and 4. We
also report the performance of uPDPS on salt-and-pepper noise with ¢! data term in one dimension in
Figure 5. Each of the figures depicts the spread ¢/, kernel p, and sensor 6 involved in A and 9. They also
depict the noisy and noise-free data, the ground-truth measure /I, and the algorithmic reconstructions.
The reconstructions or optimal solutions to (4.1) cannot be expected to equal ji due to noise and
ill-conditioning of the inverse problem Ay = b.

Each of the figures plots function value against both iteration count and CPU time spent. The plots
are logarithmic on both axes, and we sample the reported values logarithmically only on iterations

5The small number of sensors along each axis in 2D is for visualisation purposes: our implementation scales well with
computation using a 32 X 32 sensor grid with the same spread only requiring slightly over double the CPU time.
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1,2,...,10,20,...,100, 200, . ... We limit the number of iterations to 2000. The CPU time is a sum over
the time spent by each computational thread, so several times the clock time requirement. Since the
branch-and-bound optimisation stage gets increasingly more difficult closer to a solution, algorithms
that converge the fastest generally require more CPU time to reach the final iteration.

The figures also indicate the spike count evolution and the number of iterations needed to solve the
finite-dimensional subproblems. The subproblem iteration counts are averages over the corresponding
period. FWr by design only ever takes one forward-backward iteration for the subproblems. FWf
uses forward-backward splitting, as discussed in Section 7.1. Recall that we cap the iteration count at
2000. For yFB, pFISTA, and pPDPS the subproblem iteration count may include more than one spike
insertion.

Since the weight optimisation subproblem of pFB, yFISTA, and pPDPS is not simply a finite-
dimensional version of the original problem, as it is for FWf and FWr, the reported function value
for the initial iterations can be suboptimal. An improved function value can be obtained by cheap
postprocessing weight optimisation. This is graphed for pFB with a thin line in the iteration vs. function
value plot.

7.4 COMPARISON

Based on all the computations, for all algorithms, the “fast” spread generally has much lower CPU
time requirements for convergence than the cut Gaussian. The bulk of the computational time is spent
computing the erf of the expression for 8, * ¥/ in Lemma 3.9. The FWf and FWr seem quicker to start
than the yFB and pFISTA, but eventually slow down, and the latter two overtake them. Sometimes,
as in Figure 3, the conditional gradient methods are incredibly slow, and FWr even unstable. Overall,
however, it is difficult to rank the FW{, FWr, and yFISTA based on these experiments. Generally yFISTA
performs better than pFB, but not always significantly. Perhaps surprisingly, as the squared data
term does not require primal-dual structure for a prox-simple algorithm, the zPDPS is consistently a
top-performer. It is also the only one of the algorithms that can handle the ¢! data term.
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