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OPTIMAL CONTROL OF A VISCOUS TWO-FIELD DAMAGE
MODEL WITH FATIGUE

Livia Betz

Abstract  Motivated by fatigue damage models, this paper addresses optimal control problems
governed by a non-smooth system featuring two non-differentiable mappings. This consists of a
coupling between a doubly non-smooth history-dependent evolution and an elliptic PDE. After
proving the directional differentiability of the associated solution mapping, an optimality system
which is stronger than the one obtained by classical smoothening procedures is derived. If one of
the non-differentiable mappings becomes smooth, the optimality conditions are of strong stationary
type, i.e., equivalent to the primal necessary optimality condition.

Keywords: Damage models with fatigue, non-smooth optimization, evolutionary VIs, optimal
control of PDEs, history-dependence, strong stationarity.

MSC (2020): 34Gz25, 34K35, 49]20, 49]27, 74R99.

1 INTRODUCTION

Fatigue is considered to be the main cause of mechanical failure [28, 34]. It describes the weakening of
a material due to repeated applied loads (fluctuating stresses, strains, forces, environmental factors,
temperature, etc.), which individually would be too small to cause its malfunction [1,34]. Whether in
association with environmental damage (corrosion fatigue) or elevated temperatures (creep fatigue),
fatigue failure is often an unexpected phenomenon. Unfortunately, in real situations, it is very difficult
to identify the fatigue degradation state of a material, which sometimes might result in devastating
events. Therefore, it is extremely important to find methods which allow us to describe and control
the behaviour of materials exposed to fatigue. While there are very few papers [1] (damage in elastic
materials) and [11] (cohesive fracture), concerned with a rigorous mathematical examination of models
describing fatigue damage, the literature regarding the optimal control of fatigue models is practically
nonexistent. All the existing results which include the terminology “optimal control” in the context of
fatigue damage do not address theoretical aspects nor involve mathematical tools such as optimal control
theory in Banach spaces as in the present work, but focus on design of controllers and simulations
instead, see e.g. [18,27] and the references therein.

In this paper we investigate the optimal control of the following viscous two-field gradient damage
problem with fatigue:

@(t) € argmin E(t, ¢, q(1)),
(1.1) @eHY(Q)

~958(t, 9(1), q(1)) € IgRe(H(q)(t), 4(t)) in L*(Q),  ¢(0) =0,
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a.e. in (0,T). To be more precise, we prove an optimality system that is far stronger than the one
obtained by classical smoothening techniques.

The main novelty concerning (1.1) arises from the highly non-smooth structure, which is due to
the non-differentiability of the dissipation R, in the evolution inclusion, in combination with an
additional non-smooth fatigue degradation mapping which shall be introduced below. This excludes the
application of standard adjoint techniques for the derivation of first-order necessary conditions in form
of optimality systems. Not only does the evolution in (1.1) have a highly non-smooth character, but, as
we will next see, it is also history-dependent. The fact that the differential inclusion is coupled with a
minimization problem (which can be reduced to an elliptic PDE) gives rise to additional challenges [5].

The problem describes the evolution of damage under the influence of a time-dependent load
¢ :[0,T] — HY(Q)* (control) acting on a body occupying the bounded Lipschitz domain Q ¢ RV,
N € {2,3}. The induced ’local’ and 'nonlocal’ damage are expressed in terms of the functions q :
[0,T] — L*(Q) and ¢ : [0, T] — H'(Q), respectively (states).

In (1.1), the stored energy & : [0, T] x H(Q) x L*(Q) — R is given by

(24
(1.2) £0.9.9) = TNVl gy + Dllo— 4l gy ~ (€0 0)snca,

where o > 0 is the gradient regularization and > 0 denotes the penalization parameter. Thus, the
two damage variables are connected through the penalty term f in the stored energy, so that our model
becomes a penalized version of the viscous fatigue damage model addressed in [1] (two-dimensional
case); note that, for simplicity reasons, we do not take a displacement variable into account. The type
of penalization used in (1.2) has already been proven to be successful in the context of classical damage
models (without fatigue). Firstly, it approximates the classical single-field damage model, in the sense
that, when f — oo, the penalized damage model coincides with the model addressed in [16, 21], cf. [24].
Secondly, the penalization we use is frequently employed in computational mechanics due to the
numerical benefits offered by the additional damage variable (see e.g. [13] and the references therein).
For more details, we also refer to [23, Sec. 2.1-2.2].

The differential inclusion appearing in (1.1) describes the evolution of the damage variable q under
fatigue effects. Therein, H is a so-called history operator that models how the damage experienced
by the material affects its fatigue level. Thus, as opposed to other well-known damage models, cf.
e.g. [15,16,21], the dissipation R in (1.1) is affected by the history of the evolution, H(q). The parameter
€ > 0 stands for the viscosity parameter, while the symbol d; denotes the convex subdifferential of the
functional R, in its second argument. Thus, the non-smooth differential inclusion is to be understood
as follows:

(=048(t, 9(1), q(1)), 1 = 4() () < Re(H(@)(1), 1) = Re(H (1), 4(t)) V1 € LX(Q).
The viscous dissipation R, : L*(Q) X L?(Q) — (—o0, o0] is defined as

€ . .
/f(w)n dx + ZlInllzq) iz 0aeinQ
Q

oo otherwise,

(1.3) Re(w,n) =

and features a second non-smooth component, namely the fatigue degradation mapping f. This de-
scribes in which measure the fatigue affects the fracture toughness of the material. This mapping is
non-increasing in applications, since the higher the cumulated damage #(qg), the lower the fracture
toughness f(H(q)). Whereas usually the toughness of the material is described by a fixed (nonnegative)
constant [15,16], in the present model it changes at each point in time and space, depending on H(q).
To be more precise, the value of the fracture toughness of the body at (¢, x) is given by f(H(q))(¢, x), cf.
(1.3). Hence, the model (1.1) takes into account the following crucial aspect: the occurrence of damage
is favoured in regions where fatigue accumulates.
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We underline that the dissipation R, accounts for the non-smooth nature of the evolution in the
first place: even if f is replaced by a (nonnegative) constant, the evolution in (1.1) still describes a
non-smooth process. The optimal control thereof is far away from being standard and has been recently
addressed in [5, Sec. 4], where strong stationarity for the damage model (1.1) without fatigue is proven.
By contrast, in applications which take fatigue into consideration, f : R* — R™* is constant until its
kink point is achieved, after which it monotonically decreases [2, Sec. 2.6.2]. Thus, it is the fatigue
degradation mapping f which accounts for the highly non-smooth character of our problem.

Deriving necessary optimality conditions is a challenging issue even in finite dimensions, where
a special attention is given to MPCCs (mathematical programs with complementarity constraints).
In [30] a detailed overview of various optimality conditions of different strength was introduced, see
also [20] for the infinite-dimensional case. The most rigorous stationarity concept is strong stationarity.
Roughly speaking, the strong stationarity conditions involve an optimality system, which is equivalent
to the purely primal conditions saying that the directional derivative of the reduced objective in feasible
directions is nonnegative (which is referred to as B stationarity).

While there are plenty of contributions in the field of optimal control of smooth problems, see
e.g. [37] and the references therein, fewer papers are dealing with non-smooth problems. Most of these
papers resort to regularization or relaxation techniques to smoothen the problem, see e.g. [3,17,19] and
the references therein. The optimality systems derived in this way are of intermediate strength and
are not expected to be of strong stationary type, since one always loses information when passing
to the limit in the regularization scheme. Thus, proving strong stationarity for optimal control of
non-smooth problems requires direct approaches, which employ the limited differentiability properties
of the control-to-state map. In this context, there are even less contributions. We refer to the pioneering
work [25] (strong stationarity for optimal control of elliptic VIs of obstacle type), which was followed
by other papers addressing strong stationarity of various types of VIs [7, 8,12, 26,38,39]. Regarding
strong stationarity for optimal control of non-smooth PDEs, the literature is rather scarce and the only
papers known to the author addressing this issue so far are [5,6,9,10, 22].

Let us point out the main contributions of the present work. This paper aims at deriving optimality
conditions which - regarding their strength - lie between the conditions derived by classical regu-
larization techniques and the strong stationary ones. Starting from an optimality system obtained
via smoothening, we resort to direct methods from previous works [5,22], in order to improve our
initial optimality conditions as far as we can. This approach has been employed in [5,22] to arrive at
a strong stationary optimality system. However, in the literature concerned with the derivation of
optimality conditions which are weaker than strong stationarity, the analysis ends with the passage to
the limit in the regularized system. We underline that in the present work we exploit the B-stationarity
condition to improve the limit optimality system, though, in the end, optimality conditions of strong
stationary type are not established. Indeed, in contrast to [5,22], our state system features two non-
differentiable mappings instead of one, so that the methods from the aforementioned works are of
limited applicability: Optimality conditions equivalent to the B-stationary ones are not expected in our
complex doubly non-smooth setting. If the fatigue degradation mapping is smooth, strong stationarity
conditions are available. While control problems featuring non-smooth terms both in the objective and
the state equation have been addressed in [4, 6, 36], we point out that, to the best of our knowledge,
optimization problems featuring two non-differentiable functions in the state equation have not been
tackled so far, not even in the context of classical smoothening methods.

The paper is structured as follows. After an introduction of the notation, section 2 focuses on the
analysis of our fatigue damage model (1.1). Here we address the existence and uniqueness of solutions,
by proving that (1.1) is in fact equivalent to a PDE system. This consists of an elliptic PDE and a highly
non-smooth differential ODE. The latter one is of particular interest. It features two non-differentiable
functions, namely max and the fatigue degradation function f’; the latter appears in the argument of
the initial non-smoothness, cf. (2.2a). The properties of the control-to-state operator associated to (1.1)
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are investigated. In particular, we are concerned with the directional differentiability of the solution
mapping of the non-smooth state system.

In section 3 we present the optimal control problem and investigate the existence of optimal mini-
mizers. Then, in subsection 3.1 we derive our first optimality conditions, by resorting to a classical
smoothening method. These conditions are of intermediate strength. If the non-smoothness is inactive,
they coincide with the classical KKT system. However, our first optimality system does not contain
any information in those points (¢, x) where the non-differentiable mappings max and f attain their
kink points. This is namely the focus of section 3.2, where the main result is proven in Theorem 3.15.
Here, the initial optimality system is improved by employing the "surjectivity" trick from [5,22]. The
new and final optimality conditions (3.17) are comparatively strong (but not strong stationary). They
contain information in terms of sign conditions on sets where the non-smoothness is active; these
are not expected to be obtained if one just smoothens the problem, cf. e.g. [6, Remark 3.9]. Moreover,
if the fatigue degradation function f is smooth, then (3.17) is of strong stationary type (Corollary
3.16). For completeness, the expected (not proven) strong stationarity system associated to the doubly
non-smooth state system is presented in Section 3.3. Here we include a thorough explanation as to
why the methods from [5,22] fail (Remark 3.22). Finally, we include in Appendix A the proof of Lemma
3.7, for convenience of the reader.

NOTATION

Throughout the paper, T > 0 is a fixed final time. If X and Y are linear normed spaces, then the space of

linear and bounded operators from X to Y is denoted by £(X,Y), and X ci> Y means that X is densely
embedded in Y. The dual space of X will be denoted by X*. For the dual pairing between X and X*
we write (., .)x. The closed ball in X around x € X with radius ¢ > 0 is denoted by Bx(x, a). If X is a
Hilbert space, we write (-, -)x for the associated scalar product. The following abbreviations will be
used throughout the paper:

Hy(0,T;X) == {z € H'(0,T; X) : 2(0) = 0},

H1(0,T;X) := {z € H(0,T; X) : z(T) = 0},
where X is a Banach space. The adjoint operator of a linear and continuous mapping A is denoted by
A*. By Xy we denote the characteristic function associated to the set M. Derivatives w.r.t. time (weak
derivatives of vector-valued functions) are frequently denoted by a dot. The symbol 9 stands for the
convex subdifferential, see e.g. [29]. With a little abuse of notation, the Nemytskii-operators associated
with the mappings considered in this paper will be denoted by the same symbol, even when considered

with different domains and ranges. The mapping max{-, 0} is abbreviated by max(-). With a little abuse
of notation, we use in the following the Laplace symbol for the operator A : H'(Q) — H'(Q)* defined

by
(ALY ea) = — /Q VnVydx Yy € H(Q).

2 PROPERTIES OF THE CONTROL-TO-STATE MAP

This section is concerned with the investigation of the solvability and differentiability properties of
the state system (1.1).

Assumption 2.1. For the mappings associated with fatigue in (1.1) we require the following:

1. The history operator H : L*(0, T; L*(Q)) — L(0, T; L*(Q)) satisfies

lH (q)(t) — H(g2)(D)l120) < L /0 llgi(s) = q2(s)llr2q)ds  a.e.in (0, T),
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for all g1, g, € L%(0, T; L*(2)), where L > 0 is a positive constant.
Moreover, H : L?(0, T; L2(Q)) — L%(0, T; L?(Q)) is supposed to be Gateaux-differentiable with
continuous derivative on H!(0, T; L*(Q)).

2. The non-linear function f : R — R is assumed to be Lipschitz-continuous with Lipschitz-
constant Ly > 0 and directionally differentiable.

Remark 2.2. Note that Assumption 2.1.1 is satisfied by the Volterra operator H : L?(0, T; L*(Q)) —
L2(0,T; L*(Q)), defined as

[0,T] >t — H(g)(t) := ‘/0 A(t —s)q(s)ds + qo € L*(Q),

where A € C([0, T]; L(LA(Q), L2(Q))) and gy € L*(Q). This type of operator is often employed in the
study of history-dependent evolutionary variational inequalities, see e.g. [33, Ch. 4.4].

Concerning Assumption 2.1.2, we remark that non-differentiable fatigue degradation functions are
very common in applications, since such mappings often display at least one kink point, see [2, Sec.
2.6.2]. This basically means that once the cumulated fatigue #(q) achieves a certain value, say n¢, the
body suddenly starts to become weaker in terms of its fracture toughness (so that ns is a kink point of
f). This abrupt weakening of the material is described by the monotonically decreasing mapping f on
the interval [ny, ), see [2, Sec. 2.6.2].

Assumption 2.1 is supposed to hold throughout the paper, without mentioning it every time.
It is not difficult to check that the Nemytskii operator f : L2(Q) — L?(Q) is Lipschitz continuous
with constant L. In view of Assumption 2.1.1, we thus have

(2.1) I(f o H)(q)(®) = (f o H)(g2)(D)ll12) < Ly Lﬁ/O l91(5) = g2()ll2(0) ds

a.e. in (0, T), for all g, q» € L?(0, T; L%(Q)).

Proposition 2.3 (Control-to-state map). For every £ € L*(0,T; H(Q)*), the fatigue damage problem
(1.1) admits a unique solution (q, ¢) € Hy(0,T;L*(Q)) x L*(0, T; H'(Q)), which is characterized by the
following PDE system

(2.22) (0 = = max (- (g(t) — 9(t) ~ (f o (W) Q). 4(0) =0,
(2.2b) —alo(t) + B o(t) = Bq(t) + E(t) in H(Q)*
a.e. in(0,T).

Proof. Lett € [0,T] and § : [0, T] — L%(Q) be arbitrary, but fixed. Since &(t, -, §(t)) is strictly convex,
continuous and radially unbounded (see (1.2)), the minimization problem min ¢ g1(q) E(2, -, §(t)) admits
a unique solution ¢(t) characterized by 9,E(t, ¢(t), §(t)) = 0 in H'(Q)*. In view of (1.2), this means
that

(2:3) @(t) € argmin E(1, ¢, (1)) < @(t) = $(q(2), (1)),
peHY(Q)

where ¢ : L2(Q) X H(Q)* > (g, {7) — ¢ € H'(Q) is the solution operator of

(2.4) —aAG+ P =pg+C inH(Q)".
With the map ¢ at hand, the evolution in (1.1) reads
(25) — 046(t, ¢(q(1), £(2)), q(1)) € OgRe(H(q)(1), 4(1)) ae. in (0, T).
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In the light of (1.2), (1.3), and sum rule for convex subdifferentials, (2.5) is equivalent to

R(H(q)(2), v) = R(H(g)(2), 4(1)) + € (4(t). v = 4())12(0)

(26) > ,B(gi)(q(t), (1)) —q(t),v - q(t))Lz(Q) Vo e L*Q), ae. in(0,T),
where
(2.) R : 12(Q) X [X(Q) > R, R(w.1) = {fQ flw)y dx, ifn> O.a.e. in Q,

00 otherwise.

Now we use the result in [5, Lemma 3.3] for each time point ¢ and we see that (2.6) is in fact equivalent
with

(9) 4(6) = (0= Po,regu0) (9(a(0, (1) ace.in (0,7),
where we abbreviate for convenience
(2.9) 9(q(2), £()) == B(p(q(t), €(2)) — q(2)).

In (2.8), Pa, R(#(g)(1).0) * L*(Q) — L*(Q) stands for the (metric) projection onto the set d3R(H(q)(t), 0),
ie., Po,R(#(q)(1),0)1 1s the unique solution of

. 2
ueaqﬂr?ﬁ?qxn,m”” #llzz(o)

for any n € L?(Q). In order to compute 04R(H(q)(t),0), we use the definition of the convex subdiffer-
ential and the fact that R(H(q)(t), 0) = 0, from which we deduce

IgR(H(q)(1),0) = {1 € L(Q)] (1, V)20 < R(H(g)(1),v) Vv € LAQ)}.
Now, in view of (2.7) combined with the fundamental lemma of the calculus of variations we have
R(H(G)(1), 0) = {1 € Q)| p < fH(@)(D)) ae. in Q).
This means that Py, g(#(g)(1),0)(n) = min{n, f(H(q)(¢))} and since

n —min{n, f(H(q)(1))} = max{n - f(H(q)(t)), 0},
we can finally write (2.8) as
(2.10) q(t) = émax{g(CI(t),f(t)) - f(H(g)(1)),0} ae. in(0,T).

To summarize, we have shown that the evolution in (2.5) is equivalent to (2.10).
To solve (2.10), we apply a fixed-point argument. For this, we take a look at the mapping L(0, t; L*(Q)) 3
n+— G(n) € HY(0,t; L*(Q)), given by

G(n)(z) := /0 max(g(n(s), £(s)) — (f o H)(n)(s)) ds ¥ €[0,1],

where t € (0,T] is to be determined so that G : L%(0, t; L?(Q)) — L?(0, t; L%(Q)) is a contraction. For
all g1, g2 € L(0, t; L3(Q)) the following estimate is true

16(q)(7) = G(g2)(Dl2(0) < /0 19(q1(s), £(s)) = g(qa(s), £(s))lr2() ds

T
+/HU”M®®—U”M@®M@%
0
(2.11) T T ps
SC/IM@—%wmmMHlﬂw/./HMO—%@MWMQB
0 0 0
< ct'?)lq1 = qallrzo, 12 + tLr Ladllar — q2llo, rizoy)
< (et + Ly Ly ) lg — allieqo,rrziy  forallz € [0, ¢],
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where ¢ > 0 is a positive constant. Here we used the fact that max : L?(Q) — L%(Q) is Lipschitzian
with constant 1, the definition of g (see (2.9)) combined with the boundedness of ¢, and the estimate
(2.1). From (2.11) we deduce

(2.12) 1G(q1) — G(@2)ll2(0. 12y < (¢t + Lr Lye t*)lq1 — qallzqo. rrza)s

which allows us to conclude that %Q is a contraction for a small enough ¢. Thus, the PDE (2.10)
restricted on (0, t) admits a unique solution in H}(0,t; L*(Q))(see e.g. [14, Thm. 7.2.3]). Now, the
unique solvability of (2.10) on the whole interval (0, T) and the desired regularity of ¢ follow by a
concatenation argument.

Finally, we recall that ¢(-) = #(q(-), £(-)), cf. (2.3) and we deduce from (2.4) that ¢ € L%(0, T; H(Q)).
To summarize, we obtained that (1.1) admits a unique solution (g, ¢) € H,(0, T; L*(Q)) x L*(0, T; H'(Q)),
which, owing to (2.3) and (2.10), is characterized by (2.2). O

Lemma 2.4. The solution map associated to (1.1)
S: L*(0,T; HY(Q)) 3 £+ (g, ¢) € Hy(0, T; L*(Q)) x L*(0, T; H(Q))
is Lipschitz continuous.

Proof. Let 1, €, € L?(0, T; H(Q)*) be arbitrary, but fixed. In the following, we abbreviate (g;, ¢;) :=
S(¢;) and g(qi(+), €i(+)) == B(d(qi(-), €i(+)) — qi(+)), i = 1,2, where ¢ is the solution operator of (2.4) . In

view of Proposition 2.3 combined with (2.1), we obtain

(g1 = g2)(®)l12() < % /0 llg(q1(s), €1(5)) — 9(g2(s), La(s))lL2(q) ds
+ 2 [ oM@ = (F o HY@O o) ds
<c /0 llgi(s) — CI2(3)||L2(Q) + ||t1(s) = fz(s)HHl(Q)* ds

+ 2Ly L / / 10(0) = 2Ol d¢ ds ¥t € [0,T],

where ¢ > 0 is a constant dependent only on the given data. Then, applying Gronwall’s inequality
leads to

t
(g1 - g (Ol < ¢ f 16(s) - £l ds V1 € [0,T],
0

where ¢ > 0 is a constant dependent only on the given data. By employing again (2.2a) and by
estimating as above without integrating over time, we obtain

(2.13) llg: — CI2||H1(0,T;L2(Q)) <cllt - 52||L2(o, T:HY(Q)*)»

where ¢ > 0 is another constant dependent only on the given data. Now, the desired result follows
from ¢; = ¢(qi, €;), i = 1,2, ¢ € LLA(Q) x H(Q)*, H(Q)) and (2.13). O

Lemma 2.5. The mapping (f o H) : L*(0, T; L*(Q)) — L*(0, T; L*(Q)) is Hadamard directionally differ-
entiable with

(214) (f o H)'(5:8m) = f(H(p); H'()(Sm)) ¥ n.6n € L*(0, T; LA(Q)).
Moreover, for all n, 511, 81, € L*(0, T; L*(Q)), it holds

(2.15) 1(f o H)'(:6m1)(8) = (f o H)'(n: 6n2)(D)liz() < Lf L(H/0 16m1(s) = dn2(s)ll2(q) ds

a.e in(0,T).
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Proof. In view of the differentiability properties of H and f, the mapping (f o H) : L%(0, T; L*(Q)) —
L%(0,T; L*(Q)) is Hadamard directionally differentiable [31, Def. 3.1.1, Lem. 3.1.2(b)]. To see this, we
first note that f : L%(0, T; L*(Q)) — L?(0, T; L*(Q2)) is Hadamard directionally differentiable, since it
is directionally differentiable (by Assumption 2.1.2 and Lebesgue’s dominated convergence theorem,
see e.g. [35, Lemma A.1]) and Lipschitz-continuous. In view of Assumption 2.1.1, chain rule [32, Prop.
3.6(1)] implies that (f o H) is Hadamard directionally differentiable as well, with directional derivative
given by (2.14). To prove (2.15), we observe that, as a consequence of (2.1), we have

2P o O + e000(0) = (F 0 H)n-+ 20m) Oy < Ly Lo | 10m(5) = OmaOlzo ds

a.e. in (0, T), for all , 511, 812 € L?(0,T; L3(Q)) and all 7 > 0. Passing to the limit 7 \, 0, where one
uses the directional differentiability of f o H and the fact that convergence in L?(0, T; L*(Q)) implies
a.e. convergence in L?(Q) for a subsequence, then yields the desired estimate. O

Proposition 2.6 (Directional differentiability). The operator S : L*(0, T; H(Q)*) — H}(0,T; L*(Q)) x
L%(0,T; H(Q)) is directionally differentiable. Its directional derivative (5q, 5¢) := S’(£;5€) at point € €
L2(0, T; H(Q)*) in direction 5¢ € L*(0, T; H'(Q)*) is the unique solution of

(216a)  6q(t) = émax'(z(t); —p(8q(t) = 9(1) = f'(H(q); H'(9)(89)(1)) in L*(Q), 5q(0) =0,
(2.16b) —aASo(t) + B So(t) = Boq(t) + 56(t)  in H(Q)*

a.e. in (0, T), where we abbreviate z(t) := —p(q(t) — ¢(t)) — (f o H)(q)(¢).

Proof. We start by examining the solvability of (2.16). To this end, we just check that the mapping
L%(0,;L*(Q)) o n — G(n) € HY(0,t; L*(Q)), given by

Gn)(z) = /0 max’(z(s); =B(n(s) — $(n(s), 8(s)) = f'(H(q); H'(q)(m))(s)) ds

for all ¢ € [0,t], is Lipschitzian from L?(0, t; L>(Q)) to L?(0, t; L?(Q)) with constant smaller than e,
for t € (0,T] small enough. Then, by using the arguments employed at the end of the proof of
Proposition 2.3, we can deduce that, for any §¢ € L2(0,T; H(Q)*), (2.16) admits a unique solution
(8¢, 8¢) € Hy(0,T; L*(Q)) X L*(0, T; H'(Q)). For all ny, 52 € L(0, t; L*(Q)) the following estimate is true

161 (r) = Gn) (Ol < / 1g(71(5). 86(5)) — g(2(5). 5Lz (cy d
+ / LF/(H (@) H (@ n)(s) — F(H(@: H (g 1)) S)llzcey ds
<c /0 172(5) = 72y ds + Ly Ly /0 /0 17O = 72Ol 42 ds

< ct"2|lm = nallieo, sy + tLr Ladim — nallio, rzza)

< (et + Le Lt ) = malliego a2y forall 7 € [0,2],

where ¢ > 0 is a positive constant; note that here we abbreviated again g(#;(-), 5¢(-)) := p(¢(n:(-), 6€(-))—
n:i(+)), i = 1,2. Here we used the fact that max’(z(s), -) : L*(Q) — L?(Q) is Lipschitzian with constant
1, the boundedness of ¢ (see (2.4)), and (2.15) in combination with (2.14). Then, we obtain an estimate
similar to (2.12) which allows us to conclude the fact that % é is a contraction.

Next we focus on the convergence of the difference quotients associated with the mapping S. We
begin by observing that the operator max : L%(0, T; L(Q)) — L?(0, T; L*(Q2)) is Hadamard directionally
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differentiable [31, Def. 3.1.1, Lem. 3.1.2(b)], since it is directionally differentiable (by Lebesgue’s dominated
convergence theorem, see e.g. [35, Lem. A.1]) and Lipschitz-continuous. Moreover,

G:(n,9) = =pn = p(n, ) = (f o H)(n)

is directionally differentiable from L?(0, T; L*(Q)) X L?(0, T; H'(Q)*) to L?(0, T; L*(Q)), since ¢ is linear
and bounded between these spaces (cf. (2.4)) and as a result of Lemma 2.5. Now chain rule [32, Prop.
3.6(i)] implies that

F :=maxoG

is (Hadamard) directionally differentiable from L%(0, T; L2(Q)) x L?(0, T; HY(Q)*) to L?(0, T; L*(Q)) with
7' (g, 0); (8¢, 8¢)) = max’(G(q, €); G'((g, €); (6¢, 60)))

for all (g, ), (6q, 5¢) € L?(0,T; L*(Q)) x L*(0, T; HY(Q)*). For simplicity, in the following we abbreviate
q° = S1(€ + 7 8¢), where 7 > 0 is arbitrary, but fixed. S; denotes the first component of the map S, i.e.,
S1: L*(0, T; H(Q)*) — H,(0, T; L*(Q)) is the solution map associated with (2.10). By combining the
equations for ¢°, g and (2.16), we obtain

i(qr —4q_ 5q) _F@l+180)-F(q. ) _ 7' ((g,£); (8¢, 80)) a.e.in (0, T),
(2.17) dt 4

(qu—q —5q)(0) =0.

This implies

T

(= -s9)0),.,
< /t F (g7 £ +780)(s) - F((q.0) + 7(59, 50) (s)
0

T

N H F((q. ) + (3¢, 80))(s) - F(gq. O)(s) F

L2(Q)

£); (6q, 8¢ d
- (4 0354, 30)5) |, , 45
2.18
( ) =:A7(s)
"I1G(qT, €+ 160)(s) — G((g, ) + 7(5g, 6))(s)
S/ . ) @) ds + |Azlzxo, £:02(02))
0
t T t S T
9 —q -9 _
se [N -00) e trn [ [ (T - s0)0)) .

+ 1Az Lo, 1:22(02)) Vitel[o,T],

where ¢ > 0 is the positive constant appearing in (2.11). In (2.18) we used again the Lipschitz continuity
of max : L?(Q) — L?(Q), the boundedness of ¢ (cf. (2.3) and (2.4)), and the estimate (2.1). Applying
Gronwall’s inequality in (2.18) yields

< CllAzllpyo, 75r20)) Vte[o,T],

(219) ||(Q B 5q)(t) L2Q)

where C > 0 is a constant dependent only on the given data. Now, (2.17) and estimating as in (2.18), in
combination with (2.19), leads to

9" —q =
T0 g Claarme Veso
. o0, 722000 lAzllL20, 102 YT

(2.20)
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where C > 0 is a constant dependent only on the given data. On the other hand, we recall the definition
of A, in (2.18) and the fact that  is directionally differentiable from L2(0, T; L?(Q)) x L2(0, T; H{(Q)*)
to L?(0, T; L*(Q)), which implies

lAzllz20, :22(0)) = 0 as7 ™\ 0.

In view of (2.20), we have shown that S; : L?(0, T; HY(Q)*) — H(0, T; L?(Q) is directionally differen-
tiable with S/(¢; 6¢) = &q. Further, from (2.3) we have S,(€) = ¢(S1(¢), ¢) for all £ € L*(0, T; H(Q)"),
where S, is the second component of the operator S, i.e.,S; : L2(0, T; H(Q)*) 3 € — ¢ € L*(0, T; H(Q)).
Thus, S, is directionally differentiable as well, since ¢ € L(L*(Q) x H(Q)*; H(Q)) and S; is direction-
ally differentiable. Its directional derivative S;(£; §¢) is given by ¢(S;(¢; 80), 80), i.e., S;(€; ) = S, see
(2.16). The proof is now complete. O

3 THE OPTIMAL CONTROL PROBLEM

Now, we turn our attention to the optimal control of the fatigue damage model (1.1). In the remainder
of the paper, we are concerned with the examination of the following optimal control problem

i b b g
cernig gy @00
s.t. (g, ) solves (1.1) with r.h.s. £.

In view of Proposition 2.3, this can also be formulated as

i b b f
o B L
s.t. (g, ) solves (2.2) with rh.s. €.

Assumption 3.1. The functional J satisfies

. 1
J(q.0.0 = (@ 0) + S 1llzpo, 7120
where j : L2(0,T; L*(Q)) x L2(0, T; H{(Q)) — R is continuously Fréchet-differentiable.
Note that Assumption 3.1 is satisfied by classical objectives of tracking type such as
1 K 1
]€x(q’ (P’ f) = 5 ||q - Qd||1%2(0,T;L2(Q)) + EH(P”?’Z(O,T;HI(Q)) + Ellflllz'{l(o’T;LZ(Q))a

where g4 € L?(0,T; L*(Q)) and k > 0.

Proposition 3.2 (Existence of optimal solutions for (P)). The optimal control problem (P) admits at least
one solution in H'(0, T; L*(Q)).

Proof. The assertion follows by standard arguments which rely on the direct method of the calculus of
variations combined with the radial unboundedness of the reduced objective

H'(0,T;LA(Q)) 3 € = J(S(£),£) € R,
the Lipschitz continuity of S on L2(0, T; H{(Q)*) (Lemma 2.4), the compact embedding
H'(0,T; L*(Q)) < L*(0, T: H(Q)")

and the continuity of j from Assumption 3.1. O
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3.1 REGULARIZATION AND PASSAGE TO THE LIMIT

In this section, we are concerned with the derivation of a first optimality system for local optima of
(P). Based thereon, we shall improve our optimality conditions in the next section.

To obtain a first strong optimality system, see (3.5) below, we need the following rather non-restrictive
assumption:

Assumption 3.3. In addition to Assumption 2.1, we require that the mappings associated with fatigue
in (1.1) satisfy:

1. The history operator H : L*(0, T; L*(Q)) — L?(0, T; L®(RQ)) fulfills
t
1H (q1)(®) = H(g)(OllL=@) < Ly / llg1(s) = q2($)llz=() ds  a.e.in (0, 7),
0

for all g, q; € L2(0,T; L*(Q)), where Eq{ > 0 is a positive constant.

2. The non-differentiable function f : R — R is assumed to have one non-smooth point ny.
Moreover, f is assumed to be continuously differentiable on R \ {ns}.

Remark 3.4. Similarly to Remark 2.2, we observe that Assumption 3.3.1 is satisfied by classical Volterra
operators which are employed in the study of history-dependent evolutionary variational inequalities,
ie, H : L?(0,T; L~(Q)) — L*(0,T;L™(Q))

[0,T] >t — H(g)(t) := /0 A(t —s)q(s)ds + qo € L™(Q),

where A € C([0, T]; L(L®(Q), L*(Q))) and gy € L*(Q).

We underline that Assumption 3.3.2 is very reasonable from the point of view of applications,
since fatigue degradation functions have at most two kink points in practice [2, Sec. 2.6.2]; moreover,
such mappings are always piecewise continuously differentiable. Our mathematical analysis can be
carried on in an analogous way if f has a countable number of non-smooth points; since this is rather
uncommon in applications and for the sake of a better overview, we stick to the setting where f has a
single non-differentiable point.

In the rest of the paper, we will tacitly assume that, in addition to Assumptions 2.1 and 3.1, Assumption
3.3 is always fulfilled, without mentioning it every time.

Definition 3.5 (Regularization of f). For every ¢ > 0, the differentiable function f, : R — R is defined
as

fe(v) == [ f(v—es)y(s)ds,

where y € CZ(R), ¢ > 0, suppy C [-1,1] and /_O:O Y(s)ds = 1.

Lemma 3.6 (Properties of f;). The following assertions are true:

1. There exists a constant C > 0, independent of €, such that

|fe(v) = f(0)] <Ce YoveR, Ve>0.

2. Foreverye > 0, f. is Lipschitz continuous. Its Lipschitz constant is given by Ly > 0, and it is thus
independent of e.

3. For every 6 > 0 and every K > |ng| + &, the sequence {f,} converges uniformly towards " on
[-K,np = 58]V [ng +6,K] ase ™\, 0.
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Proof. The first two statements are an immediate consequence of the Lipschitz continuity of f. Note
that f. = Y. x f, where ¢.(-) = /(- /¢)/e. Then, the third statement is a consequence of the fact that f’
is continuous on [-K, ng — 8] U [nf + 6, K] in combination with the fact that f = . x f”. O

For an arbitrary local minimizer £ of (P), consider the following regularization, also known as
"adapted penalization", see e.g. [4]:

. 1 512
t’eHl(Ig}gle(Q)) ](q, @, 5) + Ellf - gHHl(O’T;LZ(Q))
1 .
®.) st (1) = - max (~Ba() - (0) - (f e Hg)HD) in 1),
q(0) =0,
—alo(t) + Bo(t) = fq(t) + £(t) in H(Q)*, a.e.in(0,T),
where
0, x <0,
max,:R — R, max,(x):= %xz, x € (0,¢),
x—£%, x>e.

Lemma 3.7. For each local optimum € of (P) there exists a sequence of local minimizers {{.} of (P.) such
that

(3.1) e — € inHY0,T;L4(Q)) ase \,0.
Moreover,
(3.2) Se(€:) — S(6)  in Hy(0, T; L*(Q)) x L*(0, T; H(Q)) ase \, 0,

where S, : L*(0, T; H(Q)*) 3 € + (q., ¢.) € Hy(0,T;L*(Q)) x L*(0,T; H(Q)) is the control-to-state
map associated to the state equation in (P,).

Proof. see Appendix A. O

The next result is essential for the solvability of the first adjoint equation in (3.5).
Lemma 3.8. For all n, 1 € L?(0, T; L*(Q)) it holds

T
(3-3) I[(fe o H)' MI*(6mOllr2(0) SifL(H‘/t I6n(s)llz2)ds  ae. in(0,T),

where [(f: o H) (n)]* : L*(0, T; L3(Q)) — L*(0, T; L*(Q)) stands for the adjoint operator of (f: o H)'(n).

Proof. Let ¢y € L*(0,T; L*(Q)) be arbitrary, but fixed. By virtue of (2.15) (applied for f; instead of f),
we have

([(fe o H)' MI*Gn), )20, 112(0)) = (fe © H)' (), 1) 1200, 1512(0))
T T
< /0 Ly LW/O X0, )N ()2 () ds (16n()l2(q) dt

T T
Ll / / X0, OUSn) 120 ds YDl gz d
0 0

T T
=L¢ LW/ / 16n(s)llz2(@) ds 1Y (D)llr2(q) dt.
o Ji
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Note that in the first identity we made use of Fubini’s theorem. Now, testing with ¢ := vp, where
v € LX(Q) and p € L*(0,T), p > 0, are arbitrary, but fixed yields

T
/0 ([(fe o HY (MT* (E)(1), v)12()p(t) dt

T T
szfm(/ /'wmcmmmdﬂwmammwdn
0 t

Applying the fundamental lemma of the calculus of variations then gives in turn

T
([(fe o HY' M]I* Em)(8), 0) 120 < Ly Lw/t 16n()lLz(0) ds llvllrzq)

a.e.in (0, T). Since v € L?(Q) was arbitrary, the proof is now complete. O

To show that the relations in (3.12) below are valid, we need to prove that the convergence in (3.2) is
true in L*(0, T; L*(Q)) as well. This is confirmed by the following

Lemma 3.9. Let {{.} be the sequence of local minimizers from Lemma 3.7 associated to a local optimum

¢ of (P). Then,
(3.4) Se(€) = S(€) in L0, T;L(Q)) X L¥(0, T; LO(Q))  ase \ 0.

Proof. Let us first show that (g, ¢) belongs to L*(0,T; L*(Q)) x L®(0, T; L*(Q)). The assertion for
(ge» @¢) follows in a completely analogous way. By taking a look at (2.2), we see that, since £ €
L0, T; L*(Q)), the mapping ¢ belongs to the space L®(0, T; L*(Q)); this follows by the so-called
Stampacchia method, cf. e.g. [37, Chp. 7.2.2]. Then, by arguing as in the proof of Proposition 2.3, where
one employs Assumption 3.3.1, one obtains that § € H*(0, T; L*(Q)) C L*(0, T; L*(Q)). Now, to show
the convergence (3.4), we subtract the equation associated to g (see (2.2a)) from the one associated to
g (see (A.1a)). By using the fact that | max .(x) — max(x)| < ¢ Y x € R, and by relying on the Lipschitz
continuity of max and f, as well as Lemma 3.6.1, we arrive at

2et ¢ t
n@f@wmw@s—;+;/u%w—ammmww%w—ammmms
0

L t
+ 7 / 1H(ge)(s) = H(G)($)llL=(q) ds

2¢t
< —+—/ l1ge(s) = G(s)ll=(@) + 1€e(s) = ()l 2(q) ds

L
f“//ﬂmaqmm@@mvwmﬂ

where ¢ > 0 is a constant dependent only on the given data; note that in the last inequality we used
Assumption 3.3.1. Then, applying Gronwall’s inequality leads to

|mg@wm@<dﬁh—/nu@fmmmﬁ vieloTl,

where ¢ > 0 is a constant dependent only on the given data. By employing (3.1), we can finally deduce
that ¢, — ¢ in L*(0, T; L*(Q)). In view of (2.2b), the proof is now complete. O

We are now in the position to state the main result of this subsection.
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Proposition 3.10. Suppose that Assumptions 3.1 and 3.3 are fulfilled. Let { be a local optimum of (P) with
associated state (G, §) € Hy(0,T; L*(Q)) X L*(0, T; H(Q)). Then there exist adjoint states

& € H1(0,T; L*(Q)) and w € L*(0,T; H'(Q))

and multipliers A € L=(0,T; L*(Q)) and u € L=(0, T; L*(Q)) such that the following optimality system
is satisfied

(3.52) =& = B(w=2) + H'(@* (1) = 04i(q. §) inL*(0,T;LX(Q)), &(T) =0,
(3.5b) —alAw + B(w—2A) = 8,j(G, ) inL*(0,T; H(Q)"),

(3.5¢) Alt,x) = é)({bo}(t, x)é(t,x) a.e wherez(t,x) # 0,

(3.5d) p(t,x) = f'(H(@)(t, x)A(t,x) a.e. where H(G)(t,x) # ny,
(356) (W, 6€)L2(0,T;L2(Q)) + (E, 5[)H1(0,T;L2(Q)) =0 Véle HI(O, T; LZ(Q)),

where we abbreviate z := —(G — @) — (f o H)(Q).

Proof. Let {{.} be the sequence of local minimizers from Lemma 3.7. Since ¢, is locally optimal for
(P.) and on account of the differentiability properties of S, cf. Appendix 4, and ], see Assumption 3.1,
we can write down the necessary optimality condition

(36) J S ENSUEINEO) + (Ees SO 11260 + (€ = €800 117000 = 0
for all 5¢ € H'(0, T; L*(Q)). Now, let us consider the system
(1) = Bwelt)- 7 max e (0)E ()
+H (g (£ H@ (- max /o)) 1) = 9IS, ET) =0,

(57 —aowg (1) + Blowe(8) = = max (2o EDEAD) = DS EN)D

(3.72)

a.e. in (0, T), where we abbreviate z, := —f(q. — @) — (fe © H)(qe) and (qe, @¢) := Se(€e). In (3.72),
H'(qe)* : L*(0,T; L*(Q)) — L?(0,T; L?(Q)) stands for the adjoint operator of H’(q;).

By arguments inspired e.g. from the proof of [35, Lem. 5.7] in combination with the estimate (3.3),
one obtains that (3.7) admits a unique solution (¢, w,) € H.(0, T; L*(Q)) x L*(0, T; H'(Q)). Let us go a
little more into detail concerning the solvability of (3.7a). In this context one checks if the mapping
L2(0,t; L%(Q)) 2 n — G(n) € HY0,t; L*(Q)), given by

G = [ BT =s.n(6) = L max T = 9)n(s)

— H ()" (@) (2 max (T = 9) (T =) + (LT - 5) ds

=[(froHy (qo)* (L max /(z:)(n(T—))

for all 7 € [0, t], is Lipschitzian from L%(0, t; L*(Q)) to L(0, t; L*(Q2)) with constant smaller than 1, for
t € (0, T] small enough; here w,(t, v) denotes the solution of

et (1,0) + Bwelt,0) = = max (2 (D)) = ]S (0))0)
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for t € [0,T] and v € L*(Q2). We observe that, for all 5,7, € L?(0, t; L*(Q)), the following estimate is
true

16 — GOl < ¢ /0 1m(s) = 1205120y ds
T T
+ /0 frLy /T = 1T = Ol 4 ds

T S
< e Iny — nallro.srioy + Ly L / / 171 = 12)(Ollizcen dE d
0 0
< (et + if Loy f3/2)||’71 = n2llr2, 1120y  forall 7 € [0,1],

where in the first inequality we used the global Lipschitz-continuity of max, with constant 1 and (3.3);
now the reader is referred to the first part of the proof of Proposition 2.6 where the exact type of
estimate was established in order to obtain that n = G(n) admits a solution in Hy(0, T; L*(Q)); finally,
a transformation of the variables yields that (¢,, w,) := (n(T — -), w(t, n(T — -)) is the solution of the
adjoint system (3.7).

Testing (3.7) with S.(¢,)(6¢) and (a.2) with (&, w,) yields

(We, 5£)L2(0,T;L2(Q)) = jl(SE (Le ))(Sé(ff)(éf)),
which inserted in (3.6) gives
(3.8) (We, 80) 120, 7.12(02)) + (Les O (0. 1.12(0)) + (Ce = €, 80) (0, 7.12(02)) = O
for all 5¢ € HY(0, T; L*(Q)). Further, we observe that

(3-9a) 0gi(Se(€e)) — gj(S(0)) in L*(0,T; L*(Q)),
(3-9b) 0pJ(Se(Le)) — 3,pj(S(0)) in L*(0,T; HI(Q)"),

in the light of (3.2) combined with the continuous Fréchet-differentiability of J (Assumption 3.1).
Next we focus on proving uniform bounds for the regularized adjoint states. By employing again a
transformation of the variables where this time we abbreviate &, := &,(T — -) and by relying again on
the global Lipschitz-continuity of max, and (3.3), we obtain from (3.72)

[IAGIFINES / 1B (welT = 5, () = = max " (zo(T = )E(s)) 120 ds
+ /O I © Y @1 (= mave  ET = DT = 9l ds
b [ 10T = Sl
0
< /0 ¢ (1€ llz2(e) + 19pI(Se(LONT = )l ds

t T
+ / ErLy /T 1ET = Dz dC ds
0 —s

=J NECD 2 d¢
t
v f 10gJ (ST = S)ll2ey ds V' € [0.T].
0

Now, Gronwall’s inequality gives in turn

T-t
18e@lr2q) < ?/0 1007 (Se(C)NT = )@y + 19g7(Se(CNT = )12 ds
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for all t € [0, T]. Thus, by relying on (3.9a)-(3.9b) and by estimating again as above in (3.7a), this time
without integrating, one obtains that there exists a constant, independent of ¢, such that

l€elleno, 7:12() < c-
As a consequence,
Ae = émax ¢ (ze)&e
and
He = fUH(@e

are uniformly bounded in L*(0, T; L*(Q)) (recall that max, and f; are globally Lipschitz continuous
with constants independent of ¢). From (3.7b) we can further deduce that there exists a constant ¢ > 0,
independent of ¢, such that ||we|| 2, 1,m1(q)) < ¢, Where we use again (3.9b). Therefore, we can extract
weakly convergent subsequences (denoted by the same symbol) so that

w, = w inL*0,T; H(Q)), & — & inHY0,T;L*(Q)),

(3.10) ) . e 2
Ae =" A, g =" p inL%(0,T;L*(Q)) ase — 0.

Owing to (3.10), (3.9a), (3.9b) and (3.1), we can pass to the limit in (3.7)-(3.8). This results in

(3-112) —& = Blw—=2) + H'(@*p = 94j(q.9) in L*(0,T;L*(Q)), &(T) =0,
(3.11b) —aAw + B(w— 1) = 8,j(G, @) in L*(0, T; H'(Q)"),
(3.11¢) (w, 80) 1200, 712(0)) + (6 8O) o, 15120 = 0 ¥8C € HY(0, T; L*(Q)),

where for the passage to the limit in (3.7a) we also relied on the continuity of the derivative of H (see
Assumption 2.1.1) combined with (3.2).
Now, it remains to prove that (3.5¢)-(3.5d) is true. To this end, we show that, for each § > 0, we have

1

(3.12a) A= -max'(2)¢ ae.in Ms,
€

(3.12b) p=f'(H@)A ae. inMs,

where we abbreviate My := {(t,x) : |2(¢t,x)| = 8}, 2 := —f(G — @) — (f o H)(g), and Mg = {(t,x) :

|H(@)(t,x) — n¢| = 6}
We begin by observing that

IH(g:)(®) = H@Ollr=() < Laellge = Gl i) ae in(0,T),
in light of Assumption 3.3.1. Thus, as a consequence of (3.4), we have
(3.13) H(ge) = H(g) inL™(0,T;L7(Q)),

which then implies
ze >z inL¥((0,T) x Q),

by the Lipschitz continuity of f and Lemma 3.6.1. This means that |z.(¢,x)| > §/2 fa.a.(¢,x) € Ms for
¢ small enough, independent of (¢, x). In view of the definition of max . we have

max .’ (z.(-)) = max’(z(-)) a.e.in Mg

for e < §/2. The definition of A, and (3.10) now yield (3.12a). To show (3.12b), we proceed in a similar way.
Thanks to (3.13), there exists an ¢ small enough, independent of (¢, x), so that |H(q.)(t,x) —ng| 2 5/2
faa.(t,x) € ]\715. Lemma 3.6.3 applied for §/2 and

K := max{[|H(Q)l.=(0,1)x0) [nfl} +
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then gives in turn the convergence

FLUH(ge) - f/(H(ge) — 0 in L®(Ms).

Note that, in light of (3.13), it holds [|H(g¢)llz=(0,T)x0) < IH (D lz=(0, 7)xq) + I < K, for € > 0 small
enough. Since f” is continuous on [-K, ng — §/2] U [nf + 6/2, K], by Assumption 3.3.2, we deduce in
view of (3.13), Assumption 2.1.2 and Lebesgue dominated convergence that

f(H@e) = f'(H(@) — 0 in LA(My).
Finally, the convergence of {A.} from (3.10) along with the definition of s, yield that
pe = p=f(H@A inL'(My),

i.e., (3.12b). Since § > 0 was arbitrary and since 5U Mg = {(t,x) : zZ(t,x) # 0} and 5U Mg = {(t,x) :
>0 >0

H(q)(t,x) # nr} (up to a set of measure zero), the proof is now complete. O
Remark 3.11. Some remarks concerning (3.5) are in order:

o IfZ(t, x) # 0 andif H(g)(¢, x) # nr a.e.in (0, T)xQ, then the optimality system in Proposition 3.10
coincides with the very same optimality conditions which one obtains when directly applying
the KKT-theory to (P), cf. [37]. Moreover, we observe that (3.5) does not contain any information
as to what happens in those (¢, x) for which z(¢, x) and H(§)(t, x) are non-smooth points of the
mappings max and f, respectively. This is the focus of the next section, where the optimality
conditions from Proposition 3.10 shall be improved.

« Indeed, (3.5) is not the best optimality system one could obtain via regularization. Such a system
should also contain the relations

(3.14a) At,x) € 26 max(0)&(t,x) a.e. where z(t,x) = 0,
(3.14b) p(t,x) € df (np)A(t,x) a.e. where H(q)(t,x) = n.

We acknowledge the results [36, Thm. 2.4], [6, Prop. 2.17], [9, Thm. 4.4], where the respective limit
optimality systems, though not strong stationary, include such relations between multipliers
and adjoint states on the sets where the non-smoothness is active. We cannot expect this to
happen in the present paper; by contrast to the aforementioned contributions, our adjoint state
& € HY(0,T; L*(Q)) converges weakly in a space which is not compactly embedded in a Lebesgue
space. Although we are able to show

max .'(Z.(-)) =" y € d max(z(+)) in L7((0,T) x Q),

this does not help us conclude (3.14), in view of the lack of space regularity of the adjoint state.

3.2 TOWARDS STRONG STATIONARITY

In this section, we aim to derive a stronger optimality system than (3.5). To this end, we will employ
arguments from previous works [5, 22], which are entirely based on the limited differentiability
properties of the non-smooth mappings involved. We begin by stating the first order necessary
optimality conditions in primal form.

Lemma 3.12 (B-stationarity). If £ € HY(0, T; L?(Q)) is locally optimal for (P), then there holds

(3.15) J(S@)S'(8:86) + (L, 60 mo.ra2cy = 0 ¥ 8€ € HY(0, T; L3(Q)).
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Proof. As a result of Proposition 2.6 and Assumption 3.1 we have that the composite mapping
HY0,T;L*(Q)) > £ — J(S(£),¢) € R

is (Hadamard) directionally differentiable [31, Def. 3.1.1] at £ in any direction §¢ with directional
derivative (9((1,@](5({7), 0)S'(€;5¢) + 8, J(S(€), £)5¢; see [31, Lem. 3.1.2(b)] and [32, Prop. 3.6(i)]. The

result then follows immediately from the local optimality of £ and Assumption 3.1. O
In order to improve the optimality conditions from the previous section 3.1, we make use of the
following very natural requirement:

Assumption 3.13. The history operator H satisfies the monotonicity condition
H(q) = H(gz) YV qr.q2 € L*(0,T; L*(Q)) with g1 > ga.

Remark 3.14. It is self-evident that the cumulated damage H(q) (fatigue level of the material) increases
as the damage q increases. Hence, the condition in Assumption 3.13 is always satisfied in applications.
As an immediate consequence of Assumption 3.13, we have

H(g+tn)—H(q) >0

T

(3.16) H'(q)(n) = }1&5 a.e.in (0,T) X Q

for all g, € L?(0,T; L*(Q)) with n > 0 a.e.in (0,T) X Q.
The main result of this section reads as follows.

Theorem 3.15. Suppose that Assumptions 3.1, 3.3, and 3.13 are fulfilled. Let £ € H'(0, T; L*(Q)) be locally
optimal for (P) with associated states

g € Hy(0,T;L*(Q)) and ¢ € L*(0,T; H\(Q)).
Then, there exist adjoint states
£ € HR(0,T;L%(Q)) and w e L*(0,T; H(Q)),
and multipliers A € L°(0, T; L*(Q)) and u € L™(0, T; L*(Q)) such that the following system is satisfied

(3.172) —E = B(w—2) + H'(@* (1) = 04j(q. 9) inL*(0,T;1*(Q)), &(T) =0,
(3.17b) —alAw+ f(w—2A) = 0,J(q,p) in L%(0, T; H(Q)"),

Alt,x) = l)({bo}(t, x)é(t,x) a.e whereZ(t,x) # 0,
(3-17¢) €

u(t,x) = f'(H(@(t, x)A(t,x) a.e. where H(G)(t,x) # ny,

0 < A(t,x) < 1(§'(t, x)+G"(t,x)) ae wherez(t,x) =0,
(3.17d) €

G (t,x) <0< G"(t,x) a.e wherez(t,x) > 0,

(3.17€) (w, 80) 120, 712(0)) + (0 8Om0, 15120 = 0 ¥8€ € HY(0, T; L*(Q)),

where we abbreviate z :== —(G— @) — (f o H)(q). In (3.17d), the mappings G*,G™ : [0, T| X Q are defined
as follows

T
GH(t.x) = / H@ X (p1granyy (~ALL(g) + )]s %) ds,
(3.18) -
G000 = [ H @ T ayong (AL ) + ). ) s,

where, for any v € R, the right- and left-sided derivative of f : R — R are given by f/(v) := f'(v;1)
and f’(v) := —f'(v; =1), respectively.
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Proof. The existence of a tuple (£, w, A, u) € HY0,T;L*(Q)) x L*(0,T; H(Q)) x L™(0,T; L%(Q)) X
L0, T; L3(Q)) satisfying the system (3.17a)-(3.17b)-(3.17¢)~(3.17¢) is due to Proposition 3.10. Thus, the
rest of the proof is focused on showing (3.17d). In this context, we first follow the ideas from [5, Proof
of Lem. 2.8] and prove that the set of arguments of max’(2; -) from (2.16a) is dense in L?(0, T; L2(Q))
(step (I)). With this information at hand, we are then able to show the desired result by employing a
technique from [5, Proof of Thm. 2.11], see also [22, Proof of Thm. 5.3] (step (II)).

(I) Let p € L%(0,T; L%(Q)) be arbitrary, but fixed. As indicated above, we next show that there exists
{8¢,} c HY(0,T;L*(Q)) such that

(3.19) ~B(8qn = 8pn) = (f o H)'(§:8¢n) — p  inL*(0,T;L*(Q)) asn — oo,

=Pn

where we abbreviate (8, 5¢,) := S'(£;8€,) and py, := —B(5qn — S¢n) — (f o H)' (§)(5qn) for all n € N.
To this end, we follow the lines of the proof of [5, Lem. 2.8]. We start by noticing that the mapping

[0,T] >t §(t) € LA(Q), §(t) := %/ max '(Z(s); p(s)) ds
0
satisfies §(0) = 0 and § € H'(0, T; L?(Q)). Then, we observe that § fulfills
d
(3.20) 240 = é max "(2(£); =B4(t) — (f o H)'(G; @(t) + p(t) + B4(t) + (f o H)'(g:§)(1))

d
a.e.in (0, T). In view of the embedding H'(0, T; CX(Q)) — L(0, T; L*(Q)), there exists a sequence
{@n}n € HY(0,T;CX(Q)) such that
(3.21) Bon — p+ B3+ (foH)(qq) inL*0,T;L*(Q)) asn — co.
For any n € N, consider the equation

d
(322) (0 = Zmax @O ~fdn — n) = (F o H) @) acin (O.T), 4a(0) =0,

By arguing as in the proof of Lemma 2.6 we see that (3.22) admits a unique solution ¢, € Hy(0, T; L2(Q)).
Now, we define

(3-23) oty = —O{A(ﬁn + ﬂ(@n - Cjn) € Hl(oa T; LZ(Q))a

such that (4., ¢,,) solves the system (2.16) associated to £ with right-hand side §¢, € H'(0, T; L(Q));
note that the regularity of §¢, in (3.23) is due to the H(0, T; C2°(Q))-regularity of ¢,. In view of the
unique solvability of (2.16), cf. Proposition 2.6, (§,, #) = S’({; 5¢,). Owing to the Lipschitz-continuity
of the directional derivative of max (w.r.t. direction) and (2.15), we further obtain from (3.20) and (3.22)

elln — DOl < B / 1G = 4)®llizce ds
¥ L Ly / / 1G = Gn)(O) Iz 4 ds
+ / = Bon(s) + p(s) + Bds) + (F o HY (@ Sz ds.

Gronwall’s inequality and (3.21) then give in turn

(3-24) 4n = Gllmio,7:020)) < ¢l = Bon + p + PG+ (f o H)' (G D20, 1:12()) — 0 asn — oo,
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where ¢ > 0 is a constant dependent only on the given data. By relying on the continuity of (foH)"(g; ) :
L?(0,T; L3(Q)) — L*(0,T; L*(Q)), cf. (2.15), we have

(3.25) Ban + (f o H)'(q:4n) = B4+ (f o H)'(§:§) inL*(0,T;L*(Q)) asn — oo,
as a result of (3.24). Combining (3.21) and (3.25) finally yields
_ﬁ(Qn - (ﬁn) - (f ° Hy(‘]» Qn) —p in LZ(O’ T; LZ(Q)) asn — oo.

Since we established above that (§,, #,) = S’({; §¢,,), the proof of this step is now complete.

(1) In the following, p € L?(0, T; L*(Q)) remains arbitrary, but fixed. To prove the desired relations
in (3.17d), we first make use of the B-stationarity from (3.15). Here we test with the function 8¢, €
HY0,T;L*(Q)) which was defined in (3.23).

We test (3.17a), (3.17b), and (3.17€) with (8q,, §¢,) := S’(£; 5¢,) and 8¢, respectively. This leads to

0< aqj(q’ (p)aqn + 8¢j(6_], (/_))5(Pn + (Z, 5£H)H1(0, T;L%(Q))
T
. / (E(1). 80120y dE — Bw — A 5120 12500
0

+ (H'(@)* (), 8qn)r2(0,Ti12(0)) + BW = A, 80n) 1200, T:12(0)
+a(Vw, V80n) 1200, 1,12(0) — (W, 8€n) 120, T:12(02))

T
- / (E(1). 84, (D1 dt — (A —B(Bdn — 30m)izo 2@

(3.26) )
+ (1, H'(@)(8qn)) 120, 7:12(0)) = {B(OGn — S¢n) + aAS@n + 6Cn, W) 120, T:H1(02))
=0, cf. (2.16b)
T 1 T
= / (&(t), = max "(2(t); pu(t))12(q) dt — / (A1), pn(t))12(q) dt
N—— 0 € 0

(2.16a)
T T
—/O (A(), (f o H)'(§: 6gn)(t))12(0) dl‘+/0 (u(@®), H'(@)(6qn)(t)) 12y dt  Vn €N,

where the second identity follows from integration by parts, §g,(0) = 0, and &(T) = 0; here we also
recall the abbreviation p, := —f(6q, — 8¢n) — (f © H)'(§; dqn), see (3.19). In view of (3.19) and since
Oqn(t) = é fot max '(2(s); pn(s)) ds, letting n — oo in (3.26) leads to

T T
0< /0 (s*(t),%maX’(i(t);p(t))m(Q) dt — /O (A1), p(t))12() dt
(3-27) - T
- /O (At), (f o H)'(q: 9p) (1)) 12(qr) At + /0 (p(t), H'(@)(@p)()) 120 dt

for all p € L2(0, T; L*(Q)), where we abbreviate

(3.28) qp(t) := é./o max '(z(s); p(s)) ds V't €[0,T].

Here we used the fact that max ’(Z; ) : L%(0, T; L*(Q)) — L%(0, T; L*(Q)) is continuous, by the Lipschitz-
continuity of max, as well as (3.24) in combination with (2.15), and the fact that H’(§) belongs to
L(L(0,T; L*(Q)), L*(0, T; LA(Q))).

Next, we take a closer look at the second line in the estimate (3.27). In this context, we first notice
that, for all v, h € R, it holds

(3:29) Flosh) = {f;(v)h, ifh =0,

fl(v)h, ifth<o.
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Moreover, we recall that

h ifv >0,
(3.30) max '(v; h) = {max{h,0} ifv =0,
0 ifv<o.

Now, let p € L2(0,T; L?(Q)) with p > 0 a.e. in (0, T) X Q be arbitrary, but fixed. In view of (3.28) and
(3.30), we have g, > 0 a.e. in (0, T) x Q and (3.16) implies

H'(q)(qp) =20 ae in(0,T)xQ.

Then, by recalling (2.14) and by employing Fubini’s theorem, we obtain
T T
- [ G0t o HY @@yt + [0 H @@ w0t
T
= _/0 /Q[—/l(t, X) fLH(@G)(t, x)) + u(t, X)]H (@), )¢, x) dx dt
T
_ /0 /Q H@* -ALLH@) + plt,x)G, (¢, x) dx dt

(3-31) T t
= [ | @ sty e (s [ max (et x0ip06.00) ds) deds
QJo €Jo

(328)
T T
) /Q/O £ max (210,06, / H (@) [-AF{H@) + (s, %) ds) dt dx
T
) / / émax (&t x); p(t, ))G" (8 x) dxdt ¥ p € L(0,T;L(Q)), p 2 0,
0 Q

where the last equality is due to the definition of G* in (3.18) combined with the second identity in
(3.17¢). Going back to (3.27), we have

T
0< / / l max '(Z(t, x); p(t, x))f(t, x) - A(t, x)p(t, .X') dx dt
0 Q€
(3:32) T
+ / / - max '(z(t, x); p(t,x))G*(t,x)dxdt Vpe€ L¥(o0, T;LZ(Q)),p > 0.
0 Jo

By means of the fundamental lemma of calculus of variations in combination with the positive homo-
geneity of the directional derivative w.r.t. direction, we deduce from (3.32) the inequality

(3-33) % max '(Z(t, x); DE(t, x) — AL, x) + é max '(2(¢,x); )G (t,x) > 0 a.e.in (0,T) x Q.

By arguing exactly in the same way as above, where one takes into account the fact that H’(¢)(g,) <
O0a.e. in(0,T) X Q, for p < 0a.e. in (0,T) X Q, we show

T T
- /O Q0. (F o HY (@ GOz dt + /0 (0. H @@y D)z dt

T T
(3.34) = ‘/0 '/Q é max "(Z(t, x); p(t, x)) (/ H' (@ [-ALL(H(@)) + p](s, x) ds) dx dt

=G~ (t,x)
Vp e L0, T; L*(Q)), p < 0.
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This gives in turn
1 1
(3-35) - max "(2(t, x); —D)E(t, x) + AL, x) + - max "(2(t,x); -1)G™(t,x) = 0

a.e.in (0,T) X Q, where we relied again on the fundamental lemma of calculus of variations and the
positive homogeneity of the directional derivative w.r.t. direction. From (3.33)- (3.35) and the fact that
max ’(0; -) = max{-, 0} (see (3.30)) we can now conclude the first relation in (3.17d). Finally, the second
relation in (3.17d) is a consequence of (3.17¢), (3.33)- (3.35) and (3.30). This completes the proof. O

Corollary 3.16 (Strong stationarity in the case that f is smooth). Suppose that Assumption 3.1 is fulfilled.
Let £ € HY(0,T; L%(Q)) be locally optimal for (P) with associated states

G € Hy(0,T;L*(Q)) and ¢ € L*(0,T; H(Q)).
If the mapping f is differentiable, then there exist unique adjoint states
£ € HL(0,T;L*(Q)) and w € L*(0,T; H(Q)),

and a unique multiplier A € L®(0, T; L*(Q)) such that the following system is satisfied

(3.362) —E=B(w=2) +[(f o HY(@I* (D) = 84j(q, §) inL*(0,T;LX(Q)), &(T) =0,
(3.36b) —alw + f(w =) = 8,j(q,9) inL*(0,T; H(Q)"),
At,x) = 1)({2>0}(t, x)é(t,x) a.e whereZ(t,x) # 0,
(3:36¢) ‘<
0 < Alt,x) < grf(t, x) a.e whereZ(t,x) =0,
(3.36d) (w, 5€)L2(O,T;L2(Q)) + (Z, 5[)H1(O,T;L2(Q)) =0 Véte Hl(O, T; LZ(Q)),

where we abbreviate Z := —(q — ¢) — (f o H)(g). Moreover, (3.36) is of strong stationary type, i.e., if
¢ € H'(0,T; L*(Q)) together with its states (G, §) € Hy(0,T; L*(Q)) x L*(0, T; H(Q)), some adjoint states
(6, w) € H7(0,T; L*(Q)) x L*(0, T; H(Q)), and a multiplier A € L*(0,T;L*(Q)) satisfy the optimality
system (3.36a)—(3.36d), then it also satisfies the variational inequality (3.15).

Proof. The first statement is a consequence of Theorem 3.15. Note that Assumption 3.3 is not required
here, as this was employed only in the context of convergence of terms featuring the smoothened
function f. As this mapping is already smooth, by assumption, such convergences are no longer
needed. Assumption 3.13 is also not necessary here; this was used in the proof of Theorem 3.15 to show
(3.31) and (3.34). Since {(¢,x) € (0,T) X Q : H(g)(t, x) = ns} has measure zero, (3.31) and (3.34) follow
immediately from the second relation in (3.17c).

To prove the second assertion, we let p € L?(0, T; L>(2)) be arbitrary, but fixed and abbreviate p* :=
max{p, 0} and p~ := min{p, 0}. By distinguishing between the sets {(t,x) € (0,T) X Q : Z(t,x) > 0},
{(t,x) € (0, T)xQ : z(t,x) = 0} and {(¢,x) € (0,T) X Q : Z(¢,x) < 0}, we obtain from (3.36¢) and (3.30)

T
OS‘/O /Qé[max’(i(t,x);pJf(t,x))+max'(z(t,x);p_(t,x))]g(t,x)dx dt
T
(337) - [ [ el + o nldx
0 Jo

:/T/ 1max’(*Z(t,x);,o(t,x))f(t,x)dx dt_/T/}L(t,x)p(t,x)dx dt
0o Ja€ 0 JO
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for all p € L2(0,T; L?(Q)). Now, let §¢ € H'(0, T; L?(Q)) be arbitrary but fixed and test (3.36a), (3.36b),
and (3.36d) with (8¢, 8¢) := S’(£; 5¢) and 8¢, respectively. This leads to
aqj(q9 ({_’)5‘] + a(p](qe @)5(10 + (g’ 5€)H1(0,T;L2(Q))
T
= - [ a0 dt - v - 18z
0

+([(f o H)' (@A), 89120, 1:12(0)) + BW = 4, 80) 120, 7:12(0)
+a(Vw, V9) 120, 1.12(0)) — (W, 8€)12(0,7:12(02))

T
- /0 (E(1). 89D 12 di — A —B(8q — 50))x(0, 1200

+(A,(fo H)/(‘j)(5q))L2(O,T;L2(Q)) —(B(6q = 6¢) + aldp + 5, w20, 7;11(0))

=0, cf. (2.16b)
T
= / (£(0) = max(3(0); ({6 ~ 59) ~ (f o H(@: 591
(2.16a)
T
- / (). (—B(8q — 0) — (f o HY (@ 5)) D) 1z(ey dt
> 0,
(3-37)

where the second identity follows from integration by parts, g(0) = 0, and &(T) = 0. Since 6¢ €
HY(0, T; L?(Q)) was arbitrary, the proof is now complete. O

Remark 3.17. We remark that if fatigue is not taken into consideration, i.e., if f is replaced by a
nonnegative constant, then (3.36) reduces to the strong stationary optimality conditions obtained
in [5, Thm. 4.5]; note that therein the control space is L?(0, T; L%(Q2)) instead of H'(0, T; L%(Q)).

Remark 3.18. As opposed to (3.36), the optimality system in Theorem 3.15 is not strong stationary, as
we will see in the next section. However, we emphasize that (3.17) is a comparatively strong optimality
system. While countless non-smooth problems have been addressed by resorting to a smoothening
procedure as the one in the proof of Proposition 3.10 (see e.g. [3,17,19] and the references therein),
we went a step further and improved the optimality conditions from Proposition 3.10 by proving the
additional information contained in (3.17d). Let us point out that sign conditions on the sets where the
non-smoothness is active, in our case

0 < A(t,x) a.e. wherez(t,x)=0

are not expected to be obtained by classical regularization techniques, see e.g. [6, Remark 3.9].

3.3 DISCUSSION OF THE OPTIMALITY SYSTEM (3.17). COMPARISON TO STRONG STATIONARITY

We begin this section by writing down how the strong stationary optimality conditions for the control

of (P) should look like.

Proposition 3.19 (An optimality system that implies B-stationarity). Suppose that Assumption 3.1 is ful-
filled. Assume that £ € H'(0, T; L*(Q)) together with its states (, ) € H)(0, T; L*(Q)) x L*(0, T; HY(Q)),
some adjoint states (£, w) € Hy.(0,T; L*(Q))xL*(0, T; H\(Q)), and some multipliers A, i € L*(0, T; L*(Q))
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satisfy the optimality system

(3.382) —& = B(w=2) + H'(@)* (1) = 84j(q, ¢) inL*(0, T;L*(Q)), &(T) =0,
(3.38b) —alhw + f(w—2A) = 8,j(q. ) in L*(0, T; H(Q)"),

Alt,x) = 1)({2>0}(t, x)é(t,x)  a.e wherez(t,x) # 0,
(3.38¢c) €

p(t,x) = f'(H@(t, x)A(t,x) a.e. where H(G)(t,x) # ng,
(3.384) 0<Alt,x) < %rf(t, x) a.e whereZ(t,x) =0,

flnp)At,x) < p(t,x) < f/(np)Mt,x)  a.e. where H(G)(t,x) = ny,

(3.38€) (w, 5€)L2(O,T;L2(Q)) + (Z, 5[)H1(O,T;L2(Q)) =0 Véte Hl(O, T; LZ(Q)),

where we abbreviate Z := —f(G§ — @) — (f o H)(g) and where, for any v € R, the right- and left-sided
derivative of f : R — R are given by f!(v) := f’(v;1) and f'(v) := —f'(v; —1), respectively. Then, {
also satisfies the variational inequality (3.15).

Proof. Let p € L*(0,T; L*(Q)) be arbitrary, but fixed. In the proof of Corollary 3.16 we saw that the first
identity in (3.38¢c) and the first relation in (3.38d) combined with (3.30) imply

(3-39) 0< /T/ émax'(2(t,x);p(t,x))§(t,x)dx dt—/T/A(t,x)p(t,x)dx dt
0o Ja 0o Jo

for all p € L(0, T; L*(Q)). Next we abbreviate H’(§)(q,)” := min{H"(§)(q,), 0} and H'(q)(g,)* :=
max{H’(q)(qp), 0}, where

qp(t) := é‘/o max '(z(s); p(s)) ds V't e€[0,T].

From the second identity in (3.38¢c) and the second relation in (3.38d) we deduce that

T
0 < / / [0t ) FLCH@)(E X)) + (ks 0 H@)G,)* (1, %) dx dt
0 Q

>0

T
" / / (At ) f (H @t ) + (e, )| H(@)@,) (%) de d
0 Q

<0

T
= / /Q—Mf’ X)f(H(@)(t, x); H' (@)Gp)* (t, %) + p(t, x)H'(§)(Gp)" (£, x) dx dt

(3.40)

T
+ / / A0 H @ %) H@@,) (1. 2)) + (e, xYH@)G,) (2 x) dx dt
0 Q
T T
- / A, (f o HY (@30 Oz dt + / (). H @@ D)z d.

where in the second identity we relied on (3.29). Adding (3.39) and (3.40) yields (3.27). Now, let §¢ €
HY(0, T; L2(Q)) be arbitrary but fixed and abbreviate (5q, §¢) := S’(; 5¢). By testing (3.27) with —f(5q—
d¢) — (f o H)'(§; dq) and by arguing step by step backwards as in the proof of (3.26), we finally arrive
at the desired result. O

Remark 3.20. Some words concerning Proposition 3.19 are in order:
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+ The optimality system (3.38) differs from (3.17) only regarding the relations in (3.38d) and (3.17d).
As expected, the optimality conditions in (3.38d) contain more information than (3.17d). This is
also confirmed by Proposition 3.21 below.

« We point out that (3.38) is not of strong stationary type, as we were not able to show (3.15) =
(3.38); the optimality conditions in (3.38) just point out the information that is missing in (3.17),
namely

1
Mt,x) < =&(t,x) a.e. where z(t,x) = 0,
€

flnp)A(t,x) < p(t,x) < fl(np)A(t,x)  ae. where H(q)(t,x) = ny.

(3.41)

Note that the sign condition
0 < A(t,x) a.e. wherez(t,x)=0

is already contained in (3.17d). The proof of Proposition 3.19 shows that (3.41) is indeed needed
for the implication (3.17) = (3.15).

« In order to prove that a certain optimality system implies B-stationarity, it is essential that it
includes sign conditions for the involved multipliers and/or adjoint states on the sets where the
non-smoothness is active. This fact has been observed in many contributions dealing with strong
stationarity [22, Rem. 6.9], [6, Rem. 3.9], [5, Rem. 4.8], [9, Rem. 4.15]. In our case, see (3.17d), the
information on {Z = 0} is incomplete, while the sign conditions on the set {H(g) = ns} are
non-existent and seem to be hidden in the integral formulations (3.18).

Proposition 3.21 (The optimality system (3.38) is stronger than (3.17)). Suppose that all the hypotheses
in Proposition 3.19 are fulfilled. If, in addition, Assumption 3.13 holds true, then (3.17) is satisfied.

Proof. We only need to show that (3.38d) implies (3.17d). To this end, we first prove that
(3.42) H'(§)*(m) = H'(@*(n2) ¥ mi,nz € L*(0, T; L(Q)) with 1y > 172.

We recall that, as a consequence of Assumption 3.13, H'(¢)(p) > 0 for all p € L?(0,T; L%(Q)), p > 0,
cf. (3.16). This leads to

(H' (@™ (m), p)rzo..r22)) = (11 H' (@) (P)12(0.7:12(0))
> (2, H'(Q)(p))r20.7:12(02)) = (H' (@™ (12)s P)12(0. 7-12(2))

from which (3.42) follows. Now, the second relation in (3.38d) and the definitions of G* and G~ in (3.18)
give in turn
G">0andG” <0 ae.in(0,T)x Q.

Thus, (3.38d) implies (3.17d) and the proof is complete. O

Remark 3.22. The gap between (3.17) and the strong stationary optimality conditions (3.38) is due to
the additional non-smooth mapping f appearing in the argument of the initial non-smoothness max,
cf. (2.2a). To see this, let us take a closer look at the proof of Theorem 3.15. Therein, (3.17d) is proven
by relying on direct methods from previous works [5,22] which deal with strong stationarity in the
context of one non-differentiable map. In these findings it has been observed that the set of directions
into which the non-smoothness is differentiated - in the "linearized" state equation - must be dense
in a suitable (Bochner) space [5, Remark 2.12], [22, Lem. 5.2]. The density of the set of directions into
which max is differentiated, see (2.16a), is indeed available, as the first step of the proof of Theorem
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3.15 shows. This allowed us to improve the optimality system (3.5) from the previous section. However,
the non-differentiable function f requires a similar density property too, which reads as follows

(3.43) (H'(@: SUE; 80)) - 5 € HY(0, T; LAQ))} <o L2(0, T; LH(Q)),

where S; denotes the first component of the control-to-state map S : L2(0, T; H{(Q)*) 3 £ — (¢, ¢) €
H}(0, T; L*(Q)) x L*(0, T; H(Q)). By taking a look at the "linearized" state equation (2.16a), we see that
(3-43) is not to be expected, due to the lack of surjectivity of the mapping max’(z; -). Thus, the methods
from [5,22] are restricted to one non-smoothness and permit us to improve the limit optimality system
(3.5) only up to a certain point. Thus, the strong stationarity for the control of (P) remains an open
question.

APPENDIX A

Proof of Lemma 3.7.

The arguments are well-known [4] and can be found in [5, App. B] for the case that (f o H)(q) is
constant and the control space is L?(0, T; L%(Q)) instead of H(0, T; L%(Q)).

(I) Let € > 0 be arbitrary, but fixed. We begin by recalling the smooth state equation appearing in
(Pe):

. 1 .
(a12) q(t) = - max (=pg(t) — ¢(1)) = (fe © H)(g)(®)) in L*(Q), q(0) =0,
(a.1b) —aA(t) + Bo(t) = Bq(t) + £(t) in H(Q)", ae.in(0,T).
By employing the exact same arguments as in the proof of Proposition 2.3, one infers that (A.1) admits

a unique solution (g, ¢.) € H}(0,T;L*(Q)) x L*(0,T; H(Q)) for every ¢ € L*(0, T; H(Q)*), which
allows us to define the regularized solution mapping

Se : L*(0, T; HY(Q)*) 3 € (qe, @) € Hy(0,T; LA(Q)) x L*(0, T; H(Q)).

The operator S, is Gateaux-differentiable and its derivative at £ € L%(0, T; H'(Q)*) in direction 5¢ €
L%(0,T; H(Q)*), i.e., (5q, 5¢) := SL(£)(50), is the unique solution of

Sq(t) = % max ’(z.(t))( — B(8q(t) — 5(t)) — (f: o H)'(g:)(8q)(t)) in L*(Q), 8q(0) =0,
—alSp(t) + B So(t) = BSq(t) + 5L(t) in HY(Q)*, ae.in(0,T),

where we abbreviate z, := —f(q. — ¢.) — (fe © H)(q.). By arguing as in the proof of Lemma 2.4 we
deduce that S, : L*(0, T; H(Q)*) — H,(0,T; L*(Q)) x L*(0, T; H'(Q)) is Lipschitz continuous (with
constant independent of ¢). Moreover, we have the convergence

(a3) Se(Le) = S(£) in Hy(0, T; LA(Q)) x L*(0, T; H'(Q)),

for ¢, — €in L*(0,T; H'(Q)*). To see this, one first shows that S.(£) — S(¢), which follows by
estimating as in the proof of Lemma 2.4 and by using (2.1) applied for f, along with Lemma 3.6.1. Then,
(A.3) is a consequence of the Lipschitz continuity of S, (with constant independent of ¢).

(I) Next, we focus on proving that £ can be approximated via local minimizers of optimal control
problems governed by (a.1). To this end, let By, 7, Lz(Q))(Z , p) be the ball of local optimality of £ and
consider the smooth (reduced) optimal control problem

. 1 -
(Pp) feHl(Igl%}lez(Q)) J(Sf(g)a f) + 5 ||€ - f”HI(O,T;LZ(Q))
£ b4

st. f€ BHl(O,T;Lz(Q))(g’ p)
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By arguing as in the proof of Proposition 3.2, we see that (P) admits a global solution £, € H'(0, T; L3(Q)).
Since €. € By (o, Lz(Q))(f, p), we can select a subsequence with

(a.4) £, — ¢ inHY(0,T;L%(Q)),

where £ € B H(0,T Lz(Q))(f , p). For simplicity, we abbreviate in the following
(a52) J (&) = J(S(0), 0),

(a5b) o) = JSA0, 0+ S = 8 ey

for all £ € H'(0, T; L*(Q)). Due to (a.3) and Assumption 3.1, it holds
5 (A52) T 7 7 (asb) .. 5 .
(26) T 2 J(5(0).0) = lim J5.(0). 2 lim () 2 lim sup T, (¢,
E— E— £—0

where for the last inequality we relied on the fact that £, is a global minimizer of (P?) and that £ is
admissible for (P). In view of (a.5b), (A.6) can be continued as

o 1 _
j(f) > lim SUPJ(Ss(fe), ge) + 5“55 - gHIZ-Il(O,T;LZ(Q))

e—0
. 1 -
(A7) Z hl;‘n_)lglf](sf(gé‘)’ g&‘) + EHZS - gHHl(O,T;LZ(Q))
- - 1 ~ _ _
2 ](S(f)a f) + 5”5 - €||12LII(O,T;LZ(Q)) Z j(f)a

where we used again (a.3), as well as the compact embedding H!(0, T; L?(Q)) << L%(0, T; H'(Q)"),
and the continuity of j, see Assumption 3.1; note that for the last inequality in (a.7) we employed the
fact that £ € By, 1, Lz(Q))(f, p). From (a.7) we obtain that £ = £ and

5 . 1 7112 = 7, L7 s
T () = lim ISl €0+ 516 = Wy 7oy = JSD. D+ 31T = Wy 720

Since J(S.(¢;), ;) — ](S(Z), F) one has the convergence

(A.8) ¢, — € in HY(0,T;L*(Q)),

where we also relied on (A.4). As a consequence, (A.3) yields

(A.9) Se(Le) — S(f) in Hy(0,T; L*(Q)) x L*(0, T; H'(Q)).

A classical argument finally shows that £, is a local minimizer of mingcp (o, 1,12(q)) Je(€) for e > 0

sufficiently small.
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